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We present a systematic study of the productions and decays of light axial vector mesons with
JPC ¼ 1þ� in charmonium decays. In the quark-model scenario, the two axial vector nonets are
connected to each other by the Gell-Mann–Okubo mass relation through the mixing between two K1

states [i.e., K1ð1270Þ and K1ð1400Þ] with configurations of 3P1 and 1P1. The mixing angles between f1
and f01 [i.e., f1ð1285Þ and f1ð1420Þ] and between h1 and h01 [i.e., h1ð1170Þ and h1ð1415Þ] can be reliably
constrained. We then introduce the intermediate K�K̄ þ c:c:meson loop transitions in the description of
the productions and decays of these axial vector mesons. The presence of the nearby S-wave
K�K̄ þ c:c:, to which these axial vector mesons have strong coupling strengths, turns out to be crucial
for understanding many puzzling questions related to their production and decay. This is because the
S-wave K�K̄ þ c:c: rescatterings by the kaon exchange satisfy the triangle singularity (TS) condition in
some of these cases and the TS mechanism can introduce special interference effects into the exclusive
decays of these light axial vector mesons.
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I. INTRODUCTION

The constituent quark model has proved to be successful
in describing many qualitative features of low-lying
hadrons. However, it also shows that it is challenging
for us to provide a quantitative prescription for the hadron
spectroscopy due to the complexity of nonperturbative
QCD. A long-standing puzzling case involves the proper-
ties of the lowest-lying positive parity vectors—namely, the
axial vector mesons. With many unanswered mysterious
questions about their production and decay, it seems that a
consistent picture of axial vector nonets as the first orbital
excitation states in the light meson spectroscopy is still far
from broadly accepted.
In [1,2] the Particle Data Group (PDG) identified

the following nonstrange light axial vector states in
experiment—namely, a1ð1260Þ, f1ð1285Þ, and f1ð1420Þ
as multiplets of JPC ¼ 1þþ, and b1ð1235Þ, h1ð1170Þ, and
h1ð1415Þ [3] as multiplets of JPC ¼ 1þ−. Two strange

multiplets, K1ð1270Þ and K1ð1400Þ, are identified as their
strange partners, respectively, and two quark-model axial
vector nonets can then be constructed. Since K1ð1270Þ
and K1ð1400Þ do not have a fixed C parity, their mixing
has an impact on the nonstrange axial vector meson
masses through the Gell-Mann–Okubo relation, and it has
been the focus of many studies in the literature. While the
mixing angle between K1ð1270Þ and K1ð1400Þ has been
well established over the past decade (see the brief
reviews in Refs. [5,6] and references therein), more
puzzling but interesting issues were raised about the
f1ð1285Þ and f1ð1420Þ, and they have been proposed to
be exotic states based on their couplings to the K�K̄ þ c:c:
open channel.
In fact, the role played by the S-wave K�K̄ þ c:c: open

threshold has been recognized in almost all the non-qq̄
interpretations of the nonstrange axial vector mesons in the
literature. For instance, it was proposed in Ref. [7] that
f1ð1420Þ could be a K�K̄ þ c:c: molecule. In Ref. [8] it
was found that the S-wave interactions between the vector
and pseudoscalar mesons would lead to pole structures
in the second Riemann sheet. Within this scenario axial
vector states f1ð1285Þ, a1ð1420Þ, h1ð1170Þ, h1ð1385Þ, and
b1ð1235Þ were interpreted as dynamically generated
states [9,10]. In particular, f1ð1285Þ was proposed to be
a K�K̄ þ c:c: molecule, while the authors found that
f1ð1420Þ could not be accommodated by their framework.
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In Ref. [11] an analysis of J=ψ → b1ð1235Þπ, h1ð1170Þηð0Þ,
and h1ð1380Þηð0Þ was presented by treating the C ¼ −1
axial vector mesons as dynamically generated states by the
pseudoscalar and vector S-wave couplings.
Although the S-wave K�K̄ þ c:c: open threshold appears

to be crucial for all the present non-qq̄ interpretations,
model-dependent assumptions in different phenomenolo-
gies make it difficult to distinguish among those scenarios
beyond the simple quark-model qq̄ categorizations. In this
work we show that the S-wave K�K̄ þ c:c: interactions
actually cut into the problem via the introduction of the
triangle singularity (TS) mechanism into the axial vector
meson decays. While this is a key for a self-consistent
description of the axial vector mesons, we will show that
by a self-consistent treatment of the TS mechanism there
are smoking-gun observables for disentangling the puzzles
in the axial vector spectra and that a coherent picture can
be obtained.
The TS mechanism in the axial vector decays was

recognized with the help of two recent examples of
experimental progress: (I) The observation of abnormally
large isospin-breaking effects in J=ψ → γηð1405=1475Þ →
γ þ 3π by the BESIII Collaboration [12], where the
f1ð1420Þ should also contribute. (II) The observation of
a1ð1420Þ in the invariant mass spectrum of 3π in π−p →
pþ 3π by the COMPASS Collaboration [13], where the
a1ð1420Þ in the vicinity of a1ð1260Þ apparently cannot be
accommodated by the quark-model nonet. In the former
case it was first proposed in Ref. [14] that the TS
mechanism was the key to understanding the abnormally
large isospin violations. In a later detailed analysis, it
was shown that a small contribution from the f1ð1420Þ
should appear in the decay of J=ψ → γ þ 3π [15].
Although the importance of the TS mechanism for
ηð1405=1475Þ → 3π was confirmed in Refs. [16,17], it
was emphasized in Ref. [17] that the width effects arising
from the intermediate K� may dilute the contributions
from the TS transitions. A comprehensive analysis of the
ηð1405=1475Þ decays into KK̄π, ηππ, and 3π was pre-
sented in Ref. [18], and it was clarified that, apart from
the width effects, the TS enhanced a0ð980Þπ production
should also be explicitly included. This provides another
important isospin-breaking source from the TS mecha-
nism in ηð1405=1475Þ → 3π and makes it possible to
coherently investigate those three decay channels in a
self-consistent framework. This has been one of the major
motivations of this work since such a treatment can be
applied to J=ψ→ γf1ð1285Þ=f1ð1420Þ→ γKK̄π, ηππ,
and 3π, and a better understanding of f1ð1285Þ and
f1ð1420Þ may be achieved. It should be mentioned that
because of the strong enhancement caused by the TS
mechanism, it was proposed in Ref. [19] that the signal
for f1ð1420Þ observed in pp scatterings by the WA102
Collaboration could be due to the f1ð1285Þ via the TS

mechanism [17,20,21]. This is an interesting point since,
according to the result of Ref. [8], the f1ð1420Þ cannot
be accommodated by their model for dynamically gen-
erated state.
Concerning the observation of a1ð1420Þ by the

COMPASS Collaboration [13] listed above, it is explained
as a tetraquark state in some studies based on the QCD sum
rule [22,23] and the AdS=CFT method [24]. However, it
can be regarded as a natural consequence of the presence of
the TS mechanism in this kinematic region caused by the
S-wave isovector coupling between K�K̄ þ c:c: in the 3π
spectrum [25]. An analysis based on the TS mechanism
was carried out in Ref. [26]. By considering the possibility
that the TS mechanism can be satisfied by the slightly off
shell a1ð1260Þ, Suzuki discovered a natural explanation of
the enhancement at about 1.42 GeV in the 3π channel
with I ¼ 1. This mechanism was confirmed in Ref. [27],
where a coupled channel treatment was emphasized.
Actually, the a1ð1420Þ has thus far been observed only
in π−p → pþ 3π. This can not only be strong evidence for
the TS mechanism but also a stringent constraint on a
coherent analysis. Nevertheless, since K�K̄ þ c:c: can also
couple to the negative C-parity axial vector states, i.e., h1,
h01, and b1, examinations of its impact on the productions
and decays of these states can further establish the axial
vector meson spectra.
To proceed: In Sec. II we first give a brief introduction of

the axial mixing scenarios, which are closely correlated to
the TS mechanism due to the strong couplings of the axial
vector states to vector and pseudoscalar mesons. We then
make a detailed analysis of the productions and decays of
the two sets of axial vector mesons with the presence of the
TS mechanism in Sec. III. Numerical results and discus-
sions are presented in Sec. IV, and a brief summary is given
in Sec. V.

II. STATE MIXINGS AND DETERMINATION
OF THE MIXING ANGLES

In the axial vector sector, the mixing angles between
f1ð1285Þ and f1ð1420Þ and between h1ð1170Þ and
h1ð1415Þ are correlated with the mixing between
K1ð1270Þ and K1ð1400Þ in the quark model. Since the
mixing angles decide the relative coupling strengths of
the two states in a doublet [f1ð1285Þ=f1ð1420Þ or
h1ð1170Þ=h1ð1415Þ] to K�K̄ þ c:c:, we first set up the
convention for the mixing schemes and discuss the leading-
order couplings in the flavor SU(3) symmetry limit. These
couplings will be the input for evaluating the relative
production rates for the axial vector meson productions
in J=ψ decays and the impact of the TS mechanism in these
hadronic decays. For simplicity, from now on, we denote
the f1ð1285Þ, f1ð1420Þ, h1ð1170Þ, and h1ð1415Þ by f1, f01,
h1, and h01, respectively.
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We start with the state mixing on the SU(3) basis,

�
f01
f1

�
¼
�
cos θf − sin θf
sin θf cos θf

��
f̃8
f̃1

�

¼
�
cos θf − sin θf
sin θf cos θf

�0B@
ffiffi
1
3

q
−

ffiffi
2
3

q
ffiffi
2
3

q ffiffi
1
3

q
1
CA� fn

fs

�

¼
�
cos αf − sin αf
sin αf cos αf

��
fn
fs

�
; ð1Þ

where f̃1≡ðuūþdd̄þss̄Þ= ffiffiffi
3

p
, f̃8≡ðuūþdd̄−2ss̄Þ= ffiffiffi

6
p

,
fn ≡ ðuūþ dd̄Þ= ffiffiffi

2
p

, and fs ≡ ss̄. Likewise, the mixing
angles between the h1 and h01 states are defined by

�
h01
h1

�
¼
�
cos θh − sin θh
sin θh cos θh

��
h̃8
h̃1

�
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cos θh − sin θh
sin θh cos θh
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q
ffiffi
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q ffiffi
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CA� hn

hs

�

¼
�
cos αh − sin αh
sin αh cos αh

��
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hs

�
; ð2Þ

where h̃1≡ðuūþdd̄þss̄Þ= ffiffiffi
3

p
, h̃8≡ðuūþdd̄−2ss̄Þ= ffiffiffi

6
p

,
hn ≡ ðuūþ dd̄Þ= ffiffiffi

2
p

, and hs ≡ ss̄. The relation between
θf (θh) and αf (αh) is

αfðhÞ ¼ θfðhÞ þ arctan
ffiffiffi
2

p
: ð3Þ

The mixing angles θfðhÞ encode the mechanisms that
contribute to the mass matrices via the mixings between
the SU(3) flavor singlet and octet, i.e., f̃1 and f̃8 (h̃1
and h̃8).
With the help of the Gell-Mann–Okubo relations (see the

Appendix for a pedagogic deduction), the octet massesm2
f̃8

andm2
h̃8
can be expressed by the states with isospin 1=2 and

1 in the quark model, respectively, i.e.,

m2
f̃8

¼ 4m2
K1A

−m2
a1

3
;

m2
h̃8
¼ 4m2

K1B
−m2

b1

3
; ð4Þ

where K1A and K1B are assigned as the 3P1 and 1P1 states,
respectively. The mixing angles θf and θh can thus be
calculated by

tan θf ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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f̃8ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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tan θh ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2
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ðm2

h þm2
h0 −m2

h̃8
Þ −m2
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h0

q
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h̃8
−m2
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h̃8ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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h̃8
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h þm2
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h̃8
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hm
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q : ð6Þ

One can see from the above relation that, given the masses
of the physical states and the octet masses m2

f̃8
and m2

h̃8
, the

mixing angles can be determined. Note that the octet
masses m2

f̃8
and m2

h̃8
are determined by the masses of

K1A and K1B, which, however, are not the physical masses.
The determination of θfðhÞ is thus correlated with the
mixing between K1A and K1B.
The corresponding physical states K1ð1270Þ and

K1ð1400Þ, as the mixing states between K1A and K1B

(i.e., 3P1 and 1P1), are expressed as

�
K1ð1270Þ
K1ð1400Þ

�
¼
�

cos θK1
sin θK1

− sin θK1
cos θK1

��
K1B

K1A

�
: ð7Þ

As a result, the mixing angles θfðhÞ are now correlated with
the dynamics for the K1A and K1B mixing via their mixing
angle θK1

.
There have been various approaches for the determina-

tion of θK1
in the literature. The early analysis of τ decay in

Ref. [28] gave a twofold solution, i.e., jθK1
j ¼ 33° or 57°.

