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We study the early kinetic decoupling effect in a pseudo-Nambu-Goldstone (pNG) dark matter (DM)
model. The pNG DM scattering processes with particles in the thermal bath in the early Universe are
suppressed by the small momentum transfer. As a result, kinetic equilibrium is not maintained, and the
temperature of DM is different from the temperature of the thermal bath at the freeze-out era. This
temperature difference affects the thermal relic abundance of DM. We investigate the early kinetic
decoupling in the Higgs resonance region, 50 GeV ≲mχ ≲mh=2, where mχ is the mass of the DM, and
mh=2 ≃ 62.5 GeV. We find that the DM-Higgs coupling determined to obtain the measured value of the
DM energy density is underestimated in the literature. The enhancement in the coupling leads larger value
of the Higgs invisible decay rate. It enlarges the capability to discover the DM signals from the decay of the
Higgs bosons at collider experiments.
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I. INTRODUCTION

Aweakly interacting massive particle (WIMP) is a well-
known dark matter (DM) candidate. It couples to the
standard model (SM) particles weakly, and pairs of DM
particles annihilate into the SM particles. If the annihilation
cross section is ∼Oð10−26Þ cm3 s−1, then the measured
value of the DM energy density by the Plank Collaboration
[1] is easily explained by the freeze-out mechanism [2].
The interaction between WIMPs and SM particles typically
predicts WIMP-nucleon scattering processes as well. On
the other hand, direct detection experiments give a stringent
upper bound on the DM-nucleon scattering cross section
[3–5]. Therefore, the DM-SM scattering processes must be
suppressed, while keeping the DM annihilation processes
into the SM particles.
Resonance enhancement in the annihilation processes is

utilized to suppress the scattering cross section, while
keeping the annihilation cross section. It requires a small
DM-mediator coupling to obtain the right amount of the DM
relic abundance by the freeze-out mechanism, and thus, the
scattering cross section becomes small by the small coupling.
Anotherway to suppress the scattering processes is to rely on

models that predict scattering amplitudes suppressed by the
low momentum transfer [6–10].
The suppressed scattering processes of DM and SM

particles can make the kinetic decoupling happen earlier.
Suppose the dark sector and the visible sector are in the
kinetic equilibrium. In that case, the temperature of the dark
matter ðTχÞ is the same as the temperature of the visible
sector (T). The kinetic equilibrium is maintained as long as
the scattering processes between the DM and the visible
particles are efficient compared to the expansion rate of the
Universe. In most WIMP models, the kinetic equilibrium is
maintained during the chemical decoupling. It allows us to
calculate the thermal relic abundance of DM under the
assumption that Tχ ¼ T. However, if the scattering proc-
esses are suppressed, it is unclear whether the kinetic
equilibrium is maintained during the chemical decoupling
era. In that case, we have to calculate the time evolution of
Tχ as well as the DM number density by solving the
Boltzmann equation. It was shown that the kinetic decou-
pling happens earlier than usual in a scalar singlet DM
model [11,12], a scalar Z3 singlet DM model [13], and a
fermionic DM model [14].
In this paper, we focus on the pseudo-Nambu-Goldstone

(pNG) DMmodel [10] and study the DM-Higgs coupling in
theHiggs resonance regionwith the effect of the early kinetic
decoupling. Here, the Higgs resonance region means
50 GeV≲mχ ≲mh=2, where mχ is the mass of the DM,
and mh=2 ≃ 62.5 GeV. We assume the coupling is deter-
mined by the freeze-out mechanism. The same analysis in
other models [11–14] shows the enhancement in DM-Higgs
coupling compared to the analysis under the assumption that
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Tχ ¼ T. A significant enhancement in the DM-Higgs cou-
pling is expected in the pNGmodel because it predicts highly
suppressed scattering processes by low momentum transfer.
The rest of this paper is organized as follows. In Sec. II,

we review the pNG DM model. In Sec. III, we briefly
explain how to calculate the DM number density without
assuming Tχ ¼ T. The result is shown in Sec. IV. It is
shown that the DM-Higgs coupling in the Higgs resonance
region is underestimated in the literature. Section V is
devoted for the conclusion.

II. MODEL

We briefly review the pNG model proposed in [10]. A
complex gauge singlet field S is introduced into the SM.
The fermion and gauge sectors of the model are the same as
in the SM. The Lagrangian that contains S is given by

Ljscalar ¼ DμH†DμH þ ∂μS�∂μS − Vscalar − Vsoft; ð2:1Þ

where

Vscalar ¼ −
μ2H
2
H†H þ λH

2
ðH†HÞ2 − μ2s

2
S�S

þ λs
2
ðS�SÞ2 þ λhsH†HS�S; ð2:2Þ

Vsoft ¼ −
μ02s
4
ðS2 þ S�2Þ; ð2:3Þ

and H is the SM Higgs field. The Lagrangian has a global
U(1) symmetry that rotates only S as S → eiαS in the
kinetic term and Vscalar. This symmetry is explicitly broken
in Vsoft, but the whole Lagrangian is still invariant under a
Z2 symmetry, S → S�. If μ02s ¼ 0, then the U(1) global
symmetry would be exact, and a Nambu-Goldstone (NG)
boson arises after S develops its vacuum expectation value
(VEV). We can take the VEVof S as real without a loss of
generality, so the imaginary part of S is regarded as the NG
boson. Since the U(1) is explicitly broken, the NG boson
obtains mass and becomes a pNG boson. This pNG boson
is odd under the Z2 symmetry (S → S�), and all the other
particles are even. Hence, this Z2 stabilizes the pNG and
makes it as the DM candidate in this model.
We can introduce other U(1) breaking terms such as

