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We show that the gravitational wave signals from primordial black hole (PBH) binaries at high redshift
can be detected. The detectability of PBH binaries is enhanced by redshift bias and more PBH binaries at
high redshift. The initial clustering of PBHs is also included and enhances the effectively detectable mass
ranges of PBHs at high redshift. Future observations on the gravitational wave at high redshift by space-
based detectors such as the Laser Interferometer Space Antenna (LISA) and Square Kilometre Array (SKA)
can constrain the fraction of PBHs in dark matter and PBHs initial distribution.
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I. INTRODUCTION

Primordial black holes (PBHs) were born from primor-
dial perturbations in highly overdense regions by gravita-
tional collapse [1–3]. Among modern mechanisms of PBHs
formation, the inflationary origin [4–8] tightly connects the
PBHs properties such as mass distribution [9], abundance
distribution [10–13], and the fraction of PBHs in dark
matter [14] with the early Universe evolution. Thus, the
observational constraint on PBHs provides important clues
for inflationary model building. PBHs play an important
role in understanding the early Universe. Directly observ-
ing signals from PBHs is the key step. In order to achieve
that, distinguishing the PBHs and astrophysical black holes
is essential. The method to distinguish black holes comes
from the black holes intrinsic properties including mass,
spin, charge, and spacetime properties such as the spatial
distribution and redshift.
One way to distinguish black holes comes from the mass

of black holes. The mass of astrophysical black holes is
heavier than a particular mass (around 3 solar masses
[15,16]). Some specific mechanisms can produce around 1
solar mass astrophysical black holes, see [17,18]. However,
PBHs have a different mass range. The mass of a PBH can
be roughly estimated as follows [14]:

M ∼
c3t
G

∼ 5.03 × 104
�

t
1 s

�
M⊙; ð1Þ

where t denotes the time when the corresponding pertur-
bation returns to the horizon. Equation (1) shows that a
PBH born before Oð10−4Þ second since the hot big bang

has a mass less than 1 solar mass, which is less than the
minimal mass of astrophysical black holes. Considering
Hawking radiation [19], PBHs with initial masses of less
than 1015 g have already evaporated by now; as a result,
PBHs with initial masses of more than 1015 g and less than 1
solar mass still exist and produce various distinct signals in
the present Universe. In detecting sub-solar-mass PBHs, the
microlensing effect [20–23], femtolensing effect [24], dis-
ruption of white dwarfs [25], disruption of neutron stars
[26–28] and so on put constraints on the fraction of sub-
solar-mass PBHs in dark matter. Some interactions between
black holes and stars can help detect sub-solar-mass PBHs
such as superradiance instability around black holes [29,30].
However, these observational effects such as microlensing
are extremely weak; only a few events give a weak constraint
on the fraction of PBHs in the dark matter.
The other way to distinguish black holes depends on the

redshift of signals from black holes. The astrophysical black
holes form after the death of Population III stars which are
the first generation stars. Their observational signals exist at
z < 20 [31]. In contrast, the redshift of PBHs goes through
the whole history of the Universe after the big bang. From
this point, the signals from black holes with z > 20 should
come from the PBHs. In detecting high redshift signals, the
gravitational wave is a powerful detection channel which
carries information to travel through cosmological distances
due to a weak interaction between gravity and matter. Since
the first gravitational wave event from the merger of binary
black holes [32], the binary black holes system is the
important gravitational wave source, so the detection of
gravitational waves from PBH binaries is significant, which
can bring us high redshift signals.
Recently, stellar mass PBHs have received renewed

interest [33–35] since the gravitational wave events were*qdingab@connect.ust.hk

PHYSICAL REVIEW D 104, 043527 (2021)