With the help of the constituent quark model, Blundell et al.
[29] predicted that jθK1

j ∼ 45°. In Ref. [30] a range of
35° ≤ jθK1

j ≤ 55° was obtained in the nonrelativistic quark
model. In Ref. [31] θK1

∼ −58° was shown to be favored in
the charmed meson decays. Analysis of the axial vector
decays into a pseudoscalar and a vector meson suggested
that θK1

¼ þð62� 3Þ° [32], which seems to be confirmed
by the conclusion in Ref. [33]. Later, based on the data for
the B and f1 radiative decays, θK1

was determined to be
−34� 13° in Ref. [34], together with θf ¼ ð19.4þ4.5

−4.6Þ°. The
analysis in Ref. [5] also favored jθK1

j ∼ 35°. The sign of θK1

was discussed in Ref. [35] and led to θK1
¼ −ð39� 4Þ°.

A combined analysis including all light axial vector
mesons was made in Ref. [36], where a good agreement
with the experimental data was achieved with θK1

¼
−ð33.6� 4.3Þ°. In Ref. [6] a brief review of the status
of θK1

suggested that θK1
∼ 33° (less than π=4) is more

favored than 57° (larger than π=4). Note that the sign
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ambiguity was removed by fixing the relative sign of the
coupling constants forK1A andK1B [6]. The recent analysis
of Bþ → J=ψKþ

1 using a perturbative QCD method also
obtained θK1

∼ 33° [37].
Taking the PDG [1] values for these charge-neutral axial

vector states (see Table I) and adopting several possible
solutions for θK1

as inputs, we extract the mixing angles
θfðhÞ and αfðhÞ [αfðhÞ ¼ θfðhÞ þ arctan

ffiffiffi
2

p
] in Table II. One

can see that the large range of values for θK1
also leads to

large uncertainties in the predictions of θfðhÞ and αfðhÞ.

To determine θfðhÞ (αfðhÞ) we look for alternative con-
straints on the mixing angles. It seems that the h1 and h01
decays into a vector and a pseudoscalar meson can set up a
reasonable constraint.
The Lagrangian describing the vertices between the 1þ−

axial vector meson (B), vector meson (V), and pseudoscalar
meson (P) is given by

LBVP ¼ gBVPTr½BμfVμ; Pg�; ð8Þ

where gBVP is the coupling constant and with the SU(3)
flavor symmetry the coupling fields are

Bμ ≡

0
BBB@

cos αhh01þsin αhh1ffiffi
2

p þ b0
1ffiffi
2

p bþ1 Kþ
1B

b−1
cosαhh01þsin αhh1ffiffi

2
p − b0

1ffiffi
2

p K0
1B

K−
1B K̄0

1B − sin αhh01 þ cos αhh1

1
CCCA; ð9Þ

Vμ ≡

0
BBB@

ρ0ffiffi
2

p þ ωffiffi
2

p ρþ K�þ

ρ− −ρ0ffiffi
2

p þ ωffiffi
2

p K�0

K�− K̄�0 ϕ

1
CCCA; ð10Þ

P≡

0
BBB@

π0ffiffi
2

p þ cos αPηþsin αPη0ffiffi
2

p πþ Kþ

π− − π0ffiffi
2

p þ cos αPηþsin αPη0ffiffi
2

p K0

K− K̄0 − sin αPηþ cos αPη0

1
CCCA; ð11Þ

where we parametrize the mixing between η and η0 as

�
η

η0

�
¼
�
cos αP − sin αP
sin αP cos αP

��
ηn

ηs

�
: ð12Þ

The couplings for an vector meson to two pseudoscalars have the following form:

LVPP ¼ igVPPTr½Vμð∂μPP − P∂μPÞ�; ð13Þ

where gVPP is the coupling constant and can be calculated with K� → Kπ or ϕ → KK̄. With the data for ϕ → KK̄ [1], one
determines gVPP ¼ 4.52. To determine the coupling gBVP, we assume that the total width of h1ð1170Þ is saturated by
h1 → ρπ → πþπ−π0, for which the amplitude reads

TABLE I. Physical masses adopted for the axial vector
mesons [1].

Mesons Mass (GeV)

a1 1.26
f1 1.285
f01 1.426
b1 1.235
h1 1.17
h01 1.423

TABLE II. Extracted mixing angles for θfðhÞ and αfðhÞ with
typical values for jθK1

j as the input.

jθK1
j 33° 34° 39° 45° 57°

αf − 90° −6.84° −5.52° 0.82° 8.17° 22.7°
αh − 90° 2.45° 1.77° −1.80° −6.55° −18.1°
θf 28.4° 29.7° 36.1° 43.4° 58.0°
θh 37.7° 37.0° 33.5° 28.7° 17.2°
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Mh1→ρπ→πþπ−π0 ¼ igh1ρπi
2gρππϵμ

i
scd −m2

ρ þ imρΓρ
i

��
1þ sd − sa

scd

�
pμ
a þ

�
−1þ sd − sa

sad

�
pμ
d

�

þ igh1ρπi
2gρππϵμ

i
sab −m2

ρ þ imρΓρ
i

��
−1þ sa − sb

sab

�
pμ
a þ

�
1þ sa − sb

sab

�
pμ
b

�

þ igh1ρπi
2gρππϵμ

i
sbd −m2

ρ þ imρΓρ
i

��
−1þ sb − sd

sbd

�
pμ
b þ

�
1þ sb − sd

sbd

�
pμ
d

�
; ð14Þ

where the momenta of πþ, π0, and π− mesons are denoted
as pa, pb, and pd, respectively, and sad ≡
ðpa þ pdÞ2, sab ≡ ðpa þ pbÞ2, and sbd ≡ ðpb þ pdÞ2 ¼
s1 þ sb − sad þ sa þ sd − sab. Given Γh1→ρπ→πþπ−π0 ¼
0.37 GeV from the PDG as input, one extracts
gh1ρπ ¼ 4.28 GeV.
Note that the following relation holds:

gh1ρπ ≡
ffiffiffi
2

p
gBVP sin αh: ð15Þ

This suggests that another relation is needed in order
to determine gBVP and αh in the 1þ− sector. In principle,
with the data for h01 → ρπ → πþπ−π0, one will be able to
determine these two quantities. However, the branching
ratio of h01 → ρπ → πþπ−π0 has not been well established.
To get around this problem, note that the data show that the
total width measurement may provide a reliable estimate
given that it is dominated (or nearly saturated) by the ρπ
and K�K̄ channels. Since these two channels can be related
to each other by the SU(3) flavor symmetry, one has

gh0
1
ρπ ¼

ffiffiffi
2

p
gBVP cos αh ¼ gh1ρπ cot αh; ð16Þ

gh0
1
K�K̄ ¼ gBVP

� ffiffiffi
2

p

2
cos αh − sin αh

�
ð17Þ

¼ 1

2
gh1ρπðcot αh −

ffiffiffi
2

p
Þ: ð18Þ

The total width of h01 will then be calculated as the sum of
the partial widths of the ρπ and K�K̄ channels.
The BESIII Collaboration recently measured the total

width of h01, i.e., Γh0
1
¼ 90� 9.8� 17.5 MeV [4]. We find

that with θK1
¼34° (i.e., αh¼91.77°) and gh1ρπ¼4.28GeV,

the parameter relations give gBVP¼3.03GeV and gh0
1
K�K̄ ¼

−3.09 GeV. Thus, the partial width of h01 → K�K̄ → KK̄π
is estimated to be

Γh0
1
→K�K̄→KK̄π ≃ 6Γh0

1
→K�K̄→KþK−π0 ¼ 55.9 MeV: ð19Þ

Together with the contributions from the other possible
decay channels, the total width of h01 can be reasonably
described. We also mention that with higher values for
jθK1

j in Table II, e.g., jθK1
j ¼ 57°, the partial width for

h01 → ρπ → πþπ−π0 will be large and in contradiction
with the experimental measurements. Therefore, we adopt
θK1

¼ 34° as the input for the later calculations.

III. PRODUCTION AND DECAY OF AXIAL
VECTOR MESONS WITH JPC = 1++

A. Key issues

In our previous study [15] it was shown that the axial
vector meson f01 should have contributions to the isospin-
violating decay of J=ψ → γ þ 3π which was measured by
BESIII [12]. The observable of the angular distribution of
the pion recoiling the f0ð980Þ should contain a non-
negligible S-wave contribution apart from the dominant
P-wave from the intermediate η resonances. Unlike the
treatment in Ref. [15], where an arbitrary coupling strength
was determined by fitting the angular distribution, we will
quantify the production and decay of both f1 and f01 in the
J=ψ radiative decays into γηππ, γKK̄π, and γ þ 3π with the
presence of the TS mechanism.
In Ref. [38] a preliminary result was reported and it

showed that the f1ð1420Þ as a pole structure should
account for the S-wave enhancements observed in the
invariant mass spectra of ηππ andKK̄π in J=ψ → γηππ and
γKK̄π, respectively. Later, it was claimed in Ref. [20] that
the f1ð1420Þ enhancement was not a genuine state and
that it could be produced by the TS mechanism due to the
f1ð1285Þ pole. This is an interesting scenario since, on the
one hand, it shows that the TS mechanism plays an non-
negligible role in various processes. And, on the other hand,
it also raises questions on the structure of f1ð1420Þ. In
Refs. [8,39] a systematic study of the S-wave vector and
pseudoscalar meson interactions led to dynamically gen-
erated pole structures which can be associated with the
PDG listed states, i.e., b1ð1235Þ, h1ð1170Þ, h1ð1415Þ,
a1ð1260Þ, and f1ð1285Þ. It was also mentioned there that
the f1ð1420Þ could not be accommodated in their scheme.
In Ref. [20] the f1ð1420Þ was proposed as an enhanced
structure by the TS mechanism which originated from
the f1ð1285Þ as a dynamically generated state by the
K�K̄ þ c:c: S-wave interaction. Debastiani et al. [20]
obtained the line shape of the invariant mass by fitting
the data from WA102 [40] with an undetermined arbitrary
strength. Although this seems to be consistent with the
result in Ref. [8], it would leave crucial questions in the
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understanding the overall axial vector spectrum. In par-
ticular, treating f1ð1285Þ as a dynamically generated state
due to the S-wave K�K̄ þ c:c: interaction would bring
conflict to some of those experimental observables for f01,
which fits the flavor singlet and octet mixing pattern quite
well [1,40,41].
To proceed, we first point out that the dominant decay

mode of f1ð1285Þ is ηππ with B:R:ðf1 → ηππÞ ¼
ð52.4þ1.9

−2.2Þ%, among which B:R:ðf1 → a0ð980ÞπÞ ¼
ð36� 7Þ% [1]. Note that the branching ratio B:R:ðf1 →
a0ð980ÞπÞ ¼ ð36� 7Þ% does not include the contributions
from the a0ð980Þ → KK̄ [1]. This means that the real
value should be larger than this and explicitly indicates
the dominant mode of f1 → a0ð980Þπ. In contrast, the
branching ratio for f1 → KK̄π is B:R:ðf1 → KK̄πÞ ¼
ð9.0� 0.4Þ% and the intermediate decay mode of f1 →
K�K̄ þ c:c: has not been observed. Although the phase
space would limit the partial width of f1 → K�K̄ þ c:c.,
this suggests that the f1 coupling to K�K̄ is not necessarily
strong. This actually jeopardizes the conclusion in
Ref. [20], where it was assumed that the K�K̄ þ c:c: decay
channel had saturated the KK̄π mode for f1ð1285Þ.
Another caveat in Ref. [20] is that the invariant mass
spectrum measured by WA102 cannot constrain the relative
coupling strength for the production of f1 and f01, and this
will be correlated with the couplings for their decays into
exclusive channels. (Note that their mixing angle is also a
variable to be determined.) This reminds us of a coherent
study of both f1 and f01 in the exclusive process of the J=ψ
radiative decays where both the production and decay
mechanisms can be properly evaluated.
For the coherent study of the axial vector mesons with

C ¼ 1þþ, the following observations can be itemized:
(a) The available experimental results suggest that

the f01 dominantly decays into the KK̄π final state
via K�K̄ þ c:c: and that its decays into ηππ are
significantly suppressed.

(b) The f1 dominantly decays into ηππ via the intermedi-
ate a0π process, and its decay into KK̄π is also via
the a0π.

(c) The mixing between f1 and f01 will affect both the
production and decay processes.

(d) The S-wave coupling to K�K̄ þ c:c: introduces the
effects of the TS mechanism which need to be
coherently investigated for both f1 and f01 in exclusive
processes.

(e) The S-wave coupling to K�K̄ þ c:c: implies the TS
enhancement in the isospin-1 channel which refers to
the a1ð1420Þ.

