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Test of quantum gravity in statistical mechanics
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We study quantum gravity effects on the density of states in statistical mechanics and its implications for
the critical temperature of a Bose Einstein condensate and fraction of bosons in its ground state. We also
study the effects of compact extra dimensions on the critical temperature and the fraction. We consider both
neutral and charged bosons in the study and show that the effects may just be measurable in current and

future experiments.
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I. INTRODUCTION

Quantum mechanics (QM) and general relativity (GR)
successfully describe observable phenomena in micro-
scopic and macroscopic regimes respectively. However,
there is no simple way of combining these two theories to
describe phenomena in regimes where both theories are
applicable. Candidate theories of quantum gravity (QG),
which aim to accomplish this, such as string theory and
loop quantum gravity, have made significant progress. Yet,
there has not been a single experiment or observation which
support or refute any QG theory. Since the immensity of the
QG or the “Planck scale,” about 10'® TeV, prevents such
tests directly in colliders, it is important to look for indirect
signatures of these theories in accessible, low energy
laboratory based experiments [1,2]. Potential QG signa-
tures in condensed matter, atomic and molecular experi-
ments have been explored by various authors [3-10].
However, QG effects in statistical mechanical systems
have not been studied extensively, although there has been
some work done in the search for QG signatures in BECs
[11-13] and that of compactified extra dimensions on
BECs [14-16]. We also study QG effects in BEC in this
paper, although our approach is different and we obtain a
number of new results. Furthermore, we will study the
feature that most QG theories predict, namely a minimum
measurable length and the related generalized uncertainty
principle (GUP) [5,17-25].

We will work with the general form of the GUP,
incorporating both linear and quadratic terms in momenta,
and which imply a minimum measurable length and a
maximum measurable momentum, is given by [5]
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In the above, x; and p; are the position and momentum
operators respectively and p = ,/p;p;. Also, a=aq/(Mpc),
B =po/(Mpc)?, where a, and S, are the linear and

quadratic GUP parameters and Mp = /hc/G is the
Planck mass. It is sometimes assumed that aq, Sy = O(1).
However, we will make no such restriction and compute
QG effects for arbitrary a, and f,. Note that this implies
intermediate length scales ayZp and +/By¢p between the
electroweak length scale (21078 m) and the Planck scale,
£p ~ 1073 m. The only restrictions that these impose are
ay < 10'7 and B, < 1034, the bounds implied indirectly by
LHC experiments, since no new fundamental length (or
energy) scale has been observed therein.

The above, when applied to statistical mechanics,
modifies the energy levels of a particle in a box, and
hence the corresponding phase space volume of a quan-
tum particle in a box [26]. This when applied to the
statistics of a BEC, modifies its critical temperature 7.
and the fraction of bosons in the ground state at any
0 < T < T,.. Using the above, in this paper we present a
new approach to computing QG corrections to observ-
ables in BEC, such as the critical temperature and fraction
of bosons in the ground state. This approach modifies
the density of states by approximating it to first order
in a and f.

This paper is organized as follows. In Sec. II, we present
the standard results of the BEC, which is followed by a
discussion about the role of compact dimensions in BEC in
Sec. III. QG effects on observables in BEC and their
potential measurability are discussed in Sec. IV. We
summarize the work in Sec. V.
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II. STANDARD BOSE-EINSTEIN CONDENSATION

The phenomenon of BEC occurs when a dilute gas of
bosons is cooled below a certain temperature, such that
more and more bosons start occupying the ground state.
This temperature is known as the critical temperature 7.
Since Bose-Einstein (BE) statistics (see Eq. (A4) in the
Appendix A) allows for an arbitrary number of bosons in
any state, there could theoretically be an infinite number of
bosons in the ground state. We review a few important
results related to a BEC that will be used in the rest of the
paper. Note that results in this section for 7. are valid for
arbitrary d spatial dimensions.

The critical temperature 7. is the threshold at which one
still has all the bosons in the excited states. As the gas
temperature 7 is decreased from T, they start dropping
to the ground state. Furthermore, the chemical potential
u—0 at T =T, in the nonrelativistic case, which we
consider first. In d-dimensional space, with d > 3 (since
it can be shown that there can be no nonrelativistic BEC
in 1 and 2 dimensions [15]), the critical temperature takes
the form

2nh? 5
— /d
c kBm€(§)2/dn ’ (2)

from which one can see that the critical temperature of a
nonrelativistic BEC will be higher for high boson densities
and light boson masses. The second important observable
in BEC is the fraction f, of bosons in the ground state. If
is the number density of bosons in the ground state, n(T)
the number density in the excited states at temperature
T < T, and n the total number density, then these are
related by

T\ 42 n T\ d/2
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(3)

From Eq. (3) we can see, that at T = T, all bosons are still
in the excited states, since fy = 0. The bosons start to
occupy the ground state for 7 < 7., when f, > 0 and
completely fill the ground state at 7 = 0 K, when f, = 1.
The critical temperature and fraction of bosons in the
ground state for the relativistic case can be found in a
similar manner. We consider two cases of relativistic
bosons. The first, when they are considered neutral, is
associated with the following critical temperature

d=1_d/2d dp(d\\ 1/d
1(2 pi3 th(2)> 1/ )

T, =—
ki [(d)¢(d)
for arbitrary d > 2 spatial dimensions [27,28]. Note that

while it is dependent on the number density of bosons, it
does not depend on boson mass, unlike the nonrelativistic

result given in Eq. (2). However, it continues to depend on
the boson number density, albeit with a different (positive)
power. In this case, the fraction of relativistic neutral
bosons in the ground state turns out to be

fo="=1-(1)" 5

T,

The second relativistic case includes both bosons and
antibosons. The distribution function for this case is obtained
by subtracting two BE distributions, one for bosons u(T,) =
mc? and one for antibosons y(T.) = —mc?, to compute the
total charge density n (in previous cases this was just the
number density). The relativistic boson-antiboson critical
temperature can be expressed in arbitrary dimensional
Euclidean space d > 3 as [27,28]

2 4 _ d -
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Note that the above depends on the boson mass, and the
number density. The critical temperature increases with
increasing number density and decreasing boson mass.
The fraction of bosons in the ground state in this case turns
out to be

. ny . T (d-1)
fo="1- (1) 9

Note the different power of 7/T. when compared
with Eq. (5).

