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The first law for entanglement entropy in CFT in an odd-dimensional asymptotically AdS black hole is
studied by using the AdS/CFT duality. The entropy of CFT considered here is due to the entanglement
between two subsystems separated by the horizon of the AdS black hole, which itself is realized as the
conformal boundary of a black droplet in even-dimensional global AdS bulk spacetime. In (2 4 1)-
dimensional CFT, the first law is shown to be always satisfied by analyzing a class of metric perturbations
of the exact solution of a 4-dimensional black droplet. In (4 + 1)-dimensions, the first law for CFT is shown
to hold under the Neumann boundary condition at a certain bulk hypersurface anchored to the conformal
boundary of the boundary AdS black hole. From the boundary view point, this Neumann condition yields
there being no energy flux across the boundary of the boundary AdS black hole. Furthermore, the
asymptotic geometry of a 6-dimensional small AdS black droplet is constructed as the gravity dual of our
(4 + 1)-dimensional CFT, which exhibits a negative energy near the spatial infinity, as expected from

vacuum polarization.
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I. INTRODUCTION

The entanglement entropy of a quantum field in black
hole backgrounds has attracted much attention as the key
concept toward understanding the origin of the Bekenstein-
Hawking entropy (for review, see e.g., [1]). Although itis in
general a Herculean task to calculate an entropy in a curved
background, it is tractable to compute the entropy for
strongly coupled conformal fields in the holographic
setting, or the anti—de Sitter (AdS) conformal field theory
(CFT) correspondence, by using the Ryu-Takayanagi for-
mula [2]. In this formula, the entropy calculation for a
subsystem is reduced to a much simpler task of calculating
the area of a minimal or extremal surface anchored to the
boundary of the asymptotically AdS gravity dual.

In the framework of the AdS/CFT duality, the first law
of the vacuum entanglement entropy was shown for any
ball-shaped subregions when the AdS boundary is flat
Minkowski spacetime [3,4]. Conversely, the bulk linearized
Einstein equations around the pure AdS spacetime can be
derived when the first law is satisfied for the subregions in
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the boundary theory [5], being consistent with the basic
idea [6]. In some sense, the first law of the entanglement
entropy could be a guiding principle for a consistent
formulation of quantum gravity, just like the first law of
black hole thermodynamics. Motivated by this, we holo-
graphically explore the first law of the entanglement
entropy for two subsystems of CFT separated by a black
hole horizon in asymptotically AdS spacetime.

In the holographic proof of the first law [5], the Noether
charge formula [7] plays an essential role. This is because
the entanglement entropy for any ball-shaped spatial region
in flat AdS boundary corresponds, through a conformal
transformation, to the horizon area of a zero-mass hyper-
bolic black hole in the bulk. Therefore it is inferred that the
Noether charge formula can also be applied to the deriva-
tion of the first law of the entanglement entropy of a
strongly coupled CFT in black hole backgrounds. In the
standard Noether charge derivation [7] of the first law of the
black hole thermodynamics in D-dimensions, one first
considers a (D — 1)-dimensional spacelike hypersurface
which has two (D — 2)-dimensional boundaries, one at
the black hole horizon (bifurcate surface) and the other at
the spatial infinity, and then computes the Noether charges
at these two boundaries. For asymptotically flat black
holes, one can impose a natural boundary condition for
physical fields at the spatial infinity to be consistent with
the asymptotic flatness and black hole no-hair property, but
for asymptotically AdS black holes, one needs to be more
careful to consider possible boundary conditions at the AdS
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infinity. In the holographic setting, further care may be
needed since one first extends the spacelike hypersurface
into the (D + 1)-dimensional bulk spacetime to have a
D-dimensional spacelike hypersurface and, if the extended
hypersurface ends at a bulk boundary (e.g., black hole
horizon isolated from the boundary black hole), then one
also has to take into account the additional contribution to
the Noether charge from such a bulk boundary.

In this paper, we examine the first law of the entangle-
ment entropy of odd-dimensional conformal field theories
(CFT) in AdS black hole backgrounds by using the Noether
charge formula in the holographic setting. Namely,
we consider a D (odd)-dimensional AdS black hole which
is realized as a part of the conformal boundary of the
(D + 1)-asymptotically AdS bulk spacetime. Then, as
briefly mentioned above, we evaluate Noether charges at
two (D — 2)-boundaries (i.e., the boundary black hole
horizon and the boundary AdS infinity) as well as those
at (D — 1)-bulk boundaries.

