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Quantum technologies offer the prospect to efficiently simulate sign-problem afflicted regimes in lattice
field theory, such as the presence of topological terms, chemical potentials, and out-of-equilibrium
dynamics. In this work, we derive the ð3þ 1ÞD topological θ-term for Abelian and non-Abelian lattice
gauge theories in the Hamiltonian formulation, paving the way toward Hamiltonian-based simulations of
such terms on quantum and classical computers. We further study numerically the zero-temperature phase
structure of a ð3þ 1ÞD U(1) lattice gauge theory with the θ-term via exact diagonalization for a single
periodic cube. In the strong coupling regime, our results suggest the occurrence of a phase transition at
constant values of θ, as indicated by an avoided level crossing and abrupt changes in the plaquette
expectation value, the electric energy density, and the topological charge density. These results could in
principle be cross-checked by the recently developed ð3þ 1ÞD tensor network methods and quantum
simulations, once sufficient resources become available.
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I. INTRODUCTION

Numerical simulations based on Markov chain
Monte Carlo (MCMC) methods of lattice gauge theories
have had unprecedented success in computing various
nonperturbative aspects of fundamental particle interactions
[1]. However, in certain parameter regimes they face amajor
obstacle in the sign problem that prohibits the simulations
of, e.g., topological terms and chemical potentials [2,3]. In
addition, MCMCmethods rely on formulating the theory in
Euclidean spacetime, which prevents a direct simulation of
real-time dynamics. One promising approach to overcome
these limitations is tensor networks (TNs), which have
successfully been used to simulate lattice gauge theories in
ð1þ 1ÞD (see, e.g., Refs. [4,5] and references therein),
in ð2þ 1ÞD [6,7], and recently even in ð3þ 1ÞD [8].

In particular, techniques based on TNs do not suffer from
the sign problem. This allows for exploring regimes
intractable with MCMC methods [7,9,10], such as topo-
logical θ-terms in ð1þ 1ÞD [11–13]. Beyond classical
algorithms, quantum simulations provide a promising tool
to overcome these numerical challenges in the future. The
first proof-of-concept simulations of Abelian and non-
Abelian gauge theories in ð1þ 1ÞD and in ð2þ 1ÞD have
already been accomplished [14–24]. Furthermore, exper-
imentally realizable schemes for simulating ð3þ 1ÞDgauge
theories have been proposed [25–27].
With the rapid progress in the development of classical

and quantum algorithms in higher dimensions, the simu-
lation of topological terms in ð3þ 1ÞD is coming into reach.
These simulations are particularly relevant for one of the
most puzzling aspects of the Standard Model (SM) of
particle physics, which is the topological θ-term in quantum
chromodynamics (QCD). While this term violates the
combined symmetry of charge conjugation and parity
(CP) and thus distinguishes matter from antimatter, there
is no experimental evidence for CP violation in QCD.
Instead, measurements of the neutron electric dipole
moment [28,29] constrain the parameter of the θ-term to

*These two authors contributed equally.

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 104, 034504 (2021)

2470-0010=2021=104(3)=034504(14) 034504-1 Published by the American Physical Society

https://orcid.org/0000-0001-5022-9506
https://orcid.org/0000-0001-7693-350X
https://orcid.org/0000-0003-1914-6539
https://orcid.org/0000-0003-1126-8216
https://orcid.org/0000-0002-4599-5107
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.104.034504&domain=pdf&date_stamp=2021-08-24
https://doi.org/10.1103/PhysRevD.104.034504
https://doi.org/10.1103/PhysRevD.104.034504
https://doi.org/10.1103/PhysRevD.104.034504
https://doi.org/10.1103/PhysRevD.104.034504
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


be smaller than ∼10−10, which results in a fine-tuning
problem. This so-called strongCP problem has triggered an
immense amount of model building beyond the SM (see
Ref. [30] for a review) and lattice QCD studies of proposed
solutions (see, e.g., Refs. [1,31–33] and references therein).
While conventional lattice MCMC methods rely on the

Lagrangian formulation, the Hamiltonian formalism is
particularly suited for both quantum simulations and
tensor network methods, and this has recently sparked
tremendous interest in expressing lattice field theories in
this formulation. Topological terms in ð1þ 1ÞD [34] and
ð2þ 1ÞD [35–37] have already been explored in both
Lagrangian and Hamiltonian formulations, but the θ-term
of ð3þ 1ÞD lattice gauge theories has so far been treated
only in the Lagrangian formulation (see Ref. [38] for a
review). In the current paper, we fill this gap by deriving the
topological θ-term of ð3þ 1ÞD lattice gauge theories in the
Hamiltonian plaquette formulation, using the transfer
matrix method [39]. This paves the way toward quantum
and tensor network simulations of the topological term of
the SM of particle physics.
In our paper, starting with the Lagrangian definition in

Ref. [40], we first derive the topological θ-term for generic
ð3þ 1ÞD (non-)Abelian lattice gauge theories in the
Hamiltonian formulation, which is given by

θQ̂ ¼ −
ig2θ
8π2a

X
n⃗;i;j;k;b

εijkTr½Êb
n⃗;iλ

bðÛn⃗;jk − Û†
n⃗;jkÞ�: ð1Þ

Here, Q̂ is the topological charge, g is the coupling
constant, θ a tunable parameter, a is the lattice spacing,
n⃗ denotes a lattice site, εijk is the 3D Levi-Civita symbol,
fλbg is the set of Hermitian gauge group generators for the
fundamental representation, and Êb

n⃗;i and Ûn⃗;jk are the
electric field and plaquette operators, respectively.
We then focus on a particular example and perform

numerical calculations for a ð3þ 1ÞD pure compact U(1)
lattice gauge theory in the Hamiltonian formulation using
exact diagonalization for a single cube. For gauge cou-
plings β≡ 1=g2 ≲ 0.75, we find indications of a phase
transition at constant values of θ, signaled by spikes in the
plaquette expectation value, a jump in both the electric
energy density and the topological charge density, and an
avoided level crossing in the ground state energy.
Our results are particularly relevant in light of recent and

earlier analytical studies of the phase diagram of ð3þ 1ÞD
pure compact U(1) lattice gauge theory with a θ-term (see,
e.g., Refs. [41–43]). Based on free-energy arguments [41],
duality arguments [42], and anomaly matching condi-
tions [43], it was predicted that a phase transition appears
at θ ¼ π and small β in the confining phase, which
disappears at large β in the Coulomb phase. Unlike in pure
QCD, where the phase transition at θ ¼ π is known to
be of first order [44–46], the order of the transition in the pure