Sþ S�. However, the U(1) breaking terms other than in
Vsoft break the desired property that suppresses the DM
scattering processes by momentum transfer.1 UV complete
models that forbid the U(1) breaking terms other than Vsoft
are proposed in [16–19].
Component fields and VEVs of the singlet and the SM

Higgs fields are parametrized as

S ¼ vs þ sþ iχffiffiffi
2

p ; H ¼
� iπWþ

vþσ−iπZffiffi
2

p

�
; ð2:4Þ

where vs and v are the VEVs, χ is the DM, s and σ are
CP-even scalar bosons, and πWþ and πZ are the would-be
NG bosons for Wþ and Z, respectively. The stationary
condition of this vacuum imposes the following relations
for the mass parameters:

μ2H ¼ v2λH þ v2sλhs; ð2:5Þ

μ2s ¼ −μ02s þ v2λhs þ v2sλs: ð2:6Þ

The mass terms of the physical scalar particles are given by

Lscalar
mass ¼ −

1

2
μ02s χ2 −

1

2
ð σ s Þ

�
λHv2 λhsvvs
λhsvvs λsv2s

��
σ

s

�
:

ð2:7Þ

The mass eigenstates that are denoted by h and h0 are
obtained by diagonalizing the two-by-two mass matrix
above. The relation between the mass eigenstates and
component fields are given by

�
σ

s

�
¼
�

ch sh
−sh ch

��
h

h0

�
; ð2:8Þ

where ch ¼ cos θh and sh ¼ sin θh.
There are six model parameters in the scalar sector,

ðμ2H; μ2s ; λH; λs; λhs; μ02s Þ: ð2:9Þ

Instead of using these parameters, we choose the following
six parameters as inputs in the following analysis:

ðv; vs; mh;mh0 ; θh; mχÞ; ð2:10Þ

wheremX is the mass of X. Among these parameters, v and
mh are already known, v ≃ 246 GeV and mh ≃ 125 GeV,
and thus, we have four free parameters in the following
analysis.
In the following, we discuss the annihilation processes of

pairs of DM particles into the SM fermions and DM-SM
fermion elastic scattering processes. These processes are
mediated by h and h0, and the following interaction terms
are essential:

L ⊃ −
1

2
gχχhχ2h −

1

2
gχχh0χ2h0 − gf̄fhf̄fh − gf̄fh0 f̄fh

0;

ð2:11Þ

where
1Even in that case, the scattering process can be suppressed if

we assume the degenerated mass spectra [15].
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gχχh ¼ −
m2

h

vs
sh; ð2:12Þ

gχχh0 ¼ þm2
h0

vs
ch; ð2:13Þ

gf̄fh ¼ þmf

v
ch; ð2:14Þ

gf̄fh0 ¼ þmf

v
sh: ð2:15Þ

Here, f stands for the SM fermions.
An important property of the pNG DM model is that the

scattering processes are suppressed by the momentum
transfer. It is easy to calculate the DM-SM fermion
scattering amplitude at the tree level. The square of the
scattering amplitude for χf → χf is given by

Sf ≡
X
d:o:f

jMχf→χfj2

¼ 2
m2

f

v2

�
gχχhch
t −m2

h

þ gχχh0sh
t −m2

h0

�
2

ð4m2
f − tÞNc

¼ 2m2
fNc

v2

v2s
s2hc

2
h

ðm2
h −m2

h0 Þ2
v4

t2ð4m2
f − tÞ

ðt −m2
hÞ2ðt −m2

h0 Þ2
;

ð2:16Þ

where Nc ¼ 3ð1Þ for quarks (leptons). The summation is
taken for all the internal degrees of freedom for all the
initial and final states. The processes for χf̄ → χf̄ result in
the same. As can be seen, Sf is proportional to the fourth
power of the momentum transfer or t2. The momentum
transfer is small in the scattering process at the direct
detection experiments, and thus, the model evades the
constraint on the spin-independent WIMP-nucleon scatter-
ing cross section. The momentum transfer is also small in
the early Universe after DM becomes nonrelativistic. Thus,
the kinetic decoupling happens earlier than usual as we will
see below.
Before closing the section, we discuss the DM-DM

scattering for later convenience. In this model, the DM-DM

scattering is generated by the h and h0 exchanging diagrams
and the contact interaction terms due to the λs term given by

L ⊃ −
λs
8
χ4 ¼ −

3m2
hs

2
h þ 3m2

h0c
2
h

8v2s
χ4: ð2:17Þ

We find the invariant amplitude of χχ → χχ at the tree
level as

iMχχ→χχ ¼ −i
m2

hs
2
h

v2s

�
s

s −m2
h

þ t
t −m2

h

þ u
u −m2

h

�

− i
m2

h0c
2
h

v2s

�
s

s −m2
h0
þ t
t −m2

h0
þ u
u −m2

h0

�
:

ð2:18Þ

In the nonrelativistic limit, s ≃ 4m2
χ , t ≃ u ≃ 0, and thus,

Mχχ→χχ ≃ −
m2

hs
2
h

v2s

m2
χ

m2
χ −m2

h

−
m2

h0c
2
h

v2s

m2
χ

m2
χ −m2

h0
: ð2:19Þ

This amplitude is not suppressed. By utilizing this process,
DM particles make a thermal bath in the dark sector, and
the temperature of the DM can be defined.