2470-0010=2021=104(4)=043527(8) 043527-1 © 2021 American Physical Society

https://orcid.org/0000-0001-6703-2531
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.104.043527&domain=pdf&date_stamp=2021-08-20
https://doi.org/10.1103/PhysRevD.104.043527
https://doi.org/10.1103/PhysRevD.104.043527
https://doi.org/10.1103/PhysRevD.104.043527
https://doi.org/10.1103/PhysRevD.104.043527


detected by the Laser Interferometer Gravitational Wave
Observatory (LIGO) [36] and Virgo [37]. Intermediate-
mass black holes show clues in LIGO and Virgo detection
[38]. A supermassive black hole detection is being dis-
cussed [39]. We propose to search for high redshift
gravitational wave signals from PBH binaries, which cover
a large mass range of PBHs at high redshift. Because the
frequency of a gravitational wave from a high redshift
source is highly redshifted, the usage of a high frequency
ground-based gravitational wave detector is limited.
Targeting high redshift signals needs a low frequency
space-based gravitational wave detector such as the
Laser Interferometer Space Antenna (LISA) [40], DECi-
hertz Interferometer Gravitational Wave Observatory
(DECIGO) [41], or Square Kilometre Array (SKA) [42].
The detectability of PBHs shows the possibility in gravi-
tational wave astronomy. There are some existing studies
[43,44] about gravitational waves from high redshift PBH
binaries. In addition to their studies, we present the
potential detectable mass range of PBH binaries at high
redshift and include the effect of the initial abundance
distribution of PBHs on the detectable mass range.
This paper is organized as follows. In Sec. II, we show

that sensitivity of gravitational wave detectors can detect
high redshift gravitational waves from binary black holes.
In Sec. III, we estimate the event rate of detectable signals
from PBH binaries at high redshift. In Sec. IV, we combine
the gravitational wave detector sensitivity and PBH binaries
event rate to obtain the effectively detectable mass range
for PBH binaries at high redshift. We also discuss potential
improvements in detectability by the initial clustering
of PBHs.

II. GW SENSITIVITY AT HIGH REDSHIFT

The sensitivity of gravitational wave detectors is deter-
mined by the amplitude of the gravitational wave and noise
strain of the detector. The amplitude of the gravitational
wave from the binary system can be expressed as

h ¼ 4

dLðzÞ
�
GMcð1þ zÞ

c2

�
5=3

�
πf
c

�
2=3

: ð2Þ

Here, dLðzÞ is the luminosity distance of the gravitational
wave source in a flat Friedmann-Robertson-Walker (FRW)
universe, which can be calculated from dLðzÞ¼ð1þzÞR z

0 c=
Hðz0Þdz0,G is Newton’s constant, c is the speed of light,Mc
is the chirp mass of the binary system, which is defined as
Mc ≡ ðm1m2Þ3=5=ðm1 þm2Þ1=5, and f is the frequency of
the gravitational wave.
The amplitude of the gravitational wave can be boosted

by a redshifted chirp mass ð1þ zÞMc, which introduces an
effect called redshift bias [45]. Redshift bias of a rest frame
chirp mass can improve the detectability of a binary system
at high redshift. It works as follows. The amplitude and
frequency of gravitational waves increase with time.

The gravitational wave with higher frequency stays at a
later stage in the inspiral phase, which has a larger
amplitude than those with low frequency. Then, the
frequency of a high redshift gravitational wave is redshifted
to the observable frequency at present which follows
frest ¼ ð1þ zÞfobs. The amplitude of a high redshift
gravitational wave also decreases because of the large
luminosity distance dLðzÞ. Consequently, at an observable
frequency band, the amplitude of a high redshift gravita-
tional wave depends on two factors: later stage in the
inspiral phase and dLðzÞ, where amplitude first increases
and then decreases, which implies that the amplitude of a
gravitational wave does not always decrease monotonically
with a redshift; it has a minimum value at zmin. In the
Lambda cold dark matter (ΛCDM) model, zmin ¼ 2.63
[45]. Redshift bias can effectively improve the detectability
of a gravitational wave at high redshift. This effect is shown
in Fig. 1.
In order to detect a gravitational wave event with a high

confidence level, the signal-to-noise ratio (SNR) should
exceed a threshold during observation. We follow [45],
where the optimal SNR is defined as