compact U(1) gauge theory is unknown [41,42].
Interestingly, our results indicate that for U(1) this transition
is not first order. At the same time, our signs for the phase
transition vanish for large β, which qualitatively agrees with
the analytical predictions. Our results for the phase diagram
could in principle be cross-checked by ð3þ 1ÞD tensor
network methods [8] and quantum simulations once suffi-
cient resources become available. Thus, our work paves the
way for classical and quantum computations of the topo-
logical θ-term in ð3þ 1ÞD lattice gauge theories using the
method developed in Ref. [47]. Eventually, this will enable
the first mapping of the complete phase diagram and a
detailed study of the properties of the obtained phases.
The paper is organized as follows. In Sec. II, we review

the transfer matrix derivation of the Kogut-Susskind
Hamiltonian from Wilson’s lattice action. In Sec. III, we
derive the topological θ-term using the transfer matrix
method. In Sec. V, we provide our numerical results, which
indicate a phase transition at constant values of θ. In
Sec. VI, we summarize and discuss our results, including
the prospects for simulating the θ-term using MCMC
methods, TN, and quantum simulations.
Throughout the paper, we disregard the Einstein notation

and explicitly display all sums. In order to distinguish the
variables in the Lagrangian formulation and operators in
the Hamiltonian formulation, we express the latter with a
hat (^) symbol.

II. LATTICE FORMULATION

In this section, for the convenience of readers who are
unfamiliar with lattice gauge theories, we review two
standard approaches to lattice gauge theory, namely
Wilson’s Lagrangian approach [48] and Kogut-
Susskind’s Hamiltonian approach [49]. Moreover, we
review the derivation of the Kogut-Susskind Hamiltonian
from Wilson’s lattice action using the transfer matrix
method [39], since it will also be used for the derivation
of the topological θ-term.
In the Lagrangian formulation, the standard approach

introduced by Wilson [48] defines gauge theories on a
hypercubic lattice with spacing a in Euclidean spacetime.
The sites are labeled by a four-vector n⃗≡P

3
μ¼0 nμμ̂, where

n0 denotes the temporal component, ni with i ∈ f1; 2; 3g
the spatial components, and μ̂ is a unit vector in the
direction μ. In the Hamiltonian formulation, time is
continuous, and thus, gauge theories are defined on a
cubic lattice. The links are denoted by their originating sites
n⃗ and directions μ. On the lattice, the vector potential,
which starts from site n⃗ and points to direction μ, is
represented by An⃗;μ ¼

P
b A

b
n⃗;μλ

b, where Ab
n⃗;μ are real-

valued vector fields that correspond to the generators λb

of the gauge group [50], which become trivial in the case of
the U(1) gauge theory. Then, the discretized field strength
tensor is defined as
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Fb
n⃗;μν ≡

1

a
ðAb

n⃗þμ̂;ν − Ab
n⃗;ν − Ab

n⃗þν̂;μ þ Ab
n⃗;μÞ: ð2Þ

Using these degrees of freedom, one defines a link variable

Un⃗;μ ≡ eiga
P

b
Ab
n⃗;μ

λb : ð3Þ
In terms of the link variable, we construct a gauge-invariant
plaquette variable

Un⃗;μν ≡Un⃗;μUn⃗þμ̂;νU
†
n⃗þν̂;μU

†
n⃗;ν ¼ eiga

2
P

b
Fb
n⃗;μν

λb ; ð4Þ

which is a product of link variables around a closed loop on
the lattice (see the right panel of Fig. 1 for an illustration).
Using the fact that Fb

n⃗;μν ¼ −Fb
n⃗;νμ, one can show that

U†
n⃗;μν ¼ Un⃗;νμ. In terms of the plaquette variables, the

gauge-invariant Wilson’s gauge-field action on the lattice
reads [48]

SW ¼ −
1

2g2
X
n⃗

X
μ;ν;ν>μ

Tr½Un⃗;μν þU†
n⃗;μν�: ð5Þ

For small a, we can expand the plaquette variables as an
exponential function of a, as defined in Eq. (4), and obtain

SW ¼ −
1

2g2
X
n⃗

X
μ;ν

Tr½Un⃗;μν�

⟶
a≈0

a4

4

X
n⃗;μ;ν;b

Fb
n⃗;μνF

b
n⃗;μν

⟶
a→0

1

4

Z
d4x

X
μ;ν;b

Fb
μνðxÞFb

μνðxÞ; ð6Þ

where in the first line, we have used the fact that
U†

n⃗;μν ¼ Un⃗;νμ, and in the second line, the linear term

vanishes in the expansion due to Fb
n⃗;μν ¼ −Fb

n⃗;νμ. Thus,
only the quadratic term in the action survives. In the
continuum limit, where a → 0, the sum becomes an
integral and therefore yields the correct continuum
expression.
In the following, we reproduce the derivation of the

Kogut-Susskind Hamiltonian using the transfer matrix
method [39]. The action and the Hamiltonian are related
by the partition function, which is defined as

Z ¼
Z

DUe−S ¼ Tr½ðe−a0ĤÞN �; ð7Þ

where
R
DU is an integral over the gauge group [50], a0 is

the temporal lattice spacing, and N is the number of time
steps. Since, in the Hamiltonian formulation, time and
space are not treated isotropically, we hereafter denote the
temporal and spatial lattice spacing as a0 and a, respec-
tively. The transfer matrix is defined as

T̂ ≡ e−a0Ĥ: ð8Þ

The Hamiltonian is defined through the transfer matrix in
the temporal continuum limit, where N → ∞ and a0 → 0
with t ¼ Na0 fixed. The transfer matrix can be expressed in
a complete and orthonormal product basis

�
jUi ¼

Y
n⃗;i

jUn⃗;ii
�
; ð9Þ

FIG. 1. Left: sketch of the 3D cube with periodic boundary conditions. The upper right corner shows the cube with bold black lines,
where the colored circles with black outlines correspond to the eight different vertices at the corners. To illustrate the periodic boundary
conditions, the original eight vertices are mirrored in every direction with mirrored vertices indicated by the same color as the original
ones but with gray outlines. The 24 links are indicated as solid black lines with the arrows indicating the orientation of the links. The
dashed gray lines correspond to mirrored links due to the periodic boundary conditions. Right: illustration of a cut through the middle
layer of the cube along the 1–2 plane, which is highlighted in light blue in the left panel. For illustration purposes, we show a link
operator (green), an electric field operator (orange), and a plaquette operator (black) corresponding to the product of the link operators
around the plaquette as indicated by the circular arrow.
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where jUn⃗;ii is an element of the gauge group on the link
ðn⃗; iÞ. The inner product and the completeness relation in
this basis are given by

hU0jUi ¼
Y
n⃗;i

δðU0
n⃗;i; Un⃗;iÞ;

Z
DUjUihUj ¼ 1: ð10Þ

In this basis, we prove the relation in Eq. (7)

