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In this work, we discuss exclusive semileptonic B,.-meson decays: B, — 1.(J/w)lv and B, - D(D*)lv
in the framework of the relativistic independent quark (RIQ) model based on an average flavor independent
confining potential in equally mixed scalar-vector harmonic form. We calculate the invariant form factors
representing decay amplitudes from the overlapping integrals of meson wave functions derivable in the
RIQ model. To evaluate the lepton mass effects in the semileptonic decays, we first study the ¢>-
dependence of the form factors in the accessible kinematic range of ¢> involved in the decay process in its
e~ and 7~ mode separately. Similar studies on helicity amplitudes, g>—spectra for different helicity
contributions, and total g>-spectra for each decay process are carried out separately in their e~ and 7~
modes. We predict the decay rates/ branching fractions, forward-backward asymmetry, and the asymmetry
parameter in reasonable agreement with other model predictions, which can hopefully be tested in future
experiments at the Tevatron and LHC. We also predict the observable 'R’ which corresponds to the ratio of
branching fractions for the decay process in its ¢~ mode to its corresponding value in the 7~ mode. Our
results are comparable to other standard model(SM) predictions which highlight the failure of the lepton
flavor universality hinting at new physics beyond SM for the explanation of the observed deviation of

observable 'R’ value from the corresponding SM predictions.

DOI: 10.1103/PhysRevD.104.036012

I. INTRODUCTION

B.-meson is the lowest bound state of two heavy quarks
(charmed and bottom) with open(explicit) flavors. As far as
bound state characteristics are concerned, B.-meson is
quite similar to charmonium (c¢ bound state) and botto-
monium (bb bound state). The double heavy quarkonia
with hidden (implicit) flavors, can decay strongly and
electromagnetically whereas B.-meson decays weakly
since it lies below the BD threshold. That makes it an
ideal system for the study of heavy quark dynamics. As
such B.-meson has a long lifetime. Both its constituent
quarks (b, ¢) being heavy they can decay yielding a large
number of B.-meson weak channels with sizeable branch-
ing fractions. Although it lies intermediate in mass and size
between charmonium and bottomonium family where
heavy quark interactions are understood rather well, many
aspects of the weak interaction in the B,.-sector remain
obscure due to lack of adequate data.
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Ever since its discovery at Fermilab by the CDF
Collaboration [1], a series of experimental probes have
been made yielding only a few observed data so far. The
B.-meson lifetime has been measured [2-5] using the
decay channels: B — J/wl*y, and BF — J/yrn*.
A more precise measurement of its lifetime and mass by
LHCb [6] yields 75_= 0.5178(stat) £ 0.03(syst) ps and
Mg =6.40+0.39 £ 0.13 GeV, respectively, using the
decay mode B, — J/wlv,; X, where X denotes any possible
additional particle in the final state. The mass of the excited
state: B.(2S) has also been observed by the ATLAS
Collaboration [7] in their analysis of the decay channel
B.(2S) —» B.(1S)z~z" by using 4.9 fb~! of 7 TeV and
19.2 tb~! of 8 TeV pp collision data. The current Run II at
Tevatron [8,9] and upcoming Run IIT at the CERN LHC as
well as the ete™ experiment by Belle-II are designed to
boost the heavy flavor physics measurement scenario in
near future. The dedicated detectors at B TeV and LHCb
specially designed to enhance the event accumulation rates
are expected to provide high statistics B.-events at the rate
of 10'° events per year.

Among various weak decays of B.-meson, its semi-
leptonic(s.l.) decay mode is significant, since
B.-meson is first observed by CDF Collaboration [1] in
their analysis of the decay mode B. — J/wlv, with J/y
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decaying into muon pair. Besides extracting the accurate
value of Cabbibo-Kobayashi-Mashakawa (CKM) matrix
elements, the study of s.l. decays help in examining the
universality of coupling of three charged leptons in the
electroweak interactions. Thus, it provides a powerful tool
for testing the SM and searching effects of physics beyond
SM. Due to their simple theoretical description via tree-
level processes in the SM, the analysis of semileptonic
decays helps in separating the effects of strong interaction
from that of the weak interaction into a set of Lorentz
invariant form factors. The study of s.l. decay processes,
therefore, reduces to a calculation of relevant form factors
in a suitable phenomenological model framework.

The transition form factors parametrizing s.. decay
amplitudes are evaluated from the overlapping integrals of
meson wave functions obtainable in different theoretical
approaches. Some of them include the potential model
approach [10], the Bethe Salpeture approach [11,12], rela-
tivistic constituent quark model on the light front [13,14],
three-point sum rule of QCD, and nonrelativistic QCD
(NRQCD) [15-17], relativistic quark model based on the
quasi-potential approach [18], nonrelativistic quark model
approach [19], the Baur, Stech-Wirbel framework [20],
perturbative QCD(PQCD) approach [21,22], the covariant
confined quark model approach [23-26] and the lattice QCD
approach [27]. The relativistic independent quark (RIQ)
model, developed by our group and applied extensively in the
description of wide-ranging hadronic phenomena including
the static properties of hadrons [28], and their decay proper-
ties such as the radiative, weak radiative, rare radiative [29];
leptonic, weak leptonic, radiative leptonic [30], and non-
leptonic [31] decays, has also been applied in analyzing the
s.l. decays of heavy flavored mesons [32-35].

It may be noted here that our analysis based on the
vanishing lepton mass limit may be considered reasonable
in the description of semileptonic decay modes [32-35]
where only the 3-vector (or space component) hadronic
current form factors contribute to the decay amplitudes.
The scalar-(time component) hadronic current form factor
is not accessible in such a description. However, such an
approach is not applicable in describing the semi-tauonic
decay modes where both space and time component
hadronic current form factors contribute to the decay
amplitudes. A series of measurements for semi-tauonic
decays: B — D(D*)rv, have been reported by BABAR
[36,37], Belle [38—40], and LHCb [41,42]. Recently, the
measurement for B, — J/wzv, has also been reported by
LHCDb Collaboration [43].