III. METHOD

We briefly describe how to calculate the DM number
density with the effect of the early kinetic decoupling based
on Ref. [11].2

The Boltzmann equation for our Universe is given by

E

� ∂
∂t −Hp⃗ ·

∂
∂p⃗
�
fχðt; p⃗Þ ¼ Cann:½fχ � þ Cel:½fχ �; ð3:1Þ

where E is the energy of the DM,H is the Hubble constant,
p⃗ is the momentum of DM, and fχ is the phase-space
density of DM. The collision term is divided into two parts.
One is for the annihilation of pairs of DM particles (Cann.),
and the other is for elastic scatterings of a DM particle off
an SM particle in the thermal bath (Cel.). For two-to-two
processes, they are given by

Cann: ¼
1

2gχ

X
d:o:f

Z
d3p0

ð2πÞ32Ep0

Z
d3k

ð2πÞ32Ek

Z
d3k0

ð2πÞ32Ek0
ð2πÞ4δ4ðpþ p0 − k − k0Þ

× ð−jMχχ→BB0 j2fχðp⃗Þfχðp⃗0Þð1� feqB ðk⃗ÞÞð1� feqB0 ðk⃗0ÞÞ
þ jMBB0→χχ j2feqB ðk⃗ÞfeqB0 ðk⃗0Þð1� fχðp⃗ÞÞð1� fχðp⃗0ÞÞÞ; ð3:2Þ

2The authors of Ref. [11] recently developed a public code to obtain the relic abundance with the early kinetic decoupling effect [20].
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Cel: ¼
1

2gχ

X
d:o:f

Z
d3p0

ð2πÞ32Ep0

Z
d3k

ð2πÞ32Ek

Z
d3k0

ð2πÞ32Ek0
ð2πÞ4δ4ðpþ p0 − k − k0Þ

× ð−jMχB→χBj2fχðp⃗ÞfeqB ðk⃗Þð1� fχðp⃗0ÞÞð1� feq:B ðk⃗0ÞÞ
þ jMχB→χBj2fχðp⃗0Þfeq:B ðk⃗0Þð1� fχðp⃗ÞÞð1� feq:B ðk⃗ÞÞÞ; ð3:3Þ

where B and B0 stand for particles in the thermal bath such
as quarks, gχ is the number of internal degrees of freedom
of DM, and feqB is given by the Fermi-Dirac or Bose-
Einstein distribution depending on the spin of B. The
summation should be taken for all the internal degrees of
freedom for all the particles.
In the following analysis, we assume that the DM is in

the thermal bath in the dark sector. This assumption is
justified if DM-DM elastic scattering processes exist.
Although the DM scattering off the particles in the thermal
bath is suppressed by the small momentum transfer in
the pNG model [see Eq. (2.16)], the DM-DM scattering
process is not suppressed kinematically as shown in
Eqs. (2.18) and (2.19). Therefore, this assumption is
justified, and we can safely introduce the temperature of
DM (Tχ). As a result, fχ is given by

fχ ¼ αðTχÞe−
Eχ
Tχ ¼ nχ

neq:χ
e−

Eχ
Tχ ; ð3:4Þ

where nχ is the number density of DM defined by

nχ ¼ gχ

Z
d3p
ð2πÞ3 fχðp⃗Þ; ð3:5Þ

and neq:χ is the same but for T ¼ Tχ, namely,

neqχ ðTχÞ ¼
Z

d3p
ð2πÞ3 e

−Ep
Tχ ¼ m2

χTχ

2π2
K2

�
mχ

Tχ

�
; ð3:6Þ

where K2 is the modified Bessel function of the second
kind. The relation between the temperature and the dis-
tribution function of the DM is given by

Tχ ¼
gχ
nχ

Z
d3p
ð2πÞ3

p⃗2

3E
fχðp⃗Þ: ð3:7Þ

Using this fχ given in Eq. (3.4), we simplify Cel: given in
Eq. (3.2). The detail is discussed in the Appendix.
Using Eqs. (3.1), (3.5), and (3.7), we obtain the coupled

differential equations, which describe the time evolution of
the number density and temperature of DM without
assuming Tχ ¼ T. Instead of using nχ and Tχ , we use Y
and y defined by

Y ¼ nχ
s
; ð3:8Þ

y ¼ mχTχ

s2=3
; ð3:9Þ

where s is the entropy density, which is a function of T,

s ¼ 2π2

45
gsðTÞT3; ð3:10Þ

where gs is the effective degrees of freedom for the
entropy density. We also introduce dimensionless param-
eters given by

x ¼ mχ

T
; ð3:11Þ

xχ ¼
mχ

Tχ
: ð3:12Þ

Finally, we find the following coupled differential
equations:

dY
dx

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8m2

plπ
2

45

s
mχ

x2
ffiffiffiffiffiffiffiffiffiffiffi
g�ðTÞ

p
ð−hσviTχ

Y2 þ hσviTY2
eqÞ;

ð3:13Þ

1

y
dy
dx

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8m2

plπ
2

45

s
mχ

x2
ffiffiffiffiffiffiffiffiffiffiffi
g�ðTÞ

p �
YðhσviTχ

− hσvi2;Tχ
Þ

þY2
eq

Y

�
yeq
y
hσvi2;T − hσviT

��

þ
ffiffiffiffiffiffiffiffiffiffiffi
g�ðTÞ

p
gsðTÞ

δ̃þ
�
1þ T

3gsðTÞ
dgsðTÞ
dT

�
1

3mχ

yeq
y

�
p4

E3

�
;

