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Cosmic strings may have formed in the early Universe due to the Kibble mechanism. While string
networks are usually modeled as being of Nambu-Goto type, this description is understood to be a
convenient approximation, which neglects the typically expected presence of additional degrees of freedom
on the string world sheet. Previous simulations of cosmic strings in expanding universes have established
beyond doubt the existence of a significant amount of short-wavelength propagation modes (commonly
called wiggles) on the strings, and a wiggly string extension of the canonical velocity-dependent one-scale
model has been recently developed. Here we improve the physical interpretation of this model, by studying
the possible asymptotic scaling solutions of this model, and in particular how they are affected by the
expansion of the Universe and the available energy loss or transfer mechanisms—e.g., the production of
loops and wiggles. In addition to the Nambu-Goto solution, to which the wiggly model reduces in the
appropriate limit, we find that there are also solutions where the amount of wiggliness can grow as the
network evolves or, for specific expansion rates, become a constant. Our results show that full scaling of the
network, including the wiggliness, is much more likely in the matter era than in the radiation era, which is
in agreement with numerical simulation results.
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I. INTRODUCTION

Topological defects are ubiquitous in both condensed
matter and cosmological contexts. In the latter context they
form due to the Kibble mechanism, and the most interesting
and well-studied example are cosmic strings [1]. Their
nonlinear nature and nontrivial interactions imply that the
detailed quantitative understanding of their properties and
observational consequences is a significant challenge [2].
One standard approach is based on Nambu-Goto or

Abelian-Higgs (field theory) numerical simulations [3–13].
These are technically difficult and computationally costly,
although a recently optimized and validated GPU-based
coupling has removed (or at least mitigates) the latter
bottleneck [14,15]. A complementary analytic approach is
based on the notion of using the knowledge of the statistical
physics of the string network to obtain a description of its
thermodynamics. In the simplest case of Nambu-Goto
string networks, which have been the subject of most
studies so far, the velocity-dependent one-scale (VOS)
model [12,16–19] has been exhaustively studied, and its
quantitative success in describing the large-scale features of
the network (including the existence of attractor scaling
solutions and the behavior in the radiation to matter

transition) has been demonstrated by direct comparison
with both Nambu-Goto and Abelian-Higgs numerical
simulations [5,6,12,13]. The model allows one to describe
the scaling laws and large-scale properties of string net-
works—in both cosmological and condensed matter set-
tings—with a minimal number of free parameters. We
emphasize that this model—or indeed any other thermo-
dynamical model—needs to be calibrated against numeri-
cal simulations, and therefore any such model can only be
as accurate as the numerical simulations available.
Cosmologically realistic string networks are not

expected to be of Nambu-Goto type—at most, this descrip-
tion is a simple and convenient approximation. More
elaborate approaches have been introduced with the goal
of explicitly describing the behavior of small-scale struc-
tures that are known to be part of realistic cosmic strings
[20,21]. In particular, the previously mentioned simulations
of cosmic strings in expanding universes have established
beyond doubt the existence of a significant amount of
short-wavelength propagation modes (commonly called
wiggles) on the strings, on scales that can be several orders
of magnitude smaller than the correlation length. In
previous work [22,23] a mathematical formalism suitable
for the description of the evolution of both large-scale and
small-scale properties of a cosmic string network in
expanding space has been introduced. The wiggly VOS
model equations were first obtained in [22], which only
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studied two particular limits thereof, the tensionless limit
and the linearized limit. Then [23] studied the particular
case where the wiggliness was assumed to reach scaling,
and also made a brief comparison with the simulations of
[6]. The necessary formalism has been recently extended to
the case of generic current-carrying cosmic strings [24].
In this work we continue the exploration of the properties

of wiggly cosmic strings, by improving its physical
interpretation and modelling. Specifically, we study the
effect of two key dynamical mechanisms impacting the
dynamics of cosmic string networks—the expansion of the
Universe, and energy loss or transfer mechanisms (e.g., the
production of loops and wiggles)—on the various possible
scaling solutions for these networks. This enables a
systematic study of the full set of asymptotic scaling
solutions; as we demonstrate in what follows, one may
find solutions with wiggliness growing, disappearing, or
reaching scaling. The balance of these dynamical mecha-
nisms, quantified by the VOS model parameters, deter-
mines the conditions under which each of the solutions
applies.
Our long-term goal is to have an accurately calibrated

wiggly VOS model that reproduces the key dynamical
features of numerical simulations. For the standard (non-
wiggly) VOS model, the feasibility of this approach has
recently been demonstrated [12,13], provided one has
hundreds to thousands of high-resolution simulations,
covering tens of different expansion rates—which is itself
feasible with a fast and efficient GPU-based code [14,15].
However, for the wiggly model the same approach is
currently not possible, for the simple reason that current
simulations do not measure and output the key wiggliness
diagnostics (e.g., the renormalized mass per unit length,
which is an explicit parameter in the wiggly model, or the
multifractal dimension). The one exception to this is [6],
which published some of these diagnostics from Nambu-
Goto simulations. However, these simulations had rela-
tively low resolution (by present day standards) and were
only done for three expansion rates (matter and radiation
era, plus Minkowski space), and it has been previously
shown that these are not sufficient for a detailed calibra-
tion [23].
Our goal in the present work is to set the stage for a

future detailed calibration of this wiggly VOS model. By
characterizing all possible scaling solutions, and particu-
larly the behavior of wiggliness therein (i.e., under what
conditions wiggliness grows, disappears, or reaches scal-
ing) we can plan a subsequent program of field theory and
Nambu-Goto simulations optimized for this calibration,
which can test the consistency of the model solutions by
carrying out simulations with various different expansion
rates and including suitable numerical diagnostics for the
wiggliness of the strings.
We start with a brief comparative study of Nambu-Goto

and wiggly cosmic strings in Sec. II, with the goal of

making the present work self contained. The possible
asymptotic scaling solutions without and with cosmologi-
cal expansion are then presented, respectively in Secs. III
and IV. Broadly speaking, we find three classes of solution.
The first is the trivial Nambu-Goto one, to which, as
expected, the wiggly model reduces to in the appropriate
physical limit. The two other model classes are new; the
amount of wiggliness can either grow as the network
evolves or, under relatively specific conditions, become
a constant. In particular we discuss how the existence (or
not) of these solutions depends on the phenomenological
parameters of the VOS model. Finally we present some
conclusions and an outlook in Sec. V.

