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In the framework of the Standard Model (SM) a theoretical description of the neutron beta decay is
given at the level of 107, The neutron lifetime and correlation coefficients of the neutron beta decay for a
polarized neutron, a polarized electron, and an unpolarized proton are calculated at the account for (i) the
radiative corrections (RC) of order O(aE,/my) ~ 1073, i.e., O(aE,/my) RC, to Sirlin’s outer and inner
O(a/x) RC, where a and E, are the fine-structure constant and the electron energy, respectively; (ii) the
outer O(aE,/my) RC, caused by Sirlin’s outer O(a/x) RC and the phase-volume of the neutron
beta decay, calculated to next-to-leading order in the large nucleon mass my expansion; (iii) the
corrections of order O(E2/m3,) ~ 1073, caused by weak magnetism and proton recoil; and (iv) Wilkinson’s
corrections of order 10~ [Wilkinson, Nucl. Phys. A377, 474 (1982)]. These corrections define the
SM background of the theoretical description of the neutron beta decay at the level of 107>, which is
required by experimental searches of interactions beyond the SM with experimental uncertainties of a few

parts of 107>,

DOI: 10.1103/PhysRevD.104.033006

I. INTRODUCTION

A contemporary level of sensitivity of about 10~ or even
better for experimental investigations of the neutron beta
decay [1-3] with a polarized neutron and unpolarized
electron and proton [4-7] and with a polarized neutron,
a polarized electron, and an unpolarized proton [§]
demands the theoretical description of the neutron beta
decay within the Standard Model (SM) [9,10] at the level of
1073. As has been shown in [11-14] Wilkinson’s correc-
tions [15] provide the SM contributions to the neutron
lifetime and correlation coefficients of the neutron beta
decay of order 1075. Of course, they do not exhaust a
complete set of the SM corrections of order 107>
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In Refs. [16,17] we have calculated radiative corrections
(RC) of order O(aE,/my) ~ 1073, ie., O(aE,/my) RC,
where a, E,, and m are the fine-structure constant [10],
the electron energy, and the nucleon mass, respectively, to
Sirlin’s outer and inner (see [18]) O(a/x) RC [19,20] (see
also [21-23]), which are independent of the hadronic
structure of the neutron (see [16]) and induced by the
hadronic structure of the neutron (see [17]), respectively. In
turn, in [24] we have calculated a complete set of
corrections of order O(E2/m%) ~ 1075, caused by weak
magnetism and proton recoil. Together with Wilkinson’s
corrections [15] (see also [11-14]) the -corrections,
calculated in [16,17,24], define the SM background of
the theoretical description of the neutron beta decay
at the level of 107>. In this work we supplement this
SM theoretical background of the neutron beta decay
by the outer O(aE,/my) ~ 107> RC, caused by Sirlin’s
outer O(a/x) RC and the phase-volume of the neutron
beta decay, calculated to next-to-leading order (NLO)
in the large nucleon mass my expansion (see the
Appendix D).

For the electron-energy and angular distribution of the
neutron beta decay for a polarized neutron, a polarized
electron, and an unpolarized proton we use the most
general form, proposed by Jackson er al. [25-27] and
Ebel and Feldman [28]:
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where we have used the notations in Refs. [11,24,29,30].
Then, g4 and Gy are the axial and vector coupling
constants, respectively [1,2,5,6,10]; the Cabibbo-
Kobayashi-Maskawa (CKM) matrix element V,; is
included in the definition of the vector coupling constant

Gy; E,, and Z‘e are unit spin-polarization vectors of the
neutron and electron [11,12,14] (see also [31]), respec-
tively; dQ, and d€; are infinitesimal solid angles in the

directions of electron k and antineutrino k 3-momenta,
respectively; Eq = (m3 —m? + m2)/2m, = 1.2926 MeV
is the end-point energy of the electron-energy spectrum
[1,2]; F(E,,Z=1) is the relativistic Fermi function,
describing the electron-proton final-state Coulomb inter-
action, and is equal to [32] (see also [15] and a discussion
in [12])
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where f = k,/E, = \/ E> — m%/E, is the electron velocity,
y=vV1i—-a>-1, r, = 0.841 fm is the electric radius of
the proton [33]. The correlation coefficient b(E,) is the
Fierz interference term [34]. The structure and the value of
the Fierz interference term may depend on interactions
beyond the SM [34]. Information of a contemporary
theoretical and experimental status of the Fierz interference
term can be found in [35-39] (see also [40,41]).

We would like to notice that recently [29,30] the
correlation coefficients T(E,), S(E.), and U(E,) have
been investigated theoretically within the SM at the level
of 107 by taking into account (i) the outer model-
independent O(a/z) RC, calculated to leading order
(LO) in the large nucleon mass my expansion; (ii) the

O(E,/my) corrections, caused by weak magnetism and
proton recoil; and (iii) the corrections, caused by inter-
actions beyond the SM [25], including the contributions of
the second class currents or the G-odd correlations (as for
G-parity invariance of strong interactions, we refer to the
paper by Lee and Yang [42]) by Weinberg [43] (see also
[44,45] and [12-14]).

The paper is organized as follows. In Sec. II we give the
analytical expressions for the correlation function {(E,),
which is responsible for the correct electron-energy
spectrum of the neutron beta decay and correct value
of the neutron lifetime, and the correlation coefficients
X(E,) for X=a,A,B,...,T and U, including (i) the
O(a/x) and O(aE,/my) ~ 107> RC; (ii) the O(E,/my)
and O(E%/m%) ~ 107 corrections, caused by weak mag-
netism and proton recoil; and (iii) Wilkinson’s correc-
tions of order of a few parts of 107>, which we have
calculated in Appendixes A, B and C. The results,
represented in Sec. II, illustrate the SM theoretical
description of the neutron beta decay at a level of 107>
with a theoretical accuracy of a few parts of 107, In
Sec. III we discuss the obtained results and some
problems of the analysis of the contributions of the
neutron radiative beta decay. In Appendixes A, B, C,
and D we give detailed calculations of the correlation
function {(E,) and correlation coefficients X (E,) for X =
a,A,B,...,T and U adduced in Sec. II. In Appendix E we
give the analytical expressions of the correlation function
¢(E,) and correlation coefficients X(E,) for X =
a,A,B,...,U as functions of the electron energy E,
and the axial coupling constant g4. For the practical
applications and numerical analysis the correlation func-
tion {(E,) and correlation coefficients X(E,) for X =
a,A,B, ..., U are programmed in [46]. In Appendix F we
give the contributions to the electron-energy and angular
distribution of the neutron beta decay with correlation
structures, which go beyond the standard correlation
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structures in Eq. (1) by Jackson et al. [25-27] and Ebel
and Feldman [28].

II. CORRELATION FUNCTIONS AND
COEFFICIENTS OF THE ELECTRON-ENERGY
AND ANGULAR DISTRIBUTION EQ. (1)

In Appendixes A, B, C, and D at the level of 1075 with a
theoretical accuracy of a few parts of 107% we give a
detailed SM calculation of the correlation function {(E,)
and correlation coefficients in Eq. (1), the correlation
structures of which are invariant under time-reversal trans-
formation, i.e., T-even. According to our analysis carried
out in Appendixes A, B, C, and D, the correlation function
¢(E,) and correlation coefficients can be represented in the
following form:

C(Ee) =
X(E,)

C(Eo)retS(Ee)re—phy + S(Ee)wp + C(E)we
= X(E.)rc+X(Ee)rc—pny + X(Ee)wp + X(E)wes

(3)
where X =a,A,B,K,,0,,G,H,N,K,,Q,,S,T, and U.

Then, Y(E,)rc> Y(Ee)rc—pnvs Y(Ee)wp, and Y(E, )y for
|

Y = ¢, X are (i) the sum of the outer O(a/x) RC, calculated
to LO in the large nucleon mass mj, expansion, and
O(aE,/my) ~ 1073 RC, which are treated as NLO cor-
rections in the large nucleon mass my expansion to the
outer and inner O(a/x) RC and denoted as Ygc_nio (see
Appendix A); (ii) the outer O(aE,/my) RC, caused by the
outer O(a/x) RC and the phase-volume of the neutron beta
decay taken to NLO in the large nucleon mass expansion;
(iii) the sum of the O(E,/my) and O(E%/m%)~ 107>
corrections, caused by weak magnetism and proton recoil;
and (iv) Wilkinson’s corrections of order 107>. For the
practical applications and numerical analysis the analytical
expressions of the correlation function {(E,) and correla-
tion coefficients X(E,) for X = a,A,B,K,,Q,,G,H,N,
K,, 0,,S,T, and U are programmed in [46].

In order to illustrate the SM description of the neutron
beta decay at the level 107 we represent the correlation
function {(E,) and correlation coefficients a(E,),A(E,),
B(E,),...,U(E,) with the contributions of the correc-
tions, caused by weak magnetism and proton recoil
of order O(E,/my) and O(E2/m3) in Appendix B, and
Wilkinson’s corrections in Appendix C, as functions of the
variable E,/E,. According to our calculation in [46], we get

E2
C(E,) = C(E) e+ (E)rephy — 5-57 x 1074 == Bo_320x 1073 +9.81 x 103E —+7.13x 1055 -3.16 x 107 L
Ee 0 E() ﬂEO
E E,
a(E,) = a(E,)ge+a(E,)repry — 581 x 1075 =2 4324 x 1073 = 9.16 x 10 L _316x 10- s«
E, Ey P Ey
E E
A(E,) = A(E,)gc — 6.71 x 107522 — 1,75 x 1073 =<,
Ee EO
E E, E2
B(E,) = B(E,)gc +526x 107° 2 +327 x 107* =342 x 10—~ 2.87 x 105 ¢,
E, Ey Eq
K,(E,) = K,(E,)gc +7.15x 10 4E—0+ 1.51 x 1073 B
E, E? E,
0,(E,) = Qu(E.)rcpny +3-19x 1073 =729 x 1073 £ = 1.97 x 107> —5 = 3.12 x 107 03 :
EO EU ﬂ EO
E E E?
G(E,) = G(E,)pc —5.59 x 107 2 + 378 x 1074 =526 x 1075 ¢ — 1.26 x 107 —¢,
E, E, E?
E} E E
H(E,) = H(E,)gc +2.28 x 10~ SE—— 128 x 1073 =2+ 1.13 x 1073 — 1.46 x 10-5E—e,
e e 0
E} E
N(E,) = N(E,)gc +2.33 x 10—5E—g -3.21x 10—4E—°+ 573 x 1073,
E, SE2
0.(E.) = Q.(E)rc + Qu(Eo)re_phy + 2.24 X 10550 4 7,00 % 1074 +3.57 x 10 £ — 157 % 10°3 E
e 0 0

+1.04x 10 (14 \/1—ﬂ2) 5, E,
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where the numerical coefficients are calculated at the axial
coupling constant g4, = 1.2764 [5]. The contributions of
the corrections of the O(aE,/my) RC are plotted in [46].

Then, the analytical expressions of {(E, )gc and X (E, g
for X =a,A,....,T and U are given in Appendix A [see
Eq. (A20)] and in [46]. At @ = 0 the correlation function
{(E,)rc and the correlation coefficients X (E,)gc for X =
a,A, ..., U reduce to their values, calculated to LO in the
large nucleon mass my expansion (see Appendix A). The
outer RC {(E,)rc_pny and X(E,)gc_ppy are calculated in
Appendix D [see Eq. (D10)].

In addition to the correlation function {(E,) and the
correlation coefficients in Eq. (4) we give the correlation
coefficientA¥) (E,) = A(E,) + 10, (E,) [15] that measures
the electron (beta) asymmetry of the neutron beta decay [5]:

1 E
AV(E,) = AV(E,)pc + an(Ee)RC—PhV —6.67x107 E_O

e

E
+9.78x 1074 —4.18 x 1073
Eq

; (5)

Ey—E
—1.04x 1079 =2 ——¢
PEy

calculated at g, = 1.2764 [5], where AP (E,)gc =A(E, )gcs
since Q,,(E,)rc = 0 [see Eq. (A20)]. The correlation func-
tion {(E,) and the correlation coefficients X(E,) for X =
a,A,B,...,UinEq. (4) and A®”)(E,) in Eq. (5) describe the
neutron beta decay for a polarized neutron, a polarized
electron, and an unpolarized proton at the level of 107 in the
framework of the SM with a theoretical accuracy of a few
parts of 1076,

I11. DISCUSSION

We have given a SM theoretical description of the
neutron beta decay for a polarized neutron, a polarized
electron, and an unpolarized proton at the level of 10> with
a theoretical accuracy of a few parts of 107°. To the well-
known O(a/x) RC [19-23] (see also [11,12,14,29,30])
and O(E,/my) corrections [47] and [15,22,23] (see
also [11,12,14,29,30]) we have added (i) the inner
O(aE,/my) ~ 107 RC [16,17], which are treated as
NLO corrections in the large nucleon mass m, expansion

e

E E E
T(E,)gc — 1.81 x 10—4E—° —125x 1075 +2.77 x 107424 44,69 x 1075 =<,

2

—e

2

0 EO

E, Ej

(4)

|

to Sirlin’s outer and inner O(a/z) RC, calculated to
LO in the large nucleon mass my expansion; (ii) the outer
O(aE,/my) ~ 107> RC, induced by Sirlin’s outer O(a/x)
RC and the phase-volume of the neutron beta decay,
calculated to NLO in the large nucleon mass m, expansion;
(iii) the O(E%/m3%)~ 107> corrections [24], caused by
weak magnetism and proton recoil; and (iv) Wilkinson’s
corrections [15] (see also [11,12,14]) of order 107>. As has
been shown in Eq. (4), all of these corrections define the
SM background of the theoretical description of the
neutron beta decay at the level of 10~ with a theoretical
accuracy of about a few parts of 1076 [46].

Having accepted the value of the axial coupling constant
ga = 1.2764 [5,6], the correlation function {(E,) and
correlation coefficients, given in Egs. (4) and (5), can be
used as the SM theoretical background of the neutron beta
decay for experimental searches of contributions of inter-
actions beyond the SM with experimental uncertainties of a
few parts of 107 [4,7.8] (see also [12,24]). Because of
Wilkinson’s corrections, induced by the proton recoil in
the electron-proton final-state Coulomb interaction [see
Eq. (C8) in Appendix C] and the outer O(aE,/my) RC
[see Eq. (D10) in Appendix D], the correlation function
{(E,) and correlation coefficients in Egs. (4) and (5) are
well-defined in the experimental electron-energy region
0.811 MeV < E, < 1.211 MeV [5].