ð3:14Þ
where

ffiffiffiffiffiffiffiffiffiffiffi
g�ðTÞ

p
¼ gsðTÞffiffiffiffiffiffiffiffiffi

gðTÞp �
1þ T

3gsðTÞ
dgsðTÞ
dT

�
; ð3:15Þ

hσviTχ
¼ xχ

8m5
χ ½K2ðxχÞ�2

Z
∞

4m2
χ

dsK1

� ffiffiffi
s

p
Tχ

�
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
χ

s

s
f̃ðsÞ;

ð3:16Þ
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hσvi2;Tχ
¼ x3χ

48m6
χ ½K2ðxχÞ�2

Z
∞

4m2
χ

dss3=2f̃ðsÞg̃
�

s
4m2

χ

�
; ð3:17Þ

δ̃ ¼ −
15

128π5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8m2

plπ
2

45

s
mχ

T2
χ

e−xχ

K2ðxχÞ
Z

1

0

dω
Z

1

0

dy
Z

1

0

dz
ffiffiffiffiffiffiffiffiffiffiffiffi
ϵ21 − 1

q ffiffiffiffiffiffiffiffiffiffiffiffi
ϵ22 − 1

q
ϵ21ðϵ1 − 1Þðϵ1 − ϵ2Þ

�
1þ 1

ϵ1ϵ2

�

×
−e−ðϵ1−1Þxχ þ eðϵ2−ϵ1Þxe−ðϵ2−1Þxχ

1 − exðϵ2−ϵ1Þ
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðϵ1 − ϵ2Þ2 − t
m2

χ

q X
f

Sf ln

0
B@1þ e−

xðϵ1−ϵ2Þ
2 exp

	
− x

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðϵ1 − ϵ2Þ2 − t

m2
χ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
f

t

q 

1þ e

xðϵ1−ϵ2Þ
2 exp

	
− x

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðϵ1 − ϵ2Þ2 − t

m2
χ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
f

t

q 

1
CA;

ð3:18Þ
�
p4

E3

�
¼ 1

neqχ ðTχÞ
Z

d3p
ð2πÞ3

ðp⃗ · p⃗Þ2
E3

e−
E
Tχ ; ð3:19Þ

mpl is the reduced Plank mass, mpl ¼ 1.220910 × 1019ð8πÞ−1=2 GeV, g is the effective degrees of freedom for the energy
density, K1 is the modified Bessel function of the first kind, Sf is defined in Eq. (2.16), and

Γhð
ffiffiffi
s

p Þ ¼ c2θhΓ
SM
h ð ffiffiffi

s
p Þ þ 1

32π

g2χχhffiffiffi
s

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
χ

s

s
θð ffiffiffi

s
p

− 2mχÞ; ð3:20Þ

Γh0 ð
ffiffiffi
s

p Þ ¼ s2θhΓ
SM
h ð ffiffiffi

s
p Þ þ 1

32π

g2χχh0ffiffiffi
s

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
χ

s

s
θð ffiffiffi

s
p

− 2mχÞ; ð3:21Þ

f̃ðsÞ ¼
���� gχχhcθh
s −m2

h þ i
ffiffiffi
s

p
Γhð

ffiffiffi
s

p Þ þ
gχχh0sθh

s −m2
h0 þ i

ffiffiffi
s

p
Γh0 ð

ffiffiffi
s

p Þ
����2ΓSM

h ð ffiffiffi
s

p Þ; ð3:22Þ

g̃ðs̃Þ ¼
Z

∞

1

dϵþ exp

�
−2

mχ

Tχ

ffiffiffĩ
s

p
ϵþ

��
2ϵþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðs̃ − 1Þðϵ2þ − 1Þ

q
þ 1ffiffiffĩ

s
p ln

ϵþ
ffiffiffĩ
s

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðs̃ − 1Þðϵ2þ − 1Þ

p
ϵþ

ffiffiffĩ
s

p þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðs̃ − 1Þðϵ2þ − 1Þ

p �
; ð3:23Þ

ϵ1 ¼
1

1 − ω
; ð3:24Þ

ϵ2 ¼ 1þ ωy
1 − ω

; ð3:25Þ

t ¼ m2
χ

	
4

ffiffiffiffiffiffiffiffiffiffiffiffi
ϵ21 − 1

q ffiffiffiffiffiffiffiffiffiffiffiffi
ϵ22 − 1

q
zþ ðϵ1 − ϵ2Þ2 −

	 ffiffiffiffiffiffiffiffiffiffiffiffi
ϵ21 − 1

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffi
ϵ22 − 1

q 

2


: ð3:26Þ

Here, ΓSM
h ð ffiffiffi

s
p Þ is the decay width of the Higgs boson into

the SM particle. We use the table given by the Higgs cross
section working group [21] to evaluate ΓSM

h ð ffiffiffi
s

p Þ.3 For
hσviT and hσvi2;T , replace Tχ by T in hσviTχ

and hσvi2;Tχ
,

respectively. Note that the summation for the fermions runs
over both fermions and antifermions.
During the QCD phase transition, we cannot treat

particles as free particles. Dedicated studies are required

for that regime. In Ref. [22], the table is provided for g� and
gs for 0.036 MeV≲ T ≲ 8.6 TeV. Since the values of g�
and gs do not change for T ≲ 0.036 MeV, we can regard
the values of g� and gs at T ¼ 0.036 MeV as the values at
the temperature today.
We solve Eqs. (3.13) and (3.14) numerically with the

following initial condition:

Yðxini:Þ ¼ Yeqðxini:Þ; ð3:27Þ

yðxini:Þ ¼ yeqðxini:Þ; ð3:28Þ
3The table is given at https://twiki.cern.ch/twiki/pub/LHC-

Physics/CERNYellowReportPageAt8TeV2014/Higgs_XSBR_
YR3_update.xlsx.
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where xini: ≃ 10. This initial condition for Y and y is the
assumption, but it is reasonable if DM annihilation and
DM-SM scattering processes frequently happen at high
temperatures. The result is not sensitive to the choice of xini:
as long as xini: ≲ 20. After solving the coupled differential
equations and obtain Yðx0Þ, where x0 is defined by the
temperature of the current universe T0 as x0 ¼ mχ=T0, we
convert Yðx0Þ into Ωh2 that is given by

Ωh2 ¼ mχs0Yðx0Þ
ρcr:h−2

; ð3:29Þ

where [23]

s0 ¼
2π2

45
gsðx0ÞT3

0; ð3:30Þ

ρcr:h−2 ¼ 1.05371 × 10−5 ½GeV cm−3�; ð3:31Þ

T0 ¼ 2.35 × 10−13 ½GeV�: ð3:32Þ

The measured value of Ωh2 by the Planck Collaboration is
Ωh2 ¼ 0.120� 0.001 [1]. We can use this value to deter-
mine a model parameter.
In the mass range we focus on, the freeze-out happens

around T ≃Oð1Þ GeV. This temperature is not far from
the temperature of the QCD phase transition. Hence, the
scattering rate of DM and quarks in the thermal bath is
potentially affected by the details of the QCD phase
transition. Following Ref. [11], we investigate the two
extreme scenarios, QCD-A and QCD-B. In the QCD-A
scenario, it is assumed that all quarks are free particles and
present in the thermal bath down to Tc ¼ 154 MeV [24]. In
the QCD-B scenario, only the light quarks (u, d, s)
contribute to the scattering above 4Tc ∼ 600 MeV [25].
The difference between these two scenarios is whether
charm and bottom quarks contribute to the elastic scattering
processes or not. Since the scattering rate is proportional to
the squared of the quark Yukawa couplings and the color
factor, the absence of the heavy quarks can make a large
difference between these two scenarios. The scattering ratio
in the QCD-B is smaller than the one in the QCD-A.
However, as we will see below, the difference between
the QCD-A and QCD-B is almost negligible in a viable
parameter region in this model. This is because the scat-
tering process is already highly suppressed by the low
momentum transfer.

IV. RESULT

We discuss the effect of the early kinetic decoupling on
the DM-Higgs coupling. In particular, we focus on the
Higgs resonant region, where 50 GeV≲mχ ≲mh=2, and
show the impact on the Higgs invisible decay branching
ratio. A reason why we do not focus onmχ ≲ 50 GeV is the

bound from the Higgs invisible decay [10]. We will discuss
more details about the constraint from the Higgs invisible
decay below. Another reason is that the early kinetic
decoupling effect is weakened if mχ is away from the
Higgs resonant region as we will see below. The DM-Higgs
coupling is determined so as to obtain the measured value
of the DM energy density by solving the coupled differ-
ential equations given in Eqs. (3.13) and (3.14). The
suppression by the low momentum transfer in the scattering
processes is strong. Hence, it is expected that the DM-
Higgs couplings obtained with and without assuming
Tχ ¼ T are very different. This difference affects to the
prediction of the branching ratio of the SM Higgs boson
into a pair of DM particles because it is proportional to the
DM-Higgs coupling squared.
Figure 1 shows the values of v=vs that can explain the

measured value of the DM energy density, Ωh2 ¼ 0.12, for
a given parameter set. The values of gχχhcθh=v are also
shown. There is a one-to-one correspondence between v=vs
and gχχhcθh=v. A different value of θh requires a different
value of v=vs. However, the required values of gχχhcθh=v
are independent from the choice of θh because gχχhcθh=v is
proportional to gχχhgff̄h, which is a combination of the
relevant couplings for the DM annihilation processes.
The figure shows the large enhancement in the coupling
compared to the one determined without taking into
account the effect of the early kinetic decoupling
(Tχ ¼ T in the figure). This large enhancement is a

FIG. 1. The values of v=vs that can explain the measured value
of the DM energy density, Ωh2 ¼ 0.12, for a given parameter set.
The values of gχχhcθh=v are also shown. We takemh0 ¼ 300 GeV
and θh ¼ 0.1. The black-solid curve is the result from the
assumption Tχ ¼ T, namely the standard treatment in WIMP
calculation. The blue dashed and blue dot-dashed curves are for
the QCD-A and QCD-B, respectively. The gray shaded region is
already excluded by the Higgs invisible decay at the ATLAS
experiment.
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consequence of the suppression in the scattering amplitude,
which is shown in Eq. (2.16). We also find almost no dif-
ference between the QCD-A and QCD-B formχ ≳ 58 GeV.
This result is also a consequence of the highly suppressed
elastic scattering amplitude. We conclude that it is necessary
to include the effect of the early kinetic decoupling in the
Higgs resonant region in the pNG model.
In Fig. 2, we show the evolution of Y and Tχ for

mχ ¼ 50 GeV and 58 GeV. Here, vs is determined to obtain
the measured value of the DM energy density as shown in
Fig. 1. Therefore, the left two panels, which show the
evolution of Y, look almost the same. From the evolution
of Y, we can see that the freeze-out happens at x ≃ 20.

