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Dipartimento di Fisica “E. Fermi”, Università di Pisa, Largo B. Pontecorvo 3, 56127 Pisa, Italy,

INFN, Sezione di Pisa, Largo B. Pontecorvo 3, 56127 Pisa, Italy,
and National Institute of Chemical Physics and Biophysics, Rävala 10, Tallinn 10143, Estonia

Kristjan Kannike , Carlo Marzo, Luca Marzola , Aurora Melis, Kristjan Müürsepp, Marco Piva , and Martti Raidal
National Institute of Chemical Physics and Biophysics, Rävala 10, Tallinn 10143, Estonia

(Received 8 April 2021; accepted 11 July 2021; published 13 August 2021)

Extensions to the Standard Model that use strictly off-shell degrees of freedom—the fakeons—allow for
new measurable interactions at energy scales usually precluded by the constraints that target the on-shell
propagation of new particles. Here we employ the interactions between a new fake scalar doublet and the
muon to explain the recent Fermilab measurement of its anomalous magnetic moment. Remarkably, unlike
in the case of usual particles, the experimental result can be matched for fakeon masses below the
electroweak scale without contradicting the stringent precision data and collider bounds on new light
degrees of freedom. Our analysis, therefore, demonstrates that the fakeon approach offers unexpected
viable possibilities to model new physics naturally at low scales.
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I. INTRODUCTION

The longstanding anomaly concerning the magnetic
moment of the muon, aμ ¼ ðg − 2Þμ=2, is generally inter-
preted as the effect of new degrees of freedom that,
coupling to the muon, leave their imprint in this precision
observable. At the level of model building, the requirement
of perturbative couplings forces the particles responsible
for the signal to appear at energies not far above the
electroweak scale. Consequently, the proposed ðg − 2Þμ
explanations are often in tension with the null results of
complementary collider and precision searches.
The presence of an anomaly in ðg − 2Þμ is supported by

the final result of the Brookhaven E821 experiment [1],
aE821μ ¼ 116592089ð63Þ × 10−11, which gives rise to a 3.7σ
deviation ΔaE821μ ¼ aE821μ −aSMμ ¼ð279�76Þ×10−11 when
confronted with the worldwide consensus of the SM
contribution [2], aSMμ ¼ 116591810ð43Þ × 10−11. The
observation has been recently updated by the Muon
g − 2 experiment at Fermilab, which found [3,4]

aFlμ ¼ 116592040ð54Þ × 10−11; ð1Þ

corresponding to a 3.3σ deviation from the SM prediction.
The combined outcome of the two experiments [3,4]

aFlþE821
μ ¼ 116592061ð41Þ × 10−11; ð2Þ

leads to a 4.2σ discrepancy with the theory prediction:

ΔaFlþE821
μ ¼ aFlþE821

μ − aSMμ ¼ ð251� 59Þ × 10−11: ð3Þ

This significant deviation could be explained by not yet
understood low-energy hadronic physics [5], or, as we
propose, by new physics contributions.
To this purpose, we address the ðg − 2Þμ problem in a

new framework that overcomes the limitations of conven-
tional model building by relying on new, strictly-virtual,
degrees of freedom: the fakeons. Fakeons were originally
proposed to solve the problem of ghosts in renormalizable
theories of gravity [6] and Lee-Wick theories [7–9].
Nevertheless, any new particle can be made a fakeon by
adopting the required prescription for its propagator.
Concretely, we consider an extension of the SM that

contains a new fake scalar doublet. The latter does not
acquire a vacuum expectation value (VEV) and, besides the
gauge and Higgs bosons, couples significantly only to
muons. Although the scalar sector of the theory matches
that of the fake inert doublet model [10] (fIDM), the
resulting phenomenology strongly differs for the presence
of a Yukawa coupling that breaks the Z2 symmetry of the
fIDM and singles out the leptons of the second SM
generation.
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As we show below, the fakeon doublet explains the
ðg − 2Þμ measurement (1) even in a mass range that, for
usual particles, is precluded by the measurements of the
Z- andW-boson decay widths. To demonstrate the case, we
check our solution against the constraints that target
deviations from lepton universality in the Z and W boson
decays. In particular, we study the contributions of the fake
doublet to Z → 2μ, Z → 4μ and to the τ and μ lepton
decays, showing that these processes do not impose
significant constraints on our result.
The present study could be extended to address the

anomalies pertaining to the measurement of the muonic
proton radius [11] and possible lepton universality violation
in the decays of B mesons [12]. It would be also of interest
to consider a higher-order kinetic term for the fake doublet,
with the purpose of solving also the SM hierarchy problem
through the mechanism previously used in Lee-Wick
extensions [13–15]. In fact, the fakeon prescription can
also be used to consistently include fake ghost particles in
the theory and prevent their on-shell propagation.