S=N ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4

Z
fmax

fmin

jh̃ðfÞj2
SnðfÞ

df

s
: ð3Þ

Here, h̃ðfÞ is the Fourier transform of hðtÞ based on the
stationary phase approximation [46], which is

h̃ðfÞ ¼
ffiffiffiffiffi
5

24

r
ðGMcð1þ zÞÞ5=6
π2=3c3=2dLðzÞ

f−7=6: ð4Þ

The SnðfÞ is the noise strain of the detector. The fmin is the
initial observed frequency, and fmax is the final frequency

FIG. 1. Gravitational waves with observed frequency 10−4 Hz
at redshift z ¼ 0.03, 10, 20, also see in [45]. The signals at
high redshift stay later stage in binary evolution whose fre-
quency is frest ¼ ð1þ zÞfobs, which increases the amplitude for
observation.
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during the observation time, which can be calculated from
the evolution of the observed gravitational wave frequency,

df
dt

¼ 96π8=3ðGMcð1þ zÞÞ5=3
5c5

fðtÞ11=3: ð5Þ

The optimal signal-to-noise ratio should exceed a
conservative threshold of 8, which makes sure the detec-
tion probability is > 95% and a false alarm probability
of < 0.1%.
Due to the redshift bias effect, S=N doesn’t always

decrease monotonically with redshift. It also has a minimal
value at zmin. When z < zmin, optimal SNR decreases with
z. Otherwise, optimal SNR increases with z for the case
z > zmin. In order to obtain zmin, we need to calculate
∂ðS=NÞ2=∂z ¼ 0, which can be expressed as the following:

∂S=N2

∂z ¼ 4

Z
tmax

tmin

1

SnðfÞ
∂
∂z

�
jh̃ðfÞj2 df

dt

�
dt ¼ 0: ð6Þ

Applying Eqs. (4) and (5) into Eq. (6), we can get the
equation for zmin,

ð1þ zminÞ
∂ ln dLðzÞ

∂z
����
zmin

¼ 5

3
: ð7Þ

In the ΛCDM model with Ωm ¼ 0.315 and ΩΛ ¼ 0.685
[47], zmin ¼ 2.63. Figure 2 of [45] shows the same result.
Combining Eqs. (3), (4), and (5) with the condition

S=N > 8, we can get the detectable mass ranges at
different redshifts in Fig. 2. In order to observe the mass
range as large as possible, the frequency range in Eq. (3)

between fmin and fmax should be large so that S=N > 8.
We set the fmin as the minimal detectable frequency of
the detector. The fmax is set to the minimal quantity
between the maximal detectable frequency of the detector
and the maximal redshifted inspiral phase frequency
fmax
insp=ð1þ zÞ Hz. Here, the maximal inspiral phase fre-

quency in the rest frame can be estimated as fmax
insp ¼

ðaη2 þ bηþ cÞ=πGM [48–50]. The symmetric mass
ratio η is defined as η≡m1m2=M2 and M≡m1 þm2,
and the coefficients are a ¼ 0.29740, b ¼ 0.04481, and
c ¼ 0.09556 (see Table 1 of [51]). The SnðfÞ for each
detector can be obtained from Fig. A2 in [52].
In Fig. 2, there is a redshift range corresponding with a

PBH mass. For low mass PBH binaries, the amplitude of
the gravitational wave is small, which needs a higher fmax
to increase SNR; then, the maximal detectable redshift
should be small so that fmax is not compressed by
fmax
insp=ð1þ zÞ Hz. The boundary of the shadow region

corresponds with S=N ¼ 8. The PBH binary at higher
redshift cannot be detected due to the condition fmin ≥ fmax
in Eq. (3), which results from the maximal inspiral
frequency of a binary system being redshifted that is less
than the minimal frequency of the detector. For a practical
observation, the observation time Tobs is limited, so we
choose different observation times to determine the fre-
quency range as follows:

fmax − fmin ¼
Z

tiniþTobs

tini

df
dt

dt: ð8Þ

The fmin is chosen from the frequency band of the detector;
then, fmax can be obtained from Eq. (8). The typical
observation time is shown as a dashed line in Fig. 2.
The shadow regions above the dashed lines show detectable
mass ranges of detectors within the observation time. We
find that the dashed lines are not monotonic, which is
caused by the redshift bias effect. According to Eqs. (6)
and (7), the optimal SNR function is monotonically
decreasing for z < 2.63 and increasing for z > 2.63 in
our ΛCDM universe [47]; for detecting the signal with
S=N ¼ 8, the chirp mass of the PBH binary needs increased
for z < 2.63 and decreased for z > 2.63.

