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We investigate what the orbits of globular clusters (GCs) in the Fornax dwarf spheroidal (dSph) galaxy
can teach us about dark matter (DM). This problem was recently studied for ultralight dark matter (ULDM).
We consider two additional models: (i) fermionic degenerate dark matter (DDM), where Pauli blocking
should be taken into account in the dynamical friction computation; and (ii) self-interacting dark matter
(SIDM). We give a simple and direct Fokker-Planck derivation of dynamical friction, new in the case of
DDM and reproducing previous results in the literature for ULDM and cold DM. ULDM, DDM and SIDM
were considered in the past as leading to cores in dSphs, a feature that acts to suppress dynamical friction
and prolong GC orbits. For DDM we derive a version of the cosmological free streaming limit that is
independent of the DM production mechanism, finding that DDM cannot produce an appreciable core in
Fornax without violating Ly-a limits. If the Ly-a limit is discounted for some reason, then stellar kinematics
data does allow a DDM core which could prolong GC orbits. For SIDM we find that significant
prolongation of GC orbits could be obtained for values of the self-interaction cross section considered in
previous works. In addition to reassessing the inspiral time using updated observational data, we give a new
perspective on the so-called GC timing problem, demonstrating that for a cuspy cold DM profile dynamical
friction predicts a z = 0 radial distribution for the innermost GCs that is independent of initial conditions.
The observed orbits of Fornax GCs are consistent with this expectation with a mild apparent fine-tuning at

the level of ~25%.

DOI: 10.1103/PhysRevD.104.043021

I. INTRODUCTION

The Milky Way dwarf spheroidal (dSph) satellite gal-
axies are broadly believed to be dominated by dark matter
(DM) [1,2],1 and this fact combined with their small sizes
and nearby locations makes them interesting test beds of
the small-scale behavior of DM [4—-10]. In fact, some of the
basic predictions of the most commonly considered para-
digm of DM—collisionless cold dark matter (CDM)—may
be in tension with observations (see, e.g., Refs. [11,12]).
Conclusive kinematic data for a decisive test of CDM in
dSphs is difficult to obtain, but upcoming observatories
may supply it [13].

One intriguing puzzle about the dSph galaxies concerns
the globular clusters (GCs) of the Fornax dSph [14]: some
of Fornax’s six known GCs [2,15] have orbital decay times
due to dynamical friction (DF) which seem to fall

“nitsan.bar@weizmann.ac.il
Tdiego.blas@cern.ch

kfir.blum @weizmann.ac.il
§hyungjin.kim@desy.de

lSee, however, a contrary claim in [3].

2470-0010/2021/104(4)/043021(25)

043021-1

significantly short of their age [14]. If estimated naively
based on the Chandrasekhar formula [16], assuming the
usual CDM cusp density profile (see, e.g., Ref. [17]), one
obtains an instantaneous DF time of less than 1 Gyr for the
most troublesome GC4. On the other hand, the stellar
content of the GCs is old, >10 Gyr [18,19], as is much of
the stellar content of Fornax itself [20,21]. It may seem
unlikely then, that we observe some of the GCs just a short
time before they fall to the center of the galaxy. We show a
visualization in Fig. 1.

Part of the scope of this work is to give an analytical
perspective on DF, allowing us to sharpen the GC timing
puzzle. When the dust settles (in Sec. VIB, using tools
developed throughout the paper) we obtain reasonably
robust predictions for the late-time distribution of GCs:
for a cuspy halo, the cumulative number of GCs contained
within a radius r has the form

t(r)
“E’ (1)

where 7(r) is the instantaneous DF time (defined precisely
in Sec. III), At is the age of the system, and the prefactor is

Fa(r)
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FIG. 1. Orbital radius vs time, calculated for the Fornax
GC4 assuming a slightly eccentric orbit. r = O represents today.
The orbit calculation assumes the CDM Navarro-Frenk-White
(NFW) [22] profile of Ref. [17].

proportional to the initial number of GCs contained inside
r ~ 1 kpc. Up to the prefactor, the radial slope in Eq. (1) is
insensitive to the assumed initial distribution of GCs and
can be calibrated observationally from kinematics model-
ing. Equation (1) substantiates the expectation that the fine-
tuning associated with observing a GC at short DF time
7 < At is of order 7/At.

We should say in advance that although the timing
puzzle is very interesting, our analysis suggests that the
possible tension it entails is not very severe. For a cuspy
CDM halo, when one takes into account projection effects
and the fact that Fornax hosts not just one, but a collection
of GCs, then the timing puzzle may be ascribed to a mild
(but quite persistent) chance fluctuation with a probability
of 25% or so. The lack of a ~10% My, nuclear star cluster in
Fornax, the remnant of old tidally disrupted GCs [23,24],
may exacerbate the tension.

Many explanations were suggested for the GC timing
puzzle [25-39], of which an exciting class of ideas entails a
modification to the nature of dark matter, going beyond CDM
[33,36-39]. In particular, Refs. [33,38,39] studied ultralight
dark matter (ULDM) and showed that in the particle mass
window m < 1072! eV, ULDM would suppress DF enough
to eliminate the timing puzzle. However, most of this mass
range for ULDM has been scrutinized in the last few years,
resulting in disfavoring evidence [40—43]. Motivated by the
fact that the combination of GC age and orbit measurements
probes the details of the DM halo and microphysics, we
extend the DF analysis to additional DM models. The first
model is degenerate dark matter (DDM), in which the phase-
space distribution of DM in dSph cores is affected by Pauli
blocking [44.,45]. The second model is self-interacting DM
(SIDM), in which self-interactions between DM particles
produce a cored isothermal distribution.

In Sec. IT we focus on the microphysics and calculate
DF for CDM, DDM, and ULDM. Our results for DDM
are new; for ULDM, we make contact with a different

derivation in the literature; while for SIDM the micro-
physics of the DF calculation is argued to be similar to that
in CDM.

All three DM models can, in principle, naturally produce
cored isothermal halos. As we show in Sec. IIlI, a cored
isothermal distribution of DM suppresses DF in part due to
a phase-space effect (associated with the “core stalling”
[46] identified in past numerical work), as the velocity of
the inspiraling GC can become parametrically lower than
the DM velocity dispersion.

For ULDM, DF and the Fornax GC timing puzzle were
studied in recent works [33,38,39] and we do not review
them again. As noted above, constraints from galaxy
dynamics and from cosmological Ly-a analyses suggest
a similar behavior to CDM.

For DDM (Sec. V), we formulate a robust version of the
Ly-a bound that is insensitive to DM model building and
cosmological history, finding that it disfavors an appreci-
able core. If one chooses to discount the Ly-a bound (see,
e.g., Ref. [33] for a qualitative discussion of concerns
regarding systematic uncertainties), then stellar kinematics
does allow a considerable DDM core which could lead to
significant suppression of DF and prolong the settling time
of the innermost GCs.

For SIDM (Sec. V), stellar kinematics allows a consid-
erable core. If the SIDM cross section is as large as that
considered in Ref. [47], then the DF settling time for the
innermost GCs can be significantly longer than in the cuspy
halo CDM model.

The possibility that baryonic feedback deforms a CDM
cusp into a core is also considered. Since baryonic feedback
is expected to deform the halo primarily within the half-
light radius [10,17,48,49], the resulting core is spatially
smaller than the typical cores that were previously sug-
gested as an explanation to the GC timing puzzle [17,28].
In that sense, such a model is a hybrid between other cusp/
core classes of density profiles that we consider in this
work, in the spirit of Ref. [2]. As a benchmark, we adopt the
density profile fit in Ref. [10]. We find that GC orbital
decay times may be somewhat prolonged within the inner
few hundred parsecs compared to the pure cusp case. This
baryon-induced core model may therefore provide a better
fit to the GC distribution compared to the cusp case.

Our approach is mostly analytical. Of course, this has
limitations and one may be justified in expecting that more
progress would require numerical simulations. According
to recent simulations in Ref. [50], reasonable initial con-
ditions for the Fornax GCs (derived from the simulations)
can lead to the observed configuration in a standard cuspy
CDM halo. The timing puzzle may thus be even less
significant than the mild 25% that we find with analytical
tools. Nevertheless, we believe that analytical insight is
important. Notably, as we demonstrate in our analysis, it
allows to identify which features of the late-time state of a
GC configuration are the result of particular initial con-
ditions and which are generic outcomes of DF.
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We summarize in Sec. VII. Many details of the calcu-
lations are deferred to the Appendixes.

II. DYNAMICAL FRICTION: MICROPHYSICS

Dynamical friction can be described in terms of the
Fokker-Planck theory for the motion of a probe particle
(a GC in our case) traveling through a gas of spectator
particles (DM particles in our case). In Appendix A we
derive the Fokker-Planck equation as the small-momentum-
exchange limit of the Boltzmann equation, governing the
motion of a probe object in different background media,
accounting for the gravitational interaction between the
probe and the medium particles. Our calculation is direct, in
the sense that it simply amounts to computing the collision
integral while taking care to account for the quantum
statistics of spectator gas particles. Here we bypass the
details of the calculation, while utilizing the main results.

The Fokker-Planck equation is characterized by a set of
momentum space diffusion coefficients, calculated in
Appendixes A 1, A2, and A3 for the case of a medium
composed of a classical gas, degenerate Fermi gas, and
Bose gas, respectively. Of particular importance for our
analysis is the diffusion coefficient D), corresponding to
the diffusion in momentum parallel to the probe object’s
instantaneous velocity. The DF deceleration acting on a
probe with mass m, moving with instantaneous velocity V
with respect to the medium is computed as [51]

dv D).

2oy

dt  m,

4nG*m,p
=-— CV. (2)

In the second line, to compare the DF arising in different
types of media we define the dimensionless coefficient C as
follows [33]:

___ vy
 4nGPm2p’

(3)

where p is the mass density of the medium.

Different microphysics properties of the medium (in our
case, the DM galactic halo) predict different results for C.
In the next subsection we discuss three scenarios.

A. Classical gas

This is the appropriate limit for a halo composed of a gas
of classical particles. We will adopt this limit to describe DF
in the ordinary CDM model, as well as for the SIDM
model.? For a homogeneous classical gas with an isotropic

“This is a good approximation for the SIDM cross sections of
interest, which are small enough such that SIDM particles travel
across distances larger than the size of the system without
colliding with each other. See Sec. V.

distribution function f,(v), DF is described by the
Chandrasekhar formula [16] (see also Appendix A 1),

|4
Cclass =dr 1HA/ dUm Uifv(vm)v (4)
0

where In A is the Coulomb logarithm. If the gas distribution
function is a Maxwellian with velocity dispersion o,
fo(v) = (276%)73/? exp(=1v?/(26?)), we have

2X )
Cyax = lnA(erf(X) - X
NG
1 V> o, )
b lnA \/5 3 5
ﬁ% V<o,

where X = V/(1/26) and where in the second line we show
the asymptotic scaling of C at large and small X.