II. A FAKE DOUBLET EXTENSION OF THE
STANDARD MODEL

We consider the following Lagrangian,

L ¼ LSM þ ðDμΦÞ†ðDμΦÞ − V − ðyl̄μ
LΦμR þ H:c:Þ; ð4Þ

V ¼ −m2
1jHj2 þm2

2jΦj2 þ λ1jHj4 þ λ2jΦj4

þ λ3jHj2jΦj2 þ λ4jH†Φj2 þ 1

2
λ5ððH†ΦÞ2 þ H:c:Þ;

ð5Þ

where lμ
L is the second-generation left-handed lepton

doublet, H is the SM Higgs doublet and Φ ¼ ðϕþ;ϕ0ÞT
is a fakeon doublet which transforms as f1; 2; 1=2g under
the SUð3Þc × SUð2ÞL × Uð1ÞY gauge group. We decom-
pose the complex neutral component in its scalar and
pseudoscalar parts,

ϕ0 ¼ ϕH þ iϕAffiffiffi
2

p : ð6Þ

Since Φ acquires no VEV, the scalar fakeon masses are

m2
i ¼ m2

2 þ λiv2; i ¼ ϕ�; ϕH; ϕA;

λϕ� ¼ λ3;

λϕH
¼ λ3 þ λ4 þ λ5;

λϕA
¼ λ3 þ λ4 − λ5; ð7Þ

where v is the Higgs doublet VEV. We adjust λ2 so as to
ensure that the potential is bounded from below and
implicitly set the values of m2 and λ3 by specifying

mϕ� . The λ4 and λ5 couplings, which regulate the hierarchy
of the fakeon masses, are assumed to vanish unless
specified otherwise. More details on the scalar sector of
the fIDM can be found in [10].
To explain the anomaly, we couple Φ to the muon via a

real Yukawa coupling y and assume negligible couplings to
the remaining SM fermions. The resulting new interactions

L ⊃ −
�
y
2
ν̄μμϕ

þ þ y
2
ν̄μγ5μϕ

þ þ H:c:

�

−
y
ffiffiffi
2

p μ̄μϕH − i
y
ffiffiffi
2

p μ̄γ5μϕA ð8Þ

suffice to fully capture the fakeon physics of ðg − 2Þμ.

III. FAKEONS: MAIN PHENOMENOLOGICAL
FEATURES

The fakeon propagator relies on a quantization prescrip-
tion that differs from the Feynman recipe adopted for the
SM fields. As a result, fakeons can mediate new inter-
actions in the same way as usual particles do, but cannot be
on-shell. Consequently, fakeons do not appear in initial and
final states of physical processes, and, in particular, cannot
leave any direct imprint in an experimental apparatus after
their propagation.
In particular, the fakeon doublet cannot directly con-

tribute to the decay width of the Z boson even for masses
below mZ=2: the decay Z → Φ†Φ, allowed by gauge
interactions, is forbidden by the fakeon quantization.
Therefore, the results of LEP experiments [16] do not
affect our solution, contrarily to the case of new ordinary
particles. However, constraints on the properties of fakeons
can still arise from their virtual contributions at collider and
precision experiments. Besides the processes characteristic
of fIDM [10], further phenomenological signatures arise
from the breaking of the Z2 symmetry. For instance, the
fakeon doublet mediates four-lepton final states decays of
the Z boson at the tree level, and contributes to both the
dimuon and invisible Z decay widths radiatively.
Additionally, loop diagrams that contain fakeons are also
modified above every threshold associated with resonant
contributions. In the case studied, the most evident impact
is on the imaginary parts of the involved amplitude.