B. Productions of the C= + 1 axial vector mesons
in charmonium decays

The isoscalar f1 and f01 can be produced in the J=ψ
radiative decays. In their three-body decays, e.g., f1 → ηππ

and KK̄π, both states can contribute. It thus requires a
coherent study of these two states in each channel.
We parametrize the production amplitudes using the
following effective Lagrangian for J=ψ → γA (here, A
denotes f1 or f01):

LJ=ψγA ¼ gAϵμνρσ∂μψνγρAσ; ð20Þ

which gives the amplitude

MJ=ψγA ¼ gAϵμνρσp
μ
ψϵνψϵ

ρ
γϵσA; ð21Þ

where ϵνψ , ϵ
ρ
γ , and ϵσA are the polarization vectors for J=ψ,

the photon, and the axial vector meson, respectively.
The production strength for f1 and f01 in the J=ψ radiative
decays can be related to each other in the SU(3) flavor
symmetry limit:

g0f
gf

¼ hf01jĤγjJ=ψi
hf1jĤγjJ=ψi

¼
ffiffiffi
2

p
cos αf − sin αfffiffiffi

2
p

sin αf þ cos αf
; ð22Þ

where we have assumed that hðss̄Þ1þþjĤγjJ=ψi ¼
hðuūÞ1þþjĤγjJ=ψi ¼ hðdd̄Þ1þþjĤγjJ=ψi. Namely, we
neglect the SU(3) symmetry breaking with the couplings
for the light pair creations. The amplitude of J=ψ →
γðf1 þ f01Þ → γABC can then be parametrized as

MJ=ψ→γðf1þf0
1
Þ→γABC

¼ MJ=ψγf1

�
i

Df1

Mf1→ABC þ g0f
gf

i
Df0

1

Mf0
1
→ABC

�
; ð23Þ

whereMf1→ABC andMf0
1
→ABC are the decay amplitudes for

f1 and f01, respectively, and will be explicitly calculated
in the next subsection. It should be noted that a relative
D-wave coupling is allowed for J=ψ → γf1=f01. This will
introduce another term into the production amplitude,
which means that an additional parameter is needed. In
this paper, for the purpose of investigating the line shapes
with the impact of the triangle singularity mechanism,
we can tolerate the uncertainties arising from such an
approximation since the line shape is an integrated observ-
able and is insensitive to the structure of the production
partial waves.

For convenience of calculation, we define Mf0
1
→ABC ¼P

i M
ðiÞ
f0
1
→ABC andMðiÞ

f0
1
→ABC ¼ χiM

ðiÞ
f1→ABC, where i denotes

the ith intermediate state. The spectrum can then be
expressed in the following form:
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dΓ
d
ffiffiffi
s

p ¼ 2s
π
ΓJ=ψ→γf1

1

2
ffiffiffi
s

p
Z

dΦABC
1

3

����X
i

�
i

Df1

þ χig0f
gf

i
Df0

1

�
MðiÞ

f1→ABC

����2; ð24Þ

where the ΦABC is the phase space for the three-body ABC
in J=ψ → γABC. Functions Df1 and Df0

1
are the inverse

propagators of f1 and f01, respectively, i.e.,

Df1 ¼ s −m2
f1
þ imf1Γf1 ; ð25Þ

Df0
1
¼ s −m2

f0
1
þ imf0

1
Γf0

1
ðsÞ; ð26Þ

where Γf1 ¼ 22.7 MeV and Γf0
1
¼ Γf0

1
→KK̄π þ Γf0

1
→a0π→ηππ

are adopted.
Unlike the production of f1=f01, the production of a1 in

the J=ψ radiative decays will be suppressed due to the
isospin. To produce a1 in the J=ψ radiative decays it needs
to go through the final state photon radiation. This is
relatively suppressed by the additional gluon exchange in
cc̄ annihilations. In eþe− annihilations the ideal process
to probe the production of a1 is via χc1 → πa1ð1260Þ=
a1ð1420Þ → 4π, where χc1 can be copiously produced
through ψð3686Þ → γχc1. The production of χc1 → πa1
can be described using the following Lagrangian:

LχAP ¼ igaϵμνρσ∂μχνc1∂ρAσP; ð27Þ
where ga is the coupling strength for producing a pair
of ðqq̄Þ1þþ and ðqq̄Þ0−þ in the χc1 decays. We mention only

that f1=f01 can also be studied in χc1 → ηð0Þfð0Þ1 , which can
be connected with χc1 → πa1ð1260Þ by the flavor sym-
metry and chiral symmetry. However, we will leave this to
be investigated elsewhere since the involvement of the
η − η0 mixing needs more elaborate treatment.
In principle, ga can be determined by the partial decay

width for χc1 → πa1ð1260Þ. Note that this quantity is
correlated with the measurement of the exclusive process
with the a1 decays into final stable particles, e.g., a1 → 3π.
At this time, the data are not available. However, for the
purpose of determining the line shape as a characteristic
feature ga can be treated as an overall parameter for the
production strength. Thus, we need only consider the 3π
spectrum in the analysis, which can be described as

dΓ
d
ffiffiffi
s

p ∼
2s
π

Γa1→ABCðsÞ
ðs −ma1ð1260ÞÞ2 þ sΓa1ðsÞ

; ð28Þ

where Γa1→ABC represents the energy-dependent width for
a−1 → ρ0π− → πþπ−π0 or a−1 → f0π− → πþπ−π0. The
energy-dependent total width Γa1ðsÞ is estimated by

Γa1ðsÞ ≃ Γa1→ρπðS-waveÞ=B:R:ða1 → ρπðS-waveÞÞ: ð29Þ

Note that both the total width and the partial decay width
Γa1→ρπðS-waveÞ are far from well established for a1ð1260Þ
[1], although the early measurement by the CLEO
Collaboration suggested that B:R:ða1 → ρπðS-waveÞÞ ≃
0.6 [42]. This will prevent us from extracting the absolute
value for the partial width for χc1 → πa1ð1260Þ but will not
affect the study of the line shape since both the total width
and partial decay width are not expected to be sensitive
to the invariant mass spectrum of the 3π in the range of
1.2–1.4 GeV. Moreover, one notices that the coupling for
a1 → ρπ can be related to that for a1 → K�K̄ with the
SU(3) flavor symmetry. This allows us to estimate the
relative significance of the TSmechanism in the 3π spectrum
in comparison with the tree process of a1 → ρπ → 3π. This
will be shown in the study of a1 → 3π later.

C. Decay mechanisms for f 1 and f 01
into ηππ, KK̄π, and 3π

The decay mechanisms for f1 and f01 into ηππ, KK̄π,
and 3π are grouped into two types. One is the tree-level
transitions and the other one is loop transitions via triangle
rescatterings. We first illustrated the mechanisms by
Feynman diagrams in Figs. 1 and 2 for the decay channels
into ηππ andKK̄π. The isospin-violating decay of f1=f01 →
3π is illustrated in Fig. 3 and will be discussed later.
For the decay channels of both ηππ and KK̄π the tree-

level couplings are originated from the quark-model axial
vector meson couplings to a0ð980Þπ in a P-wave and to

FIG. 1. Diagrams for f1ðf01Þ → a0π → ηππ.
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K�K̄ þ c:c: in an S-wave. The strong S-wave K�K̄ inter-
action will have two major physical consequences. One is
to dress the bare states and the masses of the physical states
correspond to the experimentally measured values. The
second one is that the physical couplings for f1 (f01) to a0π
will be renormalized by the triangle transitions. In the f01
decays the kinematics of the triangle transitions are located
within the physical range of the TS mechanism. Thus, one
realizes that the inclusion of the TS contributions is
necessary. It implies that the physical couplings defined
for f1ðf01Þ → a0ð980Þπ should include both tree-level
couplings and loop contributions. They will be constrained
by experimental data in the combined analysis. As a general

remark, we stress that contributions from higher thresholds
in the triangle will be suppressed by the UV regularization
if they are far from the mass of the initial state.
The following typical Lagrangians are needed in the

transition amplitudes for Figs. 1 and 2:
(i) Following the convention of Eq. (2) the Lagrangian

for the f1ðf01Þ coupling to the V and P mesons is
expressed as

L1 ¼ igAVPTr½Aμ½Vμ; P��; ð30Þ

where A denotes the axial vector matrix on the SU(3)
basis, i.e.,

Aμ ¼

0
BBB@

cosαff01þsin αff1ffiffi
2

p þ a0
1ffiffi
2

p aþ1 Kþ
1A

a−1
cos αff01þsin αff1ffiffi

2
p − a0

1ffiffi
2

p K0
1A

K−
1A K̄0

1A − sin αff01 þ cos αff1

1
CCCA: ð31Þ

The resulting Lagrangians for f1ðf01Þ → K�K̄ are

Lf1 ¼ igAVP
−2 cos αf þ

ffiffiffi
2

p
sin αf

2
fμ1ðK�0

μ K̄0 − K̄�0
μ K0 þ K�þ

μ K− − K�−
μ KþÞ; ð32Þ

Lf0
1
¼ igAVP

ffiffiffi
2

p
cos αf þ 2 sin αf

2
f01

μðK�0
μ K̄0 − K̄�0

μ K0 þ K�þ
μ K− − K�−

μ KþÞ: ð33Þ

This allows us to define the leading-order physical couplings for f1=f01 to K�K̄, i.e.,

gf1K�0K̄0 ≡ igAVP
−2 cos αf þ

ffiffiffi
2

p
sin αf

2
;

gf0
1
K�0K̄0 ≡ igAVP

ffiffiffi
2

p
cos αf þ 2 sin αf

2
: ð34Þ

FIG. 3. Diagrams for the f01 → f0ð980Þπ → πþπ−π0 channel.

FIG. 2. Diagrams for f1ðf01Þ → KK̄π.
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With θK1
¼ 34° adopted as the input, the mixing angle has a

value of αf ¼ 90° − 5.52° ¼ 84.48°.
(ii) The Lagrangians for f1ðf01Þ coupling to a0π have the

following form:

Lf1a0π ¼ gASP sin αff
μ
1ðπ∂μa0 − a0∂μπÞ; ð35Þ

Lf0
1
a0π ¼ gASP cos αff01

μðπ∂μa0 − a0∂μπÞ: ð36Þ

With αf ¼ 84.48° the coupling gf0
1
a0π is significantly

suppressed with respect of gf1a0π by a factor of
cot αf ≃ 0.1. In the numerical calculations we find
that Fig. 2(a) can be neglected in f01 → KK̄π. The
TS effect and the intermediate a0ð980Þ resonance is
able to influence the KK̄ spectrum in f01 → KK̄π at
the lower end. But the significance would depend on
the relative phase between the two remaining am-
plitudes [i.e., Figs. 2(b) and 2(c)], which arises from
the coupling ga0KK̄ . This phase can be obtained in
J=ψ → γηð1405Þ → γKK̄π, as shown in Ref. [18].

As follows, we provide the transition amplitudes for each
decay process in Figs. 1 and 2.

1. f 01=f 1 → ηππ

In this subsection we discuss the detailed transition
mechanisms for f01 → ηππ. The corresponding formulas
for f1 → ηππ can then be obtained by a simple replacement
of the vertex coupling constants.
For f01 → ηππ the amplitudes of the tree [Fig. 1(a)]

and triangle diagrams [Fig. 1(b)], respectively, have the
following expressions:

Mtree
ηππ ¼ ϵf0

1
μ
1ffiffiffi
2

p igf0a0πiga0ηπ0
i

Da0

iðpμ
a þ pμ

d − pμ
bÞ

þ ðb ↔ dÞ ð37Þ

and

Mloop
ηππ ¼ ϵf0

1
μ
1ffiffiffi
2

p igf0
1
K�0K̄0igK�0K0π0iga0K0K̄0iga0ηπ02ðÎðnÞμ þ ÎðcÞμÞ i

Da0

þ ðb ↔ dÞ

¼ ϵf0
1
μ
1ffiffiffi
2

p igf0
1
K�0K̄0igK�0K0π0iga0K0K̄0iga0ηπ04Î

μ i
Da0

þ ðb ↔ dÞ; ð38Þ

where ÎðnÞμ and ÎðcÞμ are the loop functions defined for the
triangle diagrams in Figs. 1 and 2. The superscripts n and c
denote the charge-neutral or charged intermediate mesons.
We will give the expression of Îμ later in this section. The
difference between ÎðnÞμ and ÎðcÞμ is due to the slightly
different masses between the charged and neutral kaons, or
between the charged and neutral K�. We will see later that
this gives a novel source of isospin breaking via the TS
mechanism. In the above equation the η momentum is
labeled as pa, and the momenta for the other two pions as
pb and pd, respectively. We also note that for f0 → ηππ,
Fig. 1(a) is insignificant compared to the triangle amplitude
for f0 → a0π → ηπ0π0 [Fig. 1(b)].
The a0ð980Þ resonance is described using a unitary

propagator

i
Da0ðk2Þ

≡ i
k2 −m2

a0 − i
P

abg
2
a0ab

Πabðk2Þ
; ð39Þ

where

Πabðk2Þ ≡
Z

d4q
ð2πÞ4

1

ððq − kÞ2 −m2
aÞðq2 −m2

bÞ
; ð40Þ

ab ∈ fηπ; K0K̄0; KþK−g, ga0ab is the coupling constant of
a0ð980Þ → aþ b, and k is the four-vector momentum

of a0. We mention in advance that a similar treatment will
also be adopted for f0ð980Þ in this work, for which the
propagator is

i
Df0ðsÞ

¼ i
s −m2

f0
− i
P

abg
2
f0ab

Πab
; ð41Þ

with ab ¼ fKþK−; K0K̄0; πþπ−; π0π0g.
For the decays of f1, the expression is similar and we just

need to replace gf0
1
K�0K̄0 and gf0

1
a0π with gf1K�0K̄0 and gf1a0π ,

respectively.