One of the most puzzling issues in recent years in flavor
physics has been the observed deviation of the observable:

R(J/y) = %m which corresponds to the ratio of

branching fractions, over the SM predictions. The meas-
urement by LHCb Collaboration [43] yields R(J/w) =
0.71 £0.17 £0.18 whereas the central values of the
current SM predictions are in the range of 0.25-0.28 which

is about 20 lower. Here the spread of SM prediction is due
to the choice of modeling approach [44—47] for the form
factors. For definiteness, the most recent result [48] used as
SM values is R(J/y) = 0.283 +0.048. This anomaly
between the observed data and corresponding SM predic-
tions hints at the failure of lepton flavor universality.
Attempts have been made to explain the discrepancy via
the possible extension of the SM that involves an enhanced
weak coupling to three charged leptons and quarks in
electroweak interactions.

The s.1. decay modes: B, — n.(J/w)ly, are induced by
the quark level transition: b — cly,. Identical to these
modes, B, — D(D*)ly; are induced by b — uly; at the
quark level. The kinematic range of ¢ for the former class
of modes is 0 < ¢g> < 10 GeV?, whereas the g* range for
the latter type decay modes is 0 < ¢g> < 18 GeV?. In the
parent(B.-) meson rest frame, the maximum recoil
momenta of the final state charmonium(,, J/w) or charm
mesons(D, D*) can therefore be estimated to be in the same
order of magnitude as their masses. With these kinematic
constraints, it is interesting to analyze the decay modes:
B. = n.(J/w)ly;and B, - D(D*)lv,. A recent analysis of
these decay modes by different theoretical approaches has
reported their standard model predictions [25,46,49] on the
observables: R(D),R(D*),R(n.), and R(J/y).

It is worthwhile to note here following few points: (1) In
our RIQ model, the relevant form factors are evaluated in
the full kinematic range of momentum transfer squared g2,
which makes our prediction more accurate. In some of the
theoretical approaches cited above, the form factors are
determined first, with an endpoint normalization at mini-
mum ¢ (maximum recoil point) or maximum g> (mini-
mum recoil point). Then they are phenomenologically
extrapolated to the whole physical region using some
monopoles/ dipoles /Gaussian ansatz which makes form
factor estimation less reliable. (2) We would evaluate the
relevant hadronic current form factors (vector as well as
scalar parts) to analyze all possible s.I. B.-meson decay
modes induced by b — cly; and b — uly, transition at the
quark level. In doing so we intend to study the lepton mass
effects in the s.I. B.-decays and predict the observables R in
comparison with other SM predictions. (3) We shall update
some input hadronic parameters in our calculation accord-
ing to the Particle Data Group [50].

The paper is organized as follows. In Sec. II we discuss
the general formalism and kinematics for B.-meson s.l.
decays. We provide a brief description of the RIQ model
framework and extract model expression of transition form
factors in Sec. III. Section IV contains our numerical results
and discussion. In Sec. V we briefly summarize our results.

II. GENERAL FORMALISM AND KINEMATICS

The invariant matrix element for exclusive s.l.
B.-decays: B, — n.(J/w)l"p; and B, — D(D*)l"p; is
written in the general form:
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M(p7k’ kbkv) :\g/_%qu’Hﬂ(lLk)’cﬂ(klvkb) (1)

where G is the effective fermi coupling constant, V,, is
the relevant CKM parameter, £# and Hﬂ are leptonic and
hadronic current, respectively given by

-

a(ky)yr(1 - ys)o(k,)
X(K, Sy)|JH(0)|B(B. S8.))  (2)

L (kh kl/)
Hﬂ(p’ k)

Here J Z =V,—A, is the vector-axial vector current;
q' = ¢, u. We take (p, k) as four momenta of the parent
(B.) and daughter(X) meson with their respective spin
state: Sp_and Sy, mass: M and m. k; and k, are the four
momenta of lepton and lepton neutrino, respectively. g =
p — k = k; + k, represents the four-momentum transfer.

The hadronic amplitudes are covariantly expanded in
terms of a set of Lorentz invariant form factors.

For (0~ — 07) type transitions, it is defined as

M, (B, — (¢c/uc)s_g) = (p +k),F(4*) + q,F-(q°)
(3)

For (0~ — 17) type transitions, the expansion is

(B = (€/c)se1) = s help + BgAa(a?)

+(p+ k), (p+4h),A(q%)
+q,(p +k),A(q%)
+ieuoap(p + K@’V (g?)}  (4)

The angular decay distribution differential in the momen-
tum transfer squared g is obtained in the form [24]

dar Gr (% = m?)? -
= Vigl? L2 |k|Lro 5
dg*dcos® (2x)3 [Vog 8M22 |k|LHH,,  (5)

Here £¢° and 'H,, are the lepton and hadron tensor,
respectively; m; is the mass of charged lepton. The

lepton tensor LK =3 ;5 LFL°T is summed over lepton
spin indices: §;, §,. The hadron tensor H,, =
S Hu(p. k) HE(p, k) on the other hand, is summed over
the daughter meson polarization index A. In our normali-

zation, £/ is obtained in the form

g’ —mj
£ = 8{k’,’ K + kfKL — g <2l> * ie””“’}"fakuﬂ}

(6)

where £#° and L. refer to the lepton pair: [, and
lv,, respectively. They differ in sign of the parity-odd
e-tensor  contribution. The hadron tensor H,, =

S H,u(p. k)HE(p, k) on the other hand, is summed over
the daughter meson polarization index A. It corresponds
to the tensor product of hadronic matrix elements
defined above.

It is convenient to express physical observables on a
helicity basis. On this basis, the helicity form factors can be
expressed in terms of the Lorentz invariant form factors that
represent the decay amplitudes. Then one can perform the
Lorentz contraction in Eq. (5) with the helicity amplitudes
as done in [24,51-53]. For this we consider appropriate
helicity projections e/ (m) of the covariants in Egs., (3) and
(4). There are four covariant helicity projections out of
which three projections are orthogonal to the momentum
transfer g i.e., €/(m)g, =0 for m = +,0 and this con-
stitutes spin 1 part of the W g g involved in the decay
process. The spin O (time-)component m =t of the

Wosishenn has the property e*(1) = \}’—%. The orthogonality

and completeness relations satisfied by the helicity pro-
jections are

e;(m)eﬂ(n) = Ymn (m9 n=t=x, 0)
eﬂ(m)el-'(n)gmn = Yuo (7)
with g,,, = diag(+, —, —, —). Since we would like to study

the lepton mass effect in the present investigation of s.l.
B.-meson decays, we include the time component polari-
zation €(f) in addition to its other three compo-
nents: m = =+, 0.

Using the completeness property the lepton and hadron
tensors in Eq (5) can be re-written as follows.