II. NAMBU-GOTO AND WIGGLY STRINGS

Here we present a brief review of the mathematical
formalism behind the VOS model for Nambu-Goto strings,
in order to introduce the relevant notation; a more thorough
discussion of the model can be found in [19]. We then
summarize how the model is extended to the wiggly case,
motivating the evolution equations that will be the subject
of the exploration of the present work; their detailed
derivation can be found in [22,23].

A. Nambu-Goto strings

The first assumption in the VOS approach is to localize
the strings so that we can treat them as one-dimensional
line-like objects. This is clearly a good assumption for local
strings, but we note that it has been shown to work well
even for strings possessing long-range interactions [18].
The second step is to average the microscopic string

equations of motion to derive the key evolution equations
for the average root mean squared (RMS) string velocity v
and characteristic length scale L. This is a generalization of
Kibble’s original one-scale model [25,26], and has been
described in detail elsewhere [16,17,19]. Kibble’s model
describes string motion in terms of a single characteristic
length scale, denoted L. In particular, this assumption
implies that this length scale coincides with the string
correlation length ξ and the string curvature radius R. We
stress that this is an approximation which can be tested
numerically [5,6]. By incorporating a variable RMS veloc-
ity v, the VOS model significantly extends its validity,
including into regimes with frictional damping and across
the important matter-radiation transition, thus giving a
quantitative picture of the complete history of a cosmic
string network.
Specifically one starts by defining the string network

energy E and RMS velocity v

E ¼ μ0aðτÞ
Z

ϵdσ ð1Þ
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v2 ¼
R
_x2ϵdσR
ϵdσ

; ð2Þ

where μ0 is the string mass per unit length. String networks
divide fairly neatly into two distinct populations, viz long
(or ‘infinite’) strings and small closed loops. The long
string network is, to a good approximation [6], a Brownian
random walk on large scales and can be characterized by a
characteristic length scale (or interstring separation) L,
which can be used to replace the energy E ¼ ρV in long
strings

ρ≡ μ0
L2

: ð3Þ

A phenomenological term is necessary to account for the
loss of energy from long strings by the production of
cosmic string loops, This is described by a loop chopping
efficiency parameter c such that

�
dρ
dt

�
to loops

¼ cv
ρ

L
: ð4Þ

In this one-scale approximation, we would expect the loop
parameter c to remain constant irrespective of the cosmic
regime, because it is multiplied by factors which determine
the string network self-interaction rate.
From the microscopic string equations of motion, one

can then average to derive the evolution equation for the
length scale L and the velocity v

2
dL
dt

¼ 2HLð1þ v2Þ þ cv ð5Þ

dv
dt

¼ ð1 − v2Þ
�
kðvÞ
L

− 2Hv

�
; ð6Þ

where H is the Hubble parameter and where k is called the
momentum parameter, which at a phenomenological level
is expected to include the effects of small-scale wiggles
(more on this in what follows). Note that strictly speaking it
would be the curvature radius R which should appear in the
denominator of the first term of the velocity equation, but
the one-scale assumption implies that we can identify
R ¼ ξ ¼ L; nevertheless one should keep this distinction
in mind in more general situations [5]. Detailed descrip-
tions of the behavior of the parameter k can be found
in [12,17].
It is well known [19] that attractor scale-invariant

solutions with L ∝ t ∝ H−1 and v ¼ const, only exist when
the scale factor is a power law of the form aðtÞ ∝ tλ.
Introducing the convenient parameter L ¼ ζt this solution
can be written in the following implicit form

ζ2NG ¼ kðkþ cÞ
4λð1 − λÞ ; ð7Þ

v2NG ¼ kð1 − λÞ
λðkþ cÞ : ð8Þ

Note that since the velocity is a constant in this solution and
kðvÞ is a function of velocity, k itself becomes a constant in
this limit. Therefore, k in this solution denotes the constant
value of kðvÞ given by solving the second (implicit)
equation for the velocity. It is easy to verify numerically
that this solution is well behaved and stable for all realistic
parameter values.
If the scale factor is not a power law, then simple scale-

invariant solutions like (8) do not exist. Physically this
happens because the network dynamics is unable to adapt
rapidly enough to the changes in the background cosmol-
ogy. Examples of this are the transition between the
radiation and matter-dominated eras and the onset of dark
energy domination around the present day [27]. Indeed,
since this relaxation to a changing expansion rate is rather
slow, strictly speaking realistic cosmic string networks are
never in scaling during the matter-dominated era [6,17].