Z ¼
Z

DUe−S

¼
Z

DUhUtjT̂jUt−a0ihUt−a0 jT̂jUt−a0i

…hUa0 jT̂jU0i

¼
Z

DUhUjT̂N jUi ¼ Tr½T̂N �; ð11Þ

where in the second equality, we split the Euclidean path
integral e−S into N infinitesimal Euclidean evolution
operators, i.e., the transfer matrix, and in the last two
equalities, we have used the completeness relation and
imposed periodic boundary conditions in the temporal
direction such that jUti ¼ jU0i.
Working in the temporal gauge Ûn⃗;0 ¼ 1, the elements of

the transfer matrix, which satisfy Eq. (11), are

hU0jT̂jUi ¼ e
a

2g2a0

P
n⃗;i

Tr½U0
n⃗;i
U†

n⃗;i
þU†0

n⃗;i
Un⃗;i�

× e
a0
2g2a

P
n⃗;j;k

Tr½Un⃗;jkþU†
n⃗;jk

�
; ð12Þ

where U0
n⃗;i and Un⃗;i are link variables from consecutive

time slices. Then, we express the transfer matrix in terms of
the matrix operators

Ûn⃗;ijUi ¼ Un⃗;ijUi; ð13Þ

which are diagonal in the product basis jUi, and the unitary
operators

R̂n⃗;iðgÞjUi ¼ jU0i; ð14Þ

where only jUn⃗;ii is changed in jUi, i.e.,

jU0
n⃗;ii ¼ jgn⃗;iUn⃗;ii: ð15Þ

Here, gn⃗;i is an element in our unitary group, which is
parametrized as

gn⃗;i ¼ ei
P

b
xb
n⃗;i
λb ; ð16Þ

where xbn⃗;i ∈ R are the group parameters, and the group
generators for the fundamental representation are norma-
lized such that

Tr½λaλb� ¼ δab: ð17Þ

Now, the unitary operators can be parametrized as

R̂n⃗;iðgn⃗;iÞ≡ ei
P

b
xb
n⃗;i
Êb
n⃗;i ; ð18Þ

where we have introduced the electric field operators Êb
n⃗;i

that act on the links (see right panel of Fig. 1 for an
illustration) and are conjugate to the link operators Ûn⃗;i.
They satisfy the commutation relations

½Êa
n⃗;i; Ê

b
n⃗;i� ¼ i

X
c

fabcÊc
n⃗;i; ð19Þ

½Êa
n⃗;i; Ûn⃗;i� ¼ −λaÛn⃗;i; ð20Þ

where fabc are the structure constants of the gauge group.
In a U(1) theory, there is only one generator λa ¼ 1 for the
fundamental representation and one operator Êa

n⃗;i ¼ Ên⃗;i,
and the structure constants vanish. Thus, Eq. (19) becomes
trivial, and Eq. (20) can be simplified. In terms of these
operators, we can write the transfer operator as

T̂ ¼
Y
n⃗;i

Z
g∈G

dgn⃗;iR̂n⃗;iðgn⃗;iÞe
a

2g2a0
Tr½gn⃗;iþg†

n⃗;i
�

× e
a0
2g2a

P
n⃗;j;k

Tr½Ûn⃗;jkþÛ†
n⃗;jk

�

¼
Y
n⃗;i

Z �Y
b

dxbn⃗;i

�
ei
P

b
xb
n⃗;i
Êb
n⃗;i

× e
a

2g2a0
Tr½2 cosð

P
b
xb
n⃗;i
λbÞ�

× e
a0
2g2a

P
n⃗;j;k

Tr½Ûn⃗;jkþÛ†
n⃗;jk

�
: ð21Þ

In the continuum limit, as a0 → 0, the integral is dominated
by the maximum of Tr½2 cosðPb λ

bxbn⃗;iÞ�. Expanding

around xbn⃗;i ¼ 0, where the maximum is located, we have

Tr

�
2 cos

�X
b

λbxbn⃗;i

��
≈ 2D −

X
b

xbn⃗;ix
b
n⃗;i; ð22Þ

whereD is the dimension of the group generators. Inserting
the expansion into the integral, we obtain a Gaussian
integral, which evaluates to

T̂ ∝ e
−a0ðg

2

2a

P
n⃗;i;b

Êb
n⃗;iÊ

b
n⃗;i−

1

2g2a

P
n⃗;j;k

Tr½Ûn⃗;jkþÛ†
n⃗;jk

�Þ
: ð23Þ

From this, we can directly read off the Kogut-Susskind pure
gauge Hamiltonian [49]

ĤKS ¼
g2

2a

X
n⃗;i;b

Êb
n⃗;iÊ

b
n⃗;i −

1

2g2a

X
n⃗;j;k

Tr½Ûn⃗;jk þ Û†
n⃗;jk�: ð24Þ
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III. ð3 + 1ÞD TOPOLOGICAL TERM IN THE
HAMILTONIAN FORMULATION

In this section,we derive a lattice definition of the ð3þ 1ÞD
topological θ-term in the Hamiltonian formulation, using the
transfer matrix method [39]. This novel derivation comple-
ments the well-known lattice definition of the ð3þ 1ÞD θ-
term in theLagrangian formulation (seeRef. [38] for a review).
In terms of the field strength tensor, the continuum

topological θ-term in the Lagrangian formulation reads

θQðxÞ ¼ θg2

16π2
X
μ;ν

FμνðxÞF̃μνðxÞ

¼ θg2

32π2
X
μ;ν;ρ;σ

εμνρσFμνðxÞFρσðxÞ

¼ θg2

8π2
X
i;j;k

εijkF0iðxÞFjkðxÞ

¼ θg2

8π2
X
i;j;k;b

εijkTr½Fb
0iðxÞFb

jkðxÞ�; ð25Þ

where QðxÞ is the topological charge, εμνρσ is the 4D Levi-
Civita symbol, FμνðxÞ ¼

P
b F

b
μνðxÞλb is the field strength

tensor, F̃μνðxÞ ¼ 1
2

P
ρ;σ εμνρσFρσðxÞ is the Hodge dual of

FμνðxÞ, and θ is an angular variable that can be shifted by
θ → θ þ n2π, n ∈ Z, keeping the Lagrangian invariant. In
the third equality, we used the fact that both the Levi-Civita
symbol and the field strength tensor gain minus signs when
exchanging two of their indices, which cancel out.
In order to derive the generic structure of the θ-term on

the lattice in the Hamiltonian formulation, one can start
with Peskin’s original lattice definition of the topological
charge in the Lagrangian formulation [40,51],

