PHYSICAL REVIEW D 104, 034016 (2021)

Meson and glueball spectroscopy within the graviton soft wall model
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The graviton soft wall (GSW) model provides a unified description of the scalar glueball and meson
spectra with a unique energy scale. This success has led us to extend the analysis to the description of the
spectra of other hadrons. We use this model to calculate masses of the odd and even ground states of
glueballs for various spins, and show that the GSW model is able to reproduce the Regge trajectory of these
systems. In addition, the spectra of the p, a; and # mesons will be addressed. Results are in excellent
agreement with current experimental data. Furthermore such an achievement is obtained without any
additional parameters. Indeed, the only two parameters appearing in these spectra are those that were
previously fixed by the light scalar meson and glueball spectra. Finally, in order to describe the 7 meson
spectrum, a suitable modification of the dilaton profile function has been included in the analysis to
properly take into account the Goldstone realization of chiral symmetry. The present investigation confirms
that the GSW model provides an excellent description of the spectra of mesons and glueballs with only a

small number of parameters unveiling a relevant predicting power.
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I. INTRODUCTION

In the last few years, hadronic models, inspired by the
holographic conjecture [1,2], have been widely used and
developed in order to investigate nonperturbative features
of glueballs and mesons, in an attempt to grasp funda-
mental features of QCD [3.,4]. Recently we have used the
so-called AdS/QCD models to study the scalar glueball
spectrum [5,6]. The holographic principle relies on a
correspondence between a five-dimensional classical
theory with an anti—de Sitter (AdS) metric and a super-
symmetric conformal quantum field theory with N — oo.
This theory, different from QCD, is taken as a starting
point to construct a five-dimensional holographic dual of it.
This is the so-called bottom-up approach [7-10]. In this
scenario, models are constructed by modifying the five-
dimensional classical AdS theory with the aim of resem-
bling QCD as much as possible. The main differences
characterizing these models are related to the strategy used
to break conformal invariance. Moreover, it must be noted
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that the relation which these models establish with QCD is
at the level of the leading order in the number of colors
expansion, and thus the mesonic and glueball spectrum and
their decay properties are ideal observables to be studied by
these models.

As the meson and glueball masses are O(N2), the AdS/
QCD models reproduce the essential features of the meson
and glueball spectrum [6,11-15]. For mesons and baryons,
these approaches have also been successfully used to
describe form factors and various types of parton distri-
bution functions [13,16-18]. Besides these developments,
which are in line with the present investigation, other
models have been recently introduced by using the bottom-
up holography. For example, an interesting development is
the no-wall model [19], which has been successful in
explaining the heavy meson spectra.

The present investigation has as its starting point the
holographic soft-wall (SW) model scheme, were a dilaton
field is introduced to softly break conformal invariance.
This procedure allows to properly reproduce the Regge
trajectories of the meson spectra. Within this scheme we
have recently introduced the graviton soft-wall (GSW)
model [6,20,21] which has been able to reproduce, not only
the scalar meson spectrum, but also the lattice QCD scalar
glueball masses [22-24], that were not described by the
traditional SW models. Moreover, a formalism to study the
glueball-meson mixing conditions has been developed and
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some predictions, regarding the observably of pure glueball
states, have been provided [20,21]. The success of the
model in reproducing the scalar QCD spectra, has moti-
vated us to extend, in the present investigation, the GSW
model to describe the p vector meson, the a; axial vector
meson, and the pseudoscalar meson spectra and to calculate
the Regge trajectories of high-spin glueballs. To develop a
unified approach where the QCD dynamics of glueballs is
encoded in the modified metric, a specific dilaton, provid-
ing the correct confining mechanism for a given hadron, is
constructed. To this aim, a differential equation for the
dilaton field is obtained, which leads to an effective
phenomenological potential that produces a good descrip-
tion of several meson spectra.

In the next section, the modification of the SW model, to
obtain the GSW one, is discussed. In particular, in Sec. II
we summarize the essence of the GSW model [6,20,21]. In
Sec. III the GSW model is applied to estimate the scalar
glueball and spin-dependent glueball spectra. In the last
case the Regge trajectories are obtained and they compare
successfully with lattice data. In Secs. IV-V the scalar
spectrum is investigated. To this aim, a procedure to
establish a dilaton which provides the correct confining
mechanism is developed. In Sec. IIl the p spectrum is
described and in Sec. IV that of the a; meson is shown
together with a comparison with data. In Sec. V the
pseudoscalar meson spectra is analyzed and the GSW
results are presented. In Sec. VI we discuss and summarize
the results of our analysis. Finally, we have included three
Appendixes where the determination of the dilaton equa-
tion is described in detail.

II. THE GSW MODEL

Let us review in this section the essence of the GSW
model. The development of this approach has been moti-
vated by the impossibility of the conventional SW models
to describe the glueball and meson spectra with the same
energy scale [6,20,21]. The essential feature, which dis-
tinguishes the GSW model from the traditional SW, is a
deformation of the AdS metric in five dimensions,

RZ
ds? = = e®() (dz? + n,, dx"dx")

z
= 240 (dz? + 1, dX* dx")
= (D) g, dxMdxN = gy ndxMdxV (1)

where A(z) = logR/z + agy(z)/2.

The quantities evaluated in the GSW model will be
displayed with an overline. The function ¢,(z) will be
specified later. This kind of modification has been adopted
in many studies of the properties of mesons and glueballs
within AdS/QCD [14,15,25-32]. The relation between the
standard AdSs metric and g,y is

gMN — e—a(ﬁg(z)gMN’ (2)

V=G = e /=g ()

Once the gravitational background has been defined by
the model, the same strategy used in the SW case is
considered to obtain the equations of motion for the
different fields dual to given hadronic states. The action,
in terms of the standard AdS metric of the SW model, is
given by

S = /d“xdze“/’(’(z)/’\/—gﬁ(xﬂ,z)
_ / dxdzeh ) e hOL(x, 7). (4)

where here the prefactor exp[¢(z)3a + f + 1)] is due to
the modification of the metric. The parameters a and f
parametrize the internal dynamics of the hadrons of QCD in
AdS, its holographic dual. In the AdS dynamics, «a
characterizes the modification of the metric, while f
characterizes the SW model dilaton, namely the breaking
of conformal invariance. If one considers, as a starting
point, the GSW model as a modification of the SW model,
one is forced to fix S to have the same kinematics [6,20,21]
which leads, in the case of scalar fields,to f = f, = 1 + %a
and in the case of the vector fieldsto f = 8, = 1 + %a. The
function £(x,, z) is the Lagrangian density representing the
hadronic system. In Refs. [6,11-15], the chosen dilaton
profile function was ¢(z) = k*z%. We start with the same
dilaton; however in order to include the chiral symmetry
behavior of the pion, this functional form of the dilaton has
to be modified. Details will be discussed in Sec. VI.
Moreover, as it will become clear in the next section, in
order to properly describe confinement and thus the
spectra, a further free parameter addition to the dilaton
has been introduced.

We proceed in the next section to describe the spectra of
glueballs, and their relative Regge trajectories, and we
compare the results of our calculations with lattice data.