B. Wiggly strings

The above framework can be extended to more general
models, building upon earlier works of Carter [28,29]. For
what follows the key difference is that wiggly strings have
an energy density in the locally preferred string rest frame
(denoted U) and a local string tension (denoted T) which
are not identical constants as in the Nambu-Goto case,
but have different dependencies on a dimensionless
parameter w,

T ¼ wμ0 ð9Þ

U ¼ μ0
w
; ð10Þ

so that T=U ¼ w2.
Now the total energy of a piece of string is

E ¼ a
Z

ϵUdσ ¼ μ0a
Z

ϵ

w
dσ: ð11Þ

Part of this is the bare energy that can be ascribed to the
string itself,

E0 ¼ μ0a
Z

ϵdσ; ð12Þ

while the rest is in the small-scale wiggles

Ew ¼ μ0a
Z

1 − w
w

ϵdσ: ð13Þ
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Each of these energies can yield a characteristic length
scale for the string network. The total length should be the
length that a Nambu-Goto string with the same total energy
would have, while the bare correlation length measures the
characteristic length of a Brownian network. Specifically,
the string correlation length is defined with respect to the
bare string density

ρ0 ≡ μ0
ξ2

; ð14Þ

and we assume that the correlation length thus defined is
approximately equal to the string curvature radius

ξ ∼ R; ð15Þ

such an assumption can be tested numerically [6], and
although not exact is sufficiently accurate for our present
purposes. The correlation length ξ still has a physically
clear meaning, while the characteristic length scale L is
now only a proxy for the total energy in the network,

ρ≡ μ0
L2

: ð16Þ

Note that this means that

ξ2 ¼ μL2; ð17Þ

where μ is the renormalized string mass per unit length μ,
defined as

μ≡ E
E0

¼ hwi−1 ¼ hw−1i0: ð18Þ

Strictly speaking, μ is a scale-dependent quantity, μ ¼
μðl; tÞ [6], but the μ thus defined is to be understood as a
quantity measured at a mesoscopic scale somewhat smaller
than the horizon. Intuitively, an obvious choice might be
the coherence length in the model itself, but this is not
mandatory.
Physically, the natural way to include small-scale struc-

tures in the analytic model is through an evolution equation
for μ, and this is the approach followed in the wiggly VOS
model. Alternatively we could define a characteristic scale
for the energy in the wiggles; defining ρw ¼ μ0=S2w and
noting that ρw ¼ ρ − ρ0 we have

Sw ¼ ξffiffiffiffiffiffiffiffiffiffiffi
μ − 1

p ¼
ffiffiffiffiffiffiffiffiffiffiffi
μ

μ − 1

r
L: ð19Þ

An approach along these lines is that of the three-scale
model [20].
From the point of view of our analytic modeling, we are

no longer allowed to identify the three natural length scales
we considered in the Nambu-Goto case. In other words, we

can no longer have a one-scale model. Therefore, an
averaged model for wiggly cosmic string evolution con-
tains three (rather that two) evolution equations. Apart from
evolution equations for a length scale and velocity, one
needs a third equation which describes the evolution of
small-scale structures. This is reminiscent of the three-scale
model [20], with two crucial differences. First, in the three
scale models, all three evolution equations do in fact
describe length scales, while in our case only one of them
does so (although a second equation can dependently be
converted into one that does). Second, in the three-scale
model there is no allowance for the evolution of the string
velocities.
One must also rethink the definition of the averages.

Specifically, when one is defining average quantities over
the string network (say, the average RMS velocity), should
the average be over the total energy

h _x2i ¼
R
_x2UϵdσR
Uϵdσ

¼
R
Q ϵ

w dσR
ϵ
w dσ

; ð20Þ

or just the energy in string

h _x2i0 ¼
R
_x2ϵdσR
ϵdσ

? ð21Þ

In other words, should pieces of string that have larger mass
currents be given more weight in the average? Given the
discussion so far, the first definition is more natural (and it
is the one adopted in what follows) although the alternative
choice deserves further discussion—see [24] for an alter-
native approach. These two different averaging procedures
can be applied to any other relevant quantity. For a generic
quantity Q, the two averaging methods are related via

hQi ¼ hQUi0
hUi0

¼ hQ=wi0
μ

: ð22Þ

One also needs phenomenological terms describing how
energy is exchanged between the bare string and the
wiggles. In the original Nambu-Goto VOS model, long
string intercommutings did not affect the evolution of the
network and so we did not need to directly model them. For
wiggly strings one must consider these intercommutings,
since they increase the number of kinks on the string
network—and consequently add energy to the wiggles.
By analogy with Eq. (4), we define the fraction of the

bare energy density lost into loops per unit time as�
1

ρ0

dρ0
dt

�
loops

¼ −cf0ðμÞ
v
ξ
: ð23Þ

Numerical simulations suggest that small-scale structures
might enhance loop production, and we phenomenologi-
cally allow for this possible enhancement by allowing for

A. R. R. ALMEIDA and C. J. A. P. MARTINS PHYS. REV. D 104, 043524 (2021)

043524-4



an explicit dependence on μ, encoded in a function f0ðμÞ
which becomes unity in the Nambu-Goto limit. Moreover,
whenever two strings intercommute, kinks are produced
whether or not loop production occurs. This corresponds to
energy being transferred from the bare string to the small-
scale wiggles, which we model as�

1

ρ0

dρ0
dt

�
wiggles

¼ −csðμÞ v
ξ
; ð24Þ

in analogy with the previous term for losses into loops.
Here s vanishes in the Nambu-Goto limit, and it should
include the effects of kink decay on long strings due to
gravitational radiation.
As for the fraction of the total energy lost into loops, we

need to take into account that the energy may be come from
the bare string or from the wiggles�

1

ρ

dρ
dt

�
loops

¼
�
1

ρ

dρ0
dt

�
loops

þ
�
1

ρ

dρw
dt

�
loops

: ð25Þ

The energy loss from the bare string has already been
characterized by the parameter f0 in Eq. (23). Defining an
analogous term for the losses from the wiggles�

1

ρw

dρw
dt

�
loops

¼ −cf1ðμÞ
v
ξ
; ð26Þ

we end up with�
1

ρ

dρ
dt

�
loops

¼−c
�
f0
μ
þf1

�
1−

1

μ

��
v
ξ
¼−cfðμÞv

ξ
; ð27Þ

where we defined an overall loss parameter f which may
also have a dependence on μ, to account for the fact that
loops are preferentially produced from regions of the long-
string network containing more small-scale structures than
average. There is evidence of this fact from numerical
simulations [3,4,6]. Somewhat similar parameters have
been introduced before [20], but those are typically

constant and defined as the excess kinkiness of a loop
compared to a piece of long string of the same size. In what
follows we will use the following simplifying assumptions,
previously discussed in [23]

f0ðμÞ ¼ 1;

fðμÞ ¼ 1þ η

�
1 −

1ffiffiffi
μ

p
�
;

sðμÞ ¼ D

�
1 −

1

μ2

�
: ð28Þ

Here we have introduced two additional phenomenological
parameters, η and D, which are specific to the wiggly VOS
model. (In particular η should not be confused with
conformal time.)
Finally, we note the renormalized string mass per unit

length is defined at a renormalization scale l that need not
be constant—for example, one could choose this scale to be
that of the correlation length, which will be time dependent.
Changing this scale is tantamount to redefining what a
small-scale structure is, and thus must have an effect on the
value of E0 (as well as v since w will be correspondingly
changed). This is accounted for by introducing the follow-
ing scale-drift terms

1

μ

∂μ
∂l

dl
dt

∼
dm − 1

l
dl
dt

; ð29Þ

∂v2
∂l

dl
dt

¼ 1 − v2

1þ hw2i
∂hw2i
∂l

dl
dt

: ð30Þ

where dmðlÞ is the multifractal dimension of a string
segment at scale l [30]. Note that Eq. (29) is essentially just
a geometric identity whereas Eq. (30) comes from impos-
ing total energy conservation across different scales.
With these definitions, and further assuming uniform

wiggliness (i.e., w to be just a function of time, at least
locally) one can obtain the following system of equations,
derived in detail in [22,23]

2
dL
dt

¼ HL

�
3þ v2 −

ð1 − v2Þ
μ2

�
þ cfvffiffiffi

μ
p ; ð31Þ

2
dξ
dt

¼ Hξ

�
2þ

�
1þ 1

μ2

�
v2
�
þ v

�
k

�
1 −

1

μ2

�
þ cðf0 þ sÞ

�
þ ½dmðlÞ − 1� ξ

l
dl
dt

; ð32Þ

dv
dt

¼ ð1 − v2Þ
�
kðvÞ
ξμ2

−Hv

�
1þ 1

μ2

�
−

1

1þ μ2
½dmðlÞ − 1�

vl
dl
dt

�
; ð33Þ

1

μ

dμ
dt

¼ v
ξ

�
k

�
1 −

1

μ2

�
− cðf − f0 − sÞ

�
−H

�
1 −

1

μ2

�
þ ½dmðlÞ − 1�

l
dl
dt

; ð34Þ
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where as usualH ≡ _a=a is the Hubble parameter. Note that
the first, second, and fourth equations are not independent,
being related by Eq. (17). In this work we restrict ourselves
to solutions with a constant renormalization scale (leaving
the case with a running scale for subsequent work), so
henceforth we set dl=dt ¼ 0.
The key question in cosmic string evolution is whether

the small-scale component also scales, i.e., whether we
should also expect μ to evolve towards a constant value.
Despite current simulations not answering this question
definitely [6], they suggest that such a small-scale scaling is
reached at least in a matter era (when λ ¼ 2=3). In the
radiation era simulations show a more complex behavior,
which could reflect the fact that the approach to scaling is
slower in this case (since there is less Hubble damping) or
could be due to the absence of such a solution. In what
follows we will shed light on this issue.
Clearly, the dynamical equations for wiggly model

include two different physical mechanisms; expansion
and energy losses. We will study the effects of each of
them on the possible asymptotic scaling solutions. In
general we will assume

L ¼ ζ0tα; v ¼ v0tβ; μ ¼ m0tγ: ð35Þ

Recall that ξ2 ¼ μL2, which also leads to

ξ ¼ ffiffiffiffiffiffi
m0

p
ζ0tαþγ=2; ð36Þ

finally, when studying solutions in the expanding Universe
we will assume the aforementioned scale factors, with
a ∝ tλ. We also note that all these asymptotic scaling
solutions will either have v ¼ const or v → 0, and that
the function kðvÞ becomes a constant in both limits. Thus in
the sections that follow we will simply write k when
discussing each of the solutions, but it is important to bear
in mind that this denotes the constant value of kðvÞ in
each case.

III. SCALING SOLUTIONSWITHOUTEXPANSION

We start by discussing the case without expansion, thus
setting H ¼ 0. In this case we expect the VOS model to
apply for k ¼ 0 [6,12,18,19]. We also note that linear
scaling has been numerically seen in Minkowski space
[6,31], and we will presently show that this is indeed a
possible solution of the wiggly model. In what follows we
separately treat the cases without and with energy losses.
On the other hand we will not discuss the ultrarelativistic
v ¼ 1 solutions; while such solution are mathematically
allowed, it is clear that they would only be physically
relevant in contracting universes [32].

A. Without energy losses

In this case we have a trivial solution, since there is no
dynamical mechanism affecting the string network; all
three dynamical quantities on the VOS model must
necessarily be constant

L ¼ ζ0

v ¼ v0

μ ¼ m0

ξ ¼ ffiffiffiffiffiffi
m0

p
ζ0; ð37Þ

with the constant values being undetermined. In practice,
they could be determined by measuring them in a numerical
simulation, as a means to check whether any choice of
values of the parameters is allowed.
The physical interpretation of this solution is equally

simple. In the absence of energy loss mechanisms, we have
a string network in an equilibrium configuration, with a
constant energy density and velocity, and also with a
constant wiggliness.

