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In this work, we discuss exclusive semileptonic Bc-meson decays: Bc → ηcðJ=ψÞlν and Bc → DðD�Þlν
in the framework of the relativistic independent quark (RIQ) model based on an average flavor independent
confining potential in equally mixed scalar-vector harmonic form. We calculate the invariant form factors
representing decay amplitudes from the overlapping integrals of meson wave functions derivable in the
RIQ model. To evaluate the lepton mass effects in the semileptonic decays, we first study the q2-
dependence of the form factors in the accessible kinematic range of q2 involved in the decay process in its
e− and τ− mode separately. Similar studies on helicity amplitudes, q2—spectra for different helicity
contributions, and total q2-spectra for each decay process are carried out separately in their e− and τ−

modes. We predict the decay rates/ branching fractions, forward-backward asymmetry, and the asymmetry
parameter in reasonable agreement with other model predictions, which can hopefully be tested in future
experiments at the Tevatron and LHC. We also predict the observable 0R0which corresponds to the ratio of
branching fractions for the decay process in its e− mode to its corresponding value in the τ− mode. Our
results are comparable to other standard model(SM) predictions which highlight the failure of the lepton
flavor universality hinting at new physics beyond SM for the explanation of the observed deviation of
observable 0R0 value from the corresponding SM predictions.

DOI: 10.1103/PhysRevD.104.036012

I. INTRODUCTION

Bc-meson is the lowest bound state of two heavy quarks
(charmed and bottom) with open(explicit) flavors. As far as
bound state characteristics are concerned, Bc-meson is
quite similar to charmonium (cc̄ bound state) and botto-
monium (bb̄ bound state). The double heavy quarkonia
with hidden (implicit) flavors, can decay strongly and
electromagnetically whereas Bc-meson decays weakly
since it lies below the BD̄ threshold. That makes it an
ideal system for the study of heavy quark dynamics. As
such Bc-meson has a long lifetime. Both its constituent
quarks ðb; cÞ being heavy they can decay yielding a large
number of Bc-meson weak channels with sizeable branch-
ing fractions. Although it lies intermediate in mass and size
between charmonium and bottomonium family where
heavy quark interactions are understood rather well, many
aspects of the weak interaction in the Bc-sector remain
obscure due to lack of adequate data.

Ever since its discovery at Fermilab by the CDF
Collaboration [1], a series of experimental probes have
been made yielding only a few observed data so far. The
Bc-meson lifetime has been measured [2–5] using the
decay channels: B�

c → J=ψl�νl and B�
c → J=ψπ�.

A more precise measurement of its lifetime and mass by
LHCb [6] yields τBc

¼ 0.51þ0.18
−0.16ðstatÞ � 0.03ðsystÞ ps and

MBc
¼ 6.40� 0.39� 0.13 GeV, respectively, using the

decay mode Bc → J=ψlνlX, where X denotes any possible
additional particle in the final state. The mass of the excited
state: Bcð2SÞ has also been observed by the ATLAS
Collaboration [7] in their analysis of the decay channel
Bcð2SÞ → Bcð1SÞπ−πþ by using 4.9 fb−1 of 7 TeV and
19.2 fb−1 of 8 TeV pp collision data. The current Run II at
Tevatron [8,9] and upcoming Run III at the CERN LHC as
well as the eþe− experiment by Belle-II are designed to
boost the heavy flavor physics measurement scenario in
near future. The dedicated detectors at B TeV and LHCb
specially designed to enhance the event accumulation rates
are expected to provide high statistics Bc-events at the rate
of 1010 events per year.
Among various weak decays of Bc-meson, its semi-

leptonic(s.l.) decay mode is significant, since
Bc-meson is first observed by CDF Collaboration [1] in
their analysis of the decay mode Bc → J=ψlνl with J=ψ
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decaying into muon pair. Besides extracting the accurate
value of Cabbibo-Kobayashi-Mashakawa (CKM) matrix
elements, the study of s.l. decays help in examining the
universality of coupling of three charged leptons in the
electroweak interactions. Thus, it provides a powerful tool
for testing the SM and searching effects of physics beyond
SM. Due to their simple theoretical description via tree-
level processes in the SM, the analysis of semileptonic
decays helps in separating the effects of strong interaction
from that of the weak interaction into a set of Lorentz
invariant form factors. The study of s.l. decay processes,
therefore, reduces to a calculation of relevant form factors
in a suitable phenomenological model framework.
The transition form factors parametrizing s.l. decay

amplitudes are evaluated from the overlapping integrals of
meson wave functions obtainable in different theoretical
approaches. Some of them include the potential model
approach [10], the Bethe Salpeture approach [11,12], rela-
tivistic constituent quark model on the light front [13,14],
three-point sum rule of QCD, and nonrelativistic QCD
(NRQCD) [15–17], relativistic quark model based on the
quasi-potential approach [18], nonrelativistic quark model
approach [19], the Baur, Stech-Wirbel framework [20],
perturbative QCD(PQCD) approach [21,22], the covariant
confined quarkmodel approach [23–26] and the lattice QCD
approach [27]. The relativistic independent quark (RIQ)
model, developedbyour group and applied extensively in the
description of wide-ranging hadronic phenomena including
the static properties of hadrons [28], and their decay proper-
ties such as the radiative, weak radiative, rare radiative [29];
leptonic, weak leptonic, radiative leptonic [30], and non-
leptonic [31] decays, has also been applied in analyzing the
s.l. decays of heavy flavored mesons [32–35].
It may be noted here that our analysis based on the

vanishing lepton mass limit may be considered reasonable
in the description of semileptonic decay modes [32–35]
where only the 3-vector (or space component) hadronic
current form factors contribute to the decay amplitudes.
The scalar-(time component) hadronic current form factor
is not accessible in such a description. However, such an
approach is not applicable in describing the semi-tauonic
decay modes where both space and time component
hadronic current form factors contribute to the decay
amplitudes. A series of measurements for semi-tauonic
decays: B → DðD�Þτντ have been reported by BABAR
[36,37], Belle [38–40], and LHCb [41,42]. Recently, the
measurement for Bc → J=ψτντ has also been reported by
LHCb Collaboration [43].
One of the most puzzling issues in recent years in flavor

physics has been the observed deviation of the observable:

RðJ=ψÞ ¼ BðBþ
c →J=ψτþντÞ

BðBþ
c →J=ψμþνμÞ which corresponds to the ratio of

branching fractions, over the SM predictions. The meas-
urement by LHCb Collaboration [43] yields RðJ=ψÞ ¼
0.71� 0.17� 0.18 whereas the central values of the
current SM predictions are in the range of 0.25–0.28 which

is about 2σ lower. Here the spread of SM prediction is due
to the choice of modeling approach [44–47] for the form
factors. For definiteness, the most recent result [48] used as
SM values is RðJ=ψÞ ¼ 0.283� 0.048. This anomaly
between the observed data and corresponding SM predic-
tions hints at the failure of lepton flavor universality.
Attempts have been made to explain the discrepancy via
the possible extension of the SM that involves an enhanced
weak coupling to three charged leptons and quarks in
electroweak interactions.
The s.l. decay modes: Bc → ηcðJ=ψÞlνl are induced by