‘CWHMU = ‘Cll'a’gﬂ /”ga/gHﬂa
= ‘cﬂ’ﬁ’eﬂ/ (m)eli (ml)gmm’egf (n)GG, <n/)gnn’Hﬂ5
- L<m’ n)gmm’gnn’H(m/n/) (8)

Here lepton and hadron tensors are introduced in the space
of helicity components:

H(m,n) = e’ (m)e®(n)H,, 9)

For the sake of convenience, we consider here two frames
of reference: (i) the Iy or Iv center-of-mass frame and
(ii) parent (B.)-meson rest frame. We evaluate here the
lepton tensor L(m, n) in the lv or [y c.m. frame and hadron
tensor H(m,n) in the B_-rest frame.
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A. Hadron tensor

In the B, -rest frame:

P =(M.0,0,0)
k= (E;,0,0,[K])
7" = (¢°,0,0,]k|) (10)
where
M2 2_ 2
g _MAm—g
oM
o M2 —m? + ¢
oM
E.+q¢"=M
q" =+ kP
5 1
|k|2+Ek610=§(M2—m2—612)~ (11)

In the B.- rest frame, the polarization vectors of the
effective current are

1 -
e'(t) = \/—?(40’0’0, k|)
et(+) = \}E(O,ZF 1,-i,0)
e (0) = —— (1R1.0.0. go). (12)

In the basis (12), the helicity components of the hadronic
tensors can be expressed through the invariant form factors
defined in Egs. (3) and (4).

For B, — (¢c/uc)q_ transition:

H(m,n) = (e‘ﬂ(lva)?'(ﬂ)(e"T (m)H,)" = HmHI,. (13)

Then the helicity form factors are expressed in terms of the
invariant form factors as

1
H,:\/?{(p+k)-(p—k)F++q2F-}
H:t :0
H, = 2MIK (14)

e

For B. — (¢c/uc)g_, transition, the nonvanishing helicity
form factors are given by
H, = e (m)H,.e5 (m) form=+0 (15)

and

H, = e (t)H €5 (0). (16)

As in Eq. (13), the hadronic tensor, in this case, is also
given by H(m,n) = H,,H}, To express the helicity form
factors in terms of the invariant form factors (4), it is
necessary to specify the helicity components e, (m)(m =
+,0) of the polarization vector of the (¢c/uc)g_, state.
These components are

(£) = —(0,£1,—i,0)

-5

¢3(0) = —([k],0,0,~Ey). (17)

They satisfy the orthonormality and completeness relations

6";1-(7')62”(S> = _5rs
K.k,

€2,,<r)€£6(s)5” =—Guw T 7 (18)

With this specification of the helicity components, the
desired relations between the helicity form factors and the
invariant form factors are obtained in the form:

H, = dﬁ(t)eg-r(())H/m

_ 1 MK 2

= mm—\/?{(l? +k).q(-Ag+A,) +q°A_}
e (£)eg' (+)H

pa

T
H,
|

— i (4 R0 7 2MY)

Hy = "7 (0)e5" (0)H,,q
R 1
a (M +m) 2m\/?
+AMP|KPAL Y. (19)

{=(p +k).q(M?> —m* — ¢*)A,

B. Lepton tensor

In the (ID)-c.m. frame (I;, +k=g= 0): the relevant
four momenta are

7" =(1/4*.0.0.0)
K= (k] k| cos6)
k’;:(E,,—|k7|sichos;(,—|k_;|sin@sin;g,—|k7|cos€) (20)

k;| sin@siny,

k;|sin@cosy,

qz-‘rml2 T qz—mf

o/ k)| = e and decay angles (6, y) are
respectively, the polar and azimuthal angle of the lepton
momentum in (/7) c.m. frame. In this frame the longitudinal

and time-component polarization vectors are given by

where E; =

036012-4
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(1) = %(1,0,0,0)
e(4) :\2(0,;,-@0)

(21)

Using Eq. (6) and (21), it is straightforward to evaluate the
helicity representation L(m, n) of the lepton tensor.

In the present analysis we do not consider the azimuthal
y distribution of the lepton pair and therefore integrate over
the azimuthal angle dependence of the lepton tensor; which
yields the differential (g2, cos @) distribution in the form:

dar 3 dar 3 dar
—_— = — 1 29 7[] 1 26714
dfcosf gl TS Oy gsint 0.5
3 daty 3 ., diy 3 dr;
$Zcosé?d—qz+zsm29d—qz+§coszed—qz
1dl's dls,
+§d—qz+ 3cosé a7 (22)

The upper and lower signs associated with the parity-
violating term in Eq. (22) refer to two cases: "0 and [Ty,
respectively. Out of seven terms in the rhs of Eq. (22), four
terms identified as “tilde” rates I'; are linked with the lepton
mass and the rest are lepton mass-independent terms,

2
identified as I'; and both are related via a flip factor ;”7@ as:

dfi_ m12 dF,»
dq2_2q2dq2.

(23)

The tilde rates do not contribute in the vanishing lepton
mass limit. They can be neglected for e and ¢ modes but
they are expected to yield a sizeable contribution to the
r-modes. Therefore the tilde rates are crucial in evaluating
the lepton mass effects in the s.I. decay modes. The

differential partial helicity rates % are defined by

dr; g} (612 - m%)

2
=T |V,.|? k|H;.
dq2 (2”)3 | bq | 12m%q2 | | i

(24)

Here H;(i = U,L, P, S, SL) represents a standard set of
helicity structure function given by linear combinations of

helicity components of hadron tensor H(m, n) = H,,H}:

Hy=Re(H, H")+Re(H_H'): Unpolarized-transversed
H, =Re(H,H}): Longitudinal
Hp=Re(H H')—Re(H_H'): Parity-odd
Hg=3Re(H,H]): Scalar

Hgs =Re(H,H 8) : Scalar-Longitudinal Interference

Here we assume throughout that the helicity amplitudes are
real since the available ¢’- range: (¢°> < (M —m)?) is
below the physical threshold g*> = (M + m)?. Therefore
we drop the angular terms that are multiplied by coef-
ficients Im(H;H?), i # j*.

Then integrating over cos @ one gets the differential ¢°
distribution and finally integrating over g2, one obtains the
total decay rate I'" as the sum of the partial decay rates :
I=(i=ULP)and T;(i=U,L,S, SL).