B. With energy losses

Here we assume that the energy loss terms are of the
form given by Eq. (28). The presence of the energy losses
leads to a different behavior for the characteristic length
scale L, and consequently also for the correlation length ξ.
In this case there are two possible regimes. The first one

has linear scaling of the characteristic length scale (α ¼ 1)
and constant velocity and wiggliness (β ¼ γ ¼ 0)

L ¼ ζ0t

v ¼ v0

μ ¼ m0

ξ ¼ ffiffiffiffiffiffi
m0

p
ζ0t; ð38Þ

subject to the consistency constraints

ζ0
ffiffiffiffiffiffi
m0

p ¼ cv0
2

�
1þ η

�
1 −

1ffiffiffiffiffiffi
m0

p
��

ð39Þ

η

�
1 −

1ffiffiffiffiffiffi
m0

p
�

¼ D

�
1 −

1

m2
0

�
ð40Þ

η ≥ D; ð41Þ

this includes the simple Nambu-Goto case m0 ¼ 1 (for
η ¼ D), but larger values of μ0 are allowed in principle,
depending on the values of the two parameters.
For realistic values of the parameters D and η (i.e., of

order unity and with η ≥ D), Eq. (39) has two real and two
complex conjugate solutions, and physically realistic
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solutions for the wiggliness must have m0 ≥ 1. It follows
that the allowed solutions are determined by the ratio of the
two VOS parameters; ifD=η < 1=4 thenm0 ¼ 1 is the only
physically allowed solution, while for 1=4 < D=η < 1
there is a solution with m0 > 1, as shown in Fig. 1. In
this interpretation, if the amount of small-scale structure
produced is too small a fraction of the amount thereof that
is removed from the network, then no wiggliness can
asymptotically survive on the string network, leading to the
trivial Nambu-Goto solution. Conversely, if this ratio is
large enough then wiggliness can survive. That said, it is
not a priori clear if this m0 > 1 solution, even if math-
ematically allowed, is physically realized. One possible
argument for this is that if one takes the opposite regime
(corresponding to D > η, as will be discussed presently)
and takes the D → η limit one finds a m0 ¼ 1 constant
wiggliness solution, and one might therefore expect that
this would still be the case as one continues decreasing the
D=η ratio.
Instead of interpreting D and η in terms of the overall

amount of energy in wiggles that is produced and removed,
one might alternatively interpret them as describing the
frequencies [33]—specifically, the frequency of events that
produce wiggles (e.g., in the form of kinks or cusps) and
events that remove wiggliness (e.g., by producing loops).
Then a small D=η ratio corresponds to the case where any
kinks or cusps that are produced are likely to find
themselves part of a loop faster than others are produced.
We also note that for m0 ≠ 1, and using the definitions of
Eqs. (28) and (40) can be written in the suggestive form

f ¼ f0 þ s; ð42Þ

which becomes trivial for m0 ¼ 1. This suggests that the
solution with m0 ≠ 1 corresponds to a special point in
parameter space, where the energy loss terms are precisely
balanced, which in turn casts doubt on whether such a
solution can be an attractor for the dynamics of the
network. Numerical simulations should be needed to clarify
these points.
The second regime has a growing small-scale structure,

which is offset by a slower growth of the characteristic
length scale (while the velocity remains constant)

L ¼ ζ0tα;

v ¼ v0;

μ ¼ m0tγ;

ξ ¼ ffiffiffiffiffiffi
m0

p
ζ0t; ð43Þ

with the following consistency constraints

α ¼ 1 −
1

2
γ ¼ 1þ η

1þD
; ð44Þ

γ ¼ 2
D − η

1þD
; ð45Þ

ζ0
ffiffiffiffiffiffi
m0

p ¼ v0
2
cð1þDÞ; ð46Þ

η < D: ð47Þ

A visual illustration of the dependence of the scaling
exponents α and γ on the small-scale structure parameters
η and D can be found in Fig. 2. Note that, as has already
been mentioned, the first solution can be obtained from the
second in the limit D → η with m0 → 1. The physical

FIG. 2. The values of the scaling exponents α (blue dashed
contours) and γ (red dotted contours), respectively given by
Eqs. (45) and (46) for the wiggliness m0, as a function of the
small-scale structure parameters η and D=η.

FIG. 1. The two real solutions of Eq. (40) for the wigglinessm0,
as a function of the ratio of the small-scale structure parameters,
D=η. Note that physically μ ≥ 1, so a nontrivial m0 > 1 solution
only exists for 1=4 < D=η < 1.
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interpretation of this solution is equally clear: η < Dmeans
that the amount of small scale structure removed from the
network (e.g., by loop production) is smaller than the
amount produced (e.g., by intercommutings) and therefore
the long-string wiggliness must grow.
Finally, it is worthy of note these two solutions only

differ in the behavior of the characteristic length L (or
equivalently the overall energy density of the network) and
the string wiggliness. In both solutions the velocity v is a
constant and—more interestingly—the correlation length ξ
is always scaling linearly (ξ ∝ t), regardless of whether or
not L does. Noting that ξ is related to the evolution of the
bare-string energy density, cf. Eq. (14), this shows that in
both solutions we have ρ0 ∝ t−2. On the other hand, the
ratio of the total string-energy density to the bare one be a
constant for the first solution, for which the wiggliness is a
constant. In the second solution this ratio grows propor-
tionally to the wiggliness,

ρ

ρ0
¼ m0tγ: ð48Þ

This illustrates the earlier point that we no longer have a
one-scale model, and different length scales can have
different behaviors.

IV. SCALING SOLUTIONS IN EXPANDING
UNIVERSES

We now move to the case of expanding universes.
Specifically, we assume that the scale factor is a power
law of the form aðtÞ ∝ tλ, with 0 < λ < 1. We again ignore
the v ¼ 1 solutions but now also discard the k ¼ 0
solutions, since in this case we do expect that k ≠ 0, as
confirmed by numerical simulations [6]. As in the previous
section, we will first consider the case without energy
losses and then the general case where they are allowed.