III. GLUEBALLS IN THE GSW MODEL

This section is dedicated to the successful application of
the GSW model to the study of the glueball spectra and its
comparison with lattice data.

A. Scalar glueballs as gravitons

A peculiarity of the GSW model, which is the reason for
the name, is that the scalar glueball arises from the scalar
component of the graviton and is not introduced as an
independent field. Thus in our scheme the metric character-
izes the scalar graviton. Therefore the Einstein equation for
the metric (1) is the glueball mode equation. In the fifth
variable z once the x dependence has been factorized as
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TABLE I.  Scalar glueball masses (in MeV) from lattice calculations by MP [22], YC [23] and LTW [24] and the recent analysis by
SDTK [33,34] together with the result of our calculation for \/ak = 370 MeV, obtained by the GSW model [20].

JPe 0+t 2++ 0++ 9++ 0+t 0+t
MP 1730 + 94 2400 4+ 122 2670 £ 222

YC 1719 £ 94 2390 4+ 124

LTW 1475 + 72 2150 + 104 2755 + 124 2880 + 164 3370 4+ 180 3990 + 277
SDTK 1865 4+ 25719

GSW 1920 2371 2830 2830 3289 3740
®(z)e™ 4", where g> = —M? and M represents the mass of  the value ak® ~ (0.37 GeV)? the scalar linear glueball

the glueball modes, this equation becomes:

d*®(2) 3\ do(z)
2 —<ak21+z>

dz

8 8
+ <—2— 6ak? —4a2k* 2 +M2> ®(z) ——e™ 7 D(z) =0.

Z b4
(5)
By performing the change of function
® _ Lak’Z?/4 i B 6
@ = e (2 ) 0ta (©
we get a Schrodinger-type equation
d*¢(z) 8 2 15 17
- dz2 + Z—ze k2" Zazk“zz + 7ak2 — 4—22 ¢(Z)
= M?¢(2). (7)

In this equation it is apparent that M represents the mode
mass squared which will arise from the eigenvalues of a
Hamiltonian operator scheme. It is convenient to move to

the adimensional variable = \/ak”/2z and to define the
mode by A? = (2/ak?)M?. The equation becomes

& 8 ,p 17
- $EI)+ <t2e2f — 15 + 14—4t2>¢(z) = N2¢(1).

(8)

This is a typical Schrodinger equation with no free
parameters except for an energy scale in the mass deter-
mined by ak?. The potential term is uniquely determined by
the metric and only the scale factor is unknown and will be
determined from lattice QCD. This equation has no exact
solutions but numerical ones have been found [6]. The
above expression can be approximated by expanding the
exponential up to the second term to get a Kummer-type
equation. However, such a procedure does not lead to good
results and the spectrum turns out to be too flat; see details
in Ref. [21]. As one can see in the left panel of Fig. 3, for

spectrum is well reproduced; see also Table I. Let us
mention the recent study in Refs. [33,34] where the mass of
the ground state of the scalar glueball has been extracted
from a phenomenological analysis of the BESIII data of the
J/¥ decays. The result obtained is very close to that
predicted by the GSW model [20].

B. High-spin glueballs

In order to describe even and odd high-spin glueballs we
follow the approach described in Refs. [15,30,35]. In this
case the action, written in terms of pure AdSs is the same as
that of the scalar case [21],

S:/dsx —ge~F2 [¢MN 5,6 (x) Oy G (x)

+ e MIR?G(x)], 9)
and therefore the equation of motion is obtained from

aM(\/_—ge—qbo(z)gMNaNG(x)) - \/—_ge‘¢0(1)(1—“)M§R2G(x),
(10)

In order to describe spin-J glueballs, one can add J
covariant derivatives in the gravity dual operator
[13,15,30,35]. Therefore, for an even-spin glueball, the
operator has the form,

O4+j = FD{ﬂl....DﬂJ}F’ (11)

which is a p =0 form whose conformal dimension is
A =4+4J. For the odd-spin case, one considers the
symmetrized operator,

Opj = SymTe(F,, FDyy . Dypy F), (12)

which is also a p = 0 form whose conformal dimension
A = 6+ J. By using, the relation between the conformal
dimension and the mass in five dimensions [Eq. (24)], since
the glueballs are p-forms of index p = 0, one gets that for
even-spin glueballs,
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M2R* = J(J +4)forevenJ, (13)
and for the odd-spin glueballs
M2R* = (J 4 2)(J +6) forodd J. (14)

In this framework, the equation of motion (EoM)
for the glueballs can be rearranged into a Schrodinger-type
equation:

B/(Z)Z _ B”(Z) N

—y"(2) + [ 4 >

M2R?
> e“"ZZz]w<z> = My(2).

(15)

where, A(z)=log(R/z)+a¢,/2 and B(z) =—¢(z)—3A(z),
where again ¢(z) = B,k*z%. The above equation leads to

" 3a\? 3a
—y"(2) + K—ﬂs +7> Ktz — 2(—ﬂs +7>k2

15 MR

e o) = M. (16

In this case, since M2R> > 0 [see Eqs. (13)—(14)], the
exponential term is positive and therefore the potential is
binding. The exact equation can be numerically solved for
bound states. Results of the calculations for the odd and
even glueballs are shown in Tables II and III, respectively,
and will be discussed later. Let us recall that in our
formalism for the scalars f, = 1 + %a.

C. Odd glueballs

Despite the lack of data related to glueballs with J > 1
spin, several QCD lattice and model calculations are at our

disposal [22,23,36-44]. In order to evaluate this spectrum
within the GSW model, Eq. (16) should be solved to find
the lowest mode corresponding to n =0 and for
M2R* = (J + 2)(J + 6). In Table Il we compare the results
of our calculations for the ground states with a series of
lattice results and model calculations and we see
that we obtain a quite good agreement with them. Also
in this case let us remark that this is a parameter-free
calculation. Indeed, a and k, the only parameters of the
model, have been fixed by the spectra of the scalar glueballs
and light scalar mesons [21]. The latter remark will be
discussed in the next section. It is important to stress that
the present calculation is not a fit to the data but a direct
evaluation of the spectrum without any free parameters.
From our results, shown in Table II, one can derive the
Regge trajectories:

J ~0.18 +£0.01M? — 0.75 + 0.28 (17)

where M here is in GeV. This result should be compared
with that of Ref. [37],

J ~0.18M% +0.25. (18)
D. Even glueballs
We calculate here the spectrum for even-spin

glueballs by means of Egs. (16) and (13). In this case,
MZ2R* = J(J +4). Let us recall that for this sector lattice
data of both the ground and excited states for the 0™ and
2** are available together with that of the ground states of
47+ and 617 states. The interpretation of the spectrum of
the 0™ was the motivation behind the formulation of the
GSW model [6,20,21] and has been thoroughly studied;

TABLE II. Comparison of the masses of the ground states for the odd-spin glueballs (in MeV) from M&P [22], Ky [23], My [36], LI
[37], Mta [38], and Sz [39], with the results of the GSW model. We also show results obtained by the models of Refs. [30,31].
JFC M&P Ky My L1 Mta Sz This work Ref. [31] Ref. [30]
1— 3850 4+ 140 3830 4+ 130 3240 £+ 480 3950 3990 3001 3308 £ 15 2400 2630
3=~ 4130 + 290 4200 4+ 245 4330 4+ 460 4150 4160 4416 4451 + 12 3030 3700
5- 5050 5260 5498 5752 £ 10 5010 4740
7" 5900 6972 £ 8 7000 5780
TABLEIII. Comparison of the masses of the ground states for the even-spin glueballs (in MeV) from M&P [22], Ky [23], My [36], Gy
[40], Sk [41], and Mtb [42], with the results of the GSW model and that of the approach of Ref. [30].