A quantity of interest is the forward-backward asym-
metry App of the lepton in the (/Z) c.m. frame which is
defined as

3{ +P +4SL } 25)

App == = .
AU+ O+ L+L+5

Another quantity of interest is the asymmetry parameter o*
which is defined by rewriting Eq (22) in terms of its cos? 6"
dependence i.e., dI' « 1+ a*cos?@*. The asymmetry
parameter @* which determines the transverse and longi-
tudinal composition of final state vector meson is given by:

a*_U+U—2(L+Z+§)
U+ U42(L+L+Y9)

(26)

We list our predictions on helicity rates I';, I';, Ar and o
in Sec. IV.

III. TRANSITION MATRIX ELEMENT AND WEAK
FORM FACTORS

The decay process physically takes place when partici-
pating mesons are in their momentum eigenstates. Therefore,
in the field-theoretic description of any decay process, it is
necessary to represent the meson bound-states by appro-
priate momentum wave-packets reflecting momentum and
spin distribution between constituent quark and antiquark
inside the meson core. In the RIQ model, the wave packet
representing a meson bound state |B.(p. Sg_)), for example,
at a definite momentum p and spin Sp is taken in the
form [29-35]

1B(p.S5,)) = A(B. Ss)|(Py. 2 )i (PeAc))  (27)

where |(Py, 45); (Pe, Ac)) is the Fock space representation of
the unbound quark and antiquark in a color-singlet configu-
ration with their respective momentum and spin: (pj,4;)
and (p,.A.). Here b,"(p),.A,) and b,7(p..,) denote the
quark-antiquark  creation operator, respectively and
A( .S p,) is taken as a baglike integral operator in the form:

036012-5
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A(p,Ss,) \/_ch,, (A e /d3phd3pc5(3>
X (P + pe + P)Gs, (P Pe) (28)

Here +/3 is the effective color factor,{ ff (Ap, A.) is the SU(6)

spin-flavor coefficients for B.-meson and N(p) is the
meson-state normalization obtained in an integral form:

N(F) = / PG (- (29)

by i 1mposmg the normalization condition (B.(p)|B.(p')) =
8*(p — p'). Finally Gg_(Py, P — Py) is the effective momen-
tum distribution function for the quark(b) and antiquark(c)
pair in the meson core. In terms of individual momentum
probability amplitudes: G, (p}) and G.(p,.) of the constitu-
ent quarks, G (p},, p — P}) is taken in the form:

G, (Phs P = Py) =V Gy(P))Ge(P ~p)  (30)

in the straightforward extension of the ansatz of Margolis
and Mendel in their bag model description [54]. The quark
orbitals derived in the framework of the RIQ model and
corresponding momentum probability amplitudes are briefly
discussed in the Appendix. In the wave packet representation
of meson bound-states (27)—(29), the effective momentum
distribution function, here, embodies the bound-state char-
acter inherent in |B..(p. S )). Any residual internal dynam-
ics responsible for the decay process can be described at the
level of otherwise unbound quark and antiquark using usual
the Feynman technique. In the straightforward calculation of
the appropriate Feynman diagram shown in Fig. 1, the
constituent level S—matrix element S??C'” is obtained for

c

FIG. 1. Semileptonic decay of B, meson.

the decay process induced by b — c,u transitions. The
quark level S—matrix element Sj’p,.—“"” when operated upon
by the bag like operator A in (28) yields the mesonic level
S—matrix in the form:

B.—(¢c/uc)system
Sti

A ob—c/u
— Asy! (31)
A. Transition amplitude

The S—matrix element for the decay process B, — X1,
depicted in Fig. 1 is written in general form:

.Gr 1
St ===V ju7a—7
! V2 (2

X X (k)| (xa) T (x

<l(lgl7 51)171(16_1:7 61/)

1)|B.(P. Sp,)) (32)

where the leptonic weak current COl’ltI'ibllﬁOl’l is

l k 5 14 k 5 .} X 0 — —l( : b) - E 33
’ [ 20 %

<( I l) l( )| I( 2)| > (2 )3 /72E12E ( )

with

o= a(k. 5 o(k,.8,). T =

6151/

(1 =yvs). (34)

This along with the hadronic amplitude "H’ obtained from
the overlapping integral of meson wave functions in terms
of the wave packet representation of the participating
meson states, one gets the S—matrix element for the decay
process in the standard form:

Spi= Qn)*6W(p—k—k —k )(—Mﬂ)

1
* \/ (27)°2E}, \/2Ef (27)?

The hadronic amplitude H,
obtained as:

(35)

in the B.— rest frame is

4MEk

, /2E 2Ek+pb'

><GBC(IT;,,—pl)gx(kva?n—p2)<Sx|J,’3(0)ISB) (36)

where E, and E, ., stand for the energy of the non-
spectator quark of the parent and daughter meson, respec-
tively, and (Sx|J7(0)|S_) represents symbolically the spin
matrix elements of vector-axial vector current.

B. Weak decay form factors

For 0~ — O~ transitions, the axial vector current does
not contribute. The spin matrix elements corresponding to
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the nonvanishing vector current parts are obtained in the
form:

(El?h + mh)(EI’L-/u + mc/u) + |ﬁb|2

V Ep, +mp)(Ey, +mes,)
(37)

(Sx (k)| VolS5 (0)) =

(E,, + mp)k;
V(E,, +mp)(Ep, ik +mep)

(Sx(k)|Vi]S5,(0)) = (38)

With the above spin matrix elements, the expressions for
hadronic amplitudes (36) are compared with corresponding
expressions in Eq. (3) yielding the form factors f, and f_
for 0 — 0~ transition in the form:

\/7/dpbg3 (Pb» Pb)gx(k+pb’ pb)
N (0

8 (Eq, +mp)(Ep,,, +mep) + [Py £ (Ep, +mp)(M F Ey)

For (0~ — 17) transitions, the spin matrix elements cor-
responding to the vector and axial-vector current are found
separately in the form:

(Sx(k, )| VoS, (0)) = (40)

(Sx (k. €")|VilSs (0)) =

\/(Eph + mh)(pr+k + mc/u)

(Sx(K.€)|Ai|Sp(0)) =

(Sx (k. €")|Ao|S5, (0)) =

\/(E + mb)(pr+k + mc/u)

