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We present a systematic study of the productions and decays of light axial vector mesons with
JPC€ = 1™+ in charmonium decays. In the quark-model scenario, the two axial vector nonets are
connected to each other by the Gell-Mann—Okubo mass relation through the mixing between two K
states [i.e., K;(1270) and K, (1400)] with configurations of 3P, and 'P,. The mixing angles between f,
and ' [i.e., f1(1285) and f(1420)] and between h and /| [i.e., h;(1170) and h;(1415)] can be reliably
constrained. We then introduce the intermediate K*K + c.c. meson loop transitions in the description of
the productions and decays of these axial vector mesons. The presence of the nearby S-wave
K*K + c.c., to which these axial vector mesons have strong coupling strengths, turns out to be crucial
for understanding many puzzling questions related to their production and decay. This is because the
S-wave K*K + c.c. rescatterings by the kaon exchange satisfy the triangle singularity (TS) condition in
some of these cases and the TS mechanism can introduce special interference effects into the exclusive

decays of these light axial vector mesons.
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I. INTRODUCTION

The constituent quark model has proved to be successful
in describing many qualitative features of low-lying
hadrons. However, it also shows that it is challenging
for us to provide a quantitative prescription for the hadron
spectroscopy due to the complexity of nonperturbative
QCD. A long-standing puzzling case involves the proper-
ties of the lowest-lying positive parity vectors—namely, the
axial vector mesons. With many unanswered mysterious
questions about their production and decay, it seems that a
consistent picture of axial vector nonets as the first orbital
excitation states in the light meson spectroscopy is still far
from broadly accepted.

In [1,2] the Particle Data Group (PDG) identified
the following nonstrange light axial vector states in
experiment—namely, a;(1260), f,(1285), and f,(1420)
as multiplets of J?¢ = 17", and b,(1235), h,(1170), and
hi(1415) [3] as multiplets of J*¢ = 17", Two strange
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multiplets, K;(1270) and K (1400), are identified as their
strange partners, respectively, and two quark-model axial
vector nonets can then be constructed. Since K;(1270)
and K(1400) do not have a fixed C parity, their mixing
has an impact on the nonstrange axial vector meson
masses through the Gell-Mann—Okubo relation, and it has
been the focus of many studies in the literature. While the
mixing angle between K;(1270) and K;(1400) has been
well established over the past decade (see the brief
reviews in Refs. [5,6] and references therein), more
puzzling but interesting issues were raised about the
f1(1285) and f,(1420), and they have been proposed to
be exotic states based on their couplings to the K*K + c.c.
open channel.

In fact, the role played by the S-wave K*K + c.c. open
threshold has been recognized in almost all the non-qg
interpretations of the nonstrange axial vector mesons in the
literature. For instance, it was proposed in Ref. [7] that
£1(1420) could be a K*K + c.c. molecule. In Ref. [8] it
was found that the S-wave interactions between the vector
and pseudoscalar mesons would lead to pole structures
in the second Riemann sheet. Within this scenario axial
vector states f(1285), a;(1420), h,(1170), h;(1385), and
b,(1235) were interpreted as dynamically generated
states [9,10]. In particular, f,(1285) was proposed to be
a K*K + c.c. molecule, while the authors found that
f1(1420) could not be accommodated by their framework.

Published by the American Physical Society
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In Ref. [11] an analysis of J/y — b, (1235)z, h;(1170)3"),
and £,(1380)7") was presented by treating the C = —1
axial vector mesons as dynamically generated states by the
pseudoscalar and vector S-wave couplings.

Although the S-wave K*K + c.c. open threshold appears
to be crucial for all the present non-gg interpretations,
model-dependent assumptions in different phenomenolo-
gies make it difficult to distinguish among those scenarios
beyond the simple quark-model gg categorizations. In this
work we show that the S-wave K*K + c.c. interactions
actually cut into the problem via the introduction of the
triangle singularity (TS) mechanism into the axial vector
meson decays. While this is a key for a self-consistent
description of the axial vector mesons, we will show that
by a self-consistent treatment of the TS mechanism there
are smoking-gun observables for disentangling the puzzles
in the axial vector spectra and that a coherent picture can
be obtained.

The TS mechanism in the axial vector decays was
recognized with the help of two recent examples of
experimental progress: (I) The observation of abnormally
large isospin-breaking effects in J /y — yn(1405/1475) —
y + 37 by the BESIII Collaboration [12], where the
f1(1420) should also contribute. (II) The observation of
a1(1420) in the invariant mass spectrum of 3z in 7~ p —
p + 37z by the COMPASS Collaboration [13], where the
a,(1420) in the vicinity of a;(1260) apparently cannot be
accommodated by the quark-model nonet. In the former
case it was first proposed in Ref. [14] that the TS
mechanism was the key to understanding the abnormally
large isospin violations. In a later detailed analysis, it
was shown that a small contribution from the f;(1420)
should appear in the decay of J/w — y+ 3z [I5].
Although the importance of the TS mechanism for
n(1405/1475) — 3z was confirmed in Refs. [16,17], it
was emphasized in Ref. [17] that the width effects arising
from the intermediate K* may dilute the contributions
from the TS transitions. A comprehensive analysis of the
n(1405/1475) decays into KKz, naz, and 37 was pre-
sented in Ref. [18], and it was clarified that, apart from
the width effects, the TS enhanced a((980)z production
should also be explicitly included. This provides another
important isospin-breaking source from the TS mecha-
nism in 7(1405/1475) — 3z and makes it possible to
coherently investigate those three decay channels in a
self-consistent framework. This has been one of the major
motivations of this work since such a treatment can be
applied to J/w—yf(1285)/f,(1420) > yKKzr, nrnx,
and 3z, and a better understanding of f,(1285) and
f1(1420) may be achieved. It should be mentioned that
because of the strong enhancement caused by the TS
mechanism, it was proposed in Ref. [19] that the signal
for f1(1420) observed in pp scatterings by the WA102
Collaboration could be due to the f;(1285) via the TS

mechanism [17,20,21]. This is an interesting point since,
according to the result of Ref. [8], the f,(1420) cannot
be accommodated by their model for dynamically gen-
erated state.

Concerning the observation of a;(1420) by the
COMPASS Collaboration [13] listed above, it is explained
as a tetraquark state in some studies based on the QCD sum
rule [22,23] and the AdS/CFT method [24]. However, it
can be regarded as a natural consequence of the presence of
the TS mechanism in this kinematic region caused by the
S-wave isovector coupling between K*K + c.c. in the 37
spectrum [25]. An analysis based on the TS mechanism
was carried out in Ref. [26]. By considering the possibility
that the TS mechanism can be satisfied by the slightly off
shell a;(1260), Suzuki discovered a natural explanation of
the enhancement at about 1.42 GeV in the 3z channel
with I = 1. This mechanism was confirmed in Ref. [27],
where a coupled channel treatment was emphasized.
Actually, the a;(1420) has thus far been observed only
in 7~ p — p + 3x. This can not only be strong evidence for
the TS mechanism but also a stringent constraint on a
coherent analysis. Nevertheless, since K*K + c.c. can also
couple to the negative C-parity axial vector states, i.e., f;,
I, and b, examinations of its impact on the productions
and decays of these states can further establish the axial
vector meson spectra.

To proceed: In Sec. II we first give a brief introduction of
the axial mixing scenarios, which are closely correlated to
the TS mechanism due to the strong couplings of the axial
vector states to vector and pseudoscalar mesons. We then
make a detailed analysis of the productions and decays of
the two sets of axial vector mesons with the presence of the
TS mechanism in Sec. III. Numerical results and discus-
sions are presented in Sec. IV, and a brief summary is given
in Sec. V.

II. STATE MIXINGS AND DETERMINATION
OF THE MIXING ANGLES

In the axial vector sector, the mixing angles between
f1(1285) and f;(1420) and between h;(1170) and
hy(1415) are correlated with the mixing between
K,(1270) and K(1400) in the quark model. Since the
mixing angles decide the relative coupling strengths of
the two states in a doublet [f,(1285)/f;(1420) or
hy(1170)/h;(1415)] to K*K + c.c., we first set up the
convention for the mixing schemes and discuss the leading-
order couplings in the flavor SU(3) symmetry limit. These
couplings will be the input for evaluating the relative
production rates for the axial vector meson productions
in J/y decays and the impact of the TS mechanism in these
hadronic decays. For simplicity, from now on, we denote
the f,(1285), f1(1420), h,(1170), and h,(1415) by f1, f1.
hy, and A, respectively.
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We start with the state mixing on the SU(3) basis,

fi\  [cosO —sin0p\ [ fq
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sinay  cosay fs
where f, = (uit+dd+s3)/\/3, fs=(uii+dd—2s5)//6,

fn= (uit + dd)/+/2, and f, = s5. Likewise, the mixing
angles between the /; and A states are defined by
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where &y = (uit+dd+s5)/\/3, hg=(uit+dd—2s5)//6,
h, = (uit + dd)/\/2, and h, = s5. The relation between
¢9f (Qh) and Ay (ah) is

s = Oy + arctan v/2, (3)

The mixing angles 6, encode the mechanisms that
contribute to the mass matrices via the mixings between
the SU(3) flavor singlet and octet, i.e., fy and fg (R,
and /1g).

With the help of the Gell-Mann—Okubo relations (see the

Appendix for a pedagogic deduction), the octet masses m?

J38
and m%g can be expressed by the states with isospin 1/2 and

1 in the quark model, respectively, i.e.,

2 2
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fs 3
2 2
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where K, and K, are assigned as the 3P, and 'P; states,
respectively. The mixing angles 6 and 6, can thus be
calculated by
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One can see from the above relation that, given the masses

of the physical states and the octet masses m? and m? , the
J38 8

mixing angles can be determined. Note that the octet

masses m2 and m? are determined by the masses of
8

fs h
K4 and K3, which, however, are not the physical masses.

The determination of 6y, is thus correlated with the
mixing between K, and K.

The corresponding physical states K;(1270) and
K(1400), as the mixing states between K, and Kp
(i.e., 3P, and 'P,), are expressed as

K,(1270) cosf,  sinby, Kp ;

<K1(1400)> N (—sinHK1 cos Ok, ) <K1A>' 7)
As aresult, the mixing angles 6, are now correlated with
the dynamics for the K4 and Kz mixing via their mixing
angle O, .