Jre M&P Ky My Gy Sk Mtb This work Ref. [30]
21 2400 4 145 2390 £+ 150 2150 4+ 130 2620 £+ 50 2420 2590 2695 + 21 2080
4++ 3640 £+ 150 3990 3770 3920 £+ 14 3170
6T " 4360 + 460 4600 5141 £12 4220
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TABLE IV. Glueball masses (in MeV) from lattice calculations by MP [22], YC [23], LTW [24] and the recent analysis by SDTK
[33,34] compared with the graviton (GSW) and field (GSWO0 and GSW2) correspondences.

JPC ot+ 2++ ot+ 2++ ot+ ot+
MP 1730 £ 94 2400 + 122 2670 + 222

YC 1719 + 94 2390 + 124

LTW 1475 £ 72 2150 + 104 2755 + 124 2880 & 164 3370 £ 180 3990 + 277
SDTK 1865 4+ 25110

GSW 1920 2371 2830 2830 3289 3740
GSWO 1411 £52 1728 £ 67 1995 £ 79 2231 £ 86
GSW2 2695 + 21 3179 £ 20

thus here we discuss the behavior of the ground state of the
27+, 4T+ 67T glueballs. As one can see in Table III, the
ground states are well reproduced. From the results shown
in Table III, one can derive the Regge trajectories,

J~(0.21 £0.01)M? + 0.58 +0.34, (19)

where M is here in GeV. The slope is in reasonable
agreement with Refs. [43,44], i.e., 0.25.

In Table IV we show the glueball lattice data, the results
for the graviton solutions (GSW), the J =0 solution
(GSWO0) and the J = 2 solution for the same values of
the parameters as before (GSW2). The graviton solution
describes the data well, while the J =0 and the J =2
solutions do not. One cannot try to justify the discrepancy
in terms of the chosen energy scale since the J = 0 solution
would require a higher energy scale while the J =2
solutions requires a lower energy scale. Somehow the
graviton solution with its degeneracy, between the scalar
and tensor modes, seems to contain the appropriate physics.

IV THE SCALAR MESON SPECTRUM

In this section we present the results of the calculations
of the light and heavy scalar meson spectra within the
GSW model. In the light sector we get the following
EoM [21]:

A (v/=ge " gMN Oy S(x, z))
= /—ge~P@U-0IMIR2S(x, 7). (20)

Once we separate the x dependence by factorizing

S(x,z) = Z(z)e”""" with ¢> = —M?, where M is the
mass of the meson modes, we get

2y N MZR?
d (Z)+<§+2kzz)d_(z)_s_eaqso(z)z(z)—M?Z(z).
4

dz? dz 22
(21)

By recalling that ¢)y(z) = k*2z* and performing the change
of function

3
(0= (7) ot (22)
a Schrodinger-type equation can be obtained,
d’o(z)
- de + VS(Z)G<Z)
dZG(Z) 15 3 ak’z?
=-—z T k4z2+2k2+@—z—ze ¥ ) o(z)
= M?6(z). (23)
For the scalar meson, the AdS mass is
MiR* = (A-p)(A+p-4) (24)

where A is the conformal dimension and p is the p-form
index. For the scalar field M2R? = -3 since the A = 3 and
p =0 [45].

The potential of the above equation, obtained with the
same procedure used for the glueballs, is in this case not
binding, as shown by the full line of Fig. 1. Indeed, since
for scalar mesons the conformal mass is negative, the

10
8 L
6 L
— 4r Pt -
= o
28 N -
0 e
-2+
-4+
0 2 4 6 8 10
Z
FIG. 1. The full potential in Eq. (23) is shown by the solid line

and the dot-dashed line shows the potential arising from the series
expansion of the potential around small values of a keeping the
first three terms. The figures shown have been obtained for
a=0.55.
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exponential term in Eq. (23) prevents the system from
binding. However, in Ref. [21], it has been shown that if the
above potential is Taylor expanded for small values of @, up
to the first three terms, a binding potential related to the
glueball dynamics of QCD described by the metric (1), can
be obtained. In the next section a formal procedure to
motivate such a truncation will be presented together with
its physical interpretation.

V.NEW DILATON AND A PHENOMENOLOGICAL
POTENTIAL FOR MESONS

In this section we present a new procedure to coherently
describe the glueball and the meson spectra within the
GSW model, i.e., the same metric. As previously seen, the
spin-dependent glueballs have a positive conformal mass
and thus the metric (1) leads to a confining potential. At
variance, in the meson sector, the conformal mass is
negative and their potential is therefore not binding.
However, it has been shown that if this potential is
truncated after a Taylor expansion for small values of a,
the potential confines and the spectrum is very well
reproduced [21]. Therefore, in this section we show how
the approximated potential can be obtained. Let us remark
that the latter quantity is very appealing because, as
discussed in Ref. [21], it leads to a very good description
of the light and heavy meson spectra with only one free
parameter, a, since the scale parameter ak” was fixed by the
spectrum of the scalar glueball [6]. In this framework, we
point out that the procedure introduced here will not make
use of any additional free parameter and the only restriction
consists in obtaining the convenient effective potential for
the scalar meson EoM. Let us anticipate that, as it will be
shown in the next sections, this type of potential allows to
reproduce the spectra of various meson families without
introducing any ad hoc parameters. To this aim, we
consider a modification of the dilaton in the meson sector.
In the following we consider the scalar case; however, as
shown in Appendixes A—C, the results can be generalized
to the vector sector and to the pion, which will require a
specific prescription to describe chiral symmetry breaking.

Let us consider an extension of Eq. (4) for the scalar
meson,

S:/de —ge M@= [MN G, §(x)Dy S (x)
+ %l M2R2S? (x)], (25)

where we recall that ¢y = k?z2. Furthermore, we denote by
¢, an addition to the dilaton ¢, with the purpose of
generating the effective potential. The relative EoM is now,

aM[\/—_ge‘¢0(z>‘¢"<z>gMN8NS(x)]
_\/__gM§R2ea¢O(Z)_¢n(Z)S(x> =0. (26)

Then the potential in the corresponding Schrédinger
equation reads,

15 e

Vi(z) = 2 + MIR? +2k> + k*7?

