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In the framework of the Standard Model (SM) a theoretical description of the neutron beta decay is
given at the level of 10−5. The neutron lifetime and correlation coefficients of the neutron beta decay for a
polarized neutron, a polarized electron, and an unpolarized proton are calculated at the account for (i) the
radiative corrections (RC) of order OðαEe=mNÞ ∼ 10−5, i.e., OðαEe=mNÞ RC, to Sirlin’s outer and inner
Oðα=πÞ RC, where α and Ee are the fine-structure constant and the electron energy, respectively; (ii) the
outer OðαEe=mNÞ RC, caused by Sirlin’s outer Oðα=πÞ RC and the phase-volume of the neutron
beta decay, calculated to next-to-leading order in the large nucleon mass mN expansion; (iii) the
corrections of orderOðE2

e=m2
NÞ ∼ 10−5, caused by weak magnetism and proton recoil; and (iv) Wilkinson’s

corrections of order 10−5 [Wilkinson, Nucl. Phys. A377, 474 (1982)]. These corrections define the
SM background of the theoretical description of the neutron beta decay at the level of 10−5, which is
required by experimental searches of interactions beyond the SM with experimental uncertainties of a few
parts of 10−5.

DOI: 10.1103/PhysRevD.104.033006

I. INTRODUCTION

A contemporary level of sensitivity of about 10−4 or even
better for experimental investigations of the neutron beta
decay [1–3] with a polarized neutron and unpolarized
electron and proton [4–7] and with a polarized neutron,
a polarized electron, and an unpolarized proton [8]
demands the theoretical description of the neutron beta
decay within the Standard Model (SM) [9,10] at the level of
10−5. As has been shown in [11–14] Wilkinson’s correc-
tions [15] provide the SM contributions to the neutron
lifetime and correlation coefficients of the neutron beta
decay of order 10−5. Of course, they do not exhaust a
complete set of the SM corrections of order 10−5.

In Refs. [16,17] we have calculated radiative corrections
(RC) of order OðαEe=mNÞ ∼ 10−5, i.e., OðαEe=mNÞ RC,
where α, Ee, and mN are the fine-structure constant [10],
the electron energy, and the nucleon mass, respectively, to
Sirlin’s outer and inner (see [18]) Oðα=πÞ RC [19,20] (see
also [21–23]), which are independent of the hadronic
structure of the neutron (see [16]) and induced by the
hadronic structure of the neutron (see [17]), respectively. In
turn, in [24] we have calculated a complete set of
corrections of order OðE2

e=m2
NÞ ∼ 10−5, caused by weak

magnetism and proton recoil. Together with Wilkinson’s
corrections [15] (see also [11–14]) the corrections,
calculated in [16,17,24], define the SM background of
the theoretical description of the neutron beta decay
at the level of 10−5. In this work we supplement this
SM theoretical background of the neutron beta decay
by the outer OðαEe=mNÞ ∼ 10−5 RC, caused by Sirlin’s
outer Oðα=πÞ RC and the phase-volume of the neutron
beta decay, calculated to next-to-leading order (NLO)
in the large nucleon mass mN expansion (see the
Appendix D).
For the electron-energy and angular distribution of the

neutron beta decay for a polarized neutron, a polarized
electron, and an unpolarized proton we use the most
general form, proposed by Jackson et al. [25–27] and
Ebel and Feldman [28]:
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where we have used the notations in Refs. [11,24,29,30].
Then, gA and GV are the axial and vector coupling
constants, respectively [1,2,5,6,10]; the Cabibbo-
Kobayashi-Maskawa (CKM) matrix element Vud is
included in the definition of the vector coupling constant
GV ; ξ⃗n and ξ⃗e are unit spin-polarization vectors of the
neutron and electron [11,12,14] (see also [31]), respec-
tively; dΩe and dΩν̄ are infinitesimal solid angles in the
directions of electron k⃗e and antineutrino k⃗ν̄ 3-momenta,
respectively; E0 ¼ ðm2

n −m2
p þm2

eÞ=2mn ¼ 1.2926 MeV
is the end-point energy of the electron-energy spectrum
[1,2]; FðEe; Z ¼ 1Þ is the relativistic Fermi function,
describing the electron-proton final-state Coulomb inter-
action, and is equal to [32] (see also [15] and a discussion
in [12])

FðEe; Z ¼ 1Þ ¼
�
1þ 1

2
γ

�
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where β ¼ ke=Ee ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

p
=Ee is the electron velocity,

γ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2

p
− 1, rp ¼ 0.841 fm is the electric radius of

the proton [33]. The correlation coefficient bðEeÞ is the
Fierz interference term [34]. The structure and the value of
the Fierz interference term may depend on interactions
beyond the SM [34]. Information of a contemporary
theoretical and experimental status of the Fierz interference
term can be found in [35–39] (see also [40,41]).
We would like to notice that recently [29,30] the

correlation coefficients TðEeÞ, SðEeÞ, and UðEeÞ have
been investigated theoretically within the SM at the level
of 10−3 by taking into account (i) the outer model-
independent Oðα=πÞ RC, calculated to leading order
(LO) in the large nucleon mass mN expansion; (ii) the

OðEe=mNÞ corrections, caused by weak magnetism and
proton recoil; and (iii) the corrections, caused by inter-
actions beyond the SM [25], including the contributions of
the second class currents or the G-odd correlations (as for
G-parity invariance of strong interactions, we refer to the
paper by Lee and Yang [42]) by Weinberg [43] (see also
[44,45] and [12–14]).
The paper is organized as follows. In Sec. II we give the

analytical expressions for the correlation function ζðEeÞ,
which is responsible for the correct electron-energy
spectrum of the neutron beta decay and correct value
of the neutron lifetime, and the correlation coefficients
XðEeÞ for X ¼ a; A; B;…; T and U, including (i) the
Oðα=πÞ and OðαEe=mNÞ ∼ 10−5 RC; (ii) the OðEe=mNÞ
and OðE2

e=m2
NÞ ∼ 10−5 corrections, caused by weak mag-

netism and proton recoil; and (iii) Wilkinson’s correc-
tions of order of a few parts of 10−5, which we have
calculated in Appendixes A, B and C. The results,
represented in Sec. II, illustrate the SM theoretical
description of the neutron beta decay at a level of 10−5

with a theoretical accuracy of a few parts of 10−6. In
Sec. III we discuss the obtained results and some
problems of the analysis of the contributions of the
neutron radiative beta decay. In Appendixes A, B, C,
and D we give detailed calculations of the correlation
function ζðEeÞ and correlation coefficients XðEeÞ for X ¼
a; A; B;…; T and U adduced in Sec. II. In Appendix E we
give the analytical expressions of the correlation function
ζðEeÞ and correlation coefficients XðEeÞ for X ¼
a; A; B;…; U as functions of the electron energy Ee
and the axial coupling constant gA. For the practical
applications and numerical analysis the correlation func-
tion ζðEeÞ and correlation coefficients XðEeÞ for X ¼
a; A; B;…; U are programmed in [46]. In Appendix F we
give the contributions to the electron-energy and angular
distribution of the neutron beta decay with correlation
structures, which go beyond the standard correlation
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structures in Eq. (1) by Jackson et al. [25–27] and Ebel
and Feldman [28].

II. CORRELATION FUNCTIONS AND
COEFFICIENTS OF THE ELECTRON-ENERGY

AND ANGULAR DISTRIBUTION EQ. (1)

In Appendixes A, B, C, and D at the level of 10−5 with a
theoretical accuracy of a few parts of 10−6 we give a
detailed SM calculation of the correlation function ζðEeÞ
and correlation coefficients in Eq. (1), the correlation
structures of which are invariant under time-reversal trans-
formation, i.e., T-even. According to our analysis carried
out in Appendixes A, B, C, and D, the correlation function
ζðEeÞ and correlation coefficients can be represented in the
following form:

ζðEeÞ ¼ ζðEeÞRCþζðEeÞRC−PhV þ ζðEeÞWP þ ζðEeÞWC;

XðEeÞ ¼ XðEeÞRCþXðEeÞRC−PhV þ XðEeÞWP þ XðEeÞWC;

ð3Þ

where X ¼ a; A; B;Kn;Qn;G;H;N;Ke;Qe; S; T, and U.
Then, YðEeÞRC, YðEeÞRC−PhV, YðEeÞWP, and YðEeÞW for

Y ¼ ζ, X are (i) the sum of the outerOðα=πÞ RC, calculated
to LO in the large nucleon mass mN expansion, and
OðαEe=mNÞ ∼ 10−5 RC, which are treated as NLO cor-
rections in the large nucleon mass mN expansion to the
outer and inner Oðα=πÞ RC and denoted as YRC−NLO (see
Appendix A); (ii) the outer OðαEe=mNÞ RC, caused by the
outerOðα=πÞ RC and the phase-volume of the neutron beta
decay taken to NLO in the large nucleon mass expansion;
(iii) the sum of the OðEe=mNÞ and OðE2

e=m2
NÞ ∼ 10−5

corrections, caused by weak magnetism and proton recoil;
and (iv) Wilkinson’s corrections of order 10−5. For the
practical applications and numerical analysis the analytical
expressions of the correlation function ζðEeÞ and correla-
tion coefficients XðEeÞ for X ¼ a; A; B;Kn;Qn;G;H;N;
Ke;Qe; S; T, and U are programmed in [46].
In order to illustrate the SM description of the neutron

beta decay at the level 10−5 we represent the correlation
function ζðEeÞ and correlation coefficients aðEeÞ; AðEeÞ;
BðEeÞ;…; UðEeÞ with the contributions of the correc-
tions, caused by weak magnetism and proton recoil
of order OðEe=mNÞ and OðE2

e=m2
NÞ in Appendix B, and

Wilkinson’s corrections in Appendix C, as functions of the
variable Ee=E0. According to our calculation in [46], we get

ζðEeÞ ¼ ζðEeÞRCþζðEeÞRC−PhV − 5.57× 10−4
E0

Ee
− 3.20 × 10−3 þ 9.81 × 10−3

Ee

E0

þ 7.13 × 10−5
E2
e

E2
0

− 3.16 × 10−5
Ee

βE0

;

aðEeÞ ¼ aðEeÞRCþaðEeÞRC−PhV − 5.81 × 10−5
E0

Ee
þ 3.24 × 10−3 − 9.16 × 10−3

Ee

E0

− 3.16 × 10−5
E0 − Ee

β3E0

;

AðEeÞ ¼ AðEeÞRC − 6.71 × 10−5
E0

Ee
− 1.75× 10−3

Ee

E0

;

BðEeÞ ¼ BðEeÞRC þ 5.26 × 10−5
E0

Ee
þ 3.27 × 10−4 − 3.42 × 10−4

Ee

E0

− 2.87 × 10−5
E2
e

E2
0

;

KnðEeÞ ¼ KnðEeÞRC þ 7.15 × 10−4
Ee

E0

þ 1.51 × 10−5
E2
e

E2
0

;

QnðEeÞ ¼ QnðEeÞRC−PhV þ 3.19× 10−3 − 7.29 × 10−3
Ee

E0

− 1.97 × 10−5
E2
e

E2
0

− 3.12 × 10−5
E0 − Ee

β3E0

;

GðEeÞ ¼ GðEeÞRC − 5.59 × 10−4
E0

Ee
þ 3.78 × 10−4 − 5.26 × 10−5

Ee

E0

− 1.26 × 10−4
E2
e

E2
0

;

HðEeÞ ¼ HðEeÞRC þ 2.28 × 10−5
E2
0
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e
− 1.28 × 10−3

E0

Ee
þ 1.13 × 10−3 − 1.46 × 10−5
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E0

;

NðEeÞ ¼ NðEeÞRC þ 2.33 × 10−5
E2
0

E2
e
− 3.21 × 10−4

E0

Ee
þ 5.73 × 10−5;

QeðEeÞ ¼ QeðEeÞRC þQeðEeÞRC−PhV þ 2.24 × 10−5
E0
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þ 7.00 × 10−4 þ 3.57 × 10−3
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e
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KeðEeÞ ¼ KeðEeÞRC þ KeðEeÞRC-PhV þ 1.93 × 10−5
E0

Ee
− 6.93 × 10−4 þ 9.17 × 10−3

Ee

E0

þ 2.95 × 10−5
E2
e

E2
0

þ 3.16 × 10−5
�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q 	E0 − Ee

β3E0

;

SðEeÞ ¼ SðEeÞRC − 2.82 × 10−4;

TðEeÞ ¼ TðEeÞRC − 1.81 × 10−4
E0

Ee
− 1.25 × 10−5 þ 2.77 × 10−4

Ee

E0

þ 4.69 × 10−5
E2
e

E2
0

;

UðEeÞ ¼ UðEeÞRC þ 1.19 × 10−5; ð4Þ

where the numerical coefficients are calculated at the axial
coupling constant gA ¼ 1.2764 [5]. The contributions of
the corrections of the OðαEe=mNÞ RC are plotted in [46].
Then, the analytical expressions of ζðEeÞRC and XðEeÞRC

for X ¼ a; A;…; T and U are given in Appendix A [see
Eq. (A20)] and in [46]. At α ¼ 0 the correlation function
ζðEeÞRC and the correlation coefficients XðEeÞRC for X ¼
a; A;…; U reduce to their values, calculated to LO in the
large nucleon mass mN expansion (see Appendix A). The
outer RC ζðEeÞRC−PhV and XðEeÞRC−PhV are calculated in
Appendix D [see Eq. (D10)].
In addition to the correlation function ζðEeÞ and the

correlation coefficients in Eq. (4) we give the correlation
coefficientAðβÞðEeÞ ¼ AðEeÞ þ 1

3
QnðEeÞ [15] thatmeasures

the electron (beta) asymmetry of the neutron beta decay [5]:

AðβÞðEeÞ ¼ AðβÞðEeÞRC þ
1

3
QnðEeÞRC−PhV − 6.67× 10−5

E0

Ee

þ 9.78× 10−4 − 4.18× 10−3
Ee

E0

− 1.04× 10−5
E0 −Ee

β3E0

; ð5Þ

calculated at gA¼1.2764 [5], where AðβÞðEeÞRC¼AðEeÞRC,
since QnðEeÞRC ¼ 0 [see Eq. (A20)]. The correlation func-
tion ζðEeÞ and the correlation coefficients XðEeÞ for X ¼
a; A; B;…; U in Eq. (4) and AðβÞðEeÞ in Eq. (5) describe the
neutron beta decay for a polarized neutron, a polarized
electron, and an unpolarized proton at the level of 10−5 in the
framework of the SM with a theoretical accuracy of a few
parts of 10−6.