There have been various approaches for the determina-
tion of O, in the literature. The early analysis of 7 decay in
Ref. [28] gave a twofold solution, i.e., |k, | = 33° or 57°.
With the help of the constituent quark model, Blundell et al.
[29] predicted that @k | ~45°. In Ref. [30] a range of
35° < |0k, | < 55° was obtained in the nonrelativistic quark
model. In Ref. [31] O, ~ —58° was shown to be favored in
the charmed meson decays. Analysis of the axial vector
decays into a pseudoscalar and a vector meson suggested
that 6, = +(62 £ 3)° [32], which seems to be confirmed
by the conclusion in Ref. [33]. Later, based on the data for
the B and f, radiative decays, 0k, was determined to be
—34 + 13%in Ref. [34], together with 0 = (19.47}2)°. The
analysis in Ref. [5] also favored |0, | ~ 35°. The sign of O
was discussed in Ref. [35] and led to O, = —(39 +4)°.
A combined analysis including all light axial vector
mesons was made in Ref. [36], where a good agreement
with the experimental data was achieved with O =
—(33.6 £4.3)°. In Ref. [6] a brief review of the status
of Ok, suggested that O ~ 33° (less than z/4) is more
favored than 57° (larger than 7/4). Note that the sign
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TABLE 1. Physical masses adopted for the axial vector
mesons [1].

Mesons Mass (GeV)

a; 1.26

f1 1.285

£ 1.426

by 1.235

hy 1.17

h} 1.423

ambiguity was removed by fixing the relative sign of the
coupling constants for K, and K [6]. The recent analysis
of BY — J/wK{ using a perturbative QCD method also
obtained O, ~ 33° [37].

Taking the PDG [1] values for these charge-neutral axial
vector states (see Table I) and adopting several possible
solutions for Oy, as inputs, we extract the mixing angles

Ormny and ay(y [agn) = O + arctan /2] in Table II. One
can see that the large range of values for 0y also leads to
large uncertainties in the predictions of 6y and ay ).

TABLE II. Extracted mixing angles for 0, and ay, with
typical values for |6, | as the input.

Ok, | 33° 34° 39° 45° 57°
ay—90° —6.84°  -552° 0.82° 8.17° 22.7°
a, —90° 2.45° 1.77° -1.80° -6.55° -18.1°
0 28.4° 29.7° 36.1° 43.4° 58.0°
0, 37.7° 37.0° 33.5° 28.7° 17.2°

To determine 6y, (@) we look for alternative con-
straints on the mixing angles. It seems that the 4, and 7
decays into a vector and a pseudoscalar meson can set up a
reasonable constraint.

The Lagrangian describing the vertices between the 17~
axial vector meson (B), vector meson (V'), and pseudoscalar
meson (P) is given by

Lgvp = ggveTr[B*{V,. P}], (8)
where ggyp is the coupling constant and with the SU(3)
flavor symmetry the coupling fields are

/ H 0
cosahhl\/gsmahhl _|_\b/_1§ bT KTB
" — _ cosa,h’ +sinayh Y

B bl h 1\/E h 1_71E K(l)B 5 (9)

Kip K9 —sinayh + cos a;hy

0
bes ot K0
VH = - 2w g0 |, 10
roomty K 1o
K* I_(*O ¢
\7;_%_’_(3050!12'7\;;“(1;»'7’ z+ K+

P= - _ 7% | cosapntsinapy 0 11
" | v K , (1)

K- K° —sinapn + cos apn’

where we parametrize the mixing between 7 and 7’ as
cosap —sina
()= G )G &
n sinap  cosap s
The couplings for an vector meson to two pseudoscalars have the following form:

LVPP = igvppTr[V”(aﬂPP - PaﬂP)], (13)

where gypp is the coupling constant and can be calculated with

K* — Kr or ¢ - KK. With the data for ¢ — KK [1], one

determines gypp = 4.52. To determine the coupling ggyp, wWe assume that the total width of £;(1170) is saturated by

hy = prn — ata~ 2, for which the amplitude reads
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where the momenta of 7z, z°, and z~ mesons are denoted
as p,, pp, and p,, respectively, and s,=
(Pa+Pa)* Sap=(pa+pp) and s,5=(py + pa)* =
S|+ Sp—S4q+ Sq+ 54— 5. Given
0.37 GeV from the PDG as
Gn,pr = 428 GeV.

Note that the following relation holds:

Fhl —spr—ataa® =

input, one extracts

Ghpr = \/ZQBVP sin a,. (15)

This suggests that another relation is needed in order
to determine ggyp and a;, in the 11~ sector. In principle,
with the data for i) — pz — 7"z~ 2° one will be able to
determine these two quantities. However, the branching
ratio of b} — pm — x" 2~ z° has not been well established.
To get around this problem, note that the data show that the
total width measurement may provide a reliable estimate
given that it is dominated (or nearly saturated) by the pz
and K*K channels. Since these two channels can be related
to each other by the SU(3) flavor symmetry, one has

9K pn = V2ggypcosa;, = Gh,prx COLQY, (16)
V2 .
In'kk = 9BVP <TCOS a, —sm ah) (17)
1
= 5 9hpn(cota, = V2). (18)

The total width of /| will then be calculated as the sum of
the partial widths of the pz and K*K channels.

The BESIII Collaboration recently measured the total
width of A/, i.e., [y =90+£9.8+17.5 MeV [4]. We find
that with 0, =34° (i.e., a;, =91.77°) and g;,, ,, = 4.28 GeV,
the parameter relations give ggyp =3.03 GeV and 9w Kk =
—3.09 GeV. Thus, the partial width of #{ —» K*K — KKn
is estimated to be

Uy ok ks kkn = 6Fh’l—>K*I_<—>K+K’n° =559 MeV. (19)

Together with the contributions from the other possible
decay channels, the total width of 4} can be reasonably
described. We also mention that with higher values for
|0k, | in Table II, e.g., |0k | = 57°, the partial width for

—m2
Spd m/, + lmp

p’é] , (14)

Wy — pr — zta 2" will be large and in contradiction
with the experimental measurements. Therefore, we adopt
Ok, = 34° as the input for the later calculations.

III. PRODUCTION AND DECAY OF AXIAL
VECTOR MESONS WITH JPC=1+*

A. Key issues

In our previous study [15] it was shown that the axial
vector meson f should have contributions to the isospin-
violating decay of J/y — y + 3z which was measured by
BESIII [12]. The observable of the angular distribution of
the pion recoiling the f((980) should contain a non-
negligible S-wave contribution apart from the dominant
P-wave from the intermediate # resonances. Unlike the
treatment in Ref. [15], where an arbitrary coupling strength
was determined by fitting the angular distribution, we will
quantify the production and decay of both f; and f/ in the
J /w radiative decays into ynzr, yKKn, and y + 37 with the
presence of the TS mechanism.

In Ref. [38] a preliminary result was reported and it
showed that the f,(1420) as a pole structure should
account for the S-wave enhancements observed in the
invariant mass spectra of yzz and KKz in J /yr — ynzn and
yK K, respectively. Later, it was claimed in Ref. [20] that
the f,(1420) enhancement was not a genuine state and
that it could be produced by the TS mechanism due to the
f1(1285) pole. This is an interesting scenario since, on the
one hand, it shows that the TS mechanism plays an non-
negligible role in various processes. And, on the other hand,
it also raises questions on the structure of f;(1420). In
Refs. [8,39] a systematic study of the S-wave vector and
pseudoscalar meson interactions led to dynamically gen-
erated pole structures which can be associated with the
PDG listed states, i.e., b;(1235), h(1170), h,(1415),
a,(1260), and f,(1285). It was also mentioned there that
the f1(1420) could not be accommodated in their scheme.
In Ref. [20] the f,(1420) was proposed as an enhanced
structure by the TS mechanism which originated from
the f1(1285) as a dynamically generated state by the
K*K +c.c. S-wave interaction. Debastiani et al. [20]
obtained the line shape of the invariant mass by fitting
the data from WA102 [40] with an undetermined arbitrary
strength. Although this seems to be consistent with the
result in Ref. [8], it would leave crucial questions in the
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understanding the overall axial vector spectrum. In par-

ticular, treating f, (1285) as a dynamically generated state

due to the S-wave K*K + c.c. interaction would bring
conflict to some of those experimental observables for f7,
which fits the flavor singlet and octet mixing pattern quite

well [1,40,41].

To proceed, we first point out that the dominant decay
mode of f,(1285) is nax with B.R.(f| — nar) =
(52.47)9)%, among which B.R.(f; — a¢(980)7) =
(36 =7)% [1]. Note that the branching ratio B.R.(f; —
ao(980)7) = (36 £ 7)% does not include the contributions
from the a((980) — KK [1]. This means that the real
value should be larger than this and explicitly indicates
the dominant mode of f; — a((980)z. In contrast, the
branching ratio for f, —» KKz is B.R.(f; — KKn) =
(9.0 +0.4)% and the intermediate decay mode of f; —
K*K + c.c. has not been observed. Although the phase
space would limit the partial width of f; —» K*K + c.c.,
this suggests that the £ coupling to K*K is not necessarily
strong. This actually jeopardizes the conclusion in
Ref. [20], where it was assumed that the K*K + c.c. decay
channel had saturated the KKz mode for f;(1285).
Another caveat in Ref. [20] is that the invariant mass
spectrum measured by WA 102 cannot constrain the relative
coupling strength for the production of f; and f*, and this
will be correlated with the couplings for their decays into
exclusive channels. (Note that their mixing angle is also a
variable to be determined.) This reminds us of a coherent
study of both f and f' in the exclusive process of the J/y
radiative decays where both the production and decay
mechanisms can be properly evaluated.

For the coherent study of the axial vector mesons with
C = 17, the following observations can be itemized:

(a) The available experimental results suggest that
the f} dominantly decays into the KK final state
via K*K +c.c. and that its decays into nzz are
significantly suppressed.

(b) The f| dominantly decays into nzz via the intermedi-
ate agr process, and its decay into KKz is also via
the aopr.