B. Degenerate Fermi gas

This is the relevant limit for DF at the core of a halo
supported by the degeneracy pressure of light fermionic
DM (DDM model [44,45]). In the high-degeneracy limit
we have f,(v) = 3/(4nv3)0(vp — v), where O(x) is the
Heaviside function, the Fermi velocity v is related to the
medium density via

4,3
p="0r
67

(6)

m is the mass of the particles and g is the number of degrees
of freedom (e.g., g = 2 for Weyl fermions). The calculation
in Appendix A 2 gives the following limiting behavior:

1 V> Vf,
CDDM - InA :J/_; V< vy (7)
F

Thus, in both limits V > v, and v < v, we find that
DF in a degenerate medium is equivalent to DF in a classical
medium with the replacement ¢ — (%)%v r ~0.17v. Note
that the three-dimensional velocity dispersion associated
with the classical isotropic Maxwellian distribution is
(v + v} + v?) = (v*) = 367, while the dispersion for the
degenerate distribution is (v?) = (3/5)v%. Therefore, the
pressure in the different types of media matches when
vp & 2.20. Similarly, Egs. (7) and (5) tell us that DF in
these media match when v ~ 5.8¢. We note that the form of
Eq. (7) agrees with the results of Ref. [52).°

As an aside, it is interesting to note that to leading order
in m/m,, the diffusion coefficient of a classical gas has the
same functional form with respect to the distribution

*We thank P. H. Chavanis for pointing it out to us.
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function as the diffusion coefficient of a degenerate gas
[cf. Eq. (A12) and Eq. (A21)]. This is somewhat surprising,
because the Fokker-Planck calculation took into account
Pauli exclusion in the medium whereas Eq. (4) does not.
Moreover, according to Eq. (4), only particles with veloc-
ities smaller than the probe object’s contribute to the DF.
For the case of degenerate matter, one could have expected
that the opposite should happen: only particles close to the
Fermi surface contribute to DF. We refer the reader again to
Appendix A 2 for the detailed computation that leads us
to Eq. (7).

Finally, note that above we evaluated DF in the zero-
temperature limit and not in the finite-temperature limit. In
Sec. IV we consider a finite-temperature density profile, so
we should keep this caveat in mind. We have not explored
DF of degenerate matter within the more sophisticated
treatment of Refs. [53,54].

C. Bose gas

This is the relevant limit for the case where halo particles
follow the Bose-Einstein statistics, as in the ULDM model.
The diffusion coefficients can be obtained either by solving
a Langevin equation with stochastic fluctuations of the
gravitational potential [38] or, as we do in Appendix A 3,
by using a kinetic equation.4 Both approaches provide
identical results.

Up to a slight modification of the Coulomb logarithm,
DF for the bosonic gas includes a contribution to the C term
that is identical to that of the classical gas in Eq. (5). In
addition to this, ULDM large-scale density fluctuations
(manifested by Bose-enhancement terms in the kinetic theory
computation) cause additional velocity drift that can be
characterized by an extra term to C — C + AC, with®

" 2X o )
AC = 1nA<me“> <erf(xeff) - \/e_“ e—X;ff>, (8)
m, b2

where meg = 73/%p/(mo)? is the ULDM mass enclosed in

an effective de Broglie volume and X4 = v/v/204 with
Oer = 0/v/2.  Numerically, mz~1.2x100(1072'eV/
m)3[p/(3x10” My /kpc?)|[(10km/s)/o]* My. With these
numbers and keeping in mind a typical GC mass
m, ~10° M, the AC effect becomes quantitatively impor-
tant in Fornax for m <3 x 10720 eV.

The kinetic theory result summarized above assumed
that the scale size of the system—e.g., the radius r of a GC
orbit—is much larger than the effective de Broglie wave-
length of the ULDM particles,

“While this paper was being prepared for publication, Ref. [55]
appeared which also presents a kinetic theory derivation of the
ULDM diffusion coefficients.

5F0rmally, the AC term is there also for standard CDM but is
negligible unless the individual DM particles are extremely
massive.

-21
rdez—ﬂz3OO(10 km/s) <10 eV) pe. (9)

mo c m
and thus much larger than ULDM quasiparticle excitations
or than the soliton core that is ubiquitously found in ULDM
simulations (see Ref. [33] for a review). For r < rgg, the
treatment above breaks down and must be modified by
taking into account large-scale coherence effects of the
ULDM. This can be done via solving the Schrodinger
equation, as shown in Refs. [33,39], which indeed found
that DF becomes suppressed at r < rgg. We refer the reader
to Refs. [33,39] for more details on DF and the Fornax
GC puzzle in the context of ULDM. Here we only note
that for m > 1072° eV, where r > rqg and mgy < m, for
the Fornax GCs, DF in the ULDM medium becomes

quantitatively similar to DF in a classical medium.

III. DYNAMICAL FRICTION IN A CDM HALO:
CORE VS CUSP

It is natural to define an instantaneous DF time, 7, via

V3

=) 10
‘ 47G*m,pC (10)
such that (including here only the DF effect)
. 1
V=—--V. (11)
T

A crude estimate of the time scale it would take a GC to
settle down to the dynamical center of a halo can be
obtained by computing 7, using the current instantaneous
position and velocity of the GC. Assuming a CDM NFW
distribution, and plugging an estimate of the dark matter
density and velocity dispersion corresponding to the
present observed position of each GC into Egs. (5) and
(10), the result we find is summarized in the column
marked zcpy (highlighted in blue) in Table I. For GC3 and
GC4 the DF time estimated in this way is 2.6 and 0.9 Gyr,
respectively, much shorter than the age of the system.6
However, estimating an orbital decay time from the
instantaneous value of 7 can be misleading. In a realistic
galaxy, the DM phase-space distribution and with it the
instantaneous value of 7 could change along the orbit of the
GC. To obtain a better estimate of the actual settling time one
could track the orbit of the GC semianalytically, using the
phase-space-dependent value of 7 along the orbit [32,46,62].
Some details of this calculation are given in Appendix E.
The semianalytic integration reproduces results from
N-body simulations [17]. To demonstrate this, we use
Egs. (5) and (10) while reading the CDM density and
velocity dispersion from the N-body simulations of
Ref. [17] to integrate the orbit of a GC. In Fig. 2

®Our estimates are larger than those previously obtained in
Ref. [33]; we discuss the differences in Sec. VI.
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TABLE L

Some details of Fornax GCs. For the galactic center of Fornax we use an updated measurement [21], based on surface

brightness modeling. This estimate is 160 pc off relative to the center defined by previous works [2,17,19,33,35,50], leading to
different projected radii of GCs. We set the distance to Fornax as 147 + 4 kpc [18]. We estimate the error on r; by propagating the
distance error, added in quadrature with a 13 pc [21] uncertainty on the center. For relative radial velocities Av,, we use the galactic
radial velocity RVggma = 55.46 £ 0.63 km/s [56] and set Av, = RVge — RVEgmax, adding errors in quadrature. For GC6, the values
correspond to a small sample of stars, likely contaminated by background [15]. r., refers to the King radius for GC1-GCS5 and half-
light radius for GC6. The CDM instantaneous DF time [Eq. (10)] estimates are based on the NFW profile of Ref. [17]. The instantaneous

DF times of DDM and SIDM are based on Secs. IV and V.

m*[los M) r [kpc] Av,[km/s] Te/h [pc] Refs. 7cpm[Gyr] 1-]()13;,)1 [Gyr] 7sibm [Gyr]
GCl 0424+0.10 1.73+£0.05 354+1.18 10.8+0.3 [18,19,56-58] 119 122 79.3
GC2 1.54 £0.28 0.98 +0.03 3.94+0.7 6.2+0.2 [18,19,58,59] 14.7 7.12 8.82
GC3 498 +0.84 0.64 +0.02 4.94 + 0.66 1.7+0.1 [18,19,60,61] 2.63 1.48 2.21
GC4 0.76+£0.15 0.154+0.014 —-8.26=+0.64 1.9+0.2 [18,19,60,61] 0.91 10.7 14.8
GC5 1.86 +=0.24 1.68 +0.05 3.93 +£0.77 1.5+£0.1 [18,19,56,60,61] 322 30.1 20
GC6 ~0.29 0.254 +£0.015 -156+136 120+14 [15,50] 5.45 16.1 22

we compare our results to two different scenarios
from Ref. [17].

The first scenario, denoted NFW, contains a cuspy
NFW-like halo (the density profile of this model is shown
in Fig. 11). The orbit of a GC in this halo is shown by the
blue dashed line for the simulation of Ref. [17] and by a
blue solid line for the semianalytic tracking. The second
scenario, denoted ISO, contains an isothermal core halo
(also shown in Fig. 11). The GC orbits are shown by the red
lines. Again, the semianalytic method (solid) compares
reasonably well with the simulation (dotted).

The results have a mild dependence on the choice of the
Coulomb log, and we make slightly different choices for
the different scenarios. For NFW we follow Ref. [28] in
setting

b 2
In Anpyy = 1n(“;a—;1". (12)
Semi-Analytic
1{ -------- Simulation
0.50!
T | — NFW .
X :
- — IS0 g
0.10 4
005{ --------- 1'-"'-"';_1'-‘ ''''''' b el et s =
0 10 20 30 40

t[Gyr]

FIG. 2. Radius of an infalling GC with mass m, = 3 x 10° Mg,
based on the simulations of Ref. [17]. In dotted blue (thick
dotted red) we plot the simulation result (Fig. 3 in Ref. [17]) for
the NFW (ISO) halo. In solid lines, we plot our semianalytic
integration. Horizontal dot-dashed lines show the radii r, where
Myo(r) = m,, in which the semianalytic treatment should
break down.

However, instead of the b,,,, = 0.25 kpc used in Ref. [28],
we adopt b« = 0.5 kpc. For ISO we follow [33,46]

2V2r

In AISO =1In Gm .

(13)

We have checked that changing the definition of the
Coulomb log according to different prescriptions in the
literature changes the predicted infall time of GCs at
the level of a few tens of percent. This would not be
crucial for our main results.

We can gain some insight on the difference between
the DF settling time in the cusp vs the core profiles. In the
central part of a cuspy NFW halo, the density scales as
p  1/r and the circular velocity scales as V. o r'/2. Let
us simplify matters by assuming (as was often done in
previous works) that the GC moves on an approximately
circular orbit, V = V... With this, considering the NFW
halo of Ref. [17] and using Eq. (5), we find' Cyy ~
0.3(r/kpc)?3 In A. The DF time 7 defined in Eq. (10) then
scales as 7 o r>. This is a rough estimate: if we use the
simulation data of Ref. [17] for ¢ and p we find a similar but
slightly different scaling, 7  r!#3, plotted in solid blue in
Fig. 4. The important point is the approximately power-law
decline of 7 towards small r. This is the cause of the fast
orbital decay of the GC in the cuspy halo model.

The situation is different in a cored halo. In a core, the
density p = py = const, the circular velocity V. «r,
while a Jeans analysis shows that for an isotropic velocity
distribution the velocity dispersion is constant ¢ & \/Gpgr,
[46], where r. is the core radius (see Appendix D).

This implies V¢y./(vV26) ~7/r., as corroborated in

"Reference [33] assumed that V = V. and also took V.
equal to the velocity dispersion ¢, which would lead to a con-
stant Cyp,c- While this is roughly correct, for the NFW halo of
Ref. [17] we find mild radial dependence of V./c « %2, as

shown in Fig. 3.
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FIG. 3. The ratio of the circular velocity V. to the radial
velocity dispersion o, reproduced from Ref. [17] for NFW (thick
blue) and isothermal (ISO, red) halos.