In Appendix E we give the analytical expressions for
the correlation function {(E,) and correlation coefficients
X(E,) for X =a,A,B, ..., U as functions of the electron
energy E, and the axial coupling constant g,. These
expressions can be used as a SM theoretical background
for processing experimental data on the neutron lifetime,
the electron-antineutrino angular correlations, and electron
and antineutrino asymmetries with experimental uncertain-
ties of about a few parts of 10™. Such a SM theoretical
background and experimental data, obtained with exper-
imental uncertainties of about a few parts of 107>, should
allow one to improve the currently available experimental
value of the axial coupling constant g4 [5,6]. They can also
be used for searches of contributions of interactions
beyond the SM in experiments with polarized neutrons
and electrons [8].
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We also have to emphasize that for the correct descrip-
tion of the neutron lifetime one has to add the inner
radiative corrections A} and A% of order O(a/rx), defined
by the Feynman yW-box diagrams, to the rates of the
neutron beta decay and superallowed nuclear beta decays,
which have been calculated to LO in the large nucleon mass
my expansion in [48-56]. These corrections are very
important for the correct extraction of the value of the
CKM matrix element V.

Finally, we would like to discuss the problem of the
removal of infrared divergences for the calculation of the
outer RC in the neutron beta decay. Since the virtual photon
exchange leads to the dependence of the amplitude of the
neutron beta decay on the infrared cutoff y, which is an
infinitesimal photon mass y in the covariant regularization
[19,57-61], one has to take into account the contribution of
the neutron radiative beta decay [19,57-61]. For this aim
the energy and angular distribution of the rate of the
neutron radiative decay should be summed with the energy
and angular distribution of the rate of the neutron beta
decay [19,57-61]. In case of the investigation of the
electron-energy and angular distribution of the neutron
beta decay [see, for example, Eq. (1)], the standard
procedure for the calculation of distributions for both the
neutron beta decay and neutron radiative beta decay is to
integrate, first, over the proton 3-momenta and then over
the energy of the antineutrino [19,21-23,57-69] (see also
[11-14,29,30,40]). In the rest frame of the neutron and after
the integration of the proton 3-momentum, the latter

appears in the distributions in the form l_ép = —1?6 — lzﬂe

imposed by momentum conservation, where Ze and ZDF are
3-momenta of the electron and antineutrino, respectively. In
this case for the calculation of the electron-energy and
angular distribution of the neutron radiative beta decay the
integration over directions of the photon 3-momentum
takes into account correlations of the photon 3-momentum
with 3-momenta of the electron and antineutrino and
implicitly with the proton 3-momentum (for the details
of these calculations we refer to [11,12,14,29,30]). The
electron-energy and angular distribution Eq. (1) is usually
used for the measurements of the electron (beta) asymme-
try, which is characterized by the correlation coefficient
AP(E,) [5]. In these measurements the electron asymme-
try defines the asymmetry of the emission of decay
electrons relative to the neutron spin polarization into solid
angles related by the polar angle 8 — 7 — @ [5,70-73] (for
the details of the calculation we refer to [11]). The electron-
energy and angular distribution Eq. (1) can also be applied
to the measurement of the antineutrino asymmetry, which is
practically defined by the correlation coefficient B(E,).
Formally, the antineutrino asymmetry By, (E,) defines the
asymmetry of the emission of the antineutrino relative to
the neutron spin polarization into solid angles related by the
polar angle @ — & — 6. However, in experiments [7,74-76]

because of the electroneutrality of the antineutrino such an
asymmetry is equivalent to the asymmetry of the emission
of the electron-proton pairs into the solid angles related by
the polar angle & — 7 — 0. For the first time, the asymmetry
Beyy(E,) has been calculated by Gliick et al. [66,69] in
terms of the correlation coefficients a(E,), A(E,), and
B(E,) (for the details of the calculation we refer to [11]).

In turn, for the measurements of the electron-
antineutrino angular correlations [77-79] and the proton
recoil asymmetry, defined by the correlation coefficient C
[80], one has to use the electron-proton-energy and angular
distribution (or the proton-energy and angular distribution)
[65-69]. For the calculation of the electron-proton-energy
and angular distribution one has to integrate over the
antineutrino 3-momentum. Then, having integrated over
the electron energy one obtains the proton-energy and
angular distribution (for the details of the calculation we
refer to [11]). The same procedure should be used for the
neutron radiative beta decay [11]. In case of the neutron
radiative beta decay for the calculation of the electron-
proton-photon-energy and angular distribution one deals
with direct photon-proton correlations [65-69]. However,
as has been shown in [81], the contributions of these
correlations do not destroy the radiative corrections,
defined by the functions (a/x)g,(E,) and (a/z)f,(E,).
As has been found in [81], the contributions of the photon-
proton correlations in the neutron radiative beta decay to
the proton recoil asymmetry C are of order of 107*. They
make the contributions of the radiative corrections to the
proton recoil asymmetry C symmetric with respect to a
change Ay <> By, where Ay and B, are the correlation
coefficients A(E,) and B(E,) calculated to LO in the large
nucleon mass my expansion [1,2]. They depend on the
axial coupling constant only [see also Eq. (Al6) in
Appendix A]. We are planning to carry out the analysis
of the electron-proton-energy and angular distributions of
the neutron beta decay at the SM theoretical level of about
1073 in our forthcoming publication.

We would like to note that for practical applications and
numerical analysis of the correlation function {(E,) and
correlation coefficients a(E,),A(E,), B(E,), ..., U(E,) we
have programmed their analytical expressions in [46].
We have carried out numerical calculations for the
axial coupling constant g, = 1.2764 [5] and plotted the
O(aE,/my) corrections.
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APPENDIX A: THE ELECTRON-ENERGY AND ANGULAR DISTRIBUTION OF THE NEUTRON BETA
DECAY WITH THE ACCOUNT FOR THE RADIATIVE CORRECTIONS OF ORDER O(aE,/my)

According to [11,29,30], the electron-energy and angular distribution of the neutron beta decay for a polarized neutron, a
polarized electron, and an unpolarized proton in Eq. (1) is determined by

&2y (e ke K5, &1 &) Gy
n erMesrs Mpsr ons e — 1 2 E_E ZJEﬁEFE Z:1
dE,dQ,d<Q; ( +3gA) 167 5( 0 e) e — ML, ( es )
M 2
% @,(F, Ky Ml > peto) Al

C (1+363)|Gy POAmEE,

-

where we sum over polarizations of the massive fermions. The function <Dn(l€e, ») defines the contributions of the phase-
volume of the neutron beta decay [11,24]. It is equal to [11,24]

-

. E (i,
D, (k, k) =1+3-¢ (1" ") A2
) = 1430 (15 ) (42)

taken to NLO in the large nucleon mass my expansion. The amplitude of the neutron beta decay, taking into account the
radiative corrections of order O(a/x) and O(aE,/my), is defined by [11,16,17]

]

M(n = pe0,) = =2m,Gy{(1 + U))[@p@,)[@r’(1 = 7°)vs) + ga(1 + Un)[@p6e,] - [@,7(1 = 7°) v,
+ Uslpp@allie (1 = 7°)v5] + 94 Usl@pd@n] - [2.7°7(1 = v3)v5] + Uslgp (k. - 3)p,]

(i (1 =7°)v;]
+ Uslgp (ks - &)@, [ (1 = ) v5] + Uslop (K, - 3)@) 77" (1 = 7°) ;]
+ Uslpp (ke - 3)30,) - [a7(1 = 7°)v;). (A3)
The functions U; for j =1,2,...,8 are given by
a
=5 fp-(Eept +—fv( ) +as(E,) ).
a 5 m? M2 1
. (E _f E N =W
s = g2 (Ao + 2 FaE) 4 5k en o+ 7(EL) )
U@ \/l—ﬂzf 1+p f( ).
Sy 2w "\12p s
V1=-p 1+ E,
U4—1 - a ‘n P +—fr(E.) ).
27 25 1-8) " my
UﬁalEe() UﬁalEe (E.)
3 271'EemNgs € 6 27Z'EemN § €
a l E, al E,
U; = z—ﬂE—em—Ngv(Ee), Ug = ﬂE_Km_NhA(Ee)’ (Ad)

where = k,/E, = \/1 —m2/E2 is the electron velocity, the function f 4-(E,. ), where u is a covariant infrared cutoff
having a meaning of a photon mass [19,57,58], was calculated by Sirlin [19] to LO in the large nucleon my expansion [for
the details of the calculation of the function f4(E,,u) we refer to [11]]. It defines so-called outer model-independent
radiative corrections [18]. Then, the functions fy(E.), f4(E,), fs(E.), fr(E.), gv(E.), gs(E.), hs(E,), and hy(E,)
determine the inner radiative corrections dependent on the axial coupling constant g4 to Sirlin’s outer radiative corrections
O(a/r), calculated to NLO in the large nucleon mass m, expansion in [16]. In turn, the functions gy(E,) and f(E,)
describe the inner radiative corrections, caused by the hadronic structure of the neutron and calculated to NLO in the large
nucleon my mass expansion in [17] as NLO corrections to Sirlin’s inner radiative corrections O(a/x), caused by the
hadronic structure of the neutron and calculated to LO in the large nucleon mass expansion [19,20]. The analytical
expressions of these functions are equal to [11,16,17]
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3 my 11 u\[1 1+ +p 1 1+p\ 1.,/ 2p
fﬂ*Ee’”“zf"m—z‘?””(m—)[ﬁf (1—/3) ] " (1—ﬂ>‘4—/’“2(m)7”2(1+ﬂ>’

B 1 omd 2-3p +5 1 5 m} 2-5p 1+p
fV(Ee)_1—|—§fnm—%+ 25 fn(l_ﬁ>+(gA—l)[—1—§fnm—g— Y, fn(l—ﬁ)}’

1, m3 2-3p 1+B\ ga—1[3, m% 3 1+5
fA(Ee)—l—i—Efnm—g—i— 25 fn(l_ﬂ>+ 0 L—lfnﬁ—é—l/)’fn<—l_/}>],

- | omd 2E,—E, 1, (1+p 11, my +h

fS(Ee)_\/l—ﬁz{—Efnm——i— . ﬁfn<l_ﬁ>+(gfx—l)[1—gf’nm—g—@ < ﬁ)]}
+p

o a(i2g)|

+
5 1
s(Ee) = (g2 =) Sﬂ’ fn(lfjj),

7o(i55)
1 2 1 1 1 3 2
2
hA(Ee)——%fn%—l—%fn(%;), (A3)

where Li,(z) is the polylogarithmic function [82], and

2 E E
94 (E )——Gﬁt)—+(GQ”+F§§V>)%+H§P E:o.098<1+o.95E—9>,

w my 0
2
Z @) Eg o wym ) E. Ee
E GW =2 _gWZN _ [l = 0.057 Zel, A6
fst( ) + st my st M2 ny ( EO ( )

where E, = (m? —m% +m2)/2m, = 1.2926 MeV is the end-point energy of the electron-energy spectrum [1,2],

calculated for m, = 939.9564 MeV, m, = 938.2721 MeV, and m, = 0.5110 MeV [10]. Then, my = (m, +m,)/2 =
938.9188 MeV and My, = 80.379 GeV are nucleon and electroweak W~-boson masses [10] respectively. The structure

constants thv ) and so on, calculated in [17], are equal to th) = -70.71, HSt = 67.75, = 8.94, Gg?) =41.95,
Hgf) = —40.78, H E[W ) = 2.10, and F EZV ) = —1.64. For the subsequent analysis of radiative corrections we follow [29] (see

also [11]) and represent the function f;-(E,, u) as follows:

f/?’; (Eevﬂ) = gn(Ee) +

1-p>  1+p
25 g O (Eeot) (A7)

where 23, (E, ) is Sirlin’s function, defining the outer radiative corrections of order O(a/x) to the neutron lifetime [19]. The

function g},}y) (E,, u) can be removed by the contribution of the neutron radiative beta decay n — p + e~ + I, + y with areal

photon y, which should be added, according to Berman [57] and Kinoshita and Sirlin [58] (see also Sirlin [19]), for the

removal of the dependence of the neutron lifetime on the infrared cutoff. For the detailed calculation of the function
(1)

9y, (E..n) as well as the function gl(,ly)(Ee, ®pmin), describing the contributions of the neutron radiative beta decay n —

p+ e + 1, +y to the neutron lifetime, where @,,;, is a noncovariant infrared cutoff having a meaning of the photon-
energy threshold of the detector, we refer to [11]. We adduce here the analytical expressions of these functions for
completeness (see [11])
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W [, (2(Ey—E)\ 3 1E,—E, 1E - EN[1, (145
gﬁ”Ee’”’—[f”(—u ) 173 g, (”5 E, >Hﬂf(ﬂ)2]
1+p)\ 1 +4) 1 28 | (Ey—E,)
“*ﬁ'f <l—ﬂ> i < ﬁ) ﬂLl< +ﬁ>+ 2
E,—E 3 1E,— 1E,—-F 1 (E,—E,)?
55 (Ee. Oin) = [m( . e>—§+§ = €(1+§ = )]bfﬂ(%) 2} 127( = . (ag)

The Hermitian conjugate amplitude of the neutron beta decay Eq. (A3) is equal to

M (n = pe D) = =2m,Gy{(1 + U)ok, ) [5:r°(1 = )] + ga (1 + U)l@iGo,] - [5:7(1 = )]
+ Us (@i, )[05(1 + 1)u,) — gaUslwhe,] - [0:7°7(1 + v¥)u,] + Uslpi(k, - &)@, ) [0:(1 + )]
+ Usloh(Ks - 6)0,)[55(1 + 1°)u] + Uslgh (K, - 6)0, ) [07°(1 = 7 ),
+ Usloh(k, - 5)50,) - [5:7(1 = 7°)u,]}. (A9)

We use this amplitude for the calculation of the square of absolute value of the amplitude Eq. (A3), summed over
polarizations of massive particles. It is equal to

Z |M(n - pe0,)?
(14 393)|Gy|*64m3E E;

1

= W{(l +20){(1 4 &, - &) e{(k, + mer* &)y ksr° (1 = )}
A e™=v

+a(1+ Uy + U)ur{(1 + &, 8)3} - te{ (k, + m,r*C)7hor’(1 = 1)} + g4 (1 + Uy + Un)ue{(1 + §, - 5)5}

s {(ke + mr )k (1= )} + A1+ 205)u{(1 + &, - 5)o%0” he{ (k. + mer* )y hor(1 = 1)}

+ Ustr{(1 + &, - &)} {(m, + kr*E)ker®(1 = %)} + Uste{(1 + &, - &) }r{ (m, + ker*)r%ks (1 + 7))

+ gaUstt{(1 + &, - 3)3} - tr{(m, + kL)1 Fhor*(1 = 1°)} = gaUstr{(1 + &, - 3)3} - te{(m, + k1 ,)