(c) The mixing between f; and f| will affect both the
production and decay processes.

(d) The S-wave coupling to K*K + c.c. introduces the
effects of the TS mechanism which need to be
coherently investigated for both f; and f' in exclusive
processes.

(e) The S-wave coupling to K*K + c.c. implies the TS
enhancement in the isospin-1 channel which refers to
the a,(1420).

B. Productions of the C = +1 axial vector mesons
in charmonium decays

The isoscalar f; and f| can be produced in the J/y
radiative decays. In their three-body decays, e.g., f| — nazx

and KKz, both states can contribute. It thus requires a
coherent study of these two states in each channel.
We parametrize the production amplitudes using the
following effective Lagrangian for J/w — yA (here, A
denotes f; or f)):

LJ/[//}/A = 9a €m//m'aﬂ II/U}//)AO—’ (20)

which gives the amplitude

MJ/I[I}’A - gAeyupﬂp}lIlfesleé’)eZ’ (21)

where €, €/, and €3 are the polarization vectors for J/y,
the photon, and the axial vector meson, respectively.
The production strength for f| and f/ in the J/y radiative
decays can be related to each other in the SU(3) flavor

symmetry limit:

ﬁ _ <fﬁ\ﬁ17|J/w> _ \/Ecosaf —sinay )

g NIHN /W) V2sinay+ cosay

where we have assumed that ((s§)1++|f1},|J/y/) =
(uit)y |, T y) = (), |HL T fy).  Namely,  we
neglect the SU(3) symmetry breaking with the couplings
for the light pair creations. The amplitude of J/y —
y(f1 + f}) = yABC can then be parametrized as

M py—y(f,41,)~rABC

i gr i

_ ¥

=My, <F My ~asc + =5~
/)

9D *ABC> &)

where M _ xpc and M /1 —ABC are the decay amplitudes for

f1 and f’, respectively, and will be explicitly calculated
in the next subsection. It should be noted that a relative
D-wave coupling is allowed for J/y — yf/f}. This will
introduce another term into the production amplitude,
which means that an additional parameter is needed. In
this paper, for the purpose of investigating the line shapes
with the impact of the triangle singularity mechanism,
we can tolerate the uncertainties arising from such an
approximation since the line shape is an integrated observ-
able and is insensitive to the structure of the production
partial waves.

For convenience of calculation, we define M f1—~ABC =

(i) (i)

i My apc and My spc

the ith intermediate state. The spectrum can then be
expressed in the following form:

= yiM (fil)_) Apc> Where i denotes
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dar 2s

1 1 i Xidy i (i)
—==r —— [ d®ppc~ — : M
dfs xS / ABC3‘Z<DJ% Ty Dfﬁ) JimABe

where the ®,p is the phase space for the three-body ABC
in J/y — yABC. Functions D and Dy are the inverse

propagators of f, and f*, respectively, i.e.,

Dy

=5- mjz,l +imy Ty, (25)
Df/l =5 - mjzf,l + li’i’lf/1 Ffll (S), (26)

where 'y = 22.7 MeV and Ff'l = Ff/l_,KK,, + Ff,] S
are adopted.

Unlike the production of f;/f}, the production of @, in
the J/y radiative decays will be suppressed due to the
isospin. To produce a; in the J/y radiative decays it needs
to go through the final state photon radiation. This is
relatively suppressed by the additional gluon exchange in
cc annihilations. In e*e™ annihilations the ideal process
to probe the production of a; is via y. — 7za;(1260)/
a,(1420) — 4z, where y.; can be copiously produced
through y(3686) — yy.;. The production of y. — za,
can be described using the following Lagrangian:

L)(AP = igaeﬂupaaﬂxlélapAGP’ (27)

where g, is the coupling strength for producing a pair
of (¢q),++ and (¢g),-+ in the y.; decays. We mention only

that f/f' can also be studied in y.; — n") f<1'), which can
be connected with y.; — za,(1260) by the flavor sym-
metry and chiral symmetry. However, we will leave this to
be investigated elsewhere since the involvement of the
n — 1 mixing needs more elaborate treatment.

In principle, g, can be determined by the partial decay
width for y. — 7za;(1260). Note that this quantity is
correlated with the measurement of the exclusive process
with the a; decays into final stable particles, e.g., a; — 3.
At this time, the data are not available. However, for the
purpose of determining the line shape as a characteristic
feature g, can be treated as an overall parameter for the
production strength. Thus, we need only consider the 3z
spectrum in the analysis, which can be described as

2
: (24)

|
dar 2s Ly —aBc(s)

~— , (28)
dy/s & (s— ’“111(1260))2 + s, (s)

where ', _ apc represents the energy-dependent width for

0

ai = p'n > ata 2’ or a7 - for~ — nta a’. The
energy-dependent total width T, (s) is estimated by

Fa| (S) = Fa|—>ﬂﬂ(5—wave)/B-R'(al - pﬂ.’(S-WaVC)). (29)

Note that both the total width and the partial decay width
Ty, —pr(s-wave) are far from well established for a;(1260)
[1], although the early measurement by the CLEO
Collaboration suggested that B.R.(a; — pr(S-wave)) =~
0.6 [42]. This will prevent us from extracting the absolute
value for the partial width for y.; — za;(1260) but will not
affect the study of the line shape since both the total width
and partial decay width are not expected to be sensitive
to the invariant mass spectrum of the 3z in the range of
1.2-1.4 GeV. Moreover, one notices that the coupling for
a, — pr can be related to that for a; — K*K with the
SU3) flavor symmetry. This allows us to estimate the
relative significance of the T'S mechanism in the 3z spectrum
in comparison with the tree process of a; — pz — 3z. This
will be shown in the study of a; — 3z later.

C. Decay mechanisms for f, and fi
into nar, KKr, and 37

The decay mechanisms for f| and f} into nzz, KK,
and 37 are grouped into two types. One is the tree-level
transitions and the other one is loop transitions via triangle
rescatterings. We first illustrated the mechanisms by
Feynman diagrams in Figs. 1 and 2 for the decay channels
into nzz and KK 7. The isospin-violating decay of f/f} —
3z is illustrated in Fig. 3 and will be discussed later.

For the decay channels of both #zz and KKz the tree-
level couplings are originated from the quark-model axial
vector meson couplings to ay(980)x in a P-wave and to

K*(K) T

T ]
AU _
fi (fl’)/ / K(®) n
a(980) \
- a(980)
V[
(a) (b)
FIG. 1. Diagrams for f|(f)) = agx — nax.
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- K*(®) T
K K(K K(K ’
s ( ) ( ) fl (fl) K(I?)
fi(f1) AU K
20(980) K@) {
e . a,(980) e
(@) (b) (©
FIG. 2. Diagrams for f(f}) —» KKx.
Kt(l?) no
fi
0 I
fi R R(K)
a,0(980) f0(980)
% - 15(980)
(@)
FIG. 3. Diagrams for the f — f((980)z — z*z~z° channel.

K*K + c.c. in an S-wave. The strong S-wave K*K inter-
action will have two major physical consequences. One is
to dress the bare states and the masses of the physical states
correspond to the experimentally measured values. The
second one is that the physical couplings for f; (f}) to apx
will be renormalized by the triangle transitions. In the f
decays the kinematics of the triangle transitions are located
within the physical range of the TS mechanism. Thus, one
realizes that the inclusion of the TS contributions is
necessary. It implies that the physical couplings defined
for f1(f) = ag(980)x should include both tree-level
couplings and loop contributions. They will be constrained

remark, we stress that contributions from higher thresholds
in the triangle will be suppressed by the UV regularization
if they are far from the mass of the initial state.
The following typical Lagrangians are needed in the
transition amplitudes for Figs. 1 and 2:
(i) Following the convention of Eq. (2) the Lagrangian
for the f1(f) coupling to the V and P mesons is
expressed as

L, = igAVPTr[A”[VwPHv (30)

where A denotes the axial vector matrix on the SU(3)

by experimental data in the combined analysis. As a general basis, i.e.,
|
cosayf+sinasf, ﬁ + K+
V2 V2 14
AF = - cosayfi+sinarf _ ai 0 . 31
aj 7 7 K3, (31)
K7, K9, —sina,f| + cosasf,

The resulting Lagrangians for f,(f}) - K*K are

Lo —ZCosaf + \/isinaf
f1 = gave 2

L i \/icosaf—l-2sinaf
7, gave 2

This allows us to define the leading-order physical couplings for f/f} to K*K, i.e.,

91, k9K = t9avp

FUKPKY — KK + K"K~ — K K™), (32)
FHEPKRY = KK + KK~ — K7K™). (33)
—2cosay + V2 sin ay

2 b
V2 cos ay+2sinay (34)

9r kK> = tgavp

2
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With 0, = 34° adopted as the input, the mixing angle has a
value of a; = 90° — 5.52° = 84.48°.
(i) The Lagrangians for f;(f)) coupling to az have the
following form:

Lflaoﬂ = gASp sin aff’f(ﬂaﬂao - aoaﬂﬂ'), (35)

Lf’laorr = gasp COS aff/lﬂ(ﬂaﬂao - aoaﬂﬂ)- (36)
With ay = 84.48° the coupling ¢! apr is significantly
suppressed with respect of gy ., by a factor of
cotay ~0.1. In the numerical calculations we find
that Fig. 2(a) can be neglected in f| — KKz. The
TS effect and the intermediate a,(980) resonance is
able to influence the KK spectrum in fi — KKz at
the lower end. But the significance would depend on
the relative phase between the two remaining am-
plitudes [i.e., Figs. 2(b) and 2(c)], which arises from
the coupling g, k- This phase can be obtained in
J/w — yn(1405) — yKKnr, as shown in Ref. [18].
|

1oo,
My =

1
1" \/—lgf’K*OK“gK*OKO Olga[,KOK“gaomz 4I”D

where 7% and 1) are the loop functions defined for the
triangle diagrams in Figs. 1 and 2. The superscripts n and ¢
denote the charge-neutral or charged intermediate mesons.
We will give the expression of I* later in this section. The
difference between 1"* and 1) is due to the slightly
different masses between the charged and neutral kaons, or
between the charged and neutral K*. We will see later that
this gives a novel source of isospin breaking via the TS
mechanism. In the above equation the # momentum is
labeled as p,, and the momenta for the other two pions as
pp and p,, respectively. We also note that for f/ — naz,
Fig. 1(a) is insignificant compared to the triangle amplitude
for ' — aygr — na°z° [Fig. 1(b)].