the quark level transition: b → clνl. Identical to these
modes, Bc → DðD�Þlνl are induced by b → ulνl at the
quark level. The kinematic range of q2 for the former class
of modes is 0 ≤ q2 ≤ 10 GeV2, whereas the q2 range for
the latter type decay modes is 0 ≤ q2 ≤ 18 GeV2. In the
parent(Bc-) meson rest frame, the maximum recoil
momenta of the final state charmonium(ηc; J=ψ) or charm
mesons(D;D�) can therefore be estimated to be in the same
order of magnitude as their masses. With these kinematic
constraints, it is interesting to analyze the decay modes:
Bc → ηcðJ=ψÞlνl and Bc → DðD�Þlνl. A recent analysis of
these decay modes by different theoretical approaches has
reported their standard model predictions [25,46,49] on the
observables: RðDÞ; RðD�Þ; RðηcÞ, and RðJ=ψÞ.
It is worthwhile to note here following few points: (1) In

our RIQ model, the relevant form factors are evaluated in
the full kinematic range of momentum transfer squared q2,
which makes our prediction more accurate. In some of the
theoretical approaches cited above, the form factors are
determined first, with an endpoint normalization at mini-
mum q2 (maximum recoil point) or maximum q2 (mini-
mum recoil point). Then they are phenomenologically
extrapolated to the whole physical region using some
monopoles/ dipoles /Gaussian ansatz which makes form
factor estimation less reliable. (2) We would evaluate the
relevant hadronic current form factors (vector as well as
scalar parts) to analyze all possible s.l. Bc-meson decay
modes induced by b → clνl and b → ulνl transition at the
quark level. In doing so we intend to study the lepton mass
effects in the s.l. Bc-decays and predict the observables R in
comparison with other SM predictions. (3) We shall update
some input hadronic parameters in our calculation accord-
ing to the Particle Data Group [50].
The paper is organized as follows. In Sec. II we discuss

the general formalism and kinematics for Bc-meson s.l.
decays. We provide a brief description of the RIQ model
framework and extract model expression of transition form
factors in Sec. III. Section IV contains our numerical results
and discussion. In Sec. V we briefly summarize our results.

II. GENERAL FORMALISM AND KINEMATICS

The invariant matrix element for exclusive s.l.
Bc-decays: Bc → ηcðJ=ψÞl−ν̄l and Bc → DðD�Þl−ν̄l is
written in the general form:
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Mðp; k; kl; kνÞ ¼
GFffiffiffi
2

p Vbq0Hμðp; kÞLμðkl; kνÞ ð1Þ

where GF is the effective fermi coupling constant, Vbq0 is
the relevant CKM parameter, Lμ and Hμ are leptonic and
hadronic current, respectively given by

Lμðkl; kνÞ ¼ ūðk⃗lÞγμð1 − γ5Þvðk⃗νÞ
Hμðp; kÞ ¼ hXðk⃗; SXÞjJhμð0ÞjBcðp⃗; SBc

Þi ð2Þ

Here Jhμ ¼ Vμ − Aμ is the vector-axial vector current;
q0 ¼ c, u. We take ðp; kÞ as four momenta of the parent
(Bc) and daughter(X) meson with their respective spin
state: SBc

and SX, mass: M and m. kl and kν are the four
momenta of lepton and lepton neutrino, respectively. q ¼
p − k ¼ kl þ kν represents the four-momentum transfer.
The hadronic amplitudes are covariantly expanded in

terms of a set of Lorentz invariant form factors.
For ð0− → 0−Þ type transitions, it is defined as

HμðBc → ðc̄c=ūcÞS¼0Þ ¼ ðpþ kÞμFþðq2Þ þ qμF−ðq2Þ
ð3Þ

For ð0− → 1−Þ type transitions, the expansion is

HμðBc → ðc̄c=ūcÞS¼1Þ ¼
1

ðM þmÞ ϵ
σ†fgμσðpþ kÞqA0ðq2Þ

þ ðpþ kÞμðpþ kÞσAþðq2Þ
þ qμðpþ kÞσA−ðq2Þ
þ iϵμσαβðpþ kÞαqβVðq2Þg ð4Þ

The angular decay distribution differential in the momen-
tum transfer squared q2 is obtained in the form [24]

dΓ
dq2d cos θ

¼ GF

ð2πÞ3 jVbqj2
ðq2 −m2

l Þ2
8M2q2

jk⃗jLμσHμσ ð5Þ

Here Lμσ and Hμσ are the lepton and hadron tensor,
respectively; ml is the mass of charged lepton. The
lepton tensor Lμσ ¼ P

δlδν
LμLσ† is summed over lepton

spin indices: δl, δν. The hadron tensor Hμσ ¼P
λ Hμðp; kÞH†

σðp; kÞ on the other hand, is summed over
the daughter meson polarization index λ. In our normali-
zation, Lμσ is obtained in the form

Lμσ∓ ¼ 8

�
kμl k

σ
ν þ kσl k

μ
ν − gμσ

�
q2 −m2

l

2

�
� iϵμσαβklαkνβ

�
ð6Þ

where Lμσ
− and Lμσ

þ refer to the lepton pair: lν̄l and
l̄νl, respectively. They differ in sign of the parity-odd
ϵ-tensor contribution. The hadron tensor Hμσ ¼P

λ Hμðp; kÞH†
σðp; kÞ on the other hand, is summed over

the daughter meson polarization index λ. It corresponds
to the tensor product of hadronic matrix elements
defined above.
It is convenient to express physical observables on a

helicity basis. On this basis, the helicity form factors can be
expressed in terms of the Lorentz invariant form factors that
represent the decay amplitudes. Then one can perform the
Lorentz contraction in Eq. (5) with the helicity amplitudes
as done in [24,51–53]. For this we consider appropriate
helicity projections ϵμðmÞ of the covariants in Eqs., (3) and
(4). There are four covariant helicity projections out of
which three projections are orthogonal to the momentum
transfer q i.e., ϵμðmÞqμ ¼ 0 for m ¼ �; 0 and this con-
stitutes spin 1 part of the Woff-shell involved in the decay
process. The spin 0 (time-)component m ¼ t of the
Woff-shell has the property ϵμðtÞ ¼ qμffiffiffiffi

q2
p . The orthogonality

and completeness relations satisfied by the helicity pro-
jections are

ϵ†μðmÞϵμðnÞ ¼ gmn ðm; n ¼ t;�; 0Þ
ϵμðmÞϵ†σðnÞgmn ¼ gμσ ð7Þ

with gmn ¼ diagðþ;−;−;−Þ. Since we would like to study
the lepton mass effect in the present investigation of s.l.
Bc-meson decays, we include the time component polari-
zation ϵμðtÞ in addition to its other three compo-
nents: m ¼ �; 0.
Using the completeness property the lepton and hadron

tensors in Eq (5) can be re-written as follows.