This behavior is very similar to the standard calculation
where Tχ is assumed to be equal to T. As can be seen from
the right panels, Tχ starts to differ from T at x ≃ 20.
Namely, the kinetic decoupling happens earlier than usual
[11], and thus, the evolution of Tχ is important to determine
the thermal relic abundance in this model.
As an application of the early kinetic decoupling, we

discuss the branching ratio of the SM Higgs boson into two
DM particles. This process, known as the Higgs invisible
decay, is enhanced by the enhancement in the DM-Higgs
coupling and is being searched by the ATLAS and CMS
experiments. Currently, the ATLAS and CMS experiments
obtain the upper bound on it as

FIG. 2. The evolution of Y and Tχ for mχ ¼ 50 GeV (upper panels) and 58 GeV (lower panels). The values of vs shown in the figure
are determined to obtain the measured value of the DM energy density. The black-solid, the blue-dashed, and the blue-dotted-dashed
curves are for Tχ ¼ T, the QCD-A, and the QCD-B, respectively. In the left panels, the gray-dashed curve shows Yeq.
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BRinv <

�
0.11 ðATLAS ½26�Þ
0.19 ðCMS ½27�Þ ð4:1Þ

at 95% C.L. The prospects of various experiments are
summarized in [28],

BRinv <

8<
:

0.019 ðHL-LHCÞ
0.0026 ðILCð250ÞÞ
0.00024 ðFCCÞ

ð4:2Þ

at 95% C.L., where FCC corresponds to the combined
performance of FCC-ee240, FCC-ee365, FCC-eh, and
FCC-hh. The prospects for the ILC and FCC are obtained
by combining with the HL-LHC. In Fig. 1, we super-
impose the current bound and the prospects of the Higgs
invisible decay searches. As can be seen, the effect of the
early kinetic decoupling is significant. The current lower
mass bound on the DM is obtained as ∼57 GeV, while it
is about 53 GeV in the standard treatment where the
effect of the kinetic decoupling is ignored. The prospects
of the reach of the DM mass at future experiments also
extended a few GeV. We show the value of the Higgs
invisible decay for a given DM mass in Fig. 3. We find
that difference in the predictions of the Higgs invisible
decay with and without taking into account the effect of
the early decoupling is as large as an order of magnitude
for mχ ≲ 59 GeV.
We emphasize that the significant enhancement in the

coupling shown in Fig. 1 is due to the suppression by the

small momentum transfer in the scattering amplitude
discussed in Eq. (2.16). If the scattering amplitude is
suppressed only by the small coupling and without a
small momentum transfer, the effect of the early kinetic
decoupling is less efficient than in the pNG model. For
example, the scattering amplitude in the scalar singlet DM
model [29–31] is suppressed only by the small coupling
and is not suppressed by the small momentum transfer. In
that model, the coupling enhancement by the effect of the
early kinetic decoupling [11,12] is much milder than the
one obtained in the pNG model.

V. CONCLUSION

We have investigated the effect of the early kinetic
decoupling in a pNG DM model. We have focused on the
Higgs resonant region, 50 GeV≲mχ ≲mh=2. It is well
known that the DM-Higgs coupling should be highly
suppressed to obtain the measured value of the DM energy
density by the freeze-out mechanism in that mass range.
Moreover, thanks to the virtue of the pNG DM model,
the DM-SM scattering processes are suppressed by low
momentum transfer. Therefore, the DM-SM scattering
processes are suppressed both by the small coupling and
the small momentum transfer. Thus, the effect of the early
kinetic decoupling is expected to be sizable.
We have shown that this suppression makes the effect

of the early kinetic decoupling significant. In order to
obtain the measured value of the DM energy density by
the freeze-out mechanism, the DM-Higgs coupling has to
be larger than the value determined without taking into
account the effect of the early kinetic decoupling. An
interesting consequence is the enhancement of the
Higgs invisible decay. As shown in Fig. 3, the Higgs
invisible branching ratio is enhanced more than an order
of magnitude in most of the region of the parameter
space. This enlarges the discovery potential of DM at the
collider experiments.
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APPENDIX A: COLLISION TERM

We discuss the DM elastic scattering off a particle in the
thermal bath and its contribution to the collision term.
We consider a two-to-two process, χð1Þfð3Þ→ χð2Þfð4Þ,

where χ is DM, f is a particle in the thermal bath, and the
numbers are the indices for the momentum. The contribu-
tion of this process to the collision term is given by