The a(980) resonance is described using a unitary
propagator

i i

= . (39)
Da(,(kz) k* — m lZabguoabHuh(kz)
where
d*q 1
I1 = , 40
wer= | G

ab € {nm, K°K°, K"K}, gy ap is the coupling constant of
ag(980) — a + b, and k is the four-vector momentum

€fiu \/-lgf’K*OKOng*OKO olgaoKoKnlgaOW 2(7(")’4 + I(C)M)

As follows, we provide the transition amplitudes for each
decay process in Figs. 1 and 2.

L f1/f1 - nan

In this subsection we discuss the detailed transition
mechanisms for f| — nzz. The corresponding formulas
for f| — nax can then be obtained by a simple replacement
of the vertex coupling constants.

For f| — nzz the amplitudes of the tree [Fig. 1(a)]
and triangle diagrams [Fig. 1(b)], respectively, have the
following expressions:

1 i
M:;;ff =€ \/_lgfaoﬂlgﬂo’?ﬂ' D

ap

i(pa+ Pl —ph)

4 (b < d) (37)

and

A

+ (b < d)

ao

+ (b < d), (38)

ap

[
of ay. We mention in advance that a similar treatment will

also be adopted for f((980) in this work, for which the
propagator is
i i
Dfo(S) iZabg]ZfoabHab ,
with ab = {K*K~, K°K°, nt =, n°2°}.
For the decays of f, the expression is similar and we just
need to replace g, gogo and gy 4 with g7 g-ogo and gy, g s

Cs—mi — (41)
fo

respectively.

2. f1— KKn
For f| — KKz we denote the momenta of K, K, and r as

Pa» Pa» and p,, respectively. Thus, the transition ampli-
tudes for the processes of Fig. 2 can be obtained as follows:

i(pa+ply—rh), (42)

ﬂql’>
7

- ph)+ (a—d), (43)

tree—1
M% =€py lgf/aoﬂ.lgaoKoKo
ao

Mtlzelgﬂz lgf’K*OK"ng*OKO €f ”D ( g;w
xi(pa

with ¢ = p, + p,, and
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1 . . . . 4
M]??—(I; = ef’l;tlgf’ll(*of(ong*OKonolgaOKOI_(OlgaOKOI_(OZ(I(n)M + I(C)”)

R i

ap

. . . . L
= €puldp K OR IR KO ay k0K WYay o k04 15— (44)

The total amplitude is

_ _ 1

Mfl—’KK” = Mtlr(elgﬂl + Mtlzelgﬂz + MI(()?_(I;' (45)
Note that the contribution of MY¢—! is much smaller than
the other two terms due to the small fjayz coupling.
Therefore, the sum of Figs. 2(b) and 2(c) can be a
reasonable approximation for f’ — KKr.

3.y = fo(980)r > n*na°

The isospin-violating process f| — f((980)z —» zt7z~ 7
can go through the ay— f; mixing via a tree-level a, pro-
duction [Fig. 3(a)] and the triangle mechanism [Figs. 3(b)
and 3(c)]. This is very similar to the case of the isospin-
violating decay of #(1405/1475) — 3z [14,15,18]. In

|

do

Ref. [15] the process f| — 3z in J/w — y + 37 was first
investigated which contains the contributions from
Figs. 3(a) and 3(b). It was also found that Fig. 3(b) dominates
over Fig. 3(a), i.e., the isospin-breaking effects are mainly
from the TS mechanism. An improvement of the study of
n(1405/1475) — 3z by Ref. [18] suggests that the contri-
butions from Fig. 3(c) [the initial state will be #(1405/1475)
in this case] is also non-negligible. Owing to the TS
mechanism, the production of a, will be strongly enhanced
by the triangle diagram. Thus, the a, — f, mixing will also
be enhanced. In this work we will include the mechanism of
Fig. 3(c) as a complete and self-consistent treatment of the
isospin-violating decays of f| and f7.

The decay amplitudes of Figs. 3(a)-3(c), respectively,
read as follows:

i

M}r?e—gli); = igfllloﬂigaoK*K* igfoK+K7 ing”Jrﬂﬁ D_ (j-(C) B ZA-M)) D— ' (46)
ag fo
1 . . . . 7 7 I
M;IO—p>3Jr — 21.gf1K*OI_(Ong*OKOﬂO lngKOI_(O LYot €fu (I(")# — I(C>/‘) a s (47)
Jo
1 i . . . . . i 5 L2 _ 4y _t
M3 = 2igy, ogoigieogo (iga,xoko) 10,0k 10 e a € (T + 1) Zm (20 = 210 (48)

In Egs. (46) and (48) functions 70 and 71¢) represent the
two-point loop functions with the neutral K°K° and
charged K*K~ as intermediate particles, respectively, for
the ag — f, mixing, i.e.,

) _ d*q i
2o - | e @ =mlp—ar=m

where the superscripts n and ¢ denote the neutral and
charged kaon pairs in the loop function. One can see that
these two loop functions cancel each other out due to a sign
difference between the products of g, xogogs gogo and
Gaok*k-9g,x k- 10 the SUQ) flavor symmetry. Thus, the
isospin-breaking effects are given by the small nonvanish-
ing part caused by the mass difference between the charged
and neutral kaon pairs. The propagators of @ and f, have
been given in Eqgs. (39) and (41), respectively.

One qualitative feature of the axial vector productions
in the J/y radiative decays is that the preferred mixing
angle a; ~90° implies that Fig. 3(a) should be insignifi-
cant in comparison with Fig. 3(b), and the Ilatter

[
should be the main contribution to the isospin violation
inJ/y - yf| - vr+3n

D. a;(1260) and a,(1420) decays into 37

The strong couplings of the axial vector mesons f; and f}
to K*K + c.c. and the presence of the TS mechanism in this
kinematic region imply that the S-wave isovector coupling
between K*K + c.c. can produce observable effects in the
3z spectrum. Experimental evidence has been provided
through the observation of a;(1420) at COMPASS in
n~p — a(1420)"p - "z~ z" p [13]. As a natural con-
sequence of the TS mechanism, it can be accounted for by
the strong coupling of the nearby a,(1260) to the K*K +
c.c. threshold [26,27]. In the invariant mass spectrum of 3z
the nonvanishing coupling would be strong enough to create
the peak of a;(1420) in the TS kinematic region.

A crucial issue about the role played by the TS
mechanism is its relative strength to the a;(1260) signal
in the exclusive decay channel, i.e., @; — 3z. In the picture
of a TS mechanism for a;(1420) enhancement, the off-
shell coupling of a,(1260) to the intermediate K*K + c.c.
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T

K*(K*)

ot . |

K(&)

0 ‘\\\\\\ i ﬂx980)‘\\\\\\ )
s

(a) b)

K(K)

T
fo(980) i -
77.'

()

FIG. 4. Diagrams for (a) a; — p’n~ = ntz"n, a7 — f(980)2~ — x" 7=z~ via (b) the tree-level transition and (c) the triangle loop.

via the triangle loops is actually constrained. Therefore, a
combined analysis of a;(1260) — for~ — zta~z° with
the production of a;(1420) will help clarify the nature
of a,(1420).

The transition of a; — 3z is illustrated in Fig. 4,
which includes two tree diagrams and a triangle process.
In Fig. 4(a) the transition can go through the intermediate
pr and the corresponding amplitude is

1 . . i(_guu + p‘#_é’ﬂ/)
Mgleipn—>3n - ﬁ Was p'n~ lgﬂofﬁ’erl D—pm
x i(ph = p4) + (b < d), 30)

where p, and p, denote the momenta of ™ and z~ emitted
from the p meson with momentum p,. = p, + p,, respec-
tively. The coupling Ja-pn- can be related to g gogo in the

SU(3) flavor symmetry via Eq. (30). This term plays the
role of a background which can be separated out by a partial
wave analysis. Moreover, since it is an S-wave-dominant
decay, it will not interfere with the transition via the fyz
channel. We will see later that the intermediate pz behaves
differently than the fz.

Figure 4(b) describes the tree-level transition via the
intermediate fyz and the Lagrangian reads

Lal_fll”_ = gASP Sin afoafﬂ (ﬂ-+a/4f0 - foa}ln+)' (51)

The bare coupling between a; and fyz~ is assumed to be
proportional to the nsi component of the f, meson, which
can be described by the mixing angle a; between ni and
s5 in the scalar meson sector. In this case, the bare coupling
strength can be related to the bare coupling between f; and
aom, 1.€., gr q,- Therefore, the relative phase between the
tree and the triangle amplitude of the fy,z channel can be
fixed. The corresponding amplitude is

1. i, .
M fonmin =75 9 for D, 9r s ar- (Pa+Pa=ps)

Jo

+ (b« d). (52)

Figure 4(c) describes the transition via the triangle loop
and the amplitudes has the following form:

loop A ) . .
Mal_>3” = 2lga1K*0K°ng*OKO;zOlgfoKOK”gfon*n:‘

€au (1™ + iw)DL t(bed). (53
fo

In Egs. (52) and (53) the momenta of z* and z~ emitted
from f are denoted by p, and p,, and momentum of the
z~ which recoils against f is p,. In Eq. (53) the neutral
and charged loop amplitudes are in a constructive phase to
be compared with the loop amplitude of Eq. (47) for the
isospin-violating decay of f|; — fomr — 3. Note that the
combined effect from Eqgs. (52) and (53) is to dress up
the bare a; fox coupling with the triangle loop transition.
As in the case of f| — agm, the sum of these two
amplitudes will define the physical coupling which can
be extracted from the experimental data for a; — fyz.