LμσHμσ ¼ Lμ0σ0gμ
0μgσ

0σHμσ

¼ Lμ0σ0ϵ
μ0 ðmÞϵμ†ðm0Þgmm0ϵσ

†ðnÞϵσ0 ðn0Þgnn0Hμσ

¼ Lðm; nÞgmm0gnn0Hðm0n0Þ ð8Þ

Here lepton and hadron tensors are introduced in the space
of helicity components:

Lðm; nÞ ¼ ϵμðmÞϵσ†ðnÞLμν

Hðm; nÞ ¼ ϵμ
†ðmÞϵσðnÞHμν ð9Þ

For the sake of convenience, we consider here two frames
of reference: (i) the l̄ν or lν̄ center-of-mass frame and
(ii) parent ðBcÞ-meson rest frame. We evaluate here the
lepton tensor Lðm; nÞ in the l̄ν or lν̄ c.m. frame and hadron
tensor Hðm; nÞ in the Bc-rest frame.
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A. Hadron tensor

In the Bc-rest frame:

pμ ¼ ðM; 0; 0; 0Þ
kμ ¼ ðEk; 0; 0;−jk⃗jÞ
qμ ¼ ðq0; 0; 0; jk⃗jÞ ð10Þ

where

Ek ¼
M2 þm2 − q2

2M

q0 ¼ M2 −m2 þ q2

2M
Ek þ q0 ¼ M

q0
2 ¼ q2 þ jk⃗j2

jk⃗j2 þ Ekq0 ¼
1

2
ðM2 −m2 − q2Þ. ð11Þ

In the Bc- rest frame, the polarization vectors of the
effective current are

ϵμðtÞ ¼ 1ffiffiffiffiffi
q2

p ðq0; 0; 0; jk⃗jÞ

ϵμð�Þ ¼ 1ffiffiffi
2

p ð0;∓ 1;−i; 0Þ

ϵμð0Þ ¼ 1ffiffiffiffiffi
q2

p ðjk⃗j; 0; 0; q0Þ: ð12Þ

In the basis (12), the helicity components of the hadronic
tensors can be expressed through the invariant form factors
defined in Eqs. (3) and (4).
For Bc → ðc̄c=ūcÞS¼0 transition:

Hðm; nÞ ¼ ðϵμ†ðmÞHμÞðϵσ†ðmÞHσÞ† ¼ HmH
†
n: ð13Þ

Then the helicity form factors are expressed in terms of the
invariant form factors as

Ht ¼
1ffiffiffiffiffi
q2

p fðpþ kÞ:ðp − kÞFþ þ q2F−g

H� ¼ 0

H0 ¼
2Mjk⃗jffiffiffiffiffi

q2
p Fþ: ð14Þ

For Bc → ðc̄c=ūcÞS¼1 transition, the nonvanishing helicity
form factors are given by

Hm ¼ ϵμ†ðmÞHμαϵ
α†
2 ðmÞ for m ¼ �; 0 ð15Þ

and

Ht ¼ ϵμ†ðtÞHμαϵ
α†
2 ð0Þ: ð16Þ

As in Eq. (13), the hadronic tensor, in this case, is also
given by Hðm; nÞ ¼ HmH

†
n. To express the helicity form

factors in terms of the invariant form factors (4), it is
necessary to specify the helicity components ϵ2ðmÞðm ¼
�; 0Þ of the polarization vector of the ðc̄c=ūcÞS¼1 state.
These components are

ϵμ2ð�Þ ¼ 1ffiffiffi
2

p ð0;�1;−i; 0Þ

ϵμ2ð0Þ ¼
1

m
ðjk⃗j; 0; 0;−EkÞ: ð17Þ

They satisfy the orthonormality and completeness relations

ϵμ†2 ðrÞϵ2μðsÞ ¼ −δrs

ϵ2μðrÞϵ†2σðsÞδrs ¼ −gμν þ
kμkσ
m2

: ð18Þ

With this specification of the helicity components, the
desired relations between the helicity form factors and the
invariant form factors are obtained in the form:

Ht ¼ ϵμ†ðtÞϵα†2 ð0ÞHμα

¼ 1

ðM þmÞ
Mjk⃗j
m

ffiffiffiffiffi
q2

p fðpþ kÞ:qð−A0 þ AþÞ þ q2A−g

H� ¼ ϵμ†ð�Þϵα†2 ð�ÞHμα

¼ 1

ðM þmÞ f−ðpþ kÞ:qA0 ∓ 2Mjk⃗jVg

H0 ¼ ϵμ†ð0Þϵα†2 ð0ÞHμα

¼ 1

ðM þmÞ
1

2m
ffiffiffiffiffi
q2

p f−ðpþ kÞ:qðM2 −m2 − q2ÞA0

þ 4M2jk⃗j2Aþg: ð19Þ

B. Lepton tensor

In the ðlν̄Þ-c.m. frame ðk⃗l þ k⃗ν ¼ q⃗ ¼ 0Þ: the relevant
four momenta are

qμ ¼ ð
ffiffiffiffiffi
q2

q
;0;0;0Þ

kμν ¼ ðjk⃗lj; jk⃗ljsinθ cosχ; jk⃗ljsinθ sinχ; jk⃗ljcosθÞ
kμl ¼ ðEl;−jk⃗lj sinθ cosχ;−jk⃗ljsinθ sinχ;−jk⃗ljcosθÞ ð20Þ

where El ¼ q2þm2
l

2
ffiffiffiffi
q2

p , jk⃗lj ¼ q2−m2
l

2
ffiffiffiffi
q2

p and decay angles ðθ; χÞ are
respectively, the polar and azimuthal angle of the lepton
momentum in ðlν̄Þ c.m. frame. In this frame the longitudinal
and time-component polarization vectors are given by
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ϵμðtÞ ¼ qμffiffiffiffiffi
q2

p ð1; 0; 0; 0Þ

ϵμð�Þ ¼ 1ffiffiffi
2

p ð0;∓;−i; 0Þ

ϵμð0Þ ¼ ð0; 0; 0; 1Þ: ð21Þ

Using Eq. (6) and (21), it is straightforward to evaluate the
helicity representation Lðm; nÞ of the lepton tensor.
In the present analysis we do not consider the azimuthal

χ distribution of the lepton pair and therefore integrate over
the azimuthal angle dependence of the lepton tensor; which
yields the differential ðq2; cos θÞ distribution in the form:

dΓ
dq2 cos θ

¼ 3

8
ð1þ cos2 θÞ dΓU

dq2
þ 3

4
sin2 θ:

dΓL

dq2

∓ 3

4
cos θ

dΓP

dq2
þ 3

4
sin2 θ

dΓ̃U

dq2
þ 3

2
cos2 θ

dΓ̃L

dq2

þ 1

2

dΓ̃S

dq2
þ 3 cos θ

dΓ̃SL

dq2
ð22Þ

The upper and lower signs associated with the parity-
violating term in Eq. (22) refer to two cases: l−ν̄ and lþν,
respectively. Out of seven terms in the rhs of Eq. (22), four
terms identified as “tilde” rates Γ̃i are linked with the lepton
mass and the rest are lepton mass-independent terms,

identified as Γi and both are related via a flip factor
m2

l
2q2 as:

dΓ̃i

dq2
¼ m2

l

2q2
dΓi

dq2
: ð23Þ

The tilde rates do not contribute in the vanishing lepton
mass limit. They can be neglected for e and μ modes but
they are expected to yield a sizeable contribution to the
τ-modes. Therefore the tilde rates are crucial in evaluating
the lepton mass effects in the s.l. decay modes. The
differential partial helicity rates dΓi

dq2 are defined by

dΓi

dq2
¼ G2

f

ð2πÞ3 jVbq0 j2
ðq2 −m2

eÞ2
12m2

1q
2

jk⃗jHi: ð24Þ

Here Hiði ¼ U;L; P; S; SLÞ represents a standard set of
helicity structure function given by linear combinations of
helicity components of hadron tensor Hðm; nÞ ¼ HmH

†
n:

HU ¼ReðHþH
†
þÞþReðH−H†

−Þ∶ Unpolarized-transversed
HL ¼ReðH0H

†
0Þ∶ Longitudinal

HP ¼ReðHþH
†
þÞ−ReðH−H†

−Þ∶ Parity-odd
HS ¼ 3ReðHtH

†
t Þ∶ Scalar

HSL ¼ReðHtH
†
0Þ∶ Scalar-Longitudinal Interference

Here we assume throughout that the helicity amplitudes are
real since the available q2- range: (q2 ≤ ðM −mÞ2) is
below the physical threshold q2 ¼ ðM þmÞ2. Therefore
we drop the angular terms that are multiplied by coef-
ficients ImðHiH�

jÞ; i ≠ j�.
Then integrating over cos θ one gets the differential q2

distribution and finally integrating over q2, one obtains the
total decay rate Γ as the sum of the partial decay rates :
Γi ¼ ði ¼ U;L; PÞ and Γ̃iði ¼ U;L; S; SLÞ.
A quantity of interest is the forward-backward asym-

metry AFB of the lepton in the ðlν̄Þ c.m. frame which is
defined as

AFB ¼ 3

4

� �Pþ 4fSL
U þ Ũ þ Lþ L̃þ S̃

�
: ð25Þ

Another quantity of interest is the asymmetry parameter α�

which is defined by rewriting Eq (22) in terms of its cos2 θ�

dependence i.e., dΓ ∝ 1þ α� cos2 θ�. The asymmetry
parameter α� which determines the transverse and longi-
tudinal composition of final state vector meson is given by:

α� ¼ U þ Ũ − 2ðLþ L̃þ S̃Þ
U þ Ũ þ 2ðLþ L̃þ S̃Þ ð26Þ

We list our predictions on helicity rates Γi, Γ̃i, AFB and α�
in Sec. IV.

III. TRANSITION MATRIX ELEMENT ANDWEAK
FORM FACTORS

The decay process physically takes place when partici-
pating mesons are in their momentum eigenstates. Therefore,
in the field-theoretic description of any decay process, it is
necessary to represent the meson bound-states by appro-
priate momentum wave-packets reflecting momentum and
spin distribution between constituent quark and antiquark
inside the meson core. In the RIQ model, the wave packet
representing a meson bound state jBcðp⃗; SBc

Þi, for example,
at a definite momentum p⃗ and spin SBc

is taken in the
form [29–35]

jBcðp⃗; SBc
Þi ¼ Λ̂ðp⃗; SBc

Þjðp⃗b; λbÞ; ðp⃗c; λcÞi ð27Þ

where jðp⃗b; λbÞ; ðp⃗c; λcÞi is the Fock space representation of
the unbound quark and antiquark in a color-singlet configu-
ration with their respective momentum and spin: ðp⃗b; λbÞ
and ðp⃗c; λcÞ. Here b̂b

†ðp⃗b; λbÞ and b̂c
†ðp⃗c; λcÞ denote the

quark-antiquark creation operator, respectively and
Λ̂ðp⃗; SBc

Þ is taken as a baglike integral operator in the form:
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Λ̂ðp⃗; SBc
Þ ¼

ffiffiffi
3

pffiffiffiffiffiffiffiffiffiffiffi
Nðp⃗Þp X

δbδc

ζBc
bc
ðλb; λcÞ

Z
d3pbd3pcδ

ð3Þ

× ðp⃗b þ p⃗c þ p⃗ÞGBc
ðp⃗b; p⃗cÞ ð28Þ

Here
ffiffiffi
3

p
is the effective color factor,ζBc

bc
ðλb; λcÞ is the SUð6Þ

spin-flavor coefficients for Bc-meson and Nðp⃗Þ is the
meson-state normalization obtained in an integral form:

Nðp⃗Þ ¼
Z

d3p⃗bjGBc
ðp⃗b; p⃗ − p⃗bÞj2 ð29Þ

by imposing the normalization condition hBcðp⃗ÞjBcðp⃗0Þi ¼
δ3ðp⃗ − p⃗0Þ. Finally GBc

ðp⃗b; p⃗ − p⃗bÞ is the effective momen-
tum distribution function for the quark(b) and antiquark(c)
pair in the meson core. In terms of individual momentum
probability amplitudes: Gbðp⃗bÞ and Gcðp⃗cÞ of the constitu-
ent quarks, GBc

ðp⃗b; p⃗ − p⃗bÞ is taken in the form:

GBc
ðp⃗b; p⃗ − p⃗bÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gbðp⃗bÞGcðp⃗ − p⃗bÞ

p
ð30Þ

in the straightforward extension of the ansatz of Margolis
and Mendel in their bag model description [54]. The quark
orbitals derived in the framework of the RIQ model and
corresponding momentum probability amplitudes are briefly
discussed in the Appendix. In the wave packet representation
of meson bound-states (27)–(29), the effective momentum
distribution function, here, embodies the bound-state char-
acter inherent in jBcðp⃗; SBc

Þi. Any residual internal dynam-
ics responsible for the decay process can be described at the
level of otherwise unbound quark and antiquark using usual
the Feynman technique. In the straightforward calculation of
the appropriate Feynman diagram shown in Fig. 1, the
constituent level S—matrix element Sb→c;u

fi is obtained for

the decay process induced by b → c; u transitions. The
quark level S—matrix element Sb→c;u

fi when operated upon

by the bag like operator Λ̂ in (28) yields the mesonic level
S—matrix in the form:

SBc→ðc̄c=ūcÞsystem
fi → Λ̂Sb→c=u

fi ð31Þ

A. Transition amplitude

The S—matrix element for the decay process Bc → Xlν̄l
depicted in Fig. 1 is written in general form:

Sfi ¼ −i
GFffiffiffi
2

p Vbc=u
1

ð2πÞ4 hlðk⃗l; δlÞν̄lðk⃗ν; δνÞ

× Xðk⃗ÞjJμl ðx2ÞJhμðx1ÞjBcðp⃗; SBc
Þi ð32Þ

where the leptonic weak current contribution is

hlðk⃗l; δlÞν̄lðk⃗ν; δνÞjJμl ðx2Þj0i ¼
eiðkiþkνÞx2

ð2πÞ3 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2El2Eν

p Lμ ð33Þ

with

Lμ ¼
X
δlδν

ūðkl; δlÞΓμvðkν; δνÞ; Γμ ¼ γμð1 − γ5Þ: ð34Þ

This along with the hadronic amplitude 0H0 obtained from
the overlapping integral of meson wave functions in terms
of the wave packet representation of the participating
meson states, one gets the S—matrix element for the decay
process in the standard form:

Sfi ¼ ð2πÞ4δð4Þðp − k − kl − kνÞð−MfiÞ

×
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2πÞ32EBc

q Πf
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Efð2πÞ3
q ð35Þ

The hadronic amplitude Hμ in the Bc− rest frame is
obtained as:

Hμ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4MEk

NBc
ð0ÞNXðk⃗Þ

s Z
d3pbffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Epb
2Ekþpb

p
×GBc

ðp⃗b;−p⃗bÞGXðk⃗þ p⃗b;−p⃗bÞhSXjJhμð0ÞjSBc
i ð36Þ

where Epb
and Epbþk stand for the energy of the non-

spectator quark of the parent and daughter meson, respec-
tively, and hSXjJhμð0ÞjSBc

i represents symbolically the spin
matrix elements of vector-axial vector current.