To summarize, we have seen in this section that the
BEC critical temperature in all cases is a function of boson
mass m and boson number density n, with different powers
for different cases. Similarly, the fraction of bosons in the
ground state depends on different powers of 7/T, for the
different cases.

II1. BOSE-EINSTEIN CONDENSATION IN
COMPACT DIMENSIONS

Compact extra dimensions are interesting from the point
of view of QG, since they are an essential component in
string theory, where they are normally assumed to be tiny,
and in fact most often, of the order of the Planck length
[29]. In this section, we examine whether compact dimen-
sions have an effect on the BEC critical temperature, in
which case they may be measurable. Interestingly, we find
that there is indeed such an effect. We start with the
expression for the charge density n of relativistic particles
in d noncompact dimensions and N compact dimensions
with a topology of R? x SV [14],
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are the degeneracy factors and energy contributions from
compact dimensions respectively, and R is the radius of the
compact SV. We consider the case which is currently the
only one which is experimentally measurable, namely a
nonrelativistic BEC, with k5T < mc?. In this case, Eq. (8)
reduces to

1

00 1 d/2
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d/2
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If we further consider a regime where the radius of the
compact dimension is very small, and the boson mass is
much less than its inverse mass scale (the Planck scale),
such that the inequality (mc/h)R < 1 holds, we see that
all terms except for £ = 0 are exponentially suppressed by
the Boltzmann factor. The second sum in Eq. (10) reduces
to the polylogarithm function Liyy,(exp (—f. % \/N)) (see
Eq. (A6) in Appendix A), where we have used the
condition Aw, > mc?, which follows directly from
the previous one for small mass regimes. Now, for a
small argument of the polylogarithm, one can write
Liy(exp (—ﬂc% N)) =~ exp (—ﬂc% N) [30]. Using
this, with additionally including only the Z =1 term, we
get the number density of bosons including the correction
term due to compact dimensions from Eq. (10)

/2
= (o) )
27h 2
We can see from the above that the first term agrees with
standard theory, while the second term is the remnant from
the extra dimensions, which as expected is very small
due to the Boltzmann suppression factor. This term goes to

zero as R — 0. We are interested in the critical temperature
T., which we extract from Eq. (11), using a perturbative
approach and defining T, = TV + AT(R). The critical
temperature with corrections due to extra compact dimen-
sions then takes the form

Rd/2N(d+4)/4
R mdl2gdf2 ©

—BAVN | (11)
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(12)

where ﬁ£°> =1/ (kBTgo)). From Eq. (12), we see that the
first term is identical to Eq. (2) and the magnitude of the
correction term increases with increasing number density
and decreasing boson mass. We can also see the nontrivial
dependence of the correction term on the compact dimen-
sion. We discuss this in terms of the relative magnitude of
the correction, expressible from Eq. (12) as

AT(R)|  2hd/2 N(@+8)/4 o= VN
‘ ( >‘ — e =10"<1074. (13)

T(Co) dR2 a2 412 é’@

In the above, r and ¢ take positive values and 10”9 denotes
the precision at which the BEC critical temperature can be
measured, and the inequality stems from the fact that the
above AT(R) has not been observed in the laboratory so
far. This subsequently puts bounds on the extra dimensions,
as we shall see below. The important point to note here is
that the rhs of Eq. (13) contains the compact dimension
radius R in the denominator as well as in the numerator, via
the exponential Boltzmann factor. Therefore, interestingly,
as one spans the range of R from very small to larger values,
the correction term first increases and then starts to
decrease. This behavior is shown in Fig. 1. The blue line
therein depicts the relative correction given in Eq. (13),
suitably normalized for ease of comparison with the
horizontal orange line, signifying a hypothetical precision,
expected to be attainable in the future (a line corresponding
to current accuracies would lie well above the blue curve).
Note that the curves intersect at two points, corresponding
to Ry and R, on the horizontal axis. Therefore, if no trace of

10 le—26

—— Extra dimension detection threshold
——— Hypothetical measurement precision for T,
0.8 1

R/hc [1/eV] le7

FIG. 1.
compact dimension for a helium gas, using m = my,, n =10 m
d=3 and N =1 (blue), and a hypothetical precision of the
experiment (orange).

Relative correction as a function of radius R of the
-3
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the compact dimension is found in experiments, in terms of
the above corrections, it would mean that the relative
precision is either on the left of R; or right of R,. In other
words, one obtains an upper as well as a lower bound on
the size of the compact radius R. More precisely, the peak is

located at R, :2ﬂ£.0)hC\/IV/d and the two bounds
always satisfy R < R« and R, > R, for lower and
upper bound respectively. While upper bounds on the
size of compact dimensions have been imposed from a
number of theoretical and experimental standpoints, We are
not aware of any other experiment or observation which
puts both an upper and a lower bounds on R. We can also
see that Eq. (13) is implicitly dependent on the number

density n through the inverse critical temperature ﬂg()),
since the latter depends on n. Therefore, if we increase
n, the exponential factor increases and the relative correc-
tion increases. Therefore, the magnitude of the correction,
signified by the quantity r, which one hopes to minimize, is
given in terms of R, the number of compact dimensions N,
the boson mass m and implicitly on the boson density n as

AR/ cd/2 C(%)
Zhd/ZN(d+4)/4

r=ryn(R,m)=log ( e/;(f’)%\/ﬁ) (14)

The above gives us an estimate of what the precision of the
temperature measurements must be, to detect such a
deviation from the standard theory and obtain signatures
of extra dimensions. The second observable, the fraction of
bosons in the ground state, including corrections due to
extra compact dimensions, takes the form

ny T\ d/2 #d/2 N (d+4)/4
fO:_:1_<_) {1"' d/2,,d/2 /27 (d
n T. RYZm= 2L (5)
% (e—ﬂ(..%ﬁ(l;) _ e—/&%\/ﬁ)} (15)

from where we can see, that without the correction term
(R — 0) the fraction is the same as in standard theory in
Eq. (3). The correction term in square brackets in Eq. (15)
vanishes for T = T, as expected.