III. DISCUSSION

We have given a SM theoretical description of the
neutron beta decay for a polarized neutron, a polarized
electron, and an unpolarized proton at the level of 10−5 with
a theoretical accuracy of a few parts of 10−6. To the well-
known Oðα=πÞ RC [19–23] (see also [11,12,14,29,30])
and OðEe=mNÞ corrections [47] and [15,22,23] (see
also [11,12,14,29,30]) we have added (i) the inner
OðαEe=mNÞ ∼ 10−5 RC [16,17], which are treated as
NLO corrections in the large nucleon mass mN expansion

to Sirlin’s outer and inner Oðα=πÞ RC, calculated to
LO in the large nucleon mass mN expansion; (ii) the outer
OðαEe=mNÞ ∼ 10−5 RC, induced by Sirlin’s outer Oðα=πÞ
RC and the phase-volume of the neutron beta decay,
calculated to NLO in the large nucleon massmN expansion;
(iii) the OðE2

e=m2
NÞ ∼ 10−5 corrections [24], caused by

weak magnetism and proton recoil; and (iv) Wilkinson’s
corrections [15] (see also [11,12,14]) of order 10−5. As has
been shown in Eq. (4), all of these corrections define the
SM background of the theoretical description of the
neutron beta decay at the level of 10−5 with a theoretical
accuracy of about a few parts of 10−6 [46].
Having accepted the value of the axial coupling constant

gA ¼ 1.2764 [5,6], the correlation function ζðEeÞ and
correlation coefficients, given in Eqs. (4) and (5), can be
used as the SM theoretical background of the neutron beta
decay for experimental searches of contributions of inter-
actions beyond the SM with experimental uncertainties of a
few parts of 10−5 [4,7,8] (see also [12,24]). Because of
Wilkinson’s corrections, induced by the proton recoil in
the electron-proton final-state Coulomb interaction [see
Eq. (C8) in Appendix C] and the outer OðαEe=mNÞ RC
[see Eq. (D10) in Appendix D], the correlation function
ζðEeÞ and correlation coefficients in Eqs. (4) and (5) are
well-defined in the experimental electron-energy region
0.811 MeV ≤ Ee ≤ 1.211 MeV [5].
In Appendix E we give the analytical expressions for

the correlation function ζðEeÞ and correlation coefficients
XðEeÞ for X ¼ a; A; B;…; U as functions of the electron
energy Ee and the axial coupling constant gA. These
expressions can be used as a SM theoretical background
for processing experimental data on the neutron lifetime,
the electron-antineutrino angular correlations, and electron
and antineutrino asymmetries with experimental uncertain-
ties of about a few parts of 10−5. Such a SM theoretical
background and experimental data, obtained with exper-
imental uncertainties of about a few parts of 10−5, should
allow one to improve the currently available experimental
value of the axial coupling constant gA [5,6]. They can also
be used for searches of contributions of interactions
beyond the SM in experiments with polarized neutrons
and electrons [8].
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We also have to emphasize that for the correct descrip-
tion of the neutron lifetime one has to add the inner
radiative corrections ΔV

R and ΔA
R of order Oðα=πÞ, defined

by the Feynman γW-box diagrams, to the rates of the
neutron beta decay and superallowed nuclear beta decays,
which have been calculated to LO in the large nucleon mass
mN expansion in [48–56]. These corrections are very
important for the correct extraction of the value of the
CKM matrix element Vud.
Finally, we would like to discuss the problem of the

removal of infrared divergences for the calculation of the
outer RC in the neutron beta decay. Since the virtual photon
exchange leads to the dependence of the amplitude of the
neutron beta decay on the infrared cutoff μ, which is an
infinitesimal photon mass μ in the covariant regularization
[19,57–61], one has to take into account the contribution of
the neutron radiative beta decay [19,57–61]. For this aim
the energy and angular distribution of the rate of the
neutron radiative decay should be summed with the energy
and angular distribution of the rate of the neutron beta
decay [19,57–61]. In case of the investigation of the
electron-energy and angular distribution of the neutron
beta decay [see, for example, Eq. (1)], the standard
procedure for the calculation of distributions for both the
neutron beta decay and neutron radiative beta decay is to
integrate, first, over the proton 3-momenta and then over
the energy of the antineutrino [19,21–23,57–69] (see also
[11–14,29,30,40]). In the rest frame of the neutron and after
the integration of the proton 3-momentum, the latter

appears in the distributions in the form k⃗p ¼ −k⃗e − k⃗ν̄e
imposed by momentum conservation, where k⃗e and k⃗ν̄e are
3-momenta of the electron and antineutrino, respectively. In
this case for the calculation of the electron-energy and
angular distribution of the neutron radiative beta decay the
integration over directions of the photon 3-momentum
takes into account correlations of the photon 3-momentum
with 3-momenta of the electron and antineutrino and
implicitly with the proton 3-momentum (for the details
of these calculations we refer to [11,12,14,29,30]). The
electron-energy and angular distribution Eq. (1) is usually
used for the measurements of the electron (beta) asymme-
try, which is characterized by the correlation coefficient
AðβÞðEeÞ [5]. In these measurements the electron asymme-
try defines the asymmetry of the emission of decay
electrons relative to the neutron spin polarization into solid
angles related by the polar angle θ → π − θ [5,70–73] (for
the details of the calculation we refer to [11]). The electron-
energy and angular distribution Eq. (1) can also be applied
to the measurement of the antineutrino asymmetry, which is
practically defined by the correlation coefficient BðEeÞ.
Formally, the antineutrino asymmetry BexpðEeÞ defines the
asymmetry of the emission of the antineutrino relative to
the neutron spin polarization into solid angles related by the
polar angle θ → π − θ. However, in experiments [7,74–76]

because of the electroneutrality of the antineutrino such an
asymmetry is equivalent to the asymmetry of the emission
of the electron-proton pairs into the solid angles related by
the polar angle θ → π − θ. For the first time, the asymmetry
BexpðEeÞ has been calculated by Glück et al. [66,69] in
terms of the correlation coefficients aðEeÞ, AðEeÞ, and
BðEeÞ (for the details of the calculation we refer to [11]).
In turn, for the measurements of the electron-

antineutrino angular correlations [77–79] and the proton
recoil asymmetry, defined by the correlation coefficient C
[80], one has to use the electron-proton-energy and angular
distribution (or the proton-energy and angular distribution)
[65–69]. For the calculation of the electron-proton-energy
and angular distribution one has to integrate over the
antineutrino 3-momentum. Then, having integrated over
the electron energy one obtains the proton-energy and
angular distribution (for the details of the calculation we
refer to [11]). The same procedure should be used for the
neutron radiative beta decay [11]. In case of the neutron
radiative beta decay for the calculation of the electron-
proton-photon-energy and angular distribution one deals
with direct photon-proton correlations [65–69]. However,
as has been shown in [81], the contributions of these
correlations do not destroy the radiative corrections,
defined by the functions ðα=πÞḡnðEeÞ and ðα=πÞfnðEeÞ.
As has been found in [81], the contributions of the photon-
proton correlations in the neutron radiative beta decay to
the proton recoil asymmetry C are of order of 10−4. They
make the contributions of the radiative corrections to the
proton recoil asymmetry C symmetric with respect to a
change A0 ↔ B0, where A0 and B0 are the correlation
coefficients AðEeÞ and BðEeÞ calculated to LO in the large
nucleon mass mN expansion [1,2]. They depend on the
axial coupling constant only [see also Eq. (A16) in
Appendix A]. We are planning to carry out the analysis
of the electron-proton-energy and angular distributions of
the neutron beta decay at the SM theoretical level of about
10−5 in our forthcoming publication.
We would like to note that for practical applications and

numerical analysis of the correlation function ζðEeÞ and
correlation coefficients aðEeÞ; AðEeÞ; BðEeÞ;…; UðEeÞ we
have programmed their analytical expressions in [46].
We have carried out numerical calculations for the
axial coupling constant gA ¼ 1.2764 [5] and plotted the
OðαEe=mNÞ corrections.
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APPENDIX A: THE ELECTRON-ENERGY AND ANGULAR DISTRIBUTION OF THE NEUTRON BETA
DECAY WITH THE ACCOUNT FOR THE RADIATIVE CORRECTIONS OF ORDER OðαEe=mNÞ

According to [11,29,30], the electron-energy and angular distribution of the neutron beta decay for a polarized neutron, a
polarized electron, and an unpolarized proton in Eq. (1) is determined by

d5λnðEe; k⃗e; k⃗ν̄; ξ⃗n; ξ⃗eÞ
dEedΩedΩν̄

¼ ð1þ 3g2AÞ
jGV j2
16π5

ðE0 − EeÞ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

q
EeFðEe; Z ¼ 1Þ

×Φnðk⃗e; k⃗ν̄Þ
X
pol

jMðn → pe−ν̄eÞj2
ð1þ 3g2AÞjGV j264m2

nEeEν̄
; ðA1Þ

where we sum over polarizations of the massive fermions. The function Φnðk⃗e; k⃗ν̄Þ defines the contributions of the phase-
volume of the neutron beta decay [11,24]. It is equal to [11,24]

Φnðk⃗e; k⃗ν̄Þ ¼ 1þ 3
Ee

mN

�
1 −

k⃗e · k⃗ν̄
EeEν̄

�
; ðA2Þ

taken to NLO in the large nucleon mass mN expansion. The amplitude of the neutron beta decay, taking into account the
radiative corrections of order Oðα=πÞ and OðαEe=mNÞ, is defined by [11,16,17]

Mðn → pe−ν̄eÞ ¼ −2mnGVfð1þ U1Þ½φ†
pφn�½ūeγ0ð1 − γ5Þvν̄� þ gAð1þU2Þ½φ†

pσ⃗φn� · ½ūeγ⃗ð1 − γ5Þvν̄�
þU3½φ†

pφn�½ūeð1 − γ5Þvν̄� þ gAU4½φ†
pσ⃗φn� · ½ūeγ0γ⃗ð1 − γ5Þvν̄� þU5½φ†

pðk⃗e · σ⃗Þφn�½ūeð1 − γ5Þvν̄�
þU6½φ†

pðk⃗ν̄ · σ⃗Þφn�½ūeð1 − γ5Þvν̄� þU7½φ†
pðk⃗e · σ⃗Þφn�½ūeγ0ð1 − γ5Þvν̄�

þU8½φ†
pðk⃗e · σ⃗Þσ⃗φn� · ½ūeγ⃗ð1 − γ5Þvν̄�: ðA3Þ

The functions Uj for j ¼ 1; 2;…; 8 are given by

U1 ¼
α

2π

�
fβ−c ðEe; μÞ þ

Ee

mN
fVðEeÞ þ ḡstðEeÞ

�
;

U2 ¼
α

2π

�
fβ−c ðEe; μÞ þ

Ee

mN
fAðEeÞ þ

5

2

m2
N

M2
W
ln

M2
W

m2
N
þ 1

gA
f̄stðEeÞ

�
;

U3 ¼
α

2π

�
−

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
2β

ln
�
1þ β

1 − β

�
þ Ee

mN
fSðEeÞ

�
;

U4 ¼
α

2π

�
−

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
2β

ln
�
1þ β

1 − β

�
þ Ee

mN
fTðEeÞ

�
;

U5 ¼
α

2π

1

Ee

Ee

mN
gSðEeÞ; U6 ¼

α

2π

1

Ee

Ee

mN
hSðEeÞ;

U7 ¼
α

2π

1

Ee

Ee

mN
gVðEeÞ; U8 ¼

α

2π

1

Ee

Ee

mN
hAðEeÞ; ðA4Þ

where β ¼ ke=Ee ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −m2

e=E2
e

p
is the electron velocity, the function fβ−c ðEe; μÞ, where μ is a covariant infrared cutoff

having a meaning of a photon mass [19,57,58], was calculated by Sirlin [19] to LO in the large nucleon mN expansion [for
the details of the calculation of the function fβ−c ðEe; μÞ we refer to [11] ]. It defines so-called outer model-independent
radiative corrections [18]. Then, the functions fVðEeÞ, fAðEeÞ, fSðEeÞ, fTðEeÞ, gVðEeÞ, gSðEeÞ, hSðEeÞ, and hAðEeÞ
determine the inner radiative corrections dependent on the axial coupling constant gA to Sirlin’s outer radiative corrections
Oðα=πÞ, calculated to NLO in the large nucleon mass mN expansion in [16]. In turn, the functions ḡstðEeÞ and f̄stðEeÞ
describe the inner radiative corrections, caused by the hadronic structure of the neutron and calculated to NLO in the large
nucleon mN mass expansion in [17] as NLO corrections to Sirlin’s inner radiative corrections Oðα=πÞ, caused by the
hadronic structure of the neutron and calculated to LO in the large nucleon mass expansion [19,20]. The analytical
expressions of these functions are equal to [11,16,17]
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fβ−c ðEe; μÞ ¼
3

4
ln

m2
N

m2
e
−
11

8
þ ln

�
μ

me

�

1

β
ln

�
1þ β

1 − β

�
− 2

�
þ 1

2β
ln

�
1þ β

1 − β

�
−

1

4β
ln2

�
1þ β

1 − β

�
−
1

β
Li2

�
2β

1þ β

�
;

fVðEeÞ ¼ 1þ 1

2
ln

m2
N

m2
e
þ 2 − 3β2

2β
ln

�
1þ β

1 − β

�
þ ðgA − 1Þ



−
1

4
−
5

8
ln

m2
N

m2
e
−
2 − 5β2

8β
ln

�
1þ β

1 − β

��
;

fAðEeÞ ¼ 1þ 1

2
ln

m2
N

m2
e
þ 2 − 3β2

2β
ln

�
1þ β

1 − β

�
þ gA − 1

gA



3

4
ln

m2
N

m2
e
−
3

4
βln

�
1þ β

1 − β

��
;

fSðEeÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q �
−
1

2
ln

m2
N

m2
e
þ 2E0 − Ee

Ee

1

2β
ln

�
1þ β

1 − β

�
þ ðgA − 1Þ



1

4
−
1

8
ln

m2
N

m2
e
−

1

4β
ln

�
1þ β

1 − β

���
;

fTðEeÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q 

−
1

2
ln

m2
N

m2
e
þ 1

2β
ln

�
1þ β

1 − β

��
;

gSðEeÞ ¼ ðgA − 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
8β

ln
�
1þ β

1 − β

�
;

hSðEeÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
β

ln
�
1þ β

1 − β

�
;

gVðEeÞ ¼ −
1

2
ln

m2
N

m2
e
þ 1

2β
ln

�
1þ β

1 − β

�
þ ðgA − 1Þ



−
1

4
−
3

8
ln

m2
N

m2
e
þ 5

8β
ln

�
1þ β

1 − β

��
;

hAðEeÞ ¼ −
1

2
ln

m2
N

m2
e
þ 1

2β
ln

�
1þ β

1 − β

�
; ðA5Þ

where Li2ðzÞ is the polylogarithmic function [82], and

ḡstðEeÞ ¼ −GðVÞ
st

E0

mN
þ ðGðWÞ

st þ FðWÞ
st Þ m

2
N

M2
W
þHðVÞ

st
Ee

mN
¼ 0.098

�
1þ 0.95

Ee

E0

�
;

f̄stðEeÞ ¼ þGðAÞ
st

E0

mN
−HðWÞ

st
m2

N

M2
W
−HðAÞ

st
Ee

mN
¼ 0.057

�
1þ Ee

E0

�
; ðA6Þ

where E0 ¼ ðm2
n −m2

p þm2
eÞ=2mn ¼ 1.2926 MeV is the end-point energy of the electron-energy spectrum [1,2],

calculated for mn ¼ 939.9564 MeV, mp ¼ 938.2721 MeV, and me ¼ 0.5110 MeV [10]. Then, mN ¼ ðmn þmpÞ=2 ¼
938.9188 MeV and MW ¼ 80.379 GeV are nucleon and electroweak W−-boson masses [10], respectively. The structure

constants GðVÞ
st and so on, calculated in [17], are equal to GðVÞ

st ¼ −70.71, HðVÞ
st ¼ 67.75, GðWÞ

st ¼ 8.94, GðAÞ
st ¼ 41.95,

HðAÞ
st ¼ −40.78, HðWÞ

st ¼ 2.10, and FðWÞ
st ¼ −1.64. For the subsequent analysis of radiative corrections we follow [29] (see

also [11]) and represent the function fβ−c ðEe; μÞ as follows:

fβ−c ðEe; μÞ ¼ ḡnðEeÞ þ
1 − β2

2β
ln

1þ β

1 − β
− gð1Þβγ ðEe; μÞ; ðA7Þ

where 2ḡnðEeÞ is Sirlin’s function, defining the outer radiative corrections of orderOðα=πÞ to the neutron lifetime [19]. The

function gð1Þβγ ðEe; μÞ can be removed by the contribution of the neutron radiative beta decay n → pþ e− þ ν̄e þ γ with a real
photon γ, which should be added, according to Berman [57] and Kinoshita and Sirlin [58] (see also Sirlin [19]), for the
removal of the dependence of the neutron lifetime on the infrared cutoff. For the detailed calculation of the function

gð1Þβγ ðEe; μÞ as well as the function gð1Þβγ ðEe;ωminÞ, describing the contributions of the neutron radiative beta decay n →
pþ e− þ ν̄e þ γ to the neutron lifetime, where ωmin is a noncovariant infrared cutoff having a meaning of the photon-
energy threshold of the detector, we refer to [11]. We adduce here the analytical expressions of these functions for
completeness (see [11])
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gð1Þβγ ðEe; μÞ ¼


ln

�
2ðE0 − EeÞ

μ

�
−
3

2
þ 1

3

E0 − Ee

Ee

�
1þ 1

8

E0 − Ee

Ee

��

1

β
ln

�
1þ β

1 − β

�
− 2

�

þ 1þ 1

2β
ln

�
1þ β

1 − β

�
−

1

4β
ln2

�
1þ β

1 − β

�
−
1

β
Li2

�
2β

1þ β

�
þ 1

12

ðE0 − EeÞ2
E2
e

;

gð1Þβγ ðEe;ωminÞ ¼


ln

�
E0 − Ee

ωmin

�
−
3

2
þ 1

3

E0 − Ee

Ee

�
1þ 1

8

E0 − Ee

Ee

��

1

β
ln

�
1þ β

1 − β

�
− 2

�
þ 1

12

ðE0 − EeÞ2
E2
e

: ðA8Þ

The Hermitian conjugate amplitude of the neutron beta decay Eq. (A3) is equal to

M†ðn → pe−ν̄eÞ ¼ −2mnGVfð1þU1Þ½φ†
nφp�½v̄ν̄γ0ð1 − γ5Þue� þ gAð1þ U2Þ½φ†

nσ⃗φp� · ½v̄ν̄γ⃗ð1 − γ5Þue�
þ U3½φ†

nφp�½v̄ν̄ð1þ γ5Þue� − gAU4½φ†
pσ⃗φn� · ½v̄ν̄γ0γ⃗ð1þ γ5Þue� þU5½φ†

nðk⃗e · σ⃗Þφp�½v̄ν̄ð1þ γ5Þue�
þ U6½φ†

nðk⃗ν̄ · σ⃗Þφp�½v̄ν̄ð1þ γ5Þue� þ U7½φ†
nðk⃗e · σ⃗Þφp�½v̄ν̄γ0ð1 − γ5Þue�

þ U8½φ†
nðk⃗e · σ⃗Þσ⃗φp� · ½v̄ν̄γ⃗ð1 − γ5Þue�g: ðA9Þ

We use this amplitude for the calculation of the square of absolute value of the amplitude Eq. (A3), summed over
polarizations of massive particles. It is equal to

X
pol

jMðn → pe−ν̄eÞj2
ð1þ 3g2AÞjGV j264m2

nEeEν̄

¼ 1

ð1þ 3g2AÞ8EeEν̄
fð1þ 2U1Þtrfð1þ ξ⃗n · σ⃗Þgtrfðk̂e þmeγ

5ζ̂eÞγ0k̂ν̄γ0ð1 − γ5Þg

þ gAð1þ U1 þ U2Þtrfð1þ ξ⃗n · σ⃗Þσ⃗g · trfðk̂e þmeγ
5ζ̂eÞγ⃗k̂ν̄γ0ð1 − γ5Þg þ gAð1þ U1 þU2Þtrfð1þ ξ⃗n · σ⃗Þσ⃗g

· trfðk̂e þmeγ
5ζ̂eÞγ0k̂ν̄γ⃗ð1 − γ5Þg þ g2Að1þ 2U2Þtrfð1þ ξ⃗n · σ⃗Þσaσbgtrfðk̂e þmeγ

5ζ̂eÞγbk̂ν̄γað1 − γ5Þg
þ U3trfð1þ ξ⃗n · σ⃗Þgtrfðme þ k̂eγ5ζ̂eÞk̂ν̄γ0ð1 − γ5Þg þU3trfð1þ ξ⃗n · σ⃗Þgtrfðme þ k̂eγ5ζ̂eÞγ0k̂ν̄ð1þ γ5Þg
þ gAU4trfð1þ ξ⃗n · σ⃗Þσ⃗g · trfðme þ k̂eγ5ζ̂eÞγ0γ⃗k̂ν̄γ0ð1 − γ5Þg − gAU4trfð1þ ξ⃗n · σ⃗Þσ⃗g · trfðme þ k̂eγ5ζ̂eÞ
× γ0k̂ν̄γ0γ⃗ð1þ γ5Þg þ U5trfð1þ ξ⃗n · σ⃗Þðk⃗e · σ⃗Þgtrfðme þ k̂eγ5ζ̂eÞk̂ν̄γ0ð1 − γ5Þg þ U5trfð1þ ξ⃗n · σ⃗Þðk⃗e · σ⃗Þg
× trfðme þ k̂eγ5ζ̂eÞγ0k̂ν̄ð1þ γ5Þg þ U6trfð1þ ξ⃗n · σ⃗Þðk⃗ν̄ · σ⃗Þgtrfðme þ k̂eγ5ζ̂eÞk̂ν̄γ0ð1 − γ5Þg þU6trfð1þ ξ⃗n · σ⃗Þ
× ðk⃗e · σ⃗Þgtrfðme þ k̂eγ5ζ̂eÞγ0k̂ν̄ð1þ γ5Þg þU7trfð1þ ξ⃗n · σ⃗Þðk⃗e · σ⃗Þgtrfðk̂e þmeγ

5ζ̂eÞγ0k̂ν̄γ0ð1 − γ5Þg
þ U7trfð1þ ξ⃗n · σ⃗Þðk⃗e · σ⃗Þtrfðk̂e þmeγ

5ζ̂eÞγ0k̂ν̄γ0ð1 − γ5Þg þ U8trfð1þ ξ⃗n · σ⃗Þðk⃗e · σ⃗Þσ⃗g · trfðk̂e þmeγ
5ζ̂eÞ

× γ⃗k̂ν̄γ0ð1 − γ5Þg þU8trfð1þ ξ⃗n · σ⃗Þσ⃗ðk⃗e · σ⃗Þg · trfðk̂e þmeγ
5ζ̂eÞγ0k̂ν̄γ⃗ð1 − γ5Þg þ gAU3trfð1þ ξ⃗n · σ⃗Þσ⃗g

· trfðme þ k̂eγ5ζ̂eÞk̂ν̄γ⃗ð1 − γ5Þg þ gAU3trfð1þ ξ⃗n · σ⃗Þσ⃗g · trfðme þ k̂eγ5ζ̂eÞγ⃗k̂ν̄ð1þ γ5Þg þ g2AU4trfð1þ ξ⃗n · σ⃗Þ
× σaσbgtrfðme þ k̂eγ5ζ̂eÞγ0γbk̂ν̄γað1 − γ5Þg − g2AU4trfð1þ ξ⃗n · σ⃗Þσaσbgtrfðme þ k̂eγ5ζ̂eÞγbk̂ν̄γ0γað1 − γ5Þg
þ gAU5trfð1þ ξ⃗n · σ⃗Þσ⃗ðk⃗e · σ⃗Þg · trfðme þ k̂eγ5ζ̂eÞk̂ν̄γ⃗ð1 − γ5Þg þ gAU5trfð1þ ξ⃗n · σ⃗Þðk⃗e · σ⃗Þσ⃗g · trfðme þ k̂eγ5ζ̂eÞ
× γ⃗k̂ν̄ð1þ γ5Þg þ gAU6trfð1þ ξ⃗n · σ⃗Þσ⃗ðk⃗ν̄ · σ⃗Þg · trfðme þ k̂eγ5ζ̂eÞk̂ν̄γ⃗ð1 − γ5Þg þ gAU6trfð1þ ξ⃗n · σ⃗Þðk⃗ν̄ · σ⃗Þσ⃗g
· trfðme þ k̂eγ5ζ̂eÞγ⃗k̂ν̄ð1þ γ5Þg þ gAU7trfð1þ ξ⃗n · σ⃗Þσ⃗ðk⃗e · σ⃗Þg · trfðk̂e þmeγ

5ζ̂eÞγ0k̂ν̄γ⃗ð1 − γ5Þg þ gAU7

× trfð1þ ξ⃗n · σ⃗Þðk⃗e · σ⃗Þσ⃗g · trfðk̂e þmeγ
5ζ̂eÞγ⃗k̂ν̄γ0ð1 − γ5Þg þ gAU8trfð1þ ξ⃗n · σ⃗Þσaðk⃗e · σ⃗Þσbgtrfðk̂e þmeγ

5ζ̂eÞ
× γbk̂ν̄γað1 − γ5Þg þ gAU8trfð1þ ξ⃗n · σ⃗Þσaðk⃗e · σ⃗Þσbgtrfðk̂e þmeγ

5ζ̂eÞγbk̂ν̄γað1 − γ5Þg: ðA10Þ
Having calculated the traces over the nucleon degrees of freedom and using the properties of the Dirac matrices [31]

γαγνγμ ¼ γαηνμ − γνημα þ γμηαν þ iεανμβγβγ5 ðA11Þ
and γμγν þ γνγμ ¼ 2ημν, where ημν is the metric tensor of the Minkowski spacetime, εανμβ is the Levi-Civita tensor defined
by ε0123 ¼ 1 and εανμβ ¼ −εανμβ [31], we transcribe the right-hand side (RHS) of Eq. (A10) into the form [11,12,14]
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X
pol

jMðn→ pe−ν̄eÞj2
ð1þ 3g2AÞjGV j264m2

nEeEν̄

¼ 1

4Ee

�
�
1þ 2

1þ 3g2A
ðU1 þ 3g2AU2Þ

�
þ
�
B0 þ

2

1þ 3g2A
ðgAðU1 þU2Þ þ 2g2AU2Þ

�

×
ξ⃗n · k⃗ν̄
Eν̄

þ 2Ee

1þ 3g2A
ðU7 − gAU8Þ

ξ⃗n · k⃗e
Ee

þ 2Ee

1þ 3g2A
ðgAU7 þ ð1− 2gAÞU8Þ

k⃗e · k⃗ν̄
EeEν̄

�
trfðk̂e þmeγ

5ζ̂eÞγ0ð1− γ5Þg

þ

�

a0 þ
2

1þ 3g2A
ðU1 − g2AU2Þ

�
k⃗ν̄
Eν̄

þ
�
A0 þ

2

1þ 3g2A
ðgAðU1 þU2Þ− 2g2AU2Þ

�
ξ⃗n þ

2Ee

1þ 3g2A
ðU7 − gAU8Þ

ðξ⃗n · k⃗eÞ
Ee

k⃗ν̄
Eν̄

þ 2Ee

1þ 3g2A
ðgAU7 þ ð1þ 2gAÞU8Þ

k⃗e
Ee

þ 2Ee

1þ 3g2A
ð−gAU7 þ ð1þ 2gAÞU8Þ

ðk⃗e · k⃗ν̄Þ
EeEν̄

ξ⃗n þ
2Ee

1þ 3g2A
ðgAU7 − ð1− 2gAÞ

×U8Þ
ðξ⃗n · k⃗ν̄Þ

Eν̄

k⃗e
Ee

�
· trfðk̂e þmeγ

5ζ̂eÞγ⃗ð1− γ5Þgþ



2

1þ 3g2A
ðU3 þ 3g2AU4 þ gAEν̄U6Þ þ

2

1þ 3g2A
ðgAðU3 þU4Þ

þ 2g2AU4 þEν̄U6Þ
ξ⃗n · k⃗ν̄
Eν̄

þ 2Ee

1þ 3g2A
U5

ξ⃗n · k⃗e
Ee

þ 2Ee

1þ 3g2A
gAU5

k⃗e · k⃗ν̄
EeEν̄

�
trfðme þ k̂eγ5ζ̂eÞgþ



−

2Ee

1þ 3g2A
gAU5

×
ðξ⃗n · k⃗eÞk⃗ν̄
EeEν̄

−
2Eν̄

1þ 3g2A
ð1þ gAÞU6

ðξ⃗n · k⃗ν̄Þk⃗ν̄
E2
ν̄

þ 2

1þ 3g2A
ð−gAðU3 þU4Þ þ 2g2AU4 þ gAEν̄U6Þξ⃗n þ

2

1þ 3g2A

× ð−U3 þ g2AU4 − gAEν̄U6Þ
k⃗ν̄
Eν̄

−
2Ee

1þ 3g2A
gAU5

k⃗e
Ee

þ 2Ee

1þ 3g2A
gAU5

ðξ⃗n · k⃗ν̄Þk⃗e
EeEν̄

−
2Ee

1þ 3g2A
gAU5

ðk⃗e · k⃗ν̄Þξ⃗n
EeEν̄

�

· trfðme þ k̂eγ5ζ̂eÞγ0γ⃗γ5gþ



2

1þ 3g2A
gAðU3 −U4 −Eν̄U6Þi

ξ⃗n × k⃗ν̄
Eν̄

−
2Ee

1þ 3g2A
gAU5i

ξ⃗n × k⃗e
Ee

þ 2Ee

1þ 3g2A
gAU5

× i
k⃗e × k⃗ν̄
EeEν̄

�
· trfðme þ k̂eγ5ζ̂eÞγ0γ⃗g

�
: ðA12Þ

Having calculated the traces over leptonic degrees of freedom we arrive at the expression