Qn⃗ ¼ −
1

32π2
X
μ;ν;ρ;σ

εμνρσTr½Un⃗;μνUn⃗;ρσ�; ð26Þ

and perform an expansion of the first plaquette variable,

Qn⃗¼−
1

32π2
X

μ;ν;ρ;σ;b

ϵμνρσ

Tr½ð1þigaμaνFb
n⃗;μνλ

bþ…ÞUn⃗;ρσ�

¼−
1

16π2
X
i;j;k;b

ϵijk

Tr½ð1þigaa0ðFb
n⃗;0i−Fb

n⃗;i0Þλbþ…ÞUn⃗;jk�

¼−
1

8π2
X
i;j;k;b

ϵijkTr½ð1þigaa0Eb
n⃗;iλ

bþ…ÞUn⃗;jk�

¼−
igaa0
8π2

X
i⊥j⊥k;b

Tr½Eb
n⃗;iλ

bðUn⃗;jk−U
†
n⃗;jkÞþ…�; ð27Þ

where aμ ¼ a0 for μ ¼ 0 and aμ ¼ a otherwise. At first
sight, it seems as if this naive expansion does not yield the
correct prefactor for the θ-term in the Hamiltonian formu-
lation. Similarly, it seems as if a naive expansion of
Wilson’s lattice action in Eq. (5) does not yield the correct
prefactors for the electric and magnetic terms of the Kogut-
Susskind Hamiltonian in Eq. (24). From the transfer matrix
derivation in Sec. II we know that the magnetic term in the
Hamiltonian formulation has the same 1=g2 prefactor as in
the Lagrangian formulation, but the electric term acquires a
g2 prefactor through the Gaussian integration in Eq. (23).
This apparent deviation can be explained by the fact that the
electric fields in the Hamiltonian and Lagrangian formu-
lations are defined differently.1 In particular, these two
electric fields are related via Êb

n⃗;i ¼ ða2=gÞEb
n⃗;i [52]. In

order to demonstrate that this is indeed the case [see
Eq. (35)], we will derive the topological θ-term using
the transfer matrix method in the following.
The Euclidean lattice action, including the topological

charge in Eq. (26) with a vacuum angle θ, is [53]

S ¼ SW þ iθ
X
n⃗

Qn⃗; ð28Þ

where the topological charge picks up a factor of i when
going from Minkowski to Euclidean spacetime [54].
Just as in the second line of Eq. (27), we isolate the

temporal components of Qn⃗ in the action,

Tr½Un⃗;0iUn⃗;jk −Un⃗;i0Un⃗;jk�
¼ Tr½Un⃗;0iUn⃗;jk −U†

n⃗;0iUn⃗;jk�
¼ Tr½ðUn⃗;0i −U†

n⃗;0iÞUn⃗;jk�; ð29Þ

such that we can write the action as

S ¼ SW −
iθ

16π2
X
n⃗;i;j;k

εijkTr½ðUn⃗;0i −U†
n⃗;0iÞUn⃗;jk�: ð30Þ

Working in the temporal gauge, we write the transfer matrix
elements, which satisfy Eq. (11), as

hU0jT̂jUi ¼ e
a

2g2a0

P
n⃗;i

Tr½U0
n⃗;i
U†

n⃗;i
þU†0

n⃗;i
Un⃗;i�

× e
iθ

16π2

P
n⃗;i;j;k

εijkTr½ðU0
n⃗;i
U†

n⃗;i
−U†0

n⃗;i
Un⃗;iÞUn⃗;jk�

× e
a0
2g2a

P
n⃗;j;k

Tr½Un⃗;jkþU†
n⃗;jk

�
: ð31Þ

In terms of the operators defined in Eqs. (13)–(18), we
write the transfer matrix as

1We thank Artur Avkhadiev for pointing this out.
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T̂¼
Y
n⃗;i

Z
g∈G

dgn⃗;iR̂n⃗;iðgn⃗;iÞe
a

2g2a0
Tr½gn⃗;iþg†

n⃗;i
�

×e
iθ

16π2

P
j;k
εijkTr½ðgn⃗;i−g†n⃗;iÞÛn⃗;jk�×e

a0
2g2a

P
n⃗;j;k

Tr½Ûn⃗;jkþÛ†
n⃗;jk

�

¼
Y
n⃗;i

Z �Y
b

dxbn⃗;i

�
ei
P

b
xb
n⃗;i
Êb
n⃗;i ×e

a
2g2a0

Tr½2cosð
P

b
xb
n⃗;i
λbÞ�

×e
iθ

16π2

P
j;k
εijkTr½2isinð

P
b
xb
n⃗;i
λbÞÛn⃗;jk�×e

a0
2g2a

P
n⃗;j;k

Tr½Ûn⃗;jkþÛ†
n⃗;jk

�
:

ð32Þ

In the continuum limit, as a0 → 0, the integral is dominated
by the maximum of the cosine term. Expanding the cosine
and sine terms around xbn⃗;i ¼ 0, we obtain

T̂ ≈
Y
n⃗;i

Z �Y
b

dxbn⃗;i

�
e
i
P

b
xb
n⃗;i
Êb
n⃗;i−

a
2g2a0

P
b
xb
n⃗;i
xb
n⃗;i

× e
−θ
8π2

P
j;k;b

εijkxbn⃗;iTr½λbÛn⃗;jk�

× e
a0
2g2a

P
n⃗;j;k

Tr½Ûn⃗;jkþÛ†
n⃗;jk

�
: ð33Þ

This Gaussian integral evaluates to

T̂ ∝ e−a0fĤKS−
ig2θ

8π2a

P
n⃗;i;j;k;b

εijkTr½Êb
n⃗;iλ

bÛn⃗;jk�g: ð34Þ

We note that at first sight, it seems as if the
Gaussian integration yields an Oðθ2Þ term, which
comes from squaring the exponent in the second
line of Eq. (33). However, this term is proportional toP

n⃗;i;j;k;l;m εijkεilmTr½λbÛn⃗;jk�Tr½λbÛn⃗;lm�, where i is an
index of the integral variable. This term cancels exactly
due to

P
i εijkεilm ¼ δjlδkm − δjmδkl. Thus, we obtain the

topological θ-term in the Hamiltonian formulation,2

θQ̂¼−
ig2θ
8π2a

X
n⃗;i;j;k;b

εijkTr½Êb
n⃗;iλ

bÛn⃗;jk�

¼−
ig2θ
4π2a

X
n⃗;b

X
ði;j;kÞ∈even

Tr½Êb
n⃗;iλ

bðÛn⃗;jk− Û†
n⃗;jkÞ�: ð35Þ

In the last line, ði; j; kÞ is summed over the set of even
permutations, and we have used Ûn⃗;jk ¼ Û†

n⃗;kj.