In this analysis, we considered a spherical topology of
the compact dimensions R? x SV, where there is only one
radius, no matter how many compact dimensions N we
consider. If the topology of the compact dimensions is
toroidal instead, say RY x T(N), then each of the N
compact dimensions could have distinct radii. For such a
spatial topology, the above calculations would be similar,
with the difference that the energy contribution in Eq. (9)
would be a function of all N radii, instead of just R.
However, for N =1, we do not expect any difference
between the two topologies.

IV. BOSE-EINSTEIN CONDENSATION
WITH QG CORRECTIONS

QG effects in standard QM systems are implied by the
GUP, defined by the commutator in Eq. (1). The phase
space integrals in statistical mechanics are normalized by a
phase space volume of a particle in a box, so this is where
the QG corrections appear in the analysis. Such a modi-
fication also modifies the density of states, which is used to
calculate the QG corrected number density of bosons
and by extension, the critical temperature and fraction of
bosons in the ground state. To apply the GUP in Eq. (1) to a
quantum particle in a box, we modify the dispersion
relation between energy and momentum of a particle,
which is the Hamilton operator in QM

H=L"1vx) (16)

where p is the physical momentum of the particle, p = |p],
m its mass and V(x) the potential of a particle in a box
(V(x) = 0 inside the box and V(x) = oo outside the box).
We notice that we cannot use the standard operator for
momentum p; # —ihd, , because the commutation relation
is modified as in Eq. (1). However, we can define a set of
canonical operators xq; and pg;, which satisfy a standard
commutation relation [xo;, p;] = ihd;;. Therefore, we can
write po; = —ihd,, . In terms of xy; and p,;, we get

X; = Xoi» pi = poi(l —apy+2pp5),  (17)
where py = /poxPor- We will use the above to compute
QG corrections to the nonrelativistic and relativistic
Hamiltonians, and examine its consequences for a BEC
in the following subsections. Note that the physical
momentum is still p;.

A. Nonrelativistic

In this case, we use the nonrelativistic kinetic term and
choose the potential inside a three dimensional box with
edges L,, L, and L, to be V(x) =0, and the potential
outside this box V(x) = co. As usual, we choose the
boundary conditions y(0,y,z) = w(x,0,z) = w(x,y,0) =
w(Ly,y,2) =w(x,Ly.z) =w(x,y,L;) =0. To compute
the QG corrected energy spectrum of a nonrelativistic
particle in a three dimensional box, we first write the
QG corrected Hamiltonian by replacing p in terms of p, as
given in Eq. (17)

2 2
14 Po a5 S 4
H=L _P0 %3 P g H +H, (18
2m  2m mp0+2mp0 o+ Hi+Hy,  (I8)
2
where Hy =22 H, =—2p3 and H, =L p}. We will

compute corrections to the energy spectrum due to H; and
H, to linear order in f# and quadratic order in a (note that
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these are of a similar order or magnitude). As we know, the
eigenfunctions of an unperturbed Hamiltonian H,, for a
particle in a three dimensional box are given as [31]

Yn (XO)

= lllnx,ny.nz ()Co, Yos ZO)
\/§ sin lde: sin ™y sin e
= —_ X, _— 5
% L, 0 L, Yo L. 20

(19)
where V =L,L,L, is the volume of the box and
ny,ny,n, €N are quantum numbers. In a Hilbert space
H = {yn;n € N?} we can write a general wave function
as W(xg) =D, caWn(Xp), wWhere ¢, € C. The energy
spectrum of a three dimensional particle in a box, consid-
ering an unperturbed Hamiltonian H, is

0 = 0 0. = {0 ol (x0)

h2”2
- 2mL?

(n? +n3 +n2), (20)

where we assumed L =L, = L, = L, without loss of
generality. To get the QG correction to the energy spectrum
in Eq. (20), we use the time independent, first order
perturbation theory to compute the linear (see
Appendix B) and quadratic terms of the perturbation H,
and H, respectively as

Aet™™ = (o (xo) [ H, [y (X0))

h3 3 3
= mL3(2+n + n2)3/? (21)
uad
el = (g7, (x0) | Halyra (%))
5pnnt
= me4 (n} +n3 +n? +2n3n;
+ 2n3n? + 2n2n?), (22)

so that the energy spectrum of a particle in a three
dimensional box, up to quadratic order of the QG param-
eters, is just the sum of Egs. (20)—(22)

a3z’
mL>3

h2rn?
fn = 2mL?
5pnt
2mL*
h? ah’ 5pn*

o k2 _ k3
2 m 2m

(n} 4+ n} +n?) -

(n% + nj + n2)¥2

(n} + nd + ni +2nin3 + 2ninZ + 2nin?)

k3, (23)

where k% = Z—z (n? +n3 +n2) in the third line. From the
above we can see that the QG corrections to the energy
spectrum of a particle in a three dimensional box are also
dependent on quantum numbers n,, n, and n,, but with

different powers. An exact procedure to obtain the QG
corrected energy spectrum of a particle in a one dimen-
sional box, without using perturbation theory is described
in [32].

Considering the QG corrected energy spectrum for a
particle in a three dimensional box, given by Eq. (23), we
calculate the QG corrected density of states in the con-
tinuum limit &, — ¢ (see Appendix C) as

V(Zm)3/2€1/2

PP (14 16ay/me'/?
n

gle) = — 25pme), (24)

from which we see that it reduces to the usual density of
states, given by Eq. (A2) in Appendix A, when a, f — 0.
A more general procedure, described in Appendix D can
also be used to obtain the QG corrected density of states.
However, its use is currently limited to the nonrelativistic
case with quadratic corrections only, due to the complexity
of calculations.