E. Triangle loop function in the axial vector meson
decays with JPC=1+*

In Figs. 1-4 the triangle transitions are through the same
rescattering processes. The kinematic conditions for the TS
mechanism were discussed in detail in Refs. [14,15,18,43].
But, as pointed out in Ref. [18], for different types of vertex
couplings in the triangle transitions the TS amplitudes
have different structures that lead to different TS effects
in these processes. This feature can be seen again for the
axial vector decays here. We first consider the triangle
amplitude for the axial vector mesons with C = +1. The
kinematic variables are defined in Fig. 5. The loop function
is defined as

Py
q
m,
Po
m;
Pa
ms /
Pc X
Pa
FIG. 5. Conventions for momenta assignments.
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e / dq (g +45)(q, = 2pp) F ()
) 2ot (g = mi+imTy)((q = py)* = m3)((po — q)* = m3)

where {m,my, my} = {mg-,mg,mg} and the I'| =
50 MeV is the width of K*. The function F(g?) is the
form factor, i.e.,

A2 — m?
Fii)= ] 5——=- (55)
i:{l,z,s}Ai ~ Pig)

where p;,) denotes the four-vector momentum of the
intermediate meson of mass m; which can be expressed
as a function of the integration variable g. The momenta
of the external particles are denoted by p,, py and p,,
respectively. The cutoff energy is defined by A; = m; +
PAqep (Agep = 250 MeV). Although the original integral
without the form factor does converge, it often happens that
the dispersive part of the loop amplitude is overestimated
when the interacting hadrons are treated as fundamental
particles. The introduction of the form factor will then cut
off the unphysical ultraviolet contributions in the dispersive
part of the loop amplitude.

IV. PRODUCTION AND DECAYS OF AXIAL
VECTOR MESONS WITH JPC=1+-

A. Productions of the C= —1 axial vector mesons
in charmonium decays

The axial vector mesons with C = —1 can be produced
in association with a pseudoscalar meson in the J/y
hadronic decays, e.g., J/w — bjz~ + c.c. and hyn. The
axial vector mesons can then decay into a vector plus a
pseudoscalar via either a tree process or a triangle loop
transition. There are special advantages with the b, (1235)
and h;(1170)/h,(1415) (i.e., hy/h}) decays into ¢z. Since
b, (1235) is an isovector, it does not contain the strangeness
in the constituents. Therefore, its decays into ¢z will be
suppressed at the tree level. This provides an ideal place
to investigate the TS mechanism which would produce
unique signals for the TS mechanism. It is also possible that
the production of J/w — K*Kx + c.c. gives access to the
quantum number of (7, J7(©)) = (1,1(-)) directly via the
K*K + c.c. scatterings. Such a possibility was studied
recently by Ref. [44]. For J/w — hyn and h|n with
hy/h, decays into ¢z, the decays of h;/h} violate isospin.
Like the isospin-violating decays of f; — 3z or
1(1405) — 3, this channel is ideal for probing the role
played by the TS mechanism as the leading isospin-
breaking mechanism.

For the purpose of detecting the TS mechanism the
three-body decays of the axial vector mesons is of interest.
For instance, it would be interesting to examine the KK

(54)

invariant mass spectrum in J/w — bz +c.c. >
KKn*n~ since it covers the physical region of the TS.
Although the intermediate ¢ meson will account for the
main cross sections for b; — KK, the impact of the TS
mechanism may influence the line shape of the KK
spectrum even near the ¢ peak. In the following subsections
we investigate two correlated processes, i.e., J/y —
bin~ +cc. - KKzta~ and J/y - hin - KKzn in
order to disentangle the role played by the TS mechanism.

The interactions between J/y — bz and J/w — h|n
can be parametrized by the following Lagrangian in the
SU(3) symmetry:

Lygp = gl//BPll/ﬂTr[BﬂP}’ (56)

from which the interaction reads

Lypr= gl//BPl//”(bﬂ”_ +by,7"), (57)
Ly/h’lr] = GyppP COS (ay = aP)l//”hﬁﬂ’l’ (58)
Ly = —9ypp sin (ay, — ap)y"hy 1, (59)
Ly = Gysp sin (@, — ap)y*hy,n, (60)
Lyny = Gysp cos (ay —ap)ythy,n'. (61)

The ap is the mixing angle between the I9J°¢ = 070~* ni
and s5 states as defined in Eq. (12). The typical value of ap
is within a range of 38°-42° and we adopt ap = 40° in this
study. With the mixing angle a;, = 91.77°, the coupling
constants in the decay channels of Eqgs. (57)-(61) are
compatible with each other. For the purpose of identifying
the impact from the TS mechanism, we will focus on the
production of 7/ recoiling # in the J/y decays. This will
benefit from a relatively larger phase space factor
than J/w — hn'.

The coupling strength g, zp can be fixed by the branch-
ing ratio of J/y — bifzT = (34+0.5) x 1073 [1], which
leads to g, gp = 4.35 x 1073 GeV. With gysp and Eq. (59),
one obtains the branching ratio of J/y — hir/, ie.,
B.R.(J/y = W) = 5.9 x 10~*. This value is approxi-
mately 3 times larger than the experimental measurement
of the combined branching ratio Bre*P(J/y — hin' —
K*Ky' +c.c.) = 5.9 x 107 by BESIII [4]. It implies that
the decay of i} — K*K + c.c. is about 1/3-1/2 of the total
width of h’l, which is a reasonable expectation.
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B.J/w —>bjn" +cc. > KKn*n~

InJ/w — bfn~ +c.c. > KKzta~ the b decay can go
through the processes illustrated in Fig. 6(a), which shows
the tree-level transition via the intermediate K*K + c.c. and
Fig. 6(b), which displays the loop transition via the
intermediate ¢z. Note that the tree-level decay of b; —
¢r will be suppressed by the Okubo-Sweig-lizuka (OZI)
rule. Thus, the triangle loop transition of Fig. 6(b) actually
provides a mechanism for evading the OZI rule.
Meanwhile, the tree-level transition of Fig. 6(a) behaves
as a background contribution to Fig. 6(b). We include this
tree-level transition in the analysis of the b — KKz in
order to have a realistic description of the KK invariant
mass spectrum with the presence of the TS mechanism.

The amplitude for J/y — biz~ + c.c. = ¢atn~ with
the processes considered in Fig. 6(b) can then be
expressed as

l(gﬂ‘FS( s

DbT (Sc)

Y Y PhyPhs
M ;ﬂ , (62)
Dy (sap)

— *
MJ/y/—»b] a—¢rtnT — gl//BPel/meqsp

_|_

where p, and p, are the momenta of ¢ and b, respec-
tively; p,, is the recoiled z~ momentum and p,;, = p, + pp
correspond to the b7 momentum in the charge conjugation
channel, and s, = p? and s, = p2,; J,” denotes the current
for bf — ¢n*; and gysp 18 the coupling constant for
J/w — b,x introduced in Eq. (57). In the above equation
the inverse propagator for b is

Dy (s) =s— mil +imy, Ty (5), (63)

where we have assumed an S-wave energy dependence
of Fb i i.e.,

tri _ . _ . . .
Mb;r_>K+K—ﬂ+ = 219b1+1<*°1<+ng*OK*;ﬁ19¢K*K-19¢K+K-€b,,4

_ _ . . . Fua | jua
= lngK*0K+ng*OK—ﬂ.+lg¢K+K—lg¢K+K—€blﬂ(In + 1) —

KoK

K* K~
— (10
b K= (K%) .
I?*O K+(K0)
- ¢ i .
(a) (b)

FIG. 6. Diagrams of b — K™K~z via the (a) K*"K° channel
and (b) ¢z" channel.

my, |ﬁm(s)‘
[, (s) = —=5—>-T, (m? ), (64)
g \/E|pa)(mbl)| AT

with ', (mlz,l) =0.142 GeV [1].
For b, - KKn, the amplitude is parametrized as the
following form:

1‘/117T—>K+K‘7fr = €h|u(lupllll +lhpl[: + idplzi)’ (65)

where p,, p;, and p, are momenta of K™, K~, and z,
respectively. The coefficients 4; contains contributions
from Figs. 6(a) and 6(b).

For the convenience of calculations we provide the
amplitudes for b — K"K~z as follows for these two
processes in Fig. 6. The amplitude of b — KTK* —
K*K~z" [Fig. 6(a)] reads

Mo v
v PavPay
(oo )
Di(*()

X i(Pg=Pb)y (66)

tree — g .
Mb?r_>[(+](—,,+ = lghTK*OKJfngOK’n*eblﬂ

where p,, = p, + p, is the momentum of K*°.
Similarly, the amplitude of b] — ¢zt - K"K n"
[Fig. 6(b)] can be obtained as

. apl
(-0 +58)
p% — mé + im,/,l"{/,

. a f
(-0 +5E)

I i(pa—Pay

(Do — D)y 67
) +im¢r¢l(pa Palp (67)

where the momenta of the z*t, ¢, K+, and K~ mesons are labeled by p,, p., p., and p,, respectively; T ua 18 the typical loop

function for the triangle loop, i.e.,

dq (=9 + L) (g =2py),(pe + 2Py = 29)F ()

= _i/ (2x)* (g = mi +imiT1)((q = py)* = m3)((po = q)* = m3)

(68)
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which is a tensor integral and will be contracted by the
polarization vectors of b; and ¢. Considering the slightly
different masses between the charged and neutral inter-
mediate states due to the isospin symmetry breaking, we
note the charged and neutral loop integral functions by 7+*
and 15", respectively.

In these amplitudes the unknown coupling gy g-ox+ can
be calculated in two ways based on the SU(3) symmetry.
On the one hand, it can be connected to the decay of
b{ — wrn™, where b wr CAN be extracted by assuming
that b; — wn exhausts its total width. The partial width for
b{ — wr" reads

(b - wn')

N 2
_|Pul Ibjor (2 +(m§1 +m3,—m%)2)

- 2 2 2
8zmj, 3 4mj, mg,

(69)

where the |p,,| refers to the momentum of @ in the rest
frame of b;.
On the other hand, vt kok+ can be calculated by ggyp,

which is obtained by calculating i, — pz. In the SU(3)

limit, these two methods should give the same result. The

numerical results show that there is about 10% discrepancy

between these two methods, which is acceptable. The

discrepancy may results from the following aspects:

(a) The SU(3) flavor symmetry only approximately holds.