To improve the definition in Eq. (35), for each site n⃗, we
replace the outgoing electric field Êb

n⃗;i with an average of
the incoming and outgoing electric fields, which better
approximates the field at each site, and obtain

θQ̂ ¼ −
ig2θ
8π2a

X
n⃗;b

X
ði;j;kÞ∈even

Tr½ðÊb
n⃗−î;i þ Êb

n⃗;iÞλbðÛn⃗;jk − Û†
n⃗;jkÞ�: ð36Þ

Note that the θ-term is not invariant under the CP trans-
formation Ûn⃗;i → Û†

n⃗;i, since the topological charge
changes its sign. This is due to the totally antisymmetric
εijk symbol in Eq. (35), which changes its sign when
reversing two indices, corresponding to a parity trans-
formation. ThisCP violationmanifests in the pseudovector
nature of the magnetic field, Bi ¼ − 1

2
εijkFjk, which

appears in the θ-term, θQ ∝ εμνρσFμνFρσ ∝ E ·B. As
explained in the Introduction, the CP violating nature of
the θ-term is the origin of the strong CP problem, which is
the problem that QCD does not seem to distinguish matter
from antimatter [30].
Since continuous gauge groups lead to infinite-

dimensional Hilbert spaces, in order to simulate the
Hamiltonian on a finite-size classical or quantum computer,
it is necessary to truncate these to render the problem finite
dimensional. For any finite or compact Lie group, this can be
accomplished by expanding the electric field and link
operators in the group representation basis, and truncating
the irreducible representation labels. This method is detailed
in Ref. [56]. In this work, we choose to focus on the simplest
nontrivial truncation of the U(1) gauge group.

IV. MODEL AND METHODS

As a particular example for the generic expression derived
in Eq. (36), we now numerically investigate a ð3þ 1ÞDU(1)
lattice gauge theory. We use a single cube with periodic
boundary conditions (see Fig. 1) and explore the theory in
the Hamiltonian formulation at nonvanishing θ using exact
diagonalization. In our computations, we set the lattice
spacing a ¼ 1 and consider the Hamiltonian

Ĥ ¼ ĤE þ ĤB þ θ̃ Q̂; ð37Þ

ĤE ¼ 1

2β

X
n⃗

X3
j¼1

Ê2
n⃗;j; ð38Þ

ĤB ¼ −
β

2

X
n⃗

X3
j;k¼1;k>j

ðÛn⃗;jk þ Û†
n⃗;jkÞ; ð39Þ

θ̃ Q̂ ¼ −i
θ̃

β

X
n⃗

X
ði;j;kÞ∈even

ðÊn⃗−î;i þ Ên⃗;iÞðÛn⃗;jk − Û†
n⃗;jkÞ;

ð40Þ

2While our numerical calculations were already running, we
became aware of a recent arXiv paper [55] that independently
derived a result similar to Eq. (35) in a different context. The
authors extract elements from bilinear field strength tensor
combinations to study transport coefficients. While our derivation
is based on the standard transfer matrix technique and does not
rely on introducing the θ-term as a small perturbation, their
perturbative method can in principle also be used to derive the θ-
term. We added a comparison between our derivation and the one
in Ref. [55] to Appendix A.
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where θ̃ ¼ θ=8π2, β ¼ 1=g2, ði; j; kÞ is summed over the set
of even permutations, and the link operators satisfy the
commutation relation

½Ên⃗;j; Ûn⃗0;j0 � ¼ δn⃗;n⃗0δj;j0Ûn⃗;j: ð41Þ

The eigenstates of the electric field operators

Ên⃗;jjEn⃗;ji ¼ En⃗;jjEn⃗;ji; En⃗;j ∈ Z ð42Þ

form a basis for the Hilbert space of the gauge fields. In this
basis, the gauge-field operators can be represented as

Ên⃗;j ¼
X
En⃗;j∈Z

En⃗;jjEn⃗;jihEn⃗;jj; ð43Þ

Ûn⃗;j ¼
X
En⃗;j∈Z

jEn⃗;j − 1ihEn⃗;jj: ð44Þ

It can be checked straightforwardly that these operators
satisfy the commutation relation in Eq. (41). In order to
represent the infinite-dimensional gauge-field operators on a
finite-size computer, their Hilbert spacemust be truncated at
a cutoff, s. Thus, the gauge-field operators become

Ên⃗;j ¼
Xs

En⃗;j¼−s
En⃗;jjEn⃗;jihEn⃗;jj; ð45Þ

Ûn⃗;j ¼
Xs

En⃗;j¼−sþ1

jEn⃗;j − 1ihEn⃗;jj: ð46Þ

Throughout this work, we choose the simplest nontrivial
symmetric truncation corresponding to s ¼ 1.
Furthermore, the Hamiltonian is gauge invariant because

it commutes with Gauss’s law operators

Ĝn⃗ ¼
X3
i¼1

ðÊn⃗;i − Ên⃗−î;iÞ; ∀ n⃗: ð47Þ

The gauge-invariant physical states jΨi are constrained by
Gauss’s law operators via the relation

Ĝn⃗jΨi ¼ 0; ∀ n⃗: ð48Þ

However, the Hamiltonian acts on a Hilbert space that
contains many unphysical states, which violate the
gauge-invariance condition in Eq. (48). Therefore, the
spectrum of the Hamiltonian, without enforcing Gauss’s
law, will be contaminated by unphysical states. A possible
way to suppress the unphysical states is to diagonalize
Ĥ þ r

P
n⃗ Ĝ

2
n⃗ with r ≫ 1, where the squared Gauss’s law

operators are included as a penalty term [57,58]. Since the
physical states lie in the kernel of Gauss’s law operators,

they will be unaffected by the penalty. We choose to use an
alternative and more resource-efficient way to incorporate
Gauss’s law into our Hamiltonian, following Ref. [47]. In
particular, we treat Eq. (48) as a set of constraints on the
electric operators

X3
i¼1

ðÊn⃗;i − Ên⃗−î;iÞ ¼ 0; ∀ n⃗; ð49Þ

and solve this as a system of equations over the electric
operators. Since the sum of all Gauss’s law constraints
evaluates to zero,

P
N
n⃗¼1

Ĝn⃗ ¼ 0, there are only N − 1

independent constraints on a lattice with N sites. Hence,
we can eliminate N − 1 arbitrary electric field operators by
expressing them in terms of the remaining ones [47]. Since
the eliminated electric field operators no longer contribute
directly to the dynamics, their corresponding link operators
become identities. In one dimension with open boundary
conditions, this method allows one to completely elimi-
nate the gauge fields, leaving only matter degrees of
freedom [9,59,60]. This method can be applied to higher
dimensions, as discussed in Refs. [52,61,62], and has
recently been demonstrated on a ð2þ 1ÞD lattice gauge
theory [47]. For a 3D cubic lattice with periodic boundary
conditions, where N ¼ L3, L3 − 1 out of 3L3 link degrees
of freedom are eliminated, and thus, the Hamiltonian can be
expressed solely in terms of the gauge-field operators
acting on the remaining 2L3 − 1 links. Here, L denotes
the number of sites along each direction. Compared to the
penalty method, where the dimensions of the Hamiltonian
remain unchanged, this method reduces the number of basis
states from ð2sþ 1Þ3L3

to ð2sþ 1Þ2L3−1.

