PHYSICAL REVIEW D 104, 035025 (2021)

Early kinetic decoupling and a pseudo-Nambu-Goldstone
dark matter model

Tomohiro Abe

Department of Physics, Faculty of Science and Technology, Tokyo University of Science,
Noda, Chiba 278-8510, Japan

® (Received 11 June 2021; accepted 22 July 2021; published 26 August 2021)

We study the early kinetic decoupling effect in a pseudo-Nambu-Goldstone (pNG) dark matter (DM)
model. The pNG DM scattering processes with particles in the thermal bath in the early Universe are
suppressed by the small momentum transfer. As a result, kinetic equilibrium is not maintained, and the
temperature of DM is different from the temperature of the thermal bath at the freeze-out era. This
temperature difference affects the thermal relic abundance of DM. We investigate the early kinetic
decoupling in the Higgs resonance region, 50 GeV < m, < m,,/2, where m, is the mass of the DM, and
my/2 ~62.5 GeV. We find that the DM-Higgs coupling determined to obtain the measured value of the
DM energy density is underestimated in the literature. The enhancement in the coupling leads larger value
of the Higgs invisible decay rate. It enlarges the capability to discover the DM signals from the decay of the

Higgs bosons at collider experiments.

DOI: 10.1103/PhysRevD.104.035025

I. INTRODUCTION

A weakly interacting massive particle (WIMP) is a well-
known dark matter (DM) candidate. It couples to the
standard model (SM) particles weakly, and pairs of DM
particles annihilate into the SM particles. If the annihilation
cross section is ~O(1072°) cm®s~!, then the measured
value of the DM energy density by the Plank Collaboration
[1] is easily explained by the freeze-out mechanism [2].
The interaction between WIMPs and SM particles typically
predicts WIMP-nucleon scattering processes as well. On
the other hand, direct detection experiments give a stringent
upper bound on the DM-nucleon scattering cross section
[3-5]. Therefore, the DM-SM scattering processes must be
suppressed, while keeping the DM annihilation processes
into the SM particles.

Resonance enhancement in the annihilation processes is
utilized to suppress the scattering cross section, while
keeping the annihilation cross section. It requires a small
DM-mediator coupling to obtain the right amount of the DM
relic abundance by the freeze-out mechanism, and thus, the
scattering cross section becomes small by the small coupling.
Another way to suppress the scattering processes is to rely on
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models that predict scattering amplitudes suppressed by the
low momentum transfer [6—10].

The suppressed scattering processes of DM and SM
particles can make the kinetic decoupling happen earlier.
Suppose the dark sector and the visible sector are in the
kinetic equilibrium. In that case, the temperature of the dark
matter (7,) is the same as the temperature of the visible
sector (T'). The kinetic equilibrium is maintained as long as
the scattering processes between the DM and the visible
particles are efficient compared to the expansion rate of the
Universe. In most WIMP models, the kinetic equilibrium is
maintained during the chemical decoupling. It allows us to
calculate the thermal relic abundance of DM under the
assumption that T\, = T. However, if the scattering proc-
esses are suppressed, it is unclear whether the kinetic
equilibrium is maintained during the chemical decoupling
era. In that case, we have to calculate the time evolution of
T, as well as the DM number density by solving the
Boltzmann equation. It was shown that the kinetic decou-
pling happens earlier than usual in a scalar singlet DM
model [11,12], a scalar Z3 singlet DM model [13], and a
fermionic DM model [14].

In this paper, we focus on the pseudo-Nambu-Goldstone
(pNG) DM model [10] and study the DM-Higgs coupling in
the Higgs resonance region with the effect of the early kinetic
decoupling. Here, the Higgs resonance region means
50 GeV <m, <my/2, where m, is the mass of the DM,
and my,/2 ~62.5 GeV. We assume the coupling is deter-
mined by the freeze-out mechanism. The same analysis in
other models [11-14] shows the enhancement in DM-Higgs
coupling compared to the analysis under the assumption that
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, = T. A significant enhancement in the DM-Higgs cou-
pling is expected in the pNG model because it predicts highly
suppressed scattering processes by low momentum transfer.