B. Weak decay form factors

For 0− → 0− transitions, the axial vector current does
not contribute. The spin matrix elements corresponding toFIG. 1. Semileptonic decay of Bc meson.
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the nonvanishing vector current parts are obtained in the
form:

hSXðk⃗ÞjV0jSBc
ð0Þi ¼ ðEpb

þmbÞðEpc=u
þmc=uÞ þ jp⃗bj2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðEpb
þmbÞðEpc=u

þmc=uÞ
q

ð37Þ

hSXðk⃗ÞjVijSBc
ð0Þi ¼ ðEpb

þmbÞkiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðEpb
þmbÞðEpbþk þmc=uÞ

p ð38Þ

With the above spin matrix elements, the expressions for
hadronic amplitudes (36) are compared with corresponding
expressions in Eq. (3) yielding the form factors fþ and f−
for 0− → 0− transition in the form:

f�ðq2Þ ¼
1

2M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MEk

NBc
ð0ÞNXðk⃗Þ

s Z
dp⃗bGBc

ðp⃗b;−p⃗bÞGXðk⃗þ p⃗b;−p⃗bÞ

×
ðEob þmbÞðEpc=u

þmc=uÞ þ jp⃗bj2 � ðEpb
þmbÞðM ∓ EkÞ

Epb
Epc=u

ðEpb
þmbÞðEpc=u

þmc=uÞ
ð39Þ

For ð0− → 1−Þ transitions, the spin matrix elements cor-
responding to the vector and axial-vector current are found
separately in the form:

hSXðk⃗; ϵ̂�ÞjV0jSBc
ð0Þi ¼ 0 ð40Þ

hSXðk⃗; ϵ̂�ÞjVijSBc
ð0Þi ¼ iðEpb

þmbÞðϵ̂� × k⃗ÞiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðEpb
þmbÞðEpbþk þmc=uÞ

p
ð41Þ

hSXðk⃗; ϵ̂�ÞjAijSBc
ð0Þi ¼ ðEpb

þmbÞðEpbþk þmc=uÞ − jp⃗bj2
3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðEpb

þmbÞðEpbþk þmc=uÞ
p

ð42Þ

hSXðk⃗; ϵ̂�ÞjA0jSBc
ð0Þi ¼ −ðEpb

þmbÞðϵ̂�:k⃗ÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðEpb
þmbÞðEpbþk þmc=uÞ

p
ð43Þ

With the spin matrix elements (40)–(43), the expressions
for hadronic amplitudes (36) are compared with corre-
sponding expressions in Eq. (4). The model expressions for
form factors: Vðq2Þ; A0ðq2Þ; Aþðq2Þ and A−ðq2Þ are
obtained in the form:

Vðq2Þ ¼ M þm
2M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MEk

NBc
ð0ÞNXðk⃗Þ

s Z
dp⃗bGBc

ðp⃗b;−p⃗bÞ

× GXðk⃗þ p⃗b;−p⃗bÞ

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEpb

þmbÞ
Epb

Epc=u
ðEpc=u

þmc=uÞ

s
ð44Þ

A0ðq2Þ ¼
1

ðM −mÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mm

NBc
ð0ÞNXðk⃗Þ

s

×
Z

dp⃗bGBc
ðp⃗b;−p⃗bÞGXðk⃗þ p⃗b;−p⃗bÞ

×
ðEpb

þmbÞðE0
pc=u

þmc=uÞ − jp⃗bj2
3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Epb
Epc=u

ðEpb
þmbÞðEpc=u

þmc=uÞ
q ð45Þ

with E0
pc=u

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jp⃗c=uj2 þm2

c=u

q
and

A�ðq2Þ ¼
−EkðM þmÞ
2MðM þ 2EkÞ

×

�
T ∓ 3ðM ∓ EkÞ

ðE2
k −m2Þ fI − A0ðM −mÞg

�
ð46Þ

where T ¼ J − ðM−m
Ek

ÞA0, with

J ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

MEk

NBc
ð0ÞNXðk⃗Þ

s Z
dp⃗bGBc

ðp⃗b;−p⃗bÞGXðk⃗þ p⃗b;−p⃗bÞ

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEpb

þmbÞ
Epb

Epc=u
ðEpc=u

þmc=uÞ

s
ð47Þ

I ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

MEk

NBc
ð0ÞNXðk⃗Þ

s Z
dp⃗bGBc

ðp⃗b;−p⃗bÞGXðk⃗þ p⃗b;−p⃗bÞ

×

8<: ðEpb
þmbÞðE0

pc=u
þmc=uÞ − jp⃗bj2

3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Epb

E0
pc=u

ðEpb
þmbÞðE0

pc=u
þmc=uÞ

q
9=;: ð48Þ

With the relevant form factors thus obtained in terms of
model quantities, the helicity amplitudes and hence the
decay rates for Bc → ηcðJ=ψÞlν̄l and Bc → DðD�Þlν̄l are
evaluated and our predictions are listed in the next section.
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IV. NUMERICAL RESULTS AND DISCUSSION

In this section, we present the numerical results on
exclusive semileptonic decays: Bc → ηcðJ=ψÞlν̄l and
Bc → DðD�Þlν̄l. The dynamics underlying the decay proc-
ess are well understood in the framework of the suitable
phenomenological model by comparing the model predic-
tions on observables with other model predictions.
For numerical analysis, we use the RIQ model parameters
ða; V0Þ, quark mass 0m0

q, and quark binding energy
0E0

q as [28]

ða; V0Þ ¼ ð0.017166 GeV3;−0.1375 GeVÞ
ðmb;mc;muÞ ¼ ð4.77659; 1.49276; 0.07875Þ GeV
ðEb; Ec; EuÞ ¼ ð4.76633; 1.57951; 0.47125Þ GeV ð49Þ

The input parameters (49) have been fixed in the early
application of the RIQ model by fitting the data of heavy
flavored meson while reproducing hyperfine mass-splitting
in the heavy flavor sector. Using the same set of input
parameters, wide-ranging hadronic phenomena have been
described [29–35] in this model. For CKM-parameters and
Bc—meson lifetime, we take their central values from the
Particle Data Group (2020) [50] as:

ðVbc; VbuÞ ¼ ð0.041; 0.00382Þ
τBc

¼ 0.510 ps ð50Þ

and for the physical mass of participating mesons, we take
corresponding recorded values [50] as:

M ≡MBc
¼ 6.2749 GeV

ðmηc ; mJ=ψÞ ¼ ð2.9839; 3.0969Þ GeV
ðmD;mD� Þ ¼ ð1.86483; 2.0068Þ GeV: ð51Þ

With these input parameters (49)–(51) the Lorentz invariant
form factors: ðFþ; F−;A0; Aþ; A−; VÞ representing decay
amplitudes can be calculated from the overlapping integral
of participating meson wave functions. We first study the
q2—dependence of the invariant form factors in the
allowed kinematic range. We plot it in Figs. 2 and 3 for
s.l. Bc-decays: Bc → ηcðJ=ψÞ and Bc → DðD�Þ, respec-
tively in their e−; μ− and τ−-modes over the accessible
kinematic range. We find the behavior of form factors in
e− and μ−-mode overlap in the entire kinematic range:
0 ≤ q2 ≤ q2max. This is because of an insignificant change in
the phase space boundary going from e− to μ− mode and as

one can see here the maximal lepton energy shift m2
μ−m2

e

2M is
invisible at the usual scale of the plot. On the other hand for
the τ− mode decays, the relevant form factors behave
differently throughout the accessible kinematic range of
q2min ≤ q2 ≤ q2max, where q2min is+ve and away from q2 → 0.
The τ—phase space, as compared to the e− and μ− cases is
considerably reduced and shifted to a large q2—region.
Therefore, in the present analysis, we shall consider decays
in the e− and τ− modes only for evaluating the lepton mass
effects on the s.l. Bc meson decays.
As mentioned earlier it is convenient to calculate decay

amplitudes in the helicity basis in which the partial helicity
rate and total decay rates are expressed in terms of helicity
form factors. On this basis, the expressions for the relevant
helicity form factors have also been obtained in terms of
invariant form factors (14), (19). Using the helicity form
factors it is straightforward to obtain partial helicity
rates:dΓi

dq2 (without flip) and
dΓ̃i

dq2 (with flip) for all four decay
modes considered here. Since our main objective is to
evaluate the lepton mass effects on s.l. decays, we would
like to study the q2-dependence of the helicity form factors
and partial helicity rates as well as q2-spectra of s.l. decay
rates, separately in their e− and τ− modes. For this, we first
rescale the helicity form factors according to

FIG. 2. The q2-dependence of invariant form factors for semileptonic Bc → ηcðJ=ψÞ decays.
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hj ¼ Aðq2ÞHj; j ¼ 0;þ;− ðfor no flip caseÞ ð52Þ

and for flip cases

h̃j ¼
ffiffiffiffiffiffiffi
m2

l

2q2

s
Aðq2ÞHj; j ¼ 0;þ;

−h̃t ¼
ffiffiffiffiffiffiffi
m2

l

2q2

s ffiffiffi
3

p
Aðq2ÞHt ð53Þ

where

Aðq2Þ ¼ GF

4M

�
q2 −m2

l

q2

� ffiffiffiffiffiffiffiffi
jk⃗jq
6π3

s
jVb;c=uj ð54Þ

and
ffiffiffiffiffi
m2

l

2q2

q
: denotes a flip factor.