+ ¢n(2) (2% + k2z> + —%f)z - @ (27)

Z2

Now we compare the above potential with the one
obtained by considering the dilaton ¢, and the truncated
exponential,

+ 2k% + k422

15 1 +ak?z? +La?k4z*
Vi(z) :4—22+M§R2 2 :

(28)

From this comparison we conclude that the addition to the
old dilaton, ¢,,, is determined by solving the following
second-order differential equation:

a2 3 $n(2)*

- 3 “r(,bn(Z) <2—Z+k22) +T

M2R?
Z2

> 1
+ {e“kzz' —1—ak’z? - Eazk“z“] =0. (29)

As one can see, the differential equation is highly
nonlinear. However, a numerical solution can be found.
In Fig. 2 we show the evaluation of the dilaton together
with a fit obtained by considering known profile functions.
Further details are discussed in Appendix A where, a
differential equation, valid for a scalar system, is shown
without specifying the initial dilaton so that it can be
applied to more general frameworks. Moreover, in
Appendix B we show the equivalent expression for vector

0,

_20,
—

S 40!
S
<

_60,

_80,

0 2 4 6 8 10

FIG. 2. The dotted line shows the dilaton addition obtained by
solving numerically Eq. (29). The full line represents a fit to the
dilaton addition obtained by the function ¢, (u) ~ a + bu/? +
cu® + du* + eu® whose coefficients are shown in Appendix A.
Here u = ak’z>.
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fields and, finally in Appendix C a general expression for
the differential equation for the dilaton correction is found
for both the scalar and the vector fields addressing the
general behavior for this addition.

Once a solution has been shown to exist, the equation of
motion for the scalar meson is that obtained in Ref. [21]
with the potential shown in Eq. (28) which corresponds to
the described truncation of the metric. Let us point out that
for the moment, since we are mainly interested in the
spectra, the explicit expression of ¢,, is not needed once its
existence is verified. In closing this section we remark that
the philosophy behind the procedure is to reproduce a
phenomenological potential which leads to an excellent
description of the spectra despite its simplicity, as will be
presented in the next sections. Furthermore, the procedure
does not require any new free parameters making the
physical interpretation as clear as possible. In fact, the
dilaton is the mechanism used in the SW model to describe
confinement. On the other hand, the deformation of the
metric has been introduced to describe what in the dual
QCD sector is an additional interaction of gluons beyond
confinement leading to the correct glueball spectra. We
recall that we are dealing with 1/N_ physics. Therefore, if
this additional contribution destroys confinement in the
meson sector, it cannot be correctly interpreted as a realistic
contribution to the SW model providing the correct binding
energy for those systems. Therefore, an appealing solution
is to modify the dilaton, in the meson sector, to dynamically
compensate the metric effects which prevent the binding.
The consequent truncation of the exponential up to the third
term provides confinement. Thus, such a procedure can be
physically interpreted as an attempt to estimate additional
gluon effects beyond confinement in the standard SW
description of the mesons. As it will be shown in detail later
on, the good results, in describing all the spectra, by using
only two parameters, suggest that this procedure is appeal-
ing and realistic. In closing, let us stress again that despite
the dependence of the dilaton on the considered systems, as
shown in Appendix C, the differential equation for the
addition ¢,, has the same form for scalar and vector fields.
The differences arise due to their AdS mass M2R? and two
calculated coefficients related to their kinematics (see
Appendix C for details). Therefore we remark that our
procedure does not introduce any new freedom in the
model. We conclude that in the GSW model, confinement
is determined by the interplay of the glueball dynamics of
QCD described by the metric (1), and confinement is
described by a well-defined dilaton which leads to a
phenomenological binding potential.

A. The scalar meson with the new dilaton

Motivated by the properties of the new dilaton, ¢ + ¢,,,
we recall here the main outcome of Ref. [21], i.e., the light
and heavy meson spectra within the GSW model. As
already discussed, the main effect of the correction ¢,, is

to produce a potential similar to that of Eq. (23) but with the
exponential truncated to the third term. The final
Schrodinger equation (23) is shown in terms of the

adimensional variable u = \/k*/2z,

e 15 3
o (e g e o) = o)

(30)

where Q? = (2/k*)M?>.
Expanding the exponential up to third order in Eq. (30)
we get

d*o(u)
du?

+ <(4—60¢2)u2 +(4-6a) +%> o(u)=Q%(u).
(31)

This equation can be transformed into a Kummer-type
equation by the change of variables v = (4 — 6a%)'/*u

dza(v)+ 2, 4—6a n 3 (v) Q? )
- 7 v —+—F |o\V) =—F———=0(V),
dv? Va—6a® 40’ 4—60a?
(32)

which has an exact spectrum given by
Q2 =4(n+1)V4—6>+4—6a, n=0,1,2,... (33)
and the mode functions are

o(v) = Ne 2032 F\(=n,2, v?) (34)

where A is a normalization factor and ,F; is a
well-known hypergeometric function and recall that v =
(4 —6a%) /4y where u = (\/k*/2z). Note that the
approximate solution only has bound states for
la| < \/2/3. The meson modes are functions of a. As

one can see in the left panel of Fig. 3 a good fit is found
for 0.51 < a £ 0.59.

B. Heavy mesons

In addition in Ref. [21] it has been shown that the GSW
can also reproduce the heavy meson spectra by following
the procedures developed in Refs. [19,48,49], i.e., by
including in the dynamics the mass of the heavy quarks.
Among the different possibilities, we have used the
following ansatz:

M, = +/A(a)n + B(a) + C, (35)

where C is the contribution of the quark masses, and thus
there will be a C.. for the cc states and a different one C), for

034016-7



MATTEO RINALDI and VICENTE VENTO

PHYS. REV. D 104, 034016 (2021)

6000

5000

4000

3000

M(MeV)

2000

1000

FIG. 3.

14000 -

12000 -

10000 -

8000 |-

M(MeV)

6000 |-

4000 +

2000 -

Nm

Left panel: GSW fit to the scalar lattice glueball spectrum [22-24] and to the experimental scalar meson spectrum [46,47]. The

larger slope of the glueball spectrum is noticeable. This corresponds to ak? = (0.37 GeV)? and the values of @0.55 (solid) and
0.55 £ 0.04 (dotted). Right panel: the scalar meson spectrum GSW fit to the data shown for all quark sectors. The light dots represent the
scalar meson spectrum experimental data [46,47]. The curves correspond to Eq. (35) with C, = 2400 MeV for the c¢ mesons and
C), = 8700 MeV for the bb mesons and the values of a0.55 (solid) and 0.55 & 0.04 (dotted) for all mesons.

the bb states. The comparison between data [46,47] and
predictions is shown in the right panel of Fig. 3. In order to
perform the calculation, the value of a has been kept
fixed from that obtained in the analysis of light mesons, i.e.,
a = 0.55 (solid) and a = 0.55 £ 0.04 (dotted). Moreover,
C = 0 for the light quark sector, C. = 2400 MeV, for the
c¢ mesons, and for the bb mesons C, = 8700 MeV. As
one can see in the right panel of Fig. 3, the model
reproduces the data extremely well. Moreover, one should
notice that the additional parameters C. and C, are
extremely close to the value of 2m, and 2m,,, respectively,
as expected. Let us stress that the heavy quark sector has
not been considered to estimate the value of a. From the
present calculations one can conclude that all mesons
satisfy approximately the same mass trajectories apart from
an overall scale associated with the quark masses and that
all the elements in Refs. [46,47] suspected of being scalar
mesons seem to be scalar mesons, except for some possible
mixing with the low-lying scalar glueballs, which is not

contemplated in this scheme [21]. The model has proven to
be tremendously predictive. Details on the comparison with
data are displayed in Table V. We summarize this section by
stating that the GSW model describes well the scalar lattice
glueball and the phenomenological scalar meson spectra of
QCD with only two parameters, i.e., @ and the energy scale

Vak [6,21].