III. EVENT RATE OF PBH BINARIES

In order to observe the PBHs at high redshift, not only
should gravitational wave sensitivity be high but also the
event rate of the PBH binaries system should be large
enough. The estimation of a PBH binaries event rate
follows [35], and the condition for decoupling of the
PBH binaries from the FRW background at matter-
radiation equality z ¼ zeq is

x < f1=3PBHx̄: ð9Þ

FIG. 2. The detectable mass range at different redshifts for
gravitational wave detectors aLIGO, LISA, and SKA. The SNR
of each binary (Mc, z) is larger than the threshold of 8. The
typical observation times of 1 month and 10 years for LISA and
1 year and 100 years for SKA are shown as dashed lines, where
S=N ¼ 8. The shadow regions above the dashed lines show the
detectable mass ranges within different observation times.
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Here, x is the physical distance between two nearby black
holes, and fPBH is the fraction of PBHs in the dark matter.
x̄ is the mean separation of PBHs at matter-radiation
equality, which is determined by PBH mass MBH and
energy density ρBHðzeqÞ as x̄ ¼ ðMBH=ρBHðzeqÞÞ1=3. After
interacting with the third black hole, the probability
distribution function of a binary system with respect to
the major axes a and eccentricity e [35] is

Pða; eÞ ¼ 3

4

f3=2PBHa
1=2

x̄3=2
e

ð1 − e2Þ3=2 : ð10Þ

After long time evolution, the major axes shrinks to a
suitable quantity that the frequency of the gravitational
wave lies in the frequency the band of detector. Following
[53,54], we assume that e keeps the constant during the
inspiral phase, and the later major axes can be expressed as

a4 ¼ a4ini −
256

5

G3μM2

c5ð1 − e2Þ7=2 t; ð11Þ

where aini is the initial major axes of PBH binary, t is
the evolution time, M ≡m1 þm2, and μ≡m1m2=M.
Applying Kepler’s third law with Eq. (11), Eq. (10) can
be written as

Pðt; eÞ ¼ 48

5

f3=2PBHG
3μM2

c5x̄3=2T5=8

e
ð1 − e2Þ5 : ð12Þ

Here, T is defined as

T ≡
�

GM
π2f2GW

�
4=3

þ 256

5

G3μM2

c5ð1 − e2Þ7=2 t: ð13Þ

where fGW is the frequency of gravitational waves.
Then, integrate the e from 0 to the maximum eccentricity
to get a probability distribution function of time PðtÞ; the
maximum eccentricity is determined by binary formation
conditions in [35].
The event rate of gravitational wave signals from PBH

binaries can be calculated from PðtÞ and the average
number density of PBHs in a comoving volume nBH,

event rate ¼ nBHPðtÞ ¼
3H2

0

8πG
ΩBH

MBH
PðtÞ: ð14Þ

In order to obtain the event rate at different redshifts, the
time-redshift relation along the line of sight is required,
which can be calculated from

tðzÞ ¼
Z

∞

z

dz0

Hðz0Þð1þ z0Þ : ð15Þ

Applying Eq. (15) into PðtÞ, we can get the event rate of
PBH binary at different redshifts in Fig. 3. It shows the
increasing event rate of PBH binaries at higher redshift.