FIG. 3. The values of the Higgs invisible decay. The color
notation is the same as in Fig. 1.
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Cel: ¼
1

gχ

1

2

Y
j¼2;3;4

Z
d3pj

ð2πÞ32Ej

X
1;2;3;4

jM13→24j2ð−f1feq:3 ð1� f2Þð1� feq:4 Þ þ f2f
eq:
4 ð1� f1Þð1� feq:3 ÞÞ

× ð2πÞ4δ4ðp1 þ p3 − p2 − p4Þ: ðA1Þ

Using the following relation [12]:

feq:3 ð1� feq:4 Þ ¼ 1

eE3β ∓ 1

�
1� 1

eE4β ∓ 1

�

¼ eE4β

ðeE3β ∓ 1ÞðeE4β ∓ 1Þ
¼ eðE4−E3Þβfeq:4 ð1� feq:3 Þ; ðA2Þ

we can simplify the collision term as

Cel: ¼
1

gχ

1

2

Y
j¼2;3;4

Z
d3pj

ð2πÞ32Ej

X
1;2;3;4

jM13→24j2ð−f1ð1� f2Þ þ f2ð1� f1ÞeðE3−E4ÞβÞ

× feq:3 ð1� feq:4 Þð2πÞ4δ4ðp1 þ p3 − p2 − p4Þ: ðA3Þ

We further simplify this collision term with the following two assumptions:
(i) The distribution of the DM is given by fðE; TÞ ¼ αðTÞe−E=Tχ ¼ nχ

neq:χ ðTχÞ e
−E=Tχ.

(ii) The scattering amplitude depends on t but independent of s.
The first assumption is justified if DM sufficiently interacts with particles in the dark sector even after the decoupling from
the thermal bath. It is easily realized by introducing the DM self-interaction. The second assumption is realized in simple
DM models, such as the pNG DM model.
Under these assumptions, we begin with the integration with respect to p4,

Cel: ¼
1

gχ

1

2

Y
j¼2;3

Z
d3pj

ð2πÞ32Ej

1

2ðE1 þ E3 − E2Þ
X
1;2;3;4

jM13→24j2ð−f1ð1� f2Þ þ f2ð1� f1ÞeðE2−E1ÞβÞ

× feq:3 ð1� feq:4 Þð2πÞδ
	
E1 þ E3 − E2 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp⃗1 þ p⃗4 − p⃗2Þ2 þm2

f

q 

: ðA4Þ

The argument of the squared root in the delta function becomes zero when

ðp⃗1 þ p⃗4 − p⃗2Þ2 þm2
f ¼ ðp⃗1 − p⃗2Þ2 þ p⃗4

2 þm2
f þ 2jp⃗1 − p⃗2jjp⃗4j cos θ�; ðA5Þ

where θ� is the angle between p⃗4 and p⃗1 − p⃗2.
Here, we use the second assumption, namely

P
1;2;3;4 jM13→24j2 depends only on t and independent of s. Then the

integral with respect to cos θ� does not affect to
P

1;2;3;4 jM13→24j2, and the scattering term is simplified as

Cel: ¼
1

gχ

1

2

Z
d3p2

ð2πÞ32E2

1

jp⃗1 − p⃗2j
X
1;2;3;4

jM13→24j2ð−f1ð1� f2Þ þ f2ð1� f1ÞeðE2−E1ÞβÞ

×
Z

dE3

8π
feq:3 ð1� feq:4 Þθ

�
1 − ðtþ 2E3ðE1 − E2ÞÞ2

4p⃗3
2ðp⃗2 − p⃗1Þ2

�
ðA6Þ

¼ � 1

β

1

gχ

1

256π3
1

jp⃗1j
Z

∞

m
dE2

Z
tmax :

tmin :

dt
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðE2 − E1Þ2 − t
p ðA7Þ

X
1;2;3;4

jM13→24j2ð−f1ð1� f2Þ þ f2ð1� f1ÞeðE2−E1ÞβÞ 1

1 − e−βðE1−E2Þ ln
�
1 ∓ e−βðE�

3
þE1−E2Þ

1 ∓ e−βE�
3

�
; ðA8Þ

where
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tmax ¼ ðE1 − E2Þ2 − ðjp⃗1j − jp⃗2jÞ2; ðA9Þ

tmin ¼ðE1 − E2Þ2 − ðjp⃗1j þ jp⃗2jÞ2; ðA10Þ

E�
3 ¼

1

2

 
E2 − E1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE2 − E1Þ2 − t

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
q

t

s !
: ðA11Þ

Using fðE; TÞ ¼ αðTÞe−E=Tχ ¼ nχ
neq:χ ðTχÞ e

−E=Tχ , we find

− f1ð1� f2Þ þ f2ð1� f1ÞeðE2−E1Þβ ≃ −f1 þ f2eðE2−E1Þβ

¼ −αðTÞe−E1=Tχ ð1 − eðE2−E1Þðβ−βχÞÞ; ðA12Þ

where βχ ¼ T−1
χ .

Finally, we find that

gχ

Z
d3p1

ð2πÞ3
1

E1

GðE1ÞCel: ¼ � 1

β

1

512π5
αðTÞ

Z
∞

m
dE1

Z
∞

m
dE2GðE1Þ

Z
tmax :

tmin :

dt
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðE2 − E1Þ2 − t
p

×
X
1;2;3;4

jM13→24j2
�
−e−E1βχ

1 − eðE2−E1Þðβ−βχÞ

1 − eβðE2−E1Þ

�
; ln

�
1 ∓ e−βðE�

3
þE1−E2Þ

1 ∓ e−βE
�
3

�
; ðA13Þ

where GðE1Þ is an arbitrary function of E1.
For GðE1Þ ¼ 1, Eq. (A13) should vanish because the number density of DM does not change by the elastic scattering

processes. In Eq. (A13), E1 and E2 are dummy indices and can be renamed as E2 and E1, respectively. Namely, we can
exchange E1 and E2. For GðE1Þ ¼ 1, the integrand flips its sign under the exchange of E1 and E2. Therefore, Eq. (A13)
vanishes for GðE1Þ ¼ 1.