Fig. 3 by comparing to the simulation data from Ref. [17].
At r <r, the low-velocity approximation in Eq. (5)
gives C o (r/r.)*InA. The (r/r.)? factor can be thought
of as a phase-space suppression of DF: it arises from the
factor [} dv,,v3f,(v,) in Eq. (4), because the velocity
dispersion inside an isotropic core is greater than the
circular velocity (which we assumed to match the instanta-
neous GC velocity).

Altogether, referring to Eq. (10), an isotropic core
predicts an approximately constant 7 (see also Ref. [25]),

3Vx o’
i V2 4xG*m,pyIn A
=z ri/Po
~23VGm, In A

4 re \33x10° M 2o 3
~195— [ “ Gyr.
InA <1 kpc) m, <3 x 107 ﬁ) -

kpc?

(14)

In the second line we used Eq. (D4) and in the third line we
used values relevant for Fornax GCs. Again, we can
compare this estimate to numerical simulations. The dashed
red line in Fig. 4 shows 7 as calculated by using the velocity
dispersion and density read off the cored ISO model of
Ref. [17]. 7 is approximately constant in the core, exceed-
ing the value of 7 found for the NFW halo.

The result that DF is suppressed in a cored halo, in
comparison to a cusp, is consistent with the finding of
Refs. [2,28,63], further confirmed in Refs. [17,32,46,62].8

%The core stalling observed in N-body simulations was
initially ascribed in Ref. [63] to a failure of the Chandrasekhar
formula. However, as we explained here (see also Ref. [46]),
semianalytic tracking using the Chandrasekhar formula along the
orbit reproduces this result.

T T ——— T T

50 it
= 10/
6 5: __________________
= —— NFW
=

----- ISO
1L
0.5
0.2 0.5 1 2

r [kpc]

FIG. 4. Orbital decay time calculated using p and ¢ from Fig. 1
of Ref. [17] and assuming a test object on a circular orbit. NFW
denotes a cuspy profile, and ISO denotes an isothermal cored
profile. We use here the GC mass m, = 3 x 10° M.

In the next two sections we consider this perspective in
exploring DM models that predict a cored halo.

IV. DEGENERATE DARK MATTER

Reference [44] (see also Ref. [45]) made the interesting
observation that light fermionic DM would produce a core
in dSphs, if the DM particle mass m is light enough to place
the halo in the degenerate regime. We call this model
degenerate DM. The DDM core scale radius r. can be
estimated via

~ 681 Po b gm' - pc
107 M /kpc? 2 x (120 eV)* |

(15)

where p, is the core central density and where
A = (97/27)/6 ~0.78. In Appendix B we give a deriva-
tion of Eq. (15), modeling the dSph halo by a maximum
entropy configuration (at fixed total mass and energy,
similarly to Ref. [64]).” The maximum entropy halo is
isothermal, scaling as p « 1/r? at large r. Between the
degenerate core and the 1/r? regime there are intermediate
features that depend on the temperature.

Inside r < r. DDM particles are described by a degen-
erate distribution function with Fermi velocity v related to

Our approach in Appendix B is similar to that of Ref. [44], but
differs in that we also include nonzero temperature solutions.
Such solutions were noted but not implemented in Ref. [44]. We
find that these solutions could expand the range of applicability
of the DDM model in dSphs. Reference [65] also considered
nonzero temperature solutions, albeit without comparison to data.
(We thank P. H. Chavanis for pointing this out to us.)
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their mass density via Eq. (6). DF for this system is
characterized by Eq. (7), so inside the DDM core, where
p and vp are constant, Eq. (10) yields a constant DF time,

3z
7| R——F
DDM 2G*gm*m, In A
4 10° My2 x (150 eV)*
=48 — e Gyr. (16
InA  m, gm* . (16)

Note that if one inserts the DDM halo core radius (15) into
Eq. (14), one obtains the same parametric dependence as in
Eq. (16). This is a result of the similarity between Egs. (5)
and (7). The interesting feature of the DDM model is that it
produces the core due to Pauli blocking.

Naively, Eq. (16) suggests that DF in a DDM core could
be arbitrarily suppressed by decreasing m. This happens
because decreasing m at fixed p is tied to increasing v . The
DF effect on Fornax GCs is thus an interesting test bed of
DDM, and in Sec. IV C we explore this point in more
detail. Before entering that discussion, however, we first
consider observational limits on m.

First, the Fermi velocity cannot be arbitrarily high in a
gravitationally bound halo [66]. In Sec. IV A we make this
analysis more precise by fitting stellar line-of-sight velocity
distribution (LOSVD) data to the DDM halo model; we
find that while the Fornax LOSVD data indeed constrains
m 2z 100 eV or so, this constraint by itself would still allow
a significant modification of DF compared to the CDM
prediction.

A second and much tighter constraint comes from
cosmological structure formation as observed through
Ly-a forest statistics. We show in Sec. IV B that this
constraint directly affects the same combination, gm*,
that appears in Egs. (16) and (15). Imposing the Ly-a
constraint excludes DDM from making an appreciable core
in Fornax on scales r 2 100 pc, meaning that DDM could
not significantly affect the orbits of GCs. While earlier
work on DDM argued that a nonthermal production
mechanism for DDM could avoid the cosmological con-
straint, we formulate a rather robust version of the bound
which appears difficult to evade.

A. Stellar LOSVD constraints on DDM in Fornax

In this section we summarize the results of a Jeans
analysis for the DDM model in Fornax.'’ The DDM profile
is described in Appendix B and the details of the Jeans
analysis are given in Appendix C.

In Fig. 5 we plot LOSVD data of Fornax [10] alongside
fits of the density profile presented in Appendix B. Our
fitting procedure is based on a simple y*> minimization,

where y2 =3V (g 05 — 0105(ri))2/0% and o; is the

i=
reported uncertainty for radial bin i. At a given particle

YFor previous analyses, see Refs. [44,45,67-70].

207 : : :
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oL | B ]
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FIG.5. LOSVD compared with data [10] for DDM with g = 2.
The best-fit parameters of the profile are u,/T =3 and
po = 3.9 x 107 My /kpc3.

mass m, our fit has three free parameters: the degeneracy
parameter u,/T, the central core density py, and the stellar
velocity anisotropy parameter /3, taken to be constant in 7.

In Fig. 6 we plot the circular velocity compared to the
Fermi velocity, which we define using vy (r) = /2u(r)/m,
for the m = 135 eV fit. As can be expected, the circular
velocity scales as V « r, whereas vy remains constant at
small radii. This leads to a suppression of DF, as explained
in Sec. IIL

B. Structure formation constraints on DDM

The free streaming of light DM suppresses the matter
power spectrum [71], notably constrained via Ly-a forest
statistics [72—74], with details depending on the cosmo-
logical DM production mechanism. References [44,45]
considered nonthermal mechanisms for cosmological

30— .
25} ]
o ]
€ 20| — ]
X ]
- — ]
o 15}
g |
= 10
g —| Veire(r)= %ﬂ
5[ e
[ Ve(r)
0' PR I SR R SRS SR PR SRS S
0 200 400 600 800 1000 1200

r [pc]

FIG. 6. The circular velocity V., and the Fermi velocity v for
the DDM halo with m = 135 eV, py = 3.9 x 10’ My /kpc?,
uo/T =3 and g =2. The vertical lines show the estimated
orbital radii (r = r, x 2/v/3) of the three GCs closest to the
dynamical center of Fornax, cf. Table I.
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production of DDM, aiming to bypass the Ly-a bounds.
With such mechanisms in mind, values of m in the ballpark
of 100 eV were considered in these works. We now revisit
the cosmological bound and formulate a conservative
limit that is insensitive to the cosmological production
mechanism of DM. Our results suggest that mechanisms of
the kind proposed in Refs. [44,45] should not be able to
produce m < 1.4 keV without tension with the nominal
Ly-a bound.

The instantaneous DM free-streaming wavelength
kpg depends on the DM velocity dispersion,“

2) 3H(z)
kes (2 \/;c B 20(0) (17)

Here z is the redshift, H(z) is the Hubble rate, we have set

o(z) = /(v*) and

B fd3pm2”—j,,zf(p)

= [dpf(p) (18)

Bounds on warm DM (WDM) [74] effectively constrain
kgs(z). Specifically, they apply to z < 10°, where density
perturbations on comoving scales of the order of 1~ (1 +
z)/H(z) = 0.5 Mpc enter the horizon and begin to evolve
under their own gravitational potential.

We can convert the WDM limit of Ref. [74] into a bound
on DDM by the following prescription. At a given energy
density, the coldest possible distribution function of DDM
is the fully degenerate distribution f(p)=0(pr— p),
where the Fermi momentum py is related to the energy
density via

2)3/cﬂp m? + p*f

g / .. _1(PF
= 167[2 |:pF m2 + p%‘(mz =+ 217%“) - m251nh ! <Z>i|

3
gmpy
o Pr<m, (19)
9ry
82 prp > m.

The p parameter redshifts as pp
dispersion for this distribution is

o (1 + z). The velocity

""This formula is correct up to an order unity factor relating the
speed of sound ¢, and the velocity dispersion ¢ [75]. This factor is
unimportant for our analysis.

— WDM296keV |- e
& — WDM 1keV _o”"
v 0.100 ’
c
S
o
2 0.010
2
- S P LT DDM 150 eV
o
2 0001y S o - DDM500eV
-------- DDM 1450 eV ]
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FIG. 7. A comparison of the velocity dispersions (in natural
units) of WDM and DDM for various particle masses. Including
CMB data, Ref. [74] put a bound of m > 2.96 keV on WDM
(95% C.L.), for which we plot the velocity dispersion as the green
solid line.

2 3
() =1-3 <ﬂ> +3 <ﬂ> arctan <&>
Pr Pr m
3p}
~ 4 sm?
{

Using Eq. (20) we can calculate kgg(z), compare this to
the kgg(z) of WDM, and cast the bounds of Ref. [74] into
the most conservative, maximally cold DDM model by
matching the kgg(z) curves of the two models. To recall,
WDM was defined [74] by the distribution function
fwom = (exp(p/T) +1)7!, where T o (1+z). Com-
paring the DM mass density for DDM and WDM in the
nonrelativistic regime, we have

pPrp > m.

g DDM.
R (21)
T WM.

Matching the density in the two models implies

(T/m)WDM o 2 (gm4)DDM 3
(el moow Lg(z) (gm } 22)

On the other hand, still in the nonrelativistic regime we can
compare the velocity dispersion in the two models,

<UZ>DDM 3(3) [(PF/’")DDM]2
<U2>WDM 75¢(5) [ (T/m)wpm

3¢(3) ( {3 ))% |:(gm4)WDM:| i (23)
75‘:(5> 2 (9m*)ppm]
where in the second line we used Eq. (22). We illustrate the

comparison in Fig. 7. For model parameters of interest to
this discussion, the ratio of velocity dispersions is redshift

4)WDM
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independent at z < 10°. We can therefore conclude that the
WDM constraint of Ref. [74], mypy > 2.96 keV at the
95% C.L. for g = 2, implies the constraint

gmppy > 2 % (1.4 keV)*. (24)

We expect that model building around the bound of
Eq. (24) would be quite difficult. No production mecha-
nism should be able to create a colder distribution
function for DDM. In particular, the skewed momentum
distribution scenarios of Ref. [45] and the scalar decay
models of Refs. [44,76] should all satisfy this bound.
Using Eq. (15), we find that Eq. (24) constrains the
DDM core in Fornax to r. <20 pe, irrelevant for the
orbits of GCs.