(b) The estimation based on gy, ,, is correlated with the
determination of the 4, — ) mixing. Thus, the mixing
angle may introduce uncertainties to the coupling
constant.

|

tri _ . . . Fua  Jua
Mh'l->1<+1<—,,0 = ’gh’]IﬁK*-lgk*-l(-n‘)lg(/)mK-19¢K+K-€h’lﬂ(1n - I:7)

which is to be compared with Eq. (67) and the loop
function, 7#* is the same as Eq. (68). The inverse propagator
for 1) is

Dy (s) =s— m%,l + imy, Ty (s), (71)

with
Ly (s) = Fh’]—>K*l_(—>KI_(/r(s)’ (72)
where we have assumed that the K*K channel is dominant
in the 7/ decays. As shown by Eq. (19), this is a reasonable

approximation concerning the poor experimental status of
hy and h}.

K*KY) —— 1

K(K)

K(K)
¢

K

FIG. 7. Triangle diagram of i} — ¢z — KKz. The charged
and neutral loops are destructive.

(c) The by — wr process contains non-negligible D-wave
contributions, which is not considered in the above
estimation.

However, we regard that the 10% discrepancy is an

indication of self-consistency in the determination of the

hy — b, mixing angle. So we adopt ggyp extracted from
hy — pz in the final numerical calculations.

C. h| > ¢n — KKn

The triangle loop transition in Fig. 7 provides an isospin
breaking mechanism for ) — ¢z — KKz. The loop
integral has the same form as Eq. (68), except that the
charged and neutral loops must cancel due to the isospin
breaking. Similar to the case of the isospin-breaking decay
of f| — 3z, the unequal masses between the intermediate
charged and neutral K (or K*) mesons will lead to residue
amplitudes after the cancellation.

The production of /) in J/y — hn can be described the
same way as that for J/y — b7 in the previous subsection.
Here, we consider the decay of A} — ¢x for which the
amplitude can be written as

. apl
l(_gaﬂ + P;}é’a)

p2— mé + imyl'y

i(Pa = Pa)p: (70)

V. RESULTS AND DISCUSSIONS

A. Numerical results for the J¥C=1** states

1. Parameters

The parameters in this study include the vertex cou-
pling constants and a cutoff energy for the loop integrals.
For the positive C-parity channel the key parameters
are gp gk and s, apr- They will determine the relative

strengths between the KKz and nzz channel and the sum
of these two partial widths will nearly saturate the total
width. Also, by assuming that couplings s aor and g, £,z
are both via the nonstrange component in the wave
functions of f| and a;, they can be expressed using
the bare gsgp coupling.
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TABLE III.  Coupling constants adopted in the 17 sector.

Coupling constant Value

9foK+ K- 5.92 +£0.13 GeV [45]
Gfonta 2.96 + 0.12 GeV [45]
Yagk K- 2.24 +£0.11 GeV [46]
gaor/ﬂ 3.02 £0.35 GeV [46]
gavp 2.04 GeV
9f a0 2.93¢2.26m
gf’] apm 0.28262'26”i
9r, kK 1.24 GeV
95 k& 2.17 GeV
Ya, KK 2.04 GeV
.galfoﬂ 2.9362‘267”

At this moment the experimental data do not allow a
precise determination of these parameters. Our strategy for
the parameter determinations is as follows: Since the KKz
channel is dominant in the f/ decay, we assume that this
channel accounts for a partial width of 50 MeV such that
we can describe the available data best. This determines
9r Kk = 2.17. In the SU(3) flavor symmetry the coupling
9r,kk = 1.24 and g, gg = 2.04 can then be determined.
Notice that the couplings gy x+x- and g, xx = 2.24 are
relatively well established quantities, and gg+x, = 3.2 can
be determined by experimental data for K* — K.
In Table III the coupling constants which appear in the
C = +1 axial vector meson decays are listed.

2. Partial decay widths

In Tables IV and V we list the calculated partial decay
widths for f1/f} and a,, respectively, and compare them to
the available data. For the decays of f1/f’, our comparison
shows that the partial decay widths for both states are
consistent with the experimental measurements [1]. Some
specific points can be taken:

TABLE V. Predicted partial decay widths of a; in comparison
with experimental data from the CLEO Collaboration [42].

Channel Width
ay — pr — 3x 274 MeV (221 £5/7 MeV) [42]
ay — for~ [Fig. 4(c): tri.] 0.033 MeV

(a) The decay of f; — nzxz is a dominant channel due to
the large tree diagram contribution, i.e., f; —
agr — nzxz. In contrast, the triangle loop contribution
is larger than the tree process in f| — nzz. The reason
is because of the different couplings in these two
channels, i.e., gg 4 > 9f! agn and 95Kk L Ip Kk
(see Table III).

(b) The decay of f; — KK is suppressed by the phase
space. In contrast, this is the dominant channel for f7.
The main contribution is from the tree diagram
transition of f| — K*K + c.c. > KKx. Note that
the mass of f) is located within the kinematics of
the TS condition. As a consequence, the contributions
from the triangle diagram are larger than the tree
process in the transitions involving ayz. This also
enhances the isospin-breaking effects in f| — 3z
more than the tree-level ay — f, mixing contribution.

(c) The isospin-breaking decays, in f; and f| — 3z,
respectively, can be illustrated using the following
ratios:

__B.R.(f| = for = ntaa")
fimde = B.R.(f, = agr — na'zn?)

~ 3x0.01

97

__ B.R.(f} = for > ntn"a)
fi=3n = B.R.(f}, = ayr — na°z°)

~ 3x0.16

10

= 0.31%,

— 4.8%. (73)

TABLE IV. Calculated partial widths of f; and f) in units of MeV. The corresponding experiment values are shown in parentheses.

fi i

agr — nax [Fig. 1(a): tree] 75+1.7 (1.7£0.4) x 107!
aor — nax [Fig. 1(b): tri.] (2.0 £ 0.6) x 107! 92430
Partial width of f,/f| — yan 9.7+2.4 (8.6+1.3) [1] 10+£35

agr — KKz [Fig. 2(a): tree] (3.7 +0.4) x 107! (1.7 40.2) x 1072
agn — KKz [Fig. 2(c): tri.] (2.4£0.5) x 1072 1.24+0.2

apn — KKr [Figs. 2(a) and 2(c)] (5.0£0.5) x 107! 1.0£0.1
K*K — KKr [Fig. 2(b): tree] (3.0£0.1) x 107! (not seen) [1] 49 £+ 1
Partial width of f,/f, — KKz 1.47 +£0.20 (1.95%937 [40], 2.1 +£0.2 [1]) S2£3

for = 3z [Fig. 3(a): mixing] (3.6 £1.2)x 1073 (9.0 £2.9) x 1073
forr — 37 [Fig. 3(b): tri.] (1.0£0.1) x 1073 (1.1£0.1) x 107!
for — 3z [Fig. 3(c): mixing via tri.] (1.4404) x 107 (8.0+2.6) x 1073
Partial width of f,/f! — for — 3x (1.0 £ 0.3) x 1072 (1.6 £0.3) x 107!
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This shows that the ay — f; mixing and contributions
from the triangle diagram are compatible. Owing to
the low mass of fi, the condition for the TS mecha-
nism has not been fulfilled. Thus, the isospin-breaking
effects in f; — 3z are rather small. The branching
ratio of f; — 37 is one order of magnitude smaller
than the PDG value, but it is accordance with the
calculation in Ref. [21]. In contrast,
the isospin-breaking effects in f| — 3z are strongly
enhanced by the TS mechanism. One notices that the
exclusive partial width of f| — 3z via the tree-level
ag — fo mixing is much smaller than that of f; — 3.
The reason is that the coupling g, , is much smaller
than g¢ , »» as shown in Table IIL It is interesting to
compare the above results with the anomalously large
isospin violations in 7(1405/1475) — 3z (17.9%) [12].

(d) In Table V the partial decay widths of a7 — pz — 37
and aj — fon~ are predicted. The pz channel con-
tributes dominantly and the fyz channel is very small.
This is consistent with the experimental measurement
and may reflect the molecular nature of f,.

We also estimate the errors with the partial decay widths,
which are from two sources. One is the uncertainties
with the coupling constants, and the other is due to the
cutoff dependence of the loop integrals. For instance, in
f1 = KKz we consider the errors with gx: g, 9ayk k> and
Gagyx Which are extracted from the experimental data
(Table IIT) for the first type of the error source. For the
second source we find that the results are insensitive to the
cutoff energy. In Fig. 8 we plot the cutoff dependence of
the partial decay width for f| — agr — naz as a demon-
stration. It shows that the partial decay width varies rather
slowly in terms of the cutoff parameter.

3. Invariant mass spectra

To proceed, we discuss the results for the invariant mass
spectra in different transition processes.

W) J/y = vfi/f) = ynan

14
12
10
3 s
=
E 6 .
s A — — Triangle
—— Total
2
0
1.0 1.5 2.0 25 3.0 3.5 4.0
B
FIG. 8. Sensitivity of T'(f| — apm — nzz) to the cutoff

parameter /.

In Fig. 9 the nyzz invariant mass spectrum (solid line)
in J/w — yfi/f) = ynrr is plotted. As a comparison,
the exclusive contributions from the tree-level process
f1/f) = aom (dashed line) and the triangle loop transition
(dot-dashed line) are also presented. It is interesting to
see that the signals for f| are rather small. This is due
mainly to the relatively small production coupling for
J/w — yf}. One notices that with a, = 84.48° the pro-
duction coupling ratio in Eq. (22) gives gff/ 9r =

(V2 cosa; —sin af)/(\/i sina; + cosay) =~ —0.57, which
suggests that the production of f; will be relatively
enhanced. However, if we compare only the partial decay
widths between f; and f| — yzaz, they are actually
comparable to each other, as shown in Table IV.

(i) J/w = vf1/f) = yKK= )

In Fig. 10 the invariant mass spectrum of KKz in J/y —
vf1/f} = yKKx is plotted, where the signals for both f;
and f7 are clear. Recall that the production of f/ in the J /y
radiative decays will be relatively suppressed. The strong
signals of f are driven by its strong coupling to K*K,
which leads to the dominant contributions from the tree
diagram of Fig. 2(b), i.e., | - K*K — KKx. The exclu-
sive contributions are shown as a dotted line in Fig. 10. In
contrast, the intermediate ayz contributions are negligible.