The number of particles in the system is calculated using
Eq. (A1) of Appendix A and the QG corrected density of
states in Eq. (24). We evaluate the integral at 7. (u — 0)
and divide it by V to get the QG corrected boson number
density

Ngg \/§m3/2 /oo el/2 q
= — = E
1% 2720 | Jy ePr—1
o 23/2
1 16ay/m / e de = 25pm / - 1de]
0 e c —
V2m3/? 1673/
= 1570 |:(kBTc)3/2C<§> +3 ayv/m(kpT,)?
75 5
- jﬂm(kBTc>5/2C<§>:| ; (25)

where we again see that it reduces to the usual number
density, given by Eq. (All) (as ¢ — 0) in Appendix A,
when a, # — 0. Note that we cannot extract a closed form
expression of T, from Eq. (25), and therefore we use a

perturbative approach. We define 7,= TEO) +AT(a) +
AT(p), to express the QG corrected T, where AT(a) xa
and AT(f) « p. It is easy to see that the uncorrected critical

temperature TE-O) is equal to that in Eq. (2) for d = 3. The QG
corrected critical temperature 7', is then

2 32V8an
- N n
Okpm(3)

27h?

100ﬂ2h4é’(%) 4/3
T.= 7]{ 23"
BmC(z)

kg @7
(26)

where we can see that the QG corrections increase with
increasing number density n and decreasing boson mass .
We also see that higher order QG corrections have a stronger
dependence on n. This is a direct consequence of the
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FIG. 2. Relative temperature correction as a function of the number density n, for a helium gas, for different values of parameter «,
where f, = a% and the black line represents the experimental accuracy.

presence of higher order terms 7. in Eq. (25). The
magnitude of the relative correction is then

_16V82%h

502h2¢ ()
Y yRTRTEL Ssant?
PCC<§)

(27)

‘ﬂ 13

TV

which increases with increasing n, but does not depend
on the boson mass. This is presented in Fig (2), where the
black line represents the current experimental accuracy
which will evidently continue to improve with time.
Equation (27) differs from a similar result in [11,12],
where the relative correction decreases with increasing n

as |AT/TY)| « ay/n'/?. Note that as the particle number
increases in a given volume, the total energy gets closer
to the Planck energy scale, thus magnifying the QG effects
[33]. This shows that our result is perfectly reasonable.
The second important observable is the fraction of
bosons in the ground state. Using the same procedure as
for Eq. (3), we calculate this fraction using Eq. (25) as

P (T)3/2 N 167/ {TW T? ]
= — = —_— _— a— —_—
0Ty T. 35:(%) B T, T2
75¢(3) 732 T2
—ﬁ*%m B 12~ 32| (28)
24() T/ T

where we see that a standard result in Eq. (3) is recovered
for a, f — 0. Furthermore, we see that at T = T, the QG
corrections vanish and f, = 0, as expected, even when a,
P # 0. This means that a deviation in fraction of bosons in
the ground state due to QG effects, should be observed at
temperatures 7 < T...

The corrections terms from Eq. (28) are presented in
Fig. 3 for a helium gas. We see that the correction has a

maximum between absolute zero and the critical temper-
ature T, at

9 _ 2025¢(3)\/mkg "

T, =— = -
" a 256 532

T, (29)

This suggest that experiments able to measure the fraction of
bosons in the ground state with high accuracy would most
likely observe QG corrections near this temperature 7',,.

B. Relativistic

For this case we follow the procedure outlined in [34] to
obtain the QG corrected energy spectrum of a relativistic
boson in a three dimensional box. This is then used to
obtain the relativistic density of states, the QG corrected
critical temperature 7., and fraction of bosons in the
ground state f;, for a relativistic BEC. We consider two
distinct cases. In the first case, we consider neutral bosons,
and in the second case we consider charged bosons and
antibosons.

Relativistic bosons (spin zero) are described by the
Klein-Gordon equation, which as shown in [34,35] gives
rise to the following effective Hamiltonian in the Feshbach-
Villars formalism

2
H = (t3 + ity) ;’—m +yme?, (30)

where 7; (i = 1, 2, 3) are the Pauli matrices. The corre-
sponding wave function satisfies the equation i20,¥ = HV.
The eigenfunctions ¥ of the effective Hamiltonian in
Eq. (30), are given by

()

(31)
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FIG. 3.

It is straightforward to show that y = ¢ + y satisfies the
Klein-Gordon equation

%——szj—f——:O. (32)

It turns out that the time dependent solutions for ¢ and y of
the effective Hamiltonian in Eq. (30) are

70 = | St e sin (721
wsin () s (7)
o )
x sin (”L"Vyy> sm(L:z>, (33)

where V = L,L,L_ is the volume of the box, n,, n,,n, € N
are quantum numbers and (¢F)? — (yi)> = +1 where
+ denotes particle and antiparticle solutions. We notice
that the solutions in Eq. (33) are similar to those in the
nonrelativistic case in Eq. (19). They differ only by the
relativistic, momentum-dependent functions ¢g (p) and
x5 (p). To compute the QG corrected energy spectrum
of a relativistic particle in a box, we modify the effective
Hamiltonian, using the transformation in Eq. (17), as

2

Hog = (13 + irz)g—’i + 7ymc?

a
. 3

— (73 +17r) —
(3 2) Po

.\ Sp
+(Ts+”2)%P3:Ho+H1+H2, (34)

Fraction correction as a function of the condensate temperature T, for a helium gas, for different values of parameter a,, where
= o and the black line represents the experimental accuracy.
0 0 2 p y

where Hy = (13 + ity) 20 +rgmc Hy=—(t3+i1)<p}
and H, = (73 +itp) 5 /i pg- The energy spectrum of a three

dimensional relat1V1st1c partlcle in a box, considering an
unperturbed effective Hamiltonian H, is

2m

2
ego):i\/CLzﬂ (n2 +n2 +n2) +m*c*,  (35)

where we assumed L = L, =L, = L,, without loss of
generality and =+ signifies the particle and antiparticle
solutions. We obtained the energy spectrum in Eq. (35),
by computing the eigenvalues of the H, operator. To get the
QG correction to the energy spectrum in Eq. (35), we
consider the complete QG corrected, effective Hamiltonian
Hqg from Eq. (34) and use the result from Appendix B.
The QG corrected energy spectrum is then

e = £/ PG — 2010, + SPYCkL + e, (36)

which is obtained by calculating the eigenvalues of the
effective Hamiltonian Hgg. In the above, we again used

k2 = (n + n + n?) and the sign plays no role in further
con51derat10ns, since we use the square of Eq. (36).
Considering the QG corrected energy spectrum for a
particle in a three dimensional box, given by the relativistic
relation in Eq. (36), we calculate the QG corrected density
of states in the continuum limit k, — k and ¢, — € (see
Appendix C) as