For simplicity, we assume that the bulk geometry
contains neither horizons in the IR isolated from the
AdS boundary nor black funnels in the Hartle-Hawking
state, which connect two or more boundary black holes
[14]. So, the only possible bulk solution dual to the
boundary CFT in an AdS black hole background is the
black droplet solution [14], in which the bulk horizon is
connected to the single boundary black hole. The black
droplet solutions with a boundary black hole in asymp-
totically flat spacetime were eagerly constructed with
numerics, motivated by the investigation of the Hawking
radiation in strongly coupled field theories [8—13] (see also
analytic solutions for lower-dimensional black droplets
[14] or perturbative analytic solutions [15,16]).

In Fig. 1, we show an example of the black droplet
solution in which the bulk horizon is connected to a
boundary black hole in an asymptotically AdS spacetime.
In (2 4 1)-dimensional field theory, we calculate the
perturbation of the black droplet solution with Banados-
Teitelboim-Zanelli (BTZ) black hole on the AdS boundary
[14]. (For a brane model, the first law of the entanglement
entropy was shown [17].) It is shown that the first law of the
entanglement entropy is always satisfied. In (4 + 1)-dimen-
sional field theory, we show that the first law is satisfied for
the Neumann boundary condition at the equatorial plane in
Fig. 1. In the field theory side, the condition corresponds to
the no energy flux condition across the timelike null
infinity. Under the boundary condition, we analytically
construct the asymptotic geometry of such a black droplet
solution from the perturbation of the global AdS spacetime.
It is shown that negative energy appears in asymptotic
region and it decays with 7~ power in the radial coordinate
r. This could be understood as a vacuum polarization effect.

The rest of our paper is organized as follows. In Sec. II,
we briefly review the Noether charge formula [7] and
explain our setup. In Sec. III, we show that the first law of

Einstein static cylinder

/
/

/

/

/
\\\ ’/
\¢ s
9 s
~ r"
~ Black droplet '\ A

Asymptotically
AdS spacetime i
on the boundary

FIG. 1. A schematic diagram of a time slice of our black droplet
in asymptotically AdS bulk spacetime of (D + 1)-dimension. The
black circle describes a (D — 1)-dimensional sphere as a time
slice of the D-dimensional conformal boundary of the Einstein
static cylinder or an asymptotically, globally AdS spacetime in
(D + 1)-dimension. The conformal boundary of our black droplet
itself is a D-dimensional asymptotically AdS black hole (illus-
trated in Fig. 2), whose (D — 1)-dimensional time slice (dashed
blue half-circle) therefore covers only half of the (D — 1)-dimen-
sional sphere. Note that the boundary D-dimensional black hole
has two asymptotic regions (corresponding to A and B of Fig. 2),
but the lower half circle (dashed blue half-circle) shows only one
of them, say the region A of Fig. 2. We take our hypersurface X as
the lower half of this time slice (shaded region) enclosed by part
of the AdS boundary (part of the dashed blue curve, which
corresponds to the region A), black droplet horizon (black curve)
and y = /2 (red dotted line). The contribution to the Noether
charge arises from part (red dotted line, y = 7/2) of 0%, as well
as from the bulk horizon and the lower half of the AdS boundary.
As we will discuss, we consider a reflection boundary condition
at y = /2 (red dotted line).

the entanglement entropy is satisfied in (2 + 1)-dimen-
sional CFT by perturbing the black droplet solution. In
Sec. 1V, we derive the Noether charge on the equatorial
plane and explore the boundary condition in which the first
law is satisfied in (4 + 1)-dimensional CFT. We also show
that the energy flux across the AdS boundary is zero when
the first law is satisfied. In Sec. V, a black droplet solution
with a boundary AdS black hole is perturbatively con-
structed from the global AdS spacetime. Section VI is
devoted to summary and discussions. In the Appendix, we
briefly discuss the Noether charge formula (2.4) for general
perturbations in (5 + 1)-dimensional bulk metric (4.2).

II. PRELIMINARIES: HOLOGRAPHIC SETTING
AND NOETHER CHARGE FORMULA

In this section we explain our setup and the strategy
before exploring the first law of the entanglement entropy.
Our holographic setup is the following: We consider a
(D + 1)-dimensional asymptotically (locally) anti—de Sitter
(AIAdS) spacetime (M, g,,y) Which satisfies the vacuum
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FIG. 2. The Penrose diagram of an AdS black hole on the
boundary theory. The Noether charge generically appears on the
bulk hypersurface anchored to D.