< Pksr"7 (1 + 7)) + Ustr{(1 + &, 3) (k. - &) Ytr{ (m, + k,r*C)hkoy*(1 = 1)} + Uste{(1 + &, - B) (K, - 5)}

x tr{(me + k8% (14 1)} + Ugtr{(1 + &, - 5)(k; - &) }r{ (me + ker*C) oy (1 = 1°)} + Ugte{(1 + &, - 5)
x (ke - &) he{(m, + k8 k(1 4+ 7°)} + Uste{ (1 + &, - 5) (K, - &) b {(k, + mr*E)r ker"(1 = %)}

+ Ugtr{(1 + &, - ) (k. - 3)r{(k, + mey38)7 kor"(1 = 1)} + Ustr{(1 + &, - 5) (k. - 3)5} - tr{ (ke + m.1°L,)

x 7k (1 = 79} + Uste{(1 + &, - )3(k. - 3)} - tr{ (k, + m,r’C)r°k7(1 = 1)} + guUstr{(1 + §, - 3)5}

ctr{(m, + kPE)kF(1 = %)} + gaUste{(1 + &, - 55} - el (m, + k38 )7k (1 + %)} + AU {(1 + ¢, - 5)

x oo Yl (m, + ky° L)y 7 ksy (1 = 1)} = AU {(1 + &, - §)a“c” he{(m, + kL, )y hsy®r (1 = 7°)}
+gaUstr{(1 + &, - 5)3(k, - 5)} - r{(m, + kL )7 (1 = 1)} + guUste{(1 + &, - 5) (k. - 5)5} - tr{ (m, + kor°C,)
x 7ks (14 7°)} + gaUstr{(1 + &, - 3)3(k; - 6)} - tr{(m, + k'8 ko7 (1 = 1)} + gaUstr{(1 + &, - 6)(k; - 5)5}
cw{(me + kP8 )7ko (1 + 7)) + gaUstr{(1 + &, - 6)5(k, - 5)} - tr{(ke + m.r° )"k (1 = 1*)} + gaUs

< tr{(1+&,-3)(k, - 5)5} - r{(k, + m°L)7kor"(1 = °)} + gaUstr{(1 + &, - 5)0* (k. - 3)o" }tr{ (k. + m.1°L,)
x Phor (1= 1)} + gaUste{(1 + &, - 3)0%(k, - 6)0” Ytr{ (k. + mer°8.)r koy? (1 = %)} (A10)

Having calculated the traces over the nucleon degrees of freedom and using the properties of the Dirac matrices [31]

pol

Y= =+ + ey gy (AL1)

and y*y¥ + y*y* = 2", where 5" is the metric tensor of the Minkowski spacetime, e/ is the Levi-Civita tensor defined
by %% =1 and ¢,,,; = —e™* [31], we transcribe the right-hand side (RHS) of Eq. (A10) into the form [11,12,14]
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3 |M(n— peD,)]?

2 (1+302)[Gy P6anE,E,

1 2 2
= 1+— (U 32U By+—— U U 262U
4Ee{K +1+3g§( 1+39;4 2)>+< 0+1+3gi(9A( 1+ Us) +2g3 2))

En'l_éﬂ 2Ee gn'l_ée 2Ee ];e ]:D 7 5% 0
U;—qg, U U 1—-2g4)U tr{(k 1—9°
X E, 1—}—39%( 7=9aUg) E, +1+393x (9aU7 +( 94)Us) E.E, t{(k, +m.y’C. )y’ (1=7)}
2 k; 2 - 2E (E,-k,)k,
— (U, -¢4U £ Ag+—— U U,)=2¢4U ¢ _(U;—qg U n_e, v
| (15 = B0 ) 1 (Aot 1 0aU+ V) =230 Yo (U = ga) B
2E, k, 2E, (k, k)=  2E,
U 14+2g,)U U 142g,)U U, —(1=-2
+1+3gf\ 9aU7 + (1 +2g4)Ug) = +1_|_32(9A 7+ (142g4)Us) E.E, §n+1+3gi(gA 7—( ga)
) G FRN 52070 )+ [ (U £ 33U+ arEsUe) s (ar(Us 4 U
E, E, 14344 14344
E -k, 2E E -k, 2E k, -k, A 2E
295U E,U v ¢yt ¢ Us—<Yt k.yd -——— _qU
+203U4+ 6) E. +1—|—3gf\ STE, +1+3g%gA SELE, t{(m, +k.r’Ce)} + 1+3g%gA 5

(En ) ];L_/)I:l_/ + 2

E? 1434 14343
]z 2Ee U ]_é _|_ 2Ee U (gn ! ;D)Ee 2Ee U (];e ) ]:D)gn
E, 1+329A SE 1+3%9A 5 E.E, 1+3g%9,4 5 E.E,

(U U,—-EU )'E”X]_{; 2L, U 'E"X]ze—k 2L, U
- -E; i — i
galUs 4 6 E, 1 —&—39% gaUs E, 1 +39/24 gaUs

(En : ]ze)]_(’f/ 2E17
E,E; 14344

(1+94)Us (=9a(Us 4+ Uy) + 203U, + gaE;Ug)E, +

X (=Us + G3Us — gaE;Ug) —

.t . ]%e SAE 0.5
t{(m, + k,r°C.)°7r } + [1+39i
B (o + L 0 . (a12)

Having calculated the traces over leptonic degrees of freedom we arrive at the expression

M(n— pe~p,)|?
)3 (M(n— peo,)|

2 (14 36)|Gy P6amE  E;

En ) ED 2Ee gn ) ];e
U;—gaU
E, 1+ 393‘ (U7 = gaUs) E

2F k, -k, m 2 l:-
¢ U 1 =2g4)Ug) =2 (1 ==5£0 —(U,-qU,) | £
+1+3gi(9A 74 ( ga) 8>E6EJ< EeCe>+Ka0+1+3gﬁ< 1= G4 2>>Ea

2 (5.12)*- 2E, k
Ay +——(9a(U, + Uy) =2¢3U — L e—” Uy + (142g4)Ug) ==
(Aot g o U+ 0 =230 )+ e U+ (1 20U 3

2E, (k,-k))=  2E, ( k) k] (ke
1+2 1-2 — e
+39/24( 9aU7 + (14294)Us) E.E, , +1+3gi(gAU7 (1-2g4)Us) =" E E| \&E Tef,

gn'kz'/ 2Ee gn'lze
U U 25U, + E;U U
(94(Us + Uy) +2g3U4 + E; U) E, +1—|—3g§ 5STE,

2 2

e

(U7 _gAUS)

+

(Us +3g3U4 + gaE;Ug) +

— =

+ 1434
2Ee ]_C)e ]_C) m, 2Ee gn']_ée)]_{'ﬂ 2El_/ (gn-lz,;)/_(;—,
T T - A S P E2

2 P (U4 QU EU)]z 2E, UEe
1+3gﬁ 31T 9aV4 =94 6E_ ]+3g1249A SEe

1434
(

(1+94)Us
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ZEe (En ) I_éz’/)l_ée 2Ee (]_ée ) %D)En 2z I_é 2
e gaU : Ze g (Us—Us—EU
+1+3 7 9aYs EeEﬂ 1+39i gaUs EeED Ce E Z: + 1+3 ZgA( 4 v 6)
E,xk, 2E, E,xk, 2E, ko x k] k. xE,
- U Usi : : Al3
I E 1+3gigA st E. +1+329A 5l E.L, i E. (A13)

In terms of the irreducible correlation structures the RHS of Eq. (A13) is given by

; (1 Jﬁjg(/zj) ;V]ngj;)%'; E ¢ (Eg)RC{l + b(E,)gc 2— + a(E,)gc ’;E 15 A(E,)pe & 'fe +B(E.)e E,,éfp
+ K, (E,)re % + G(E,)ge EeEfe + H(E,)ge Q 4 N(E,)pcéy - &,
+ QB % + K(E)c% £ S(E)xe %
+T(Ee)re % + U(E,)pe %
1 -zi) 5 (294Us = (1 = g4)U7 = (1 + g4)Us) (&, (E)(fmk)])z(;; k)
( : (E)(+ mk)l)E(lj‘Jz S (E{Efi)ff)g |1 (A14)

where the index RC means that these corrections are defined by the outer radiative corrections of order O(a/x), calculated
to LO in the large nucleon mass expansion [12,14,19,21], and the inner radiative corrections of order O(aE,/my) [16,17].

The correlation function {(E,)gc and the correlation coefficients {(E,)rcX(E,)gc for X =b,a,A,B,....,T and U are

equalto
1 gA 2 1 3A 3 gA4 9ga 6E
+

T 3 5 (9aU7 + (1 +294) U,

2E, m 2E,
2
(U, —QAU2)> 1 gy ———59aUs 8+W(9AU7 + (1 =2g,4)Us),

1+ 393‘
2E, m, 2E,

2
E)rcA(E)re = | Ag + —— (94 (U, + U,) = 2¢5U ——¢ _(Uy = guUy).
C(E.)rcA(E,)re <0+1+3gi(9A( 1+ Us) =245 2)> 1+3giE 5+1+39i(7 9aUs)
_|_

m,

2
BO + (gA(Ul + U2) + 29%U2) +72<QA(U3 + U4) + 29124U4 +E,—,U6)—
1434 E,

2
1+ 3¢5
2E,
1+ 344

2FE
C(Eo)rcKu(EL)re = T 3’692 (1 =ga)Us + (1 + ga)Us).
A

(QAU7 (1 - 29A)U8)ﬂ2
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g(Ee)RCQn(Ee)
2 2E, m 2FE
E,)weG(E U, +342U,) ) - Us—¢——"2¢ (g U; + (1 +2g,)Uy).
CEDReGENec ( + 3g( |+ 363 2>) e s e~ e U+ (14 20000
m, 2
E,)w-H(E =—__° U — _(-U 2U, — g4 E, U
C(E,)rcH(E,)re E( 1+32 —Ja 2>)+1+39/24( 3+ 91U, 9Ay6>+1+329A Usp?,
m, 2
N(E (U, +U,) =24U — = (=gs(Us+ U 262U E. U
(BN Eodne = =32 (Ao + {552 (U1 4 U2) = 2802 ) 415 (0a(Us 4 U) + 280U+ 90
2E 1 2E,
+ gaUsp* — — (1 + g4)Us,
1+3g§ AT 314382 e
2 2
C(E)rcQe(Eo)re = = Ao+ 5 (9a(Uy + Us) —203Us) | = ——— (=9a(Us + Uy) + 263U + 94 E; Us)
1+ 394 1+ 395
m -
1+—=¢)(gUs — U Ug) +-——2 (1 U,
+1+39%( +Ee>(9A 5 7+ 9a 8)‘*’31_’_39%( +94)Us
C(E,)pcK,(E,) + 2 (U, — 4U,) 2 (-Us + g3 U. E;Ug) 2E, (gaUs + gaU
= —\| a _— —_ —_—— - —_ - —_——
e)JRCB e\ Le )RC 0 1+393x 1 —94Y2 1+393x 3 T gaVs —gaLyUe 1+391249A5 gaUs
+<1—2gA)Ug>(1+%),
2 2FE 2E m
E)reS(E)ge = ————ga(Us — Uy — E,Ug) — ——— — T (g U+ (1 +2g,)Ug) =2,
{(E.)rcS(Ee)re 1+39i9A( 3 4 6) 1+3gigA 5 1+3934( 9aU7 4+ (14 2g4) S)Ee

2 2F
E T(E =—| B e U U 22U i Us — g, U 1-=2g4)Uyg),
{(Eo)reT (Ee)re < O+1_|_3gi(gA( 1+ Uy) +2g5 2)>+1+3gi(gA s —gaU7 + ( 9a)Us)

2E, 2E,

2
E,)rcU(E =——59a(Us = Us— EUs) ————59aUs —
{(Ee)rcU(Ee)re 3 %QA( 3 4 6) 1+3gi9A 5 1+34

Al5
1+ 3g ( )

m
U; — g Ug) =%,
( 7~ 9A S)Ee

where the correlation coefficients a,, Ag, and B, depend only on the axial coupling constant g, [1,2] (see also [29])

_l-g o ga(l=g4) o ga(1+ga)
_ "9 = "I py=2%A T4 (A16)
1+ 345 1+ 345

Using the definitions of the functions U; for j = 1,2,...,8 in Egs. (A4) and (A7) we transcribe Eq. (A15) as follows:

e (fv< )+ 1=Bfs(E.) + gagy(E.) B

a,. (n
E =14- E,) - E

2

Ey,-E, 3g
+ (14 2g4)ha(E,)p* + QAOE— 1= p?hg(E,) +3g3fa(E.) +3g34/1 _ﬂsz(Ee)) + e §92
e A

aSmy M3 1
X———=C
oom +1+3 2

g(Ee)RCb(Ee)RC =0,

— B2 1 1
C(ErcalEolse = ao S on(TE5) = ) ) ) T e U

a
1+= (g, (E
+”<gn( e)
Sm2 = M?> 1
1= Bgs(E E)+(1=290)hA(E) = G2 f4(E g _asmy , My 1
+ 9a #9s(E.) + gagv(E.) + (1 =2g4)ha(E,) — gafa(E.)) — 3G 72 M2, nm%]+1+3gi

(gqt( e) + 3gA]_Csl(Ee))7

1
+

X % (gst(Eg) - gA}st(Ee))7
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e 1-p (145 1
C(E e Ere = a0 (1+2 (38 + 00 (T25) = (o)) ) 4 e (nu(E)
asmy , Miy

1
+\/1—ﬂ293(Ee)+9v(Ee)—9AhA(Ee)+9A(1—29A)fA(Ee))+@9A(1 294) = 22 M2 f”m—]zv

1
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e

2 (gaTa(Ee) + (1= 2g4) Fu(E)),

1 a5 m? M3

1+2 1B, (E —Nen—
+94(14+2g,) B fr( e)) 1430 ———509a(1+2g4)— ZM%V m}zv

n 1 «a
1+34An

B K Edne = 15 e (1= 9000w (E2) + (14200 (E.).

— (949 (E.) + (1+2g4) fu(E.)),

é’(Ee)RCQn (Ee)RC = 07

s - (145 1
(B Ee == (12 (80 + -0 (T20) =) (o)) ) = 15 e (el + 0
33 a5Smk , M3,

X\/l—ﬁzgs( o)+ 9a9v(E,) + (14 2g4)ha(E,) + 3751 a(E,)) — 1+3gA;§M2 ”m—lzv

1 « -
“T3gn (9s(E.) +39afw(E.)).