In terms of the rescaled helicity form factors, the angle
integrated differential q2-rate is expressed as:

dΓ
dq2

¼
X
0;þ;−

jhjj2 þ
X

t;0;þ;−
jh̃jj2: ð55Þ

In Fig. 4 we plot the q2—dependence of the rescaled
helicity form factors hj and h̃j for Bc → ηc and Bc → D
decays, respectively in their e− and τ− modes. We find in
both the decay processes, the longitudinal no-flip amplitude
h0 is reduced in the low q2 region going from e− to τ−

mode. This reduction is due to the thresholdlike factor;
q2−m2

l
q2 appearing in the rescaled helicity amplitude. The

longitudinal flip amplitude h̃0 is further reduced by the flip

factor
ffiffiffiffiffi
m2

l
2q2

q
. The large value of the scalar flip amplitude h̃t

is attributed to the fact that timelike (scalar-)current

contribution here proceeds via an orbital S—wave, where
there is no pseudothreshold factor to tamper the enhance-
ment at large q2 resulting from the timelike form factor in
the helicity amplitude.
In FIG. 5 we plot the q2-dependence of the rescaled

helicity amplitudes for Bc → J=ψ and Bc → D� transitions
in their e− and τ− modes. The largest reduction occurs for
longitudinal no-flip amplitude h0. Contrary to Bc → ηcðDÞ
cases, we find here all flip amplitudes generally small
compared to no-flip amplitudes. This is attributed to the
partial wave structure of the scalar-current contribution.
The effects of the timelike(scalar)-current on s.l. decays in
τ-mode have been depicted in Figs. 4 and 5. It is interesting
to see how the invariant form factors: F−ðq2Þ and A−ðq2Þ
dominate to determine the shape of the plot of flip helicity
component h̃t over the accessible kinetic range. In Bc →
ηcðDÞ cases, the contribution of F−ðq2Þ to the timelike
helicity form factor is destructive. Hence, corresponding
rescaled helicity amplitude h̃t increases when F−ðq2Þ is
switched off, as shown in Fig. 4. Since jh̃tj2 gives dominant
contribution to the decay rate, an accurate determination of
the s.l. Bc → ηc and Bc → D decays in their τ-mode would
allow one to extract information on the sign and magnitude
of the scalar-invariant form factors. On the other hand, the
contribution of scalar form factor A−ðq2Þ in Bc → J=ψðD�Þ
cases is constructive. Consequently, h̃t decreases when
A−ðq2Þ is switched off. This is shown in Fig. 5.
In Fig. 6 we plot the q2-spectra for Bc → ηcðe−; τ−Þ and

Bc → Dðe−; τ−Þ decay modes for different helicity con-
tributions. In these cases we find a considerable reduction
of longitudinal no-flip contribution, going from e− and τ−

mode. It is also noteworthy to find that, a sizeable
contribution to the differential decay rate here comes
from the scalar-flip component over the allowed kinematic
range.

FIG. 3. The q2-dependence of invariant form factors for semileptonic Bc → DðD�Þ decays.
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In Fig. 7 we plot the q2-spectra for Bc → J=ψðe−; τ−Þ
and Bc → D�ðe−; τ−Þ modes. We find here the spin-flip
component negligible compared to no-flip parts except in
the Bc → D� case where the scalar flip part S̃ of the helicity
amplitude provides a sizeable contribution in high q2-
region. The helicity rates appear to be uniformly reduced
going from e− to τ− mode, except for the longitudinal
contribution which is disproportionately reduced due to

thresholdlike factor
q2−m2

l
q2 .

In Fig. 8 and 9, we plot the total q2-spectra: dΓ
dq2 for the s.l.

decays Bc → ηcðJ=ψÞ and Bc → DðD�Þ, respectively in
their e− and τ− modes. For Bc → ηc decay in e− mode, the
q2-spectra increases rapidly in small q2-region near q2 → 0
to a peak value, and then it flattens with a slow rise to
another peak at q2 ≈ 6.25 GeV2. Thereafter it decreases to
zero at q2 ≈ 11 GeV2. However, in τ-mode, the spectra

originate at q2 ≈ 2 GeV2 and are reduced in comparison
with e− mode spectra within the range 2 ≤ q2 ≤ 8 GeV2

beyond which it dominates over the e− spectra contrary to
the phase-space expectations. For Bc → J=ψ decay in its
e—mode, we find a sharper rise of spectra to a peak value
near q2 → 0. This is followed by a further rise of spectra
developing a prominent shoulder at q2 ≈ 6.25 GeV2.
Beyond 6.25 GeV2, there occurs a sharp fall of the spectra.
In contrast to e− mode, there occurs a considerable
reduction of spectra in τ− mode in the physical kinematic
range of 3 ≤ q2 ≤ 10 GeV2. For Bc → D decay in its e−

mode, q2 spectra rise very slowly from q2 → 0 to a peak
value at q2 ≈ 16.5 GeV2 and then fall to zero value at
q2 ≈ 19.5 GeV2. In its τ−-mode the spectra are uniformly
reduced throughout. For the Bc → D� case in e−-mode
there occurs a sharp rise of spectra near q2 → 0 to a peak

FIG. 4. Reduced helicity amplitudes hi and h̃iði ¼ t; 0Þ as functions of q2 for semileptonic Bc → ηc and Bc → D decays.

FIG. 5. Reduced helicity amplitudes hi and h̃iði ¼ t;þ;−; 0Þ as functions of q2 for semileptonic Bc → J=ψ and Bc → D� decays.
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FIG. 6. Partial helicity rates dΓi

dq2 and
dΓ̃i

dq2 as functions of q
2 for semileptonic Bc → ηc and Bc → D decays.

FIG. 7. Partial helicity rates dΓi

dq2 and
dΓ̃i

dq2 as functions of q
2 for semileptonic Bc → J=ψ and Bc → D� decays.

FIG. 8. q2-spectrum of s.l. decay rates for Bc → ηc and Bc →
J=ψ decays.