Einstein equations and whose conformal boundary
(OM., §,,) is locally conformally mapped to the D-dimen-
sional static Einstein cylinder. On the conformal boundary
OM, we consider a D-dimensional static, asymptotically
AdS black hole, whose spatial section is conformally
embedded in the half of the (D — 1)-sphere—i.e., a spatial
section of the static Einstein cylinder—as shown by the
dashed blue curve in Fig. 1. On such a D-dimensional AdS
black hole realized in our holographic setting, we consider
the entanglement entropy for the subregion A on a space-
like hypersurface S separated by the horizon (see Fig. 2).
The entropy is obtained by tracing over the degrees of
freedom located in the subregion B.

From the bulk point of view, there is a static black droplet
solution in which the horizon is connected to the boundary
horizon of the boundary AdS black hole. We assume that
there are no bulk black holes disconnected from the AdS
boundaries or black funnels connecting two or more
boundary horizons. According to the Ryu-Takayanagi
formula [2], the entanglement entropy between A and B
is obtained by the area of the bulk minimal surface
anchored to the bifurcate surface C between A and B.
Since the bulk spacetime is static, there is a bifurcate
Killing horizon in the bulk anchored to the bifurcate surface
C on the AdS boundary. So, the entanglement entropy
corresponds to the area of the bifurcate surface of the
Killing horizon of the black droplet solution.

We examine the first law of entanglement entropy in the
boundary field theory by applying the Noether charge
formula to the bulk Einstein gravity in a (D + 1)-
dimensional AIAdS spacetime [7]. Let ¥ be a Killing
vector field with respect to the bulk metric g;,y. The Noether
charge (D — 1)-form Q associated with ¥ is given by

1

0= _—€M1M2~~»MD,1NLVN§Lv

6n (2.1)

where here and hereafter we set the (D + 1)-dimensional
gravitational constant equal to one and we omit the indices
MM, --- when writing differential forms, as in the lhs
above. For an arbitrary small deviation dg,,y from the bulk
geometry (M, gy ), the symplectic potential D-form @ is
defined as

1
0(g.69) = E€NM1M2~~-MDgNJgLK(vL59JK - V,891k).

(2.2)

As shown in Ref. [7], the exterior derivative of the
variation of the Noether charge is expressed by the
symplectic potential @ as

dsQ =d(&é-09), (2.3)
where the “centered dot” in the rhs of Eq. (2.3) denotes the
contraction of the Killing vector field & into the first index

of the form @. Integrating this over a D-dimensional
spacelike hypersurface X, we obtain

/ (60 - £ ©(g.59)) = 0. (2.4)
ox

where OX is the (D — 1)-dimensional boundary of the
hypersurface X. Applying this equation to a black hole
spacetime with a bifurcate Killing horizon with respect to
EM | one can obtain the first law.

In the Fefferman-Graham expansion, the bulk metric is
represented by

L2
ds® = gyydxMdxN = z (d7?? + Gy (2, x)dx!dx"),

G (2:%) = G0y (X) + 22020 (X) + - + 22Dy (X) + -

M=(zx) (u=0.1,...D—1), (2.5)

where L is the AdS curvature length.

For D = 3 and D = 5 cases we are interested in, there is
no conformal anomaly, and hence there is no logarithmic
term in (2.5) [18]. Since the background bulk solution g,y
is static, there is a timelike Killing vector field, (9,)” on
M, and let us take ¥ = (9,)M. We assume that 5g,,y is a
solution to the linearized equations of motion satisfying the
Dirichlet boundary condition at the conformal boundary of
the bulk AdS M,

890y = 0. (2.6)

Since g, (0 < n < D) is the function of g, [18], the
leading order of the metric perturbation is
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89, = 0(2P72). (2.7)

When 9% is the bifurcation surface of a bulk black hole,
the second term in Eq. (2.4) disappears on 0% and the first
term yields the variation of the black hole area (entropy). In
the black droplet solutions, the horizon extends to the AdS
boundary, and hence the area diverges towards the boun-
dary. Note however that the variation should be finite for
the Dirichlet boundary condition (2.6). When 0X is taken as
a part of the boundary of X at the AdS conformal boundary,
the formula (2.4) provides the variation of the holographic
energy E [19], defined by

E= / T,&n,
o

where T, is the stress-energy tensor of the boundary field
theory, n* is the unit normal vector to 9, and the volume
element of OX with respect to the conformal metric g is
understood in the integral. Applying the holographic stress-
energy formula [18], T, is given in terms of the coefficient

(2.8)

9(D)uv a8

DLD—l

T, = 9(D)uv>

TS 25)
in odd dimensional cases.