1 E
C(Ee)RCH(Ee)RC:_%00(1+%<gn( )_gl’ﬂ (1:?)_gg’)(Ee’”)>>_l+3g§%m_;< l_ﬂsz(Ee>

e

(B + a5 B+ 01 " hs(E) = /1 - P4 E,) - gifT<Ee>>

2 2 2
gyx adSmy , My 1 «a 2/ -
\/1=-5° ———fn—————\/1— E,) - E,)),
+ ﬂ n— 1+39/2471' /} (gst( e) gAfst( e))

1+3g372M3,  m3,

1 E,
g(Ee)RCN(Ee)RC:_’ZEA()<1+:<§)1( e)—gf (14_—'?)—9;3?(@’#))) 1+3gAZmN <9Afv( e)
x4/1 — B+ gafs(E.) — gags(E.)p? +%(1 —29A)E0Ee “hs(E.) +ga(1—=2g4)\/ 1 = fa(E,)

1 asSm M?
1-2 E))—1\/1-p 1-2g4) =2 rn—Y
+ga( ga)fr( e)> p 1+3g%9A( gA)ﬂ2M%V ”mjzv

1 _
1+ 393‘% 1= (9494 (Ee) + (1 =2g4) fu(E.)).
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((EculEoe =0 (142 (8 + (1o 1-2) Y L n () o))

"\
1 +13gAZnE1 (9afv(Ee) = gafs(Ee) = ga <1 +1/1-pgs(E,) + (1 +4/1 —ﬁz)gv(Ee)
- 0=200) B Eh (B (1= 2000 u(E) ~n(1 =200 ()

1 aSmi M3 1 a -
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1 aE,
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1 akE,
—@;mfN(gAfv(Ee)—gAgs(E)+9A9v( o) = (1=2g4)h4s(E

) +9a(1+2g4)f4(E.))
asmi M3 1

—=T5 E 142
p AN o T s () + (142007 u(E)

Z(ga (B = aafr(ED) = 0a05(Ee) = g4 - “ (E,)

—\V1=Fv(E.) +ga\/1 _ﬂzhA(Ee)> :

(A17)

Taking into account the contribution of the neutron radiative beta decay [11,12,14,29,30] we obtain the correlation function
{(E,)grc and correlation coefficients {(E,)gcX (E.)gc for X = b,a,A,B,...,T and U in Eq. (A17) in the form

a_ 1
g(Ee)RC:1+;gn(Ee)+1+3g 2y < v(E.) +\/1=fs(E.) + gagy(E)P* + (1 +2g4) b (E, )
A
Ey,—E 356 aSmy | M3
/1 = Phg(E,) + 3G f4(E.) +3g5\/ 1 = B f+r(E A= Npp—W
+ 9ga E. Bhs(E.) +3gafa(E.) + 39, Ffr( e)) 1532 7205, nmzzv
1 a
1+32 (gst( )+3gqut( ))

C(Ee)RCb(Ee)RC =0,
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C(EDncalEolre = ao 1+ S (B + 21u(ED ) + 15 2 (1l + /1 = Pos(E.

1—|—3gAﬂm
2 2
+0aav(E) + (1= 200 (E) = BIAE)) ~ 3 T e
1
1+32
_ a 1 akFE,
C(EeAE s = o1+ 20,8 + 21,(E)) + (sarvlE) + 1= FPaE)

1+3gA7tmN

(gst( ) gAfst( ))

1
E,) = guhu(E 1-2 E ) (1 =29 82N MW
+9v(E,.) = gaha(E,) + ga( ga)fa(E.) +1+3gigA( gA)ﬂ_ n—s

+ 1 +13 2 (gAQSt( e) + (1 - 2gA)]_cst(Ee))7

é‘(Ee)RCB(EE)RC = BO (1 +;gn(Ee)> + : - E

1+3gA7rm

EO_Ee
E

(gAfv( o)+ 9a\/1-Pfs(E,) +

e

1= p2hg(E,) + gagv(E)P* — (1= 294)ha(E.)B* + ga(1 +294) fa(E.) + ga(1 + 29404/ 1 -p?

1 5 M3, 1
mee)) T3+ 2 >“2A’Z;an T (B (14 2007 E),
1 E,
LK Eve =13 s (1= 90097 (B + (14 200) i (E.).

C(Eo)rcQn(Ee)re =0,
CEeGEdne = =14 50(E) + 2B ) =1 T (B + a1 - Pas(E)

I+ 3gA7rmN

33 a5m% M
E 1+2ga)ha(E,) + 33 fa(E,)) ——2A5 =D on—F
+gAgV( e)+( + gA) A( e)+ gAfA( e)) 1+39A7[2M2 nm]2V
1
1—|—3g
m, o _ a (1
B cH(E e == g an (1428, (80 + 1 (E,) ) -
T T

e

— 2 5 2
+0005(EF + 000 hs(E) = i1~ P Fa(E) - gifT<Ee>) 1y f1-p S gy

e 143272 M3,

M3, I« 2(~ 7
% Lpnm—%}_ T 3gi;\/ﬁ(gst(Eg) _gAfst<Ee))’

e _ 1 E,
(BN (Eolne = =30 (1420 (E) + 2 (E) ) =152 (el B 1= P + aus (B2

(gst( ) + 39A.fst(Ee))’

1 aFE,
1 +3g2 nmy

< 1-pfv(E,) + fs(E,)

B (E) + 9a(1 = 200\ 1 = BEA(E) + ga(l - 2gA>fT(Ee>>

e

[04 m 2 a
g1 =20 530 o My @ [ 5 (B + (1= 200 u(EL)).

m2M3,  my 1+43A~7

1
— gags(E.)p* + 3 (1-2g4)

—/1=p?
b 14 3g3
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a_ a, (o) 1 aE,
ErcOu(E)re = —Ao[ 1+ %5,(E) +2hP (E,
C( e)RC e( e)RC 0< ﬂ_gn( e) 7 ( )) 1 3gA7rm

~0a (1 1=Pas(E) + (16 1= (B =51 ~200) Rl )+ 0a(1 = 2000 a(E.

asmy , My, 1 a, _ ;
—fn— —————5— J(E 1-2 E,)),
) 2M2 nm[2\1 l+3gﬁn<gAg&t< 6)+( gA)fSt( 6))

1
é’(Ee)RCKe(Ee)RC:_a0<1 +ggn(Ee)+ght(12)(Ee)> 1+39A7fm1v <fV( ) fS(Ee)

toa(14+ /1= ) gs(E) +94 (1+ 1—ﬂ2)9v(Ee)+(1—29A)(1+ 1= ) ha(E,)

2 2
adSmy , My,

Ey—E
— ‘ho(E,) = fu(E ———fn—
ga E, s( e) gAfA( e)+9/24fT( e)) 1+3 iﬂ'ZMz ”mjzv

(gAfv( o) = 9afs(Ee.)

1
—-ga(1 _ZgA)fT(Ee)> _WQA(I
A

1

1+3g,4 (git( ) gAfst( ))

EO_Ee

1 E,
S(E.)reS(Ee)re == 1+3gi:m <9Afs( ) = 9af1(Ee) +9ags(E.) = ga 7

—gay/ 1 —BPgv(Ee) +(1+2g4)4/1 _ﬂzhA(Ee)) ;

1 E,
C(E T (Bl =0 1+ 20, (E) + 10 E) ) =1 e (anf v (Eo) ()

hS(Ee)

1
+9a9v(E.) = (1=2g4)ha(E,) + ga(l +29A)fA(Ee))_W9A(1+29A);§M—2 noa
W N

1 «a
1—|—3gA
EO_Ee

1
C(E)rcU(Ee)rc = 1+39Aznlf (gAfS( )= 9af1(Ee) —9ags(E.) = ga E hs(E.)

—\/1-Bgv(E,) +ga 1—ﬂ2hA(Ee>>- (A18)

) have been calculated by Sirlin [19] and Shann [21] (see also [11,12,29]), whereas the

—(9aGs(Ee) + (14294) fu(E.)).

The functions g, (E,) and f,(E,
function hE,l)(Ee) and (E,) have been calculated in [12,14]. They are equal to

_ 3 (my\ 3 1, [(1+p 2(Ey—E,)\ 3 1E,—E] 2 28
g"<Ee>—‘f”(m—§>“+ [ﬁ”(ﬂ)‘z} H—m )‘ﬁ E, ]_BL <1+ﬁ)

4 ;) 8
145 1 (Ey-E,) 1+5
sypr(iip) [0+ g - (75)]
1E,—E, 1E 1-p4 + 1 (Ey—E)* 1-p*  [(1+
fn(Ee):§ oEe (1+§ oEe > ﬁzﬁ [ﬂfn<1_§>—2] _E( 0E2 ) + 2ﬂﬁ fn(l_ﬁ),

1 _ _1E,-E, 1+p°E)—E, +p 1Eo ﬂ 1+

e =32 (g ) [pen (7)) 5 }2 (55)
@ 1E—E, L+ PE-EN[L, (1+5\ lEO -
e == (g ) e (725) 2 e b (1)

e

e b%”@@“@))@fV(? - -2) ()

3 ME, 1-p 24 [PE
(A19)
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The radiative corrections of order O(a/x) and O(aE,/my) to the neutron lifetime and the correlation coefficients of the
electron-energy and angular distribution Eq. (1) are given by

g(Ee)RC =1 +ggn(Ee) + C(Ee)RC—NLO’

1
1+3g Tmy
EO_Ee

E,

1 «a _
————(Ga(E,) +3 E)),
1 + 39%\ pu (gst( e) + gAfst( e))

a(E,)rc = do <1 +gfn(Ee>> + a(E,)rc-nr0s
1

CEresto = <fv(E V4 1= BES(EL) + gagw (BB + (1 + 2, (E)P?

34 aSm3 , M3

4 1+3472M3, ”m—lzv

1 _ﬁth(Ee) + 3g%fA(Ee) + 39% 1 _ﬂsz(Ee)> +

+

a(E,)rc-nro =

(fv( e) F9a\/1 = PPgs(E,) + gagv(E,) + (1 —2g4)hs(E,)

1+ 3gAﬂm
G asmy , M3 1 -
_gifA(Ee)) l_i_f;gA;EMz ?’ﬂn + 1+ 39% (gst(E ) gAfst(Ee)> - aOC(Ee)RC—NLO7
a
A(E,)rc = Ao (1 + _fn(Ee)> + A(E.)rc-NLO>
1 aE, ’
A(Ee)RC—NLO 1132 i 3gA7Fm (gAfV( ) \ Iy gs(Ee) + gV(Ee) - gAhA(Ee)

asSm3 | M3 1

o, e, +1+3 >~ (9434(Eo) + (1 = 290)F(E.)

1
001 =200/ 2(E) )+ 0 (1= 200)
= AoS(Ee)re-NL0
B(E.)rc = By <1 + g§n<E6)> + B(E.)rc-NLO>

1 akE,
1+3g Tmy

EO_Ee

B(E,)rc-n10 = <9Afv( o)+ 9a\/1=Pfs(E,) + 1—f*hs(E,)

+ gagv(E)P* = (1 =294) by (E )P + ga(1 4 2g4) fa(E,) + ga(1 +2g4)4/1 _ﬁsz(Ee)>

1 5 m? M2 1 -
g (200 3 o s aaal B+ (14200 o(£0)
— Byl (E e)RC—NLO’
1 akE,
K,(E.)rc = Ku(E.)rc-nrLo = @;m—,\,«l —9a)gv(E.) + (14 2g4)ha(E.)),
Qn(Ee)RC = O’
G(E,)rc = —(1 +%fn(Ee)) + G(E,)rc-NLO>
1 E
G(E.)rc-n1o = —ng—; <9A V1 =8gs(Ee) + ga(1 = f*)gy(E.) + (1 +2g4)(1 = p)
A

(B =1 = PE(E) = n P 1= () =331 =P A ).
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H(E, )RC__’;_ 0<1+ h )( >>+H(Ee)RC—NLO’

e

1 aFE,
1+3g2amy

Ey,—-E, @ asmy M
+oa——hs(E) =g 1—ﬁ2fA<Ee)—gifT(Ee>)+\/1—ﬂ2 E ey

1+3g472M5,  mi
1
I = (0a(E.) = gaT o (Eo)) + aoc:< JRC-NLO"

H(E,)rc-n10 = ( 1=p2fv(E,)+ fs(E.)+gags(E.)p*

_1+3gA71'
NEduc == Ao (142K () ) + NE e o
1 aE,
N(E.)rc-nro =~ 1+39/24”m <9Afv( I 1=B*+9af s(E.) — gags(E.)p*

1 Ey-E, - |

+5(1-2g4) hs(Ee) +9ga(1=2g4)\/ 1 =B fa(E.) +9a(1 =294) f7r(E.) | =/ 1 =P 5
3 . 1+3gy

as mN M3, 1 «a m,
X ga(1=2g4)= YR f”m—lgv—@;\/l —B*(9a8s(Ee) + (1-2g4) f(E. ))+E_6AOC(Ee)RC—NLO’

Qe(Ee)RC - _AO <1 +_h512)(Ee)> + Qe(Ee)RC—NLO’

Qc(E)rc-Nr0=— 1+139§anf <9Afv( )= 9afs(E.) = ga(14+1/1-p*)gs(E,)
+(1+ 1—ﬂ2)9v(Ee)_%(l —ZQA)EO_EehS(Ee)+9A(1 —294)fa(Ee) —ga(l _ZgA)fT(Ee)>
1 5 M? 1
3 ga(l-2g )azﬁn;,z\, ”m—%_@a (9494 (E.) + (1—29A)fst( ))JFAOZ:(Ee)RC-NLOs
K (E)rc =~ < )+K (Ee)rc-NLO
1 E,
KelErenio =75 gﬁij( W(E) ~Fs(E) + a1 1= Phas(E,)

Ey,-E,
+ a1+ 1= gy (E.) + (1 =29, (1+ /1= By (E,) — 94— hs(Ee)—gifA(Ee)JrgifT(Ee))
2 2 2
gy adSmy , My I «
1+§gi55M—%/nm—?v_l+3gA (9s(Ee) = gafs(E)) + a0l (Eo)re-xio-
1 akE, Ey—FE,
S(Ee)Rc:S(Ee)RC—NLo: 1+392ﬂm <9AfS(E) gAfT(Ee)+gAgS<Ee)_gA OE hS(Ee)
A e

—ga\/ 1=PPgv(E,) +(1+2g4)4/1 _ﬂZhA(Ee)>v

e)RC = Bo<1+ fu(E, )+T(E9)RC—NLO’

1 E,
T(E.)rc-n1o = 1+393\:mN(gAfV( )= 9a9s(Ee) +gagv(E.) — (1=2g4)h4(E,)
1 5 M2 1 -
a1 200F4(E) =1 35 a(1 +ng>“2A’Z§ Mok T 3 A ED + (14200 o (E2)

+ Bol(E.)rc-NLO>

033006-17



A.N. IVANOV et al. PHYS. REV. D 104, 033006 (2021)

E,
U(Ee)RC = U(Ee)RC—NLo hS(Ee)

1 (ZE EO_
E E,) — E,) —
1+39A”m <9Afs( ) gAfT( e) QAQS( e) ga E,

1= Pov(E) + gn 1—ﬂ2hA<Ee>). (A20)

The correlation function {(E, )¢ and correlation coefficients X(E, g contain a complete set of outer radiative corrections
of order O(a/x) [12,14,19,21], calculated to LO in the large nucleon mass m, expansion, and radiative corrections of order
O(aE,/my) [16,17], obtained as NLO corrections in the large nucleon mass my expansion to Sirlin’s outer and inner
radiative corrections, calculated to LO in the large nucleon mass my expansion. For @ = 0 the correlation function (E, )gc
and the correlation coefficients X (E, )y acquire their expressions, calculated to LO in the large nucleon mass m) expansion

[1,2] (see also [29]). We have plotted the Y (E, )zc_ni o corrections for Y = ¢, a, A, B, ..., U and A¥) (E,) (see Appendix E)
in [46].