X
pol

jMðn→ pe−ν̄eÞj2
ð1þ 3g2AÞjGV j264m2

nEeEν̄

¼

�

1þ 2

1þ 3g2A
ðU1 þ 3g2AU2Þ

�
þ
�
B0 þ

2

1þ 3g2A
ðgAðU1 þU2Þ þ 2g2AU2Þ

�
ξ⃗n · k⃗ν̄
Eν̄

þ 2Ee

1þ 3g2A
ðU7 − gAU8Þ

ξ⃗n · k⃗e
Ee

þ 2Ee

1þ 3g2A
ðgAU7 þ ð1− 2gAÞU8Þ

k⃗e · k⃗ν̄
EeEν̄

��
1−

me

Ee
ζ0e

�
þ

�

a0 þ
2

1þ 3g2A
ðU1 − g2AU2Þ

�
k⃗ν̄
Eν̄

þ
�
A0 þ

2

1þ 3g2A
ðgAðU1 þU2Þ− 2g2AU2Þ

�
ξ⃗n þ

2Ee

1þ 3g2A
ðU7 − gAU8Þ

ðξ⃗n · k⃗eÞ
Ee

k⃗ν̄
Eν̄

þ 2Ee

1þ 3g2A
ðgAU7 þ ð1þ 2gAÞU8Þ

k⃗e
Ee

þ 2Ee

1þ 3g2A
ð−gAU7 þ ð1þ 2gAÞU8Þ

ðk⃗e · k⃗ν̄Þ
EeEν̄

ξ⃗n þ
2Ee

1þ 3g2A
ðgAU7 − ð1− 2gAÞU8Þ

ðξ⃗n · k⃗ν̄Þ
Eν̄

k⃗e
Ee

�
·

�
k⃗e
Ee

−
me

Ee
ζ⃗e

�

þ



2

1þ 3g2A
ðU3 þ 3g2AU4 þ gAEν̄U6Þ þ

2

1þ 3g2A
ðgAðU3 þU4Þ þ 2g2AU4 þEν̄U6Þ

ξ⃗n · k⃗ν̄
Eν̄

þ 2Ee

1þ 3g2A
U5

ξ⃗n · k⃗e
Ee

þ 2Ee

1þ 3g2A
gAU5

k⃗e · k⃗ν̄
EeEν̄

�
me

Ee
þ


−

2Ee

1þ 3g2A
gAU5

ðξ⃗n · k⃗eÞk⃗ν̄
EeEν̄

−
2Eν̄

1þ 3g2A
ð1þ gAÞU6

ðξ⃗n · k⃗ν̄Þk⃗ν̄
E2
ν̄

þ 2

1þ 3g2A
ð−gAðU3 þU4Þ þ 2g2AU4 þ gAEν̄U6Þξ⃗n þ

2

1þ 3g2A
ð−U3 þ g2AU4 − gAEν̄U6Þ

k⃗ν̄
Eν̄

−
2Ee

1þ 3g2A
gAU5

k⃗e
Ee
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þ 2Ee

1þ 3g2A
gAU5

ðξ⃗n · k⃗ν̄Þk⃗e
EeEν̄

−
2Ee

1þ 3g2A
gAU5

ðk⃗e · k⃗ν̄Þξ⃗n
EeEν̄

�
·

�
ζ⃗e −

k⃗e
Ee

ζ0e

�
þ



2

1þ 3g2A
gAðU3 −U4 − Eν̄U6Þ

× i
ξ⃗n × k⃗ν̄
Eν̄

−
2Ee

1þ 3g2A
gAU5i

ξ⃗n × k⃗e
Ee

þ 2Ee

1þ 3g2A
gAU5i

k⃗e × k⃗ν̄
EeEν̄

�
· i
k⃗e × ξ⃗e
Ee

: ðA13Þ

In terms of the irreducible correlation structures the RHS of Eq. (A13) is given by

X
pol

jMðn → pe−ν̄eÞj2
ð1þ 3g2AÞjGV j264m2

nEeEν̄
¼ ζðEeÞRC

�
1þ bðEeÞRC

me

Ee
þ aðEeÞRC

k⃗e · k⃗ν̄
EeEν̄

þ AðEeÞRC
ξ⃗n · k⃗e
Ee

þ BðEeÞRC
ξ⃗n · k⃗ν̄
Eν̄

þ KnðEeÞRC
ðξ⃗n · k⃗eÞðk⃗e · k⃗ν̄Þ

E2
eEν̄

þGðEeÞRC
ξ⃗e · k⃗e
Ee

þHðEeÞRC
ξ⃗e · k⃗ν̄
Eν̄

þ NðEeÞRCξ⃗n · ξ⃗e

þQeðEeÞRC
ðξ⃗n · k⃗eÞðk⃗e · ξ⃗eÞ
ðEe þmeÞEe

þ KeðEeÞRC
ðξ⃗e · k⃗eÞðk⃗e · k⃗ν̄Þ
ðEe þmeÞEeEν̄

þ SðEeÞRC
ðξ⃗n · ξ⃗eÞðk⃗e · k⃗ν̄Þ

EeEν̄

þ TðEeÞRC
ðξ⃗n · k⃗ν̄Þðξ⃗e · k⃗eÞ

EeEν̄
þ UðEeÞRC

ðξ⃗n · k⃗eÞðξ⃗e · k⃗ν̄Þ
EeEν̄

þ 2Ee

1þ 3g2A
ð2gAU5 − ð1 − gAÞU7 − ð1þ gAÞU8Þ

ðξ⃗n · k⃗eÞðξ⃗e · k⃗eÞðk⃗e · k⃗ν̄Þ
ðEe þmeÞE2

eEν̄

−
2Ee

1þ 3g2A
ð1þ gAÞU6


�ðξ⃗n · k⃗ν̄Þðξ⃗e · k⃗ν̄Þ
E2
ν̄

−
1

3
ξ⃗e · ξ⃗e

�

þ
�
−
ðξ⃗n · k⃗ν̄Þðξ⃗e · k⃗eÞðk⃗e · k⃗ν̄Þ

ðEe þmeÞEeE2
ν̄

þ 1

3

ðξ⃗n · k⃗2Þðξ⃗e · k⃗eÞ
ðEe þmeÞEe

���
; ðA14Þ

where the index RC means that these corrections are defined by the outer radiative corrections of order Oðα=πÞ, calculated
to LO in the large nucleon mass expansion [12,14,19,21], and the inner radiative corrections of order OðαEe=mNÞ [16,17].
The correlation function ζðEeÞRC and the correlation coefficients ζðEeÞRCXðEeÞRC for X ¼ b; a; A; B;…; T and U are
equal to

ζðEeÞRC ¼
�
1þ 2

1þ 3g2A
ðU1 þ 3g2AU2Þ

�
þ 2

1þ 3g2A
ðU3 þ 3g2AU4 þ gAEν̄U6Þ

me

Ee

þ 2Ee

1þ 3g2A
ðgAU7 þ ð1þ 2gAÞU8Þβ2;

ζðEeÞRCbðEeÞRC ¼ 0;

ζðEeÞRCaðEeÞRC ¼
�
a0 þ

2

1þ 3g2A
ðU1 − g2AU2Þ

�
þ 2Ee

1þ 3g2A
gAU5

me

Ee
þ 2Ee

1þ 3g2A
ðgAU7 þ ð1 − 2gAÞU8Þ;

ζðEeÞRCAðEeÞRC ¼
�
A0 þ

2

1þ 3g2A
ðgAðU1 þU2Þ − 2g2AU2Þ

�
þ 2Ee

1þ 3g2A

me

Ee
U5 þ

2Ee

1þ 3g2A
ðU7 − gAU8Þ;

ζðEeÞRCBðEeÞRC ¼
�
B0 þ

2

1þ 3g2A
ðgAðU1 þU2Þ þ 2g2AU2Þ

�
þ 2

1þ 3g2A
ðgAðU3 þ U4Þ þ 2g2AU4 þ Eν̄U6Þ

me

Ee

þ 2Ee

1þ 3g2A
ðgAU7 − ð1 − 2gAÞU8Þβ2;

ζðEeÞRCKnðEeÞRC ¼ 2Ee

1þ 3g2A
ðð1 − gAÞU7 þ ð1þ gAÞU8Þ;
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ζðEeÞRCQnðEeÞRC ¼ 0;

ζðEeÞRCGðEeÞRC ¼ −
�
1þ 2

1þ 3g2A
ðU1 þ 3g2AU2Þ

�
−

2Ee

1þ 3g2A
gAU5

me

Ee
−

2Ee

1þ 3g2A
ðgAU7 þ ð1þ 2gAÞU8Þ;

ζðEeÞRCHðEeÞRC ¼ −
me

Ee

�
a0 þ

2

1þ 3g2A
ðU1 − g2AU2Þ

�
þ 2

1þ 3g2A
ð−U3 þ g2AU4 − gAEν̄U6Þ þ

2Ee

1þ 3g2A
gAU5β

2;

ζðEeÞRCNðEeÞRC ¼ −
me

Ee

�
A0 þ

2

1þ 3g2A
ðgAðU1 þ U2Þ − 2g2AU2Þ

�
þ 2

1þ 3g2A
ð−gAðU3 þ U4Þ þ 2g2AÞU4 þ gAEν̄U6Þ

þ 2Ee

1þ 3g2A
gAU5β

2 −
1

3

2Eν̄

1þ 3g2A
ð1þ gAÞU6;

ζðEeÞRCQeðEeÞRC ¼ −
�
A0 þ

2

1þ 3g2A
ðgAðU1 þ U2Þ − 2g2AU2Þ

�
−

2

1þ 3g2A
ð−gAðU3 þU4Þ þ 2g2AU4 þ gAEν̄U6Þ

þ 2

1þ 3g2A

�
1þme

Ee

�
ðgAU5 −U7 þ gAU8Þ þ

1

3

2Eν̄

1þ 3g2A
ð1þ gAÞU6;

ζðEeÞRCKeðEeÞRC ¼ −
�
a0 þ

2

1þ 3g2A
ðU1 − g2AU2Þ

�
−

2

1þ 3g2A
ð−U3 þ g2AU4 − gAEν̄U6Þ −

2Ee

1þ 3g2A
ðgAU5 þ gAU7

þ ð1 − 2gAÞU8Þ
�
1þme

Ee

�
;

ζðEeÞRCSðEeÞRC ¼ −
2

1þ 3g2A
gAðU3 −U4 − Eν̄U6Þ −

2Ee

1þ 3g2A
gAU5 −

2Ee

1þ 3g2A
ð−gAU7 þ ð1þ 2gAÞU8Þ

me

Ee
;

ζðEeÞRCTðEeÞRC ¼ −
�
B0 þ

2

1þ 3g2A
ðgAðU1 þU2Þ þ 2g2AU2Þ

�
þ 2Ee

1þ 3g2A
ðgAU5 − gAU7 þ ð1 − 2gAÞU8Þ;

ζðEeÞRCUðEeÞRC ¼ 2

1þ 3g2A
gAðU3 −U4 − Eν̄U6Þ −

2Ee

1þ 3g2A
gAU5 −

2Ee

1þ 3g2A
ðU7 − gAU8Þ

me

Ee
; ðA15Þ

where the correlation coefficients a0, A0, and B0 depend only on the axial coupling constant gA [1,2] (see also [29])

a0 ¼
1 − g2A
1þ 3g2A

; A0 ¼ 2
gAð1 − gAÞ
1þ 3g2A

; B0 ¼ 2
gAð1þ gAÞ
1þ 3g2A

: ðA16Þ

Using the definitions of the functions Uj for j ¼ 1; 2;…; 8 in Eqs. (A4) and (A7) we transcribe Eq. (A15) as follows:

ζðEeÞRC ¼ 1þ α

π
ðḡnðEeÞ− gð1Þβγ ðEe;μÞÞ þ

1

1þ 3g2A

α

π

Ee

mN

�
fVðEeÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1− β2

q
fSðEeÞ þ gAgVðEeÞβ2

þ ð1þ 2gAÞhAðEeÞβ2 þ gA
E0 − Ee

Ee

ffiffiffiffiffiffiffiffiffiffiffiffi
1− β2

q
hSðEeÞ þ 3g2AfAðEeÞ þ 3g2A

ffiffiffiffiffiffiffiffiffiffiffiffi
1− β2

q
fTðEeÞ

�
þ 3g2A
1þ 3g2A

×
α

π

5

2

m2
N

M2
W
ln

M2
W

m2
N
þ 1

1þ 3g2A

α

π
ðḡstðEeÞ þ 3gAf̄stðEeÞÞ;

ζðEeÞRCbðEeÞRC ¼ 0;

ζðEeÞRCaðEeÞRC ¼ a0

�
1þ α

π

�
ḡnðEeÞ þ

1− β2

2β
ln

�
1þ β

1− β

�
− gð1Þβγ ðEe;μÞ

��
þ 1

1þ 3g2A

α

π

Ee

mN
ðfVðEeÞ

þ gA

ffiffiffiffiffiffiffiffiffiffiffiffi
1− β2

q
gSðEeÞ þ gAgVðEeÞ þ ð1− 2gAÞhAðEeÞ− g2AfAðEeÞÞ−

g2A
1þ 3g2A

α

π

5

2

m2
N

M2
W
ln

M2
W

m2
N
þ 1

1þ 3g2A

×
α

π
ðḡstðEeÞ− gAf̄stðEeÞÞ;
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ζðEeÞRCAðEeÞRC ¼ A0

�
1þ α

π

�
ḡnðEeÞ þ

1− β2

2β
ln

�
1þ β

1− β

�
− gð1Þβγ ðEe;μÞ

��
þ 1

1þ 3g2A

α

π

Ee

mN
ðgAfVðEeÞ

þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1− β2

q
gSðEeÞ þ gVðEeÞ− gAhAðEeÞ þ gAð1− 2gAÞfAðEeÞÞ þ

1

1þ 3g2A
gAð1− 2gAÞ

α

π

5

2

m2
N

M2
W
ln

M2
W

m2
N

þ 1

1þ 3g2A

α

π
ðgAḡstðEeÞ þ ð1− 2gAÞf̄stðEeÞÞ;

ζðEeÞRCBðEeÞRC ¼ B0

�
1þ α

π
ðḡnðEeÞ− gð1Þβγ ðEe;μÞÞ

�
þ 1

1þ 3g2A

α

π

Ee

mN

�
gAfVðEeÞ þ gA

ffiffiffiffiffiffiffiffiffiffiffiffi
1− β2

q
fSðEeÞ

þE0 −Ee

Ee

ffiffiffiffiffiffiffiffiffiffiffiffi
1− β2

q
hSðEeÞ þ gAgVðEeÞβ2 − ð1− 2gAÞhAðEeÞβ2 þ gAð1þ 2gAÞfAðEeÞ

þ gAð1þ 2gAÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
1− β2

q
fTðEeÞ

�
þ 1

1þ 3g2A
gAð1þ 2gAÞ

α

π

5

2

m2
N

M2
W
ln

M2
W

m2
N

þ 1

1þ 3g2A

α

π
ðgAḡstðEeÞ þ ð1þ 2gAÞf̄stðEeÞÞ;

ζðEeÞRCKnðEeÞRC ¼ 1

1þ 3g2A

α

π

Ee

mN
ðð1− gAÞgVðEeÞ þ ð1þ 2gAÞhAðEeÞÞ;

ζðEeÞRCQnðEeÞRC ¼ 0;

ζðEeÞRCGðEeÞRC ¼ −
�
1þ α

π

�
ḡnðEeÞ þ

1− β2

2β
ln

�
1þ β

1− β

�
− gð1Þβγ ðEe;μÞ

��
−

1

1þ 3g2A

α

π

Ee

mN
ðfVðEeÞ þ gA

×
ffiffiffiffiffiffiffiffiffiffiffiffi
1− β2

q
gSðEeÞ þ gAgVðEeÞ þ ð1þ 2gAÞhAðEeÞ þ 3g2AfAðEeÞÞ−

3g2A
1þ 3g2A

α

π

5

2

m2
N

M2
W
ln

M2
W

m2
N

−
1

1þ 3g2A

α

π
ðḡstðEeÞ þ 3gAf̄stðEeÞÞ;

ζðEeÞRCHðEeÞRC ¼ −
me

Ee
a0

�
1þ α

π

�
ḡnðEeÞ−

β

2
ln

�
1þ β

1− β

�
− gð1Þβγ ðEe;μÞ

��
−

1

1þ 3g2A

α

π

Ee

mN

� ffiffiffiffiffiffiffiffiffiffiffiffi
1− β2

q
fVðEeÞ

þ fSðEeÞ þ gAgSðEeÞβ2 þ gA
E0 −Ee

Ee
hSðEeÞ− g2A

ffiffiffiffiffiffiffiffiffiffiffiffi
1− β2

q
fAðEeÞ− g2AfTðEeÞ

�

þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1− β2

q
g2A

1þ 3g2A

α

π

5

2

m2
N

M2
W
ln

M2
W

m2
N
−

1

1þ 3g2A

α

π

ffiffiffiffiffiffiffiffiffiffiffiffi
1− β2

q
ðḡstðEeÞ− gAf̄stðEeÞÞ;