The Ly-a analyses may be affected by systematic
uncertainties related, among other things, to the thermal
history of the intercluster medium and other baryonic
effects [74]. Keeping this caveat in mind, it seems sensible
to take Fig. 7 with a grain of salt. If we allow kgg of the
(coldest possible) DDM model to exceed the nominal
bound of Ref. [74] by, say, a factor of ~4.5, we could
relax Eq. (7) to gm* > 2 x (500 eV)*. With such a (rather
ad hoc) relaxed bound we could allow a DDM core
r. <S80 pe, still irrelevant for GC orbits in Fornax.
Going down to m = 150 eV (still at g = 2), which would
allow a DDM core radius of r. = 385 pc encompassing
some GC orbits, would amount to krg being smaller by a
factor of 20 than the nominal WDM bound.

C. Orbital decay time in DDM

As we have seen, Ly-a analyses exclude DDM from
producing a core extending to the observed orbital posi-
tions of GCs in Fornax. This means that DDM would not
change the standard CDM predictions for the DF settling
time of the GCs. Nevertheless, given that the Ly-a bound is
subject to some debate, it is interesting to see what DDM
could do to DF subject only to the LOSVD constraints of
Sec. IVA.

In order to estimate the instantaneous DF time scale 7,
we use Eq. (10), with a modified Eq. (7). In order to
interpolate between a quasidegenerate core and a classical
gas in the outskirts of the halo, we adopt

CDDM = 3 In A, (25)

05 v
such that in the regime V > vy, we retrieve CDM-like
behavior, cf. Sec. III. For In A, we adopt the choice for
In Ays0, cf. Eq. (13).

We use the GC masses and projected radii collected in
Table I, combined with the density profile derived in the
LOSVD fits. We correct for the projection effect by relating

the assumed true orbital radius to the observed projected

radius of the GC via rye/r, = 2/+/3. We also assume that
the GCs are on circular orbits, setting Ve / Veire (Firwe) = 1
(This deprojection procedure is, of course, simplistic:
we will shortly report a more comprehensive treatment.)
The results are summarized in Table I. For m = 135 eV
we find naive orbital decay time scales of 1.48 and 10.7 Gyr
for GC3 and GC4, respectively. For comparison, using
the approach of Ref. [33] for cuspy CDM we find 2.63
and 0.99 Gyr. Therefore, while the naive DF time of GC4
in DDM is much longer than in cuspy CDM, for GC3
the naive time in cuspy CDM actually exceeds that
of DDM.

However, as discussed in Sec. III, the instantaneous 7 can
be misleading when comparing different halo morpholo-
gies: a realistic estimate of the GC settling time requires
orbit integration. We turn to this analysis next, finding that
the real orbit settling times of both GC4 and GC3 are in fact
longer in DDM compared with cuspy CDM.

To obtain a more comprehensive estimate of the DF
settling time and the impact of projection effects, we use
the orbit integration explained in Appendix E with initial
conditions that we vary as follows. For each GC, we scan the
range ry € [1,2]r, (thelogic behind this range is explained
in Appendix G). For each ry, we scan over V. €
[0.5,1.5]V e (Firue ). For each V. we test positive and
negative cos. Finally, we test the two cases, Av, =

\/ Ve — A2, Av, = Oand Av, =0,Av, = V Ve — AV2.

For each starting point in phase space, we integrate
the equations of motion, stopping the integration
when (r apoenter + 7 pericemer)/ 2 5 0.3r initial = f r¥initial, OT after
10 Gyr (the earlier of the two). We then report the
integration time as Tiyqpiral-

In Fig. 8 we plot the result of this procedure for GC3,
comparing the DDM halo for m = 135 eV (top panel)
and the cuspy CDM halo from Ref. [17] (bottom panel).

For the representative phase-space point ry./7; = 2/v/3,
Vie/ Veire (True) = 1, highlighted in Fig. 8 by a red dot, we
find that the inspiral time in the DDM halo is in fact longer
(~4 Gyr) than in the cuspy CDM one (~1.5 Gyr). This
result is in reversed order to the naive estimate in Table I,
demonstrating that the naive DF time estimate can indeed
be misleading.

We note that the inspiral time in the NFW case is not very
sensitive to the stopping radius fraction f, (set as 0.3),
whereas the DDM case is, and so are other cored halo
models. As explained in Sec. III, a cuspy profile predicts
approximately 7(r) o 7%, and therefore the inspiral time is
mostly sensitive to the initial radius. In a cored model, z(r)
is a weak function of r, potentially even nonmonotonous.
Therefore, the definition of the inspiral time in the cored
model becomes sensitive to the radius at which the orbit
integration is stopped.
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Tinspiral [Gyr], DDM, GC3, Naive: 1.48 Gyr
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FIG. 8. Contours of the inspiral time of GC3, defined in
Appendix G, for the DDM (top) and cuspy CDM models
(bottom). The “naive” estimates written on top are those given
in Table I based on an evaluation of the instantaneous DF time at
Fowe/ T2 = 2/V3 and Vie/Veire(Fuwe) = 1. The different line
types correspond to different discrete choices in our scan of the
initial conditions in phase space, explained in more detail in
Appendix G.

V. SELF-INTERACTING DARK MATTER

Self-interacting DM is a simple modification of CDM,
that could arise in many models [47,77-84]. The self-
interactions can be expressed in terms of the cross section
per unit mass, o/m, which could be velocity dependent
[82]. The scattering mean free path is

108 My /kpc® 1 cm?
1=" — 48 o/kpe’ Lem’/er o (26)
po p

o/m

and the time between scatterings /v is

N
o

-
(&)

OLos [km/s]
)

5,
SIDM, B=0.1, x?/d.0.f=1.9
% 500 1000 1500 2000
r [pc]

FIG. 9. LOSVD data of Fornax dSph modeled by different
SIDM profiles. The central density is p. = 2.6 x 107 Mg /kpc?,
the velocity dispersion is oy = 17 km/ sec and r,/ri. = 6.

20 km/s 108 M /kpc? 1 cmz/ngyr

toear = 2.35
v p o/m

(27)

When [ is larger than the distance across the halo, we
expect that the microphysics of DF in the SIDM model
will be similar to that of CDM. On the other hand, the
morphology of an SIDM halo could be different to that in
CDM as long as 7., is smaller than the age of the system.
Given a large enough cross section, SIDM produces cored
halos which affect the orbital settling time of GCs as
discussed in Sec. III.

We follow Ref. [47] in modeling the SIDM halo profile.
Inside some radius r;, we assume a hydrostatic profile
with central density p, and pressure P = o3p. For a self-
gravitating spherical halo, the density profile obeys

i Piso
2 9
ric pC

1
ﬁar(rzar lnpiso) == (28)

where r;. = 0y//4nGp,. (similar to the King radius [51]).
Beyond r; we match the density to the NFW profile,
PNFW = ps(r/rs)_l (1 + r/rx)_2’ ﬁXingps and Ty by imPOS'
ing continuity of p;,(r;) = pnrw(r1) and of the enclosed
mass M, (r1) = Mypw(r1). This procedure is consistent
with an initially NFW-like cusp profile that was deformed
into a cored isothermal profile due to the SIDM scatterings.
Altogether, the halo model has three free parameters, p.., 14
and o, that we can constrain with LOSVD data.

In Fig. 9 we plot a LOSVD fit, following the same y?
procedure as in Sec. IV. The model is taken to illustrate a
large core solution that would include the orbit of GC3.

In Fig. 10 we show the inspiral time of GC3, using the
same procedure as in Fig. 8. We use Eq. (5) with ¢, from
the LOSVD fit and adopt In A = In A5 as in Eq. (13). We
find that the large core SIDM model significantly increases
the inspiral time of GC3 compared to the CDM prediction.
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FIG. 10. DF time for an SIDM halo, analogously to Fig. 8.

Reference [47] pointed out that in the SIDM core region,
DM particles have undergone about a single collision
during the age of the system, i.e.,

1,
@pctage = ~ 1. (29)

scat

With this assumption,12 we can estimate the cross section
implied by the LOSVD fit

10 Gyr2.6 x 107 M /kpc® cm? km

m Tage Pc g s

lov) 1 (30)

This result is compatible with the baseline model of
Ref. [47], which predicted (ov)/m ~25 cm? g~'kms~!.
It would significantly increase the DF settling time of the
innermost Fornax GCs.

VI. DISCUSSION

In Fig. 11 we summarize the key features of dif-
ferent models of DM discussed in this work, including
both cuspy and core halo models. In the spirit of Ref. [2],
we also add the hybrid coreNFW model of Ref. [86]
with density"?

nf"' (1= f%)

Myrw, (31
471'1”2}"C NFW ( )

PcoreNFW — .? npNFW +

"It has been pointed out [80,85] that this assumption may
be simplistic.

BFor the coreNFW model we adopt the best fit of Ref. [10],
with py = 107! My, ry ~ 2.1 kpc, n ~ 0.8 and r. ~ 0.52 kpc. We
derive the velocity dispersion of the halo by solving the Jeans
equation, Eq. (D1), assuming isotropy.

where f = tanh(r/r.) and Mypw = [J @Fpxpw- This
model aims to describe a CDM-dominated halo modified
by baryonic feedback.

The LOSVD data (top left panel of Fig. 11) is described
reasonably well in all models, with the fit of the ISO model
of Ref. [17] being slightly worse.

The instantaneous DF time for a GC with m, = 3 x
103 M, is shown in the bottom right panel of Fig. 11. It
illustrates the fact that the main impact of the microphysics
of DM (as in DDM and SIDM) on DF comes from their
prediction of a cored halo morphology, and not from the
exotic microphysics per se. The formation of a core due to
baryonic feedback in CDM [28,63] could therefore have
similar consequences.

The density profiles (top right panel of Fig. 11) demon-
strate the cusp for NFW, large cores and the intermediate
coreNFW. We also plot an estimate of the stellar density.
This may become important for large-core models, whose
density is only larger by a factor of 2 or so than the stellar
density at small r. In these cases, accounting for the stellar-
induced potential could slightly change our results numeri-
cally, but not qualitatively: as far as the DF microphysics is
concerned, background stars would contribute to the DF of a
GC just like CDM particles, and since the total mass density
is constrained by the LOSVD fit, the separation into DM and
stellar components is not essential for the DF computation.

It is interesting to compare the circular velocity profiles
of different models (bottom left panel of Fig. 11) to the
phase-space parameters of GCs.

In Sec. VI A we briefly consider each of the six GCs,
noting the implications with respect to the timing puzzle.
Next, in Sec. VIB we consider the GC system as a whole
and use the tools we have developed throughout this work
to reevaluate the problem.

A. Comments regarding GC data used
in this work (GC-by-GC discussion)

Let us reevaluate the role of each GC in the timing
puzzle, in light of the observational data used in this work
(see Table I) including projected radii that are different than
those of earlier analyses [2,19,33,35] and LOS velocities
that were often ignored in past analyses, but are in fact
known fairly well from observations.