APPENDIX B: THE CORRECTIONS OF ORDER O(E,/my) AND O(E%/m?3), CAUSED BY WEAK
MAGNETISM AND PROTON RECOIL, TO NEXT-TO-LEADING AND NEXT-TO-NEXT-TO-LEADING
ORDER IN THE LARGE NUCLEON MASS my EXPANSION

The corrections to the structure function {(E, )p and the correlation coefficients X (E, )yp for X = a,A, B, ...,T and U,
caused by weak magnetism and proton recoil, we define as follows:

C(E)wp = C(Ee)nro + C(Ee)neLos
X(Ee)wp = X(Ee)NLO + X(Ee)N2LO' (Bl)

The corrections ¢(E, )nio and X (E, )x; o, Which are in principle of order 1072 [11,12,14] have been calculated in [47] and
[11,12,14,15,22,23,29,30] (see also [24]). The analytical expressions of these corrections are given by

1 EJ E, m2 E,
S(E)nio = mm_N __29A<9A + (k+1)) + (1065 + 4(x + 1)ga + 2)E_0 —294(ga + (k + 1))E_(2)E_
1 E | E,
a(E.)nro = Y 34 my _29A(9A + (k+1)) —494(3ga + (x + 1))E_0 —aol(E,)nLo
1 B, E,
A(E,)n1o = ﬂm_zv _(QA +Kkgs — (k+ 1)) = (505 + (B —4)ga — (x + 1))E_0 — Ao (E.)nos
B(E,) ! E°-2 (ga+ (k+ 1))+ (75 + 3+ 8) +(+1))E
- K K K
e¢/NLO — ] i 39A my | galga gy + ga E,
m; 2E
~ G+ (e D+ (4 1) 2| = BB,
1 E E,
K, (E —4)g, — 1))=¢
n(Ee)NLo = 1—|—3g oy — (593 + (k= 4)ga — (k + ))E()’
0.(E,) L B0 (4 (4 2)ga + (6 1) = (T8 + (k+ 8)ga + (x + 1)) 22
n\Le)NLO = 1 +39A My 9 K ga K g4 K ga K E|’
1 E, m2 E,
G(E)nio = ——s 2|2 1)) Me Z0
(Ee)nro 1538 my { ga(ga + (x + 1)) E(Q)E:|
1 EO m, E, m,
H(E,)ni0 = 1+39A my E, { 294(ga + (k+ 1)) + (493 4+ 2(k + 1)g4 _2)E} +ap— E, {(Ee)nios
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1 Eym,[ (4 4 1 2
: R PO P
N(E,)nio = 1+39AmNE [ <39§x+ <3’< 3>9A 3(’<+ ))
16 4 16 2 E m
—K—— i 1) | =& A —2C(E
+(39A+<3’< 3>9A 3<’<+ )>EJ+ oEeéV( ¢)NLO>
Ey 4 2 m,
- 1 2 1)) —
0o =15t |- (5 + (553 )ou =3 (e 1)) + 2mtan + (e 1)
10 10 2
( At (Fx-5 o504 D) |+ AkEsio
EO m, Ee
K.(Ec)no = Y 39A . —29a(ga + (k+ 1)) + (8¢5 +2(k + 1)gs + Z)E—o + 494394 + (x + 1))E_0 + apl(E.)nLo-
S(E.)nro = 1132 3g iy =593 — (k= 4)ga + (k + 1)),
A
1 E , E,
T(E)no = 55— |294(9a + (k+ 1)) = (795 + B3 + 8)gs + (k4 1)) =%| + Bol(E.)nio-
1+ 3g; my E,
U(Ee)NLO =0. (B2)

For the definition of the O(E2/m3) corrections it is convenient to adduce the following expressions, calculated in
[11,12,14]:

. 1 Eyf E,

a0 = T g [ 20a(0a-+ (e 1) a3+ (x 1) 2]

_ 1 Ey [ E,
Ao = 15 | (R + 50— (1)) = (563 + (x = 4)0u = -+ D) .

_ I B mg Eg
B(E — -2 1 79> 1 —e— ’ 2 1)) —=—1,
(Ee)nro = 1132 my | 9a(ga + (k+1)) + (793 + (3c +8)ga + (x + ))Eo (94 + (K +2)ga + (k + ))E(Q)Ee

_ 1 Ey E,
Kn Ee —(k+1 —_,
(Edswo = 5 (5 + c+ )
_ 1 E E,
0,(Esio =352 [@i + e 2000+ (6 1) = (T + -+ 8100 + e+ D).
G(E,) L B0 Mo 20k + 1)g0) — (106 +4(x + 1)g, +2) ¢
¢/NLO = 1732 3 my Ja K A K 9a Eo|’
— 1 Eom
H(E -2 1 4gn +2 1)gy —2
(B = T3 | -2l + (6 1)+ (453 + 26+ s =2) 2

_ 1 Eom 4 4 1 2 16 4 16 2 E
N(E A (2@ (Zhk=c)gu=Z(k+1 RPN DA D E=
( E)NLO 1+3gA mNE |: <3gA+ <3K 3>gA 3<K+ )) + <3 A+ (3K 3>gA 3(K+ )) E0:|

_ 2 .
Q.(E,)no = 1+39AmN[ ( g+ <_K—_)9A—§(K+1)) (29%+(2K+1)9A)2_0
10 10y 2 E,
(S (e T3] 2]
_ ) E
K.(E.)nio = 1+39Am1v[ 294(ga + (k + ))+(8931+2(K+1)9A+2)’Z_;+49A(39A+(K+1>)E_jv (B3)

where K, (E,)nio = Kn(E.)nio @and O, (E.)nio = On(E,)nio- Using the results obtained in [24], we get the following
analytical expressions for the N*LO corrections {(E, )x2; o and X (E, )n21 o for X(E,) = a(E,),A(E,), ..., U(E,). They are
given by
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E2 1E 1 1E m? E, E, _
{(Eo)nro = 6m_2{ (1 _ZE_(D +§ [1 - 2ay (1 _EE_(])} (1 _F> } iy (Ee)nro _m_Na<Ee)NLO

N

m2 8 E2 E:\ E, E,
l-—)- o +3% oy ==
E ]+39A M M EO EO

B 1E)\ 1 1E, E, E,
a(E,.)nro = 12m {‘(1 —) +§a0 <1 _4E> } +3;Na(Ee)NLo —mfNC(Ee)NLo

N

—a(E,)nioC(Ee)n

E

8 E,

8 (E E2\E [ E,
32 =0 j -
0 1+32< + gAMi)EO( EO>

2

e 3 Ee 7, me
AE w0 = 3L A(E o - L2 Ko (E)sro (1 - —2) AE ot (E)sto.
mN mN E

4E

e

E2 1E,
B(E,)y10 = 6 By (1 ) + 3 oy B(E.)npo — B(E.)xroS(Ee)nio — Bol(Ee)neo

894 [ E} Ej\ E. E,
- 142 1-=¢),
1+342 <M2+( + 9A>M2 E\" "E,

E,

K, (Eo)nero = 3—K,(Ee)nro —
my

E2 1
Ow(Ee)ero = —12—5 0<1
mN

my

E, -
3 7A(E6)NLO’

E E, -
0) +3—Qn( )NLO_3m_N (Ee)nro = On(Ee)nio(Ee)nLos
E

SE,

B 1E)\ 1/, m2\ 2 1E, E, - L
G(E.)n1o = 6’"1\/{ <1 _ZE_) = <1 ) +zao <1 ———> } +3m—NG(Ee)NLo——NH(Ee)NLo

m

3 E2 3 8E

e

H<Ee)N2LO = _H(Ee)NLog(Ee)NLO’

N(Ee)NZLo = —N(E ) oC(Ee)

Q (E )NZLO - 3 QL( )NLO -

NLO>

Qe (Ee)NLOZ:(Ee)NLO’

e

E2 lEO m, 1 IEO Ee = Ee —
K. (Ee)nero = 12m {(1 8Ee> (1 +E_> —an<1 _ZE_> } +3m—NKe(Ee)NLo _3m_NG(Ee)NLO’

N

e
1 E2
S(Ee)NzLO 1 4 39124 2m12V E

m 8 E2 E2 E, E
1+—=2) —-K,(E E 3 1-=2),
X < +E ) (Ee)noC(Ee)nLo — 1+39A < + gAMA> Eo( Eo>

{(79A+(K 6)ga + (k+1)) + (5093,+509A—2(K+1))§_;}

—_ 3 m_eN(EE)NLO - S<Ee)NLOé’(E€)NLO’
N

T(E =
(Ee)nero 1+ 3¢ 2m,

+ (545 + 3k +

— T(Ee)nod(

1 E} m

U(E
(Ee)nro = 1—|—3gA2m]2on

: E—%{<(‘gﬁ—4(l<+1)9A—<’<+1)2)+(9/2‘+K+1)Z_§>

2

1)gs +3(x-+ 1 >>§0 (2243 ~ 269, ~ 2k + 1) x +2>>E0}+Boc< reto

8gs [ Ej Ej\ E. E,
E —2Z = 2 1-=2

{((2K+ Dga +x(k+1)) —k(ga +x+ 1)5—;}.
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The terms, proportional to £3/M? and E} /M3, are induced
by the vector and axial-vector form factors of the neutron
beta decay [83] (see also [24]). The slope parameters My,
and M, are related to the charge radius of the proton r, =

P
0.841 fm [33] and the axial radius r, = 0.635 fm of the

nucleon [84] (see also [85]), respectively. This gives My =

V12/r, =813 MeV and M, = V12/r, = 1077 MeV.
The analytical expressions for the corrections {(E,)nio»
X(E,)nLo» and X(E,)no for X = a,A, ..., K,,S, T, U are
given in Eqs. (B2) and (B3), respectively. We define
corrections O(E%/m3), caused by weak magnetism and
proton recoil, at the level of 107 with the theoretical
accuracy of about 107® [46]. The numerical analysis of
relative contributions has been carried out for the axial
coupling constant g4 = 1.2764 [5], the value of which
agrees well with the recommended value of the axial
coupling constant obtained by means of the global analysis
of the experimental data on the axial coupling constant by
Czarnecki et al. [6].

APPENDIX C: WILKINSON’S CORRECTIONS OF
ORDER 10~ TO THE NEUTRON BETA DECAY

According to Wilkinson [15], the corrections, additional
to those calculated in Appendixes A and B, should be
caused by (i) the proton recoil in the electron-proton final-
state Coulomb interaction, (ii) the finite proton radius,
(iii) the proton-lepton convolution, and (iv) the higher-
order outer radiative corrections. These corrections to
the neutron lifetime and the correlation coefficients

|

/j_’ grel

F(E,,Z=1)"5"F(E,,Z = 1)(1

a(E,),A(E,),...,K,(E,) have been calculated in
[11,12,14]. The contributions of the proton recoil, caused
by the phase-volume of the neutron beta decay proportional
to 1/my and 1/m%, which are defined in [15] (see also
[86]) by the function S(E,, Ey, my), we have taken into
account for the calculation of the NLO and N?LO correc-
tions in the large nucleon mass my expansion induced by
weak magnetism and proton recoil (see Appendix B).

1. Wilkinson’s corrections, induced by proton recoil in
the Coulomb electron-proton final-state interaction

For the calculation of the contribution of the proton
recoil in the Fermi function we replace the electron velocity

ﬁ by a velocity of a relative motion of the electron-proton
pair [11]. To NLO in the large nucleon mass m, expansion
a velocity of a relative motion of the electron-proton pair is
defined by

-

fotu=f- 1)
my
To LO in the large nucleon mass my expansion the second
term in RHS of Eq. (C1) vanishes, and a velocity of a
relative motion of the electron-proton pair reduces to an
electron velocity. As has been shown in [11] the Fermi
function F(E,,Z=1) with a replacement f — v.,
caused by a relative motion of the electron-proton pair
in the final state of the neutron beta decay, undergoes the
following change (see Appendix H of Ref. [11]):

E Ey—E K, -k
_ﬂi_i? 07 Bele My ) (C2)
pmy P E.E;

my

where we have taken into account the NLO terms in the large nucleon mass m, expansion. The corrections, caused by the
proton recoil in the electron-proton final-state interactions to the neutron lifetime {(E, )y and the correlation coefficients

X(E,)wr for X =a,A,B,...,T and U are equal to

ma E, 1 maEy—FE, < E, _Ey-E,
C(Ee)wp——?m——g > °m = -3.16x 10 SﬂE +1.12% 10 60/3T’
N N 0 0
1 E,—E Ey,—E E,—E E . —E
a(Ee)wp—ga%%a 0 e—;—? 0 e=1.20x10‘7%—3.16x10‘5 ;315 e
mpy my 0 0
1 ﬂ(IEO—E EO—E
A(E —apAy— ¢ =135x 1077 —=——¢,
(Ee)wr 300 0 F; N X GE
1 ﬂaEO—Ee EO_Ee
B(E,)wr = 7 a0Bo— =-111x1070———=,
3 ﬁ my ﬂEO
Kn Ee - _AOHEO _Ee =3.78 x 10_6M,
WF 3 3
ﬁ my ﬂ EO
ﬂ'aEO—E EO—E
E)wr =—Bo—3 £=-312x 1075 =5,
0. (Ee)wr Oﬂg; P X E,
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ﬂ'(ZEO - Ee

= 1.12 x 1075(1

—E,

-yt ﬂ3 ;

3 N
1 naEy—E, _ —-E,
H(Ee)WF:—ga(z)\/l—ﬂQ?OT:—l.ZOxlO 7\/1 /ﬂ ﬂEo ,

N

ﬂ'an
N(E ——apA 1-p%
(Ee)wr 3 %40 p 5 my
1 ﬂaEO—Ee 1
E ——apAg— -B
Q.(E.)wr 3% L +3 0
E —
=-135x107=L_—¢
PEy

ﬂaEO - Ee
g my

1
K (E,)wr = _ga(z)

-E -E
¢ =135x10774/1 ﬁ2 —_—c
PEy

(1V1-7) 520

E+1.04x10—4( +/1-7) ﬂ3EEe,
(1)

E ~E,
:—1.20x10‘707+316x105( +4/1 ﬁQ) T
PEy PEy
meo E, —-E,

S(Eowr = /1= Ao == = 378 x 1071 P FE,

1 ﬂ(XEO E EO—E
T(E = ——ayB ¢ =1.11x10"° <,
(Eehwr = =3 a0Bo =0 - PEq
U(Ee)wp =0. (C3)

In comparison with the result, obtained in [12], an additional
term in Q,(E,)wr appears because of the contribution off
the correlation coefficient T(E,). The contributions of
Wilkinson’s corrections, caused by proton recoil in the
electron-proton final-state Coulomb interaction, to the
electron-energy and angular distribution of the neutron beta
decay with correlation structures beyond the standard
correlation structures by Jackson et al. [25] and Ebel and
Feldman [28] [see Eq. (1)] are given in Appendix F. We
would like to emphasize that Wilkinson’s corrections,
induced by proton recoil in the final-state Coulomb elec-
tron-proton interaction are well-defined in the experimental
electron-energy region 0.811 MeV < E, < 1.211 MeV [5].

|

13 1 m2
L(EE,Z=1)=1+6Oa2—ar,,Ee<1 T
9 1 1

CE..Z=1)=1+ [(—200: +5m; —5E3r§,>+<—

3 2 1
+ —garpE0+§E0rp + garpEO

5 +3q; P E?