The rest of this paper is organized as follows. In Sec. II,
we review the pNG DM model. In Sec. III, we briefly
explain how to calculate the DM number density without
assuming 7, = T. The result is shown in Sec. IV. It is
shown that the DM-Higgs coupling in the Higgs resonance
region is underestimated in the literature. Section V is
devoted for the conclusion.

II. MODEL

We briefly review the pNG model proposed in [10]. A
complex gauge singlet field S is introduced into the SM.
The fermion and gauge sectors of the model are the same as
in the SM. The Lagrangian that contains S is given by

Llsatr = D*H'D,H + 8"S*0,S = Vieatar = Voor. ~ (2.1)
where
Vcalar = —‘%H*H + %” (H'H)? - ’%%S*S
+ % (5*S)? + A, H HS*S, (2.2)
e
Veort = =~ (8% + 5%2), (2.3)

and H is the SM Higgs field. The Lagrangian has a global
U(1) symmetry that rotates only S as S — e®S in the
kinetic term and V... This symmetry is explicitly broken
in Vg, but the whole Lagrangian is still invariant under a
Z, symmetry, S — S*. If y? =0, then the U(1) global
symmetry would be exact, and a Nambu-Goldstone (NG)
boson arises after S develops its vacuum expectation value
(VEV). We can take the VEV of S as real without a loss of
generality, so the imaginary part of S is regarded as the NG
boson. Since the U(1) is explicitly broken, the NG boson
obtains mass and becomes a pNG boson. This pNG boson
is odd under the Z, symmetry (S — S*), and all the other
particles are even. Hence, this Z, stabilizes the pNG and
makes it as the DM candidate in this model.

We can introduce other U(1) breaking terms such as
S+ S*. However, the U(1) breaking terms other than in
Vit break the desired property that suppresses the DM
scattering processes by momentum transfer.! UV complete
models that forbid the U(1) breaking terms other than Vg
are proposed in [16—-19].

Component fields and VEVs of the singlet and the SM
Higgs fields are parametrized as

'Even in that case, the scattering process can be suppressed if
we assume the degenerated mass spectra [15].

7 iﬂw+
soUsti <+) (2.4)
V2 2

where v, and v are the VEVs, y is the DM, s and o are
CP-even scalar bosons, and 7+ and 7 are the would-be
NG bosons for W' and Z, respectively. The stationary
condition of this vacuum imposes the following relations
for the mass parameters:

Wiy = 0%y A VA, (2.5)

M% = _l’llxz + 1}2/1;” + U%/l\ (26)

The mass terms of the physical scalar particles are given by

1 1 ﬂHvz /111 vv o
scalar — 2,2 s ’
mass 2/"& X 2 ( o8 ) Ah‘vvvs /13'1]% §

(2.7)

The mass eigenstates that are denoted by i and /' are
obtained by diagonalizing the two-by-two mass matrix
above. The relation between the mass eigenstates and
component fields are given by

o L Sy h
s) \=s, ¢, ) \W)
where ¢, = cos@), and s, = sin@,,.
There are six model parameters in the scalar sector,

(2.8)

(/’l%{’ﬂ?vﬁHv/lm/Ihs’ﬂ{vz)' (29)
Instead of using these parameters, we choose the following
six parameters as inputs in the following analysis:

(v, vg, my, myy, 6, m,,), (2.10)
where my is the mass of X. Among these parameters, v and
my, are already known, v ~ 246 GeV and m,, ~ 125 GeV,
and thus, we have four free parameters in the following
analysis.

In the following, we discuss the annihilation processes of
pairs of DM particles into the SM fermions and DM-SM
fermion elastic scattering processes. These processes are
mediated by & and %/, and the following interaction terms
are essential:

1 1 B} B}
LD =2 Gnd*h =5 Guni®W = Gppuf Fh = gy FF 1,
(2.11)

where
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mZ

Gy = __hshv (212)
US
2
ms,
Gyt = + K Chs (213)
US
m -
Gipn = +7fch, (2.14)
m
G = +7fs,,. (2.15)

Here, f stands for the SM fermions.