(1) GC1 and GC5—these GCs do not seem to pose a
timing problem as they are located at fairly large
projected radii, | =~ 1.7 kpc, not far below the
(somewhat model-dependent) tidal radius of Fornax
at 1.8 + 2.8 kpc [2,30,87]. That said, it is interesting
to note that while the circular velocity at the GC radii
is 20 + 30 km/s, the measured GC LOS velocities
are smaller than V. by a factor of 5 or so. This
could hint that GC1 and GCS are close to the
apocenter of fairly eccentric orbits. If this is indeed
the case, then the naive instantaneous DF time
overestimates the true orbital settling time because
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Comparison of models. Top left: LOSVD data and fits. The M19 NFW and M 19 ISO models refer to the halos of Ref. [17],

for which we only fit the velocity anisotropy. The DDM and SIDM models are based on Sec. IV and Sec. V. The y?/d.o.f. is ~1.9 for
NFW, DDM and SIDM, and &2.5 for ISO. The velocity anisotropy is taken to be constant in each fit. We find fypw = —0.4, fiso = 0.2,
Poom = —0.1, fsipm = 0.1 and feoenpw = —0.1. Top right: Density profiles. In addition to DM, we also plot an estimate of the stellar
density, assuming a Plummer profile with scale r, = 851 pc [21] and mass 4 x 107 M, [18]. Bottom left: Circular velocity. (Note how
cored models require some tuning to explain the large radial velocity of GC4, |Av,| = 8.26 4+ 0.64 km/s, at its small projected radius
r, ~0.154 pc). Bottom right: Instantaneous DF time, evaluated for m, = 3 x 10° M,
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the GCs typically experience stronger DF when they
venture into smaller radii, as expected if the orbit is
eccentric.
GC2—does not seem to present a timing problem.
GC3—for a cuspy profile, our “naive” instantaneous
DF time of 2.6 Gyr is in some disagreement the 7 ~
0.6 Gyr quoted in Ref. [33]. The main reasons for
the difference are the new estimate of r; and the
updated LOSVD data [10] compared to the older
data [1]. Of more relevance, however, is the actual
physical inspiral time obtained with the orbit inte-
gration of Appendix G. We find that both a simple
cusp profile and the intermediate coreNFW profile
predict an inspiral time x1.5 Gyr, whereas models
with a large core predict 4 +5 Gyr.
GC4—the cuspy CDM orbital decay time is short
~1 Gyr, but not as short as previously estimated
[33]. Beyond the reasons listed for GC3, we find that
the approximation C = 0.5 In A, adopted in Ref. [33],
is not accurate for small radii, cf. Sec. III.

A large core would stabilize the orbit of this GC to
the 10 Gyr time scale, and even the intermediate
coreNFW profile predicts an inspiral time of &5 Gyr.

®

043021-12

GC4 is younger and more metal rich compared to
the other GCs [18,19], and it has been debated in the
literature whether it is in fact the nuclear star cluster of
Fornax [18,88-90]. The LOS velocity of this GC,
=8 km/s, appears to potentially be at odds with this
interpretation [91].

The large LOS velocity is also somewhat difficult
to accommodate within a large core halo model. In
all of our cored halo models (see bottom left panel of
Fig. 11 and note that r| ~ 150 pc for this GC), GC4
needs to be on a circular orbit with ry,./r; =2 or
close to the pericenter of an eccentric orbit with
rewe/71 2 1.6. These possibilities are somewhat
tuned, either with respect to the projection angle
or with respect to the orbital phase. In comparison,
an NFW profile can comfortably accommodate the
radial velocity of GC4. For the coreNFW model, it
is marginally possible to have GC4 on a circular
orbit without tuning in orbital parameters.
GC6—the newly rediscovered GC [15] probably has a
smaller mass (~0.29 x 10° M [50]) than the other
five GCs. It does not seem to reinforce the timing
puzzle.
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FIG. 12. Example of a calculated CDF of projected radii using z(r) from Fig. 11. Left: NFW halo. Right: Cored ISO halo. The solid
blue line shows the CDF after projection effects are taken into account. The dashed green line shows the result before projection. For the
NFW case, the small-r prediction of Eq. (32) is shown by the red dashed line. Observed Fornax GCs are also shown. The initial radial

GC PDFs used to make the plot are explained in the text.

Reference [15] noted that GC6 has an elongated
shape and may be undergoing tidal disruption. This
may comprise some evidence in favor of a cuspy halo.

To summarize, the usual suspects for a GC timing
puzzle, GC3 and GC4, are found here to have somewhat
longer settling times than previously thought [33], but
nevertheless much shorter than their age.

B. Statistical discussion

Let us finally use the tools we developed to reevaluate
the timing puzzle. Consider the cuspy NFW and the cored
ISO profiles in Fig. 11. Using the results developed in
Appendix F, we can map a distribution of GC initial radii
into the cumulative distribution function (CDF) of GC
projected radii today.

An example of such a calculation is shown in Fig. 12,
with the NFW result in the left panel and the ISO in the
right. For concreteness, in making Fig. 12 we used an
initial distribution of GC radii of the form f(ry) «
rgexp (—agry), with ry given in kpc and the parameter
ay in kpc~!. We give this initial distribution Az = 10 Gyr to
evolve. For the NFW example we set a;' = 0.3 kpc, while
for the cored ISO case we set ag! = 0.6 kpc. We stress that
this form for f, is used here mainly for illustration.
Physically, the scaling f, « r3 at small ry < ag! could
arise naturally if the initial 3D distribution of GCs is
constant in radius, consistent with the current stellar
distribution in Fornax. The peak of the distribution is at
ro = 2ag', comparable to the current half-light radius.

For the NFW halo, the derivation in Appendix F shows
that before projection effects are taken into account the
time-evolved CDF of GC radii at r < r, & 1 kpc takes the
form

T\r
FAI(F)NA%,

(32)
independent of initial conditions, where A is an O(1)
coefficient.'* This small-r approximation is shown by the
dashed red line in the left panel of Fig. 12. The dashed
green line shows the full unprojected GC CDF, consistent
with Eq. (32) for r < 500 pc.

Projection has a significant effect, meaning that typi-
cally, a considerable number of GCs observed at a projected
radius smaller or equal to r, are in fact located at r > r .
The solid blue line shows the projected radius CDF: for
r; < 0.5 kpe, projection roughly doubles the GC count
inside a given r .

The GC timing puzzle is reflected in the left panel of
Fig. 12, by the presence of two GCs (GC4 and GC6) inside
of r; < 250 pc or so, where the CDF shown by the solid
blue line predicts that no more than one GC should be
expected. While Fig. 12 shows the CDF resulting from just
one example of initial conditions, we could not find initial
conditions that would fit the innermost GC4 and GC6,
while not at the same time overshooting GC3 and GC2
further out; nor could we find initial conditions which fit
GC3, while not at the same time undershooting GC4 and
GC6. The reason for this (mild) inconsistency is the growth
in r of Fy, in Eq. (32), which is model-independently (that
is, irrespective of initial conditions) predicted to possess a
strong slope F 5, (r) o 7(r)/At o r'83. We stress, however,
that the inconsistency is indeed quite mild: the Poisson
probability to see two or more GCs where only one GC is

“For an NFW halo, A ~ 0.4N, « Where N, specifies (approx-
imately) the initial number of GCs located inside the critical
radius r. ~ 1 kpc.

043021-13



BAR, BLAS, BLUM, and KIM

PHYS. REV. D 104, 043021 (2021)

expected is about 25%. This does not seem like severe
fine-tuning.

As the right panel of Fig. 12 shows, the cored ISO
profile can easily provide a time-evolved projected CDF
in excellent agreement with the data. While here we
performed the calculation for the cored ISO profile, our
analysis in this paper makes clear that essentially any model
of DM microphysics would lead to similar conclusions as
long as it produces a sizable core in Fornax.

Figure 12 suggests that even for a cuspy halo (left panel),
the GC timing puzzle does not invoke extreme fine-tuning
in the sense that it is not difficult to find apparently
reasonable initial conditions that evolve to the observed
configuration of GCs. Another point to consider is related
to GCs that inspiral down and are tidally disrupted,
presumably forming a stellar nucleus [14]. In the NFW
case in Fig. 12, about 50% of GCs present initially in the
halo arrived at the dynamical center within A¢. This may be
expected to produce a nucleus for Fornax with a stellar
mass in the ballpark of 10° M, which—as far as we are
aware—is not observed. However, Ref. [14] suggested that
because of the small number of GCs involved, three-body
interactions between accreted GCs could preclude the
formation of the nucleus.

More insight could come from numerical simulations,
even though both DF and GC formation involve subgrid
physics in most existing simulations. Recently, Ref. [50]
explored the survival of GCs in cuspy Fornax-like halos
using hydrodynamical cosmological simulations [92,93],
to which subgrid formation of GCs was added and their
orbital evolution under DF was tracked in post-processing.
Reference [50] calculated the projected radius CDF of GCs
at z = 0, finding that their simulated CDF is consistent with
the observed positions of the Fornax GCs. According to
Ref. [50], only around 33% of GCs are tidally disrupted in
the simulations, a somewhat smaller number than the 50%
in our example in Fig. 12. Fornax is found to be special, in
that only about 3% of Fornax-like galaxies in the simu-
lation ended up with five or more surviving GCs today."

VII. SUMMARY

We revisited the calculation of globular cluster orbits
under dynamical friction, considering different microscopic
models of dark matter and different halo morphologies that
they predict. We focused on the Fornax dwarf spheroidal
galaxy, which hosts six GCs and which has been noted in
previous literature to pose a GC timing problem, that is, the
future orbits of some of its GCs are much shorter than their
current age.

Note that Ref. [50] considered GC6 as a candidate for a
tidally disrupted GC, assuming that its projected distance from
the center of Fornax is just 30 pc. In comparison, using the
Fornax center of Ref. [21], we find a projected distance of 254 pc
for GCé6.

We presented semianalytical computations of DF and of
GC orbits under DF. For a cuspy DM halo, we showed
that the current cumulative distribution function of GC
radii takes an approximately power-law form that can be
deduced from stellar kinematics and age measurements.
Including projection effects, we demonstrated that the GC
timing problem does not appear very severe: the existence
of the innermost GCs could be accounted for at the cost of
moderate fluctuation with a Poisson probability of about
25%. A comparable hint of a core in Fornax may also be
inferred by mass modeling of kinematic data [10,94].

A cuspy halo, in conjunction with GC orbits, does place
interesting constraints on the initial distribution of GCs in
dSphs, as it suggests that an O(1) of initially present GCs
should have arrived and either disrupted or merged at the
dynamical center of the galaxy. If GCs merge to form a
dense nuclear cluster, as found by some simulations
[23,24], where is the nuclear cluster of Fornax?

Testing these results further would likely require
high-resolution numerical simulations including bar-
yonic effects, where GC formation can be modeled
from first principles. The recent numerical simulations
of Ref. [50] made an interesting step in this direction.
According to Ref. [50] a reasonable distribution of
initial conditions for the GCs may naturally lead to
the observed present configuration. However, both GC
formation and DF were treated in Ref. [50] at the
subgrid and post-processing level, and it is not clear (to
us) if the resolution of the simulation was high enough
to resolve the inner region of Fornax containing the
innermost GCs. Moreover, theoretical insight about the
role that initial conditions play in shaping the present
distribution of GCs is important. We thus believe that
our analytical approach remains useful.