This is caused by PðaÞ ∝ a−1=4 [35]; there are more PBH
binaries having small major axes, when binaries form,
which emit high frequency gravitational waves and merge
at high redshifts. So more high frequency gravitational
wave events propagate from high redshifts to the present
that are redshifted and lie in the frequency band of detectors
(also see in [55,56]).
More event rates of PBH binaries at high redshift in

Fig. 3 show that it is possible to detect the signal from PBH
binaries at high redshift, even though the fraction of PBHs
in dark matter fPBH is strongly constrained by astronomy
observation. Then, we can compare the high redshift
fPBH −MBH relation with the astronomy observation.
Here, we consider the monochromatic PBH mass function
in Eq. (14). Considering that the detectable merger rate of
binary black holes is 2 − 53cGpc−3 yr−1 for aLIGO [57], a
reasonable and detectable event rate is set to 1cGpc−3 yr−1.
Then we can get the relation among the fraction of PBHs
in dark matter fPBH, PBH mass MBH, and redshift z from
Eq. (14), which is shown in Fig. 4. Three typical redshift
curves z ¼ 0, 20, 2000 are shown, which correspond with a
fixed event rate 1cGpc−3 yr−1. We can find that at the same
MBH and a higher redshift, the lower fPBH we need to reach
an detectable event rate of 1cGpc−3 yr−1, which means high
redshift PBH binaries can be detected without ruling out
astronomy constraints. It results because there are more
event rates at high redshift when we fix fPBH as shown in
Fig. 3. Then, we do not need a large fPBH to produce an
detectable event rate of 1cGpc−3 yr−1 at high redshift.

IV. DETECTABLE MASS RANGE
AT HIGH REDSHIFT

Above all, we have discussed the detectable mass ranges
of detectors aLIGO, LISA, SKA, and the event rate of PBH
binaries at different redshifts. Now, we can combine the

FIG. 3. The event rate for PBH binaries with 100 solar masses
and the observed frequency is 10−4 Hz at different redshifts.
The event rate is measured in a comoving volume with the unit
of cGpc−3 yr−1.
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two results to obtain the effectively detectable region for
PBHs at different redshifts as shown in Fig. 5.
In drawing the effective regions, we assume the effec-

tively detectable range follows the conditions,

event rate > 1cGpc−3 yr−1; fPBH < func: ð16Þ

Here, we follow [13,57], the minimal detectable event rate
is set to 1cGpc−3 yr−1. func is the unconstraint fraction of
PBHs in the dark matter where we take 10−3, 10−4, and

10−5 for illustration. The black dashed lines correspond
with an event rate of 1cGpc−3 yr−1. The shadow regions
show the effectively detectable mass ranges at high redshift.
One thing we need to pay attention to is that the maximum
detectable redshift is z ¼ 3000, which comes from the PBH
binary model [35]; the PBH binaries formed at matter-
radiation equality zeq ¼ 3000. This mechanism can hardly
produce PBHs in a radiation-domination epoch at z > zeq,
which makes it difficult to observe a larger mass range and
detecting PBH binaries on SKA.
The inclusion of initial spatial clustering of PBHs

changes the story. The initial clustering of PBHs forms
high density PBHs regions in a radiation-domination
epoch. As we have shown in [13], the initial clustering
of PBHs can be constructed in multi-stream inflation
[67–70]. During multi-stream inflation, inflaton travels
along two inflation trajectories. Inflation potential on
one trajectory can produce PBHs; the others cannot
produce PBHs. In the PBHs clustering model [13], the
PBHs clustering regions are denoted by β, which is the
volume fraction of PBHs regions in the observed Universe.
The redshift of matter-radiation equality in PBHs-rich
regions can be calculated by increasing the PBHs fraction
in dark matter in PBHs-rich regions fPBH → fPBH=β as
follows:

1þ zPBH;eq ¼
�
1 − fPBH þ fPBH

β

�
ð1þ zeqÞ: ð17Þ

The high density PBHs region improves the probability of
PBH binaries formation by increasing the PBHs density.
Then, event rate of PBH binaries can be enhanced due to a

FIG. 4. The fraction of PBHs in dark matter with respect to
PBH mass MBH at different redshifts to reach an event rate of
1cGpc−3 yr−1. Limits from Experience pour la Recherche d’Ob-
jets Sombres (EROS) [58], Caustic [59], ultra-faint dwarfs
(UFDs) [60], Eridanus II [60], Plank [61], wide-binary disruption
[62], and accretion limits come from X-ray binaries [63],
millilensing of quasars [64], generation of large-scale structures
through Poisson fluctuations [65], and dynamical friction on halo
objects [66] are also plotted.