An important property of the pPNG DM model is that the
scattering processes are suppressed by the momentum
transfer. It is easy to calculate the DM-SM fermion
scattering amplitude at the tree level. The square of the
scattering amplitude for yf — yf is given by

Sp= Z Myroysl?

d.o.f
m]% GyrhCh Gy Sh \ >
=2— |5+ (4mjzc—t)NC
o2 me—m2): PAmd -1
_szN shcﬁ( ! 4h) (22f )2 20
v2 v (t—mp)*(t—my)

(2.16)

where N. = 3(1) for quarks (leptons). The summation is
taken for all the internal degrees of freedom for all the
initial and final states. The processes for yf — yf result in
the same. As can be seen, Sy is proportional to the fourth
power of the momentum transfer or 2. The momentum
transfer is small in the scattering process at the direct
detection experiments, and thus, the model evades the
constraint on the spin-independent WIMP-nucleon scatter-
ing cross section. The momentum transfer is also small in
the early Universe after DM becomes nonrelativistic. Thus,
the kinetic decoupling happens earlier than usual as we will
see below.

Before closing the section, we discuss the DM-DM
scattering for later convenience. In this model, the DM-DM
|

scattering is generated by the /4 and /' exchanging diagrams
and the contact interaction terms due to the A, term given by
Ag 3m2s2 + 3m,c2
LD —Zpbt= T WTh _—Who4 (217
X 802 X (2.17)
We find the invariant amplitude of yy — yy at the tree
level as

2.2
iM B lmhsh s t u
N
HXZHX v? \s—-mi t-mi u-—m;
3 mi,ci s t u
U% s mi, t m,2, u— m,zq,
(2.18)

In the nonrelativistic limit, s ~ 4m2, >~ u ~0, and thus,

2.2 2 2.2 2
M Lmys,  my o omyc oy (2.19)
o= = 2 m2—m2 2 m—m2 :
s 4 h s V4 n

This amplitude is not suppressed. By utilizing this process,
DM particles make a thermal bath in the dark sector, and
the temperature of the DM can be defined.

III. METHOD

We briefly describe how to calculate the DM number
density with the effect of the early kinetic decoupling based
on Ref. [11].2

The Boltzmann equation for our Universe is given by

E(gl Hp aa >f)((t p) ann,[ )(]+Cel,[ A, (31)

where E is the energy of the DM, H is the Hubble constant,
p is the momentum of DM, and f, is the phase-space
density of DM. The collision term is divided into two parts.
One is for the annihilation of pairs of DM particles (C,y,.),
and the other is for elastic scatterings of a DM particle off
an SM particle in the thermal bath (C.). For two-to-two
processes, they are given by

&p’ &’k
c
an 29)( /277 2E, /(271')32Ek

x (—IMWBB/IZfZ@fX(I;’)(1 + f(K)(1 £
+ [ Mgy PR FER) (£ £,(B) (1 £ £,(P)),

dBk/
| G S+

—k—K)

-

5 (K))

*The authors of Ref. [11] recently developed a public code to obtain the relic abundance with the early kinetic decoupling effect [20].
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&p’ &k &K
Co = 2r)*5 "—k—K
o 2gMOf / 21)2E,, / (27)2E, / @nyaE, 2Pt )
X (= Mysos2 £, (B)FE () (1 % £,(p) (1 % f3 (K))
1My £, (P (R (1 £,(5)) (1 £ £ (R))), (3.3)
|
where B and B’ stand for particles in the thermal bath such y =" (3.8)
as quarks, g, is the number of internal degrees of freedom s’ '
of DM, and fj' is given by the Fermi-Dirac or Bose- T
Einstein distribution depending on the spin of B. The y sg/;( , (3.9)

summation should be taken for all the internal degrees of
freedom for all the particles.

In the following analysis, we assume that the DM is in
the thermal bath in the dark sector. This assumption is
justified if DM-DM elastic scattering processes exist.
Although the DM scattering off the particles in the thermal
bath is suppressed by the small momentum transfer in
the pNG model [see Eq. (2.16)], the DM-DM scattering
process is not suppressed kinematically as shown in
Egs. (2.18) and (2.19). Therefore, this assumption is
justified, and we can safely introduce the temperature of
DM (T,). As a result, f, is given by

_E n, _&
fr=a(T,)e " = e);. e Tz, (3.4)
y
where n,, is the number density of DM defined by
d3
n, = g){/ 5 )3@( 5), (3.5)

and ny* is the same but for T = T, namely,

e dp = mT m,
() = [ Gt =S XKZ( ) (3.6)
X

212 T
where K, is the modified Bessel function of the second
kind. The relation between the temperature and the dis-
tribution function of the DM is given by

dp p?
T*__ (2n)*3Ef*( p).