The fact remains that the combination of GC age and
orbit measurements could probe the Fornax DM halo and
microphysics. At the level of the microphysics, in Sec. II
we calculated DF for three models of DM: fermionic
degenerate DM, where Pauli blocking affects the DF
derivation; bosonic ultralight DM, where an astronomical
de Broglie scale comes into play; and self-interacting DM,
where—in the limit we were mostly interested in—the
microphysics of DF should mostly follow that of CDM, but
the halo morphology is different.

For ULDM, DF and specifically the Fornax GC problem
were studied in a number of works. Constraints from
galaxy dynamics and cosmological Ly-a analyses exclude
a soliton core reaching out to the orbits of Fornax GCs, and
lead to a similar behavior as in CDM.

For DDM, we gave a new derivation of DF. We then
formulated a robust (in terms of DM model building)
version of the Ly-a bound, showing that it excludes an
appreciable core, leading again to CDM-like behavior at
the scale of GC orbits. At the same time, stellar kinematics
in Fornax could still allow a considerable DDM core. If
the Ly-a bound is discounted, for some reason, then
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DDM could lead to significant suppression of DF and
prolongation of the settling time of GC3 and GC4.

For SIDM, stellar kinematics allows a considerable core.
If the SIDM cross section is as large as that considered in
Ref. [47], then the DF settling time for GC3 and GC4 can
be significantly longer than in the cuspy halo CDM model.

We also considered the possibility that baryonic feed-
back deforms a CDM cusp into a core. In that case, the
deformation of the halo is expected primarily within the
half-light radius [10,17,48,49]. This makes the core spa-
tially smaller than the typical cores that were previously
suggested as an explanation of the GC timing puzzle
[17,28]. For our analysis, we adopted the density profile
fit in Ref. [10]. This intermediate-size baryonic-driven core
can also prolong GC orbital decay times within the inner
few hundred parsecs compared to the cusp case.

Altogether, we considered DM microphysics (and indi-
rectly, also baryonic feedback) as a possible source for the
formation of a core in Fornax, and computed the detailed
effects on dynamical friction. In general, both the detailed
microphysics and the mere presence of a core (regardless of
how it formed) affect the settling of GC orbits. Our analysis
suggests that the most relevant factor is the presence of the
core itself, rather than the specific microphysics scenario.
Further analysis, including other galaxies, and in particular
the search for nuclear star clusters in Fornax-like systems,
may be able to differentiate between these possibilities.

ACKNOWLEDGMENTS

We thank Justin Read for clarifications on the kinematic
data and Valerie Domcke, Joshua Eby, Daniel Kaplan and
Scott Tremaine for useful discussions. N. B. is grateful for
the support of the Clore scholarship of the Clore Israel
Foundation. K.B. is incumbent of the Dewey David
Stone and Harry Levine career development chair at the
Weizmann Institute of Science, and was supported by Grant
No. 1784/20 from the Israel Science Foundation. H. K. is
supported by the Deutsche Forschungsgemeinschaft under
Germany’s Excellence Strategy—EXC 2121 Quantum
Universe—390833306.

APPENDIX A: DYNAMICAL FRICTION IN
EXOTIC MEDIA: DERIVATION FROM THE
BOLTZMANN EQUATION

In this Appendix we provide an economical derivation of
gravitational DF acting on a nonrelativistic probe object
moving in a medium, with different medium microphysics
including a classical gas as well as quantum Fermi and
Bose gases. We neglect interactions apart from minimal
gravity. We start with a quick recap of the derivation of the
Fokker-Planck equation, governing the phase-space distri-
bution functions of the probe and medium particles.

We consider the following elastic scattering process of
two particle species:

1(p) +2(k) = 1(p) + 2(K').

The phase-space distribution function for the particle
species 1 evolves according to the Boltzmann equation,

Pi_cip)

I (A1)

The collision integral C[f ] contains information about the
elastic scattering process, and is written as

(27)*
2E,
x [f1(p) f2(K)(1 £ f1(p))(1 £ f2(k))
= fi(p)f2(k)(1 £ f1(p")(1 £ f2(K'))],

Clfy] = / dTT,dTLdT 5 (p + k— pf — K)| M2

(A2)

where |M|? is a squared matrix element averaged over

initial and final spins, and dII;, = %% is the Lorentz-

invariant phase element with the number of internal degrees
of freedom g. The sign in 1 & f; refers to bosons (+) or
fermions (—), respectively. It is convenient to write the
above Boltzmann equation in the following form:

3/
% _ / (% IS p)f1(P)(1 £ £1(p))

= S(p.p")f1(P) (1 £ 11(P)]. (A3)

where the function S encodes the response of the medium,
and is defined as

(27)*
2E,2E,
< [MPf2(k)(1 £ f(K)).

S(p,p') = /dede/5(4)(p +k—p —k)

(A4)

The function S(p,p’) can be interpreted as a differential
rate at which a particle of momentum p is converted into a
particle with momentum p’.
The Boltzmann equation can be greatly simplified if the
momentum exchange
q=p'-p (AS)
is smaller than the typical momentum given by the distri-

bution function f. In such cases, the Boltzmann equation is
reduced to the nonlinear Fokker-Planck equation,

fy _

0
dt __api[ ((1£ £1)D}]
100 0
+§api aipj(Dijfl):l:flaiijij 7 (A6)

where the diffusion coefficients are defined as
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3

D) = [ Ghdsmpra. (A7)
3

Dy;(p) = / (21;)13 q¢'S(p.p+q). (A8

The gravitational scattering of a probe particle of mass M
and a particle in the medium with mass m is described by
the spin-averaged matrix element

1 (162G)2m*M*

2
M = T @ -

(A9)

entering Eq. (A4). In the nonrelativistic limit, we can
neglect ¢° and maintain only q in Eq. (A9).

The problem of calculating the diffusion coefficients for
different types of media amounts to evaluating Egs. (A7)
and (AS8), where in the response function (A4) we can select
the appropriate sign in 1 &= f, corresponding to the medium
particle’s spin statistics (or setting 1 £ f, — 1 if we wish to
compute the classical gas limit).

For the calculation of DF we are particularly interested in
D), the first diffusion coefficient corresponding to motion
parallel to the probe object’s instantaneous velocity. D, is
simply given by Eq. (A7) when we select ¢ to align with
the direction of p.

1. A classical gas medium

We first rederive the relaxation of massive classical
objects, such as supermassive black holes or GCs, in a
background medium consisting of other classical objects
such as stars or CDM particles. In the nonrelativistic limit,
the function S(p,p’) is simplified as

(42GmM)? / Pk K
(

S(p.p’) ~
(p p) 9y q4 2ﬂ)3 (271')3

x (27)*W (p + k= p' = k) f2(k)

(A10)
where g, is the number of internal degrees of freedom of
dark matter. Here, M and m are the masses of the particle
species 1 and 2, respectively. In the small momentum
exchange limit, the 6 function for the energy conservation
can be expanded as

6(E, +Ey—E,—Ey)

1 M 0 k p
~-(1 slg- (=2
q( +2qu 81)) [q (m Mﬂ

where u, = mM/(m+ M) is the reduced mass. Using
these approximate expressions in nonrelativistic and small
momentum exchange limits, we obtain the diffusion
coefficients as

(Al1)

q'S(p,p +q)

d3
Di(p) :/(2753

:47rG2m2M2<1—|— )mAaih(p,fz) (A12)
and
D<>—/d3" W'S(p.p +q)
i p - (27[>3qq p’p q
2
_ 2 274 .
=M A S g s)  (ALD)

where InA = | e dq/q is the Coulomb logarithm, and
we have used the identities (26)—(27) of Ref. [38] to
perform the angular integration at the second step in each
equation. The Rosenbluth potentials #(p) and g(p) are
defined as [95]

3
h(p; f) =gx/(§ﬂ]§3|{(_%|, (A14)
3
9(ps f) :gx/(gﬂk ‘f (A15)

This reproduces the well-known diffusion coefficients
in a classical system; see Eq. (7.83) in Ref. [51]. For

the Maxwell-Boltzmann distribution f,(k) = (27)%/?n,/
lg,(ma)*]e="/27" it is straightforward to find
h i 1 2X >
Oh _ v m 1) - 2K e
op' v Mo*2X NG
vl ony
=-———2G(X), Al6
" ) (a16)
dg V262 [3 XX 1
= — G(X)——erf(X
apiop! M? |2 X3 (X) 3° (%)
sV erf(X) - G(X
2 X
where v=p/M, v = |v| and
v
X=—. Al8
T3 (A18)

2. Degenerate fermionic dark matter

We now consider the diffusion of astrophysical objects
such as GCs in a halo of fermionic dark matter. In this case,
the response function S becomes

(4nGmM)?* [ &k K
S(p’ p/) = g)( 4 (2”)3 (277'_)3

q
x (2m)*W(p + k= p' = K)f2(k)(1 = f2(K)).
(A19)
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Expanding f,(k’) around k, we find an additional con-
tribution to the function S due to quantum statistics as

4zGmM)?
AS(p, p/> ~ —27[9)( %

S8 (-3)
x f3(k), (A20)

which is the same as Eq. (A10) upon substituting M /u — 1
and f, — f3. We find

47G2m>M>3 In A .
Dy(p) = . o {h(l);fz) - ”Mh(p;f%)} :

(A21)

— 2 .2 A4

lg(p: f2) — 9(p: 13)].
(A22)

For the degenerate case, one can perform the k and k'
integrations without expanding f,(k’). This computation
was already done in the context of neutrino transport in a
hot and dense medium [96] and dark matter thermalization
in neutron stars [97]. We find

(4xGmM)* m*T 7 ( ¢

Sp.p) = 1+= A23
0.) =g PO S (145) )

where z=-¢"/T, E2=m>+k2,
(¢° +¢*/2m)?*, and

1 + e(Ef_I‘)/T
EL=In|———F+—|.
1+ eE—=m/T pz

k2 = (m*/q%) x

(A24)

Integrating this response function with respect to ¢, one
obtains the diffusion coefficients for a degenerate medium.

3. Ultralight dark matter

It was discussed in Ref. [98] that the dynamical
relaxation of stars in a ULDM halo proceeds as stars
scatter off ULDM quasiparticles whose size is of the order
of the de Broglie wavelength, A4z ~ 27/mwv. This obser-
vation was confirmed by Bar-Or et al. [38], where the
dynamical relaxation time scale as well as diffusion
coefficients were computed in more a rigorous way by
using Fokker-Planck equation and stochastic gravitational
potential.

The Boltzmann equation approach can also reproduce
the dynamical relaxation time scale and diffusion coeffi-
cients. The gravitational scattering between ultralight dark
matter and a star can be described by the same matrix

element, Eq. (A9), where M and m are the mass of the
star and ultralight dark matter, respectively. We treat the
star as a pointlike particle, and this can be justified
since the maximum momentum exchange g ~ mv is much
smaller than 1/r with a typical star radius r. The function

S(p.p’) is

n . (4xGmM)?* [ Pk &K
S(p, p ) =9y 614 / (2”)3 (271.)3
x (2)*8W (p 4+ k— p' = K) f2(k) (1 + f2(K)).

(A25)

The quantum correction is the same as Eq. (A21) with an
opposite sign. Therefore, the diffusion coefficients are

_ 4zGPm*MPInA 0
Hr op'

Di(p) h(p: ) + 5L i),

(A26)

2

o
Dj;(p) = 4zG*m*M* mAW lg(p: f2) + 9(ps /3)].