E
> =1+ 1.15x 107 —4.02 x lO_SE—e,

2 11— E2 FE2
+—<—1+§1 92)E2r2—‘1—278x10— —124x107? E——126><10—

2. Wilkinson’s corrections, induced by (i) the finite
proton-radius r,, (ii) the lepton-nucleon convolution,
and (iii) the hlgher order outer radiative corrections

The corrections under consideration, caused by (i) the
finite proton-radius r,, (ii) the lepton-nucleon convolution,
and (iii) the higher-order outer radiative corrections, are
defined by the functions L(E,,Z = 1), C(E,,Z = 1), and
J(Z = 1), respectively [15] (see also [12]). According to
Wilkinson [15], the contribution of J(Z = 1) is equal to
J(Z=1)=1+3.92x107* (see also [12]). The correc-
tions L(E,,Z=1) and C(E,,Z =1), adapted for the
neutron beta decay, are determined by [12]

0

1 2 - g
= E E2 2 A
R T ”)1+3g§]

2E22 I_QAEE , L—gi m,
50]’ 14

m,Eqgr —
1+3AEy 157?71 432E,

(C4)

2

¢

2"

0 EO

For the calculation of the numerical values of the constant terms and coefficients in front of the powers of E,/E, we use
r, = 0.841 fm [33]. Following Wilkinson [15] we define Wilkinson’s correction, caused by (i) the finite proton-radius r,,
(ii) the lepton-nucleon convolution, and (iii) the higher-order outer radiative corrections, as follows:

L(E,.Z=1)C(E,.Z=1)J(Z=1)=1+68L(E,.,Z=1)+5C(E,.Z = 1) +6J(Z =

1) =1+¢(E (C5)

e)WR’
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where {(E,)wg is equal to

E, SE:
C(E,)wr = 3.76 x 1074 — 5.26 x 10-550 —1.26 x 1075 2 (C6)

The contributions of Wilkinson’s corrections, caused by (i) the finite proton-radius r,,, (ii) the lepton-nucleon convolution,
and (iii) the higher-order outer radiative corrections, to the correlation coefficients are equal to

E E2
a(E,)wr = —aol(E.)wr = —ao (3.76 x 107 = 5.26 x 107> E—e - 1.26 x 1073 E_§>’
0 0

E E?
A(E,)wr = —Aol(E,)wr = —Ao <3.76 x 107 =526 x 107 E_o -1.26x 107 F)
0

E E?
B(E,)wr = —Bol(E,)wr = —Bo(3.76 x 107* =526 x 10— - 1.26 x 107° — |,
E, E}
Kn(Ee)WR =0, (Ee)WR =0,

E E?
G(E.)wr = C(E)wr =376 X 1074 =5.26 x 107 —¢ — 1.26 x 105 %,
E, E2

E E
H(E,)yg = %aOC(Ee)WR _ ’g_;ao (3.76 X 107422 =526 x 1075 ~ 1.26 x 107 —0)
m, m, —4 EO -5 -5 Ee
N(EE)WR = E—Aog(EE)WR = E—OAO 3.76 x 10 E— —526 x10 —1.26 x 10 E—O s

2

0u(E)wr = AoC(E.)ww = Ao (376 x 1074 = 5.26 x 107522 _ 126 x 105 E2 ),
WR WR E 2

0 0

E E?
K. (E)wr = aoC(E)wr = ao (3.76 X 107 =526 x 107 £~ 1.26 x 1077 E)
0 0

S(Ee)WR = U(Ee)WR =0,

E E2
T(E,)wr = Bol(E.)wr = Bo (3.76 X 107 =526 x 107 £~ 1.26 x 1079 ?) (C7)
0 0

Now we may obtain the total contributions of Wilkinson’s corrections to the correlation function {(E,) and the correlation
coefficients. We would like to emphasize that the correction {(E, )yg does not depend practically on the value of the axial
coupling constant g,.

3. Wilkinson’s corrections to the neutron beta decay

Summing the contributions in Egs. (C3), (C6), and (C7) we define total Wilkinson’s corrections to the neutron lifetime
and the correlation coefficients of the neutron beta decay

E E2 rnaE
E =376 x107* =526 x 10754 —1.26 x 107> —¢ —— %
C(E)we =376 x X107 = 1263 107 5 =T

Ey—-E
a(E,)we = =3.76 x 1074a, — ;—? OmN <,

A(E,)we = — —3.76 x 10744,
L SE. SE
B(E.)we = —Bo(3.76 x 1074 =526 x 10524 = 1.26 x 10752 ),
E, Ej
Kn(Ee)WC = 0’
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meO - E
0.(E.)wc = =By FﬂgToe

E E2
G(Ee)we =376 x 107 = 5.26 x 1070 2= = 1.26 x 107 5,
E, B
H(E,)wc = N(E.)wc =0,
- ! zaEy—E,
Qc(Ec)we = 3.76 x 107*4, +§BO<1 + M) £ omy
Ey-E,
KB =376 10 (1= 7) S
p my
S(E,)wc = U(E,)w =0,
—4 _5 Ee s Eg
T(E,)we = Bo(3.76 x 1074 =526 x 107~ — 1.26 x 1075 ¢ . cs)

Wilkinson’s corrections in Eq. (C8) are calculated at the account for the contributions, which are not smaller than a few parts
of 10~ with a theoretical accuracy of about a few parts of 107°

in the experimental electron-energy region 0.811 MeV <
< 1.211 MeV [5].

APPENDIX D: RADIATIVE CORRECTIONS OF ORDER O(aE,/my), INDUCED BY SIRLIN’S OUTER
RADIATIVE CORRECTIONS OF ORDER O(a/x) AND THE PHASE-VOLUME OF THE NEUTRON
BETA DECAY

In this Appendix we analyze the contributions of the radiative corrections O(aE,/my), induced by Sirlin’s outer
radiative corrections of order O(a/z) and the phase-volume of the neutron beta decay taken to NLO in the large nucleon
mass my expansion. For this aim we rewrite Eq. (A13) keeping the contributions of the O(a/x) corrections only. We get

M(n - U, 2 _'n : ]_gz'/ e
Zl i +|3g<:‘)|GV’Tf6:m)2|E £ [(1 += f,;( )) +BO<1 +%fﬂ(Ee,u)) : ] (1 o 0)
po

E;

[ ks K, m,
+ _aO <1 +%fﬁ(Ee’ﬂ)> E_I:;+AO<1 +%fﬂ(Ee’ﬂ)>§n:| ( me Ce)

E, E,
[ (Z\/l—ﬂz 1+ﬂ \/l_ﬂ2 1+ﬂ én'kfz me
+_7 25 fn<1—ﬁ> B, 2p f"(l—ﬁ) E]

a/1— 3 . T
+ AO; : 'Bfn<1+ﬂ)§n+ao: 1 ﬂfﬂ( +ﬁ>

2p 1-p 2p

’

where the ellipsis denotes the contributions, which are not important for the aim of this Appendix. In terms of irreducible
correlation structures and using Eq. (A7) we transcribe the RHS of Eq. (D1) into the form

Z \M(n — pep,)?

(14 393)|Gy[*64m2E E;

2p 4

VI 1 k, -k

— 142 @0(E) - ) B + a0 142 (80 + L7 fn(fﬂ )=y B )| S
1_ 2 1 . 4 .]_g,

w o142 (a0 + 157 fn<1f§)—g;?<Ee,m)]f”E 4B 14 B = gl )| 25

9y
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—Z—:ao{l-l-%(gn(E g ( ) ol ﬂéeébkﬂ

o

_Ao{l—i—g(gn(Ee)—&—(l—i— 1-p7) \/12ﬂ_—ﬂfn<l_ﬂ> )]Wk‘f)
—a0{1+%<§n(Ee)+(1+ 1B \/?fnG_ﬂ) )] E'+m Eb;)

- Bo<1 +% <§n(Ee) . ;ﬂﬂz n Gfg) ~ gy (Ee’ﬂ)>> (515)1(; (D2)

Taking into account the contribution of the phase-volume of the neutron beta decay Eq. (A2) we obtain

> 7 |M(n - pep,)? E, ke
@, (k,.k, =|1+3=2(1- 1 (E E,,
ol 2)§(1+3g%>|6v|264m%EeEp P UmEE )1 0nlE) = )

+a0|:1+%<§n( e ﬁ (1_ﬁ> g‘(ﬂ;)(Eevﬂ)> ke' £

EeEl'/
a_ 1_ﬂ2 1+ﬁ (1) _’n']_ge
Ag| 14— E — | - E,,
#ao 142 (5,8 + 150 en( 0~ o) B ) | B2
a, _ qn']:f/
o1+ @) - ) (B 5

al. =g, (1t g -k,
[ (e + 5 en(TE0) -y )|

(En']:e)(]:e'ge) af_ Vl_ﬂz 1+ﬂ
S |15 (0 (e V1=0) ()
k

(l) (Cfe e)(ke v
o (Ee’m)] (E+m,)E.E,

s EEVE R
—BO|:1+%<gn(Ee>+12ﬂﬂ fn(%)—g;‘jwe,ﬂ)ﬂ—@” ;g 9)}.

The electron-energy and angular distribution of the neutron beta decay, taking into account the radiative corrections of order
(a/m) and the NLO corrections in the large nucleon mass my expansion, induced by the phase-volume, is given by
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dsﬂﬂ(Eg, igg» ]_gljﬂ En? ;ée)
dE,dQ,dQ;

_(1+3g§)|1(2‘;r|52(E0—E)\/mEF(Ee,Z_I[ r%(l e >]
(mr-stn] oo P 1))
a1 (i + S en () ) [P 1+ e - )|

[+ (a0 + 5 en(120) - ) | E—%ao[l (gn D-hen(FEE) - Eem)|
e e [0 (sim) Len (D) i) 1+ e + (14 1-7)
« \/1_—'621,”}1(1 +ﬂ> —g}})(Ee,u))} W_ao[1 +g <§n(Ee) + (1 n M) \/1;—ﬂ2fn<l +ﬁ>

-
n 'kE

v

2:6 1 _ﬁ (Ee +me)Ee l_ﬂ
&, k) (K, Ky - (1 : .
—g}fy)(Ee,ﬂ)ﬂ%—%{H%(%(&H 2; n(%ﬁ) —gg;)(Ee,y)>]—(‘§" E)Sf e)}. (D4)

In order to remove the dependence of the electron-energy and angular distribution of the neutron beta decay on the infrared
cutoff  we have to take into account the contribution of the neutron radiative beta decay n - p + e~ + 7, + 7, where y is a
real photon. It is well-known [57-61] (see also [19,21] and [11,12,14]) that the contribution of the neutron radiative beta
decay is extremely needed for cancellation of the infrared divergences in the radiative corrections of order O(a/x), caused
by one-virtual photon exchanges.