(3.7)

Using this f, given in Eq. (3.4), we simplify C;; given in
Eq. (3.2). The detail is discussed in the Appendix.

Using Egs. (3.1), (3.5), and (3.7), we obtain the coupled
differential equations, which describe the time evolution of
the number density and temperature of DM without
assuming 7, = T. Instead of using n, and T,, we use Y
and y defined by

where s is the entropy density, which is a function of T,

272

=2 (D73,
s 4595()

(3.10)
where g, is the effective degrees of freedom for the
entropy density. We also introduce dimensionless param-
eters given by

m
= £ 3.11
x =" (3.11)
my
X, =—=. (3.12)
X T)(
Finally, we find the following coupled differential
equations:
dy m?
- Pl T F Vo T)(~(o0)7, ¥ + (o) Y3,
X
(3.13)
ldy [8m2 % m
yax 4p5 x_é( 9.(T) Y(<6U>TI_<GU>2,TI)
Ve (Ve
Ty <yq (ov)r— <0'U>T>}
(T) - T dg,(T)\ 1 4
Ve Ms (1 gs()_yﬁp_a’
95(T) 39,(T) 4T )3m, y \E
(3.14)
where
(T T d (T
o (T) = 9(T) <1+ 95( ))’ (3.15)

_ X o0 NG 4m? .
<GU>TX = 78m}5([l(j(x){)]2 Am}( dsK, (T_)()S I Txf(s),
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s, = g e e 00 () .17

/dw/ dy/ dzrﬁel —1)( —e2)<1+ 11)

(e 71

_ 15 8mp1ﬂ m,
1287° 45 T K2

e=¢p) 4m
12 2 2

—e—(a-1)x, + ele2—€)x p—(er-1)x, 1 +e” eXp (‘% ((:'1 - 62) - # - t})
X ZS}C 111 : ’
1 - ex(ez—el) (€ —e ) x(e1—€2) + 3 P 4m;
2 f 1+e > exp(—i (€1 —€) =5 l—T)
(3.18)
<p_4> 1 &Ep (P-P) £ (3.19)
EY)  n(T,) ) (2n) E’ ’ '

my is the reduced Plank mass, m,; = 1.220910 x 10'°(8z)7!/2 GeV, g is the effective degrees of freedom for the energy

density, K, is the modified Bessel function of the first kind, S, is defined in Eq. (2.16), and

1 g)ﬂh 1 4m

Ty(Vs) = ¢, TV (Vs) + 3275 9(\/5 = 2my). (3.20)
1 ‘g)()(h 4m§

Ty (V/5) = Sg FSM(\/_) +3271- s TG(\/_—ZmX), (3.21)

~ GyyhCo, i’ Se, 2 s
T = e i T 5=+ st V) (3.22)
() = [ " de, exp <—2;’?(\/§€+> {2e+ G-1)(& - 1)+ :*\\;; \/______V_} (3.23)

1

e =1, (3.24)
=142 (3.25)
= m§(4\/€% -1/ —1z+ (e; —e))* — (\/6% -1+ \/6‘% - 1)2). (3.26)

Here, I'?M(1/s) is the decay width of the Higgs boson into
the SM particle. We use the table given by the Higgs cross
section working group [21] to evaluate T$M(4/5).” For
(ov)r and (ov), 7, replace T, by T in (ov); and (ov), 1 .
respectively. Note that the summation for the fermions runs
over both fermions and antifermions.

During the QCD phase transition, we cannot treat
particles as free particles. Dedicated studies are required

The table is given at https://twiki.cern.ch/twiki/pub/LHC-
Physics/CERNYellowReportPage At8TeV2014/Higgs_ XSBR_
YR3_update.xIsx.

for that regime. In Ref. [22], the table is provided for g, and
g, for 0.036 MeV < T < 8.6 TeV. Since the values of g,
and g, do not change for 7" < 0.036 MeV, we can regard
the values of g, and g, at T = 0.036 MeV as the values at
the temperature today.
We solve Egs. (3.13) and (3.14) numerically with the
following initial condition:
Y (%ini,) =

qu(xini.)’ (327)