IV. THE ANOMALOUS MAGNETIC MOMENT OF
THE MUON

The interactions of the fakeon field in Eq. (8) affect the
muon anomalous magnetic moment through the diagrams
in Fig. 1, which account for the effect of the neutral and
charged fake scalars, respectively. The total correction to
the SM result, ΔaΦμ ¼ ΔaHμ þ ΔaAμ þ Δa�μ , is split into
three terms. The contributions of neutral components ϕH
and ϕA are
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ΔaHμ ¼ y2

16π2r2
½2ðr − 1Þð1 − 4rÞhð1 − 4rÞ

þ rð3r − 2Þ þ ð3r − 1Þ ln r�; r ¼ m2
μ

m2
ϕH

; ð9Þ

ΔaAμ ¼ y2

16π2r2
½2ð3r − 1Þhð1 − 4rÞ

− rð2þ rÞ þ ðr − 1Þ ln r�; r ¼ m2
μ

m2
ϕA

; ð10Þ

where mμ ≃ 106 MeV is the muon mass and hðxÞ ¼
arctanhð ffiffiffi

x
p Þ= ffiffiffi

x
p

for 0 < x < 1, hðxÞ ¼ arctanð ffiffiffiffiffijxjp Þ=ffiffiffiffiffijxjp
for x < 0. The relations above match the expressions

in the literature for standard neutral scalar and pseudoscalar
contributions—see e.g., [17,18]—because kinematics pre-
vent this class of diagrams from developing an imaginary
part. For the charged fakeon contribution, we have

Δa�μ ¼ y2

32π2r2
½ðr − 2Þrþ 2ðr − 1Þ ln jr − 1j�; ð11Þ

where r ¼ m2
μ=m2

ϕ� . This relation does differ from the

standard charged scalar contribution Δa�;std
μ on part of the

parameter space by an imaginary part given by

Δa�;std
μ − Δa�μ ¼ −i

y2

16π

ðr − 1Þ
r2

Θðr − 1Þ; ð12Þ

with ΘðxÞ being the Heaviside step function. In fact, for
mϕ� < mμ and vanishing neutrino masses, the process
generally allows an imaginary part associated with the cuts
shown in the second diagram of Fig. 1. For a standard scalar
field this corresponds to the μ → ϕν decay. The fakeon
prescription forces these imaginary parts to vanish, so that
Δa�μ is necessarily real. For usual particles, instead, the same
cuts yield a finite imaginary contribution that redefines the
form factor actually probed by the experiments [19]. Such
imaginary contributions would furthermore alter the muon
lifetime in an external magnetic field [20].

In Fig. 2, we show the parameter space where the total
fakeon contribution ΔaΦμ enters the 1σ and 3σ intervals
allowed by Eq. (3), for two benchmark fakeon mass spectra.
The orange band corresponds to a configuration where
mϕ� ≳mϕA

¼ mϕH
, obtainedby setting thequartic couplings

as specified in the figure caption. The choice ensures that
mϕ� ≥ 3 GeV, as required by electroweak precision tests
[10]. The blue region shows the case of a different splitting,
mϕH

≲mϕA
¼ mϕ� , obtained for different values of the

quartic coupling that result in mϕ� ≥ 10 GeV. The remain-
ing shaded areas denote the exclusion bounds due to the
experimental searches discussed below. The results obtained
for Yukawa couplings y≲ 0.1, corresponding to (CP-even)
neutral fakeon masses below ∼10 GeV are mostly con-
strained only by the mentioned electroweak precision tests,
which force a splitting of the charged fakeon component but
do not bound the masses of the neutral ones [10]. In both the
analyzed cases, the observed values of ðg − 2Þμ are matched
through the dominant contribution of the neutral CP-even
fake component.
We remark that our solutions are stable under radiative

corrections because the negligible Yukawa couplings
assumed for heavier SM fermions, as well as the absence
of a VEV for the fake doublet, preclude new large two-loop
Barr-Zee type contributions [21].

V. COLLIDER AND LEPTON FLAVOR
UNIVERSALITY CONSTRAINTS

As previously emphasized, the decays Z → ϕHϕA and
Z → ϕþϕ−, allowed by gauge interactions, cannot occur.
Therefore, the Z-boson decays [16] can only constrain the
fakeon properties through their virtual effects in tree-level
or loop processes yielding, in our case, muon final states. In

FIG. 1. Neutral and charged fake scalar contributions to the
anomalous magnetic moment of the muon. The dashed blue and
red lines in the second diagram indicate the cuts corresponding to
threshold contributions that vanish for the fakeon prescription.