ζðEeÞRCNðEeÞRC ¼ −
me

Ee
A0

�
1þ α

π

�
ḡnðEeÞ−

β

2
ln

�
1þ β

1− β

�
− gð1Þβγ ðEe;μÞ

��
−

1

1þ 3g2A

α

π

Ee

mN

�
gAfVðEeÞ

×
ffiffiffiffiffiffiffiffiffiffiffiffi
1− β2

q
þ gAfSðEeÞ− gAgSðEeÞβ2 þ

1

3
ð1− 2gAÞ

E0 −Ee

Ee
hSðEeÞ þ gAð1− 2gAÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
1− β2

q
fAðEeÞ

þ gAð1− 2gAÞfTðEeÞ
�
−

ffiffiffiffiffiffiffiffiffiffiffiffi
1− β2

q
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Taking into account the contribution of the neutron radiative beta decay [11,12,14,29,30] we obtain the correlation function
ζðEeÞRC and correlation coefficients ζðEeÞRCXðEeÞRC for X ¼ b; a; A; B;…; T and U in Eq. (A17) in the form
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ðḡstðEeÞ− gAf̄stðEeÞÞ;

ζðEeÞRCNðEeÞRC ¼ −
me

Ee
A0

�
1þ α

π
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ðḡstðEeÞ−gAf̄stðEeÞÞ;

ζðEeÞRCSðEeÞRC¼−
1

1þ3g2A

α

π

Ee

mN

�
gAfSðEeÞ−gAfTðEeÞþgAgSðEeÞ−gA

E0−Ee

Ee
hSðEeÞ

−gA

ffiffiffiffiffiffiffiffiffiffiffiffi
1−β2

q
gVðEeÞþð1þ2gAÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
1−β2

q
hAðEeÞ

�
;

ζðEeÞRCTðEeÞRC¼−B0

�
1þα

π
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The functions ḡnðEeÞ and fnðEeÞ have been calculated by Sirlin [19] and Shann [21] (see also [11,12,29]), whereas the

function hð1Þn ðEeÞ and hð2Þn ðEeÞ have been calculated in [12,14]. They are equal to
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The radiative corrections of order Oðα=πÞ and OðαEe=mNÞ to the neutron lifetime and the correlation coefficients of the
electron-energy and angular distribution Eq. (1) are given by
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þ gAgVðEeÞβ2 − ð1− 2gAÞhAðEeÞβ2 þ gAð1þ 2gAÞfAðEeÞ þ gAð1þ 2gAÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
1− β2

q
fTðEeÞ

�

þ 1

1þ 3g2A
gAð1þ 2gAÞ

α

π
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2

m2
N
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M2
W
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þ 1

1þ 3g2A

α

π
ðgAḡstðEeÞ þ ð1þ 2gAÞf̄stðEeÞÞ

− B0ζðEeÞRC−NLO;

KnðEeÞRC ¼ KnðEeÞRC−NLO ¼ 1

1þ 3g2A

α

π

Ee

mN
ðð1− gAÞgVðEeÞ þ ð1þ 2gAÞhAðEeÞÞ;

QnðEeÞRC ¼ 0;

GðEeÞRC ¼ −
�
1þ α

π
fnðEeÞ

�
þGðEeÞRC−NLO;

GðEeÞRC−NLO ¼ −
1

1þ 3g2A

α

π

Ee

mN

�
gA

ffiffiffiffiffiffiffiffiffiffiffiffi
1− β2

q
gSðEeÞ þ gAð1− β2ÞgVðEeÞ þ ð1þ 2gAÞð1− β2Þ

× hAðEeÞ−
ffiffiffiffiffiffiffiffiffiffiffiffi
1− β2

q
fSðEeÞ− gA

E0 − Ee

Ee

ffiffiffiffiffiffiffiffiffiffiffiffi
1− β2

q
hSðEeÞ− 3g2A

ffiffiffiffiffiffiffiffiffiffiffiffi
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q
fTðEeÞ

�
;
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HðEeÞRC¼−
me

Ee
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�
1þα
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þgA
E0−Ee

Ee
hSðEeÞ−g2A
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α

π
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Ee
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NðEeÞRC¼−
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Ee
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�
1þα

π
hð1Þn ðEeÞ

�
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1

1þ3g2A
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−
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�
1þα

π
hð2Þn ðEeÞ

�
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1
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α

π
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1þα
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α

π
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1
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α

π

Ee
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ffiffiffiffiffiffiffiffiffiffiffiffi
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gVðEeÞþð1þ2gAÞ
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q
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�
;
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�
1þα

π
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�
þTðEeÞRC−NLO;
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1
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α

π

Ee
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ðgAfVðEeÞ−gAgSðEeÞþgAgVðEeÞ− ð1−2gAÞhAðEeÞ
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1

1þ3g2A
gAð1þ2gAÞ

α

π
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ln
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W
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−

1

1þ3g2A

α
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þB0ζðEeÞRC−NLO;
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UðEeÞRC ¼ UðEeÞRC−NLO ¼ 1

1þ 3g2A

α

π

Ee

mN

�
gAfSðEeÞ − gAfTðEeÞ − gAgSðEeÞ − gA

E0 − Ee

Ee
hSðEeÞ

−
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q
gVðEeÞ þ gA

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q
hAðEeÞ

�
: ðA20Þ

The correlation function ζðEeÞRC and correlation coefficients XðEeÞRC contain a complete set of outer radiative corrections
of orderOðα=πÞ [12,14,19,21], calculated to LO in the large nucleon massmN expansion, and radiative corrections of order
OðαEe=mNÞ [16,17], obtained as NLO corrections in the large nucleon mass mN expansion to Sirlin’s outer and inner
radiative corrections, calculated to LO in the large nucleon massmN expansion. For α ¼ 0 the correlation function ζðEeÞRC
and the correlation coefficients XðEeÞRC acquire their expressions, calculated to LO in the large nucleon massmN expansion
[1,2] (see also [29]). We have plotted the YðEeÞRC−NLO corrections for Y ¼ ζ; a; A; B;…; U and AðβÞðEeÞ (see Appendix E)
in [46].

APPENDIX B: THE CORRECTIONS OF ORDER OðEe=mNÞ AND OðE2
e=m2

NÞ, CAUSED BY WEAK
MAGNETISM AND PROTON RECOIL, TO NEXT-TO-LEADING AND NEXT-TO-NEXT-TO-LEADING

ORDER IN THE LARGE NUCLEON MASS mN EXPANSION

The corrections to the structure function ζðEeÞWP and the correlation coefficients XðEeÞWP for X ¼ a; A; B;…; T and U,
caused by weak magnetism and proton recoil, we define as follows:

ζðEeÞWP ¼ ζðEeÞNLO þ ζðEeÞN2LO;

XðEeÞWP ¼ XðEeÞNLO þ XðEeÞN2LO: ðB1Þ

The corrections ζðEeÞNLO and XðEeÞNLO, which are in principle of order 10−3 [11,12,14] have been calculated in [47] and
[11,12,14,15,22,23,29,30] (see also [24]). The analytical expressions of these corrections are given by

ζðEeÞNLO ¼ 1

1þ 3g2A

E0

mN



−2gAðgA þ ðκ þ 1ÞÞ þ ð10g2A þ 4ðκ þ 1ÞgA þ 2ÞEe

E0

− 2gAðgA þ ðκ þ 1ÞÞm
2
e

E2
0

E0

Ee

�
;

aðEeÞNLO ¼ 1

1þ 3g2A

E0

mN



2gAðgA þ ðκ þ 1ÞÞ − 4gAð3gA þ ðκ þ 1ÞÞEe

E0

�
− a0ζðEeÞNLO;

AðEeÞNLO ¼ 1

1þ 3g2A

E0

mN



ðg2A þ κgA − ðκ þ 1ÞÞ − ð5g2A þ ð3κ − 4ÞgA − ðκ þ 1ÞÞEe

E0

�
− A0ζðEeÞNLO;

BðEeÞNLO ¼ 1

1þ 3g2A

E0

mN



−2gAðgA þ ðκ þ 1ÞÞ þ ð7g2A þ ð3κ þ 8ÞgA þ ðκ þ 1ÞÞEe

E0

− ðg2A þ ðκ þ 2ÞgA þ ðκ þ 1ÞÞm
2
e

E2
0

E0

Ee

�
− B0ζðEeÞNLO;

KnðEeÞNLO ¼ 1

1þ 3g2A

E0

mN
ð5g2A þ ðκ − 4ÞgA − ðκ þ 1ÞÞEe

E0

;

QnðEeÞNLO ¼ 1

1þ 3g2A

E0

mN



ðg2A þ ðκ þ 2ÞgA þ ðκ þ 1ÞÞ − ð7g2A þ ðκ þ 8ÞgA þ ðκ þ 1ÞÞEe

E0

�
;

GðEeÞNLO ¼ 1

1þ 3g2A

E0

mN



−2gAðgA þ ðκ þ 1ÞÞm

2
e

E2
0

E0

Ee

�
;

HðEeÞNLO ¼ 1

1þ 3g2A

E0

mN

me

Ee



−2gAðgA þ ðκ þ 1ÞÞ þ ð4g2A þ 2ðκ þ 1ÞgA − 2ÞEe

E0

�
þ a0

me

Ee
ζðEeÞNLO;
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NðEeÞNLO ¼ 1

1þ 3g2A

E0

mN

me

Ee



−
�
4

3
g2A þ

�
4

3
κ −

1

3

�
gA −

2

3
ðκ þ 1Þ

�

þ
�
16

3
g2A þ

�
4

3
κ −

16

3

�
gA −

2

3
ðκ þ 1Þ

�
Ee

E0

�
þ A0

me

Ee
ζðEeÞNLO;

QeðEeÞNLO ¼ 1

1þ 3g2A

E0

mN



−
�
4

3
g2A þ

�
4

3
κ −

1

3

�
gA −

2

3
ðκ þ 1Þ

�
þ 2gAðgA þ ðκ þ 1ÞÞme

E0

þ
�
22

3
g2A þ

�
10

3
κ −

10

3

�
gA −

2

3
ðκ þ 1Þ

�
Ee

E0

�
þ A0ζðEeÞNLO;

KeðEeÞNLO ¼ 1

1þ 3g2A

E0

mN



−2gAðgA þ ðκ þ 1ÞÞ þ ð8g2A þ 2ðκ þ 1ÞgA þ 2Þme

E0

þ 4gAð3gA þ ðκ þ 1ÞÞEe

E0

�
þ a0ζðEeÞNLO;

SðEeÞNLO ¼ 1

1þ 3g2A

me

mN
ð−5g2A − ðκ − 4ÞgA þ ðκ þ 1ÞÞ;

TðEeÞNLO ¼ 1

1þ 3g2A

E0

mN



2gAðgA þ ðκ þ 1ÞÞ − ð7g2A þ ð3κ þ 8ÞgA þ ðκ þ 1ÞÞEe

E0

�
þ B0ζðEeÞNLO;

UðEeÞNLO ¼ 0: ðB2Þ

For the definition of the OðE2
e=m2

NÞ corrections it is convenient to adduce the following expressions, calculated in
[11,12,14]:

āðEeÞNLO ¼ 1

1þ 3g2A

E0

mN



2gAðgA þ ðκ þ 1ÞÞ− 4gAð3gA þ ðκ þ 1ÞÞEe

E0

�
;

ĀðEeÞNLO ¼ 1

1þ 3g2A

E0

mN



ðg2A þ κgA − ðκ þ 1ÞÞ− ð5g2A þ ð3κ − 4ÞgA − ðκ þ 1ÞÞEe

E0

�
;

B̄ðEeÞNLO ¼ 1

1þ 3g2A

E0
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−2gAðgA þ ðκ þ 1ÞÞ þ ð7g2A þ ð3κ þ 8ÞgA þ ðκ þ 1ÞÞEe

E0
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2
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E2
0

E0

Ee

�
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E0
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E0
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�
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Ee
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−
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ðκ þ 1Þ

�
Ee

E0

�
;
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E0

þ 4gAð3gA þ ðκ þ 1ÞÞE0

Ee

�
; ðB3Þ

where K̄nðEeÞNLO ¼ KnðEeÞNLO and Q̄nðEeÞNLO ¼ QnðEeÞNLO. Using the results obtained in [24], we get the following
analytical expressions for the N2LO corrections ζðEeÞN2LO and XðEeÞN2LO for XðEeÞ ¼ aðEeÞ; AðEeÞ;…; UðEeÞ. They are
given by
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SðEeÞN2LO ¼ 1

1þ 3g2A

E2
0

2m2
N

me

E0

�
ð7g2A þ ðκ − 6ÞgA þ ðκ þ 1ÞÞ þ ð−50g2A þ 50gA − 2ðκ þ 1ÞÞEe

E0

�

− 3
Ee

mN
N̄ðEeÞNLO − SðEeÞNLOζðEeÞNLO;

TðEeÞN2LO ¼ 1

1þ 3g2A

E2
0

2m2
N

���
−g2A − 4ðκ þ 1ÞgA − ðκ þ 1Þ2Þ þ ðg2A þ κ þ 1Þm

2
e

E2
0

�

þ ð5g2A þ ð3κ þ 11ÞgA þ 3ðκ þ 1Þ2ÞEe

E0

þ ð−22g2A − 26gA − 2ðκ þ 1Þðκ þ 2ÞÞE
2
e

E2
0

�
þ B0ζðEeÞN2LO

− TðEeÞNLOζðEeÞNLO þ 8gA
1þ 3g2A

�
E2
0

M2
V
þ ð1þ 2gAÞ

E2
0

M2
A

�
Ee

E0

�
1−

Ee

E0

�
;

UðEeÞN2LO ¼ 1

1þ 3g2A

E2
0

2m2
N

me

E0

�
ðð2κ þ 1ÞgA þ κðκ þ 1ÞÞ− κðgA þ κ þ 1ÞEe

E0

�
: ðB4Þ
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The terms, proportional to E2
0=M

2
V and E2

0=M
2
A, are induced

by the vector and axial-vector form factors of the neutron
beta decay [83] (see also [24]). The slope parameters MV
and MA are related to the charge radius of the proton rp ¼
0.841 fm [33] and the axial radius rA ¼ 0.635 fm of the
nucleon [84] (see also [85]), respectively. This givesMV ¼ffiffiffiffiffi
12

p
=rp ¼ 813 MeV and MA ¼ ffiffiffiffiffi

12
p

=rA ¼ 1077 MeV.
The analytical expressions for the corrections ζðEeÞNLO,
XðEeÞNLO, and X̄ðEeÞNLO for X ¼ a; A;…; Ke; S; T; U are
given in Eqs. (B2) and (B3), respectively. We define
corrections OðE2

e=m2
NÞ, caused by weak magnetism and

proton recoil, at the level of 10−5 with the theoretical
accuracy of about 10−6 [46]. The numerical analysis of
relative contributions has been carried out for the axial
coupling constant gA ¼ 1.2764 [5], the value of which
agrees well with the recommended value of the axial
coupling constant obtained by means of the global analysis
of the experimental data on the axial coupling constant by
Czarnecki et al. [6].