FIG. 9. q2− spectrum of s.l. decay rates for Bc → D and Bc →
D� decays.
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value after which it falls to a minimum value at
q2 → 3.5 GeV2. Thereafter it witnesses further rise till a
second shoulder appears at q2 ≈ 16 GeV2, beyond which
there occurs a sharp fall of spectra in the high q2 region.
However, in its τ mode, the spectra are reduced in the low
q2 region but it overtakes the e mode spectra in the high q2

region beyond 7.5 GeV2 contrary to the naive phase space
expectations.
In Table I we list our results for the integrated partial

helicity rates: Γiði ¼ U;L; PÞ and Γ̃iði ¼ U;L; S; SLÞ as
well as the total decay rates. The partial tilde rates for each
decay process in the e−-mode are found tiny as expected
from Eq. (23) and can therefore be neglected. But corre-
sponding rates in τ−-mode obtained comparable to the tilde
rates, can hardly be neglected. Considering contribution
from individual helicity rates we predict the decay rates for
each process in its e− as well as τ− mode. Like all other
model predictions, our predicted decay rates in τ− modes
are, in general, found smaller than that in e− modes. For
Bc → J=ψ transition, our predicted decay rate in τ−-mode
is suppressed compared to its corresponding value in e−

mode by a factor of ∼5; whereas for Bc → ηc transition, the
suppression is by a factor of ∼2. For the CKM suppressed
Bc → DðD�Þ transitions, the τ−-modes are down only
marginally over corresponding e−-mode.
With the central value of Bc-meson lifetime: τBc

¼
0.507 ps and our predicted decay rates(Table I), we predict
the branching fractions (B.F.) for s.l. Bc-meson decays into
charmonium and charm meson states and our results are
listed in Table II in comparison with other model pre-
dictions. The predictions, in this sector obtained from

different theoretical approaches, are in the same order of
magnitude. Like all other model predictions, we find that
our predicted B.F. for s.l. Bc → J=ψ transition is the largest
of all and comparable to the model predictions [10,23,46].
For Bc → ηc transition, our predicted branching fraction
although is down by a factor of ∼2 compared to that of
[10,23,46], is comparable to that of [44,49].
As expected the B.Fs for Bc → DðD�Þ transitions

induced by b → u transition at the quark level, are down
in comparison with that of Bc → ηcðJ=ψÞ. Our result for
Bc → D transition agrees with those of [25,46,49]. For
Bc → D� transition our result is in reasonable agreement
with those of [10,44] though it is larger in comparison with
most other model predictions by a factor of ∼6 and ∼10 in
their e−- and τ−-modes, respectively.
Considering contribution from different partial helicity

rates, we evaluate the quantities of interest: the forward-
backward asymmetry AFB and asymmetry parameter α�.
The results are shown in Table III. For the decay into spin 0
state, AFB is proportional to the helicity amplitude fSL,
which is also tiny in e—mode but non-negligible for
transitions in the τ—mode.
For decays into spin 1 states, we obtained AFBðe−Þ ¼

−AFBðeþÞ and AFBðτ−Þ ≠ −AFBðτþÞ as shown in Table III.
This is comprehensible by looking at the expression of AFB
in Eq. (25). The transverse and longitudinal pieces of J=ψ
in Bc → J=ψ lν are found almost equal in e− mode, but the
transverse component dominates over the longitudinal part
for this transition in its τ—mode by a factor of ∼2.
However, in the Bc → D� transition, the transverse com-
ponent of the partial helicity rates also dominates over the

TABLE I. Helicity rates(in 10−15 GeV) of semileptonic Bc-meson decays into charmonium and charm-meson state:

Decay mode U Ũ L L̃ P S S̃ fSL Γ

B−
c → ηce−νe 4.844 4.432 × 10−7 15.397 × 10−7 4.712 × 10−7 4.844

Bc → ηcτ
−ντ 0.756 0.172 1.194 0.253 2.122

B−
c → J=ψe−νe 18.634 6.052 × 10−7 16.283 27.813 × 10−7 8.368 1.188 66.653 × 10−7 22.856 × 10−7 34.918

B−
c → J=ψτ−ντ 3.823 0.846 1.922 0.437 1.704 0.614 0.307 0.197 7.336

B−
c → De−νe 0.047 4.611 × 10−10 1.072 × 10−9 4.038 × 10−10 0.047

B−
c → Dτ−ντ 0.028 0.003 0.007 0.0027 0.038

B−
c → D�e−νe 0.2439 4 × 10−9 0.078 7.760 × 10−9 0.169 0.081 4.092 × 10−8 3.648 × 10−9 0.322

B−
c → D�τ−ντ 0.113 0.015 0.0156 0.0021 0.092 0.046 0.151 0.0094 0.297

TABLE II. Branching ratios(in%) of semileptonic Bc decays into ground state charmonium and charm meson state:

Decay mode This work [24] [46] [23] [55,56] [10] [44] [49] [25] [11,12] [57] [58]

Bc → ηceν 0.37 0.83 0.81 0.98 0.75 0.97 0.59 0.44 0.95 0.86 0.162 0.45
Bc → ηcτν 0.16 0.27 0.22 0.27 0.23 � � � 0.20 0.14 0.24 � � � � � � � � �
Bc → J=ψeν 2.68 2.19 2.07 2.30 1.9 2.35 1.20 1.01 1.67 2.33 1.67 1.37
Bc → J=ψτν 0.56 0.61 0.49 0.59 0.48 � � � 0.34 0.29 0.40 � � � � � � � � �
Bc → Deν 0.0037 � � � 0.0035 0.018 � � � 0.004 0.004 0.0032 0.0033 � � � � � � � � �
Bc → Dτν 0.0029 � � � 0.0021 0.0094 0.002 � � � � � � 0.0022 0.0021 � � � � � � � � �
Bc → D�eν 0.0251 � � � 0.0038 0.034 � � � 0.018 0.018 0.011 0.006 � � � � � � � � �
Bc → D�τν 0.0230 � � � 0.0022 0.019 0.008 � � � � � � 0.006 0.0034 � � � � � � � � �
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longitudinal part by a factor of ∼3 and ∼7, respectively in
their e− and τ− modes. To determine the transverse and
longitudinal component of the final state vector mesons in
Bc → J=ψ and Bc → D� transitions, we calculate the
asymmetry parameter α�. For Bc → J=ψ transition, the
asymmetry parameter is found close to −27% in the e−

mode and −7% in its τ mode. Our predicted α� for Bc →
D� transitions is found close toþ22% in the e− mode while
it is found as low as −45% in its τ− mode. This is because
for the later case in the e− mode the transverse component
of the helicity amplitudes provides a significant contribu-
tion compared to a tiny contribution coming from both the
longitudinal and scalar parts. On the other hand, in the τ−-
mode, the scalar flip part S̃ of the helicity amplitude
dominates over the rest part and contributes destructively
resulting in a highly suppressed asymmetry parameter as
low as −45%.
Finally, we evaluate the observable R and our results as

listed in Table IV, are comparable to other SM predictions
which highlight the puzzle in flavor physics and failure of
lepton flavor universality. This hints at new physics beyond
SM for the explanation of the observed deviation of
observable R from the SM predictions.

V. SUMMARY AND CONCLUSION

In this paper, we analyze exclusive Bc-meson decays into
charmonium and charm meson ground states in the
framework of the relativistic independent quark (RIQ)
model based on an average flavor-independent confining
potential in an equally mixed scalar-vector harmonic form.