With the spin matrix elements (40)—(43), the expressions

(39)
prEpc/u (pr + mb)(Epp/,, + mc/u)
[
1 Mm
Ao(qz) = =
(M —m) \[ Ny (0)Nx(k)
x / d5Gs, (P —5)Gx(k + P — )
> 12
(EI’;; + mb)(E(l)J Ju + mﬂ/u) - ‘pbl (45)
i(EPb + mb)(é* X l_é)z \/pr Pe/u pr + mb)(Ep Ju + mC/u)
41y with E) =\ /[Pejul* +mZ), and
ap Aslg) = M),
(Ep, +mp)(Ep, i+ mep) =% - 2M(M + 2E,)
E, +my)(Ep, 1k + My 3(M FE
V B+ ) Epss F e x {T IMFE) G m-my|  (46)
(42) (Ej —m?)
where T' = J — (*3™)A,, with
(E + my)(e*.k)
= | — = | dpyTs, (P =P Gx (K + Py =)
(43) N, (0 Nx /
% pr + mb) (47)
prEp c/u (Epc/u + mc/u>

for hadronic amplitudes (36) are compared with corre-
sponding expressions in Eq. (4). The model expressions for

form factors: V(q?),A¢(¢*),A.(¢°) and A_(q*) are
obtained in the form:
vig) =2t ) P )
X gX(k + p_;l’ _ﬁh)
E
x (Ep, +m) (44)
pr Epc/u (Epc/u + mc/u)

= %/dq > o ]_é_’_ L
NB[(O)NX(]_E) PG, (Pb. —Pb)Gx (kK + Py —Dp)

(Ep, +my)(EY,, +mg,) — B

\/pr Do (Ep, +mp)(Ep, +mep,)

(48)

With the relevant form factors thus obtained in terms of
model quantities, the helicity amplitudes and hence the
decay rates for B. — 5.(J/y)lp; and B, - D(D*)lp; are
evaluated and our predictions are listed in the next section.

036012-7



NAYAK, PATNAIK, DASH, KAR, and BARIK

PHYS. REV. D 104, 036012 (2021)

IV. NUMERICAL RESULTS AND DISCUSSION

In this section, we present the numerical results on
exclusive semileptonic decays: B. — 5.(J/w)lp; and
B. — D(D*)lp,. The dynamics underlying the decay proc-
ess are well understood in the framework of the suitable
phenomenological model by comparing the model predic-
tions on observables with other model predictions.
For numerical analysis, we use the RIQ model parameters
(a,Vy), quark mass 'mj, and quark binding energy
'E, as [28]

(a.Vy) = (0.017166 GeV?, —0.1375 GeV)
(my, m.,m,) = (4.77659, 1.49276,0.07875) GeV

(E,,E., E,) = (4.76633,1.57951,0.47125) GeV ~ (49)
The input parameters (49) have been fixed in the early
application of the RIQ model by fitting the data of heavy
flavored meson while reproducing hyperfine mass-splitting
in the heavy flavor sector. Using the same set of input
parameters, wide-ranging hadronic phenomena have been
described [29-35] in this model. For CKM-parameters and
B.—meson lifetime, we take their central values from the
Particle Data Group (2020) [50] as:

(Vper Viu) = (0.041,0.00382)

7p. = 0.510 ps (50)

and for the physical mass of participating mesons, we take
corresponding recorded values [50] as:

M =My = 62749 GeV
(. ) = (2.9839,3.0969) GeV

With these input parameters (49)—(51) the Lorentz invariant
form factors: (F.,F_;Ay,A,,A_,V) representing decay
amplitudes can be calculated from the overlapping integral
of participating meson wave functions. We first study the
g*—dependence of the invariant form factors in the
allowed kinematic range. We plot it in Figs. 2 and 3 for
s.l. B.-decays: B, — n.(J/w) and B.— D(D*), respec-
tively in their ¢, u~ and 7 -modes over the accessible
kinematic range. We find the behavior of form factors in
e~ and p~-mode overlap in the entire kinematic range:
0 < ¢* < g2« This is because of an insignificant change in
the phase space boundary going from e~ to g~ mode and as

. oo ME—m2 .
one can see here the maximal lepton energy shift =557 is

invisible at the usual scale of the plot. On the other hand for
the 7~ mode decays, the relevant form factors behave
differently throughout the accessible kinematic range of
G2 < % <GPy, Where g2 is+ve and away from ¢* — 0.
The 7—phase space, as compared to the ¢~ and u~ cases is
considerably reduced and shifted to a large g>—region.
Therefore, in the present analysis, we shall consider decays
in the e~ and 7~ modes only for evaluating the lepton mass
effects on the s.I. B. meson decays.

As mentioned earlier it is convenient to calculate decay
amplitudes in the helicity basis in which the partial helicity
rate and total decay rates are expressed in terms of helicity
form factors. On this basis, the expressions for the relevant
helicity form factors have also been obtained in terms of
invariant form factors (14), (19). Using the helicity form
factors it is straightforward to obtain partial helicity
rates: 2t (without flip) and ;liqz (with flip) for all four decay
modes considered here. Since our main objective is to
evaluate the lepton mass effects on s.l. decays, we would
like to study the g>-dependence of the helicity form factors
and partial helicity rates as well as g>-spectra of s.1. decay
rates, separately in their e~ and 7~ modes. For this, we first
rescale the helicity form factors according to

(mp,mp-) = (1.86483,2.0068) GeV.  (51)
B.-n,)
2 2
| |— r@ — F@
=< PFq)
) -1
B P
Z -
= £
W ;
g g
g T g
< S~
£ Ry &
S - s — -1
..
= L ] ! : ! g
“ 5 10 0 5 10 15
qelinGcV"’)

B —Iy)
15 T :
Lo agad “AfQ)

0H— AJ‘{) i — A,(q:)_ 0
. == A@) -~ A@)
3 — V@) = V(@) _
g 5 =] 2

(<}

= g
e g
B =
] 1 -0 &
= £
g E
bl
g7 £
£ b

10 Tl =l T —-10

| | | |
13 5 10 0 s 10 15
q’(in GeV?)

FIG. 2. The g*-dependence of invariant form factors for semileptonic B, — 1.(J/y) decays.
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h; = A(¢*)H;, j=0,+,— (for no flip case) (52)
and for flip cases
7 ml2 2 .
h; = @A(CI )Hj, j=0,+,
~ m2
~h, =\ |5 5V3A(G)H, (53)
2q
where
Gr (4 —m}\ [Iklg
Al@?) = 22 (——L )\ [ =5V 54
@ =g () W s
and zm—qi: denotes a flip factor.