(A27)
This reproduces the results of Ref. [38].

APPENDIX B: MAXIMUM ENTROPY
DDM HALOS

In the derivation of the quasidegenerate density profile,
we adopt the assumption that a galactic structure may
be described as a statistical ensemble close to equilibrium,
in the sense of a maximal Boltzmann-Gibbs entropy. A
similar approach to ours can be found in a number of earlier
works [44,64,65,99-102].

The phase-space distribution function f(r, p) and differ-
ential particle number density dN are related via

dN

27)3 i =
(27) dxd’p

9f(r.p). (B1)

The entropy of the gas is then given by the functional

s==g [P0 (s (=m0 -1 (B2

(27)*

Supplemented with Lagrange multipliers for the total
energy and the total number of particles, the variation
problem can be carried out along the lines of Ref. [64]. The
maximum entropy result is

1

T expl(rp)]’ (B3)

f(r,p) =

where
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2
zZ(r,p) = ﬁzlm + pm®(r) + a,

(B4)
with f and a being the energy and particle number
Lagrange multipliers. The gravitational potential is
given by

d3 /d3/ /o

2z r—r|’ (B3)

By construction, the gravitational potential solves the
Poisson equation, V2® = 47Gp, where the density is

W=y [ 52 step) (B6)
=m —= f(r.p).
We can make progress by evaluating the density,
3/2 3
p(r) = —-mg <%> PolyLog [E,—e‘/’}, (B7)

where ¢ = —fm®(r) —a = pu = u/T, defining also the
“chemical potential” u(r) = —m®(r) — &, with @ = a/p.

Using the Poisson equation and the definition of ¢,
we have

V20 = —vaqo = 4zGp. (B8)
pm

In the degenerate limit, u/T = ¢ > 1, the PolyLog
function asymptotes to

3 47> A(p/T)"
—PolyLog |-, —e? = B9
oyog[2 e}—>3\/7,[ NG (B9)
It is therefore useful to rewrite Eq. (B8) as
42 PolyLog[2, —ePHof
V2u(r) = lgGm7/2ﬂ(1)/2 Y4 gl ;2 ] ’ (B10)
37 m(ﬁﬂo)‘

where we defined u(0) = uy and u(r) = poh(r). Let us
also define a dimensionless radius x via r = rgx, with ry

given by
3r
o= 4|————— 7> B11
’ \/ 4v/29Gm" /2y (B1)
Then, one finds the equation
PolyLog|[2 , —eo/T)h
0,(x*0.h) = x* olyLogly. —e ] (B12)

ﬁ,—, (MO/T)3/2

Given the solution for £, the density is simply

0.01 ﬂ
'E L
S 107
E 10_8' — Exact solution, "—‘T91=10\
Q b ] \

10" | 1+;—F—(T91X2 \

0.001 0.100 10 1000 10°
X

FIG. 13. The density profile found by solving Eq. (B12) and

inserting into Eq. (B13) (blue line), compared with an analytical
ansatz (orange) that demonstrates the asymptotic behavior of the
solution. Evidently, for x <1 the density profile is constant,
whereas the density asymptotes to 1/x* for large x.

V2 s 3 —PolyLog}, —e™]
P =5z 9
30770 S (uo/ )

(B13)

In the limit y,/T > 1, the right-hand side of Eq. (B12)
becomes —x?/*/?, which is a Lane-Emden equation with
a scale rg. The central density becomes p(0) = p,=~
(V2/372)gm¥2)?, e, o= (372 /V/2)23 (po/ )Y m)3,
which implies1

1 97 8
ro~ 3 <2G3p092m8> . (B14)
The solution for p is constant near the origin and falls as
p « 1/r* atr > r,, with a “wriggle” feature near r ~ r,. An
example with py/T = 10 is shown in Fig. 13.

It is interesting to compare this class of solutions to the
solutions obtained from the prescription of Ref. [45].
Rescaling the equations of Ref. [45] by r, from
Eq. (B14), we plot the solution we find (at constant p)
in Fig. 14 (named RSU), along with different solutions
corresponding to different y,/T. Evidently, the profile used
in Ref. [45] bears a strong resemblance to the py/T ~ 1
case. Also, Fig. 14 shows that in the limit py/7T — oo, the
solution is a core with finite radius. We show it both by
solving the density profile for yy/T > 1 and by solving the
Lame-Emden (LE) approximation that appears above.

'%Our natural unit notation, which includes 72 — 1, may mask
the fact that the characteristic radius (B14) is determined by
quantum degeneracy pressure. This is easy to unmask by
restoring (27)° — (2z7)3 on the left-hand side of Eq. (BI).
Tracking 7 through the computation gives a factor of 7 on the
right-hand side of Eq. (B14).
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FIG. 14. The density profile found by solving Eq. (B12) and
inserting into Eq. (B13) for different values of p/T, keeping pq
constant. The dashed blue line (RSU) is based on the treatment of
Ref. [45]. The dotted red line (LE) is based on solving the Lane-
Emden equation, which is the u,/T — oo limit of the equations,
as described in the text.
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FIG. 15. The circular velocities /GM(r)/r for the density
profiles that appear in Fig. 14.

In Fig. 15 we plot the circular velocities induced by the
density profiles in Fig. 14.

APPENDIX C: JEANS MODELING

Following Ref. [51], the equation for the second velocity
moments of a static spherical system of particles under the
influence of a gravitational potential with enclosed mass
M(r) is

1d, - B2 GM
e T =

(C1)
where v(r) is the particles’ density, v(r) is the radial
second velocity moment, v(%, is the angular second velocity

moment and § = 1 — v2/v? is the velocity anisotropy. For
constant 5, Eq. (C1) is solved by

G ©
T/}/ P2P2u(FYM(F)dr .
r r

vi}(r) =

(€2)

This can be related to the line-of-sight (LOS) velocity,

2 & 2\ v (r)r
o= | (1=0) Vo

—r

(C3)

In modeling stellar kinematics in Fornax, we assume a
Plummer profile with density and surface density given by,
respectively,

1 3L
(1 + /257 4ary”

v(r) = (C4)

1 L
1472/ nr:’
P P

1(r) = (C5)

We use the radius parameter r, = 710 pc [10], consistent
with the stellar sample on which the kinematics data is
based. (This radius parameter is about 20% smaller than the
r, ~ 851 pc reported in a new morphological study [21].
The difference is not crucial for our analysis. Moreover, we
prefer to consider the photometry and spectroscopy of the
same data set.)

APPENDIX D: CDM VELOCITY DISPERSION
IN A CORED PROFILE

In this Appendix we discuss some features of cored
CDM halos, notably DF, partially following Ref. [46].

The velocity dispersion of dark matter is important to the
discussion, and therefore let us write the Jeans equation for
the second radial velocity moment with a constant velocity
anisotropy S, which has the solution [51]

0) = s [

V() " ’

which is the same as Eq. (C2) but in slightly different
notation.

Consider a finite-core toy model, where the density is
p(0) for r < r. and O for r > r.. Then, the solution of
Eq. (D1) is [46]

(D1)

20 =g (PR (o)

For isotropic velocity dispersion f = 0, this reduces to

27zGp(0)

v (rf=0) = =5 (2 = ).

(D3)

Thus, for r < r,,
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We can also note the ratio,
Vi GM 22Gp(0)r2
X = Cire ~ \/ (r) \/ T p( )rC — L’ (DS)
V20, 2r 3 T,

indicating that the low-velocity approximation of the
Chandrasekhar deceleration may apply inside a core; see
Eq. (5). This implies a “phase-space suppression” to DF, as
discussed in the main text (Sec. III).

APPENDIX E: ORBITS UNDER
DYNAMICAL FRICTION

In this Appendix we review the solution of an orbit under
the influence of DF. We write the equations of motion
(EoM) in circular coordinates,

P = (F=rp®)F+ 2r o +rd)p (E1)
__GMO), |di| ¥ )
a r2 dt|pp |E]

We express the deceleration |dr/dt|pp as |r|/z, where 7
appears in Eq. (10).
Defining r = Ryx, t = Tot, T3 = R3/GM(R,), we find

1 M(R !
X! —X(plz — _TM_ X , (E3)
X M(Ro) T/TO
/
XQ
2% "n_ _ E4
x'¢ + xp /T, (E4)

where ' is differentiation with respect to 7. Note, 7 can

depend on r and |r|. For a circular orbit, for example, the
initial conditions can be set as x(0) = 1, x'(0) = 0, ¢(0) =
0 and ¢'(0) = 1/x(0) = 1, which has a revolution time
of A7 =2x.

Solving the orbit of a decelerating test object generally
requires numerical integration. We can understand some
features of the solution analytically, however. Defining
v, = r¢, the ¢ part of the EoM has the solution

rdt
rv, = (rv(/,)O exp <—[) 7)

This solution expresses the decay of angular momentum of
the test object. Using the circular velocity v%,. = GM(r)/r,
we can express the 7 part of the EoM as

",.
2 2 o .
Uy = Vgire = r<r+;).

(ES)

(E6)

We can gain more analytical intuition by considering
nearly circular orbits, assuming that the inspiral rate is much
smaller than the circular velocity, r/7 < vgy. Assuming
that i ~r/z, ¥~ r/7> and r/7 < Vg, Eq. (E6) implies

Uy R Vgire- We can use this to write
rv . . . .
- T(p = i, + Iy, R Mgre + i (E7)
1 . dinM
zzvcimr<l + dlnr>' (ES)
Rearranging, we find
r 2
N E9
T g =

Using this, we can estimate the time it takes a test object to fall
from ry down to r < ry:

ro dr dinM
i) = [ 50 (14 S )e(r ). (B0

Given the mass profile of the halo, M(r), and a DF model
encapsulated by 7, Eq. (E10) is a simple and quick estimate of
the inspiral time of a test object.

For eccentric orbits, the approximation above is less
justified. Defining eccentricity as e = (Fpo = 7peri)/ (Fapo +
Fperi) With apocenter radius r,,, and pericenter radius 7,
we numerically tested Eq. (E10) for e > 0. In these
calculations we defined r( and r via (rypo + 7'peri) /2, Where
Fapo and ryeq are obtained per cycle of the orbital phase.
With these definitions, in numerical experiments represen-
tative of Fornax GCs we find that Eq. (E10) holds to better
than 30% accuracy for e < 0.5.

APPENDIX F: THE RADIAL AND
PROJECTED CDF OF GCs

Consider a population of identical GCs (all with the same
mass), that start off their life at some initial time 7 = 0 on
approximately circular orbits with a radial probability
distribution function (PDF) f(rq) with respect to an initial
radial coordinate ry. The CDF of initial GC positions is
Fo(ry) = Jo"dyfo(y). We are interested in computing the
PDF and CDF of GC radial positions today, at t = At; call
these fa,(r) and F,,(r).

DF causes GC orbits to inspiral inwards, and by
integrating along the orbit we can compute the function
r=r(ro;At) and invert it to obtain ry = ry(r; Ar)."
Neglecting tidal disruption, we have

"The monotonous decrease of r with time, that allowed this
inversion, is lost for noncircular orbits. We could accommodate
elliptical orbits approximately, by letting r represent the average
between the peri- and apocenter per cycle.
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Fai(r) = Fo(ro(r; A1)). (F1)

Now we can use explicit results for ry(r; Ar) to connect
F,(r) with F(rg) in different halo models. To this end we
can use Eq. (E10),

ro dr’

At = / "L+ e, (F2)
y 2r

where a(r) =dInM/dInr. Let us consider the general

features of F',, for different halo shapes.