(3.28)
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where x;,; ~ 10. This initial condition for Y and y is the
assumption, but it is reasonable if DM annihilation and
DM-SM scattering processes frequently happen at high
temperatures. The result is not sensitive to the choice of x;,;
as long as x;,; < 20. After solving the coupled differential
equations and obtain Y(x,), where x, is defined by the
temperature of the current universe T as xo = m, /T, we
convert Y (x,) into QA? that is given by

Qn? = MY?) (3.29)
Per.h
where [23]
2%
So = Egs(xo)Tg’ (3.30)
perh™ =1.05371 x 107 [GeVem™],  (3.31)
Ty =2.35x 107" [GeV]. (3.32)

The measured value of Qh? by the Planck Collaboration is
Qh% = 0.120 4 0.001 [1]. We can use this value to deter-
mine a model parameter.

In the mass range we focus on, the freeze-out happens
around 7 =~ O(1) GeV. This temperature is not far from
the temperature of the QCD phase transition. Hence, the
scattering rate of DM and quarks in the thermal bath is
potentially affected by the details of the QCD phase
transition. Following Ref. [11], we investigate the two
extreme scenarios, QCD-A and QCD-B. In the QCD-A
scenario, it is assumed that all quarks are free particles and
present in the thermal bath down to 7. = 154 MeV [24]. In
the QCD-B scenario, only the light quarks (u, d, s)
contribute to the scattering above 47 . ~ 600 MeV [25].
The difference between these two scenarios is whether
charm and bottom quarks contribute to the elastic scattering
processes or not. Since the scattering rate is proportional to
the squared of the quark Yukawa couplings and the color
factor, the absence of the heavy quarks can make a large
difference between these two scenarios. The scattering ratio
in the QCD-B is smaller than the one in the QCD-A.
However, as we will see below, the difference between
the QCD-A and QCD-B is almost negligible in a viable
parameter region in this model. This is because the scat-
tering process is already highly suppressed by the low
momentum transfer.

IV. RESULT

We discuss the effect of the early kinetic decoupling on
the DM-Higgs coupling. In particular, we focus on the
Higgs resonant region, where 50 GeV < m, < m;/2, and
show the impact on the Higgs invisible decay branching
ratio. A reason why we do not focus on m, < 50 GeV is the

bound from the Higgs invisible decay [10]. We will discuss
more details about the constraint from the Higgs invisible
decay below. Another reason is that the early kinetic
decoupling effect is weakened if m, is away from the
Higgs resonant region as we will see below. The DM-Higgs
coupling is determined so as to obtain the measured value
of the DM energy density by solving the coupled differ-
ential equations given in Egs. (3.13) and (3.14). The
suppression by the low momentum transfer in the scattering
processes is strong. Hence, it is expected that the DM-
Higgs couplings obtained with and without assuming
T, =T are very different. This difference affects to the
prediction of the branching ratio of the SM Higgs boson
into a pair of DM particles because it is proportional to the
DM-Higgs coupling squared.

Figure 1 shows the values of v/v, that can explain the
measured value of the DM energy density, Qh* = 0.12, for
a given parameter set. The values of g,,,co, /v are also
shown. There is a one-to-one correspondence between v/ v
and g,,,cq,/v. A different value of ), requires a different
value of v/v,. However, the required values of g,,,cy, /v
are independent from the choice of 6), because g,,,cq, /v is
proportional to g,,,9,7,, Which is a combination of the
relevant couplings for the DM annihilation processes.
The figure shows the large enhancement in the coupling
compared to the one determined without taking into
account the effect of the early kinetic decoupling
(T, =T in the figure). This large enhancement is a

mp=300 GeV, 6,=0.1

-0.1
-0.05
0ot -4-001 2
E: ,B,ri."\lffi N //‘,‘: —-0.005 (-351
0.100:Brin,=0.0026 ] S
0.050} oy
Brim,=0.000/2747 o Bl _0001
1-0.0005
0.010 {
00050 0,000
50 52 54 56 58 60 62
mpwm [GeV]
FIG. 1. The values of v/v, that can explain the measured value