2. f 01 → KK̄π

For f01 → KK̄π we denote the momenta ofK, K̄, and π as
pa, pd, and pb, respectively. Thus, the transition ampli-
tudes for the processes of Fig. 2 can be obtained as follows:

Mtree−1
KK̄π ¼ ϵf0

1
μigf0

1
a0πiga0K0K̄0

i
Da0

iðpμ
a þ pμ

d − pμ
bÞ; ð42Þ

Mtree−2
KK̄π ¼ igf0

1
K�0K̄0igK�0K0πϵf01μ

i
DK�

�
−gμν þ qμqν

q2

�
× iðpμ

a − pμ
bÞ þ ða → dÞ; ð43Þ

with q ¼ pa þ pd, and
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Mloop
KK̄π ¼ ϵf0

1
μigf0

1
K�0K̄0igK�0K0π0iga0K0K̄0iga0K0K̄02ðÎðnÞμ þ ÎðcÞμÞ i

Da0

¼ ϵf0
1
μigf0

1
K�0K̄0igK�0K0π0iga0K0K̄0iga0K0K̄04Îμ

i
Da0

: ð44Þ

The total amplitude is

Mf0→KK̄π ¼ Mtree−1
KK̄π þMtree−2

KK̄π þMloop
KK̄π: ð45Þ

Note that the contribution of Mtree−1
KK̄π is much smaller than

the other two terms due to the small f01a0π coupling.
Therefore, the sum of Figs. 2(b) and 2(c) can be a
reasonable approximation for f0 → KK̄π.

3. f 01 → f 0ð980Þπ → π +π −π0

The isospin-violating process f01→f0ð980Þπ→πþπ−π0

can go through the a0−f0 mixing via a tree-level a0 pro-
duction [Fig. 3(a)] and the triangle mechanism [Figs. 3(b)
and 3(c)]. This is very similar to the case of the isospin-
violating decay of ηð1405=1475Þ → 3π [14,15,18]. In

Ref. [15] the process f01 → 3π in J=ψ → γ þ 3π was first
investigated which contains the contributions from
Figs. 3(a) and 3(b). It was also found that Fig. 3(b) dominates
over Fig. 3(a), i.e., the isospin-breaking effects are mainly
from the TS mechanism. An improvement of the study of
ηð1405=1475Þ → 3π by Ref. [18] suggests that the contri-
butions from Fig. 3(c) [the initial state will be ηð1405=1475Þ
in this case] is also non-negligible. Owing to the TS
mechanism, the production of a0 will be strongly enhanced
by the triangle diagram. Thus, the a0 − f0 mixing will also
be enhanced. In this work we will include the mechanism of
Fig. 3(c) as a complete and self-consistent treatment of the
isospin-violating decays of f1 and f01.
The decay amplitudes of Figs. 3(a)–3(c), respectively,

read as follows:

Mtreemix
f1→3π ¼ igf1a0πiga0KþK−igf0KþK−igf0πþπ−

i
Da0

ðÎ ðcÞ − Î ðnÞÞ i
Df0

; ð46Þ

Mloop
f1→3π ¼ 2igf1K�0K̄0igK�0K0π0igf0K0K̄0igf0πþπ−ϵfμðÎðnÞμ − ÎðcÞμÞ i

Df0

; ð47Þ

Mloopþmix
f1→3π ¼ 2igf1K�0K̄0igK�0K0π0ðiga0K0K̄0Þ2igf0K0K̄0igf0πþπ−ϵfμðÎðnÞμ þ ÎðcÞμÞ i

Da0

ðÎ ðnÞ − Î ðcÞÞ i
Df0

: ð48Þ

In Eqs. (46) and (48) functions Î ðnÞ and Î ðcÞ represent the
two-point loop functions with the neutral K0K̄0 and
charged KþK− as intermediate particles, respectively, for
the a0 − f0 mixing, i.e.,

Î ðn=cÞ ¼
Z

d4q
ð2πÞ4

i2

ðq2 −mKÞ½ðp − qÞ2 −m2
K�

; ð49Þ

where the superscripts n and c denote the neutral and
charged kaon pairs in the loop function. One can see that
these two loop functions cancel each other out due to a sign
difference between the products of ga0K0K̄0gf0K0K̄0 and
ga0KþK̄−gf0KþK̄− in the SU(3) flavor symmetry. Thus, the
isospin-breaking effects are given by the small nonvanish-
ing part caused by the mass difference between the charged
and neutral kaon pairs. The propagators of a0 and f0 have
been given in Eqs. (39) and (41), respectively.
One qualitative feature of the axial vector productions

in the J=ψ radiative decays is that the preferred mixing
angle αf ∼ 90° implies that Fig. 3(a) should be insignifi-
cant in comparison with Fig. 3(b), and the latter

should be the main contribution to the isospin violation
in J=ψ → γf01 → γ þ 3π.

D. a1ð1260Þ and a1ð1420Þ decays into 3π

The strong couplings of the axial vector mesons f1 and f01
to K�K̄ þ c:c: and the presence of the TS mechanism in this
kinematic region imply that the S-wave isovector coupling
between K�K̄ þ c:c: can produce observable effects in the
3π spectrum. Experimental evidence has been provided
through the observation of a1ð1420Þ at COMPASS in
π−p → a1ð1420Þ−p → πþπ−π−p [13]. As a natural con-
sequence of the TS mechanism, it can be accounted for by
the strong coupling of the nearby a1ð1260Þ to the K�K̄ þ
c:c: threshold [26,27]. In the invariant mass spectrum of 3π
the nonvanishing coupling would be strong enough to create
the peak of a1ð1420Þ in the TS kinematic region.
A crucial issue about the role played by the TS

mechanism is its relative strength to the a1ð1260Þ signal
in the exclusive decay channel, i.e., a1 → 3π. In the picture
of a TS mechanism for a1ð1420Þ enhancement, the off-
shell coupling of a1ð1260Þ to the intermediate K�K̄ þ c:c:
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via the triangle loops is actually constrained. Therefore, a
combined analysis of a1ð1260Þ → f0π− → πþπ−π0 with
the production of a1ð1420Þ will help clarify the nature
of a1ð1420Þ.
The transition of a1 → 3π is illustrated in Fig. 4,

which includes two tree diagrams and a triangle process.
In Fig. 4(a) the transition can go through the intermediate
ρπ and the corresponding amplitude is

Mtree
a1→ρπ→3π ¼

1ffiffiffi
2

p iga−
1
ρ0π−igρ0πþπ−ϵ

μ
a1

ið−gμν þ pcμpcν

p2
c
Þ

Dρ

× iðpν
a − pν

dÞ þ ðb ↔ dÞ; ð50Þ

where pa and pd denote the momenta of πþ and π− emitted
from the ρ meson with momentum pc ¼ pa þ pd, respec-
tively. The coupling ga−

1
ρ0π− can be related to gf0

1
K�0K̄0 in the

SU(3) flavor symmetry via Eq. (30). This term plays the
role of a background which can be separated out by a partial
wave analysis. Moreover, since it is an S-wave-dominant
decay, it will not interfere with the transition via the f0π
channel. We will see later that the intermediate ρπ behaves
differently than the f0π.
Figure 4(b) describes the tree-level transition via the

intermediate f0π and the Lagrangian reads

La−
1
f0π− ¼ gASP sin αf0a

−μ
1 ðπþ∂μf0 − f0∂μπ

þÞ: ð51Þ

The bare coupling between a−1 and f0π− is assumed to be
proportional to the nn̄ component of the f0 meson, which
can be described by the mixing angle αf0 between nn̄ and
ss̄ in the scalar meson sector. In this case, the bare coupling
strength can be related to the bare coupling between f1 and
a0π, i.e., gf1a0π . Therefore, the relative phase between the
tree and the triangle amplitude of the f0π channel can be
fixed. The corresponding amplitude is

Mtree
a1→f0π→3π ¼

1ffiffiffi
2

p iga−
1
f0π−

i
Df0

igf0πþπ−iϵa1 · ðpa þpd −pbÞ

þ ðb↔ dÞ: ð52Þ

Figure 4(c) describes the transition via the triangle loop
and the amplitudes has the following form:

Mloop
a1→3π ¼ 2iga1K�0K̄0igK�0K0π0igf0K0K̄0igf0πþπ−

× ϵaμðÎðnÞμ þ ÎðcÞμÞ i
Df0

þ ðb ↔ dÞ: ð53Þ

In Eqs. (52) and (53) the momenta of πþ and π− emitted
from f0 are denoted by pa and pd, and momentum of the
π− which recoils against f0 is pb. In Eq. (53) the neutral
and charged loop amplitudes are in a constructive phase to
be compared with the loop amplitude of Eq. (47) for the
isospin-violating decay of f1 → f0π → 3π. Note that the
combined effect from Eqs. (52) and (53) is to dress up
the bare a1f0π coupling with the triangle loop transition.
As in the case of f1 → a0π, the sum of these two
amplitudes will define the physical coupling which can
be extracted from the experimental data for a1 → f0π.

E. Triangle loop function in the axial vector meson
decays with JPC = 1++

In Figs. 1–4 the triangle transitions are through the same
rescattering processes. The kinematic conditions for the TS
mechanism were discussed in detail in Refs. [14,15,18,43].
But, as pointed out in Ref. [18], for different types of vertex
couplings in the triangle transitions the TS amplitudes
have different structures that lead to different TS effects
in these processes. This feature can be seen again for the
axial vector decays here. We first consider the triangle
amplitude for the axial vector mesons with C ¼ þ1. The
kinematic variables are defined in Fig. 5. The loop function
is defined as

FIG. 5. Conventions for momenta assignments.

FIG. 4. Diagrams for (a) a1 → ρ0π− → πþπ−π−, a−1 → f0ð980Þπ− → πþπ−π− via (b) the tree-level transition and (c) the triangle loop.
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Îμ ¼
Z

d4q
ð2πÞ4

ð−gμν þ qμqν

q2 Þðqν − 2pbνÞFðq2Þ
ðq2 −m2

1 þ im1Γ1Þððq − pbÞ2 −m2
2Þððp0 − qÞ2 −m2

3Þ
; ð54Þ

where fm1; m2; m3g ¼ fmK� ; mK;mK̄g and the Γ1 ¼
50 MeV is the width of K�. The function Fðq2Þ is the
form factor, i.e.,

Fðq2Þ ¼
Y

i¼f1;2;3g

Λ2
i −m2

i

Λ2
i − p2

iðqÞ
; ð55Þ

where piðqÞ denotes the four-vector momentum of the
intermediate meson of mass mi which can be expressed
as a function of the integration variable q. The momenta
of the external particles are denoted by pa, pd, and pb,
respectively. The cutoff energy is defined by Λi ≡mi þ
βΛQCD (ΛQCD ¼ 250 MeV). Although the original integral
without the form factor does converge, it often happens that
the dispersive part of the loop amplitude is overestimated
when the interacting hadrons are treated as fundamental
particles. The introduction of the form factor will then cut
off the unphysical ultraviolet contributions in the dispersive
part of the loop amplitude.