A. Without energy losses

In this case we find three possible regime. Firstly, we
have the canonical Nambu-Goto VOS solution

L ¼ k

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λð1 − λÞp t;

v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ−1 − 1

p
;

μ ¼ 1;

ξ ¼ k

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λð1 − λÞp t: ð49Þ

The range of expansion rates for which this is a physically
viable solution depends on how one physically interprets
this velocity. If it is interpreted as a microscopic velocity,
then we only require that the string velocity does not exceed

the speed of light (v20 < 1), which implies λ > 1=2; in other
words, the radiation era is the limiting case. On the other
hand, if it is interpreted as an average velocity, then the
physical constraint should be v20 ≤ 1=2 (corresponding to
the average velocity of loops in Minkowski space), which
leads to λ ≥ 2=3, and the matter era is the limiting case.
Either way, this confirms the well-known result that in the
matter era (but not in the radiation era) damping due to the
expansion of the Universe is by itself sufficient to ensure
the scaling of a Nambu-Goto string network.
A regime with nontrivial constant wiggliness, μ0 > 1,

also exists, but only for the matter era

L ¼ ζ0t;

v ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm2

0

p ;

μ ¼ m0;

ξ ¼ 3

2
kv0t; ð50Þ

with the consistency relation

ffiffiffiffiffiffi
m0

p
ζ0 ¼

3

2
kv0; ð51Þ

which is physically viable for any value of m0, and is again
commensurate with the indication, from Nambu-Goto
numerical simulations [6], that scaling of small-scale
structures is easier to achieve in the matter era than in
the radiation era. Note that the choice m0 ¼ 1 matches the
previous Nambu-Goto solution, given by Eq. (49).
Moreover this behavior is analogous to the one previously
identified for chiral superconducting strings [34].
On the other hand, there is also a regime with solutions

with growing wiggliness (γ > 0). These require α ¼ 3λ=2,
implying the physical constraint λ < 2=3, in other words
expansion rates slower than that of the matter era. They
further require β < 0 (implying decaying velocities),
3λ=2 − β þ γ=2 ¼ 1, and β þ γ ≥ 0. There are two possible
branches of this solution, depending on the expansion rate.
For very slow expansion rates we have

L ¼ ζ0t3λ=2;

v ¼ v0t−λ;

μ ¼ m0t2−5λ;

ξ ¼ kv0
2 − 4λ

t1−λ; ð52Þ

subject to the constraints

ffiffiffiffiffiffi
m0

p
ζ0 ¼

kv0
2 − 4λ

; ð53Þ
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λ ≤
1

3
; ð54Þ

while for intermediate ones (including the radiation era, but
not the matter era) we have

L ¼ ζ0t3λ=2;

v ¼ tλ−2=3ffiffiffiffiffiffiffiffiffiffiffiffiffi
3λ − 1

p
m0

;

μ ¼ m0t2=3−λ;

ξ ¼ 3

2
kv0tλþ1=3; ð55Þ

subject to the constraints

ffiffiffiffiffiffi
m0

p
ζ0 ¼

3

2
kv0; ð56Þ

1

3
< λ <

2

3
; ð57Þ

note that this solution matches that of Eq. (52) for λ ¼ 1=3
and that of Eq. (50) in the limit λ → 2=3, except for a
different normalization of the velocity in the latter. The
behavior of the scaling exponents in these solutions is
depicted in Fig. 3. This illustrates the fact that a faster
expansion rate leads to a slower growth of the wiggliness,
This also highlights the special nature of the matter era
case, λ ¼ 2=3, where one can have a full scaling solution,
given by Eq. (50). On the other hand, in the radiation era,
with λ ¼ 1=2, we have

L ¼ ζ0t3=4;

v ¼
ffiffiffi
2

p

m0

t−1=6;

μ ¼ m0t1=6;

ξ ¼ 3

2
kv0t5=6: ð58Þ

It’s also interesting to note that in the limit λ → 0 we would
have

L ¼ const:;

v ¼ const:;

μ ¼ m0t2;

ξ ¼ kv0
2

t; ð59Þ

here the characteristic length scale would be constant (a
consequence of energy conservation), as would the veloc-
ity, while the correlation length would scale linearly. The
other peculiar case is λ ¼ 1=3, which leads to the fastest
decaying velocities and the slowest growing correlation
length. We note that these solutions could be tested in
Nambu-Goto simulations, where energy loss terms can be
switched off at will.
Finally, we note that in both of these growing wiggliness

solutions the ratio of the total string energy density grows
with respect to the background energy density as

ρ

ρbckg
∝ t2−3λ; ð60Þ

while the ratio of the bare string energy to the background
energy density grows as

ρ0
ρbckg

∝ tλ; λ ≤
1

3

ρ0
ρbckg

∝ t4=3−2λ;
1

3
< λ <

2

3
ð61Þ

respectively for the slow and intermediate expansion rate
ranges. For the particular case of the radiation era, these
two ratios should therefore be

ρrad
ρbckg

∝ t1=2

ρ0;rad
ρbckg

∝ t1=3; ð62Þ

again it would be interesting to search for this solution in
Nambu-Goto radiation era numerical simulations.