In Fig. 11 the invariant mass spectra of KK (left panel)
and Kz (right panel) in J/y — yf — yKKx= are illustrated
by the solid lines. The dashed lines denote the exclusive
contributions from the tree diagram of | —» K*K — KK.
The difference between the solid and dashed lines indicates

0.5+
—— Total

0.4+ ——— agiT tree
—.— agIt triangle

Sso >
~~~~~~~~
______

.........

FIG. 9. The yzz invariant mass spectrum in J/y — yf/f] —
ynzr. The blue solid, red dashed, and green dot-dashed lines are
contributions from the full, tree-level, and triangle amplitudes,
respectively.
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Total
0.06+  ----- KK
— — gorr Tot. x2
- — = go7T tree x2
----- - agrt Tri. x2
0.04+
<
—
o ‘ §¥
©
0.02+
0.4
1.2

Mgk » [GeV]

FIG. 10. KKz spectrum of J/w — yf,/f} — yKKx. The full
spectrum is represented by the blue solid line. The blue dotted
line stands for the tree-level K*K contribution. The red short
dashed and green dot-dashed lines are contributions from the
tree-level and triangle amplitudes of the ayz channel, respec-
tively, and the purple long dashed line is the sum of the two. For
a better display, the latter three contributions are multiplied by a
factor of 2.

the effects from the intermediate apz contributions. In
particular, for the f/ decays into KKz the TS contribution
is larger than the tree-level ayx contribution. Therefore,
the difference between the solid and dashed lines is
largely due to the TS mechanism. Meanwhile, the strong
threshold enhancement at the KK threshold is due to the
a0 (980) pole structure. In contrast, in Fig. 11(b) the signal
for K* is evident.

(i) J/y = vf1/fy = r3=

In this process the decays of f/f} into 3z violate
isospin symmetry. For the processes in Fig. 3 the isospin-
violating mechanisms actually imply an abnormal line

0.04T1

0.03T1

[GeV™"]

0.02T
X

© 0.01T

—
©

Sk

O-__

1. 11 12 13 14 15 1.6
sk k [GeV?]

FIG. 11.

shape, with the zz invariant mass spectrum due to the
cancellations outside the kinematic regions between the
thresholds of the charged and neutral KK pairs.

The zt 7z~ invariant mass spectrum is shown in Fig. 12,
where we can see that the cancellation between charged and
neutral loop amplitudes produces a narrow f,(980) peak
with a width of ~(2mgo — 2mg+) ~ 10 MeV. In general,
this is the signature for the ay — f, mixing mechanism for
the isospin-breaking effects. This narrow structure also
becomes the signature for the TS mechanism if signifi-
cantly large isospin-breaking effects are observed within
the TS kinematic region [14,15,18].

Some special features arise from the process of J/y —
vf1/f} — y3=. Since the tree diagram [Fig. 3(a)] is
relatively suppressed by the f; — f] mixing the isospin
violation of f) via the tree-level a, — f, mixing is also
suppressed. As shown in Table IV the TS mechanism has
the largest contribution to the isospin-breaking effects. In
addition, the TS mechanism can enhance the production
of ay, which will further enhance the a,— f, mixing
contributions. This scenario is similar to the case of the
isospin violation of 7(1405/1475) — 3z [18], but it has
been overlooked in other studies [14—17]. One can see that,
although this amplitude is small, its interferences cannot be
neglected (see Table IV). Combining the isospin-breaking
contributions from those three processes in Fig. 3, we see
that the isospin-breaking effects are about 4.8% [see
Eq. (73)]. This value is significantly larger than the usual
ones of about 1%-2% from the pure a, — f, mixing and
has indicated a signature of the TS mechanism.

We will also see later that the TS mechanism will put a
constraint on the a;(1420) — 3z. With the same initial
energy around 1.4 GeV, the charged and neutral loop
amplitudes will constructively add to one another.

(V) ye1 = aym — 4z

As shown in Sec. IIID, the decay of y. — 4r
gives access to the production of a;(1260) in its decays
into 3z. Note that a,(1260) is a broad state, ie., I'; =
250-600 MeV [1], it is necessary to investigate the 3z
invariant mass spectrum in a relatively broad mass region.
This will bring the kinematics into the physical region of

0.057

- 0.047
2

& 0031

| &o0.024
© o)
©

0.011

0.1

0.4

Invariant mass spectra of (left panel) KK and (right panel) Kz in J/w — yf} — yKKz. The blue solid lines denote the full

calculation results, and the red dashed lines denote the contribution from the tree-level K*K channel.
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084 — — triomix
k —-— mixx100
S| < 06t
°l=
©
04T
02T
0 e ——_—_-—-“d/ &.
] ] ] ] ] ] ]
T T T T T T T
0.96 0.97 0.98 0.99 1 1.01 1.02
M- [GeV]
FIG. 12. Invariant mass spectrum of z*z~ in f} — ztz=7°.

The dot-dashed, short dashed, and long dashed lines correspond
to the contributions from Figs. 3(a)-3(c), respectively.

the TS condition. Therefore, a systematic study of the
a,(1260) production in a broad mass region via the 3z
invariant mass spectrum will provide a test of the nature of
a,(1420) which could be an enhancement produced by the
TS mechanism.

The corresponding processes are illustrated in Fig. 4. In
Fig. 13 the 37 invariant mass spectrum is plotted. One can
see that the dominant decay of a;(1260) is the pz channel,
which accounts for about 60% of the total width [1]. This
helps determine the coupling of a; — pz. As indicated by
the dashed line, the intensity of f(z~ channel relative to the
p’z~ channel ranges from (0.4 — 1)%. This is consistent

1.0 -
..... pol'l"')t’]o_2
0.8 forrt tri
— — fyrttree U -
m .
& 06 — farrtot. ,
] :'
| ,
T .
T 04 .
02f . P
Phd =
0.0 -——
1.0 1.1 1.2 1.3 14 1.5 1.6
J: [GeV]
FIG. 13. The invariant mass spectrum of zTz~z~ in

Xe1 = a1(1260)7 — 4z. The black dotted, red thick solid, blue
dashed, and orange thin solid lines represent the contributions
from the tree diagram of the p®z~ channel, triangle diagram of
the foz channel, tree diagram of the fyz channel, and a
coherent sum of the fyx channels, respectively. The orange thin
solid line is calculated while assuming that a; = 47. Note
that the pz contributions are scaled down by a factor of 1072,
which means that the contributions from the intermediate fyz
channels are small.

with the COMPASS observation [13]. Given the broad
width of a;(1260) and its strong coupling to the nearby
K*K + c.c. threshold, the TS mechanism can produce a
significant enhancement at about 1.4 GeV (see the solid
line). This structure, noted as a; (1420), can be regarded as
a natural consequence of the TS mechanism and is not
necessarily interpreted as a genuine resonance state. The
orange thin solid line in Fig. 13 shows the combined
contributions from a;(1260) — fyz. The line shape indi-
cates the interference between the amplitudes of the tree-
level and TS transitions and is consistent with the partial
wave analysis in experiment [13]. The observation of
a,(1420) hence can be regarded as a signature for the
TS mechanism which drives the rich phenomena observed
near the K*K + c.c. threshold in various processes.

B. Numerical results for the J*C=1*" states

1. Parameters

Parameters in the calculations of the C = —1 axial
vectors include its production coupling in J/y decays into
a pseudoscalar and C = —1 axial vector, i.e., g,pp. AS

discussed in Sec. IV A, this quantity can be determined by
the experimental data for J/w — bfz™ [1]. The exper-
imental data for 7; — pz and b — wzn™ can connect all
the couplings among the SU(3) multiplets together, as
discussed in Secs. IVA and IV B. In Table VI all the vertex
couplings are listed.

2. Invariant mass spectra

W) J/w = byr—> ¢prtr

As discussed earlier, the decay of b, — ¢x is an OZI
violation process. The triangle loop actually provides a
mechanism to evade the OZI rule. The OZI-rule violation
effects can be indicated by the following branching ratio
fraction:

__B.R.(b{ >¢n"—>KKz")
""" B.R.(b - wr™)(S-wave)
L(bf > ¢n" > K'Kz)+T(bf > ¢pnt > K K n")
B L(b| »wr™)

=1.8x107%, (74)
TABLE VI. Coupling constants for the 11~ sector.

Coupling constant Value

JBvVP 3.03 GeV

hypr 4.28 GeV

gh’lpﬂ 0.13 GeV

gh,l K*K 3.09 GeV

9p, KK 3.03 GeV

b, wn 4.28 GeV

GyBP 435 x 1073 GeV
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FIG. 14. Invariant mass spectrum of K* K~ inJ/y — bz~ — K"K~z z~ at (left panel) /s = m;, and (right panel) \/s = 1.4 GeV.
The gray dashed, red dot-dashed, and blue solid lines represent the contributions from the K*K*? and ¢z* channels and the coherent

sum, respectively.

which is consistent with the experimental upper limit
Rj,, < 0.004. Recalling that b, is broad and that the decay
of by » ¢n — KKn will have the tree-level contribution
from b, - K*K — KK as the background contribution, it
should be interesting to examine the KK invariant mass
spectrum from the on-shell mass to the TS kinematic region
in the J/w decay. In Fig. 14 the K*K~ spectra at /s =
my, = 1.235 GeV (left panel) and /s = 1.40 GeV (right
panel) are plotted with the cutoff parameter f = 2.
Although the ¢ meson production is an OZI-rule-violating
process, the signal clearly stands out of the smooth back-
ground. A comparison of these two plots in Fig. 14 shows

1.2 1.3 1.4 1.5
Mgpr [GeV]

that the line shape of the ¢ meson is distorted at
/s = 1.40 GeV due to the TS mechanism. Moreover,
the cross section at /s = 1.40 GeV is much larger than
that at /s = m;, = 1.235 GeV. This is a strong indication
of the TS mechanism in this channel.

In Fig. 15 we present the ¢z invariant mass spectrum
and the Dalitz plot for ¢pztz~, which can further disen-
tangle the role played by the TS mechanism. In Fig. 15 (left
panel), a set of curves which correspond to different cutoff
energies (fAqcp) are shown. It is interesting to see that,
although the b signal is sensitive to the cutoff energies, the
TS peak (close to the normal threshold of K*K) appears to

FIG. 15. Invariant mass spectrum of ¢z " (left panel) and Dalitz plot of J/yy — bz~ + c.c. — ¢z~ (right panel). Left panel: in the