FIG. 5. The effectively detectable regions for PBH binaries
at different redshifts. The solid lines give the boundaries of
parameter regions that detectors can observe. The black dashed
lines give the critical mass with an event rate of 1cGpc−3 yr−1 that
we can observe for different fPBH. The shadow regions below the
black dashed lines and above the solid lines are the effectively
detectable regions for PBH binaries.

FIG. 6. The effectively detectable regions for PBH binaries at
different redshifts with initial clustering. The solid lines give the
boundaries of parameter regions that detectors can observe. The
black dashed lines give the critical mass with an event rate of
1cGpc−3 yr−1 and fPBH ¼ 10−3 that we can observe for different
β. The shadow regions below the black dashed lines and above
the solid lines are the effectively detectable regions for PBH
binaries.
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larger PBH binaries density, which results in massive PBH
binaries meeting Eq. (16), and the result is shown in Fig. 6.
The initial clustering of PBHs expands the detectable mass
range for PBH binaries and improves the detectability of
PBH binaries in SKA. However, the clustering volume
fraction β cannot be infinitesimal, this could result in few
PBHs surviving at present, and most of them merged at
very high redshift, which leaves weak signals to detectors.

V. CONCLUSION

In this paper, we show that the PBH binaries can be
detected by high redshift z > 20 gravitational wave signals.
During the propagation of gravitational waves from high
redshift to the present, the frequency of a gravitational wave
is decreasing so that it lies in the frequency band of
gravitational wave detectors. Then, the amplitude of
redshifted high frequency gravitational waves can signifi-
cantly enhance the S=N at z > zmin, where zmin ¼ 2.63 in
the ΛCDM model. This phenomena are studied in detail in
[45]. In order to detect gravitational wave signals from
PBH binaries within practical observation time, the event
rate of a gravitational wave from PBH binaries is estimated.
We consider the model in [35], and the PBH binaries
events are enhanced at high redshift which can achieve
90cGpc−3 yr−1 at z ¼ 20 for PBHs masses of 100 solar
masses with fPBH ¼ 10−3 in Fig. 3. The enhancement of
gravitational wave signals and the event rate from PBH
binaries at high redshift improve the detectability of PBH
binaries. Then, we study the effect of initial clustering of
PBHs on its detectability as we have studied in [13]. An
enhancement in effectively detectable mass ranges appears
by the initial clustering of PBHs. The effectively observable
mass range covers 20 − 103 solar masses at z ¼ 20 within
10 years observation time on LISA. This mass range can be
enhanced to 20 − 106 solar masses with initial clustering of

β ¼ 10−4. The wide mass range shows that it is possible to
detect the PBH binaries on LISA and SKA at high redshift.
Based on the possibility of PBH binaries detection at

high redshift, we can directly observe the signals from the
PBHs. This can help us build an early Universe model. The
mass function of PBHs can be obtained from the chirp mass
of gravitational wave in the rest frame and gives clues to the
inflation potential [9]. The abundance distribution of PBHs
can be obtained from the position distribution of gravita-
tional wave events, which gives a hint of the inflation
model with position properties, such as the initial clustering
of PBHs from multi-stream inflation [13]. The fraction of
PBHs in the dark matter can be constrained by the high
redshift gravitational wave event rate, which can tell us the
potential dark matter candidates.
In this work, we only consider the monochromatic PBH

mass function. The extended mass function of PBHs can
form extreme mass ratio inspirals, which can produce
different signals. In detecting more PBHs events at high
redshift, the stochastic gravitational wave background from
PBHs formation needs to be deducted [71–73]. Due to the
high redshift of the gravitational wave, no electromagnetic
counterpart can be observed along with the gravitational
wave signal. We cannot directly observe the luminosity
distance of gravitational waves. However, the interaction
between Population III stars with PBHs could be a potential
source for electromagnetic signals at z < 20, which helps
us understand PBHs evolution at high redshift.
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