of the DM energy density, Q4> = 0.12, for a given parameter set.
The values of g,,,,¢cy, /v are also shown. We take m;; = 300 GeV
and 6, =0.1. The black-solid curve is the result from the
assumption 7, = T, namely the standard treatment in WIMP
calculation. The blue dashed and blue dot-dashed curves are for
the QCD-A and QCD-B, respectively. The gray shaded region is
already excluded by the Higgs invisible decay at the ATLAS
experiment.
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0.10} RSN
? SN
[ 2NN
0.05 AN
[ \\—é‘;’*\\
)’0.\
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0.01t . A R e
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FIG. 2. The evolution of Y and T, for m, = 50 GeV (upper panels) and 58 GeV (lower panels). The values of v, shown in the figure
are determined to obtain the measured value of the DM energy density. The black-solid, the blue-dashed, and the blue-dotted-dashed
curves are for T, = T, the QCD-A, and the QCD-B, respectively. In the left panels, the gray-dashed curve shows Y.

consequence of the suppression in the scattering amplitude,
which is shown in Eq. (2.16). We also find almost no dif-
ference between the QCD-A and QCD-B for m,, 2 58 GeV.
This result is also a consequence of the highly suppressed
elastic scattering amplitude. We conclude that it is necessary
to include the effect of the early kinetic decoupling in the
Higgs resonant region in the pNG model.

In Fig. 2, we show the evolution of ¥ and T, for
m, = 50 GeV and 58 GeV. Here, v, is determined to obtain
the measured value of the DM energy density as shown in
Fig. 1. Therefore, the left two panels, which show the
evolution of Y, look almost the same. From the evolution
of Y, we can see that the freeze-out happens at x =~ 20.

This behavior is very similar to the standard calculation
where T, is assumed to be equal to 7. As can be seen from
the right panels, T, starts to differ from 7" at x ~20.
Namely, the kinetic decoupling happens earlier than usual
[11], and thus, the evolution of T, is important to determine
the thermal relic abundance in this model.

As an application of the early kinetic decoupling, we
discuss the branching ratio of the SM Higgs boson into two
DM nparticles. This process, known as the Higgs invisible
decay, is enhanced by the enhancement in the DM-Higgs
coupling and is being searched by the ATLAS and CMS
experiments. Currently, the ATLAS and CMS experiments
obtain the upper bound on it as
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0.100¢
I HL-LHC
0.010¢
[ ILC(250)
£ 0.001t
m E
[ FCC
107
107°
10_6 " L L Il L L L Il L L L 1 L L L 1 L L L 1 L L L 1
50 52 54 56 58 60 62
mpwm [GeV]
FIG. 3. The values of the Higgs invisible decay. The color

notation is the same as in Fig. 1.

0.11 (ATLAS [26))

(4.1)
0.19 (CMS [27))

BR;,, < {

at 95% C.L. The prospects of various experiments are
summarized in [28],

0.019  (HL-LHC)
0.0026  (ILC(250))
0.00024 (FCC)

BR,, < (4.2)

at 95% C.L., where FCC corresponds to the combined
performance of FCC-ee,y,, FCC-eezqs, FCC-eh, and
FCC-hh. The prospects for the ILC and FCC are obtained
by combining with the HL-LHC. In Fig. 1, we super-
impose the current bound and the prospects of the Higgs
invisible decay searches. As can be seen, the effect of the
early kinetic decoupling is significant. The current lower
mass bound on the DM is obtained as ~57 GeV, while it
is about 53 GeV in the standard treatment where the
effect of the kinetic decoupling is ignored. The prospects
of the reach of the DM mass at future experiments also
extended a few GeV. We show the value of the Higgs
invisible decay for a given DM mass in Fig. 3. We find
that difference in the predictions of the Higgs invisible
decay with and without taking into account the effect of
the early decoupling is as large as an order of magnitude
for m, <59 GeV.

We emphasize that the significant enhancement in the
coupling shown in Fig. 1 is due to the suppression by the

small momentum transfer in the scattering amplitude
discussed in Eq. (2.16). If the scattering amplitude is
suppressed only by the small coupling and without a
small momentum transfer, the effect of the early kinetic
decoupling is less efficient than in the pNG model. For
example, the scattering amplitude in the scalar singlet DM
model [29-31] is suppressed only by the small coupling
and is not suppressed by the small momentum transfer. In
that model, the coupling enhancement by the effect of the
early kinetic decoupling [11,12] is much milder than the
one obtained in the pNG model.