For the removal of the infrared dependence we use the following electron-photon-energy and angular distribution,
calculated in [30] [see Eq. (B-14) in Ref. [30] ]:

d6lﬂy (Egy , ]_ée7 I_éz_n En’ Ee)
dwdE,dQ,dQ,

= (1434)- |1G6V|2\/ m2E,F(E,,Z = 1)(Ey— E, — )q> (ke ks, @)

R E R A s
B (e (i) mEE (22 ()
et g ) B ()
xEm(%)—Z]ﬂ—l)'g—ongn.gel( 2;2§>[ﬂ < ) } Oé’,(qE +)<;i)E)
S o bl 5505
) ) mEER L3R b
<l (55) 2

+

R B L
b))
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where @ny(lze, Izpf, w) is the contribution of the phase-  my expansion and the integration over the directions of the
volume of the neutron radiative beta decay [87] photon 3-momentum [87]. As has been shown in [87], the
contributions of the terms O(w/my) are of order of 107°
@ and even smaller. So, the O(aE,/my) corrections can be
+0 <_) (D6) induced only by the second term in Eq. (D6).
Having integrated over @ we arrive at the following
The contribution of the phase-volume Eq. (D6) is the rest of ~ €xpression:
the expression, calculated to NLO in the large nucleon mass
J

A2, (E, ko ki, &y E,) a|Gy|? ik
el fnome) g3 \/E2—m2E,F(E,.Z=1)(E,— 1———=
dE,dQ,dQ, (14+390) T ( (Eo—E)? { N< EE)]

- - - - - -

k k fn'kp ée’ke
X {gff;)(Ee M)"“ao ( )(Eeaﬂ>+A()gg,)(Ee,ﬂ>+B0 E_ g}fly)<Eevﬂ)+(_l) E
k) (@

q)n}'(ke,kie»w)zl'f'?’— (1 _?E'Ee>

(2)
E,E, gﬂy Pr (Ee.)

m, ge U me, =2 2
90" 0y (o) + (=1 5 AEEogly) (B + (=)Ao

E,
+<—1>ao—§§e' L) ) By (&Ko) (G ko) E)f,je"‘“)g;ika,m}. o7)

The functions g;y)( u) for ] =1, 2, 3, 4 have been calculated in [11,12,14,29]. As has been shown in [11,12,14,29], the
difference between functions gﬂy (Ee, ) — g}jy) (E,,p) for j =2, 3, 4 does not depend on the regularization, i.e.,

gn ( ée e

)
=D (E.+m,)E,

gﬁy (Ee’:u)

. 1 j
lim (g, (Eeo ) = 93 (B, p) = lim (9))(Ee, 0nin) = ) (Ee, i), (D)

WDpyip =

where w,,;, 1S a noncovariant infrared cutoff, which can also be treated as the photon-energy threshold of the detector
[11,12,14,29]. Summing up Egs. (D4) and (D7) we obtain the total electron-energy and angular distribution of the neutron
beta decay

a0f asf
~  35f -
o W a0}
IS 30f =
sl K sl K
u| € 25} uf| € 35
% =
% 20f 5 a0l
1.5
. . . . 25k . . . .
06 0.8 1.0 12 0.6 0.8 10 12
Eo[MeV] E,[MeV]
0»
. -2f 1 osf
gt )
1_: % T:: 9.4}
SIS 8| K
g £ -8 @ & 93f
CIT) = o
X X vad
o _12' (32}
af ‘ ‘ ‘ 9.1}
0.6 0.8 10 12 0.6 0.8 1.0 12
Eq[MeV] Ec[MeV]

FIG. 1. The outer radiative corrections of order O(aE,/my) in the electron-energy region m, < E, < E,, induced by the outer
radiative corrections of order O(a/x) and the phase-volume of the neutron beta decay, calculated to NLO in the large nucleon mass m
expansion.
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d5/1n (Ee5 ]_geﬂ ]_él_n E}’l’ Ee)
dE,dQ,dQ,

=(1+3

+ B()(l +%§n(Ee)> by _ {

£

e

a1+ 2B + 12,

The detailed calculation of the functions (a/x)g,(E,) [19],

(a/m)f,(E,) (2] (a/m)h (E,). and (afm)hi’ (E,)
one can find in [11,12,14,29,30]. The behavior of the
functions (a/),(E), (@/)f.(E.), (a/z)hi (E,), and
(af ﬂ)hﬁf) (E,) multiplied by the factor 3(E,/my), caused
by the phase-volume of the neutron beta decay, is shown in
Fig. 1.

One can see that in the electron-energy region
m, <E, <E, the functions 3(a/z)(E,/my)g,(E,),
3(a/m)(Ec/my)hi (E.). and  3(a/m)(Eo/my)hy (E,)
are of order of a few parts of 107>, whereas the function
3(a/n)(E,/my)f.(E,) is of order of a few parts of 107°.
However, the functions 3(a/7r)(Ee/mN)hS,j>(Ee) for j =1,
2 are multiplied by either (m,/E,)X, or X, where
Xo = ag, Ag ~ —0.1. As a result, the values of the func-
tions S(a/ﬂ)(me/mN)XohE,J)(Ee) and 3(a/x)(E,/my) %X
X, Oh,(f ) (E,) become of order of a few parts of 107. Hence, the
outer radiative corrections of order O(aE,/my) are defined
by the function 3(a/z)(E,/my)g,(E,) only.

As a result, the correlation function {(E,) and the
correlation coefficients «(E,), 0,(E,), Q.(E,), and
K,(E,) acquire the following outer or model-independent
O(aE,/my) radiative corrections:

a E,
E =3 E,),
C( )RC PhV ”mNgn( e)
aE, _
a(E.)rc—phy = 3——69;1(Ee)7
Tmy
aE,
E = -3By——q,(E
0, ( )RC PhV Oﬂ_mNgn( e)

E,
Q. (E;)rc- th—Boa gn( +Eﬂ>
’g— (D10)

a E,
K, (E =3-—— E 1
e(Ee)Rc—phv ﬂmNgn( e)< + )

G 2
9a) |16;|5 (Ey— E.)*\/ Ez = m;E,F(E,,Z =1) {

e 1+ )+ BB B~ o1+ L)+ 1 )|

+
1+ 2@ + )| SR oy

These radiative corrections are of order of a few parts
of 107 in the experimental electron-energy region
0.811 MeV < E, < 1.211 MeV [5]. They are plotted in
[46]. The analytical expression of the function g,(E,) is
given in Eq. (A19). We have to notice that there is the
contribution, proportional to 3(a/z)(E,/my)g,(E,), to the
electron-energy and angular distribution of the neutron beta
decay with the correlation structure beyond the standard
correlation structures in Eq. (1) [see the last term
in Eq. (F2)].

APPENDIX E: ANALYTICAL EXPRESSIONS FOR
THE CORRELATION FUNCTION ¢(E,) AND
CORRELATION COEFFICIENTS a(E,), A(E,),

B(E,), K,(E,), Q.(E,), AND AV/(E,)

In this Appendix we give the analytical expressions for
the correlation function {(E,) and the correlation coeffi-
cients X(E,) for X =a,A,B,...,U and also for the
correlation coefficient A (E, ) A(E,) +1Q,(E,) as
functions of the electron energy E, and the axial coupling
constant g,. The correlation function {(E,) and correlation
coefficients are calculated with a theoretical accuracy of
about 107°.

For the correlation function {(E,) we obtain the follow-
ing expression:

1 E,
1+ 3931 my

C(E) = 1+ 25,(E) + ~20a(an + (4 1)

E
+ (103 + 4(x + 1) g4 +2)EJ

0
2

E,
—294(ga + (kK + 1))22 E ] + ¢(Ee)rc-n10O

+¢(E)rc—phy + C(Ee)nero + S(Ee)we- (E1)
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Here g, (E,) is Sirlin’s function [19] [see also Eq. (A19)].  are defined by the O(aE,/my) inner and outer radiative

Then, the term proportional to Ey/my defines the well-  corrections, the O(E2/m3) corrections, caused by weak
known corrections O(E,/my), caused by weak magnetism  magnetism and proton recoil, and Wilkinson’s corrections,
and proton recoil (see, for example, [11,23]). The correc-  respectively. They are equal to

tions {(E,)rc-nro> §(Ee)rc—phvs $(Ee)neros and {(E, )we
|

1 a E,
C(Ec)re-nro = Ty 3 wmy < v(E.) + /1 =Pfs(E.) + gagv(E)S* 4+ (1 +2g4) hs(E,) 5
Ey—FE 35 a5 m3 M3
$\/1—=p*h 3 3 4= NV
+ 9a E, p S( )+ gAfA + 9% fT( )) 1+3g%”2M%4/ nm12\1
1
T+ 1 +3 2 (gsl( )+3gAfst( ))

aE,
¢(E, )RC phv = 3= gn(Ee)’
Tmy

E 1E, 1E, m? E, E,
E)wio=6-24(1--20 1—2ap(1=-20) (1" 2 HE o — < a(E
C(Ee)nero 6m2 {( 4E> 3{ ao( 8E>}< E2>}+3mNC( ¢)NLO mNa< ¢)NLO

N e
x |1 m—% 8 E2+3 E2 E. 1 &
E2) 143g \M3 AM2 E, Ey)’
2
E
E e = 376 % 10~ — 526 x 105 2¢ 106 x 10-5 Ze _ ¥ Ee E2
(Ehye =376 % <1075 e =126 1075 s T (2)

The terms, proportional to E} /M3 and E}/ M3, appear from the contributions of the vector and axial-vector form factors of
the neutron beta decay. For numerlcal analysis we use My, = 813 MeV and M, = 1077 MeV [24]. The first three terms in
¢(E,)wc do not depend practically on the axial coupling constant g,.

Of course, the correlation function {(E,) in Eq. (E1) should be supplemented by the inner radiative corrections A} and
A4 of order O(a/x), caused by the Feynman yW~-box diagrams and calculated in [48-56].

For the correlation coefficient a(E,) we obtain the following expression:

a 1 EO Ee EO
E,) = 1+-— E =
£ { Hl ) R g (+E+E>}
+ a(E.)re-nro + @(Ee)re—pny + @(Ee)nero + a(Ee)wes (E3)

where the function f,(E,) has been calculated by Shann [21] [see also Eq. (A19) and [11,12] ] and the coefficients a, a,,
and a; are equal to [11]

ay = 4g,(gi + D(ga + (k + 1)),
a, = =269 — 8(xk + 1)g; — 2093 — 8(k + 1)gs — 2,
2
me
ay = =20,(3 = Dlga + (k+ 1) 5. (E4)
0

The corrections a(E, )gc_nLo» A(Ee)re—pnys @(Ee)neLo» and a(E, )y, defined by the O(aE,/my) inner and outer radiative
corrections, the O(Eg / mlz\,) corrections, caused by weak magnetism and proton recoil, and Wilkinson’s corrections,
respectively, are given by
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1
1 —|—3gAzrmN

B ((Fu(ED) + a1~ Pas(E) + aaan(ED) + (1 = 200ha(E) — G A(E,))

G asSmy My, 1

g2 4
BN +1+32

a(E,)rc-NLo =

2 (Gu(E.) = gaTu(E)) = aol (E)renion

B 1E)\ 1 1E, E, E,
a(E, )N = 12"112\/ {—(1 —gE—) +§a0 <1 15 )} —|—3m—a(E INLO —m—NC(Ee)NLo

- B ot B+ 1oar (h+ 30 ) 2 (1- )

CUZ'EO — Ee

a(E,)we = —3.76 x 107*a, — i

(ES)

my

For the correlation coefficient A(E,) we obtain the following expression:

a 1 E,
A(EQ)ZA‘){”nf”(Ee”ng(l—gA)< 11 34)m <A1+A2 +‘4315)}

+A(E,)rc-nro + A(E)nero +A(E)wes (E6)

where the function f,(E,) has been calculated by Shann [21] [see also Eq. (A19)] and the coefficients A;, A,, and A3 are
given by [11]

Ay = =g — kg + (k +2)g5 + Kkga — (k + 1),

Ay = 5g} — kg — (5K +6)g3 — 3kgs + (K + 1),
2

mg

= ~44(0a = Dlga + (1) 5o (E7)

The corrections A(E,)rc_nros A(E.)neLo» and A(E,)wc, defined by the O(aE,/my) inner radiative corrections, the
O(E%/m%) corrections, caused by weak magnetism and proton recoil, and Wilkinson’s corrections, respectively, are
equal to

1 a E,
A(EJre-nio = =< (gufv(ED) + /1= Pos(Ee) + gy (Ee) = gaha(Eo) + 94 (1 = 201)fa(E,))
1+ 3g My
1 aSmk | M3 1 _ -
1 3y 2 ga(l=2g )_EM—ZZ\/{” 2, + 14347 (gAgst(Ee) + (1 =294)fo(E.)) — Ao (Ee)rc—NLO>
E, - E, . m2
A(Eo )0 =3—A(E)no — — Ku(Eo)nwo (1 = 75 | —A(Ee)niof(Ee)nio
my my E;
A(E, e = —3.76 x 1074, (E8)

For the correlation coefficient B(E,) we obtain the following expression:

B(E)—B{l+ ! E"( +BE+B EU)}
‘ ’ 204(1+ g)(1+3g5) my U7 2 ’E,

+ B(E,)rc-nro + B(Ee)nero + B(E.)wes (E9)

where the coefficients B, B,, and B are given by [11]
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By ==2g4(1 —g4)*(ga + (k+ 1)),

By=gh+ (k=4)g3 — 5k +2)g3 + B +4)gs + (k+ 1),
2

By = (&2 = 1)(1 4 ga)(ga + (k + 1)) s (E10)

E2 ’
The corrections B(E,)rc_nios B(Ee)nero» and B(E,)wc, defined by the O(aE,/my) inner radiative corrections, the

O(E2/m3,) corrections, caused by weak magnetism and proton recoil, and Wilkinson’s corrections, respectively, are
equal to

1 aE,

B(E,)rc-nLO = mﬂmzv <9Afv( )+ aa\/1 = fs(E,) +

EO_Ee

1= Bhs(E.) + gagy(E.)B?

1
= (1= 200 (B + a1 + 2001 (E) 4 0a(1 4 200\ 1= PLrED ) + 1 0a(1 4 200
A
L @5 mi M3, + 1
2w 1 agn

E2 1E0
B(E,)no = 6—5 2 By (1 iE ) + 3_3( e)nLo — B(Eo) oS (Ee)nro — BoS(Ee)nero
N e

8 E E2 E, E
EE NPT
+3gA M EO EO

E,
B(E,)wc = By <3.76 x 107 =526 x 107 E_o -1.26x 107

(gAgst(E ) (1 + 29A)fst(Ee)) - BOC(Ee)RC—NLO’

B
+3a0 Oﬂ My

E2 1 E,-E,
) TAZ0~ Ze (E11)

The coefficients of Wilkinson’s term in the parentheses do not practically depend on the axial coupling constant gy.
For the correlation coefficient K,(E,) we obtain the following expressions:

| E
1+ 3g; my

Kn(Ee) = (Sg% + (K - 4)gA - (K + 1)) + Kn(Ee)RC + Kn(Ee)NZLO + Kn(Ee)WC' (E]Z)

The corrections K, (E,)rc-nio> Kn(Ee)neros and K, (E,)yc. defined by the O(aE,/my) inner radiative corrections, the
O(E%/m%) corrections, caused by weak magnetism and proton recoil, and Wilkinson’s corrections, respectively, are
equal to

1 aE

K, (E =~ ((1- E 14+2g4)hs(E
n(Ee)rRc-NLO 1+3gf,ﬂmN(( 9a)gv(E.) + (14 2g4)h4(E.)),
E, E, -
Kn(Ee)N2L0 = n(Ee)NLO - 37A(Ee)NLO’
my
E E,
Ko (E)we = —Ag g == (E13)
ﬁ my
For the correlation coefficient Q,,(E,) we obtain the following expression:
OM(E) = s (2 + (+ 2)gs + (k+ 1)) = (T3 + (k + 8)gi + (K + 1)) =
= — K K — K K
n e 1 + 3931 m 9a ga gA ga EO
+ Qu(Ee)renio t On(Ee)rc—phy + On(Ee)nero + Onl(Ee)wes (E14)

where the corrections Q,(E,)rc-nr.os @n(Ee)rc—phvs On(Ee)neLo» and Q,(E,)wc, defined by the O(aE,/my) inner and
outer radiative corrections, the O(E2/m%,) corrections, caused by weak magnetism and proton recoil, and Wilkinson’s
corrections, respectively, are equal to
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0, (Ee)RC—NLO =0,
a E,