VI. THE p VECTOR MESON SPECTRUM

Let us apply the GSW model to the calculation of the
spectrum of the vector meson family of the p. We consider a
vector field in the modified AdS space. The respective
action [30], modified with the GSW metric, reads,

- 1 _ 1_,,,_
S = _E/ dSX\/—_ge ﬂpkzzz [EQIWPQQNFMNFPQ

+ MgRZQPMAPAM] , (36)

TABLE V. Scalar meson spectrum (in MeV) from the PDG listings [46,47] together with our results for @ = 0.55 4+ 0.04 and the
energy scale \/ak = 370 MeV;; see Ref. [21] for details. Notice that in the PDG listings some of the particles are only suspected to be

scalars and others need confirmation.

light f0(500) £0(980) fo(1370)
1S (JPC) ot (O++) ot (0++) 0t (0++)
PDG 475+ 75 990 =+ 20 1350 &= 150
GSW model [21] 907 £ 73 1248 93
ct Xeo(1P) Zc0(3860) X(3915)
16 (JPC) ot (0++) 0t (0++) 0t (0/2++)
PDG 3414 +£0.30 3862158 3918 £ 1.9
GSW model [21] 3307 £73 3648 93 3914+ 109
bb Apo(1P) Xpo(1P)

IG(JPC) 07 (07) 0t (0t)

PDG 9859 +0.73 9912.21 +£0.57

GSW model [21] 9707 +73 10048 =92

fo(1500)  fo(1710)  f(2020)  fo(2100)  f((2200)
0t (0t+) 0+ (0*) 0*t(0t+) 0*t(0t+) 0t (0t+)
1504 +6  1723+6 199216 21014+7 2189 +13
1514 £ 109 1740 £123 1941 £ 136 2121 + 147 2288 £ 157
X(3940)  X(4160)  X(4350)  x.(4500)  x.o(4700)
27(?7) 27(?7) 0+(?%) 0+t(0**) 0T (0*)
3942113 4156142 4350737 45061 470473

4141 £ 123 4340 £ 136 4521 £ 147 4688 £ 157 4844 £ 168
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FIG. 4. Left: the p mass plot as a function of mode number according to the GSW model compared with the data where the
experimental p(1570) has been excluded following the discussion of the PDG particle listings [46,47]. Right: the same plot with the
p(1570) included. The result is not a fit since the parameters have been determined from the scalar mesons and the scalar glueballs.

where for the rho meson the AdS mass given by Eq. (24)
leads to M2R?> = 0 since the conformal dimension is A = 3
and the p-form index p = 1 [45]. Since M2R? = 0, there is
no need to add a correction to the initial dilaton
¢(z) = p,k*z%; in fact, the simplest solution to the relative
differential equation (see Appendix B) is ¢,(z) =0.
Therefore, as previously discussed, if one moves to the
standard AdS metric, the action can be rearranged as,

- 1
S:—E/dsx

Let us remark that in this case the GSW model is formally
equivalent to the SW one because the deformed metric does
not affect the EoM since M2R? = 0. Nevertheless, we
anticipate that the energy scale k will not be considered as a
free parameter but instead we will use the value fixed in the
scalar sector. As discussed in the previous section, we fix 3,
by imposing that the kinematic term in the action is the
same as that in the usual SW AdS action, thus 8, = 1 + %a.
After this choice the action becomes,

1
_gekZZZ(_ﬂera/Z) EQMPQQNFMNFPQ )

(37)

_ 1 1
S = —E/de —ge k% |:§gMPgQNFMNFPQ ., (38)

which is the same expression used in Ref. [30]. Also in this
case, an EoM in the Schrodinger form can be found:

TABLE VI

B'(z)* B'(z)
4 2

) [ }p(z) (). (39)

By setting B(z) = k*2*> + logz, the above expression
becomes

3
@+ (R Ju) = M) (40)
This equation can be exactly solved and the spectrum is
given by

M, =21+ nk. (41)

Due to the fact that the five-dimensional mass is zero, this
formula coincides with that given in Ref. [10]; however
now we have no freedom to fix the parameter k£ which is
given by k = 370/y/a MeV with a determined from the
scalar glueball and meson spectra to be 0.51 < a < 0.59.
One should notice that we can mathematically recover the
results of Ref. [30] by setting f, =0 and a = 1.

The phenomenological p spectrum requires some com-
ments before we show our results. The p mesons are
characterized by JP¢ = 17—, However, looking deeper
into the phenomenological analysis [46,47] the p(1570)
is supposed to be an OZI forbidden of the p(1700) and
therefore is not a pure p state. As one can see in
the left plot of Fig. 4 and Table VI we get an overall
good result for the spectrum. We must stress that our result

We show the experimental result for the p masses in MeV together with the results of our calculation for @ = 0.55 4 0.04

and k = 370//a MeV. The experimental values were taken from the PDG particle listings [46,47]. We also report the results obtained

by the model of Ref. [30].

p(770) p(1450) p(1570) (1700) p(1900) p(2150) (2350)
PDG 77526 £025  1465+25 1570 £36+62 1720420 1885422 2151 +£42  2330+35
This work 997 + 38 1411 + 54 1728 £66  1995+76  2231+85 2444 +94
Work of Ref. [30] 868.3 1228 1504 1736.7 1941.6 2127
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FIG. 5.

The a; mass plot as a function of mode number according to the GSW model compared with the data. The three lighter a,

experimental masses are from Refs. [46,47], while the three heavier ones have been taken from Ref. [52]. The result is not a fit since the
parameters have been determined from the scalar mesons and the scalar glueballs. Left panel: calculation vs data. Right panel: same as

the left one but with data shifted on the n axis by one unit.

is not a fit since we have taken the parameters from the
scalar sector. In the right panel of Fig. 4 we include the
p(1570) as the n = 3 mode to show that this incorporation
completely distorts the agreement. Thus the GSW model
predicts that the p = 1700 is the n = 3 mode and not the
p = 1570. Some authors take out the so-called D-rho
mesons from the S-rho mesons in the mass fit [30].
Since the GSW model is well defined in the large-N
limit, the present approach cannot distinguish the above
states. Our mode number n acts as a good quantum
number and incorporates S and D states. Our result
shown in Fig. 4 and Table VI reproduces all the masses
of the rho meson states with the precision required from a
large-N approximation. The main discrepancy, i.e., the
p(770), has to do with the observation that the low-lying
strongly bound states are not so well reproduced in large-
N QCD.

If one represents M? as a function of n one gets straight
lines whose slope is 4k*> = 4 x 0.37%/a which is in the
range 1.002 £ 0.072, included in the universal range
1.25 £ 0.25 [50]. The difference comes again from the
discrepancy in the mass of the p(770).