V. RESULTS

In order to investigate the zero-temperature phase struc-
ture of the U(1) gauge theory in the presence of a
topological term on a periodic cube, we compute the
low-lying spectrum of the Hamiltonian in Eq. (37) using
exact diagonalization. In our numerical analysis, we focus
on the θ-dependence of the energy spectrum and the
expectation value of various observables in the ground
state jΨ0i of the Hamiltonian. In particular, we study the
plaquette expectation value

hPi ¼ −
1

Vβ
hΨ0jĤBjΨ0i; ð50Þ

where V is the number of plaquettes on the lattice, the bare
topological charge density

hQi ¼ −
β

V
hΨ0jQ̂jΨ0i; ð51Þ

the bare electric energy density
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hE2i ¼ β

V
hΨ0jĤEjΨ0i; ð52Þ

and the electric field expectation value

hEi ¼ hΨ0j
X
n⃗;j

Ên⃗;jjΨ0i: ð53Þ

We explore a wide range of couplings corresponding to
β ∈ ½0.005; 0.75�, and for each value of the coupling a
range of values θ̃ ∈ ½−0.5; 0.5�. Figure 2 shows our results
for the topological charge density, the electric energy
density, and the plaquette expectation value. Focusing on
the regime β ≤ 0.3, we see that the topological charge
density as well as the electric energy density show sharp
discontinuities at jθ̃j ≈ 0.333, as shown in Figs. 2(a)
and 2(b). Similarly, the plaquette expectation value has

distinct spikes at these points, as Figs. 2(c) and 2(d)
reveal. The sharp discontinuities in the electric energy
density and the topological charge density, together with
the spike in the plaquette expectation value indicate that a
phase transition is occurring at jθ̃j ≈ 0.333.
Going to smaller values of the coupling, or equivalently

increasing β beyond 0.3, we can clearly see that the distinct
features in all three observables eventually vanish and the
curves become smooth. In particular, the spikes in the
plaquette expectation value disappear, as the comparison in
Fig. 2(d) shows. Hence, our data do not show any signs of a
phase transition in this regime.
Comparing our numerical results to the analytical find-

ings of Refs. [42,43], we find qualitative agreement. These
references predict periodic behavior in θ with a period of
2π, and a phase transition at θ ¼ π for large values of the
coupling, or equivalently small β. This transition should

(a) (b)

(c) (d)

FIG. 2. (a) Bare topological charge density, (b) bare electric energy density, and (c) plaquette expectation value as a function of θ̃ for
β ≤ 0.75. (d) The plaquette expectation values for β ¼ 0.01 (left y-axis) and 0.75 (right y-axis) are shown in greater detail to highlight
the change in the behavior as β increases. Note that in panels (a) and (b) the lines for β ¼ 0.1, 0.05, 0.01 are covered by the red line.
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eventually vanish as one approaches the Coulomb phase at
small values of the coupling, corresponding to large β.
The transition at θ ¼ π is, to the best of our knowledge, the
only transition that occurs at constant θ in a compact U(1)
gauge theory. Hence, despite a significant shift toward
larger values of θ, it seems likely that the transition we
observe corresponds to the theoretically predicted one at
θ ¼ π. Moreover, while our data are not perfectly periodic
at large values of θ, we see the following symmetries in the
observables, i.e., hPðθÞi ¼ hPð−θÞi, hE2ðθÞi ¼ hE2ð−θÞi,
and hQðθÞi ¼ −hQð−θÞi. The oddness of the topological
charge density and the evenness of the plaquette expect-
ation and the electric energy density can be directly inferred
from Eq. (40). Indeed, the CP transformation Un⃗;i → U†

n⃗;i

only changes the sign of the topological charge but leaves
the plaquette expectation and the electric energy density
unchanged. This leads to a linear behavior of hQðθÞi near
θ ¼ 0, as observed in Fig. 2(a). Note that a similar behavior
has also been observed in lower-dimensional lattice studies
of topological terms, such as Refs. [13,63].
The shift in the transition point and the lack of perfect

periodicity in our data are likely to be caused by the
truncation of the electric field and by the small volume we
study. To probe how severely the electric field truncation
affects our results, we can investigate the expectation value
of the electric field hEi. In particular, for β ≤ 0.75, we
expect the ground state to have a significant overlap with
the electric vacuum, and thus, yield hEi ≈ 0. For all values
of θ and β explored in our numerical calculations, we
indeed observe that jhEij < 7 × 10−13. This suggests that
we are in a regime in which the electric field values are
small, and that truncation effects play an insignificant role
in our computations.
In contrast, we expect finite-volume effects to have a

larger impact. In particular, it has been observed in previous
studies of the ð1þ 1ÞD Abelian-Higgs model with a θ-term
that for very small volumes the model is only approx-
imately periodic in θ with a period larger than 2π [63,64].
The perfect 2π-periodicity is only restored on large
lattices [13,63,64]. Furthermore, Ref. [64] found that the
predicted phase transition at θ ¼ π is significantly shifted
toward larger values of θ for small volumes. Once again,
these shifts eventually disappear for larger volumes. For the
ð3þ 1ÞD model we study, we expect even stronger finite-
volume effects to take place, since the connectivity of each
lattice site is higher. This could explain why we do not
observe a transition at θ ¼ π but rather at θ̃ ≈ 0.333, which
is roughly a factor of 8 larger.
The nature of the phase transition at θ ¼ π is unknown

from analytical predictions [41,42]. To get further insights
into the transition that we observe, we can study the low-
lying energy spectrum of the Hamiltonian. We focus on
β ¼ 0.3, at which we still see clear signatures of a phase
transition, but which is already close to the point where the
abrupt changes in the observables begin to smoothen out.

Figure 3 shows the results for the first four energy levels of
the Hamiltonian close to the observed transition point
θ̃ ≈ 0.333. As the figure reveals, there is an avoided level
crossing between the ground state and the first excited state
at the transition point. In particular, we do not find a level
crossing as one would expect for a first-order quantum
phase transition. The low-lying spectrum rather hints
toward a second- or higher-order phase transition causing
the features we see in Fig. 2 in the topological charge
density, the electric energy density, and the plaquette
expectation value for small β. Furthermore, the theory at
θ̃ ≈ 0.333 would correspond to one with θ ¼ 0 and a
negative fermionic mass once the U(1) gauge theory is
coupled to a fermion (see Appendix B for more details on
this correspondence). Future investigations of this claim
can be accomplished using quantum simulations and tensor
network simulations.