FIG. 3. The values of the scaling exponents of the characteristic
length scale L (black solid), the velocity v (blue dash-dotted), the
wiggliness μ (red dotted) and the correlation length ξ (green
dashed) for the growing wiggliness solutions given by Eqs. (52)
and (55) as a function of the expansion rate λ.
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B. With energy losses

In this more realistic case, where both dynamical
mechanisms are allowed, there are also three possible
regimes. These are extensions of the ones in the previous
subsection, though the conditions to which each of them is
subject change in interesting ways. Firstly, we have the
canonical VOS model Nambu-Goto solution

L ¼ ζ0t;

v ¼ v0;

μ ¼ 1;

ξ ¼ ζ0t; ð63Þ

with the scaling parameters being given by

ζ2NG ¼ kðkþ cÞ
4λð1 − λÞ ð64Þ

v2NG ¼ ð1 − λÞk
λðkþ cÞ ; ð65Þ

these parameters are precisely the ones discussed in Eq. (8).
In the c ¼ 0 limit we recover the previous solution given by
Eq. (49). The consistency condition relating the expansion
rate and the VOS model parameters is λ ≥ 2k=ð3kþ cÞ if
one imposes v20 ≤ 1=2, or λ > k=ð2kþ cÞ if one only
requires v20 < 1,

1. Full scaling

A full scaling solution, with a nontrivial constant
wiggliness, μ0 > 1, also exists in principle, being given by

L ¼ ζ0t;

v ¼ v0;

μ ¼ m0;

ξ ¼ k
λv0ð1þm2

0Þ
t; ð66Þ

with the following normalization factors

ζ20 ¼
kðkþm2

0c½1þ ηð1 −m−1=2
0 Þ�Þ

λm0ð1þm2
0Þ½λþ ð2 − 3λÞm2

0�
; ð67Þ

v20 ¼
k½λþ ð2 − 3λÞm2

0�
λð1þm2

0Þðkþm2
0c½1þ ηð1 −m−1=2

0 Þ�Þ
; ð68Þ

and the scaling value of the small-scale wiggliness being
given, as a function of the expansion rate λ and the VOS
model parameters c, k, η, and D, by the relation

½λþm2
0ð2 − 3λÞ�

�
ðkþ cDÞ

�
1 −

1

m2
0

�
− cη

�
1 −

1ffiffiffiffiffiffi
m0

p
��

¼ λ

�
1 −

1

m2
0

�
ðkþm2

0c½1þ ηð1 −m−1=2
0 Þ�Þ: ð69Þ

Note that, in principle this can exist for various expansion
rates, and that in the particular case of c ¼ 0 and λ ¼ 2=3
one recovers the previous solution given in Eq. (50). Indeed
it is instructive to consider the two limiting cases, for large
and small wiggliness. For m0 ≫ 1 we have

L ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kcð1þ ηÞ
λð2 − 3λÞ

s
t

m3=2
0

;

v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2 − 3λÞk
λcð1þ ηÞ

s
1

m0

;

μ ¼ m0;

ξ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kcð1þ ηÞ
λð2 − 3λÞ

s
t
m0

; ð70Þ

and we confirm the expectation that in this case the density
increases and the velocity and correlation length decrease
with increasing wiggliness. This solution exists for a single
expansion rate, given by

λ ¼ 2keff
3keff þ ceff

; ð71Þ

where for convenience we have defined

keff ¼ kþ cðD − ηÞ; ð72Þ

ceff ¼ cð1þ ηÞ; ð73Þ

and again one trivially sees that the previous matter era
solution is recovered if there are no energy losses. Note that
these two definitions make physical sense; the presence of a
small-scale structure on the strings changes their typical
curvature and enhances energy losses. From this it follows
that for this solution to exist in the radiation era we require

keff ¼ ceff ; ð74Þ

or equivalently

k ¼ cð1þ 2η −DÞ: ð75Þ

This provides a possible calibration test for the model using
numerical simulations; observation of scaling of small-
scale structures in the radiation era would imply that
Eq. (74) should hold.
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In the opposite limit of small wiggliness we can Taylor-
expand, defining μ ∼ 1þ y, and the scaling solution has the
form

L ¼ ζ0t;

v ¼ v0;

μ ¼ 1þ y0;

ξ ¼ kð1 − y0Þ
2λv0

t; ð76Þ

with the following normalization factors, conveniently
expressed in terms of first-order corrections to the
Nambu-Goto solution

ζ20 ¼ ζ2NG

�
1 −

4 − 5λ

1 − λ
y0 þ

c
kþ c

�
2þ 1

2
η

�
y0

�
; ð77Þ

v20 ¼ v2NG

�
1þ 1 − 2λ

1 − λ
y0 −

c
kþ c

�
2þ 1

2
η

�
y0

�
; ð78Þ

together with

y0 ¼
λðkþ cÞ − ð1 − λÞ½2ðkþ cDÞ − ηc=2�

ð2 − 3λÞ½2ðkþ cDÞ − ηc=2� − λcð2þ η=2Þ : ð79Þ

2. Growing wiggliness

The regime with with growing wiggliness again contains
two solutions. These are analogous to the ones in Eqs. (52)
and (55) and still require β < 0 (implying decaying
velocities), β þ γ ≥ 0, and α − β þ γ=2 ¼ 1. However, it
is no longer the case that α ¼ 3λ=2. Instead we must have
α > 3λ=2, which again makes sense; the addition of energy
losses implies that the total energy of the network will
decay faster. Moreover, both α and λ now depend on the
VOS model parameters, and there is a general relation

v0ffiffiffiffiffiffi
m0

p
ζ0

¼ λþ γ

keff
¼ 2α − 3λ

ceff
; ð80Þ

with keff and ceff as defined in Eqs. (72) and (73)
respectively.
For very slow expansion rates we have

L ¼ ζ0t1−λ−γ=2;

v ¼ v0t−λ;

μ ¼ m0tγ;

ξ ¼ ffiffiffiffiffiffi
m0

p
ζ0t1−λ; ð81Þ

with the following consistency conditions and restrictions

γ ¼ ð2 − 5λÞkeff − λceff
keff þ ceff

; ð82Þ

0 < γ < 2 − 5λ; ð83Þ

λ ≤
keff

3keff þ ceff
; ð84Þ

while for intermediate ones we have

L ¼ ζ0t1−3γ=2;

v ¼ v0t−γ;