APPENDIX C: WILKINSON’S CORRECTIONS OF
ORDER 10− 5 TO THE NEUTRON BETA DECAY

According to Wilkinson [15], the corrections, additional
to those calculated in Appendixes A and B, should be
caused by (i) the proton recoil in the electron-proton final-
state Coulomb interaction, (ii) the finite proton radius,
(iii) the proton-lepton convolution, and (iv) the higher-
order outer radiative corrections. These corrections to
the neutron lifetime and the correlation coefficients

aðEeÞ; AðEeÞ;…; KeðEeÞ have been calculated in
[11,12,14]. The contributions of the proton recoil, caused
by the phase-volume of the neutron beta decay proportional
to 1=mN and 1=m2

N , which are defined in [15] (see also
[86]) by the function SðEe; E0; mNÞ, we have taken into
account for the calculation of the NLO and N2LO correc-
tions in the large nucleon mass mN expansion induced by
weak magnetism and proton recoil (see Appendix B).

1. Wilkinson’s corrections, induced by proton recoil in
the Coulomb electron-proton final-state interaction

For the calculation of the contribution of the proton
recoil in the Fermi function we replace the electron velocity
β⃗ by a velocity of a relative motion of the electron-proton
pair [11]. To NLO in the large nucleon mass mN expansion
a velocity of a relative motion of the electron-proton pair is
defined by

β⃗ → v⃗rel ¼ β⃗ −
k⃗p
mN

: ðC1Þ

To LO in the large nucleon mass mN expansion the second
term in RHS of Eq. (C1) vanishes, and a velocity of a
relative motion of the electron-proton pair reduces to an
electron velocity. As has been shown in [11] the Fermi
function FðEe; Z ¼ 1Þ with a replacement β → vrel.,
caused by a relative motion of the electron-proton pair
in the final state of the neutron beta decay, undergoes the
following change (see Appendix H of Ref. [11]):

FðEe; Z ¼ 1Þ ⟶
β⃗→v⃗rel FðEe; Z ¼ 1Þ

�
1 −

πα

β

Ee

mN
−
πα

β3
E0 − Ee

mN

k⃗e · k⃗ν
EeE ¯̄ν

�
; ðC2Þ

where we have taken into account the NLO terms in the large nucleon mass mN expansion. The corrections, caused by the
proton recoil in the electron-proton final-state interactions to the neutron lifetime ζðEeÞWF and the correlation coefficients
XðEeÞWF for X ¼ a; A; B;…; T and U are equal to

ζðEeÞWF ¼ −
πα

β

Ee

mN
−
1

3
a0

πα

β

E0 − Ee

mN
¼ −3.16 × 10−5

Ee

βE0

þ 1.12 × 10−6
E0 − Ee

βE0

;

aðEeÞWF ¼
1

3
a20

πα

β

E0 − Ee

mN
−
πα

β3
E0 − Ee

mN
¼ 1.20 × 10−7

E0 − Ee

βE0

− 3.16 × 10−5
E0 − Ee

β3E0

;

AðEeÞWF ¼
1

3
a0A0

πα

β

E0 − Ee

mN
¼ 1.35 × 10−7

E0 − Ee

βE0

;

BðEeÞWF ¼
1

3
a0B0

πα

β

E0 − Ee

mN
¼ −1.11 × 10−6

E0 − Ee

βE0

;

KnðEeÞWF ¼ −A0

πα

β3
E0 − Ee

mN
¼ 3.78 × 10−6

E0 − Ee

β3E0

;

QnðEeÞWF ¼ −B0

πα

β3
E0 − Ee

mN
¼ −3.12 × 10−5

E0 − Ee

β3E0

;
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GðEeÞWF ¼ −
1

3
a0ð1 − β2Þ πα

β3
E0 − Ee

mN
¼ 1.12 × 10−6ð1 − β2ÞE0 − Ee

β3E0

;

HðEeÞWF ¼ −
1

3
a20

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q
πα

β

E0 − Ee

mN
¼ −1.20 × 10−7

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q
E0 − Ee

βE0

;

NðEeÞWF ¼ −
1

3
a0A0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q
πα

β

E0 − Ee

mN
¼ 1.35 × 10−7

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q
E0 − Ee

βE0

;

QeðEeÞWF ¼ −
1

3
a0A0

πα

β

E0 − Ee

mN
þ 1

3
B0

�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q 	 πα

β3
E0 − Ee

mN

¼ −1.35 × 10−7
E0 − Ee

βE0

þ 1.04 × 10−4
�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q 	E0 − Ee

β3E0

;

KeðEeÞWF ¼ −
1

3
a20

πα

β

E0 − Ee

mN
þ
�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q 	 πα

β3
E0 − Ee

mN

¼ −1.20 × 10−7
E0 − Ee

βE0

þ 3.16 × 10−5
�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q 	E0 − Ee

β3E0

;

SðEeÞWF ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q
A0

πα

β3
E0 − Ee

mN
¼ 3.78 × 10−6

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q
E0 − Ee

β3E0

;

TðEeÞWF ¼ −
1

3
a0B0

πα

β

E0 − Ee

mN
¼ 1.11 × 10−6

E0 − Ee

βE0

;

UðEeÞWF ¼ 0: ðC3Þ

In comparisonwith the result, obtained in [12], an additional
term in QeðEeÞWF appears because of the contribution off
the correlation coefficient TðEeÞ. The contributions of
Wilkinson’s corrections, caused by proton recoil in the
electron-proton final-state Coulomb interaction, to the
electron-energy and angular distribution of the neutron beta
decay with correlation structures beyond the standard
correlation structures by Jackson et al. [25] and Ebel and
Feldman [28] [see Eq. (1)] are given in Appendix F. We
would like to emphasize that Wilkinson’s corrections,
induced by proton recoil in the final-state Coulomb elec-
tron-proton interaction are well-defined in the experimental
electron-energy region 0.811 MeV ≤ Ee ≤ 1.211 MeV [5].

2. Wilkinson’s corrections, induced by (i) the finite
proton-radius rp, (ii) the lepton-nucleon convolution,
and (iii) the higher-order outer radiative corrections

The corrections under consideration, caused by (i) the
finite proton-radius rp, (ii) the lepton-nucleon convolution,
and (iii) the higher-order outer radiative corrections, are
defined by the functions LðEe; Z ¼ 1Þ, CðEe; Z ¼ 1Þ, and
JðZ ¼ 1Þ, respectively [15] (see also [12]). According to
Wilkinson [15], the contribution of JðZ ¼ 1Þ is equal to
JðZ ¼ 1Þ ¼ 1þ 3.92 × 10−4 (see also [12]). The correc-
tions LðEe; Z ¼ 1Þ and CðEe; Z ¼ 1Þ, adapted for the
neutron beta decay, are determined by [12]

LðEe; Z ¼ 1Þ ¼ 1þ 13

60
α2 − αrpEe

�
1 −

1

2

m2
e

E2
e

�
¼ 1þ 1.15 × 10−5 − 4.02 × 10−5

Ee

E0

;

CðEe; Z ¼ 1Þ ¼ 1þ

�

−
9

20
α2 þ 1

5
m2

er2p −
1

5
E2
0r

2
p

�
þ
�
−
1

5
αrpE0 −

2

15
E2
0r

2
p

�
1 − g2A
1þ 3g2A

�

þ

�

−
3

5
αrpE0 þ

2

5
E2
0r

2
p

�
þ
�
1

5
αrpE0 −

2

15
E2
0r

2
p

�
1 − g2A
1þ 3g2A

�
Ee

E0

þ 2

15
meE0r2p

1 − g2A
1þ 3g2A

me

Ee

þ 2

5

�
−1þ 1

3

1 − g2A
1þ 3g2A

�
E2
0r

2
p
E2
e

E2
0

¼ 1 − 2.78 × 10−5 − 1.24 × 10−5
Ee

E0

− 1.26 × 10−5
E2
e

E2
0

: ðC4Þ

For the calculation of the numerical values of the constant terms and coefficients in front of the powers of Ee=E0 we use
rp ¼ 0.841 fm [33]. Following Wilkinson [15] we define Wilkinson’s correction, caused by (i) the finite proton-radius rp,
(ii) the lepton-nucleon convolution, and (iii) the higher-order outer radiative corrections, as follows:

LðEe; Z ¼ 1ÞCðEe; Z ¼ 1ÞJðZ ¼ 1Þ ¼ 1þ δLðEe; Z ¼ 1Þ þ δCðEe; Z ¼ 1Þ þ δJðZ ¼ 1Þ ¼ 1þ ζðEeÞWR; ðC5Þ
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where ζðEeÞWR is equal to

ζðEeÞWR ¼ 3.76 × 10−4 − 5.26 × 10−5
Ee

E0

− 1.26 × 10−5
E2
e

E2
0

: ðC6Þ

The contributions of Wilkinson’s corrections, caused by (i) the finite proton-radius rp, (ii) the lepton-nucleon convolution,
and (iii) the higher-order outer radiative corrections, to the correlation coefficients are equal to

aðEeÞWR ¼ −a0ζðEeÞWR ¼ −a0
�
3.76 × 10−4 − 5.26 × 10−5

Ee

E0

− 1.26 × 10−5
E2
e

E2
0

�
;

AðEeÞWR ¼ −A0ζðEeÞWR ¼ −A0

�
3.76 × 10−4 − 5.26 × 10−5

Ee

E0

− 1.26 × 10−5
E2
e

E2
0

�
;

BðEeÞWR ¼ −B0ζðEeÞWR ¼ −B0

�
3.76 × 10−4 − 5.26 × 10−5

Ee

E0

− 1.26 × 10−5
E2
e

E2
0

�
;

KnðEeÞWR ¼ QnðEeÞWR ¼ 0;

GðEeÞWR ¼ ζðEeÞWR ¼ 3.76 × 10−4 − 5.26 × 10−5
Ee

E0

− 1.26 × 10−5
E2
e

E2
0

;

HðEeÞWR ¼ me

Ee
a0ζðEeÞWR ¼ me

E0

a0

�
3.76 × 10−4

E0

Ee
− 5.26 × 10−5 − 1.26 × 10−5

Ee

E0

�
;

NðEeÞWR ¼ me

Ee
A0ζðEeÞWR ¼ me

E0

A0

�
3.76 × 10−4

E0

Ee
− 5.26 × 10−5 − 1.26 × 10−5

Ee

E0

�
;

QeðEeÞWR ¼ A0ζðEeÞWR ¼ A0

�
3.76 × 10−4 − 5.26 × 10−5

Ee

E0

− 1.26 × 10−5
E2
e

E2
0

�
;

KeðEeÞWR ¼ a0ζðEeÞWR ¼ a0

�
3.76 × 10−4 − 5.26 × 10−5

Ee

E0

− 1.26 × 10−5
E2
e

E2
0

�
;

SðEeÞWR ¼ UðEeÞWR ¼ 0;

TðEeÞWR ¼ B0ζðEeÞWR ¼ B0

�
3.76 × 10−4 − 5.26 × 10−5

Ee

E0

− 1.26 × 10−5
E2
e

E2
0

�
: ðC7Þ

Now we may obtain the total contributions of Wilkinson’s corrections to the correlation function ζðEeÞ and the correlation
coefficients. We would like to emphasize that the correction ζðEeÞWR does not depend practically on the value of the axial
coupling constant gA.

3. Wilkinson’s corrections to the neutron beta decay

Summing the contributions in Eqs. (C3), (C6), and (C7) we define total Wilkinson’s corrections to the neutron lifetime
and the correlation coefficients of the neutron beta decay

ζðEeÞWC ¼ 3.76 × 10−4 − 5.26 × 10−5
Ee

E0

− 1.26 × 10−5
E2
e

E2
0

−
πα

β

Ee

mN
;

aðEeÞWC ¼ −3.76 × 10−4a0 −
πα

β3
E0 − Ee

mN
;

AðEeÞWC ¼ − − 3.76 × 10−4A0;

BðEeÞWC ¼ −B0

�
3.76 × 10−4 − 5.26 × 10−5

Ee

E0

− 1.26 × 10−5
E2
e

E2
0

�
;

KnðEeÞWC ¼ 0;
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QnðEeÞWC ¼ −B0

πα

β3
E0 − Ee

β3E0

;

GðEeÞWC ¼ 3.76 × 10−4 − 5.26 × 10−5
Ee

E0

− 1.26 × 10−5
E2
e

E2
0

;

HðEeÞWC ¼ NðEeÞWC ¼ 0;

QeðEeÞWC ¼ 3.76 × 10−4A0 þ
1

3
B0

�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q 	 πα

β3
E0 − Ee

mN
;

KeðEeÞWC ¼ 3.76 × 10−4a0 þ
�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q 	 πα

β3
E0 − Ee

mN
;

SðEeÞWC ¼ UðEeÞW ¼ 0;

TðEeÞWC ¼ B0

�
3.76 × 10−4 − 5.26 × 10−5

Ee

E0

− 1.26 × 10−5
E2
e

E2
0

�
: ðC8Þ

Wilkinson’s corrections in Eq. (C8) are calculated at the account for the contributions, which are not smaller than a few parts
of 10−5 with a theoretical accuracy of about a few parts of 10−6 in the experimental electron-energy region 0.811 MeV ≤
Ee ≤ 1.211 MeV [5].

APPENDIX D: RADIATIVE CORRECTIONS OF ORDER OðαEe=mNÞ, INDUCED BY SIRLIN’S OUTER
RADIATIVE CORRECTIONS OF ORDER Oðα=πÞ AND THE PHASE-VOLUME OF THE NEUTRON

BETA DECAY

In this Appendix we analyze the contributions of the radiative corrections OðαEe=mNÞ, induced by Sirlin’s outer
radiative corrections of order Oðα=πÞ and the phase-volume of the neutron beta decay taken to NLO in the large nucleon
mass mN expansion. For this aim we rewrite Eq. (A13) keeping the contributions of the Oðα=πÞ corrections only. We get

X
pol

jMðn → pe−ν̄eÞj2
ð1þ 3g2AÞjGV j264m2

nEeEν̄
¼


�
1þ α

π
fβðEe; μÞ

�
þ B0

�
1þ α

π
fβðEe; μÞ

�
ξ⃗n · k⃗ν̄
Eν̄

��
1 −

me

Ee
ζ0e

�

þ


a0

�
1þ α

π
fβðEe; μÞ

�
k⃗ν̄
Eν̄

þ A0

�
1þ α

π
fβðEe; μÞ

�
ξ⃗n

�
·

�
k⃗e
Ee

−
me

Ee
ζ⃗e

�

þ


−
α

π

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
2β

ln
�
1þ β

1 − β

�
− B0

α

π

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
2β

ln
�
1þ β

1 − β

�
ξ⃗n · k⃗ν̄
Eν̄

�
me

Ee

þ


A0

α

π

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
2β

ln
�
1þ β

1 − β

�
ξ⃗n þ a0

α

π

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
2β

ln
�
1þ β

1 − β

�
k⃗ν̄
Eν̄

�
·

�
ζ⃗e −

k⃗e
Ee

ζ0e

�

þ � � � ; ðD1Þ

where the ellipsis denotes the contributions, which are not important for the aim of this Appendix. In terms of irreducible
correlation structures and using Eq. (A7) we transcribe the RHS of Eq. (D1) into the form