V. CONCLUSION

We have investigated the effect of the early kinetic
decoupling in a pNG DM model. We have focused on the
Higgs resonant region, 50 GeV <m, <m,;/2. It is well
known that the DM-Higgs coupling should be highly
suppressed to obtain the measured value of the DM energy
density by the freeze-out mechanism in that mass range.
Moreover, thanks to the virtue of the pNG DM model,
the DM-SM scattering processes are suppressed by low
momentum transfer. Therefore, the DM-SM scattering
processes are suppressed both by the small coupling and
the small momentum transfer. Thus, the effect of the early
kinetic decoupling is expected to be sizable.

We have shown that this suppression makes the effect
of the early kinetic decoupling significant. In order to
obtain the measured value of the DM energy density by
the freeze-out mechanism, the DM-Higgs coupling has to
be larger than the value determined without taking into
account the effect of the early kinetic decoupling. An
interesting consequence is the enhancement of the
Higgs invisible decay. As shown in Fig. 3, the Higgs
invisible branching ratio is enhanced more than an order
of magnitude in most of the region of the parameter
space. This enlarges the discovery potential of DM at the
collider experiments.
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APPENDIX A: COLLISION TERM

We discuss the DM elastic scattering off a particle in the
thermal bath and its contribution to the collision term.

We consider a two-to-two process, ¥ (1)£(3) = x(2)f(4),
where y is DM, f is a particle in the thermal bath, and the
numbers are the indices for the momentum. The contribu-
tion of this process to the collision term is given by
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11 B . |
912/ 234 (2”)52115 Z IMiseaa P(=f1f5 (L ) (T £ 35 + ffd £ f)( £ £5Y))

j1234
x (27)*6*(p1 + p3 — P2 — Pa4)- (A1)

Cel.

Using the following relation [12]:

1 1
eq. eq.\
3y (I xfy )eEg/}:F1<1j:eE4ﬂ:F])

eE4ﬂ
B (eESﬂ :F 1)(6E4ﬂ :F 1)
= BB (1 £ £57), (A2)

we can simplify the collision term as

11 &p
Co. = —5 l l /4] E (MuzoaP(=f1(1 £ f2) + f2(1 £ f1)eB7EP)
gxzj:2,3,4 (2”)32E11234

X f3H(1 £ f3)(27)*8" (1 + p3 — P2 — pa). (A3)

We further simplify this collision term with the following two assumptions:

(i) The distribution of the DM is given by f(E,T) = a(T)e 5/Tx = neq_"—(’T)e_E/Tl.

(i1) The scattering amplitude depends on ¢ but independent of s. L
The first assumption is justified if DM sufficiently interacts with particles in the dark sector even after the decoupling from
the thermal bath. It is easily realized by introducing the DM self-interaction. The second assumption is realized in simple
DM models, such as the pNG DM model.

Under these assumptions, we begin with the integration with respect to py,

11 &p; 1
C. / M2 (=f1(1 £ 1+ (Ex=E\)p
=21l / B2, 3 T B By 2o M- (A E F2) + ol f)elBE)
X [ (1 £ )3 (B + By = Ea = \J (71 + Fa = 1) +m3). (A4)

The argument of the squared root in the delta function becomes zero when

(P + Pa— p2)* + mj = (pi = P2)* + Pi? + mf + 2| Py — pal| paf cos .. (AS)
where 6, is the angle between py and p; — p>.
Here, we use the second assumption, namely Y, 534 [M3.24/* depends only on 7 and independent of s. Then the
integral with respect to cos 6, does not affect to ) ;534 | M 3_24)%, and the scattering term is simplified as

11 d3p2
Ca. =3 - 1+ 1+ 7, )eEEp
* 9)(2/(2”)32E2|P1 p2|1223:4|M13 ulP(=f1 (1 £ f2) + fo(1 £ f1)e )
dE t+2E5(E, — E,))?
x/ 3 (1 + £5)9 < _(-I-qzs(ql _)22))> (46)
8z 4p5*(p2 — p1)
:t / E /m1x A7
ﬁgx256ﬂ 171 2 i \/—EZ_—EI_—‘ (A7)
2 (Ey—E))p 1 == (E3+E | —E>)
1;4|M13ﬁ24| A+ )+ f(l £ fr)em )1—e—/i'(E1—Ez) m( 1 F e B ) (A8)

where
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tmax = (Ey = E2)* = (|P1] = [P2])* (A9)

tmin =(E1 — E2)* = (|P1] + | Ba)%, (A10)