IV. PRODUCTION AND DECAYS OF AXIAL
VECTOR MESONS WITH JPC = 1+−

A. Productions of the C= − 1 axial vector mesons
in charmonium decays

The axial vector mesons with C ¼ −1 can be produced
in association with a pseudoscalar meson in the J=ψ
hadronic decays, e.g., J=ψ → bþ1 π

− þ c:c: and h1η. The
axial vector mesons can then decay into a vector plus a
pseudoscalar via either a tree process or a triangle loop
transition. There are special advantages with the b1ð1235Þ
and h1ð1170Þ=h1ð1415Þ (i.e., h1=h01) decays into ϕπ. Since
b1ð1235Þ is an isovector, it does not contain the strangeness
in the constituents. Therefore, its decays into ϕπ will be
suppressed at the tree level. This provides an ideal place
to investigate the TS mechanism which would produce
unique signals for the TS mechanism. It is also possible that
the production of J=ψ → K�K̄π þ c:c: gives access to the
quantum number of ðI; JPðCÞÞ ¼ ð1; 1þð−ÞÞ directly via the
K�K̄ þ c:c: scatterings. Such a possibility was studied
recently by Ref. [44]. For J=ψ → h1η and h01η with
h1=h01 decays into ϕπ, the decays of h1=h01 violate isospin.
Like the isospin-violating decays of f1 → 3π or
ηð1405Þ → 3π, this channel is ideal for probing the role
played by the TS mechanism as the leading isospin-
breaking mechanism.
For the purpose of detecting the TS mechanism the

three-body decays of the axial vector mesons is of interest.
For instance, it would be interesting to examine the KK̄

invariant mass spectrum in J=ψ → bþ1 π
− þ c:c: →

KK̄πþπ− since it covers the physical region of the TS.
Although the intermediate ϕ meson will account for the
main cross sections for b1 → KK̄π, the impact of the TS
mechanism may influence the line shape of the KK̄
spectrum even near the ϕ peak. In the following subsections
we investigate two correlated processes, i.e., J=ψ →
bþ1 π

− þ c:c: → KK̄πþπ− and J=ψ → h01η → KK̄πη in
order to disentangle the role played by the TS mechanism.
The interactions between J=ψ → b1π and J=ψ → h01η

can be parametrized by the following Lagrangian in the
SU(3) symmetry:

LψBP ¼ gψBPψμTr½BμP�; ð56Þ

from which the interaction reads

Lψb1π ¼ gψBPψμðbþ1μπ− þ b−1μπ
þÞ; ð57Þ

Lψh0
1
η ¼ gψBP cos ðαh − αPÞψμh01μη; ð58Þ

Lψh0
1
η0 ¼ −gψBP sin ðαh − αPÞψμh01μη

0; ð59Þ

Lψh1η ¼ gψBP sin ðαh − αPÞψμh1μη; ð60Þ

Lψh1η0 ¼ gψBP cos ðαh − αPÞψμh1μη0: ð61Þ

The αP is the mixing angle between the IGJPC ¼ 0þ0−þ nn̄
and ss̄ states as defined in Eq. (12). The typical value of αP
is within a range of 38°–42° and we adopt αP ¼ 40° in this
study. With the mixing angle αh ¼ 91.77°, the coupling
constants in the decay channels of Eqs. (57)–(61) are
compatible with each other. For the purpose of identifying
the impact from the TS mechanism, we will focus on the
production of h01 recoiling η in the J=ψ decays. This will
benefit from a relatively larger phase space factor
than J=ψ → h01η

0.
The coupling strength gψBP can be fixed by the branch-

ing ratio of J=ψ → b�1 π
∓ ¼ ð3� 0.5Þ × 10−3 [1], which

leads to gψBP ¼ 4.35 × 10−3 GeV. With gψBP and Eq. (59),
one obtains the branching ratio of J=ψ → h01η

0, i.e.,
B:R:ðJ=ψ → h01η

0Þ ¼ 5.9 × 10−4. This value is approxi-
mately 3 times larger than the experimental measurement
of the combined branching ratio BrexpðJ=ψ → h01η

0 →
K�K̄η0 þ c:c:Þ ¼ 5.9 × 10−4 by BESIII [4]. It implies that
the decay of h01 → K�K̄ þ c:c: is about 1=3–1=2 of the total
width of h01, which is a reasonable expectation.
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B. J=ψ → b+
1 π

− + c:c: → KK̄π +π −

In J=ψ → bþ1 π
− þ c:c: → KK̄πþπ− the b1 decay can go

through the processes illustrated in Fig. 6(a), which shows
the tree-level transition via the intermediateK�K̄ þ c:c: and
Fig. 6(b), which displays the loop transition via the
intermediate ϕπ. Note that the tree-level decay of b1 →
ϕπ will be suppressed by the Okubo-Sweig-Iizuka (OZI)
rule. Thus, the triangle loop transition of Fig. 6(b) actually
provides a mechanism for evading the OZI rule.
Meanwhile, the tree-level transition of Fig. 6(a) behaves
as a background contribution to Fig. 6(b). We include this
tree-level transition in the analysis of the bþ1 → KK̄πþ in
order to have a realistic description of the KK̄ invariant
mass spectrum with the presence of the TS mechanism.
The amplitude for J=ψ → bþ1 π

− þ c:c: → ϕπþπ− with
the processes considered in Fig. 6(b) can then be
expressed as

MJ=ψ→b1π→ϕπþπ− ¼ gψBPϵψμϵ�ϕρ

2
64i
�
−gμν þ pμ

cpν
c

sc

	
Dbþ

1
ðscÞ

Jþρ
ν

þ
i
�
−gμν þ pμ

abp
ν
ab

sab

	
Db−

1
ðsabÞ

J−ρν

3
75; ð62Þ

where pa and pc are the momenta of ϕ and bþ1 , respec-
tively; pb is the recoiled π− momentum and pab ¼ pa þ pb
correspond to the b−1 momentum in the charge conjugation
channel, and sc≡p2

c and sab≡p2
ab; J

�ρ
ν denotes the current

for b�1 → ϕπ�; and gψBP is the coupling constant for
J=ψ → b1π introduced in Eq. (57). In the above equation
the inverse propagator for b1 is

Db1ðsÞ ¼ s −m2
b1
þ imb1Γb1ðsÞ; ð63Þ

where we have assumed an S-wave energy dependence
of Γb1 , i.e.,

Γb1ðsÞ ¼
mb1 jp⃗ωðsÞjffiffiffi
s

p jp⃗ωðmb1
Þj
Γb1ðm2

b1
Þ; ð64Þ

with Γb1ðm2
b1
Þ ¼ 0.142 GeV [1].

For b1 → KK̄π, the amplitude is parametrized as the
following form:

Mbþ
1
→KþK−πþ ¼ ϵb1μðλapμ

a þ λbp
μ
b þ λdp

μ
dÞ; ð65Þ

where pa, pd, and pb are momenta of Kþ, K−, and πþ,
respectively. The coefficients λi contains contributions
from Figs. 6(a) and 6(b).
For the convenience of calculations we provide the

amplitudes for bþ1 → KþK−πþ as follows for these two
processes in Fig. 6. The amplitude of bþ1 → KþK̄�0 →
KþK−πþ [Fig. 6(a)] reads

Mtree
bþ
1
→KþK−πþ ¼ igbþ

1
K̄�0KþigK̄0K−πþϵb1μ

i
�
−gμν þ pμ

abp
ν
ab

sab

	
DK̄�0

× iðpa − pbÞν; ð66Þ

where pab ¼ pa þ pb is the momentum of K̄�0.
Similarly, the amplitude of bþ1 → ϕπþ → KþK−πþ

[Fig. 6(b)] can be obtained as

Mtri
bþ
1
→KþK−πþ ¼ 2igbþ

1
K̄�0KþigK̄�0K−πþigϕKþK−igϕKþK−ϵb1μĨ

μα
i
�
−gαβ þ pα

cp
β
c

p2
c

	
p2
c −m2

ϕ þ imϕΓϕ
iðpa − pdÞβ

¼ igbþ
1
K̄�0KþigK̄�0K−πþigϕKþK−igϕKþK−ϵb1μðĨμαn þ Ĩμαc Þ

i
�
−gαβ þ pα

cp
β
c

p2
c

	
p2
c −m2

ϕ þ imϕΓϕ
iðpa − pdÞβ; ð67Þ

where the momenta of the πþ, ϕ, Kþ, and K− mesons are labeled by pb, pc, pa, and pd, respectively; Ĩμα is the typical loop
function for the triangle loop, i.e.,

Ĩμα ≡ −i
Z

d4q
ð2πÞ4

ð−gμν þ qμqν

q2 Þðq − 2pbÞνðpc þ 2pb − 2qÞαFðq2Þ
ðq −m2

1 þ im1Γ1Þððq − pbÞ2 −m2
2Þððp0 − qÞ2 −m2

3Þ
; ð68Þ

FIG. 6. Diagrams of bþ1 → KþK−πþ via the (a) K�þK̄0 channel
and (b) ϕπþ channel.
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which is a tensor integral and will be contracted by the
polarization vectors of b1 and ϕ. Considering the slightly
different masses between the charged and neutral inter-
mediate states due to the isospin symmetry breaking, we
note the charged and neutral loop integral functions by Ĩμαc
and Ĩμαn , respectively.
In these amplitudes the unknown coupling gbþ

1
K̄�0Kþ can

be calculated in two ways based on the SU(3) symmetry.
On the one hand, it can be connected to the decay of
bþ1 → ωπþ, where gbþ

1
ωπþ can be extracted by assuming

that b1 → ωπ exhausts its total width. The partial width for
bþ1 → ωπþ reads

Γðbþ1 → ωπþÞ ¼ jp⃗ωj
8πm2

b1

g2bþ
1
ωπþ

3

�
2þ ðm2

b1
þm2

ω −m2
πÞ2

4m2
b1
m2

ω

�
;

ð69Þ

where the jp⃗ωj refers to the momentum of ω in the rest
frame of b1.
On the other hand, gbþ

1
K̄�0Kþ can be calculated by gBVP,

which is obtained by calculating h1 → ρπ. In the SU(3)
limit, these two methods should give the same result. The
numerical results show that there is about 10% discrepancy
between these two methods, which is acceptable. The
discrepancy may results from the following aspects:
(a) The SU(3) flavor symmetry only approximately holds.
(b) The estimation based on gh1ρπ is correlated with the

determination of the h1 − h01 mixing. Thus, the mixing
angle may introduce uncertainties to the coupling
constant.

(c) The b1 → ωπ process contains non-negligibleD-wave
contributions, which is not considered in the above
estimation.

However, we regard that the 10% discrepancy is an
indication of self-consistency in the determination of the
h1 − h01 mixing angle. So we adopt gBVP extracted from
h1 → ρπ in the final numerical calculations.

C. h01 → ϕπ → KK̄π

The triangle loop transition in Fig. 7 provides an isospin
breaking mechanism for h01 → ϕπ → KK̄π. The loop
integral has the same form as Eq. (68), except that the
charged and neutral loops must cancel due to the isospin
breaking. Similar to the case of the isospin-breaking decay
of f01 → 3π, the unequal masses between the intermediate
charged and neutral K (or K�) mesons will lead to residue
amplitudes after the cancellation.
The production of h01 in J=ψ → h01η can be described the

sameway as that for J=ψ → b1π in the previous subsection.
Here, we consider the decay of h01 → ϕπ for which the
amplitude can be written as

Mtri
h0
1
→KþK−π0

¼ igh0
1
KþK�−igK�−K−π0igϕKþK−igϕKþK−ϵh0

1
μðĨμαn − Ĩμαc Þ

i
�
−gαβ þ pα

cp
β
c

p2
c

	
p2
c −m2

ϕ þ imϕΓϕ
iðpa − pdÞβ; ð70Þ

which is to be compared with Eq. (67) and the loop
function, Ĩμα is the same as Eq. (68). The inverse propagator
for h01 is

Dh0
1
ðsÞ ¼ s −m2

h0
1
þ imh0

1
Γh0

1
ðsÞ; ð71Þ

with

Γh0
1
ðsÞ ≃ Γh0

1
→K�K̄→KK̄πðsÞ; ð72Þ

where we have assumed that the K�K̄ channel is dominant
in the h01 decays. As shown by Eq. (19), this is a reasonable
approximation concerning the poor experimental status of
h1 and h01.

V. RESULTS AND DISCUSSIONS

A. Numerical results for the JPC = 1++ states

1. Parameters

The parameters in this study include the vertex cou-
pling constants and a cutoff energy for the loop integrals.
For the positive C-parity channel the key parameters
are gf0

1
K�K̄ and gf0

1
a0π . They will determine the relative

strengths between the KK̄π and ηππ channel and the sum
of these two partial widths will nearly saturate the total
width. Also, by assuming that couplings gf0

1
a0π and ga1f0π

are both via the nonstrange component in the wave
functions of f01 and a1, they can be expressed using
the bare gASP coupling.

FIG. 7. Triangle diagram of h01 → ϕπ → KK̄π. The charged
and neutral loops are destructive.
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At this moment the experimental data do not allow a
precise determination of these parameters. Our strategy for
the parameter determinations is as follows: Since the KK̄π
channel is dominant in the f01 decay, we assume that this
channel accounts for a partial width of 50 MeV such that
we can describe the available data best. This determines
gf0

1
K�K̄ ¼ 2.17. In the SU(3) flavor symmetry the coupling

gf1K�K̄ ¼ 1.24 and ga1K�K̄ ¼ 2.04 can then be determined.
Notice that the couplings gf0KþK− and ga0KK̄ ¼ 2.24 are
relatively well established quantities, and gK�Kπ ¼ 3.2 can
be determined by experimental data for K� → Kπ.
In Table III the coupling constants which appear in the
C ¼ þ1 axial vector meson decays are listed.