VI. CONCLUSION AND DISCUSSION

In this paper, we derived the topological θ-term for
ð3þ 1ÞDAbelian and non-Abelian lattice gauge theories in
the Hamiltonian formulation, using the transfer matrix
method. We then applied our derivation to the ð3þ 1ÞD
pure compact U(1) lattice gauge theory and explored the
topological zero-temperature phase structure using exact
diagonalization for a single periodic cube. In our numerical
calculations, we obtained evidence for a phase transition at
constant values of θ and for large values of the coupling g.
The transition appears in the form of an avoided level
crossing in the spectrum, discontinuities in electric energy
density and topological charge density, and a spike in the
plaquette expectation value. Our data suggest that the
observed transition corresponds to the analytically pre-
dicted one at θ ¼ π for large values of g. The low-lying

FIG. 3. Low-lying spectrum as a function of θ̃ for β ¼ 0.3. The
ground state and the first excited state show an avoided level
crossing at θ̃ ≈ 0.333.
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energy spectrum indicates that this transition is not of first
order. Decreasing the coupling and moving toward the
Coulomb phase, we observe that the transition eventually
vanishes, in line with the theoretical predictions of
Refs. [42,43].
Our work enables future investigations of topological

effects in lattice gauge theories via quantum and classical
algorithms, which are formulated in terms of the
Hamiltonian. On the classical front, our numerical results
can be cross-checked and extended to larger lattices using
tensor network methods developed for ð3þ 1ÞD lattice
gauge theories in Ref. [8]. Furthermore, it will be
interesting to explore the θ-dependent phase structure
near the deconfinement transition at β ≈ 1 [65,66]. For
simulations of small lattices, one can include the extended
action described in Ref. [67] to enhance the deconfine-
ment transition and to counteract finite-size effects. The
extended Hamiltonian corresponding to the extended
action is derived in Appendix C. Furthermore, using
the magnetic basis devised in Ref. [47], one can further
explore the phase diagram in the Coulomb phase, where
β > 1, with a modest amount of computational resources
and minimal truncation effects. On the quantum front, our
derivations provide a necessary starting point for design-
ing quantum algorithms to simulate models with a
topological θ-term. Furthermore, our results demonstrate
that even a minimal ð3þ 1ÞD lattice gauge theory for-
mulated on a single cube can already exhibit a nontrivial
topological phase structure. This is a valuable insight for
the development of quantum simulators, as it implies a
low overhead to realize interesting physical phenomena.
Finally, our work can be extended by constructing a finite-
dimensional representation of the θ-term in non-Abelian
theories for quantum simulations, using the method
described in Ref. [56].
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APPENDIX A: ALTERNATIVE TRANSFER
MATRIX DERIVATION OF THE

TOPOLOGICAL θ-TERM

In this Appendix, we show that using the analytical
method recently proposed in Ref. [55], one can derive
the same expression for the topological θ-term in the
Hamiltonian formulation as we derived in Eq. (35). The
authors of Ref. [55] derived the Hamiltonian plaquette
formulation of

P
b F

b
n⃗;0jF

b
n⃗;jk in the context of studying

transport coefficients, and we became aware of their
results only recently, while running our numerical
calculations.
In Ref. [55], the authors introduce different bilinear

combinations of the field strength tensor as a perturbation
to Wilson’s lattice action S, from which they derive the
operators that correspond to the variables. While we adopt
Euclidean spacetime in the main text, Minkowski space-
time is adopted in the following, as in Ref. [55]. Briefly, if
the perturbed action is Sþ ϵO, whereO is the perturbation,
the perturbed transfer matrix elements are

hU0je−ia0Ĥ0 jUi ¼ eiðSþϵOÞ; ðA1Þ

where Ĥ0 is the perturbed Hamiltonian. Differentiating the
right-hand side with respect to ϵ yields the operator
corresponding to O, up to a factor of i. Thus, the perturbed
Hamiltonian is

Ĥ0 ¼ ĤKS −
ϵ

a0
Ô: ðA2Þ

As such, one can add the topological term to Wilson’s
lattice action as a perturbation

S0 ¼ SW þ ϵa0a3
X

n⃗;i;j;k;b

Tr½Fb
n⃗;0iF

b
n⃗;jk�

¼ SW −
ϵ

4

X
n⃗;i;j;k

Tr½ðUn⃗;0i − U†
n⃗;0iÞðUn⃗;jk −U†

n⃗;jkÞ�

þOðaÞ ðA3Þ

using the relation

−i
2gaμaν

ðUn⃗;μν − U†
n⃗;μνÞ ¼

X
b

Fb
n⃗;μνλ

b þOðaÞ; ðA4Þ

where aμ ¼ a if μ ≠ 0. One can see that the action in
Eq. (A3) is equivalent to the action in Eq. (30) that we used
for our derivation, up to OðaÞ discretization error, a factor
of ϵ, and the Levi-Civita symbol. We note that our method
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does not require the topological term to be introduced as a
perturbation.
The transfer matrix can be obtained following the steps

in Eqs. (31)–(33) and evaluates to

T̂ ∝ e
−ia0

n
ĤKS− iϵ

2a

P
n⃗;i;j;k;b

Tr½Êb
n⃗;iλ

bðÛn⃗;jk−Û
†
n⃗;jk

Þ�þOðϵ2Þ
o
: ðA5Þ

Keeping terms up to OðϵÞ and using Eq. (A2), one can
identify the operator that corresponds to the perturbation in
Eq. (A3) as

i
2a

X
n⃗;i;j;k;b

Tr½Êb
n⃗;iλ

bðÛn⃗;jk − Û†
n⃗;jkÞ�; ðA6Þ

which is structurally similar to Eq. (35). Note that when
applied to the θ-term, the removal of the Oðϵ2Þ does not
rely on the fact that the θ-term is a perturbation, but is rather
due to the totally antisymmetric nature of the Levi-Civita
symbol in Eq. (35).

APPENDIX B: EQUIVALENCE OF NEGATIVE
FERMIONIC MASS AND TOPOLOGICAL

θ-TERM WITH θ= π

In this Appendix, we discuss the well-known equiva-
lence of a gauge-field theory with a negative fermionic
mass term and the same theory with a positive mass term
plus a topological θ-term at θ ¼ π. This equivalence
is given because the θ-parameter can be rotated from
the θ-term into the fermionic mass, m → m expðiθÞ,
which changes the sign of the mass for θ ¼ π,
m → m expðiπÞ ¼ −m [68–71]. This equivalence holds
true for any gauge theory with a nontrivial topological
vacuum structure, such as the compact U(1) gauge theory
or (compact or noncompact) non-Abelian gauge theories,
including SU(2) and SU(3). Thus, in all of these theories,
we expect a rich phase structure, in particular a phase
transition at some critical coupling and negative mass
corresponding to θ ¼ π.
To demonstrate the equivalence of a negative mass and a

θ-term at θ ¼ π, we need to consider the quantum anomaly
equation of the continuum theory in the Hamiltonian
formalism. For a massless fermion field ψ̂ , we can perform
a chiral rotation of ψ̂ without changing the classical
Hamiltonian,