E3:%<E2_E1+\/ Ey—E) -1/l 4mq> (All)

Using f(E,T) = a(T)e 8T = neqﬁ—’f)e‘E/Tl, we find

— 10 £ )+ fo(1 £ f1)eEE)P o~ ) 4 f,eEEVP
= —(Z(T)E_E‘/Tx(l — e(EZ—El)(/}_ﬂ;())’ (A12)

where g, = T;".
Finally, we find that

dp; 1
g [ G GEC

) E s [ a8 [ amo) [ J—i—r

1 — (B EVF) 1F e PESHEI—Es)
2( _,—EpB,
X1223:4|M13ﬁ24| ( ¢ TR ),m( s ) (A13)

where G(E) is an arbitrary function of Ej.

For G(E,) = 1, Eq. (A13) should vanish because the number density of DM does not change by the elastic scattering
processes. In Eq. (A13), E; and E, are dummy indices and can be renamed as E, and E|, respectively. Namely, we can
exchange E| and E,. For G(E|) = 1, the integrand flips its sign under the exchange of E; and E,. Therefore, Eq. (A13)
vanishes for G(E;) = 1.

APPENDIX B: THE SECOND MOMENT

We substitute p7/E; = (E3 —m?)/E, into G(E;) in Eq. (A13). Note that the integrand other than G(E) flips its sign
under the exchange of E| and E,. In other words, the integrand is an odd function of E; — E,. Using this fact, we replace the

integrand and the integral intervals as
P> L (p? Py’
— - === (B1)
E, 2\E E

&) &) e E
/ dEl/ dE2—>2/ dEl/ ' dE,. (B2)

After this simplification, we find
9, / &py 1 py? Pre
(2ﬂ)3E E,
1 = e(E2=E)(p-5,)
/ dEl / dE2 pl p2 —e_Elﬂye—
ﬁ51271' E] E2 1-—- eﬂ(EZ_El)

4m(
. 5 1 1 F exp (825 El) exp < (Ey—E))?—n/1 ]>
X dr Z | Mi304] In
tmin.

2 m
B:=E) =1\ 1w exp(p255) exp (<4 VB - B -1y 1 - 22) |

(B3)
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For the numerical evaluation, it is better to change the variables from (E,, E», t) to (y, z, w), where

Ez—m

y:

9’

El—m

1= (2m* = 2E\E, = 2|p1||P,))
4|5111Pal

=

’

We find

dpy 1 py? / /
gx/(Zﬂ)3E—1E—IC ﬁ 12871' / / dy/ dZ —1 161(61 —1 —€2)< 5162)

—e 61Xy + 6(62-61) e Yy

x | ore—en ; Z (Mizooal
(€, —€;)? — 1234
x(eg—e 2
1:Fe‘(122)exp(—§ € —622—%\/1—43)
L o (<3 e - et - my/1-20) )

X In

where

:m2(4\/€%—1\/€%—lz+(€1 —6) - (\/e%—l—l—\/e%—l)Z).

The evolution of the DM temperature of y depends on [11]

1dy Smplﬂ' m /— &py 1 py?
s 3n T, m / £ E G

y dx (27)3 E;| E,
g*(T> N

R

Here, we define 5.* We find & defined here is given by

%5 is related to 7 used in Ref. [11] & = xz(% -y
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15 Sm 17[ m e —Xy
45 T2K,(x,)

—e (Sl_l>x;( +e(€2 gl) e (52_1 Xy

5=

x x(€—€7)
I —efoma (€1—€2) - 51234
x(ep—e 2
1Fe lzzexp( 20/ (61 — €)? —-1/1 f)
X In

x(e)—e€

1Fe 12

exp (—%

4m2
(61 =2 =/ 1-2)

1 1 1 1
d d d 2 —14/e3 — 1€ (e, — 1 - 1 +—-
< 587 >[) a)/o y/) zy/€7 — 1/ e5 — let(e; — 1) (e €2)< +€1€2>

|'/\/ll3—>24|2

(B12)

The upper (lower) sign is for the bosonic (fermionic) particle in the thermal bath.
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