2. Partial decay widths

In Tables IV and V we list the calculated partial decay
widths for f1=f01 and a1, respectively, and compare them to
the available data. For the decays of f1=f01, our comparison
shows that the partial decay widths for both states are
consistent with the experimental measurements [1]. Some
specific points can be taken:

(a) The decay of f1 → ηππ is a dominant channel due to
the large tree diagram contribution, i.e., f1 →
a0π → ηππ. In contrast, the triangle loop contribution
is larger than the tree process in f01 → ηππ. The reason
is because of the different couplings in these two
channels, i.e., gf1a0π ≫ gf0

1
a0π and gf1K�K̄ ≪ gf0

1
K�K̄

(see Table III).
(b) The decay of f1 → KK̄π is suppressed by the phase

space. In contrast, this is the dominant channel for f01.
The main contribution is from the tree diagram
transition of f01 → K�K̄ þ c:c: → KK̄π. Note that
the mass of f01 is located within the kinematics of
the TS condition. As a consequence, the contributions
from the triangle diagram are larger than the tree
process in the transitions involving a0π. This also
enhances the isospin-breaking effects in f01 → 3π
more than the tree-level a0 − f0 mixing contribution.

(c) The isospin-breaking decays, in f1 and f01 → 3π,
respectively, can be illustrated using the following
ratios:

Rf1→3π ≡ B:R:ðf1 → f0π → πþπ−π0Þ
B:R:ðf1 → a0π → ηπ0π0Þ

¼ 3 × 0.01
9.7

¼ 0.31%;

Rf0
1
→3π ≡ B:R:ðf01 → f0π → πþπ−π0Þ

B:R:ðf01 → a0π → ηπ0π0Þ
¼ 3 × 0.16

10
¼ 4.8%: ð73Þ

TABLE IV. Calculated partial widths of f1 and f01 in units of MeV. The corresponding experiment values are shown in parentheses.

f1 f01
a0π → ηππ [Fig. 1(a): tree] 7.5� 1.7 ð1.7� 0.4Þ × 10−1

a0π → ηππ [Fig. 1(b): tri.] ð2.0� 0.6Þ × 10−1 9.2� 3.0
Partial width of f1=f01 → ηππ 9.7� 2.4 (8.6� 1.3) [1] 10� 3.5
a0π → KK̄π [Fig. 2(a): tree] ð3.7� 0.4Þ × 10−1 ð1.7� 0.2Þ × 10−2

a0π → KK̄π [Fig. 2(c): tri.] ð2.4� 0.5Þ × 10−2 1.2� 0.2
a0π → KK̄π [Figs. 2(a) and 2(c)] ð5.0� 0.5Þ × 10−1 1.0� 0.1
K�K̄ → KK̄π [Fig. 2(b): tree] ð3.0� 0.1Þ × 10−1 (not seen) [1] 49� 1

Partial width of f1=f01 → KK̄π 1.47� 0.20 (1.95þ0.37
−0.39 [40], 2.1� 0.2 [1]) 52� 3

f0π → 3π [Fig. 3(a): mixing] ð3.6� 1.2Þ × 10−3 ð9.0� 2.9Þ × 10−5

f0π → 3π [Fig. 3(b): tri.] ð1.0� 0.1Þ × 10−3 ð1.1� 0.1Þ × 10−1

f0π → 3π [Fig. 3(c): mixing via tri.] ð1.4� 0.4Þ × 10−4 ð8.0� 2.6Þ × 10−3

Partial width of f1=f01 → f0π → 3π ð1.0� 0.3Þ × 10−2 ð1.6� 0.3Þ × 10−1

TABLE V. Predicted partial decay widths of a1 in comparison
with experimental data from the CLEO Collaboration [42].

Channel Width

a−1 → ρπ → 3π 274 MeV (221� 5þ17
15 MeV) [42]

a−1 → f0π− [Fig. 4(c): tri.] 0.033 MeV

TABLE III. Coupling constants adopted in the 1þþ sector.

Coupling constant Value

gf0KþK− 5.92� 0.13 GeV [45]
gf0πþπ− 2.96� 0.12 GeV [45]
ga0KþK− 2.24� 0.11 GeV [46]
ga0ηπ 3.02� 0.35 GeV [46]
gAVP 2.04 GeV
gf1a0π 2.93e2.26πi

gf0
1
a0π 0.282e2.26πi

gf1K�K̄ 1.24 GeV
gf0

1
K�K̄ 2.17 GeV

ga1K�K̄ 2.04 GeV
ga1f0π 2.93e2.26πi
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This shows that the a0 − f0 mixing and contributions
from the triangle diagram are compatible. Owing to
the low mass of f1, the condition for the TS mecha-
nism has not been fulfilled. Thus, the isospin-breaking
effects in f1 → 3π are rather small. The branching
ratio of f1 → 3π is one order of magnitude smaller
than the PDG value, but it is accordance with the
calculation in Ref. [21]. In contrast,
the isospin-breaking effects in f01 → 3π are strongly
enhanced by the TS mechanism. One notices that the
exclusive partial width of f01 → 3π via the tree-level
a0 − f0 mixing is much smaller than that of f1 → 3π.
The reason is that the coupling gf0

1
a0π is much smaller

than gf1a0π , as shown in Table III. It is interesting to
compare the above results with the anomalously large
isospin violations in ηð1405=1475Þ→3π (17.9%) [12].

(d) In Table V the partial decay widths of a−1 → ρπ → 3π
and a−1 → f0π− are predicted. The ρπ channel con-
tributes dominantly and the f0π channel is very small.
This is consistent with the experimental measurement
and may reflect the molecular nature of f0.

We also estimate the errors with the partial decay widths,
which are from two sources. One is the uncertainties
with the coupling constants, and the other is due to the
cutoff dependence of the loop integrals. For instance, in
f01 → KK̄π we consider the errors with gK�Kπ , ga0KK̄, and
ga0ηπ which are extracted from the experimental data
(Table III) for the first type of the error source. For the
second source we find that the results are insensitive to the
cutoff energy. In Fig. 8 we plot the cutoff dependence of
the partial decay width for f01 → a0π → ηππ as a demon-
stration. It shows that the partial decay width varies rather
slowly in terms of the cutoff parameter.

3. Invariant mass spectra

To proceed, we discuss the results for the invariant mass
spectra in different transition processes.
(i) J=ψ → γf1=f01 → γηππ

In Fig. 9 the ηππ invariant mass spectrum (solid line)
in J=ψ → γf1=f01 → γηππ is plotted. As a comparison,
the exclusive contributions from the tree-level process
f1=f01 → a0π (dashed line) and the triangle loop transition
(dot-dashed line) are also presented. It is interesting to
see that the signals for f01 are rather small. This is due
mainly to the relatively small production coupling for
J=ψ → γf01. One notices that with αf ¼ 84.48° the pro-
duction coupling ratio in Eq. (22) gives g0f=gf ¼
ð ffiffiffi

2
p

cos αf − sin αfÞ=ð
ffiffiffi
2

p
sin αf þ cos αfÞ ≃ −0.57, which

suggests that the production of f1 will be relatively
enhanced. However, if we compare only the partial decay
widths between f1 and f01 → ηππ, they are actually
comparable to each other, as shown in Table IV.
(ii) J=ψ → γf1=f01 → γKK̄π
In Fig. 10 the invariant mass spectrum of KK̄π in J=ψ →

γf1=f01 → γKK̄π is plotted, where the signals for both f1
and f01 are clear. Recall that the production of f

0
1 in the J=ψ

radiative decays will be relatively suppressed. The strong
signals of f01 are driven by its strong coupling to K�K̄,
which leads to the dominant contributions from the tree
diagram of Fig. 2(b), i.e., f01 → K�K̄ → KK̄π. The exclu-
sive contributions are shown as a dotted line in Fig. 10. In
contrast, the intermediate a0π contributions are negligible.
In Fig. 11 the invariant mass spectra of KK̄ (left panel)

and Kπ (right panel) in J=ψ → γf01 → γKK̄π are illustrated
by the solid lines. The dashed lines denote the exclusive
contributions from the tree diagram of f01 → K�K̄ → KK̄π.
The difference between the solid and dashed lines indicates

FIG. 8. Sensitivity of Γðf01 → a0π → ηππÞ to the cutoff
parameter β.

FIG. 9. The ηππ invariant mass spectrum in J=ψ → γf1=f01 →
γηππ. The blue solid, red dashed, and green dot-dashed lines are
contributions from the full, tree-level, and triangle amplitudes,
respectively.
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the effects from the intermediate a0π contributions. In
particular, for the f01 decays into KK̄π the TS contribution
is larger than the tree-level a0π contribution. Therefore,
the difference between the solid and dashed lines is
largely due to the TS mechanism. Meanwhile, the strong
threshold enhancement at the KK̄ threshold is due to the
a0ð980Þ pole structure. In contrast, in Fig. 11(b) the signal
for K� is evident.
(iii) J=ψ → γf1=f01 → γ3π
In this process the decays of f1=f01 into 3π violate

isospin symmetry. For the processes in Fig. 3 the isospin-
violating mechanisms actually imply an abnormal line

shape, with the ππ invariant mass spectrum due to the
cancellations outside the kinematic regions between the
thresholds of the charged and neutral KK̄ pairs.
The πþπ− invariant mass spectrum is shown in Fig. 12,

where we can see that the cancellation between charged and
neutral loop amplitudes produces a narrow f0ð980Þ peak
with a width of ∼ð2mK0 − 2mKþÞ ≃ 10 MeV. In general,
this is the signature for the a0 − f0 mixing mechanism for
the isospin-breaking effects. This narrow structure also
becomes the signature for the TS mechanism if signifi-
cantly large isospin-breaking effects are observed within
the TS kinematic region [14,15,18].
Some special features arise from the process of J=ψ →

γf1=f01 → γ3π. Since the tree diagram [Fig. 3(a)] is
relatively suppressed by the f1 − f01 mixing the isospin
violation of f01 via the tree-level a0 − f0 mixing is also
suppressed. As shown in Table IV the TS mechanism has
the largest contribution to the isospin-breaking effects. In
addition, the TS mechanism can enhance the production
of a0, which will further enhance the a0 − f0 mixing
contributions. This scenario is similar to the case of the
isospin violation of ηð1405=1475Þ → 3π [18], but it has
been overlooked in other studies [14–17]. One can see that,
although this amplitude is small, its interferences cannot be
neglected (see Table IV). Combining the isospin-breaking
contributions from those three processes in Fig. 3, we see
that the isospin-breaking effects are about 4.8% [see
Eq. (73)]. This value is significantly larger than the usual
ones of about 1%–2% from the pure a0 − f0 mixing and
has indicated a signature of the TS mechanism.
We will also see later that the TS mechanism will put a

constraint on the a1ð1420Þ → 3π. With the same initial
energy around 1.4 GeV, the charged and neutral loop
amplitudes will constructively add to one another.
(iv) χc1 → a1π → 4π
As shown in Sec. III D, the decay of χc1 → 4π

gives access to the production of a1ð1260Þ in its decays
into 3π. Note that a1ð1260Þ is a broad state, i.e., Γa1 ¼
250–600 MeV [1], it is necessary to investigate the 3π
invariant mass spectrum in a relatively broad mass region.
This will bring the kinematics into the physical region of

FIG. 10. KK̄π spectrum of J=ψ → γf1=f01 → γKK̄π. The full
spectrum is represented by the blue solid line. The blue dotted
line stands for the tree-level K�K̄ contribution. The red short
dashed and green dot-dashed lines are contributions from the
tree-level and triangle amplitudes of the a0π channel, respec-
tively, and the purple long dashed line is the sum of the two. For
a better display, the latter three contributions are multiplied by a
factor of 2.

FIG. 11. Invariant mass spectra of (left panel) KK̄ and (right panel) Kπ in J=ψ → γf01 → γKK̄π. The blue solid lines denote the full
calculation results, and the red dashed lines denote the contribution from the tree-level K�K̄ channel.
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the TS condition. Therefore, a systematic study of the
a1ð1260Þ production in a broad mass region via the 3π
invariant mass spectrum will provide a test of the nature of
a1ð1420Þ which could be an enhancement produced by the
TS mechanism.
The corresponding processes are illustrated in Fig. 4. In

Fig. 13 the 3π invariant mass spectrum is plotted. One can
see that the dominant decay of a1ð1260Þ is the ρπ channel,
which accounts for about 60% of the total width [1]. This
helps determine the coupling of a1 → ρπ. As indicated by
the dashed line, the intensity of f0π− channel relative to the
ρ0π− channel ranges from ð0.4 − 1Þ%. This is consistent

with the COMPASS observation [13]. Given the broad
width of a1ð1260Þ and its strong coupling to the nearby
K�K̄ þ c:c: threshold, the TS mechanism can produce a
significant enhancement at about 1.4 GeV (see the solid
line). This structure, noted as a1ð1420Þ, can be regarded as
a natural consequence of the TS mechanism and is not
necessarily interpreted as a genuine resonance state. The
orange thin solid line in Fig. 13 shows the combined
contributions from a1ð1260Þ → f0π. The line shape indi-
cates the interference between the amplitudes of the tree-
level and TS transitions and is consistent with the partial
wave analysis in experiment [13]. The observation of
a1ð1420Þ hence can be regarded as a signature for the
TS mechanism which drives the rich phenomena observed
near the K�K̄ þ c:c: threshold in various processes.