APPENDIX B: THE SECOND MOMENT

We substitute p⃗2
1=E1 ¼ ðE2

1 −m2Þ=E1 into GðE1Þ in Eq. (A13). Note that the integrand other than GðEÞ flips its sign
under the exchange of E1 and E2. In other words, the integrand is an odd function of E1 − E2. Using this fact, we replace the
integrand and the integral intervals as

p⃗1
2

E1

→
1

2

�
p⃗1

2

E1

−
p⃗2

2

E2

�
; ðB1Þ

Z
∞

m
dE1

Z
∞

m
dE2 → 2

Z
∞

m
dE1

Z
E1

m
dE2: ðB2Þ

After this simplification, we find

gχ

Z
d3p1

ð2πÞ3
1

E1

p⃗1
2

E1

Cel:

¼ � 1

β

1

512π5
αðTÞ

Z
∞

m
dE1

Z
E1

m
dE2

�
p⃗1

2

E1

−
p⃗2

2

E2

��
−e−E1βχ

1 − eðE2−E1Þðβ−βχÞ

1 − eβðE2−E1Þ

�

×
Z

tmax :

tmin :

dt
X
1;2;3;4

jM13→24j2
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðE2 − E1Þ2 − t
p ln

0
B@ 1 ∓ exp ðβ E2−E1

2
Þ exp

	
− β

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE2 − E1Þ2 − t

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

q

t

q 

1 ∓ exp ð−β E2−E1

2
Þ exp

	
− β

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE2 − E1Þ2 − t

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

q

t

q 

1
CA: ðB3Þ
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For the numerical evaluation, it is better to change the variables from ðE1; E2; tÞ to ðy; z;ωÞ, where

y ¼ E2 −m
E1 −m

; ðB4Þ

z ¼ t − ð2m2 − 2E1E2 − 2jp⃗1jjp⃗2jÞ
4jp⃗1jjp⃗2j

; ðB5Þ

ω ¼ E1 −m
E1

: ðB6Þ

We find

gχ

Z
d3p1

ð2πÞ3
1

E1

p⃗1
2

E1

Cel: ¼ � 1

β

αðTÞm4

128π5

Z
1

0

dω
Z

1

0

dy
Z

1

0

dz
ffiffiffiffiffiffiffiffiffiffiffiffi
ϵ21 − 1

q ffiffiffiffiffiffiffiffiffiffiffiffi
ϵ22 − 1

q
ϵ21ðϵ1 − 1Þðϵ1 − ϵ2Þ

�
1þ 1

ϵ1ϵ2

�

×
−e−ϵ1xχ þ eðϵ2−ϵ1Þxe−ϵ2xχ

1 − exðϵ2−ϵ1Þ
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðϵ1 − ϵ2Þ2 − t
m2

q X
1;2;3;4

jM13→24j2

× ln

0
B@1 ∓ e−

xðϵ1−ϵ2Þ
2 exp

	
− x

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðϵ1 − ϵ2Þ2 − t

m2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
f

t

q 

1 ∓ e

xðϵ1−ϵ2Þ
2 exp

	
− x

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðϵ1 − ϵ2Þ2 − t

m2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
f

t

q 

1
CA; ðB7Þ

where

ϵ1 ¼
E1

m
¼ 1

1 − ω
; ðB8Þ

ϵ2 ¼
E1

m
¼ 1þ ωy

1 − ω
; ðB9Þ

t ¼ m2
	
4

ffiffiffiffiffiffiffiffiffiffiffiffi
ϵ21 − 1

q ffiffiffiffiffiffiffiffiffiffiffiffi
ϵ22 − 1

q
zþ ðϵ1 − ϵ2Þ2 −

	 ffiffiffiffiffiffiffiffiffiffiffiffi
ϵ21 − 1

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffi
ϵ22 − 1

q 

2


: ðB10Þ

The evolution of the DM temperature of y depends on [11]

1

y
dy
dx

⊃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8m2

plπ
2

45

s
m
x2

ffiffiffiffiffiffiffiffiffiffiffi
g�ðTÞ

p m
s

1

3nχTχm
gχ

Z
d3p1

ð2πÞ3
1

E1

p⃗1
2

E1

Cel:

≡
ffiffiffiffiffiffiffiffiffiffiffi
g�ðTÞ

p
hðTÞ δ̃: ðB11Þ

Here, we define δ̃.4 We find δ̃ defined here is given by

4δ̃ is related to γ̃ used in Ref. [11] δ̃ ¼ x2ðyeqy − 1Þγ̃.

EARLY KINETIC DECOUPLING AND A … PHYS. REV. D 104, 035025 (2021)

035025-11



δ̃ ¼ 15

gχ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8m2

plπ
2
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s
m
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χ
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�
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ϵ22 − 1

q
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�
1þ 1

ϵ1ϵ2

�

×
−e−ðϵ1−1Þxχ þ eðϵ2−ϵ1Þxe−ðϵ2−1Þxχ

1 − exðϵ2−ϵ1Þ
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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ðϵ1 − ϵ2Þ2 − t
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1 −

4m2
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t
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xðϵ1−ϵ2Þ
2 exp

	
− x
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m2
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1 −

4m2
f

t
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1
CA: ðB12Þ

The upper (lower) sign is for the bosonic (fermionic) particle in the thermal bath.
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