In terms of the rescaled helicity form factors, the angle
integrated differential g-rate is expressed as:

= Sl S e,

0,+,— £,0,+,—

(55)

In Fig. 4 we plot the g>—dependence of the rescaled
helicity form factors &; and h ; for B, - n, and B, - D
decays, respectively in their e~ and 7~ modes. We find in
both the decay processes, the longitudinal no-flip amplitude
hg is reduced in the low g> region going from e~ to 7~
mode. This reduction is due to the thresholdlike factor;
2

2_
1 qzm’ appearing in the rescaled helicity amplitude. The

longitudinal flip amplitude 7, is further reduced by the flip

factor ;"7’2 The large value of the scalar flip amplitude 7,
is attributed to the fact that timelike (scalar-)current

B,-D"
0——T——T7— T — 77— 10
| .. Ao(q-) | .. Ao(q.)
—_— A'(q') , — A+(q_)
—— 2 ? -— A 2 !

5 sk A_(q}) e K ‘(qg) 2 s

¥ ‘= V@) 7 T V@) i -~
g § 3
=) £
e ;
g ©
' =]
° =4
=l -0 g
% g
o &
o L -

g [ £
B [~-ee_ — 4
£ sk S -+~ Tael -

\\ S
N\\ \\\‘
- SN Nw
\\ \\
AN ~
\ \\
1 1 L M I IR B
10 5 10 15 0 5 10 15 10
q’(in GeV?)

The ¢>-dependence of invariant form factors for semileptonic B, — D(D*) decays.

contribution here proceeds via an orbital S—wave, where
there is no pseudothreshold factor to tamper the enhance-
ment at large ¢> resulting from the timelike form factor in
the helicity amplitude.

In FIG. 5 we plot the g*-dependence of the rescaled
helicity amplitudes for B, — J/y and B, — D* transitions
in their ¢~ and 7~ modes. The largest reduction occurs for
longitudinal no-flip amplitude /. Contrary to B. — 7.(D)
cases, we find here all flip amplitudes generally small
compared to no-flip amplitudes. This is attributed to the
partial wave structure of the scalar-current contribution.
The effects of the timelike(scalar)-current on s.l. decays in
7-mode have been depicted in Figs. 4 and 5. It is interesting
to see how the invariant form factors: F_(g?) and A_(q?)
dominate to determine the shape of the plot of flip helicity
component /2, over the accessible kinetic range. In B, —
n.(D) cases, the contribution of F_(g*) to the timelike
helicity form factor is destructive. Hence, corresponding
rescaled helicity amplitude A, increases when F _(q?) is
switched off, as shown in Fig. 4. Since |i,|? gives dominant
contribution to the decay rate, an accurate determination of
the s.I. B. — 5, and B. — D decays in their z-mode would
allow one to extract information on the sign and magnitude
of the scalar-invariant form factors. On the other hand, the
contribution of scalar form factor A_(¢?) in B, = J/y(D*)
cases is constructive. Consequently, %, decreases when
A_(g?) is switched off. This is shown in Fig. 5.

In Fig. 6 we plot the g>-spectra for B, — n.(e”,77) and
B. — D(e”,77) decay modes for different helicity con-
tributions. In these cases we find a considerable reduction
of longitudinal no-flip contribution, going from e~ and 7~
mode. It is also noteworthy to find that, a sizeable
contribution to the differential decay rate here comes
from the scalar-flip component over the allowed kinematic
range.
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FIG. 5. Reduced helicity amplitudes /4; and l~1i(i = 1,4, —,0) as functions of ¢> for semileptonic B, — J/y and B, — D* decays.

In Fig. 7 we plot the ¢>-spectra for B, — J/y/(e™,77)
and B. — D*(e”,77) modes. We find here the spin-flip
component negligible compared to no-flip parts except in
the B, — D* case where the scalar flip part S of the helicity
amplitude provides a sizeable contribution in high g>-
region. The helicity rates appear to be uniformly reduced
going from e~ to 7~ mode, except for the longitudinal
contribution which is disproportionately reduced due to

thresholdlike factor ql;zn i

In Fig. 8 and 9, we plot the total g>-spectra: ;—"qrz for the s.1.
decays B. — n.(J/y) and B.— D(D*), respectively in
their e~ and - modes. For B. — 7. decay in e~ mode, the
g*-spectra increases rapidly in small g>-region near ¢g> — 0
to a peak value, and then it flattens with a slow rise to
another peak at g> ~ 6.25 GeV?. Thereafter it decreases to

zero at q2 ~ 11 GeVZ2. However, in 7-mode, the spectra

originate at g> ~2 GeV? and are reduced in comparison
with e~ mode spectra within the range 2 < ¢ < 8 GeV?
beyond which it dominates over the e~ spectra contrary to
the phase-space expectations. For B. — J/y decay in its
e—mode, we find a sharper rise of spectra to a peak value
near g> — 0. This is followed by a further rise of spectra
developing a prominent shoulder at ¢~ 6.25 GeV>.
Beyond 6.25 GeV?, there occurs a sharp fall of the spectra.
In contrast to e~ mode, there occurs a considerable
reduction of spectra in 7~ mode in the physical kinematic
range of 3 < ¢> < 10 GeV?. For B, — D decay in its e~
mode, g> spectra rise very slowly from g> — 0 to a peak
value at g*> ~ 16.5 GeV? and then fall to zero value at
g* ~19.5 GeV?. In its 7~-mode the spectra are uniformly
reduced throughout. For the B, — D* case in e -mode
there occurs a sharp rise of spectra near ¢g*> — 0 to a peak
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TABLE 1. Helicity rates(in 10~'> GeV) of semileptonic B,.-meson decays into charmonium and charm-meson state:

Decay mode U U L L P S S SL r
By - n.e7v, 4.844 4.432 x 1077 15.397 x 1077 4.712 x 1077 4.844
B, - n.t7 v, 0.756 0.172 1.194 0.253 2.122
B; - J/we v, 18.634 6.052x 1077 16283 27.813x 1077 8.368 1.188 66.653 x 1077 22.856 x 1077  34.918
B; - J/yt v, 3.823 0.846 1.922 0.437 1.704 0.614 0.307 0.197 7.336
B = De7v, 0.047  4.611 x 10710 1.072x 107 4.038 x 1071 0.047
B, - Dt7v, 0.028 0.003 0.007 0.0027 0.038
B; — D*e7v, 0.2439 4x107° 0.078 7.760 x 10~ 0.169 0.081  4.092 x 10~8 3.648 x 107 0.322
B; - D*t7u, 0.113 0.015 0.0156 0.0021 0.092  0.046 0.151 0.0094 0.297

value after which it falls to a minimum value at
g*> — 3.5 GeV?2. Thereafter it witnesses further rise till a
second shoulder appears at g> ~ 16 GeV?, beyond which
there occurs a sharp fall of spectra in the high ¢” region.
However, in its 7 mode, the spectra are reduced in the low
g* region but it overtakes the e mode spectra in the high ¢*
region beyond 7.5 GeV? contrary to the naive phase space
expectations.