B. Numerical results for the JPC = 1+− states

1. Parameters

Parameters in the calculations of the C ¼ −1 axial
vectors include its production coupling in J=ψ decays into
a pseudoscalar and C ¼ −1 axial vector, i.e., gψBP. As
discussed in Sec. IVA, this quantity can be determined by
the experimental data for J=ψ → b�1 π

∓ [1]. The exper-
imental data for h1 → ρπ and bþ1 → ωπþ can connect all
the couplings among the SU(3) multiplets together, as
discussed in Secs. IVA and IV B. In Table VI all the vertex
couplings are listed.

2. Invariant mass spectra

(i) J=ψ → b1π → ϕπþπ−
As discussed earlier, the decay of b1 → ϕπ is an OZI

violation process. The triangle loop actually provides a
mechanism to evade the OZI rule. The OZI-rule violation
effects can be indicated by the following branching ratio
fraction:

Rb1≡
B:R:ðbþ1 →ϕπþ→KK̄πþÞ
B:R:ðbþ1 →ωπþÞðS-waveÞ

¼Γðbþ1 →ϕπþ→K0K̄0πþÞþΓðbþ1 →ϕπþ→KþK−πþÞ
Γðbþ1 →ωπþÞ

¼1.8×10−4; ð74Þ

FIG. 12. Invariant mass spectrum of πþπ− in f01 → πþπ−π0.
The dot-dashed, short dashed, and long dashed lines correspond
to the contributions from Figs. 3(a)–3(c), respectively.

FIG. 13. The invariant mass spectrum of πþπ−π− in
χc1 → a1ð1260Þπ → 4π. The black dotted, red thick solid, blue
dashed, and orange thin solid lines represent the contributions
from the tree diagram of the ρ0π− channel, triangle diagram of
the f0π channel, tree diagram of the f0π channel, and a
coherent sum of the f0π channels, respectively. The orange thin
solid line is calculated while assuming that αf0 ¼ � π

2
. Note

that the ρπ contributions are scaled down by a factor of 10−2,
which means that the contributions from the intermediate f0π
channels are small.

TABLE VI. Coupling constants for the 1þ− sector.

Coupling constant Value

gBVP 3.03 GeV
gh1ρπ 4.28 GeV
gh0

1
ρπ 0.13 GeV

gh0
1
K�K̄ 3.09 GeV

gb1K�K̄ 3.03 GeV
gb1ωπ 4.28 GeV
gψBP 4.35 × 10−3 GeV
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which is consistent with the experimental upper limit
Rb1 < 0.004. Recalling that b1 is broad and that the decay
of b1 → ϕπ → KK̄π will have the tree-level contribution
from b1 → K�K̄ → KK̄π as the background contribution, it
should be interesting to examine the KK̄ invariant mass
spectrum from the on-shell mass to the TS kinematic region
in the J=ψ decay. In Fig. 14 the KþK− spectra at

ffiffiffi
s

p ¼
mb1 ¼ 1.235 GeV (left panel) and

ffiffiffi
s

p ¼ 1.40 GeV (right
panel) are plotted with the cutoff parameter β ¼ 2.
Although the ϕ meson production is an OZI-rule-violating
process, the signal clearly stands out of the smooth back-
ground. A comparison of these two plots in Fig. 14 shows

that the line shape of the ϕ meson is distorted atffiffiffi
s

p ¼ 1.40 GeV due to the TS mechanism. Moreover,
the cross section at

ffiffiffi
s

p ¼ 1.40 GeV is much larger than
that at

ffiffiffi
s

p ¼ mb1 ¼ 1.235 GeV. This is a strong indication
of the TS mechanism in this channel.
In Fig. 15 we present the ϕπþ invariant mass spectrum

and the Dalitz plot for ϕπþπ−, which can further disen-
tangle the role played by the TS mechanism. In Fig. 15 (left
panel), a set of curves which correspond to different cutoff
energies (βΛQCD) are shown. It is interesting to see that,
although the b1 signal is sensitive to the cutoff energies, the
TS peak (close to the normal threshold of K�K̄) appears to

FIG. 14. Invariant mass spectrum ofKþK− in J=ψ → bþ1 π
− → KþK−πþπ− at (left panel)

ffiffiffi
s

p ¼ mb1 and (right panel)
ffiffiffi
s

p ¼ 1.4 GeV.
The gray dashed, red dot-dashed, and blue solid lines represent the contributions from the KþK̄�0 and ϕπþ channels and the coherent
sum, respectively.

FIG. 15. Invariant mass spectrum of ϕπþ (left panel) and Dalitz plot of J=ψ → bþ1 π
− þ c:c: → ϕπþπ− (right panel). Left panel: in the

ϕπ spectrum, the green solid, cyan dashed, red dotted, purple dot-dashed, and blue thin-solid lines stand for calculations with different
cutoff parameters, i.e., β ¼ 4, β ¼ 3, β ¼ 2, and β ¼ 1, and without the form factor, respectively. The first peak is due to the resonance
of b1ð1235Þ, and the second peak is due to the presence of the TS. Right panel: the Dalitz plot is calculated with β ¼ 2. The mass of
b1ð1235Þ and the location of the TS are indicated by the dashed and dotted lines, respectively.
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be stable. This is because, at the kinematic region away
from the on-shell conditions, the loop integrals, which are
dominated by the dispersive part, will become more
sensitive to the cutoff energies. In contrast, at the TS
kinematics the internal states are all on shell or near
threshold. The absorptive part is dominant and the cutoff
becomes irrelevant. The dispersive part, when moving
away from the on-shell kinematics, will always be largely
cut off. Therefore, the residue amplitude is insensitive to the
cutoff energies.
With a typical cutoff energy of βΛQCD ¼ 500 MeV (i.e.,

β ¼ 2), we see that the red dotted line in Fig. 15 (left panel)
has a trivial structure at the mass of b1, but a clear TS
enhancement at the K�K̄ threshold. This mechanism can
produce a signature pattern in the Dolitz plot like that
shown in Fig. 15 (right panel). The presence of the TS
mechanism actually makes a unique prediction for the ϕπþ
invariant mass spectrum in J=ψ → b1π → ϕπþπ− that can
be investigated in experiment.
(ii) J=ψ → h01η → ϕπη → KK̄πη
The decay channel of J=ψ → h01η → ϕπη → KK̄πη can

also provide signals for the TS mechanism. Although the
mass of h01 still bares a relatively large uncertainty, the
signature of the TS mechanism exhibits some model-
independent features that can be identified in experiment.
Note that the decay of h01 → ϕπ is an isospin-violating
transition. The TS mechanism actually provides a leading
source for violating the isospin symmetry [47]. As
discussed earlier, the charged and neutral triangle loop
amplitudes will cancel out. This process is correlated with
the decay of J=ψ → b1π → ϕπþπ−, where the charged

and neutral loop amplitudes add constructively to
each other.
In Fig. 16 (left panel) we depict the ϕπ0 invariant mass

spectrum with (blue solid line) and without (orange dashed
line) the h01 propagator. It shows that without the h01 the
cross section will be much smaller and the location of the
peak position is determined by the TS kinematics, i.e., that
between the K�þK− and K�0K̄0 thresholds. In contrast, the
inclusion of the h01 pole will significantly enhance the peak
strength. Furthermore, the combined effects from the pole
structure with mh0

1
¼ 1.423 GeV [4] and the TS enhance-

ment will shift the peak position by about 10 MeV toward
the K�K̄ threshold. It should also be noted that the results
are insensitive to the cutoff energies since the dispersive
part will cancel out in this isospin-violating process.
The process J=ψ → h01η → ϕπη has also been studied

in Ref. [44]. Unlike our approach, in Ref. [44] no h01
pole is included and the intermediate K�K̄ is introduced
by a contact interaction in the J=ψ decays. As shown in
Fig. 16 (left panel), without considering the relative
magnitude between the two curves it may be difficult to
distinguish the two cases, as they differ by only about
10 MeV. The Dalitz plot is also shown in Fig. 16 (right
panel) and is in agreement with the observation of
BESIII [48].
Taking into account the mass uncertainties with h01, we

also investigate the strength of isospin violations in a range
of possible masses. By varying the h01 mass, we plot the
partial widths of h01 → ϕπ → KK̄π0 in Fig. 17 for three
different cutoff energies. Owing to the enhancement of the
TS mechanism, the partial width reaches the maximum

FIG. 16. The ϕπ spectrum of h01 in J=ψ → ηh01 → ηϕπ (left panel) and the Dalitz plot of J=ψ → ηh01 → ηϕπ (right panel). The orange
dashed line is calculated assuming that there is no h01 resonance produced in J=ψ decay, and it is normalized to the blue solid one, which
is calculated considering the resonance of h01, with the mass mh0

1
¼ 1.423 GeV measured by BESIII [4].
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near MKK̄π ¼ 1.39 GeV, which is between the K�0K̄0 and
K�þK− thresholds. Also, it shows that the partial width is
insensitive to the cutoff energies, as indicated by the dashed
and dot-dashed lines.
It is interesting to compare the branching ratios between

J=ψ → h01η → ϕπ0η and J=ψ → bþ1 π
− þ c:c: → ϕπþπ− to

the presence of the TS mechanism. Recall that the former is
isospin breaking and the later is OZI evading. With the
cutoff parameter β¼2, we find B:R:ðJ=ψ→h01η→ϕπ0ηÞ¼
6.3×10−8 and B:R:ðJ=ψ → bþ1 π

− þ c:c: → ϕπþπ−Þ ¼
1.0 × 10−5. It shows that the OZI-evading branching ratio
is much larger than that of the isospin-breaking one. This is
an interesting indication of the importance of the non-
perturbative mechanism via meson loop interactions.

VI. CONCLUSIONS

In this work we present a comprehensive study of the
C ¼ �1 light axial vector mesons. We first discuss
the mixing angles between f1 and f01 [i.e., f1ð1285Þ and
f1ð1420Þ], and between h1 and h01 [i.e., h1ð1170Þ and
h1ð1415Þ]. These two angles can be related to the mixing
between K1ð1270Þ and K1ð1400Þ through the Gell-Mann–
Okubo mass relation. We then introduce the intermediate
K�K̄ þ c:c: meson loop transitions in the description of the
productions and decays of these axial vector mesons. The
presence of the nearby S-wave K�K̄ þ c:c: to which these
axial vector mesons have strong couplings turns out to be
crucial to understanding many puzzling questions related to
their productions and decays. This is because that the
K�K̄ þ c:c: rescatterings by the kaon exchange satisfy
the triangle singularity condition. Therefore, the TS mecha-
nism can introduce special interference effects in the
exclusive decays of these light axial vector mesons.

In the C ¼ þ1 sector the main decay channels of the
axial vectors are KK̄π and ηππ for f1 and f01, and 3π for
a1ð1260Þ. We show that a combined study of these
processes by taking into account of the TS mechanism
provides clear evidence for the assignment of f1 and f01 as
the mixing states of the flavor singlet and octet. Although
f1 can produce an enhancement of around 1.4 GeV due to
the TS mechanism, without the inclusion of f01 as a genuine
state and the SU(3) partner of f1, it is impossible to
understand its productions and decays in both KK̄π and
ηππ channels. We also show that the TS mechanism
accounts for the a1ð1420Þ enhancement, which originates
from the strong a1ð1260Þ coupling to the K�K̄ þ c:c:
threshold. The same mechanism also accounts for the
relatively large isospin-breaking effects in f01 → 3π except
that the charged and neutral triangle loop amplitudes have a
destructive interfering phase. The combined analysis of
these channels provides a self-consistent check of the
underlying dynamics.
In the C ¼ −1 sector the experimental information is still

sparse. We choose to investigate two special processes, i.e.,
J=ψ → b1π → ϕπþπ− and J=ψ → h01η → ϕπη → KK̄πη,
in order to highlight the role played by the TS mechanism.
In the first process the decay of b1 → ϕπ is OZI rule
suppressed. Thus, the tree-level transition is highly sup-
pressed. The triangle diagram actually provides an OZI-
evading mechanism which will produce abnormal line
shapes in both KK̄ and ϕπ invariant mass spectra. In
particular, a clear enhancement at about 1.39 GeV is
predicted in the ϕπ invariant mass spectrum due to the
TS mechanism. The second process is an isospin-breaking
decay for h01 → ϕπ. It shows that the TS mechanism
provides a leading source of the isospin-breaking effects.
It is interesting to notice whether or not including the h01
pole causes drastic differences in the line shapes of the ϕπ
invariant mass spectrum. However, the absolute values of
the branching ratios in these two scenarios will be very
different. Without the inclusion of the h01 pole, the branch-
ing ratio of J=ψ → K�K̄ηþ c:c: → ϕπη will be much
smaller than that of J=ψ → h01η → ϕπη. These predictions
can be searched for in experiment at BESIII.
In brief, the productions and decays of these two sets of

axial vector mesons have provided important evidences
for the role played by the TS mechanism. This combined
analysis has helped clarify some crucial issues concerning
their identifications and classifications.
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APPENDIX: EXTRACT THE MIXING ANGLES
FROM THE MASS RELATIONS

We include here a pedagogic deduction of the Gell-
Mann–Okubo relation. With the definitions of mixing
angles in the article, the masses of K1A and K1B are
described by

m2
K1A

¼ m2
K1ð1400Þcos

2θK1
þm2

K1ð1270Þsin
2θK1

;

m2
K1B

¼ m2
K1ð1400Þsin

2θK1
þm2

K1ð1270Þcos
2θK1

: ðA1Þ

Under the bases f̃1 and f̃8, the mass matrix is

� hf̃8jH2jf̃8i hf̃8jH2jf̃1i
hf̃1jH2jf̃8i hf̃1jH2jf̃1i

�
¼
 

m2
f̃8

m2
f̃18

m2
f̃18

m2
f̃1

!
: ðA2Þ

By diagonalizing the above matrix, one obtains the physical
masses of f1 and f01:

�m2
f0 0

0 m2
f

�
¼
�
cos θf − sin θf
sin θf cos θf

� m2
f̃8

m2
f̃18

m2
f̃18

m2
f̃1

!