VII. THE a; AXTAL MESON SPECTRUM

In the present approach, the only difference between
vector mesons and axial-vector mesons due to chiral
symmetry breaking is that the latter have M2R? # 0; see

TABLE VIL

Ref. [51] for details. A mechanism for chiral symmetry
breaking can change the mass equation by introducing an
anomalous conformal dimension A, [45]

MIR*=(A+A,—-p)(A+A,+p—4). (42)
A, =0 for scalar mesons and vector mesons and turns
out to be A, = —1 for pseudoscalar mesons and axial-
vector mesons. Thus M2R*> = —4 for pseudoscalars and
M2R?* = —1 for axial-vector mesons. Therefore the EoM
for the a; becomes

ak>z?

: )w<z>=M2w<z>. (43)

" 3 4.2

v (z) + ( v +k
As already discussed several times, such a potential is not
binding. Therefore also in this case a modification of the
dilaton, ¢,, is included so that the effective potential is
obtained by expanding the term ¢*™®? in the above
expression up to the second order. The differential equation
for ¢, is explicitly shown in Appendix B. The correspond-
ing spectrum equation reads

M? =[d(n+1)V1-a?—a]k?,

which naturally for @ =0 coincides with the vector
meson mass. Using our fixed value k = 370/\/a MeV

(44)

We show the experimental result for the a; masses in MeV together with the results of our calculation for @ =

0.55+0.04 and k = 370/\/a MeV. The three lower masses were taken from the PDG particle listings [46,47] and the three higher
masses from Ref. [52]. A comparison with the results obtained by the model of Ref. [45] is also shown.

a,(1260) a(1420) a;(1640) a;(1930) ay(2095) a,(2270)
PDG&Av 1230 + 40 1411413 1655 + 16 1930737 209617, 227013
This work 833 + 53 1235+ 72 1535 + 87 1785 £ 100 2005 + 111 2202 + 122
Work of Ref. [45] 808.1 1114.7 1351.3 1558.7 1744.3 1913.4
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FIG. 6. The spectrum of the # meson. The upper curve
corresponds to @ = 0.51 and the lower curve to a = 0.59. We
have given 7(1405) and 7(1475) the same mode number, n = 3
(see discussion in the text), and we have skipped modes n = 5, 6
since the mass gap between the 7(1760) and the 7(2225) is
double that of the lower-mass 7’s.

and @ = 0.55 £ 0.04 we get the spectrum shown in Fig. 5
and Table VII, which is close to the experimental results.
Our calculation favors that the a;(1930), a,(2095) and
a1(2270), not appearing in the PDG [46,47] but shown in
Ref. [52], are axial resonances, thus favoring more
experimental research in those energy regions. Moreover,
in the right panel of Fig. 5, the same data are shown shifted
by one unit in n. As one can see the agreement of the
calculation with data increases. Therefore, in this very first
application of the GSW model to the axial-vector spectrum,
one could propose that the model predicts the existence of a
missing ground state with a mass lower then the quoted
1230 MeV.

VIII. PSEUDOSCALAR MESONS

Last we will discuss the spectrum of the pseudoscalar
mesons. The EoM is governed by the conformal dimension
related to the dual field operator of the considered hadron.
For a pseudoscalar meson the study of the conformal
dimensions leads to an AdS mass M2ZR? = —4 [45].
Thus we are going to consider the spectrum of particles
characterized by J? € =0, which correspond in the
spectroscopic notation, previously used, to J =0 and
L = 0. In this case the EoM becomes

15 4 .,
+ <k4z2+2k2+P—Z—2e“"zz )w(z) =My (2).

dy(z)
dz?

(45)

Since in this approach the pseudoscalar and scalar
mesons are described within the same formalism, the only
difference is M §R2 and therefore one can add the correction
of the dilaton which satisfies Eq. (29). Thus, the truncated
potential is recovered. From the phenomenological point of
view there are two families of pseudoscalar particles: the
z’s and the #’s. Let us first study the #’s.

A. The 5 pseudoscalar meson

In Fig. 6 we show our calculation where the band
characterizes a = 0.55£0.04. In Table VIII we show
the PDG values of the n masses [46,47] compared with
the results of our calculation. It was discussed in the PDG
review that the 7(1405) and the 5(1475) might be the same
particle, which is what our calculation seems to indicate.
Moreover in the upper mass sector the experimental mass
gap becomes larger, which according to the GSW model
might indicate that some eta resonances are experimentally
missing. In Table VIII and in Fig. 6 we have left those mode
numbers empty between the 7(1760) and the 7(2225). If
one trusts the results of the calculation, the GSW model
predicts the existence of two resonances between the
n(1760) and the 7(2225) and that the 7(1405) and
n(1470) seem to be the same resonance. From the
flavor content it is known that the #’s have hidden
strangeness and therefore corrections associated to the
quark mass should be added. Since the strange quark is
not too heavy the corrections will be smaller than our
theoretical errors. We must stress, once more, that this
calculation is not a fit since our parameters were fixed by
the scalar spectrum.

B. The x pseudoscalar spectrum

The main difference between the n and the z is the
isospin; however since our model does not take into
account Coulomb corrections, the chargeless pions behave
very much like the # from the point of view of quantum
numbers and therefore the spectrum should be the same in
our model but it is not so in nature. In fact, there is one main
difference; indeed the pion is the Goldstone boson of
SU(2) x SU(2) chiral symmetry and this fact is

TABLE VIII. We show the experimental results for the # masses, in MeV, given by the PDG reviews [46,47] together with the results
of our calculation. The gaps are introduced in order to respect the mass gaps of the GSW model calculation.
n 7 n(1295)  n(1405)-n(1475)  n(1760) n(?727?) n(772?) n(2225)
PDG 547.862 £0.017 957.78 £0.06 1295 +4 1408.8 £2.0 1751 £ 15 2221+ 12
1475 +4
This work 513 +£92 943 £ 111 1231 +133 1463 £+ 151 1663 + 168 1842 £+ 183 2005 £ 198 2155 £210
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FIG. 7. We show the wave function for a 135 MeV pion with
the new dilaton. We have used 6 = 1.5235, y = 0.0055 GeV™,
a=0.55 and k = 0.37/\/a GeV.

instrumental in giving the lightest pion its low mass. We
should therefore implement the spontaneous broken reali-
zation of chiral symmetry in the GSW holographic model
to reproduce the low mass of the ground-state pion. The
physics of confinement and chiral symmetry breaking is
described by the dilaton [11,25,53]. Therefore, to the
present aim, a modification of the dilaton profile function
is here proposed to implement the realization of chiral
symmetry in a phenomenological way. The dilaton besides
the conventional behavior ¢,(z) ~ p,k*z> at large z,
which determines Regge behavior, requires a different
behavior at low z to implement chiral symmetry, namely
¢(z) ~pk*2> + O(z*), with g/ < B [53]. To the present
aim, an efficient choice for the dilaton profile function is to
promote S to be a function of z

B(z) = P tanh (yz* + 5). (46)
This kind of ansatz has been considered several times in
different analyses to implement the chiral symmetry break-

ing in holographic models; see Refs. [11,25,53]. This
ansatz leads, as required by chiral symmetry, to,

limfi(2) = feo, (47)

7—00

and

limp() = fy = o tanh(5) + O*) < f. (43)

The term tanh(5) is therefore related to the realization of
chiral symmetry. With this phenomenological input, the
dilaton function becomes