In Table I we list our results for the integrated partial
helicity rates: I';(i = U,L,P) and T;(i = U,L,S,SL) as
well as the total decay rates. The partial tilde rates for each
decay process in the e”-mode are found tiny as expected
from Eq. (23) and can therefore be neglected. But corre-
sponding rates in z~-mode obtained comparable to the tilde
rates, can hardly be neglected. Considering contribution
from individual helicity rates we predict the decay rates for
each process in its e~ as well as 7~ mode. Like all other
model predictions, our predicted decay rates in 7~ modes
are, in general, found smaller than that in ¢~ modes. For
B, — J/w transition, our predicted decay rate in z~-mode
is suppressed compared to its corresponding value in e~
mode by a factor of ~5; whereas for B, — 7, transition, the
suppression is by a factor of ~2. For the CKM suppressed
B. — D(D*) transitions, the 7~ -modes are down only
marginally over corresponding e~-mode.

With the central value of B.-meson lifetime: 75 =
0.507 ps and our predicted decay rates(Table I), we predict
the branching fractions (B.F.) for s.I. B.-meson decays into
charmonium and charm meson states and our results are
listed in Table II in comparison with other model pre-
dictions. The predictions, in this sector obtained from

different theoretical approaches, are in the same order of
magnitude. Like all other model predictions, we find that
our predicted B.F. for s.1. B, — J/y transition is the largest
of all and comparable to the model predictions [10,23,46].
For B, — 5, transition, our predicted branching fraction
although is down by a factor of ~2 compared to that of
[10,23,46], is comparable to that of [44,49].

As expected the B.Fs for B.— D(D*) transitions
induced by b — u transition at the quark level, are down
in comparison with that of B. — 7.(J/y). Our result for
B. — D transition agrees with those of [25,46,49]. For
B. — D* transition our result is in reasonable agreement
with those of [10,44] though it is larger in comparison with
most other model predictions by a factor of ~6 and ~10 in
their e™- and 7~ -modes, respectively.

Considering contribution from different partial helicity
rates, we evaluate the quantities of interest: the forward-
backward asymmetry App and asymmetry parameter o*.
The results are shown in Table III. For the decay into spin 0

state, App is proportional to the helicity amplitude SL,
which is also tiny in e—mode but non-negligible for
transitions in the 7—mode.

For decays into spin 1 states, we obtained Apz(e™) =
—App(et)and App(r7) # —App(rh) as shown in Table III.
This is comprehensible by looking at the expression of App
in Eq. (25). The transverse and longitudinal pieces of J/y
in B, — J/ylv are found almost equal in ¢~ mode, but the
transverse component dominates over the longitudinal part
for this transition in its 7—mode by a factor of ~2.
However, in the B, — D* transition, the transverse com-
ponent of the partial helicity rates also dominates over the

TABLE II. Branching ratios(in%) of semileptonic B, decays into ground state charmonium and charm meson state:

Decay mode  This work  [24] [46] [23] [55,56] [10] [44] [49] [25] [11,12] [57] [58]
B, — n.ev 0.37 0.83 0.81 0.98 0.75 0.97 0.59 0.44 0.95 0.86 0.162 0.45
B, = n.v 0.16 0.27 0.22 0.27 0.23 e 0.20 0.14 0.24 e e e
B, — J/wev 2.68 2.19 2.07 2.30 1.9 2.35 1.20 1.01 1.67 2.33 1.67 1.37
B. - J/wyw 0.56 0.61 0.49 0.59 0.48 e 0.34 0.29 0.40 e e e
B, = Dev 0.0037 -~ 0.0035 0.018 e 0.004 0.004 0.0032 0.0033

B. - Dw 0.0029 0.0021  0.0094  0.002 e 0.0022  0.0021

B, — D*ev 0.0251 0.0038  0.034 e 0.018 0.018 0.011 0.006

B. - D*tv 0.0230 0.0022  0.019 0.008 e 0.006  0.0034
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TABLE III. Forward-backward asymmetry Ay and the asym-
metry parameter a*.

Decay process App(l7) Apg(l™) at
B. — n.ev 2.049 x 1077 2.049 x 1077

B, = n.tv 0.357 0.357

B. — J/wev 0.180 0.180 -0.27
B. = J/www 0.093 —0.255 —0.066
B, - Dev 2.55x 1078 2.55x 1078

B, — Dw 0.210 0.210

B. — D*ev 0.394 —0.394 0.22
B, — D*tw 0.137 —0.328 -0.45

TABLEIV. Ratios of branching fractions for semileptonic B.—
decays.

Ratio of Branching Fractions(R) This work [25] [46] [49]
2.312 396 3.68 32
4.785 418 422 34

R = B(B.—n.lv)
Ne — B(B.—n.t)

_ B(Be—dfyl)
RJ/II/ — B(B.—~Jytv)

RD:B(3<—’D1D) 1.275 1.57 1.67 142

B(B.—~Dw)

R, = BB=DW) 1091 176 172 1.66
B(B.—D*tv)

longitudinal part by a factor of ~3 and ~7, respectively in
their e~ and 7~ modes. To determine the transverse and
longitudinal component of the final state vector mesons in
B. - J/yw and B, — D* transitions, we calculate the
asymmetry parameter . For B. — J/y transition, the
asymmetry parameter is found close to —27% in the e~
mode and —7% in its ¢ mode. Our predicted a* for B, —
D~ transitions is found close to +22% in the e~ mode while
it is found as low as —45% in its z~ mode. This is because
for the later case in the e~ mode the transverse component
of the helicity amplitudes provides a significant contribu-
tion compared to a tiny contribution coming from both the
longitudinal and scalar parts. On the other hand, in the 7~-
mode, the scalar flip part § of the helicity amplitude
dominates over the rest part and contributes destructively
resulting in a highly suppressed asymmetry parameter as
low as —45%.