¢ spectrum, the green solid, cyan dashed, red dotted, purple dot-dashed, and blue thin-solid lines stand for calculations with different
cutoff parameters, i.e., # = 4, f = 3, f = 2, and f = 1, and without the form factor, respectively. The first peak is due to the resonance
of b (1235), and the second peak is due to the presence of the TS. Right panel: the Dalitz plot is calculated with # = 2. The mass of
b,(1235) and the location of the TS are indicated by the dashed and dotted lines, respectively.
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FIG. 16. The ¢z spectrum of 4} in J/w — nh — n¢n (left panel) and the Dalitz plot of J/y — nh| — n¢x (right panel). The orange
dashed line is calculated assuming that there is no &} resonance produced in J/y decay, and it is normalized to the blue solid one, which
is calculated considering the resonance of A/, with the mass my = 1.423 GeV measured by BESIII [4].

be stable. This is because, at the kinematic region away
from the on-shell conditions, the loop integrals, which are
dominated by the dispersive part, will become more
sensitive to the cutoff energies. In contrast, at the TS
kinematics the internal states are all on shell or near
threshold. The absorptive part is dominant and the cutoff
becomes irrelevant. The dispersive part, when moving
away from the on-shell kinematics, will always be largely
cut off. Therefore, the residue amplitude is insensitive to the
cutoff energies.

With a typical cutoff energy of fAqgcp = 500 MeV (i.e.,
p = 2), we see that the red dotted line in Fig. 15 (left panel)
has a trivial structure at the mass of b, but a clear TS
enhancement at the K*K threshold. This mechanism can
produce a signature pattern in the Dolitz plot like that
shown in Fig. 15 (right panel). The presence of the TS
mechanism actually makes a unique prediction for the ¢z
invariant mass spectrum in J/w — byx — ¢z~ that can
be investigated in experiment.

(i) J/y = hin - ¢an > KKzny

The decay channel of J/w — h\n — ¢an — KKzn can
also provide signals for the TS mechanism. Although the
mass of A} still bares a relatively large uncertainty, the
signature of the TS mechanism exhibits some model-
independent features that can be identified in experiment.
Note that the decay of i} — ¢ is an isospin-violating
transition. The TS mechanism actually provides a leading
source for violating the isospin symmetry [47]. As
discussed earlier, the charged and neutral triangle loop
amplitudes will cancel out. This process is correlated with
the decay of J/w — byn — ¢n*x~, where the charged

and neutral loop amplitudes add constructively to
each other.

In Fig. 16 (left panel) we depict the ¢pz° invariant mass
spectrum with (blue solid line) and without (orange dashed
line) the /) propagator. It shows that without the /| the
cross section will be much smaller and the location of the
peak position is determined by the TS kinematics, i.e., that
between the K** K~ and K*°K? thresholds. In contrast, the
inclusion of the A} pole will significantly enhance the peak
strength. Furthermore, the combined effects from the pole
structure with mpy = 1.423 GeV [4] and the TS enhance-

ment will shift the peak position by about 10 MeV toward
the K*K threshold. It should also be noted that the results
are insensitive to the cutoff energies since the dispersive
part will cancel out in this isospin-violating process.

The process J/y — hin — ¢zn has also been studied
in Ref. [44]. Unlike our approach, in Ref. [44] no /]
pole is included and the intermediate K*K is introduced
by a contact interaction in the J/yw decays. As shown in
Fig. 16 (left panel), without considering the relative
magnitude between the two curves it may be difficult to
distinguish the two cases, as they differ by only about
10 MeV. The Dalitz plot is also shown in Fig. 16 (right
panel) and is in agreement with the observation of
BESIII [48].

Taking into account the mass uncertainties with 7/, we
also investigate the strength of isospin violations in a range
of possible masses. By varying the 4| mass, we plot the
partial widths of i} — ¢z — KKz° in Fig. 17 for three
different cutoff energies. Owing to the enhancement of the
TS mechanism, the partial width reaches the maximum
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FIG. 17. The partial width of 4| — ¢z — KK7° as a function
of M, ;- The light blue dot-dashed, blue solid, and purple dashed
lines represent the calculations with different cutoff energies
represented by f, i.e., A; = m; + fAqcp, where m; is the mass of
internal particles of the triangle diagram.

near Mg, = 1.39 GeV, which is between the K*°K® and
K*t K~ thresholds. Also, it shows that the partial width is
insensitive to the cutoff energies, as indicated by the dashed
and dot-dashed lines.

It is interesting to compare the branching ratios between
J/y = hin = ¢a’npand J/y - bia~ +c.c. > prta to
the presence of the TS mechanism. Recall that the former is
isospin breaking and the later is OZI evading. With the
cutoff parameter =2, we find B.R.(J /y = h\n— ¢n°n) =
63x10% and B.R.(J/w — b{n~ +cc. > ¢ntn) =
1.0 x 1073, It shows that the OZI-evading branching ratio
is much larger than that of the isospin-breaking one. This is
an interesting indication of the importance of the non-
perturbative mechanism via meson loop interactions.

VI. CONCLUSIONS

In this work we present a comprehensive study of the
C = =*1 light axial vector mesons. We first discuss
the mixing angles between f| and f [i.e., f(1285) and
f1(1420)], and between h; and A} [i.e., h;(1170) and
h(1415)]. These two angles can be related to the mixing
between K (1270) and K (1400) through the Gell-Mann—
Okubo mass relation. We then introduce the intermediate
K*K + c.c. meson loop transitions in the description of the
productions and decays of these axial vector mesons. The
presence of the nearby S-wave K*K + c.c. to which these
axial vector mesons have strong couplings turns out to be
crucial to understanding many puzzling questions related to
their productions and decays. This is because that the
K*K + c.c. rescatterings by the kaon exchange satisfy
the triangle singularity condition. Therefore, the TS mecha-
nism can introduce special interference effects in the
exclusive decays of these light axial vector mesons.

In the C = +1 sector the main decay channels of the
axial vectors are KKz and nzz for £ and f’, and 3z for
a;(1260). We show that a combined study of these
processes by taking into account of the TS mechanism
provides clear evidence for the assignment of f| and f as
the mixing states of the flavor singlet and octet. Although
f1 can produce an enhancement of around 1.4 GeV due to
the TS mechanism, without the inclusion of f/ as a genuine
state and the SU(3) partner of f;, it is impossible to
understand its productions and decays in both KKz and
nzz channels. We also show that the TS mechanism
accounts for the a,(1420) enhancement, which originates
from the strong a;(1260) coupling to the K*K + c.c.
threshold. The same mechanism also accounts for the
relatively large isospin-breaking effects in f| — 37 except
that the charged and neutral triangle loop amplitudes have a
destructive interfering phase. The combined analysis of
these channels provides a self-consistent check of the
underlying dynamics.

In the C = —1 sector the experimental information is still
sparse. We choose to investigate two special processes, i.e.,
J/w = bix - ¢atn~ and J/w — h\n — ¢an — KKz,
in order to highlight the role played by the TS mechanism.
In the first process the decay of by — ¢x is OZI rule
suppressed. Thus, the tree-level transition is highly sup-
pressed. The triangle diagram actually provides an OZI-
evading mechanism which will produce abnormal line
shapes in both KK and ¢ invariant mass spectra. In
particular, a clear enhancement at about 1.39 GeV is
predicted in the ¢z invariant mass spectrum due to the
TS mechanism. The second process is an isospin-breaking
decay for h| — ¢n. It shows that the TS mechanism
provides a leading source of the isospin-breaking effects.
It is interesting to notice whether or not including the 7}
pole causes drastic differences in the line shapes of the ¢z
invariant mass spectrum. However, the absolute values of
the branching ratios in these two scenarios will be very
different. Without the inclusion of the h’1 pole, the branch-
ing ratio of J/w — K*Kn+ c.c. —» ¢pzn will be much
smaller than that of J/y — hin — ¢an. These predictions
can be searched for in experiment at BESIII.

In brief, the productions and decays of these two sets of
axial vector mesons have provided important evidences
for the role played by the TS mechanism. This combined
analysis has helped clarify some crucial issues concerning
their identifications and classifications.
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APPENDIX: EXTRACT THE MIXING ANGLES
FROM THE MASS RELATIONS

We include here a pedagogic deduction of the Gell-
Mann—-Okubo relation. With the definitions of mixing
angles in the article, the masses of K;4, and K,p are
described by

2 2 .
M (1400) 08 Ok, Mg (1990)510°O,,

_ 2
K,
2 — m%](l‘“)())sitlzelgl + m%lmm)coszé’,ﬂ. (A1)

Under the bases f; and fg, the mass matrix is

<<J~C8|H2|f8> <]~£8|H2|J~c1>>:<mf%8 m%”). (A2)
(FUHFs) (L H2IFD m; o om

By diagonalizing the above matrix, one obtains the physical

masses of f| and f:
(m?-, 0 > B (cosef —Sin9f><m,;%‘8 m%‘m)
2 - : 2 2
0 m7 sinfy  cosy mz omz
sinf
cos '

cos 6
X( i1

. (A3)
—sin Hf

One then has

1
m}%l =5 [mj% + mjz,, - (mj%, - m%) cos26s], (A4)
1, 2 2 2
o, = o (—meon20,]. (A9
) 1 ) 2N
mro=—s (mf, — m7) sin26;. (A6)

From Egs. (A4)-(A6), the following relations can be
deduced:

2 2 2 2
mfl + mig - mf + mf/a (A7)
4 _ 2.0 _ 2 0
m.?ls o mfl m.?x My (mflx <0), (A8)
2 2 2
m= m= —m
tanf = — f”‘z =0 3 ! (A9)
— mx= m=
f fs fis

The solution to these equations is Eq. (6).
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