$o(z) = P tanh (yz* + 8)k*2* (49)

with o =p, =1+ %a to satisfy the correct large-z
behavior once we take into account the effect of the
GSW metric. Thus, the large-z behavior, which dominates
the spectrum of the higher modes, leads to the Regge
behavior. In the low-z region, which is related to the
transition region, 6 and y, characterize the spontaneous
chiral symmetry breaking beyond A, i.e., the effect
associated with the bulk five-dimensional mass discussed
previously. With this new dilaton, the equations of motion
can be generated by using the same strategy previously
discussed but by introducing the new dilaton in the
functions B(z). As one might expect, the relative potential
is more complicated with respect to the 77 and other mesons.
We again perform an expansion of the exponential to keep
the largest binding potential and dismiss the terms which
make it not confining. From a phenomenological point of
view, one should expect that the value of y depends on the
hadron under scrutiny. In particular, in the case of the low-
mass pion, y must be relatively low so that the transition to
the large-z limit occurs at higher values. Let us try to fit the
low-mass pion with the new dilaton. In Fig. 7 we show the
wave function of a 135 MeV pion for 6 = 1.5325 and
y = 0.0055 GeV~. The value of § has been chosen to have
a n = 0 mode in the approximate well-behaved solution.
We have kept this value fixed in the nonlinear full equation
and have varied only the y to get a solution as close as
possible to the approximate one. The other parameters o
and k have been fixed as above.

In order to calculate the full pion spectrum, one should
notice that the excited states, namely n > 1, are not
Goldstone bosons, and therefore it is reasonable to assume
that the relative EoM should be that described by Eq. (45).
In other words, within this prescription, the underlying
dynamics generating resonances of the pion should be
similar to that of the # meson. The full pion spectrum is
displayed in Table IX compared with the PDG data [46,47].
As one might notice, the GSW model, incorporating the
chiral symmetry breaking effect in the dilaton profile
function, predicts a number of pion states bigger than

TABLE IX. We show the experimental result for the z masses given by the PDG particle listings [46,47] together with the results of
our calculation. We have used the z° mass to fix the value of § = 1.5235. Our errors are again associated with the error in

a = 0.55 £ 0.04. The masses are as always in MeV.

0 7(1300) 7(1800)
PDG 134.9768 + 0.0005 1300 + 100 1819 + 10
This work 135 943 + 111 1231 + 133 1463 + 151 1663 + 168 1842 + 183
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The wave functions of the 7 (left) and 77’ (right) with the new dilaton (solid), and old dilaton (dashed). The new dilaton has been

calculated with @ = 0.55, 5 = 1.5235,y = 1.0 and k = 0.37/,/a GeV. The masses of the etas for the two dilaton calculations are

identical: m, = 512 MeV and m,) = 943 MeV.

those experimentally observed. Such a feature is shared
with other models [45,53]. However, let us remark that the
present experimental results are somehow not conclusive.
Indeed, the 7(1300) does not have a well-defined mass and
a has large width (over 200 MeV), and thus it might hide
two resonances within its huge width. Also the z(1800) has
an experimental mass ranging from 1770 to 1870 MeV, a
large width, and a complicated two pic structure, thus it
could also hide two states. In this scenario, the large-N
approximation, encoded in the approach proposed here, is
predicting states that could be observed once the exper-
imental region is cleared up.

Finally one may wonder if the new dilaton will change
the # spectrum, previously described. Let us show that this
is not the case. In Fig. 8, the wave functions of the first two
n modes, for the masses determined above (512 and
943 MeV) with the new dilaton (solid) and the old dilaton
(dashed), are shown. One sees that fixing 6 = 1.5235,
which should be the same for all particles, and letting y
grow up to y ~ 1.0, to displace the transition region to lower
z values, one obtains exactly the same spectrum and almost
exactly the same wave functions. For larger values of y the
resemblance of the wave functions is even greater, but then
we are mathematically approximating the old dilaton mode.
For the higher modes, the value of y needed to reach a close
resemblance can be even lower since the z* term dominates
the f(z) function. For values as low as y = 0.2, the
wave functions are not so close but still very similar.
Furthermore, as a cross check of the procedure to provide a
binding potential, in Fig. 9 we numerically show that the
correction to the dilaton applied to the # case is very close
to that needed for the x case. Such a feature reflects that
also in the GSW model, the chiral symmetry breaking can
be described by a new dilaton ¢ (49), while the truncation
of the metric effect in the potential can still be obtained by
means of corrections that for the pseudoscalar systems are
very similar.

0
20
—~
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<
<
60
80
0 2 4 6 8 10
u

FIG. 9. The dilaton addition ¢,, for the pseudoscalar systems;
see Appendix A. Full fine: the calculation for the pion with the
initial dilaton ¢, of Eq. (49). Dotted line: results obtained for
the 7 meson with the initial dilaton ¢, = ,k*z>. Dashed line: the
same for the scalar meson. Here u = ak®z>.

IX. CONCLUSIONS

In the present investigation, a phenomenological analysis
of the glueball and meson spectra within the GSW model
was provided. This approach is based on the assumption
that the lowest scalar glueball is associated to a graviton
propagating in a deformed AdSs space. We saw in the past
that the metric is fundamental in providing a good
representation of the experimental data with only one
parameter, and in so doing we determined the energy scale
k of the model. No approximation to the metric leads to a
reasonable result, and the graviton requires the full power
of the metric to produce the adequate experimental slope
and, in turn, to describe the correspondence to the confine-
ment mechanism. The next step was to fit the scalar mesons
within the same model. In this case the AdSs mass is
negative and therefore the corresponding mode potential
does not bind. In order to make the potential confining we

034016-13



MATTEO RINALDI and VICENTE VENTO

PHYS. REV. D 104, 034016 (2021)

had to truncate the exponential at the third term. After
doing so we obtained an excellent fit to the light meson
spectrum with only one additional parameter associated
with the strength of the metric @. With these two parameters
fixed we proceeded to describe the whole glueball and light
meson spectrum. In all fits of glueballs, use has been made
of the full metric since the corresponding AdSs masses are
positive. On the other hand, for all mesons, except for the p,
whose AdSs mass is zero, we had to truncate the expo-
nential metric at the third term to get a binding potential.
With this procedure we have reproduced quite well the
mass spectra of the p, the a;, the  and the pion. While for
the ground-state pion a modification of the dilaton profile
function is required to implement the chiral symmetry
breaking, for all the other hadrons, the masses have been
calculated without any fit of the model parameters, of
which there are only two, k and @, which were fixed by the
scalar glueball and light scalar meson spectra. This feature
underlines the predictive power of the proposed model in
describing the hadron masses. We recall that the model is
also able to fit well the heavy scalar meson spectra. We can
conclude after this phenomenological analysis that the
GSW model provides a good description of the spectra
of the axial and vector mesons, high-spin glueballs and
pseudoscalar mesons and even heavy mesons with very few
parameters. Moreover, the model also predicts the existence
of further states not yet observed probably due to the
present experimental accuracy.