FIG. 2. Regions of the parameter space ðmϕH
; yÞwhere the fake

doublet contribution to aμ falls within the 1σ and 3σ bounds on
ΔaFlμ for two representative cases: λ4 ¼ −0.0003 and λ5 ¼ 0

(orange) and λ4 ¼ λ5 ¼ −0.002 (blue). The remaining shaded
regions represent the bounds from the indicated measurements.
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the following we analyze the most important examples of
these contributions.
The LEP measurements of the Z-boson leptonic decay

widths provide stringent constraints on departures from
lepton flavor universality. In the model at hand, muon final
states receive new loop-level contributions from the dia-
grams depicted in Fig. 3, which potentially unbalance the
yield of the corresponding Z-boson decay channels. The
corresponding departure from lepton universality is con-
strained by [16]

Rμe ¼
ΓðZ → μþμ−Þ
ΓðZ → eþe−Þ ¼ 1.0001� 0.0024; ð13Þ

for the dimuon final state. Enhancements in the dineutrino
final state are, instead, constrained by the Z-boson invisible
decay width ΓðinvÞ ¼ 499.0� 1.5 MeV.
In order to assess the bound (13), we have calculated the

leading order deviations of Rμe from the SM value. The
fakeon contribution sourced by the diagrams in Fig. 3 is
quantified in [22]

ΔRμe ¼
g2ZmZ

6π

cVRe½cΦV � þ cARe½cΦA �
ΓðZ → μþμ−ÞSM

; ð14Þ

where gZ is the neutral current coupling constants,
cV ¼ 2s2W − 1=2, cA ¼ −1=2 and cΦV;A are, respectively,
the coefficients of the terms proportional to γμ and γμγ

5 in
the obtained one-loop amplitude. The kinematics shows
that the three internal lines of the diagrams cannot be all
simultaneously on-shell. Therefore, the fakeon prescription
affects only the imaginary part of the amplitude. Because
Eq. (14) is sensitive only to the real contribution, we can
employ the relation to constrain the properties of the model
by requiring that jΔRμej < 0.0012. The corresponding
bound is indicated by the gray region in Fig. 2. As we
can see, the limit is far from excluding our solutions to
ðg − 2Þμ. Similarly, the new contribution to the Z-boson
invisible width is also not constraining. We remark that for
the case of usual scalar fields, these solutions would be
precluded by the modifications to the tree-level Z-boson
decay width resulting from the direct production of the new
scalars.

We analyze next the impact of the new fake doublet on
decays of the Z-boson yielding 4μ final states, which
receive the new contributions shown in Fig. 4. The most
precise measurements of the Z → 4μ decay width from the
LHC experiments [23–26] indicate a branching ratio
BRðZ → 4μÞ ¼ ð4.58� 0.26Þ × 10−6, whereas the SM
prediction is BRðZ → 4μÞ ¼ ð4.70� 0.03Þ × 10−6 [27].
The diagrams of Fig. 4 must be summed, then multiplied

by the complex conjugates and integrated over the phase
space of the four muons. The result is a sum of cut diagrams
with fakeons circulating in loops, which must be evaluated
with the fakeon prescription. The usual techniques are not
immediately applicable, but the impact of the result on our
analysis can be estimated by means of simpler arguments.
On dimensional grounds, we have contributions of the form

ΔBRðZ → 4μÞ≲ mZy4g̃2

ð4πÞ3ΓZ
; ð15Þ

where g̃ is the coupling in the gauge vertex. For y ∼ 0.1, we
obtain a correction to BRðZ → 4μÞ of order 10−6, which is
comparable to the experimental precision. Conservatively,
we infer that values smaller than y ∼ 0.1 are compatible
with the constraint. We highlight this bound in Fig. 2 with a
meshed region.
The same process was also recently studied in Ref. [27],