μ ¼ m0tγ;

ξ ¼ ffiffiffiffiffiffi
m0

p
ζ0t1−γ; ð85Þ

with the following consistency conditions and restrictions

γ ¼ ð2 − 3λÞkeff − λceff
3keff þ ceff

; ð86Þ

v0ffiffiffiffiffiffi
m0

p
ζ0

¼ðλ − γÞ v
2
0m

2
0

k
; ð87Þ

0 < γ < minðλ; 2 − 3λÞ; ð88Þ
keff

3keff þ ceff
< λ <

2keff
3keff þ ceff

; ð89Þ

note that these solutions match those of Eqs. (52) and (55)
in the limit c → 0, and that the two solutions match for the
expansion rate

λ ¼ keff
3keff þ ceff

; ð90Þ

which approaches λ ¼ 1=3 in the limit c → 0. We depict
the dependence of this expansion rate, as well as the
expansion rate of full scaling given by Eq. (71), on the ratio
ceff=keff , in Fig. 4.
In this case the ratios between the total string and

background density and the bare string and background
density are

ρslow
ρbckg

∝ t2λþγ;
ρ0;slow
ρbckg

∝ t2λ; ð91Þ

for slow expansion rates, and

ρint
ρbckg

∝ t3γ;
ρ0;int
ρbckg

∝ t2γ; ð92Þ

for intermediate expansion rates.
Finally, it’s interesting to consider the particular case of

keff ¼ ceff , which leads to full scaling in the radiation era.
In this case the scaling exponents depend only on the
expansion rate, and in particular the one for the wiggliness
parameter has the form

γslow ¼ 1 − 3λ; λ ≤
1

4

γint ¼
1

2
− λ;

1

4
< λ <

1

2
; ð93Þ

SCALING SOLUTIONS OF WIGGLY COSMIC STRINGS PHYS. REV. D 104, 043524 (2021)

043524-11



naturally in this case the growing wiggliness solutions only
exist for expansion rates slower than the radiation era one,
and the transition between slow and intermediate expansion
rates now occurs at λ ¼ 1=4.

V. CONCLUSIONS

We have improved the physical interpretation of the
wiggly extension of the VOSmodel [22,23], by studying its
possible asymptotic scaling solutions of this model, and in
particular how they depend on the expansion of the
Universe and the available energy loss or transfer mech-
anisms—e.g., the production of loops and wiggles. We
have restricted ourselves to the case of a constant renorm-
alization scale. This is clearly a simplifying assumption, but
it is justified as a means to gain physical insight on the role
of the other dynamical mechanisms, and the parameters
that model them, in the evolution of the network. Relaxing
this assumption, thus allowing for a running renormaliza-
tion scale, is left for subsequent work.
Without expansion (i.e., in Minkowski space) the scaling

solution is a trivial equilibrium solution in the absence of
energy losses, while if these losses are allowed we find that
asymptotically the correlation length ξ always scales, while
the characteristic length L might scale linearly (with
constant wiggliness) or more slowly than that (with grow-
ing wiggliness), depending on the balance between the
amount of wiggles produced and removed from the net-
work. These results are compatible with the observation of
linear scaling in Minkowski space simulations [6,31].
In power law expanding universes there are three types

of solutions, primarily depending on the expansion rate.
For slow expansion rates one has growing wiggliness
solutions, while for fast expansion rates we have the
Nambu-Goto one (without wiggles). In between the two,

for a single value of the expansion rate, there is a full
scaling solution with L ∝ ξ ∝ t and constant velocity and
wiggliness. Without energy losses this specific expansion
rate corresponds to the matter era, while the addition of
energy losses makes this transition expansion rate decrease
—possibly reaching the radiation era for an appropriate
value of the energy losses. These results are also compat-
ible with previous Nambu-Goto simulation studies which
indicate that full scaling of the network, including the
wiggliness, is much more likely in the matter era than in the
radiation era [3,4,6]. It is also interesting to note that these
three types of solutions, depending on the expansion rate
and with a transition expansion rate that depends on the
amount of energy losses and corresponds to the matter era
in their absence, also occurs for chiral superconducting
strings [34].
The next step is to carry out a detailed comparison of

these solution with numerical simulations. Some data from
Nambu-Goto simulations already exists [3,4,6,10,31], and
while our results are in qualitative agreement with these
works, the data therein is not precise or complete enough to
carry out a quantitative comparison. Our work therefore
provides motivation for additional, higher-resolution sim-
ulations. We note that Nambu-Goto simulations are useful
for testing some of the new solutions we have presented,
since in these simulations one can switch intercommuting
and loop production on and off at will.
A similar comparison should also be done between

these solutions and field theory simulations. Traditional
CPU-based Abelian-Higgs simulations [5,9,11] clearly
lack the spatial resolution and dynamic range to study
small-scale wiggliness, despite previous efforts [9].
Recently a new generation GPU-accelerated Abelian-
Higgs simulation code [14,15] has emerged, enabling a
detailed and statistically more robust calibration of the
vOS model [12,13]. This fast and efficient code will
enable an independent analysis of the small-scale struc-
tures on cosmic string networks which, in addition to
testing and calibrating some of the scaling solutions we
have discussed, is also important as a comparison between
Nambu-Goto and Abelian-Higgs simulations per se. Work
along these lines is ongoing.
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FIG. 4. The behavior of the expansion rate of the transition
between slow and intermediate expansion regimes for growing
wiggliness, given by Eq. (90) (red dashed line), and the expansion
rate of full scaling given by Eq. (71) (blue solid line), as a
function of the ratio ceff=keff .
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