0, (E )RC PhV — —3Bo—m—N9n(E )

E2 1E Ee = Ee =
Qn (Ee)NZLO = _12 BU 1 - -2 +3— Qn (Ee)NLO -3 73( )NLO Qn( )NLOg(Ee)NLO’
8 Ee my mpy
ﬂaEO Ee
On(Eo)we = _BOF my (E15)

Now we are able to give the analytical expression for the correlation coefficient A¥)(E,) defined by [15]
1
A(ﬁ)(Ee) = A(Ee) + g Qn(Ee>' (E16)

This correlation coefficient is responsible for the electron (beta) asymmetry in the neutron beta decay [5] (see also [11]). The
correlation coefficient A (E,) we give in the following form [15] (see also [11]):

+rk+1 E E, E
AV(E) =A {Hgfn E,) +— —°<A(>+A” ¢+ Ay °>}
(Ee) = 4o m (Ee) ga(1 = ga)(1 + 3g3) my > E E,

+ AP(E, )rcnro + AP (Eo)repry + AP (E o + AP (E, e (E17)

The function f,(E,) is given in Eq. (A19). The coefficients Agﬂ), Aéﬁ), and Agﬂ) are equal to [15] (see also [11])

2 1
AV =@ +Zom-3

3 3’
» _ 5 1
AY =g -3 =
9 — 3G — 39A+3
2
me
Ay =263(1 - 9 g (E18)

and the terms AY)(E,)rc_nior AP(E)rc_prys AP(E,)no» and AP)(E,)ye, defined by the radiative corrections
O(aE,/my), the corrections O(E2/m%), caused by weak magnetism and proton recoil, and Wilkinson’s corrections,
respectively, are equal to

1 a E,
AP(E,)rc_nro = Ty 35 2y (gAfV( )t/ - PPys(E.) + gv(E,) — gaha(E,) + ga(1 — 2gA)fA(Ee))
A
1 as m? M2 1
+@9A(1 294) = 2M]2V noa + 11347 (gAgst( ¢) + (1 =2g4) f(E.)) = AS(E.)re-nio
1 aE,
AP (Ee)RC—PhV = gQ (E )RC PhV — _BO_m_gn(Ee)

AP(E,) a0 = A(E N0 + 7 Qn (Ee)neLos
naEy—E,

ﬁ% my

The functions {(E, )xo» a(E.)nLos A(Ee)nios B(Ee)nio» and Q,(E, )y o are given in Eq. (B2).

For the experimental analysis of the antineutrino asymmetry in the neutron beta decay one has to use Eqgs. (27) and (28)
in Ref. [11] and the correlation coefficients a(E,), A(E,), B(E,), K,(E,), and Q,(E,) given in this Appendix.
For the account for the contribution of the Fierz interference term b in the antineutrino asymmetry one may use
Egs. (19) and (20) in Ref. [40], where the correlation coefficients X(E,) are replaced by X(E,)/(1 + bm,/E,) for
X(E,) =a(E,),A(E,),B(E,),K,(E,), and Q,(E,), respectively.

AP E,)we = 3.76 x 10744, — —B0 (E19)
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For the correlation coefficients G(E, ), H(E,), N(E,), O.(E.), K.(E,), S(E,), T(E,), and U(E,) as functions of the
electron energy E, and the axial coupling constant g, we give the analytical expressions in the following form:

6(8) =1+ £1,(E)) + G(E a0 + GlErc-suo + G(Evso + G(Euc

m, a
H(E,) = —F % (1 + ;h,(l )<Ee)> +H(E,)nio + H(E.)re—nro + H(Ee 1o + H(E, )wes

e

me a1
NE) = =240 (14 ZHD(ED ) + NEDwio + NEwcnio + NEo + NEoduc:

e

0.(E,) = A <1 + ghﬁ?)(&)) + Qe (E)nio + Qe(Ee)rconro + Qe(Ee)rcphv + Qe(Ec)nero + Qe (Ee)wes

= —q (1 }(12 > + K (E)nro + Ke(Eo)re—nro + Ke(Ee)re—prv + Ko (Ee)nero + Ke(Ee)wes
S(Ee)nro + S(Ee)re-nio + S(Ee)xeros
—By| 14— fn e ) + T(E.)xro + T(Ee)re-nro T T(Ee)nero + T(Ee)wes
U(E,)re-nro + U(Eo)eLo- (E20)

The analytical expressions of the functions f,(E,), hg)(Ee), and h,(f)(Ee) are given in Eq. (A19). The corrections
X(E)nLos X(Eo)renros X(Eo)rc—pnys X(Eo)nero» and X(E,)wce for X =G,H,N,Q,,K,,S,T,U are adduced in
Eq. (B2), Eq. (A20), Eq. (D10), Eq. (B4), and Eq. (C8), respectively.

For the practical applications and numerical analysis the analytical expressions of the correlation function ¢(E,) and
correlation coefficients X(E,) for X = a, A, B;...,U and A¥)(E,) are programmed in [46].

APPENDIX F: CONTRIBUTIONS TO THE ELECTRON-ENERGY AND ANGULAR DISTRIBUTION OF
THE NEUTRON BETA DECAY WITH CORRELATION STRUCTURES BEYOND EQ. (1)

The electron-energy and angular distribution of the neutron beta decay Eq. (1), supplemented by the contributions with
correlation structures beyond the standard ones, takes the form

dsln(Eeal_éevl_éDvgnvEe)
dE,dQ,dQ,

| V|2 2 2 mg

=1 E \/EX —m2E,F(E,,Z = 1){(E,){ 1 E,) =%

( +3 ) ( 0~ ) e — ML, ( es )g( e) +b( e)E

e

En ' ]_ée En ) ]_CZ; (En ) ]ze><l_€)e ) ]_é,;) (En ) ]_éz?)(l_ée ) ]_C)D)
~——+B E,)————— E,)——————=
+ B(E, E n(Ee) EL, + 0, (E.) EE

z 7 (En ) ]_C)e)(l_ée ) Ee)
E.L, E, E (Eo)én - &+ Q. (E,) (E. +m,)E,
( En : (]_ge X Ee) + Ee : (]_ée %S ]:D) (En : Ee)(l_ée : ];17)
(Ee =+ me)EeEE Ee EeED EeEE
£ £, k)(E, -k E,- (&, x k; E, - (k, x k) (&, -k
L U(E) (&n ko) (e - kz) &n - (& X ky) & - (ke x k) (S, - ko)
E.E; E.E; E; (E. +m,)EE;
dsﬂn(Ee’]_éevl_éDvEmEe) dsﬂn(Eevl_éevl_éD’EmEe) idsl;'n)(Ee’%eazﬁvEn7Ee)
dE,dQ,dQ  |re_nio dE,dQ,dQ; |0 dE,dQ,dQ,

“+A(E,)

L(E,) + S(E.)

+ V(E,) + W(E,)

N2LO

ds/ln(Eev]_ée’l_éﬁvgnvge) } (Fl)
W

dE,dQ,dQ,
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where the last seven terms are defined by the following expressions (see also [24]):

&0 (E, K, .k E, E,)

G 2
1+3g§| vl (Ey—E,)*\/ E2—m2E,F(E,.Z=1){(E,)

dE,dQ,dQ; RC_NLO 1673
2 s (1-000 - 400 & (Ejf; iegﬁgg_'gﬂ>-li§ez<1+gA>uﬁ
(B ) (SRR D)
+a, L a(a)(“” )(%2Ez)(k k) 3(5,1-1?9;(%&1?»)} (2)

where the functions Us, Ug, Uy, and Uy are given in Eq. (A4), and

dS/’{n<Eeﬂ iée? I_C)l_n Em EE)
dE,dQ,dQ,

G 2
= (14339 (5, — p 2 B2 - (B 2 = B
x&{—3 1_9/% <<I_€el_éf/)2_lk_f%)+3 l_gi ((Ee'l_éi)(l_ge']_éb)_lge'lze)%

my 1+3g3\ EEZ 3E2 1+ 345 E,E2 3 E, )E,

1-g2 (& k), -K)? 1 g, -k
+3 gAz (‘fe e)( e 21/)2 _ - 1_% ge e (F3)
1+4+3¢5 \ (E, +m,)E;E; 3 E,)] E,

NLO

and
dsj’ (Ee’ke?kwfnvge)
dE,dQ,dQ, NLO
|Gy |? /
= (1 +3g§x) 167‘[5 (EO _Ee)2 Eg _m?EeF(EesZ = l)g(Ee)
E2 1 E,E, [(k,-k,)* 1Kk 1 E,
0 ) 2% + 1 e T e} - 2%+ 1
X{Zm%,{ Tag T2+ ( F2E2.  3E2 1+3g,§(9/2*+ o )E +m,
(]_ée'l_éﬂ)z ]kgzl Ee']_ée 1 ) meED (Eelzﬁ)(lzelzﬁ) 1§e e
e v Te - 2%+ 1
(S a8) g e g (U
1 EE, (k) (K, &)k k) 1, kK, -E) 1
2 - 2kg
T 3g g ( E2E? 3 E? T3 s
X(En'ze)(ze'ge)(%e'zﬂ> 8gA Eo + ) (gn k)(k kl/) lg
(E, + m,)E2E; 1434 M2 E,F2 3 E,
89, (E: &, MEE-*)( k) 1 k)G KO\ Ee [, E.
1+2g - Zef)-Ze F4
1434 <M2 (14 204) >< EZE? 3 E2 Ey Ey (F4)
and
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d5/1£3> (Eg7 ]_ég’ l_éz_n Env Ee)
dE,dQ,dQ; N’LO
Ile2

= (1+363) 1 5 (B~ E \/EZ—mZEFEe,Z—l)é(E)

Ee [y =0 _1@ B 1kY (=90 ((Rek) 1K) E K
1+3gA E, E2E2 3E? 1+352 \ EXE: 3EX) E,

_gA 1 1EO Ee (ke'k17>2 1k§ qe'l_{)e_‘_z 1_934 m, 1 — 1EO
1+3gA 8E,) E,+m,|\ EXE: 3E:) E, 1+ 3¢ E, 8E,
k) (k, k) 1E, -k, 1- (K, k)2 TRRN = 1+ 1E
- _1¢ _ng( ng)m_ ( : 2) - (fn‘fe)+4gA( 92A) | —_Eo
EE 3 E, 1+3¢ E, \ EE: 3EZ 14354 8E,
(& ko) (ke E)ke o) 1(& KK &)\ | 50a0 =g me (e o) 182\ (G, Ke)(ke &)
E’E2 3 E2 1+3¢44 E,\ E!E} 3E) (E,+m,E,
29a(L=90) (| _VEo\ G- k)(ke-E)ke k) 941+ 9) (G- Ro)(ke Ko)® ) ga(1+94)
1+3d4 8E, (E, +m,)E2E; 1+ 3% EZE} 1+ 344
G k)R &)k k) 1= me k) (kK 1 —gh (ER)K k) 1-gh (K k) (F5)
EXE} 1434 E, EZE} 1+3¢ (E, +m,)E3E}  1+3p7 EE}

and

d5/1513) (Eea iée? I_él_ﬂ En’ Eé)
dE,dQ,dQ,  |vio

2
= (1+3g3) |1G6V|5 (Ey— E,)*\/E? - m2E,F(E,,Z = 1){(E,)
T
Ej 1 , E [k, -&)? 1k 1 m, E,
— 12 v e v) _ - "e 1
Xz’"%v{ 1+ 343 {(g”(ﬁ ))EOK EE 3E) 1134 (65 + (e + ”EOEO

(ge ) )(]_é ]_C)D) lge ) ]_ée 1 ) 2 EeED (]_ée ) I_C)D)Z 1 k% ge : ke
- 1 __Ze
< E, E2 3 E, +1+3g§ (g2 + (e +1)%) E} E2E:  3E2)E,+m,

1 2

E,E, E,
254 galon+ o+ D)

m, E;
+1+3giE—{(mlm+<K+1>>E—%+<gA+<K+1>> ;
S kp)(ky - &, 1> 2 ! E; EL,
(% gfn'fe)+@[9A<g“<"+”>E0+<g“<’<“” B

2 - m £ . - .
+(:<+1)(9A+(K+1))§—§—(K+2)(9A+(K+1))EI§? <1+E—€>K(§” kg)g;e &) ;‘S"E e)

. :
XEIZE+§T:1e+1+l3gi { (94 (K+1))E—§——9A( (K+1))§—;+(K+1)(9A—(K+1))§—§
+ (k+ 1) (3ga + (c+ 1)) E;;g 1 = (];)fmi;g; kﬁ)} (Fé6)

and
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dsj.ﬁ:‘) (Ee’ ]ge ) Izz‘n En? Ee)
dE,dQ,dQ,

Ee 7 (lge'lzﬂ)z 1 kz =
X3 — {_Kn(Ee)NLO <TEE i) Ou(Ee)nLo

my

« ((53 ) kl'/)(ke ) kz'/) lée ) ke

E,E2 3 E,

- Koo

) ~0.(Eo

(ke-ko)* _1k2
E2E2  3E2

2
— (143219 (8- £\ JE2 - 2B (B, 2= 1) (E,)

-

(gn ) ED)(Ee : kl?)2 3
T_H(Ee)NLO
(En ) ];e)(];e ) Ee)(lze ) ED)

(Ec+m,)EZE;
£ -k E Ko Ko\ A2 (Eo K Ky &, E
‘fe e}+3_e<1_e y) n(eevfné:e)

E,+m, My E,E; dE,dQ,dQ; NLO.
(F7)

where K ,(E,)n10 and Q,,(E,)nio coincide with K, (E, )x; o and Q,(E, )x1.0» Which are given in Eq. (B2), whereas H(E, ),
Q.(E,), and K,(E,) are defined by the expressions in Eq. (B3). The last term in Eq. (F1) is equal to

dsln(Ee’ ]_éev ]_C’D’ En’ Ee)
dE,dQ,dQ,

2
= (143019 (8, - B2\ B2 - m2E R (B 2 = 1)
(&0 k)&, - k) (K, - k)

E,—E
X {—Boﬂ—a 0

These contributions to the electron-energy and angular
distribution of the neutron beta decay vanish after the inte-
gration over the directions of the antineutrino 3-momentum

1?,;. Because of the contributions of Wilkinson’s corrections,
caused by the proton recoil in the electron-proton final-state

G RIE 1@)) } (8)

E2E?2 3 B

Coulomb interaction, and the O(aE,/my) outer radiative
corrections [see Eq. (D10)], the electron-energy and angu-
lar distributions in Eqgs. (F2)-(F8) are well-defined in the
experimental electron-energy region 0.811 MeV < E, <
1.211 MeV [5].
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