Vever — m2ct 1
_— 1—|—4a— 24

g(g) = 27r2h3c3 8 —m-c

——ﬁc—(gz—mzCA))- (37)
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We see that it reduces to the usual relativistic density of states,
given by Eq. (A3) in Appendix A, when a, # — 0. It may be
noted that the integrals which take the form of Eq. (A1) in
Appendix A are nonanalytical when using the relativistic
density of states in Eq. (37). They can be expressed in a
closed form only in the ultrarelativistic (UR) limit, where
|

NUR—B 1

n—=

€ > mc?. The number of particles in the system is calculated
using Eq. (A1) in Appendix A and the QG corrected density
of states in Eq. (37). We evaluate the integral at 7. (4 — 0) in
the UR limit and divide it by V to get the QG corrected
number density for the neutral boson case

2 3 4
BE © g © g 250 [ €
= ——de+4- ———de——= —d
\% 2n2h3e3 [/0 ebee — 1 et /0 efee — 1 ¢ 22 )y efe—1 ¢

1 21t a g
3 5
e (T PE) + 5 T = 15025 (a5 (38)
and for the charged boson case
NUR—BB oo 2 00 3 25 4
1% 2’3 ckyT, | Jo cosh(B.e) —1 cJo cosh(f.e)—1 232 cosh (B.e) — 1
m 72 a
= kT + 5 (kT 63) = 1022 (kT ) (39)
3h’c c
|
where we see, that for both cases the results return the ATB 271430 507'/2n%¢(5)
number densiti in the standard theory [27], when = n'? = B 3,
umber densities as in the standard theory , when a, 79 45Mpc(3)43 (Mpc)2¢(3)%/3
f — 0. Again using the perturbative approach as for the
nonrelativistic case, we find the critical temperatures for the (42)
neutral boson case to be
while for the charged boson case, it is given by
—_ 2Bhc 3 _ai 71632 2/ ATBB 108h3/2C( ) . _p 1572h3 (43)
kp¢(3)'/3 45kpl(3)°° 19 | T3 Mpeyme D (Mpepme’
e ¢(5)
+450 ky ¢(3) n (40) From the above we can see that the relative correction
increases only with increasing n and does not depend on m
o for the neutral bosons and increases with increasing n and
and for the charged boson case, it is given by decreasing m for the charged bosons. The relative correc-
tions are presented in Fig. 4. We see that the QG corrections
i 1 73m3e\ 12 w¢(3) for the charged boson case require a higher a; (about 5
TBB — — < ) /2 _ 2108 5 n orders of magnitude) to achieve the same magnitude of the
kg \ m nkgm QG correction as the neutral boson case. In other words, the
3h9 12 32 corrections are much smaller for the charged boson case.
+41 5 mic e, (41) " This is due to the higher power of the Planck constant in the

where we can see that the QG corrections increase with
increasing number density n for both cases. In the charged
boson case the QG corrections increase with decreasing
boson mass m, while the neutral boson case is independent
of boson mass. We also notice that higher order QG
corrections have a stronger dependence on 7, as also seen
in the nonrelativistic case. For a, f — 0 in Egs. (40), (41),
we recover the standard results from Egs. (4), (6). The
magnitude of the relative corrections of the critical temper-
ature for the neutral boson case is

charged boson case, which significantly decreases the
magnitude of the correction.

The fraction of bosons in the ground state for the neutral
boson case turns out to be

B ny T 3
:—:1— e
e

27'[4 kB |: T4:|

15¢33) ¢ |T? T3
éf(s) k2 T3 T3
S or i “

while for the charged boson case
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-5.0
——————————————————————————————————— —— B:ap=10’
-754 == e
—— B:ag=101%
—10.0
il — —— B:ap=10%
—12:39 --- BB:ag=10%2
] I ——- BB:ag=10%
US‘ 1501 W"’ _____________ ——— BB-:a0=102°
< — B . = 24
—17.5 BB:ay=10
2004 F—
—22.5 1
—25.0 , i . .
0.0 0.2 0.4 0.8 10
n[1/m?3] 1e23

FIG. 4. Relative correction as a function of the number density #, for a helium gas, for different values of parameter «,, where 3y, = a(z).
The solid lines represent the neutral case and the dashed lines represent the charged case.

5 T\? 726(3) kg [T*> T3
o (D) TR T
n T 7 c |T., T

c

k% T4
—ﬂl()ﬂ'z? |:T2 - F:| . (45)

From the above we see that for @, f — 0, the standard
results from Egs. (5), (7) are recovered. We again see that at
T =T, the QG corrections vanish and f, = 0, as expected
in standard theory, even when a, 8 # 0. Therefore, as in the
nonrelativistic case, the fraction of bosons in the ground
state undergoes QG corrections for any T < 7.

The corrections terms from Eqs. (44), (45) are presented
in Fig. 5. Since only the charged boson case is dependent
on the boson species, we used helium gas to plot it. We
again see that the correction has a maximum between the
absolute zero and the critical temperature 7, at

3 B3375¢(5) kg
y iy S St ANy 46
R et (46)
for the neutral case and
) 57* &k
b =27, P " Kip (47)

37 a54L(3) ¢ ¢

for the charged case. This suggests that experiments able to
measure the fraction of bosons in the ground state for a
relativistic BEC with high accuracy would most likely
observe QG corrections near this temperature 7 ,,.

C. Experimental implications

There are six observables, for which we made theoretical
predictions that include QG effects. The observables in the
nonrelativistic and relativistic regimes are the three critical

-10.0
*—\ —— B:ap=10"12
—1251 —— B:ap=106
—15.0 —— B:ap=10%°
ﬁ — B: ao=1024
—17.5 _
_ —=- BB:ap=10%
© _
& —20.0 1 ——- BB:ag=10
g ) 0
5 ——- BB:ag=10%°
2 —22.5 _
= ——- BB:ag=10%
—25.0 ﬁ‘\
—27.5
—30.0
0.0000 0.0002 0.0004 0.0006 0.0008
TIK]

FIG. 5.