The success of this phenomenological meson potential
has led us to investigate how the exponential metric is
related to it. We have proven that a modification in the
dilaton field is able to generate the phenomenological
potential from the full metric. The proof is based on the
construction of a differential equation for the dilaton field
which relates the initial full potential with the phenom-
enological potential. We have shown that in our case, for all
the mesons studied, the differential equation is solvable and
moreover the new dilaton introduces no new parameters
since it is defined exclusively by the metric parameters and
the corresponding AdS mass. This new dilaton represents
additional QCD interactions modifying, in the case of the
mesons, the confining mechanism of glueballs.

We have compared the graviton solution for the glue-
balls, which described the scalar and tensor glueball
spectrum with the / = 0 and J = 2 glueball field solutions.
We have seen that the degeneracy between scalars and
glueballs of the former is instrumental in describing the
spectra with only one energy scale. The field solutions
require different energy scales for the /=0 and J =2
solutions since the one that fits the scalars leads to
extremely heavy tensors, and the one that fits the tensor
to extremely light scalars. The graviton seems to be a
necessary ingredient of AdS/QCD and the implications of
this fact for QCD have to be understood. For the higher-J
glueballs the field approximation is adequate and it has

allowed us to successfully calculate the Regge trajectories
of the even and odd high-spin glueballs. The scalar glueball
and the pion escape this scheme. The former requires a
graviton propagating in a deformed AdS space and the
latter a sophisticated dilaton. Clearly this might be asso-
ciated in QCD with the fact that the ground-state scalar
glueball is associated with the o particle in some schemes
and the pion with the Goldstone boson of spontaneously
broken chiral symmetry.

One should notice that the GSW model, like other
phenomenological approaches based on the AdS/CFT
correspondence, is realized in the large-N approximation.
Therefore, one might expect higher-order corrections to be
required for precision calculations, which are beyond the
aim of the present investigation. Finally let us conclude by
noting the surprising capability of the model in reproducing
basic features of many different hadronic systems without
invoking a large number of parameters and therefore
unveiling a relevant predicting power that could be used
in future analyses.
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APPENDIX A: THE DILATON DIFFERENTIAL
EQUATION FOR THE SCALAR AND
PSEUDOSCALAR FIELDS

In this Appendix details on the differential equation (29)
are provided. In particular, since for the pion the initial
dilaton (¢) must be properly chosen in order to introduce
the chiral symmetry breaking into the model, here we
provide the general differential equation that the dilaton
addition (¢,) must satisfy to generate a binding potential
where the metric effects are encoded in the truncated

expansion of ¢™®*Z Let us start again with the full general
action for a scalar field:

S = /de —ge“ﬁ(z)*%‘lkzzz—f/)n(z)[gMNaMS(x)aNS(x)

+ e MIR?S? (x)], (A1)
where we recall that for ¢(z) = k*z2*f, and f; = 1 +3a we
get the usual result (25) and that of Ref. [21]. From the
Euler-Lagrange equation and by properly choosing a
functional form the field S(x), a Schrédinger equation
can be obtained,

—y"(2) + Vi(2y(2) = My (2), (A2)
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V(z)/(42%) and,

where the potential V(z) =

=47 M2 4 3[5 + ak®2? (4 + 3ak?2?)]

+2{2d (2)* + (6 - 6ak’2%) ¢, (2) + 2y (2)?

+¢/(2)[6 - 6ak?z> + 2240, (2)] - 22[¢" (2) + 43 (2)]}-
(A3)

Vi(z)

The equivalent quantity obtained for ¢, =0 and ¢ =
k*z%(1 + 3 ) becomes [21],

Vo(z) = 15+ 4M2R2e%'< 1 8k22% + 4k*z*.  (A4)

Moreover, the binding potential, needed to reproduce
the scalar and pseudoscalar spectra previously discussed,
must be obtained by setting ¢»,, = 0 and by expanding the

exponential term ¢®’" up to the third term:

- 1
Vi(z) =4 <1 + ak®z? + §a2k4z4>M§
+ 3[5 + ak?z?(—4 + 3ak®z?)]

+ 2{¢'(2)[6 — 6ak>s> + 22] -

2:4"(2)}. (AS)

Therefore, the differential equation, that the correction
dilaton ¢, must satisfy to move from the general potential
(A3) to the expression (AS) is,

- 1
Vi(2)-Vi(z) =4MiR? [e“kzzz —1—ak?z? - 5a2k4z4]

+ 2[@), (2) (6 — 6ak*z*> + 224 () + 24, (2))

—2z¢,(2)] = (A6)
The above equation can be simplified to
() ¢n<> NI
D) +¢ ( ) 2ak Z+2¢n(z)
M§R2 ak*z? 2.2 1 2144
+Z—2 e T —1—ak —Eakz =0. (A7)

As one can see this equation directly depends on the old
initial dilaton ¢, and therefore such a procedure can be
applied for the scalar and pseudoscalar (17 and ) mesons. In
the case of the scalar meson and 7, ¢(z) = K*z*(1 +3a)
one gets

_dnz) | d(z)? 3
ks 4Z +¢n()<2—z+k2z>

MIR* [ o 1
+ = <e"k T —1—ak?* - §a2k4z4> =0. (A8)
Z

The numerical solution has been used to fit ¢, as a
polynomial function of u = ak’z*:

¢, (u) ~0.507286 — 0.035493u'> — 0.8003254>

+0.0052429u* — 0.0000556475u°. (A9)

APPENDIX B: THE DILATON DIFFERENTIAL
EQUATION FOR THE VECTOR FIELD

The same procedure can be extended to vector fields. In
this case dilatons describing chiral symmetry breaking are
not considered in the analysis. We show the differential
equation for ¢, given ¢y = f,k*z*> where f, = 1 +1a.

In this case,

1 > 1
SV = —z/ d5x —ge‘k‘zz-l/’n [EQMPQQNFMNFPQ

+ M2R? gPMAPAMe“kZZZ] . (B1)

From the EoM one can derive the potential
2 2p2
VL(Z) _ |:B/(Z) 3 B//(Z) MSZR eakzzz:|
4 2 z

3 MZR2
A (B2

+ k7% +
where here B(z) = log(z) + ¢, (z) — k*z%. Alsoin this case,
the approximated potential V¢ is obtained for ¢, =0
and by expanding e up to the third term. The phenom-
enological potential is,

3 M2R2
k422 + 47 +

1
Vi(z) = (1 + ak*z? + §a2k4z4> ,
(B3)

and therefore the differential equation reads,

vite) -2 B g o (L)

2 p2
+M52R (e“kzzz —1—ak?z? —%a2k4z4> =0.
z

VL‘(Z) -

(B4)
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APPENDIX C: THE GENERAL
DILATON DIFFERENTIAL EQUATION
FOR ¢ (z) =pk*z*

Due to the similarities between Egs. (A8) and (B4),
we show here that although the dilaton expression would
explicitly depend on the kind of meson considered
(scalar or vector), no free parameters are involved and
the differential equation can be written through a general
expression:

RACIH A

2
A
/ 1 2
— + Bk
5 + 2 +¢n,l(z)(2z+ I z)
MER? [ o 20 Loy
5 e’z—l—akz—iakz =0, (C1)
Z

where for the scalar we have I = 5, A, = 3, B, = 1 and for
the vector = v, A, =1, B, = —1.
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