×

�
cos θf sin θf
− sin θf cos θf

�
: ðA3Þ

One then has

m2
f̃1

¼ 1

2
½m2

f þm2
f0 − ðm2

f0 −m2
fÞ cos 2θf�; ðA4Þ

m2
f̃8

¼ 1

2
½m2

f þm2
f0 þ ðm2

f0 −m2
fÞ cos 2θf�; ðA5Þ

m2
f̃18

¼ −
1

2
ðm2

f0 −m2
fÞ sin 2θf: ðA6Þ

From Eqs. (A4)–(A6), the following relations can be
deduced:

m2
f̃1
þm2

f̃8
¼ m2

f þm2
f0 ; ðA7Þ

m4
f̃18

¼ m2
f̃1
m2

f̃8
−m2

f0m
2
f ðm2

f̃18
< 0Þ; ðA8Þ

tan θ ¼
m2

f̃18

m2
f −m2

f̃8

¼
m2

f̃8
−m2

f0

m2
f̃18

: ðA9Þ

The solution to these equations is Eq. (6).

[1] C. Patrignani et al. (Particle Data Group), Chin. Phys. C 40,
100001 (2016).

[2] P. A. Zyla et al. (Particle Data Group), Prog. Theor. Exp.
Phys. 2020, 083C01 (2020).

[3] The state h1ð1415Þ was labeled as h1ð1380Þ in the PDG
before the 2020 edition [2]. The change is due to the new
data for J=ψ → h01η

0 → KK̄πη0 from BESIII, where the
resonance parameters were updated [4].

[4] M. Ablikim et al. (BESIII Collaboration), Phys. Rev. D 98,
072005 (2018).

[5] H. Y. Cheng, Phys. Lett. B 707, 116 (2012).
[6] H. Y. Cheng, Proc. Sci., Hadron2013 (2013) 090 [arXiv:

1311.2370].
[7] R. S. Longacre, Phys. Rev. D 42, 874 (1990).
[8] L. Roca, E. Oset, and J. Singh, Phys. Rev. D 72, 014002

(2005).
[9] F. Aceti, J. J. Xie, and E. Oset, Phys. Lett. B 750, 609 (2015).

[10] Y. Zhou, X. L. Ren, H. X. Chen, and L. S. Geng, Phys. Rev.
D 90, 014020 (2014).

[11] W. H. Liang, S. Sakai, and E. Oset, Phys. Rev. D 99, 094020
(2019).

[12] M. Ablikim et al. (BESIII Collaboration), Phys. Rev. Lett.
108, 182001 (2012).

[13] C. Adolph et al. (COMPASS Collaboration), Phys. Rev.
Lett. 115, 082001 (2015).

[14] J. J. Wu, X. H. Liu, Q. Zhao, and B. S. Zou, Phys. Rev. Lett.
108, 081803 (2012).

[15] X. G. Wu, J. J. Wu, Q. Zhao, and B. S. Zou, Phys. Rev. D
87, 014023 (2013).

[16] F. Aceti, W. H. Liang, E. Oset, J. J. Wu, and B. S. Zou, Phys.
Rev. D 86, 114007 (2012).

[17] N. N. Achasov, A. A. Kozhevnikov, and G. N. Shestakov,
Phys. Rev. D 92, 036003 (2015).

[18] M. C. Du and Q. Zhao, Phys. Rev. D 100, 036005 (2019).
[19] F. Aceti, J. M. Dias, and E. Oset, Eur. Phys. J. A 51, 48

(2015).
[20] V. R. Debastiani, F. Aceti, W. H. Liang, and E. Oset, Phys.

Rev. D 95, 034015 (2017).
[21] N. N. Achasov, A. A. Kozhevnikov, and G. N. Shestakov,

Phys. Rev. D 93, 114027 (2016).
[22] H. X. Chen, E. L. Cui, W. Chen, T. G. Steele, X. Liu, and

S. L. Zhu, Phys. Rev. D 91, 094022 (2015).

MENG-CHUAN DU and QIANG ZHAO PHYS. REV. D 104, 036008 (2021)

036008-22

https://doi.org/10.1088/1674-1137/40/10/100001
https://doi.org/10.1088/1674-1137/40/10/100001
https://doi.org/10.1093/ptep/ptaa104
https://doi.org/10.1093/ptep/ptaa104
https://doi.org/10.1103/PhysRevD.98.072005
https://doi.org/10.1103/PhysRevD.98.072005
https://doi.org/10.1016/j.physletb.2011.12.013
https://arXiv.org/abs/1311.2370
https://arXiv.org/abs/1311.2370
https://doi.org/10.1103/PhysRevD.42.874
https://doi.org/10.1103/PhysRevD.72.014002
https://doi.org/10.1103/PhysRevD.72.014002
https://doi.org/10.1016/j.physletb.2015.09.068
https://doi.org/10.1103/PhysRevD.90.014020
https://doi.org/10.1103/PhysRevD.90.014020
https://doi.org/10.1103/PhysRevD.99.094020
https://doi.org/10.1103/PhysRevD.99.094020
https://doi.org/10.1103/PhysRevLett.108.182001
https://doi.org/10.1103/PhysRevLett.108.182001
https://doi.org/10.1103/PhysRevLett.115.082001
https://doi.org/10.1103/PhysRevLett.115.082001
https://doi.org/10.1103/PhysRevLett.108.081803
https://doi.org/10.1103/PhysRevLett.108.081803
https://doi.org/10.1103/PhysRevD.87.014023
https://doi.org/10.1103/PhysRevD.87.014023
https://doi.org/10.1103/PhysRevD.86.114007
https://doi.org/10.1103/PhysRevD.86.114007
https://doi.org/10.1103/PhysRevD.92.036003
https://doi.org/10.1103/PhysRevD.100.036005
https://doi.org/10.1140/epja/i2015-15048-5
https://doi.org/10.1140/epja/i2015-15048-5
https://doi.org/10.1103/PhysRevD.95.034015
https://doi.org/10.1103/PhysRevD.95.034015
https://doi.org/10.1103/PhysRevD.93.114027
https://doi.org/10.1103/PhysRevD.91.094022


[23] H. Sundu, S. S. Agaev, and K. Azizi, Phys. Rev. D 97,
054001 (2018).

[24] T. Gutsche, V. E. Lyubovitskij, and I. Schmidt, Phys. Rev. D
96, 034030 (2017).

[25] The TS mechanism was first pointed out by Q. Z. at Hadron
2013 in Nara, Japan, when the COMPASS data were first
reported.

[26] M. Mikhasenko, B. Ketzer, and A. Sarantsev, Phys. Rev. D
91, 094015 (2015).

[27] F. Aceti, L. R. Dai, and E. Oset, Phys. Rev. D 94, 096015
(2016).

[28] M. Suzuki, Phys. Rev. D 47, 1252 (1993).
[29] H. G. Blundell, S. Godfrey, and B. Phelps, Phys. Rev. D 53,

3712 (1996).
[30] L. Burakovsky and J. T. Goldman, Phys. Rev. D 56, R1368

(1997).
[31] H. Y. Cheng, Phys. Rev. D 67, 094007 (2003).
[32] L. Roca, J. E. Palomar, and E. Oset, Phys. Rev. D 70,

094006 (2004).
[33] D. M. Li and Z. Li, Eur. Phys. J. A 28, 369 (2006).
[34] K. C. Yang, Phys. Rev. D 84, 034035 (2011).
[35] H. Dag, A. Ozpineci, A. Cagil, and G. Erkol, J. Phys. Conf.

Ser. 348, 012012 (2012).
[36] F. Divotgey, L. Olbrich, and F. Giacosa, Eur. Phys. J. A 49,

135 (2013).

[37] Z. Q. Zhang, H. Guo, and S. Y. Wang, Eur. Phys. J. C 78,
219 (2018).

[38] M.-C. Du, in Talk given at the 7th Asia-Pacic Conference
on Few-Body Problems in Physics, Guilin, China
(2017).

[39] L. Roca, E. Oset, and J. Singh, AIP Conf. Proc. 814, 468
(2006).

[40] D. Barberis et al. (WA102 Collaboration), Phys. Lett. B 440,
225 (1998).

[41] F. E. Close and A. Kirk, Z. Phys. C 76, 469 (1997).
[42] D. M. Asner et al. (CLEO Collaboration), Phys. Rev. D 61,

012002 (1999).
[43] X. H. Liu, M. Oka, and Q. Zhao, Phys. Lett. B 753, 297

(2016).
[44] H. J. Jing, S. Sakai, F. K. Guo, and B. S. Zou, Phys. Rev. D

100, 114010 (2019).
[45] A. Aloisio et al. (KLOE Collaboration), Phys. Lett. B 537,

21 (2002).
[46] A. Aloisio et al. (KLOE Collaboration), Phys. Lett. B 536,

209 (2002).
[47] The ρ0 − ϕ mixing is negligibly small. Thus, we do not

include its contributions in this calculation.
[48] M. Ablikim et al. (BESIII Collaboration), Phys. Rev. Lett.

121, 022001 (2018).

COMPREHENSIVE STUDY OF LIGHT AXIAL VECTOR MESONS … PHYS. REV. D 104, 036008 (2021)

036008-23

https://doi.org/10.1103/PhysRevD.97.054001
https://doi.org/10.1103/PhysRevD.97.054001
https://doi.org/10.1103/PhysRevD.96.034030
https://doi.org/10.1103/PhysRevD.96.034030
https://doi.org/10.1103/PhysRevD.91.094015
https://doi.org/10.1103/PhysRevD.91.094015
https://doi.org/10.1103/PhysRevD.94.096015
https://doi.org/10.1103/PhysRevD.94.096015
https://doi.org/10.1103/PhysRevD.47.1252
https://doi.org/10.1103/PhysRevD.53.3712
https://doi.org/10.1103/PhysRevD.53.3712
https://doi.org/10.1103/PhysRevD.56.R1368
https://doi.org/10.1103/PhysRevD.56.R1368
https://doi.org/10.1103/PhysRevD.67.094007
https://doi.org/10.1103/PhysRevD.70.094006
https://doi.org/10.1103/PhysRevD.70.094006
https://doi.org/10.1140/epja/i2006-10067-y
https://doi.org/10.1103/PhysRevD.84.034035
https://doi.org/10.1088/1742-6596/348/1/012012
https://doi.org/10.1088/1742-6596/348/1/012012
https://doi.org/10.1140/epja/i2013-13135-3
https://doi.org/10.1140/epja/i2013-13135-3
https://doi.org/10.1140/epjc/s10052-018-5674-7
https://doi.org/10.1140/epjc/s10052-018-5674-7
https://doi.org/10.1063/1.2176526
https://doi.org/10.1063/1.2176526
https://doi.org/10.1016/S0370-2693(98)01264-7
https://doi.org/10.1016/S0370-2693(98)01264-7
https://doi.org/10.1007/s002880050569
https://doi.org/10.1103/PhysRevD.61.012002
https://doi.org/10.1103/PhysRevD.61.012002
https://doi.org/10.1016/j.physletb.2015.12.027
https://doi.org/10.1016/j.physletb.2015.12.027
https://doi.org/10.1103/PhysRevD.100.114010
https://doi.org/10.1103/PhysRevD.100.114010
https://doi.org/10.1016/S0370-2693(02)01838-5
https://doi.org/10.1016/S0370-2693(02)01838-5
https://doi.org/10.1016/S0370-2693(02)01821-X
https://doi.org/10.1016/S0370-2693(02)01821-X
https://doi.org/10.1103/PhysRevLett.121.022001
https://doi.org/10.1103/PhysRevLett.121.022001