X
pol

jMðn → pe−ν̄eÞj2
ð1þ 3g2AÞjGV j264m2

nEeEν̄

¼


1þ α

π
ðḡnðEeÞ − gð1Þβγ ðEe; μÞÞ

�
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1þ α

π

�
ḡnðEeÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
2β

ln
�
1þ β

1 − β

�
− gð1Þβγ ðEe; μÞ

��
k⃗e · k⃗ν̄
EeEν̄

þ A0



1þ α

π

�
ḡnðEeÞ þ

1 − β2

2β
ln

�
1þ β

1 − β

�
− gð1Þβγ ðEe; μÞ

��
ξ⃗n · k⃗e
Ee
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1þ α

π
ðḡnðEeÞ − gð1Þβγ ðEe; μÞÞ

�
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−


1þ α

π

�
ḡnðEeÞ þ
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ḡnðEeÞ −

β

2
ln

�
1þ β

1 − β

�
− gð1Þβγ ðEe; μÞ

��
ξ⃗n · ξ⃗e

− A0



1þ α

π

�
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ḡnðEeÞ þ

�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q 	 ffiffiffiffiffiffiffiffiffiffiffiffiffi
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ḡnðEeÞ þ

1 − β2

2β
ln

�
1þ β

1 − β

�
− gð1Þβγ ðEe; μÞ

�� ðξ⃗n · k⃗ν̄Þðξ⃗e · k⃗eÞ
EeEν̄

: ðD2Þ

Taking into account the contribution of the phase-volume of the neutron beta decay Eq. (A2) we obtain

Φnðk⃗e; k⃗ν̄eÞ
X
pol
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ð1þ 3g2AÞjGV j264m2

nEeEν̄
¼


1þ 3

Ee

mN

�
1−

k⃗e · k⃗ν̄
EeEν̄

���

1þ α

π
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The electron-energy and angular distribution of the neutron beta decay, taking into account the radiative corrections of order
Oðα=πÞ and the NLO corrections in the large nucleon mass mN expansion, induced by the phase-volume, is given by
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In order to remove the dependence of the electron-energy and angular distribution of the neutron beta decay on the infrared
cutoff μ we have to take into account the contribution of the neutron radiative beta decay n → pþ e− þ ν̄e þ γ, where γ is a
real photon. It is well-known [57–61] (see also [19,21] and [11,12,14]) that the contribution of the neutron radiative beta
decay is extremely needed for cancellation of the infrared divergences in the radiative corrections of order Oðα=πÞ, caused
by one-virtual photon exchanges.
For the removal of the infrared dependence we use the following electron-photon-energy and angular distribution,

calculated in [30] [see Eq. (B-14) in Ref. [30] ]:
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where Φnγðk⃗e; k⃗ν̄e ;ωÞ is the contribution of the phase-
volume of the neutron radiative beta decay [87]
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The contribution of the phase-volume Eq. (D6) is the rest of
the expression, calculated to NLO in the large nucleon mass

mN expansion and the integration over the directions of the
photon 3-momentum [87]. As has been shown in [87], the
contributions of the terms Oðω=mNÞ are of order of 10−6

and even smaller. So, the OðαEe=mNÞ corrections can be
induced only by the second term in Eq. (D6).
Having integrated over ω we arrive at the following

expression:
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The functions gðjÞβγ ðEe; μÞ for j ¼ 1, 2, 3, 4 have been calculated in [11,12,14,29]. As has been shown in [11,12,14,29], the

difference between functions gð1Þβγ ðEe; μÞ − gðjÞβγ ðEe; μÞ for j ¼ 2, 3, 4 does not depend on the regularization, i.e.,

lim
μ→0

ðgð1Þβγ ðEe; μÞ − gðjÞβγ ðEe; μÞÞ ¼ lim
ωmin→0

ðgð1Þβγ ðEe;ωminÞ − gðjÞβγ ðEe;ωminÞÞ; ðD8Þ

where ωmin is a noncovariant infrared cutoff, which can also be treated as the photon-energy threshold of the detector
[11,12,14,29]. Summing up Eqs. (D4) and (D7) we obtain the total electron-energy and angular distribution of the neutron
beta decay

FIG. 1. The outer radiative corrections of order OðαEe=mNÞ in the electron-energy region me ≤ Ee < E0, induced by the outer
radiative corrections of order Oðα=πÞ and the phase-volume of the neutron beta decay, calculated to NLO in the large nucleon mass mN
expansion.

THEORETICAL DESCRIPTION OF THE NEUTRON BETA DECAY … PHYS. REV. D 104, 033006 (2021)

033006-27



d5λnðEe; k⃗e; k⃗ν̄; ξ⃗n; ξ⃗eÞ
dEedΩedΩν̄

¼ ð1þ 3g2AÞ
jGV j2
16π5

ðE0 − EeÞ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

q
EeFðEe; Z ¼ 1Þ



1þ 3

Ee

mN

�
1 −

k⃗e · k⃗ν̄
EeEν̄

��

×

��
1þ α

π
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ðḡnðEeÞ þ hð2Þn ðEeÞ

� ðξ⃗n · k⃗eÞðk⃗e · ξ⃗eÞ
ðEe þmeÞEe

− a0



1þ α

π
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The detailed calculation of the functions ðα=πÞḡnðEeÞ [19],
ðα=πÞfnðEeÞ [21], ðα=πÞhð1Þn ðEeÞ, and ðα=πÞhð2Þn ðEeÞ
one can find in [11,12,14,29,30]. The behavior of the
functions ðα=πÞḡnðEeÞ, ðα=πÞfnðEeÞ, ðα=πÞhð1Þn ðEeÞ, and
ðα=πÞhð2Þn ðEeÞ multiplied by the factor 3ðEe=mNÞ, caused
by the phase-volume of the neutron beta decay, is shown in
Fig. 1.
One can see that in the electron-energy region

me ≤ Ee < E0 the functions 3ðα=πÞðEe=mNÞḡnðEeÞ,
3ðα=πÞðEe=mNÞhð1Þn ðEeÞ, and 3ðα=πÞðEe=mNÞhð2Þn ðEeÞ
are of order of a few parts of 10−5, whereas the function
3ðα=πÞðEe=mNÞfnðEeÞ is of order of a few parts of 10−6.

However, the functions 3ðα=πÞðEe=mNÞhðjÞn ðEeÞ for j ¼ 1,
2 are multiplied by either ðme=EeÞX0 or X0, where
X0 ¼ a0, A0 ∼ −0.1. As a result, the values of the func-

tions 3ðα=πÞðme=mNÞX0h
ðjÞ
n ðEeÞ and 3ðα=πÞðEe=mNÞ×

X0h
ðjÞ
n ðEeÞ becomeof order of a fewparts of 10−6. Hence, the

outer radiative corrections of order OðαEe=mNÞ are defined
by the function 3ðα=πÞðEe=mNÞḡnðEeÞ only.
As a result, the correlation function ζðEeÞ and the

correlation coefficients aðEeÞ, QnðEeÞ, QeðEeÞ, and
KeðEeÞ acquire the following outer or model-independent
OðαEe=mNÞ radiative corrections:
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These radiative corrections are of order of a few parts
of 10−5 in the experimental electron-energy region
0.811 MeV ≤ Ee ≤ 1.211 MeV [5]. They are plotted in
[46]. The analytical expression of the function ḡnðEeÞ is
given in Eq. (A19). We have to notice that there is the
contribution, proportional to 3ðα=πÞðEe=mNÞḡnðEeÞ, to the
electron-energy and angular distribution of the neutron beta
decay with the correlation structure beyond the standard
correlation structures in Eq. (1) [see the last term
in Eq. (F2)].

APPENDIX E: ANALYTICAL EXPRESSIONS FOR
THE CORRELATION FUNCTION ζðEeÞ AND
CORRELATION COEFFICIENTS aðEeÞ, AðEeÞ,

BðEeÞ, KnðEeÞ, QnðEeÞ, AND AðβÞðEeÞ
In this Appendix we give the analytical expressions for

the correlation function ζðEeÞ and the correlation coeffi-
cients XðEeÞ for X ¼ a; A; B;…; U and also for the
correlation coefficient AðβÞðEeÞ ¼ AðEeÞ þ 1

3
QnðEeÞ as

functions of the electron energy Ee and the axial coupling
constant gA. The correlation function ζðEeÞ and correlation
coefficients are calculated with a theoretical accuracy of
about 10−6.
For the correlation function ζðEeÞ we obtain the follow-

ing expression:
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Here ḡnðEeÞ is Sirlin’s function [19] [see also Eq. (A19)].
Then, the term proportional to E0=mN defines the well-
known corrections OðEe=mNÞ, caused by weak magnetism
and proton recoil (see, for example, [11,23]). The correc-
tions ζðEeÞRC−NLO, ζðEeÞRC−PhV, ζðEeÞN2L0, and ζðEeÞWC

are defined by the OðαEe=mNÞ inner and outer radiative
corrections, the OðE2

e=m2
NÞ corrections, caused by weak

magnetism and proton recoil, and Wilkinson’s corrections,
respectively. They are equal to
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1 − β2

q
hSðEeÞ þ 3g2AfAðEeÞ þ 3g2A

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q
fTðEeÞ

�
þ 3g2A
1þ 3g2A

α

π

5

2

m2
N

M2
W
ln

M2
W

m2
N

þ 1

1þ 3g2A

α

π
ðḡstðEeÞ þ 3gAf̄stðEeÞÞ;

ζðEeÞRC−PhV ¼ 3
α

π

Ee

mN
ḡnðEeÞ;

ζðEeÞN2L0 ¼ 6
E2
e

m2
N

��
1 −

1

4

E0

Ee

�
þ 1

3



1 − 2a0

�
1 −

1

8

E0

Ee

���
1 −

m2
e

E2
e

��
þ 3

Ee

mN
ζðEeÞNLO −

Ee

mN
āðEeÞNLO

×

�
1 −

m2
e

E2
e

�
−

8

1þ 3g2A

�
E2
0

M2
V
þ 3g2A

E2
0

M2
A

�
Ee

E0

�
1 −

Ee

E0

�
;

ζðEeÞWC ¼ 3.76 × 10−4 − 5.26 × 10−5
Ee

E0

− 1.26 × 10−5
E2
e

E2
0

−
πα

β

Ee

mN
: ðE2Þ

The terms, proportional to E2
0=M

2
V and E2

0=M
2
A, appear from the contributions of the vector and axial-vector form factors of

the neutron beta decay. For numerical analysis we useMV ¼ 813 MeV andMA ¼ 1077 MeV [24]. The first three terms in
ζðEeÞWC do not depend practically on the axial coupling constant gA.
Of course, the correlation function ζðEeÞ in Eq. (E1) should be supplemented by the inner radiative corrections ΔV

R and
ΔA

R of order Oðα=πÞ, caused by the Feynman γW−-box diagrams and calculated in [48–56].
For the correlation coefficient aðEeÞ we obtain the following expression:

aðEeÞ ¼ a0

�
1þ α

π
fnðEeÞ þ

1

ð1 − g2AÞð1þ 3g2AÞ
E0

mN

�
a1 þ a2

Ee

E0

þ a3
E0

Ee

��

þ aðEeÞRC−NLO þ aðEeÞRC−PhV þ aðEeÞN2LO þ aðEeÞWC; ðE3Þ

where the function fnðEeÞ has been calculated by Shann [21] [see also Eq. (A19) and [11,12] ] and the coefficients a1, a2,
and a3 are equal to [11]

a1 ¼ 4gAðg2A þ 1ÞðgA þ ðκ þ 1ÞÞ;
a2 ¼ −26g4A − 8ðκ þ 1Þg3A − 20g2A − 8ðκ þ 1ÞgA − 2;

a3 ¼ −2gAðg2A − 1ÞðgA þ ðκ þ 1ÞÞm
2
e

E2
0

: ðE4Þ

The corrections aðEeÞRC−NLO, aðEeÞRC−PhV, aðEeÞN2L0, and aðEeÞWC, defined by theOðαEe=mNÞ inner and outer radiative
corrections, the OðE2

e=m2
NÞ corrections, caused by weak magnetism and proton recoil, and Wilkinson’s corrections,

respectively, are given by
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aðEeÞRC−NLO ¼ 1

1þ 3g2A

α

π

Ee

mN

�
fVðEeÞ þ gA

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q
gSðEeÞ þ gAgVðEeÞ þ ð1 − 2gAÞhAðEeÞ − g2AfAðEeÞ

	

−
g2A

1þ 3g2A

α

π

5

2

m2
N

M2
W
ln

M2
W

m2
N
þ 1

1þ 3g2A

α

π
ðḡstðEeÞ − gAf̄stðEeÞÞ − a0ζðEeÞRC−NLO;

aðEeÞRC−PhV ¼ −3
α

π

Ee

mN
ḡnðEeÞ;

aðEeÞN2L0 ¼ 12
E2
e

m2
N

�
−
�
1 −

1

8

E0

Ee

�
þ 1

3
a0

�
1 −

1

4

E0

Ee

��
þ 3

Ee

mN
āðEeÞNLO −

Ee

mN
ζðEeÞNLO

− aðEeÞNLOζðEeÞNLO þ 8

1þ 3g2A

�
E2
0

M2
V
þ 3g2A

E2
0

M2
A

�
Ee

E0

�
1 −

Ee

E0

�
;

aðEeÞWC ¼ −3.76 × 10−4a0 −
απ

β3
E0 − Ee

mN
: ðE5Þ

For the correlation coefficient AðEeÞ we obtain the following expression:

AðEeÞ ¼ A0

�
1þ α

π
fnðEeÞ þ

1

2gAð1 − gAÞð1þ 3g2AÞ
E0

mN

�
A1 þ A2

Ee

E0

þ A3

E0

Ee

��

þ AðEeÞRC−NLO þ AðEeÞN2LO þ AðEeÞWC; ðE6Þ

where the function fnðEeÞ has been calculated by Shann [21] [see also Eq. (A19)] and the coefficients A1, A2, and A3 are
given by [11]

A1 ¼ −g4A − κg3A þ ðκ þ 2Þg2A þ κgA − ðκ þ 1Þ;
A2 ¼ 5g4A − κg3A − ð5κ þ 6Þg2A − 3κgA þ ðκ þ 1Þ;

A3 ¼ −4g2AðgA − 1ÞðgA þ ðκ þ 1ÞÞm
2
e

E2
0

: ðE7Þ

The corrections AðEeÞRC−NLO, AðEeÞN2L0, and AðEeÞWC, defined by the OðαEe=mNÞ inner radiative corrections, the
OðE2

e=m2
NÞ corrections, caused by weak magnetism and proton recoil, and Wilkinson’s corrections, respectively, are

equal to

AðEeÞRC−NLO ¼ 1

1þ 3g2A

α

π

Ee

mN

�
gAfVðEeÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q
gSðEeÞ þ gVðEeÞ − gAhAðEeÞ þ gAð1 − 2gAÞfAðEeÞ

	

þ 1

1þ 3g2A
gAð1 − 2gAÞ

α

π

5

2

m2
N

M2
W
ln

M2
W

m2
N
þ 1

1þ 3g2A

α

π
ðgAḡstðEeÞ þ ð1 − 2gAÞf̄stðEeÞÞ − A0ζðEeÞRC−NLO;

AðEeÞN2L0 ¼ 3
Ee

mN
ĀðEeÞNLO −

Ee

mN
K̄nðEeÞNLO

�
1 −

m2
e

E2
e

�
− AðEeÞNLOζðEeÞNLO;

AðEeÞWC ¼ −3.76 × 10−4A0: ðE8Þ

For the correlation coefficient BðEeÞ we obtain the following expression:

BðEeÞ ¼ B0

�
1þ 1

2gAð1þ gAÞð1þ 3g2AÞ
E0

mN

�
B1 þ B2

Ee

E0

þ B3

E0

Ee

��

þ BðEeÞRC−NLO þ BðEeÞN2LO þ BðEeÞWC; ðE9Þ

where the coefficients B1, B2, and B3 are given by [11]
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B1 ¼ −2gAð1 − gAÞ2ðgA þ ðκ þ 1ÞÞ;
B2 ¼ g4A þ ðκ − 4Þg3A − ð5κ þ 2Þg2A þ ð3κ þ 4ÞgA þ ðκ þ 1Þ;