The invariant form factors representing decay amplitudes
are extracted from the overlapping integral of meson wave
functions derivable from the model dynamics. Since our
main objective here is to evaluate the lepton mass effects on
the semileptonic Bc-meson decays, we analyze Bc →
ηcðJ=ψÞlν and Bc → DðD�Þlν in their e− and τ− modes
separately. For this, we study the q2-dependence of relevant
physical quantities such as the invariant form factors,
helicity form factors, partial helicity rates, and the total
q2-spectra for all decay processes analyzed in the
present work.
Considering contribution from different partial helicity

rates: dΓi
dq2 ði ¼ U;L; PÞ and dΓ̃i

dq2 ði ¼ U;L; S; SLÞ, the total
q2-spectrum dΓ

dq2 is obtained for each decay process, from

which we predict the decay rates/branching fractions of the
semileptonic Bc-meson decays into their e− as well as τ−-
modes. Our prediction on the decay rates/ branching
fractions for decay processes is found in overall agreement
with other SM predictions. We find that the decay rate for
Bc → J=ψ transition is the largest of all. As expected, the
decay rates for Bc → ηcðJ=ψÞ transitions induced by the
quark level b → c transition dominate over those for Bc →
DðD�Þ transitions induced by the quark level b → u
transition in their respective e− as well as τ− modes. We
also find that the τ− modes for all decays are, in general,
suppressed in comparison with their corresponding
e− modes.
Using appropriate helicity rates we evaluate two quan-

tities of interest: (1)Forward-backward asymmetry AFB and
the asymmetry parameter α�. AFB in the present analysis is
found negligible for transitions into spin 0 state in their e−-
mode but non-negligible in τ−-mode, as expected. For
transition into spin 1 state, we also find AFBðe−Þ ¼
−AFBðeþÞ and AFBðτ−Þ ≠ −AFBðτþÞ. The asymmetry
parameter α�, which determines the transverse and longi-
tudinal components of the final vector meson state for
Bc → J=ψ and Bc → D� transitions, have been evaluated.
Our predicted α� for Bc → J=ψ transition is close to −27%
in the e− mode and −7% in its τ−-mode whereas for Bc →
D� transition it is found close to þ22% in e−-mode and as
low as −45% in τ−-mode.
Finally, we evaluate the observable R, which corre-

sponds to the ratios of branching fractions for transitions in
e− modes concerning their corresponding values in τ−

modes. Our predicted observable R is found comparable to
other SM predictions, which highlights the observed
deviation of observable R from corresponding SM pre-
dictions. This is indicative of the failure of lepton flavor
universality that hints at new physics beyond SM to explain
the anomaly between the observed data and SM predic-
tions. Our predictions in this sector can be useful to identify
the Bc-channels characterized by clear experimental sig-
nature. Considering the possibility of high statistics Bc-
events expected to yield up to 1010 events per year at the
Tevatron and LHC, semileptonic Bc-meson decays into

TABLE III. Forward-backward asymmetry AFB and the asym-
metry parameter α�.

Decay process AFBðl−Þ AFBðlþÞ α�

Bc → ηceν 2.049 × 10−7 2.049 × 10−7

Bc → ηcτν 0.357 0.357
Bc → J=ψeν 0.180 0.180 −0.27
Bc → J=ψτν 0.093 −0.255 −0.066
Bc → Deν 2.55 × 10−8 2.55 × 10−8

Bc → Dτν 0.210 0.210
Bc → D�eν 0.394 −0.394 0.22
Bc → D�τν 0.137 −0.328 −0.45

TABLE IV. Ratios of branching fractions for semileptonic Bc—
decays.

Ratio of Branching Fractions(R) This work [25] [46] [49]

Rηc ¼ BðBc→ηclνÞ
BðBc→ηcτνÞ

2.312 3.96 3.68 3.2

RJ=ψ ¼ BðBc→J=ψ lνÞ
BðBc→JψτνÞ 4.785 4.18 4.22 3.4

RD ¼ BðBc→DlνÞ
BðBc→DτνÞ 1.275 1.57 1.67 1.42

RD� ¼ BðBc→D�lνÞ
BðBc→D�τνÞ 1.091 1.76 1.72 1.66
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charmonium and charm mesons in their ground as well as
excited states offer a fascinating area for future research.
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APPENDIX: CONSTITUENT QUARK ORBITALS
AND MOMENTUM PROBABILITY AMPLITUDES

In the RIQmodel, a meson is picturized as a color-singlet
assembly of a quark and an antiquark independently
confined by an effective and average flavor independent
potential in the form: UðrÞ ¼ 1

2
ð1þ γ0Þðar2 þ V0Þ where

(a, V0) are the potential parameters. It is believed that the
zeroth-order quark dynamics generated by the phenom-
enological confining potential UðrÞ taken in equally mixed
scalar-vector harmonic form can provide an adequate tree-
level description of the decay process being analyzed in this
work. With the interaction potential UðrÞ put into the
zeroth-order quark Lagrangian density, the ensuing Dirac
equation admits a static solution of positive and negative
energy as:

ψ ðþÞ
ξ ðr⃗Þ ¼

� igξðrÞ
r

σ⃗:r̂fξðrÞ
r

�
Uξðr̂Þ

ψ ð−Þ
ξ ðr⃗Þ ¼

� iðσ⃗:r̂ÞfξðrÞ
r

gξðrÞ
r

�
Ũξðr̂Þ ðA1Þ

where, ξ ¼ ðnljÞ represents a set of Dirac quantum
numbers specifying the eigenmodes; Uξðr̂Þ and Ũξðr̂Þ
are the spin angular parts given by,

Uljmðr̂Þ ¼
X
ml;ms

	
lml

1

2
msjjm



Yml
l ðr̂Þχms

1
2

Ũljmðr̂Þ ¼ ð−1Þjþm−lUlj−mðr̂Þ ðA2Þ

With the quark binding energy Eq and quark mass mq

written in the form E0
q ¼ ðEq − V0=2Þ,m0

q ¼ ðmq þ V0=2Þ
and ωq ¼ E0

q þm0
q, one can obtain solutions to the result-

ing radial equation for gξðrÞ and fξðrÞ in the form:

gnl ¼ Nnl

�
r
rnl

�
lþl

expð−r2=2r2nlÞLlþ1=2
n−1 ðr2=r2nlÞ

fnl ¼ Nnl

�
r
rnl

�
l
expð−r2=2r2nlÞ

×

��
nþ l −

1

2

�
Ll−1=2
n−1 ðr2=r2nlÞ þ nLl−1=2

n ðr2=r2nlÞ
�

ðA3Þ

where, rnl ¼ aω−1=4
q is a state independent length param-

eter, Nnl is an overall normalization constant given by

N2
nl ¼

4ΓðnÞ
Γðnþ lþ 1=2Þ

ðωnl=rnlÞ
ð3E0

q þm0
qÞ

ðA4Þ

and Llþ1=2
n−1 ðr2=r2nlÞ etc. are associated Laguerre polyno-

mials. The radial solutions yields an independent quark
bound-state condition in the form of a cubic equation:ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðωq=aÞ
q

ðE0
q −m0

qÞ ¼ ð4nþ 2l − 1Þ ðA5Þ

The solution of the cubic equation provides the zeroth-
order binding energies of the confined quark and antiquark
for all possible eigenmodes.
In the relativistic independent particle picture of this

model, the constituent quark and antiquark are thought to
move independently inside the Bc-meson bound state with
momentum p⃗b and p⃗c, respectively. Their momentum
probability amplitudes are obtained in this model via
momentum projection of respective quark orbitals (A1)
in the following forms:
For ground state mesons:(n ¼ 1,l ¼ 0)

Gbðp⃗bÞ ¼
iπN b

2αbωb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEpb

þmbÞ
Epb

s
ðEpb

þ EbÞ exp
�
−
p⃗b

2

4αb

�

G̃cðp⃗cÞ ¼ −
iπN c

2αcωc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEpc

þmcÞ
Epc

s
ðEpc

þ EcÞ exp
�
−
p⃗c

2

4αc

�
ðA6Þ

The binding energy of constituent quark and antiquark in
the parent and daughter meson in their ground-states are
obtained by solving respective cubic equations representing
appropriate bound state conditions (A5).
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