1. CDF of GCs in a cuspy halo

We have seen in the main analysis that a cuspy halo (i.e.,
the inner region of an NFW halo, where a = 2) exhibits an
approximately power-law form for the DF time z. For an
approximately constant a and power law 7 = 7(r/F)’, it is
useful to define the critical radius r.. via

_ 2%
Cl4a

At. (F3)

7(rer)

The physical meaning of r., is that GCs that start their life
at ry < r, arrive at the origin within # < Az. Using our
power-law form for z, we have

2 AN\VF
=7 — . F4
er r<1 +a %) (F4)

In terms of r, the solution of Eq. (F2) evaluates to

ro(r: Af) = rcr<1 + (ri)ﬁ) v (Fs)

For GCs that satisfy r < r,, today, we can expand their
starting point:

p
ro(r; Ar) = rchrh <r) + -

B \re
B 1+ az(r)
_rcr<1+ 2,62 _At +) <F6)

In other words, for cuspy CDM halos, GCs that are currently
seen at r < r,, must have originated near ry = r.. This
means that for GCs with r < r,, today, the radial distribution
today is not very sensitive to the (difficult to predict) initial
distribution. We can make this point manifest by expanding
Eq. (F1), using Eqgs. (F4) and (F6):

FAt(r)zFO(rcr)+%f0(rcr)rcr%’?+"'v (F7)

where the ... refer to higher powers of the small ratio z(r) / At.
Above, the r-independent constant Fy(r.,.) counts GCs that
have already settled to the center of the halo. These GCs

at r~0 were likely tidally disrupted, suggesting that in
actually counting GCs in the system, we should eliminate
the term F(r.) on the rhs of Eq. (F7). We thus have

Fa(r) ~ A(z(r)/At), where A= “2;2“) folre)re is an
order-unity constant (r-independent) coefficient.'®

We can summarize this section with two important
conclusions. First, for a cuspy halo, all GCs that are born
at r < r,, have arrived at r ~ 0 by today and are plausibly
tidally disrupted. This means that observations today are
not sensitive to initial conditions, characterized by different
fo(rg), that differ from each other only at r < r.,, unless
stellar age and metallicity measurements can identify the
remnants and approximately count tidally disrupted GCs,
on time scales of Gyrs after the disruption. Second, the
radial CDF of GCs at small radii r < r, should follow
Fa(r) = A(z(r)/At), with order-unity A, irrespective of
initial conditions.

Figure 16 illustrates both of these two points, by showing
two examples of f, and the resulting F,,. The DF time z(r)
and the critical radius r,, are measurable given a model of
the DM halo, fitted to stellar kinematics, and given GC age
measurements that define Az. This makes the predicted
shape of F,, measurable, in principle. In practice, however,
projection effects (explained below) complicate the inter-
pretation. In addition, the collection of GCs in Fornax
seems too sparse to draw robust conclusions.

2. CDF of GCs in a cored halo
Inside a core we expect @~ 3 and an approximately
constant 7. Equation (F2) is evaluated to

_l—l—a
2

At rIn 22 (F8)
r

and the radial CDF today is
Fa(r) ® Fo(re® o) a Fo(ret). (F9)

The distribution of GCs inside a core reflects a stretched
version of the initial conditions. Because of this sensitivity
to initial conditions, the degree of possible fine-tuning in
the current positions of GCs may be difficult to assess.

3. Accounting for distribution of GC masses

The masses of GCs in Fornax vary over about an order of
magnitude around 10° M, and the instantaneous DF time
satisfies 7 < 1/m, up to logarithmic corrections that we
neglect here. It is therefore necessary to revise the

"®For the inner region of an NFW profile, we have seen that
a~?2 and f~2, so A~ 04N, where Ny, = f(re)ry counts
the number of GCs that were located in a region of order r,
around r,. Predicting the actual value of N, would require an
understanding of the initial cosmological formation of GCs,
which is still not under full theoretical control.
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FIG. 16.

Initial radial PDF f, (left) and resulting current radial CDF F, (right) for a cuspy halo with 7(r) o r!#

r

and r, = 1.12 (units

on the x axis are arbitrary). Two different examples for f, are shown, leading to nearly identical F,,. The two versions of f, are

normalized to yield F,,(co
Fp; = A(z(r)/At) is shown by the red dotted curve.

prediction of the radial CDF of GCs to account for different
GC masses.

In the case of a cuspy profile, where 7 « r”, the critical
radius scales as r.; mi/? For example, using the NFW fit
of Fornax (which gives f# =~ 1.85), relevant GC masses, and
At = 12 Gyr we have

.\ 0.54
T = 0.7 al kpc F10
<MGC4> (F10)
0.54
z1.6( s ) kpc. (F11)
Mgcs

Suppose we have a set of GC masses m,; with initial
radial distribution functions f( ;(rg). Summing over all GC
masses we find that as long as r < r,;, Eq. (F7) predicts
that the total radial CDF today is (again omitting GCs that
have already settled to the center of the halo)

fl Fer,i My s
Zj:Fm,i( FAtl Zfool (m—>ﬁ ’ (FIZ)

*1
where F,,(r) is the radial CDF of GCs of mass m,;. We
see that Eq. (F12) simply reproduces Eq. (F7) up to a
modified overall multiplicative constant.

4. Projected radius distribution

In reality we only know the projected distance of GCs
from the center of Fornax, r;, and not the true radial
distance r. To obtain the CDF of projected radii, we can
start with the surface density of GCs,

rn( )

Eary) = /_oo dzn(r) =2 dr (F13)

) = 6. In both panels, r is marked with a vertical black line. On the left, the r < r, approximation

where the 3D number density n(r) is related to the radial
PDF via n = f,(r)/4nr?. Using this relation we have

1 o0

Zalry) = d fm(

The CDF in r, that we define by Fy,(r,), is given by

(F14)

FL(r) = 271%” dRRZ,,(R)

© 2
= ralr)+ [argu(1-y1- %)

The CDF of projected radii contains the CDF of true radii,
evaluated at r = r |, plus another term that counts GCs

6 P
5f Rl
7/
4
’
4+ ’
4
’
= /7
a3 ’
O ’
4
7
2t )/
/7
1+ I, - FALt(TL)
// —— Fai(r1) (no projection)
,/
0 ‘ ‘ ‘
0 0.5 1 1.5 2
TL
FIG. 17. The effect of projection. Solid blue: unprojected radial

CDF computed at the projected radius, Fa,(r, ). Dashed black:
CDF of projected radii Fy,(r,).
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at r > r; which are projected into R < r;. The added
projection term can exceed the unprojected term, meaning
that most GCs seen inside r < r; could be physically
located at r > r . The effect is illustrated in Fig. 17.

APPENDIX G: EXPLORATION OF INITIAL
CONDITIONS

The goal of this section is to explore the implications of
uncertainties due to the line-of-sight projection in the true
positions and velocities of GCs. Different projection angles
lead to different true positions and velocities of a GC,
affecting the orbital settling time under DF.

Consider the orbits of test bodies in a spherically
symmetric gravitational potential ®(r). A given orbit lies
on an orbital plane. In the coordinate system in Fig. 18,
one can parametrize the orbital plane with the unit vector
it = (cos asin B, sin asin f, cos f#). On the orbital plane, the
radius r(¢) and phase ¢(t) completely define the orbit. As
in Appendix E, defining r = ryeX, t = Tol, T3 = rine/
GM (ryye), one finds

1 M(FgeX)
" o_ N _ = 7 \Ttruet/ Gl
T M) oy
(x?¢) =0 (G2)

where ’ is differentiation with respect to 7. (Here we ten-
tatively neglect DF.) The initial conditions are x(0) = 1,
9(0) =0, X' (0)=(-Av,cos0+ Avysind)/(rye/Ty)

6(0) = 0 and |¢/(0)| = \/Avf + (Av,sin@ + Av, cosf)?/

(x(0)ue/To)- Evidently, x'(0)% + (x(0)¢/(0))? = (Av? +
AU% + AU%)/(rtrue/TO)z'

Given measured r,, Av, and a model ®(r), we explore
the remaining orbital parameters which affect the inspiral
time. We start with the true radius ry,.. Given r,. and, for
simplicity, assuming a circular orbit, the probability of
observing r| < X7y 18 P(r | /Fuue < x) = (2/7) arcsin x,
because sinf = r,| /ry.e and 6 is distributed uniformly
for a circular orbit. Numerically, P(r | /ry. < 1/2) = 1/3.
We therefore explore orbits with a true radius in the
range ry,e = 1 X [1,2].

Next, consider the velocity. We explore a total velo-
city in the range vy, € [max(Av,, 0.5V . (r)), max(Av,,
1.5V (r))]. Defining the eccentricity e = (Fypo = Tperi)/
(Fapo + Tperi)» We find a maximal e ~ 0.2-0.5 for this range
of vy 1n the central <1 kpc of Fornax. We note that if we
decrease the lower bound of v, we expect smaller inspiral
times. Increasing the upper bound, however, results in
larger inspiral times—but also in more tuning. A test object
spends relatively little time near the pericenter. Specifically,

Y4
A
Observed: |, Av, sing = "L
. - Av,
Model: O(7) Tove A
Missing: e, Avy, AV, ;
Firug == -~ >A\’)
Av,
T > Y
L
X A

o
M

FIG. 18. The coordinate system that we adopt to analyze a
given GC. The galactic dynamical center is at the origin. The
observer is located at a very large X. The GC is located
somewhere on the line Z=0, Y =r,. The true radius is
therefore ry = r/sina. We assume Awv,, the component of
velocity in the X direction, can be measured. We assume that the
rest of the components cannot be measured for now. The dotted
line is the quasistable orbit of the GC.

Tperi/Tapo = (rperi/vperi)/(rapo/vapo) ~ (1 - 6)2/<1 + 6)27
yielding about 1/9 for e = 0.5.

Considering the velocity components, we can take
Av, > 0 without loss of generality. The sign of Aw, is,
however, important: under the transformation Awv, —
—Aw,, cos — —cosf, so |¢'(0)| remains constant, but
x'(0) — —x/(0). Since the specific energy is

02 2P
= P + (D(r) N

2r (G3)

where [ is the specific angular momentum, this trans-
formation returns the same orbit. The inspiral time is
therefore invariant under this transformation. Therefore,
in our study of initial conditions we explore positive or
negative cos @ and restrict Av, > 0.

To sum up, for each GC (and a given model of the halo),
we scan the range rye € [1,2]ry,;. For each ry,. we scan
over Ve € [0.5,1.5]V e (Fue)- For each true velocity
we scan positive and negative cos 6. Finally, we test the

two cases, Avy, = \/ Ve — Av, Av, =0 and Av, =0,
Av, = \/v%,. — Av?. For each point in phase space, we
integrate the full equations of motion as in Appendix E. For
each integration, we stop when (7o 4 7peri) /2 < 0.37ipigia
or after 10 Gyr (the first of the two). We then denote the
integration time as Tipgpiral-
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