ψ̂ → eiαγ
5

ψ̂ ; ðB1Þ

where α ∈ ½0; 2π� is an angular variable. Thus, this rotation
in Eq. (B1) is a symmetry of the classical Hamiltonian.
However, this symmetry only holds true on the classical
level and is violated on the quantum level.
If the rotation in Eq. (B1) were a true symmetry

of the quantum Hamiltonian, the divergence of the

fermionic current corresponding to this symmetry would
vanish,

X
μ

∂μĵ
μ
5 ¼ 0; ðB2Þ

where ĵμ5 ¼ ˆ̄ψγμγ5ψ̂ is the chiral fermion current. However,
the presence of the quantum anomaly makes this term
nonvanishing, which yields the nontrivial quantum
anomaly equation for a massless fermion,

X
μ

∂μĵ
μ
5 ¼

g2

8π2
X
μ;ν

F̂μν ˆ̃Fμν ðB3Þ

where g is the coupling, F̂μν is the field strength tensor,

and ˆ̃F
μν ¼ 1

2

P
ρ;σ ε

μνρσF̂ρσ is its Hodge dual. This ano-
maly equation was first derived in the Lagrangian for-
malism, where instead of operators one has classical
variables [68–70], and it is equivalent to the one in the
Hamiltonian formalism [71]. Note that in contrast to the
main text, here we work in Minkowski spacetime. Thus,
we use the usual convention of having upper and lower
Lorentz indices, which are related by the metric tensor.
Now let us see what happens if we introduce a nonzero

mass for the fermion ψ̂ . First, we observe that the rotation
in Eq. (B1) shifts the fermionic mass term by

m ˆ̄ψ ψ̂ → m ˆ̄ψe2iαγ
5

ψ̂

¼ m cosð2αÞ ˆ̄ψ ψ̂ þi m sinð2αÞ ˆ̄ψγ5ψ̂
≈m ˆ̄ψ ψ̂ þi2αm ˆ̄ψγ5ψ̂ ; ðB4Þ

where the approximation holds true for α ≪ 1.
Second, the fermionic mass perturbatively corrects the

quantum anomaly equation in Eq. (B3) by

X
μ

∂μĵ
μ
5 ¼

g2

8π2
X
μ;ν

F̂μν ˆ̃Fμν þ i2m ˆ̄ψγ5ψ̂ : ðB5Þ

Using Eq. (B5), we can now demonstrate that the chiral
rotation in Eq. (B1) by a small angle α ≪ 1 induces the
following shift in the Hamiltonian:

Ĥ → Ĥ þ α
X
μ

∂μĵ
μ
5

¼ Ĥ þ αg2

8π2
X
μ;ν

F̂μν ˆ̃Fμν þ i2αm ˆ̄ψγ5ψ̂ : ðB6Þ

As expected, the last term in Eq. (B6) coincides with the
last term in Eq. (B4) and alters the fermionic mass term.
Moreover, we observe in Eq. (B6) that the chiral rotation
yields an additional term in the final Hamiltonian. This is
precisely the topological θ-term, where θ≡ 2α.
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Let us now assume that the initial Hamiltonian Ĥ in
Eq. (B6) has a negative mass term. According to Eqs. (B1)
and (B4), we can change the sign of this mass term
with a chiral rotation by α ¼ θ=2 ¼ π=2, which yields
−m → −m expðiπÞ ¼ þm. As discussed, this rotation
gives rise to an additional term in the Hamiltonian,

Ĥθ¼π ¼
πg2

16π2
X
μ;ν

F̂μν ˆ̃Fμν; ðB7Þ

which is the topological θ-term at θ ¼ π. Thus, we have
shown that the theory with a negative mass term and
without a topological θ-term is equivalent to the theory
with a positive mass term and the θ-term at θ ¼ π. Note that
the θ-term in Eq. (B7) is a total derivative and therefore
vanishes for gauge theories with a trivial topological
vacuum structure, such as the noncompact U(1) gauge
theory in ð3þ 1ÞD.

APPENDIX C: TRANSFER MATRIX
DERIVATION OF THE EXTENDED

HAMILTONIAN

In this Appendix, we derive the Hamiltonian correspond-
ing to the extended U(1) lattice action [67]

S ¼ −
β

2

X
n⃗;μ;ν;
μ>ν

ðUn⃗;μν þ H:c:Þ − γ

2

X
n⃗;μ;ν;
μ>ν

ðU2
n⃗;μν þ H:c:Þ; ðC1Þ

where β ¼ 1=g2 and γ are coupling constants. The U(1)
Kogut-Susskind pure gauge Hamiltonian can be derived
from the first sum using the transfer matrix method [39], as
shown in Sec. II. Here, we follow the same procedure to
obtain the Hamiltonian corresponding to the second sum
in Eq. (C1).
In the temporal gauge, the matrix elements of the transfer

operator (9) in the product basis is

hU0jT̂jUi ¼ e
aγ
2a0

P
n⃗;i

ðU0 2
n⃗;i
U†2

n⃗;i
þU†02

n⃗;i
U2

n⃗;i
Þ

× e
γa0
2a

P
n⃗;j;k

ðU2
n⃗;jk

þU†2
n⃗;jk

Þ: ðC2Þ

In terms of the operators defined in Eqs. (13)–(18), we
write the transfer operator as

T̂ ¼
Z
g∈G

Y
n⃗;i

dgn⃗;iR̂n⃗;iðgn⃗;iÞe
aγ
2a0

ðg2
n⃗;i
þg†2

n⃗;i
Þ × e

γa0
2a

P
n⃗;j;k

ðÛ2
n⃗;jkþÛ†2

n⃗;jk
Þ

¼
Z Y

n⃗;i

dxn⃗;ie
ixn⃗;iÊn⃗;iþ aγ

2a0
2 cosð2xn⃗;iÞ × e

γa0
2a

P
n⃗;j;k

ðÛ2
n⃗;jkþÛ†2

n⃗;jk
Þ:

ðC3Þ

In the continuum limit, as a0 → 0, the integral is dominated
by the maximum of 2 cosð2xn⃗;iÞ. Expanding around
xn⃗;i ¼ 0, where this maximum is located, we have

2 cosð2xn⃗;iÞ ≈ 2 − 4xn⃗;ixn⃗;i: ðC4Þ

Inserting the expansion into the integral, we obtain a
Gaussian integral, which evaluates to

T̂ ∝ e−a0½
1
8γa

P
n⃗;j

Ê2
n⃗;j−

γ
2a

P
n⃗;j;k

ðÛ2
n⃗;jkþH:c:Þ�: ðC5Þ

From this, we can directly read off the Hamiltonian
corresponding to the second sum in Eq. (C1),

Ĥγ ¼
1

8γa

X
n⃗

X3
j¼1

Ê2
n⃗;j −

γ

2a

X
n⃗

X3
j;k¼1;k>j

ðÛ2
n⃗;jk þ H:c:Þ:

ðC6Þ
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