Fraction correction as a function of the condensate temperature 7', for a helium gas, for different values of parameter a,, where

) = aj. The solid lines represent the neutral case and the dashed lines represent the charged case.
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temperatures from Egs. (26), (40), (41) and three fractions
of bosons in the ground state from Eqgs. (28), (44), (45). Out
of these theoretical possibilities, only the nonrelativistic
BEC can currently be realized in the lab, and with ever-
improving measurement accuracies, we hope that some of
our predicted effects may be observable in this system. We
also hope that relativistic BECs can also be produced in the
lab in the future, which will further open up the window for
measuring potential QG effects.

In the most optimistic scenario at present, where the
detection threshold for critical temperatures is of the order
~1071% K, the QG effects should be large enough to be
observed for ay 2 10 when f3, = a3 (the same holds when
Bo ~ 0) and for B, = 10%* when only quadratic QG correc-
tions are considered (i.e., @y = 0). In the worst case the
experiments do not observe any deviations from the standard
theory, but we can still constrain the QG parameters to @y <
10" for By = a3 (or By ~0) and B, < 10% for ay = 0.

The fraction of bosons in the ground state is measured by
integrating the velocity distribution in the ranges of
velocities, where the gas is in the condensate state [36].
The precision of such a measurement is around 1072, i.e.,
about 1% [37,38] and continually improving. We therefore
expect this precision to increase with time as well, and
reach a stage in the foreseeable future where our predicted
effects will either be measurable, or one will be able to
put strict bounds on the QG parameters. The bounds on
QG parameters obtained by considering the precision of
measuring the fraction of bosons in the ground state are
ay < 10 for fy=a3 (or fy~0) and S, < 10°* for
ap = 0. These bounds are not as good as the ones obtained
using critical temperature and are therefore phenomeno-
logically not yet as interesting.

V. CONCLUSION

Bose-Einstein condensation is an interesting phenome-
non, which has a variety of theoretical and experimental
implications. The remnant effects of compactified dimen-
sions and QG effects, due to GUP, on a BEC could be
observable through their effects on the critical temperature
and the fraction of bosons in the ground state for a BEC,
with a high enough sensitivity of the experimental setup.

The effects which arise from the presence of compactified
dimensions are many orders of magnitude smaller than the
current experimental capabilities, but they imply interesting
bounds on the dimensions of compact spaces. If such high
accuracies were to be achieved, we would get an upper and
lower bound simultaneously for the radius of compact
dimensions, given the topology R x SV. This can be seen
if Fig. (1), for d = 3 and N = 1. To our knowledge, this is
the first time that such constraints on both the upper and
lower bounds simultaneously has been found. Therefore this
could have potentially far-reaching implications in the
search for extra dimensions, which is a important ingredient
in certain theories of QG such as string theory.

By considering QG effects due to GUP, the number
densities for nonrelativistic and relativistic gases get
modified, which we use to compute the critical temperature
and fraction of bosons in the ground state. We notice that
both linear and quadratic corrections increase with increas-
ing number density n, for all three cases, but only the
charged boson case has a dependence on mass m. For each
of the cases, the powers of n, the number density of bosons,
are different. Although a relativistic BEC has not been
experimentally realized so far in the laboratory, our
theoretical predictions should be useful when such a state
is finally achieved. Therefore, as of now, the only case that
can be experimentally tested is the nonrelativistic one. In
this, increasing the number density of a boson gas
influences the magnitude of the QG corrections, and for
sufficiently high densities, this increase may be by one or
more orders of magnitude, as seen from Figs. (2 and 4).

We have obtained the QG corrections to the critical
temperatures in Eqgs. (26), (40), (41) and fractions of
particles in the ground state in Egs. (28), (44), (45), by
considering the linear and quadratic GUP corrections
separately. If both corrections are considered simultane-
ously, the calculations would be much more complicated,
but the results in Egs. (26), (40), (41), (28), (44), (45) would
change only by a numerical factor of order ~O(1) in front
of the quadratic correction.

Finally, as shown in our paper, it is not necessary for the
minimum measurable length scale that follows from QG
theories to be of the order of the Planck scale. In fact, it can
be a potentially observable intermediate scale, between the
electroweak and Planck scales. Our results are valid for any
such intermediate scale. If no QG effects are observed in
BEC on the other hand, we can still constrain the QG
parameters to a < 10'?, assuming f, = a3 (or fy ~ 0) and
Bo < 10%, assuming o = 0, given the experimental accu-
racy. While this is slightly worse than the bounds that
follow for example from experiments at the LHC, which
gives ay < 107, B, < 10*, our bounds will continue to
improve with ever increasing experimental accuracies.
Furthermore, we do expect the predicted QG effects to
be present, and detectable in the future. We hope to report
on the further ramifications of our results elsewhere.
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APPENDIX A

When we calculate predictions of any physical observ-
able in statistical mechanics, we have to compute averages,
because in systems with many particles we can only
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measure macroscopic observables of the whole system,
such as temperature, pressure and volume. To compute an
ensemble average of a physical, single particle quantity Y
over the whole energy range ¢ € [0, o), for a gas of bosons
or fermions, we use the ensemble average

1) = [TV (et (a1
where
V(2m)3/2£1/2
gle) = a2 (A2)
is the density of states for nonrelativistic bosons,
() Vever —m*ct (A3)
) =——55—
g 2m°h3 3
is the density of states for relativistic bosons and
1
fBE(FD)(8) = SeW F 1 (A4)

is the BE distribution (=) or FD distribution (+). In the
above f = k}%T kp is the Boltzmann constant, 7' the
temperature, ¢ the energy of the particle and u the chemical
potential. For any single particle quantity Y (¢), all integrals
given by Eq. (Al), which we calculate using the BE

distribution in Eq. (A4) (using —), are of the following form

o v r 1
Iu(ﬂ7ﬂ:u):[) Msidg:(’;/vii_l)

) _ 1 Lil/+1 (eﬂﬂ>’

(AS)

where v is the power of the energy in the integral, I'(v + 1)
is the gamma function evaluated at v 4+ 1 and

k

%w—g% (A6)

is the polylogarithm function. For x = 1, which corre-
sponds to the case y = 0, the polylogarithm function in
Eq. (A6) reduces to the well known Riemann zeta function

W=y % (a7)

On the other hand, all integrals, which we calculate using
the FD distribution in Eq. (A4) (using +), are of the
following form

© & Fv+1) .
1850 = [ gyt = L (o)

(A8)

For x = —1, corresponding to x = 0, the polylogarithm
function in Eq. (A6) reduces to

(A9)

where

o) =3 0 (A10)

k=1

is the Dirichlet eta function. The values for the Riemann
zeta and Dirichlet eta, as a function of v (where defined) can
be found numerically.