B3 ¼ ðg2A − 1Þð1þ gAÞðgA þ ðκ þ 1ÞÞm
2
e

E2
0

: ðE10Þ

The corrections BðEeÞRC−NLO, BðEeÞN2L0, and BðEeÞWC, defined by the OðαEe=mNÞ inner radiative corrections, the
OðE2

e=m2
NÞ corrections, caused by weak magnetism and proton recoil, and Wilkinson’s corrections, respectively, are

equal to

BðEeÞRC−NLO ¼ 1

1þ 3g2A

α

π

Ee

mN

�
gAfVðEeÞ þ gA

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q
fSðEeÞ þ

E0 − Ee

Ee

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q
hSðEeÞ þ gAgVðEeÞβ2

− ð1 − 2gAÞhAðEeÞβ2 þ gAð1þ 2gAÞfAðEeÞ þ gAð1þ 2gAÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q
fTðEeÞ

�
þ 1

1þ 3g2A
gAð1þ 2gAÞ

×
α

π

5

2

m2
N

M2
W
ln

M2
W

m2
N
þ 1

1þ 3g2A

α

π
ðgAḡstðEeÞ þ ð1þ 2gAÞf̄stðEeÞÞ − B0ζðEeÞRC−NLO;

BðEeÞN2L0 ¼ 6
E2
e

m2
N
B0

�
1 −

1

4

E0

Ee

�
þ 3

Ee

mN
B̄ðEeÞNLO − BðEeÞNLOζðEeÞNLO − B0ζðEeÞN2LO

−
8gA

1þ 3g2A

�
E2
0

M2
V
þ ð1þ 2gAÞ

E2
0

M2
A

�
Ee

E0

�
1 −

Ee

E0

�
;

BðEeÞWC ¼ B0

�
3.76 × 10−4 − 5.26 × 10−5

Ee

E0

− 1.26 × 10−5
E2
e

E2
0

�
þ 1

3
a0B0

πα

β

E0 − Ee

mN
: ðE11Þ

The coefficients of Wilkinson’s term in the parentheses do not practically depend on the axial coupling constant gA.
For the correlation coefficient KnðEeÞ we obtain the following expressions:

KnðEeÞ ¼
1

1þ 3g2A

Ee

mN
ð5g2A þ ðκ − 4ÞgA − ðκ þ 1ÞÞ þ KnðEeÞRC þ KnðEeÞN2LO þ KnðEeÞWC: ðE12Þ

The corrections KnðEeÞRC−NLO, KnðEeÞN2L0, and KnðEeÞWC, defined by the OðαEe=mNÞ inner radiative corrections, the
OðE2

e=m2
NÞ corrections, caused by weak magnetism and proton recoil, and Wilkinson’s corrections, respectively, are

equal to

KnðEeÞRC−NLO ¼ 1

1þ 3g2A

α

π

Ee

mN
ðð1 − gAÞgVðEeÞ þ ð1þ 2gAÞhAðEeÞÞ;

KnðEeÞN2L0 ¼ 3
Ee

mN
K̄nðEeÞNLO − 3

Ee

mN
ĀðEeÞNLO;

KnðEeÞWC ¼ −A0

πα

β3
E0 − Ee

mN
: ðE13Þ

For the correlation coefficient QnðEeÞ we obtain the following expression:

QnðEeÞ ¼
1

1þ 3g2A

E0

mN



ðg2A þ ðκ þ 2ÞgA þ ðκ þ 1ÞÞ − ð7g2A þ ðκ þ 8ÞgA þ ðκ þ 1ÞÞEe

E0

�

þQnðEeÞRC−NLO þQnðEeÞRC−PhV þQnðEeÞN2LO þQnðEeÞWC; ðE14Þ

where the corrections QnðEeÞRC−NLO, QnðEeÞRC−PhV, QnðEeÞN2L0, and QnðEeÞWC, defined by the OðαEe=mNÞ inner and
outer radiative corrections, the OðE2

e=m2
NÞ corrections, caused by weak magnetism and proton recoil, and Wilkinson’s

corrections, respectively, are equal to
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QnðEeÞRC−NLO ¼ 0;

QnðEeÞRC−PhV ¼ −3B0

α

π

Ee

mN
ḡnðEeÞ;

QnðEeÞN2L0 ¼ −12
E2
e

m2
N
B0

�
1 −

1

8

E0

Ee

�
þ 3

Ee

mN
Q̄nðEeÞNLO − 3

Ee

mN
B̄ðEeÞNLO −QnðEeÞNLOζðEeÞNLO;

QnðEeÞWC ¼ −B0

πα

β3
E0 − Ee

mN
: ðE15Þ

Now we are able to give the analytical expression for the correlation coefficient AðβÞðEeÞ defined by [15]

AðβÞðEeÞ ¼ AðEeÞ þ
1

3
QnðEeÞ: ðE16Þ

This correlation coefficient is responsible for the electron (beta) asymmetry in the neutron beta decay [5] (see also [11]). The
correlation coefficient AðβÞðEeÞ we give in the following form [15] (see also [11]):

AðβÞðEeÞ ¼ A0

�
1þ α

π
fnðEeÞ þ

gA þ κ þ 1

gAð1 − gAÞð1þ 3g2AÞ
E0

mN

�
AðβÞ
1 þ AðβÞ

2

Ee

E0

þ AðβÞ
3

E0

Ee

��

þ AðβÞðEeÞRC−NLO þ AðβÞðEeÞRC−PhV þ AðβÞðEeÞN2LO þ AðβÞðEeÞWC: ðE17Þ

The function fnðEeÞ is given in Eq. (A19). The coefficients AðβÞ
1 , AðβÞ

2 , and AðβÞ
3 are equal to [15] (see also [11])

AðβÞ
1 ¼ g2A þ 2

3
gA −

1

3
;

AðβÞ
2 ¼ −g3A − 3g2A −

5

3
gA þ 1

3
;

AðβÞ
3 ¼ 2g2Að1 − gAÞ

m2
e

E2
0

; ðE18Þ

and the terms AðβÞðEeÞRC−NLO, AðβÞðEeÞRC−PhV, AðβÞðEeÞN2L0, and AðβÞðEeÞWC, defined by the radiative corrections
OðαEe=mNÞ, the corrections OðE2

e=m2
NÞ, caused by weak magnetism and proton recoil, and Wilkinson’s corrections,

respectively, are equal to

AðβÞðEeÞRC−NLO ¼ 1

1þ 3g2A

α

π

Ee

mN

�
gAfVðEeÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q
gSðEeÞ þ gVðEeÞ − gAhAðEeÞ þ gAð1 − 2gAÞfAðEeÞ

	

þ 1

1þ 3g2A
gAð1 − 2gAÞ

α

π

5

2

m2
N

M2
W
ln

M2
W

m2
N
þ 1

1þ 3g2A

α

π
ðgAḡstðEeÞ þ ð1 − 2gAÞf̄stðEeÞÞ − A0ζðEeÞRC−NLO;

AðβÞðEeÞRC−PhV ¼ 1

3
QnðEeÞRC−PhV ¼ −B0

α

π

Ee

mN
ḡnðEeÞ;

AðβÞðEeÞN2LO ¼ AðEeÞN2LO þ 1

3
QnðEeÞN2LO;

AðβÞðEeÞWC ¼ 3.76 × 10−4A0 −
1

3
B0

πα

β3
E0 − Ee

mN
: ðE19Þ

The functions ζðEeÞNLO, aðEeÞNLO, AðEeÞNLO, BðEeÞNLO, and QnðEeÞNLO are given in Eq. (B2).
For the experimental analysis of the antineutrino asymmetry in the neutron beta decay one has to use Eqs. (27) and (28)

in Ref. [11] and the correlation coefficients aðEeÞ, AðEeÞ, BðEeÞ, KnðEeÞ, and QnðEeÞ given in this Appendix.
For the account for the contribution of the Fierz interference term b in the antineutrino asymmetry one may use
Eqs. (19) and (20) in Ref. [40], where the correlation coefficients XðEeÞ are replaced by XðEeÞ=ð1þ bme=EeÞ for
XðEeÞ ¼ aðEeÞ; AðEeÞ; BðEeÞ; KnðEeÞ, and QnðEeÞ, respectively.
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For the correlation coefficients GðEeÞ, HðEeÞ, NðEeÞ, QeðEeÞ, KeðEeÞ, SðEeÞ, TðEeÞ, and UðEeÞ as functions of the
electron energy Ee and the axial coupling constant gA we give the analytical expressions in the following form:

GðEeÞ ¼ −
�
1þ α

π
fnðEeÞ

�
þ GðEeÞNLO þ GðEeÞRC−NLO þGðEeÞN2LO þGðEeÞWC;

HðEeÞ ¼ −
me

Ee
a0

�
1þ α

π
hð1Þn ðEeÞ

�
þHðEeÞNLO þHðEeÞRC−NLO þHðEeÞN2LO þHðEeÞWC;

NðEeÞ ¼ −
me

Ee
A0

�
1þ α

π
hð1Þn ðEeÞ

�
þ NðEeÞNLO þ NðEeÞRC−NLO þ NðEeÞN2LO þ NðEeÞWC;

QeðEeÞ ¼ −A0

�
1þ α

π
hð2Þn ðEeÞ

�
þQeðEeÞNLO þQeðEeÞRC−NLO þQeðEeÞRC−PhV þQeðEeÞN2LO þQeðEeÞWC;

KeðEeÞ ¼ −a0
�
1þ α

π
hð2Þn ðEeÞ

�
þ KeðEeÞNLO þ KeðEeÞRC−NLO þ KeðEeÞRC−PhV þ KeðEeÞN2LO þ KeðEeÞWC;

SðEeÞ ¼ SðEeÞNLO þ SðEeÞRC−NLO þ SðEeÞN2LO;

TðEeÞ ¼ −B0

�
1þ α

π
fnðEeÞ

�
þ TðEeÞNLO þ TðEeÞRC−NLO þ TðEeÞN2LO þ TðEeÞWC;

UðEeÞ ¼ UðEeÞRC−NLO þ UðEeÞN2LO: ðE20Þ

The analytical expressions of the functions fnðEeÞ, hð1Þn ðEeÞ, and hð2Þn ðEeÞ are given in Eq. (A19). The corrections
XðEeÞNLO, XðEeÞRC−NLO, XðEeÞRC−PhV, XðEeÞN2LO, and XðEeÞWC for X ¼ G;H;N;Qe; Ke; S; T; U are adduced in
Eq. (B2), Eq. (A20), Eq. (D10), Eq. (B4), and Eq. (C8), respectively.
For the practical applications and numerical analysis the analytical expressions of the correlation function ζðEeÞ and

correlation coefficients XðEeÞ for X ¼ a; A; B;…; U and AðβÞðEeÞ are programmed in [46].

APPENDIX F: CONTRIBUTIONS TO THE ELECTRON-ENERGY AND ANGULAR DISTRIBUTION OF
THE NEUTRON BETA DECAY WITH CORRELATION STRUCTURES BEYOND EQ. (1)

The electron-energy and angular distribution of the neutron beta decay Eq. (1), supplemented by the contributions with
correlation structures beyond the standard ones, takes the form

d5λnðEe; k⃗e; k⃗ν̄; ξ⃗n; ξ⃗eÞ
dEedΩedΩν̄

¼ ð1þ 3g2AÞ
jGV j2
16π5

ðE0 − EeÞ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

q
EeFðEe; Z ¼ 1ÞζðEeÞ

�
1þ bðEeÞ

me

Ee

þ aðEeÞ
k⃗e · k⃗ν̄
EeEν̄

þ AðEeÞ
ξ⃗n · k⃗e
Ee

þ BðEeÞ
ξ⃗n · k⃗ν̄
Eν̄

þ KnðEeÞ
ðξ⃗n · k⃗eÞðk⃗e · k⃗ν̄Þ

E2
eEν̄

þQnðEeÞ
ðξ⃗n · k⃗ν̄Þðk⃗e · k⃗ν̄Þ

EeE2
ν̄

þDðEeÞ
ξ⃗n · ðk⃗e × k⃗ν̄Þ

EeEν̄
þGðEeÞ

ξ⃗e · k⃗e
Ee

þHðEeÞ
ξ⃗e · k⃗ν̄
Eν̄

þ NðEeÞξ⃗n · ξ⃗e þQeðEeÞ
ðξ⃗n · k⃗eÞðk⃗e · ξ⃗eÞ
ðEe þmeÞEe

þ KeðEeÞ
ðξ⃗e · k⃗eÞðk⃗e · k⃗ν̄Þ
ðEe þmeÞEeEν̄

þ RðEeÞ
ξ⃗n · ðk⃗e × ξ⃗eÞ

Ee
þ LðEeÞ

ξ⃗e · ðk⃗e × k⃗ν̄Þ
EeEν̄

þ SðEeÞ
ðξ⃗n · ξ⃗eÞðk⃗e · k⃗ν̄Þ

EeEν̄

þ TðEeÞ
ðξ⃗n · k⃗ν̄Þðξ⃗e · k⃗eÞ

EeEν̄
þ UðEeÞ

ðξ⃗n · k⃗eÞðξ⃗e · k⃗ν̄Þ
EeEν̄

þ VðEeÞ
ξ⃗n · ðξ⃗e × k⃗ν̄Þ

Eν̄
þWðEeÞ

ξ⃗n · ðk⃗e × k⃗ν̄Þðξ⃗e · k⃗eÞ
ðEe þmeÞEeEν̄

�

þ d5λnðEe; k⃗e; k⃗ν̄; ξ⃗n; ξ⃗eÞ
dEedΩedΩν̄

����
RC−NLO

þ d5λnðEe; k⃗e; k⃗ν̄; ξ⃗n; ξ⃗eÞ
dEedΩedΩν̄

����
NLO

þ
X4
m¼1

d5λðmÞ
n ðEe; k⃗e; k⃗ν̄; ξ⃗n; ξ⃗eÞ
dEedΩedΩν̄

����
N2LO
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where the last seven terms are defined by the following expressions (see also [24]):
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ḡnðEeÞ

�ðξ⃗n · k⃗ν̄Þðξ⃗e · k⃗eÞðk⃗e · k⃗ν̄Þ
E2
eE2

ν̄

−
1

3

ðξ⃗n · k⃗eÞðξ⃗e · k⃗eÞ
E2
e

��
; ðF2Þ

where the functions U5, U6, U7, and U8 are given in Eq. (A4), and
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where K̄nðEeÞNLO and Q̄nðEeÞNLO coincide with KnðEeÞNLO and QnðEeÞNLO, which are given in Eq. (B2), whereas H̄ðEeÞ,
Q̄eðEeÞ, and K̄eðEeÞ are defined by the expressions in Eq. (B3). The last term in Eq. (F1) is equal to
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These contributions to the electron-energy and angular
distribution of the neutron beta decay vanish after the inte-
gration over the directions of the antineutrino 3-momentum
k⃗ν̄. Because of the contributions of Wilkinson’s corrections,
caused by the proton recoil in the electron-proton final-state

Coulomb interaction, and the OðαEe=mNÞ outer radiative
corrections [see Eq. (D10)], the electron-energy and angu-
lar distributions in Eqs. (F2)–(F8) are well-defined in the
experimental electron-energy region 0.811 MeV ≤ Ee ≤
1.211 MeV [5].
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