which quantified the contribution of the first diagram in
Fig. 4 in a toy model where the fake doublet is replaced by a
usual scalar. The result is shown in Fig. 2 in purple. Due to
the specific kinematics of the process, and since theCMSand
ATLAS experiments impose a cut on the invariant mass of
lepton pairs of mμμ < 4 GeV and mμμ < 5 GeV, respec-
tively, the constraint peaks in a narrow window around
10 GeV. Regardless of the details pertaining to the treatment
of the new dimuon resonance in their simulation, we expect
the bound to hold, at least, at the order of magnitude level.
The last precision observables that we analyze probe

deviations from lepton flavor universality in the decays of
the τ and μ leptons. The relevance of these bounds follows
from the modifications in the muon sector due to the
diagrams in Fig. 5. Since no thresholds are involved in the
limit of vanishing W squared momentum in which
the observables are matched, the relevant loop contribu-
tions are not modified by the fakeon prescription.

FIG. 3. The fake scalar doublet contributions to the decays of
the Z-boson into 2μ and 2ν.

FIG. 4. Z-boson decays to 4μ mediated by the fake scalar
doublet.
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To quantify the constraints, we compute the Wilson
coefficients of the effective four-fermion interactions for
the two processes. The dimension-6 operator for the decay
of a charged lepton l ¼ τðμÞ into a lepton l0 ¼ μðeÞ is [28]

Ll→l0 ¼ 4
Gl0lffiffiffi

2
p ½gS;l0lRR ðl0

Rνl0LÞðνlLlRÞ

þ gV;l
0l

LL ðl0
Lγ

σνl0LÞðνlLγσlLÞ�; ð16Þ

where Gl0l is the effective Fermi constant and gS;l
0l

RR and
gV;l

0l
LL are the Wilson coefficients due to SM and fakeon
contributions. We compare our results to the experiments
by using the Michel parameters [29–31]. The most con-
straining in our case is ρ, which, for the operators in (16),
reduces to

ρl→l0 ¼ 3

4

�
1

4
jgS;l0lRR j2 þ jgV;l0lLL j2

�
: ð17Þ

For the τ → μ decay, experiments find [16]

ρexpτ→μ ¼ 0.763� 0.020; ð18Þ

whereas for μ → e it is [32,33]

ρexpμ→e ¼ 0.74997� 0.00026: ð19Þ

The deviation of the ρ parameter due to the new physics can
be expressed through

Δρl→l0 ≡ 3

2
Re½gV;SMLL δgV;ll

0
LL �; ð20Þ

where gV;SMLL ¼ 1 and δgV;ll
0

LL is the new contribution due to
the presence of the fakeon doublet. The latter is obtained by
renormalizing the four-fermion amplitude in the on-shell
renormalization scheme used for the SM, and taking the
zeroth order in the expansion of the amplitude in powers of

s=m2
W , where s is the center-of-mass energy squared. For

the τ decay, we obtain the bound shown in Fig. 2 by
requiring jΔρτ→μj < 0.020, while for the μ decay we use
jΔρμ→ej < 0.00026. The limits we find do not constrain the
proposed solution.

VI. SUMMARY

We have proposed a new solution to the puzzle of the
muon anomalous magnetic moment by modelling the
physics beyond the SM with purely virtual degrees of
freedom: the fakeons. Considering a new fake scalar
doublet interacting sizeably only with muons, electroweak
gauge bosons and the Higgs field, we have shown that the
new ðg − 2Þμ measurement can be explained in a large part
of the parameter space. The predictions, together with
the most important bounds arising from complementary
collider and precision observables, are collected in Fig. 2.
Unlike for ordinary particles, our results for ðg − 2Þμ are

not significantly impaired by the constraints. Fakeon
masses at, or below, the GeV scale are not excluded by
the precision measurements of the Z-boson decay width,
because the fakeon quantization prescription precludes the
production of these particles. The precision tests of lepton
universality in Z and W-boson decays, sensitive to devia-
tions at the per-mille level, also fail to exclude our scenario.
The collider measurements of Z → 4μ decays test the
solution obtained for a degenerate mass spectrum only
in a corner of the parameter space with large values of the
Yukawa coupling and masses. We find no constraints on the
solutions obtained for a mild hierarchy in the fakeon
masses.
In conclusion, the analyzed framework allows for new

effects well below the electroweak scale without contra-
dicting the available experimental results. Our work moti-
vates further studies of the phenomenology of fake particles
in the context of the anomalies in low energy physics
observables related to muons.
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