As the simplest example we can compute the number of
particles in a gas of bosons, contained in a volume V, using
the BE distribution and Egs. (A1), (A2), as

NBE:/O g(e)fee(e)de

V(2m)3/2 o el/2
- An*h3 /0 eﬂ(g_")—ldg

V(2m)3/? 3\ .
:W(kBT)WF 3 | Lispa(e)

V. (2mkgT\3/?
< el > Liyp(ef*),

FYE

. (Al1)

where we used Eq. (A5) to evaluate the integral in line two.
As the temperature approaches 7., the chemical potential
vanishes ¢ — 0, which reduces the polylogarithm function
in Eq. (All) to the Riemann zeta function { (%) ~2.612.
This is the regime where the Bose-Einstein condensation
starts to occur.

In the same manner we can compute the number of
particles in a gas of fermions, contained in a volume V,
using the FD distribution and Eqgs. (A1), (A2), as

Ngp = Aoo 9(€) frp(e)de

VP2 [ g2
T A e 1

V(2m)3/? 3\ .
= —% (kgT)**T <§>Ll3/2(—eﬂ”)

14 <2kaT

YR

32
) Lisa(-e) (A12)

T

where we used Eq. (A8) to evaluate the integral in line two.
The above is an exact solution for a Fermi gas at
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temperature 7. In the case, when 7' — 0, the FD distribu-
tion reduces to fgp(e) = 1 and we would get a finite so-
called Fermi energy E, as an upper limit to the integral.
This would represent a degenerate Fermi gas.

APPENDIX B

We take a look at the operator py = \/PoxPor. Where
Poi = —ih a%)-' Note that p, is a scalar operator. Explicitly it
can be written as

= | —=h? (8_2 + 8_2 + 8_2>
po= ox3 Oy 07
=\/—-1*V} = n(-V3)'/2

We conveniently write it as the following, where [ is a
nonzero constant and we have added and subtracted a 1
inside the parenthesis. We will interpret / as a length scale
and therefore assume it to be positive. This also ensures that
the eigenvalues of p, are positive.

(B1)

h

P0:7(1—12V%_1)1/2- (B2)

We see that the above is of the form (1 + x)'/?, where

x = —[>V§ — 1, which can be represented as a Taylor series
o
1+x)/2 = Z Cpx™ (B3)
m=0

In the above, the expansion coefficients c,, correspond to
those in the Taylor series of (1 + x)'/2. However, we do not
need the exact values for the remainder of our proof. Using
the above, we can write Eq. (B2) as

h S 2%\72 m
Po = 7mz;()cm(—z V3 -1)m. (B4)
Next, use the binomial theorem
m m
(a+b)" = Z( )a’"‘"b", (BS)
p=0 \ P

where () = @ "1”’) i1 and a, b € R to rewrite Eq. (B4) as
h o " m
po=1> e (") PTr-1y. (B6)
m=0 p=0

Since the identity operator commutes with every other
operator, and in particular [1,(V3)"] =0, where reNU {0},
we can rewrite Eq. (B6) as

)Py (=vgnr. - (B7)

) ) < >
m=!
In our analysis we considered eigenfunctions of a three

dimensional particle in a box |y,) with eigenvalues of
operator —V3 being

—Vilwa) = kilwa). (B8)

= k%zx + k%y + kﬁz = Z—Zz (n,zc + n% + nf) Therefore, if
we take a square of the operator —V3, we get

(=V6)lyn) = (=VO)(=V5)lwa) = (=Vi)kalwn)

= k31<_v(2))|l//n> = k%lkglll/’n> - (k121>2|l//n>'
(B9)

where k2

Similarly, for all other powers r € N U {0} of the operator
—V(Z), it can be proven by induction, that

(=V) lwa) = (k2)"lwa)-
Having all necessary information, we can now use the

operator in Eq. (B7) to compute it’s eigenvalue on the
eigenfunction |y, )

h o0
Polwn) =7 cn

(B10)

l2mp

=V5)" " lyn)

"
=72 ('") PR ()" )
lm:O p
A
5 (m) e
lm:O p=0 p
h 212 _
726‘ lk |Wn>
m=0
h 212 _ 1/2
7( +1 k ) |Wn>
_h
=2 (PR) )

= h(k)" ). (B11)

To compute the eigenvalue of the operator pg, we use
operators p, and pj consecutively on the state |y, )

= pipolwa) = PiR(ka) A wy) = R(kE)* pilya)
= 1(k3)'(=1*V2) |yn) = R(KE) V2 (R2ka) [wa)
= 1) ). (B12)

Polwa)

To our knowledge, this is the first time that the eigen-
functions of the pg operator in three spatial dimensions have
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been found by this method, thereby providing a simple
solution for future research in QG phenomenology involving
a linear GUP.

APPENDIX C

The QG corrected density of states is obtained in a
similar way as it is obtained without QG corrections.
Without QG corrections, in the continuum limit, and for
the dispersion relation &(p), the number of particles, and by
extension the density of states is given by

Z /d3 (2xh)? /ood3p

zz—vz K2dk = /mg(e)ds, (1)
r 0

where p = hik and d*p = 4z p?>dp were used. By using the
modified dispersion relations from Egs. (23), (36), we
obtain the QG corrected density of states for nonrelativ-
istic and relativistic particles respectively. We modify both
k? and dk, by expressing k in terms of the particle energy e
from Eq. (23) for the nonrelativistic case and from
Eq. (36) for the relativistic case, in the continuum limit
(ky = k and &, —» ¢). We considered the linear and
quadratic GUP separately for convenience. Considering
both contributions simultaneously would make the results
change just by a numerical factor of O(1) in front of the
quadratic term.