Finally, we evaluate the observable R and our results as
listed in Table IV, are comparable to other SM predictions
which highlight the puzzle in flavor physics and failure of
lepton flavor universality. This hints at new physics beyond
SM for the explanation of the observed deviation of
observable R from the SM predictions.

V. SUMMARY AND CONCLUSION

In this paper, we analyze exclusive B.-meson decays into
charmonium and charm meson ground states in the
framework of the relativistic independent quark (RIQ)
model based on an average flavor-independent confining
potential in an equally mixed scalar-vector harmonic form.

The invariant form factors representing decay amplitudes
are extracted from the overlapping integral of meson wave
functions derivable from the model dynamics. Since our
main objective here is to evaluate the lepton mass effects on
the semileptonic B.-meson decays, we analyze B, —
n.(J/y)lv and B, — D(D*)lv in their e~ and 7~ modes
separately. For this, we study the g>-dependence of relevant
physical quantities such as the invariant form factors,
helicity form factors, partial helicity rates, and the total
g*-spectra for all decay processes analyzed in the
present work.

Considering contribution from different partial helicity
rates: j; (i=U,L,P) and jrg (i=U,L,S,SL), the total
g*-spectrum %2 is obtained for each decay process, from
which we predict the decay rates/branching fractions of the
semileptonic B.-meson decays into their e~ as well as 77-
modes. Our prediction on the decay rates/ branching
fractions for decay processes is found in overall agreement
with other SM predictions. We find that the decay rate for
B, — J/y transition is the largest of all. As expected, the
decay rates for B. — n.(J/y) transitions induced by the
quark level b — c transition dominate over those for B, —
D(D*) transitions induced by the quark level b — u
transition in their respective e~ as well as 7~ modes. We
also find that the 7~ modes for all decays are, in general,
suppressed in comparison with their corresponding
e~ modes.

Using appropriate helicity rates we evaluate two quan-
tities of interest: (1)Forward-backward asymmetry A5 and
the asymmetry parameter a*. Agp in the present analysis is
found negligible for transitions into spin O state in their e™-
mode but non-negligible in z7-mode, as expected. For
transition into spin 1 state, we also find Apg(e”) =
—App(et) and Apg(z7) # —Apg(z™). The asymmetry
parameter o, which determines the transverse and longi-
tudinal components of the final vector meson state for
B, — J/w and B. — D* transitions, have been evaluated.
Our predicted a* for B, — J/y transition is close to —27%
in the ¢~ mode and —7% in its z~-mode whereas for B, —
D~ transition it is found close to +22% in e”-mode and as
low as —45% in 7~-mode.

Finally, we evaluate the observable R, which corre-
sponds to the ratios of branching fractions for transitions in
e~ modes concerning their corresponding values in 7~
modes. Our predicted observable R is found comparable to
other SM predictions, which highlights the observed
deviation of observable R from corresponding SM pre-
dictions. This is indicative of the failure of lepton flavor
universality that hints at new physics beyond SM to explain
the anomaly between the observed data and SM predic-
tions. Our predictions in this sector can be useful to identify
the B.-channels characterized by clear experimental sig-
nature. Considering the possibility of high statistics B,.-
events expected to yield up to 10'° events per year at the
Tevatron and LHC, semileptonic B.-meson decays into
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charmonium and charm mesons in their ground as well as
excited states offer a fascinating area for future research.
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APPENDIX: CONSTITUENT QUARK ORBITALS
AND MOMENTUM PROBABILITY AMPLITUDES

In the RIQ model, a meson is picturized as a color-singlet
assembly of a quark and an antiquark independently
confined by an effective and average flavor independent
potential in the form: U(r) =1 (1 +y°)(ar* 4+ V,) where
(a, V) are the potential parameters. It is believed that the
zeroth-order quark dynamics generated by the phenom-
enological confining potential U(r) taken in equally mixed
scalar-vector harmonic form can provide an adequate tree-
level description of the decay process being analyzed in this
work. With the interaction potential U(r) put into the
zeroth-order quark Lagrangian density, the ensuing Dirac
equation admits a static solution of positive and negative
energy as:

(A1)

where, &= (nlj) represents a set of Dirac quantum
numbers specifying the eigenmodes; Us(#) and U:(#)
are the spin angular parts given by,

R | N
Uin(7) = 3= (g mlim ) V727
mp,mg
Upjn(7) = (1)U 0 (7) (A2)
With the quark binding energy E, and quark mass m,
written in the form Ej, = (E, — V/2), mj, = (m, + V,/2)
and o, = Ej, + mj,, one can obtain solutions to the result-
ing radial equation for g:(r) and f¢(r) in the form:

r
Gl :an —
r

nl

I+1
i
> eXP(—Vz/z”iz)Lntl/z(”Z/Vﬁz)

r\!
S =Ny <r_) CXP(—rZ/zrﬁl)

nl

1 _ _
* [(n +1= E) L'l1—11/2(”2/r31) + nLi, 1/2(”2/”%1)

(A3)

where, r,; = aa)q_l/ *is a state independent length param-
eter, N,; is an overall normalization constant given by

4L (n) (@n1/ 1)

N2, =
" T(n+1+1/2) (3E, + my)

(A4)

and Lf::ll/ 2(r2/ rﬁl) etc. are associated Laguerre polyno-
mials. The radial solutions yields an independent quark
bound-state condition in the form of a cubic equation:

\/(w,/a)(Ey —my) = (4n 421 = 1)

The solution of the cubic equation provides the zeroth-
order binding energies of the confined quark and antiquark
for all possible eigenmodes.

In the relativistic independent particle picture of this
model, the constituent quark and antiquark are thought to
move independently inside the B.-meson bound state with
momentum p, and p., respectively. Their momentum
probability amplitudes are obtained in this model via
momentum projection of respective quark orbitals (Al)
in the following forms:

For ground state mesons:(n = 1,/ = 0)

(AS)

> i”Nb (Ep + mb) ﬁbz
G = b /E E _
»(Pp) a0, E, (E,, + E,)exp 47%
~ iﬂNC (E B + mc) ﬁcz
Gc(pc) = _2(1 ® pE (Ep(, + Ec) exp <_4
cWe Pe ¢

(A6)

The binding energy of constituent quark and antiquark in
the parent and daughter meson in their ground-states are
obtained by solving respective cubic equations representing
appropriate bound state conditions (AS5).
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