1. Quadratic GUP

For the quadratic QG correction (o = 0), k is obtained
from Eq. (23) by solving a quadratic equation for k*(¢) and
the solutions are

Each of the above cases gives rise to 4 solutions. However,
we restrict ourselves to ky, € R and to k;, > 0, it being
the radius of a sphere in k—space. This reduces the number
of solutions to just 1 each.

To obtain the QG corrected measure dk, we calculated
the derivatives of Egs. (23), (36) (for a = 0) with respect to
k and expressed dk as

- 13 nonrelativistic
2 4,3
n2k IO/ih k>

dk — m
h2c2k+10ﬂh4c2k3 )

(C3)
relativistic

To obtain the density of states with quadratic QG
corrections, we plug the solution for k& from Eq. (C2) in
Eq. (C3), such that the measure is now completely
dependent on &. Finally, we substitute both Egs. (C2),
(C3) in Eq. (C1) to obtain the QG corrected densities of
states in Eqgs. (24), (37) for nonrelativistic and relativistic
particles respectively. Note that a perturbative approach,
dropping terms of order equal to or higher than O(j?),
was necessary to obtain the QG corrected densities of
states.

2. Linear GUP

We follow a similar procedure as in the previous
subsection. For the linear QG correction (f =0), k is
obtained from Eqgs. (23), (36) by solving cubic equations
for k(e), giving rise to 3 solutions for each of the non-
relativistic and relativistic cases

a7 11— cos (p(a) + V3sin (p(a))].
10/1W[_1 +/1+40pme], nonrelativistic k=19 < [1—cos(p(a) — v3sin (p(a))]. (C4)
ko= L[142
" IOﬂhz { 1+ \/1 +208 (i—z—mzcz)J , relativistic gar |1 +2cos (9(a))].
(€2) where
|
% arctan (W) , nonrelativistic
(p(a) - 2\/—0\/——111 c \/1 27a (CS)
arctan T , relativistic

Next, out the 3 solutions of Eq. (C4), only the first is physically relevant, since the second solution is not positive and the
third diverges in the limit oy — 0. We are therefore left with only 1 solution for each case.
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To obtain the QG corrected measure dk, we calculate the
derivatives of Egs. (23), (36) (for f = 0) with respect to k
and express dk as

de
n2k_3an3ik2
m m

nonrelativistic
dk = (C6)
m R relativistic.

To obtain the density of states with linear QG correc-
tions, we plug the solution for k from Eq. (C4) in Eq. (C6)
for the measure to be completely dependent on &. Finally,
we substitute both Egs. (C4), (C6) in Eq. (C1) to obtain the
QG corrected densities of states in Eqs. (24), (37) for
nonrelativistic and relativistic particles respectively. Note
that also here a perturbative approach, using Taylor series
expansions, dropping terms of quadratic order or higher.

APPENDIX D

For a particle in a box without any QG corrections, we
can define the “dimensionless energy” &* as

2mlL%e

o (b1

s*En)%—f—nf—i—n?:
When we include QG corrections, we need to solve
the quadratic equation, from Eq. (23) (a=0) for
n? = ni + n3 + n?

L2

1087212 (-1+

ni, = 1 +40Bme,),  (D2)

In what follows, we will only consider the + sign, since the
right-hand side of Eq. (D2) is negative (and hence n
imaginary, whereas n,,n,,n, € Z) for the solution with
the — sign.

Next, to get the dimensionless energy with no QG
corrections for a gas of N such particles, one adds up
single particle energies €; to get

2mL*E
an* P =£, (D3)
where E=¢,+¢e,+---+ey and E* =] + &) + -+ ).

We follow the same procedure for the QG corrected
dimensionless energy, in which using we use the Taylor
expansion up to second order (v/1+x =1+ 1x—4x?) in
Eq. (D2), and evaluate the sum in Eq. (D3) for N particles
to get

3N 2/3 2/3,,2 172
2mV-PE  20BV-/Pm E
E 2= - = =F*, (D4)

n;, =
— ' h*n? h*n?

where E = &, + &, + -+ &, i.e., the sum of energies
of all the particles, E? =&} +ea +---+¢} , ie., the

=L% E,is related to the total
E2+2E2 —en &b+ +
-+ 2&y &y, - -+, Where Ef,, i

sum of its squares and V?/3
energy E through E? =
enN + 2epn, &n, + 26 &, +
the sum of all mixed terms.

To compute the number of microstates in a d-

dimensional sphere in E* space up to some arbitrary
/2

(d/2+l)

so we are left with just the upper half of a sphere. Using

d=3Nand R =

energy, we use V,(R) = R and we take n”> > 0,

v/ E*, the number of microstates becomes

1\ 3V P i
Zy(E") = <§> {m (E*)T]’ (D5)
in which we then plug in Eq. (D4) to obtain
%(N.V.E)
B (1>3N[ z? <2mv2/3E 20ﬁV2/3m2E§>%”]
2 I +1)\ n?a? n*a? )
(D6)

The number of microstates in a spherical shell of thickness
A is computed as

T(N,V,E;A)
ox
_OE(N.V.E)
OE
A 77 VN \
~E N _ 1)1 23N 3V 3N 2mE — 20pm*(E* — 2E%1)]TN
2
1 —20Bm(E - 2E,, %
pm( " ()E). o7)

1 - 10pm(E - 252)

To get a number of microstates in an energy shell with
thickness A, we can use the phase space integral
['(N,V,E) = w/wy, where w, is the normalization of
the phase space integral, which we want to find with
QG corrections and

a):/d3Nx/d3Np

= VN/ ---/d3Ny
2m(E-30)<D N v <om(E+5A)

VA QamE)*

EW—F(N V.E)w,

We compare Eq. (D7) and Eq. (D8) to get

(2zh)3N

[1 = 10pm(E — 252 [1 = 20pm(E - 2E,, %z)]

(D9)

gy =

026014-14
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which is valid for any arbitrary number of particles N. For
the limit, where N — oo, Eq. (D9) reduces to wy = (27#)>".
For BEC we are interested in the case where N = 1

(27h)3

__emn) D10
=T 2 058me (D10)

where ¢ is again a single particle energy. It may be noted
that the density of states derived using the modified
normalization of the phase space integral is identical to
that obtained by using the method in Appendix C for
quadratic GUP.
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