Our setup for holographic derivation of the first law for
entanglement entropy in CFT is as follows. As our spatial
hypersurface X for evaluating the Noether charge formula,
we take the lower half of the time slice enclosed by part of
the AdS boundary, black droplet horizon and y = z/2
(shaded region in Fig. 1). Our hypersurface ~ has the
asymptotic boundary S C 0%, which itself admits its
boundary (D — 2)-sphere denoted by D in Fig. 2. Thus,
the hypersurface £ admits the boundaries and corners. We
will impose the reflecting (Neumann) boundary condition
at y = m/2 (red dotted line in Fig. 1). We will discuss in
Sec. IV that this condition is necessary for the purpose of
avoiding any additional contributions to the first law from
the upper side half-moon-shaped region. In the next
section, in more concrete setting, we consider the
Noether charge at the boundaries JX and also study an
additional contribution to the Noether charge from the
corner.

III. THE FIRST LAW OF ENTANGLEMENT
IN THE EXACT DROPLET SOLUTION IN
(3+1)-DIMENSION

A. The exact droplet solution in (3 + 1)-dimension

Let us first quickly review the exact solution of a black
droplet [14] constructed by the analytic continuation of the
(3 + 1)-Schwarzschild-AdS solution,

d 2
ds? = —F(p)dz® + —— + p*(d6? + sin*0dd?),
F(p)
P p P
F(/))Zﬁ-f—l—;, ,U_p'f',Do, (3.1)

where p, is the horizon radius. The double Wick rotation

T =iy, d=ii (3.2)

and the coordinate transformation 7 :=cos@ yields
the following warped product type metric including
2-dimensional de Sitter spacetime,

dp? di?
ds* = F(p)dy* + ——+ p* | =(1 = P)d?* .
(3.3)
By the rescaling of the coordinates (y, 7,7),
~ I’O - ro L
t:l—zt, r=7, )(:7r0§0’ (3.4)
one obtains the following bubble solution:
do® 212 2_ 2 Rdrr  L22F
dst= 0 P Toro g LAr  LrER) ]
F(p) Pr [ re—rg P
(3.5)

where ¢ circle has a period 2z. The S! circle along d,
shrinks to zero size at the bubble radius, p = py, i. e.,
F(py) =0. By imposing a regularity condition at the
bubble radius, r, is expressed by p, as

Zp()lL

0T

(3.6)

Note that the boundary metric [i.e., 3-dimensional metric in
the square brackets in Eq. (3.5)] is conformal to the static
BTZ black hole with the horizon radius r = ry [20]. Note
also that in the 4-dimensional bulk, there is a bulk horizon
which extends from the bubble radius p,, deep inside the
bulk spacetime to the boundary BTZ black hole horizon. In
this way, this bulk metric describes a black droplet as
illustrated in Fig. 1.

Let us change the coordinates in Eq. (3.5) into the
Fefferman-Graham coordinate system (2.5) by
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,0(’71’ Z) N Z<77LL - aZ(rI)Zz " a3(n)Z3 o ) ’

r(n.z) = ro(n + Pa(m)2® + Pa(n)2* + -+,

o =2 h
2 ALy’ 3 6L "’
2 4
n-—1 n =1
B, — . L . 3.7
/2 2’7 ﬁ4 87’]3 ( )

Then, we obtain the stress-energy tensor (2.9) on the
boundary field theory by

Ly = 1)

e T
T ___HL
"6 (o = 1)
pLrg
=- . 3.8
PP 877:12’7 ( )

Since the BTZ black hole is in odd-dimensions, the trace
anomaly vanishes; i.e., T) = 0, as seen in Eq. (3.8). So,
while even-dimensional black droplet solutions have infin-
ite energy due to the anomaly [21], the holographic energy
E in Eq. (2.8) converges to a finite value. When one applies
the formula (2.4) to the black droplet solution (3.5), one
should note that the 2-dimensional surface J% consists of
three parts: a part at the AdS boundary, z = 0, a part of the
bulk bifurcate Killing horizon, r = ry, and a part of the
timelike surface at r = co. In the next subsection we
evaluate Eq. (2.4) on part of the timelike surface at infinity.

B. Perturbation of the (3 +1)-dimensional
black droplet solution

We consider metric perturbations /.y = 0gyy of
the black droplet solution (3.5). For convenience we
express our coordinate system as xM = (y¢,x') with
y* = (p, ), x" = (t,r) and denote by ;; the 2-dimensional
de Sitter metric spanned by x' in (3.5). We can impose the
following gauge condition:
hij < ;. (3.9)
This condition may immediately be justified by, e.g.,
applying the scalar-type perturbations of [22] to the
4-dimensional Schwarzschild-AdS solution (3.1) with the
scalar harmonics Sy (x') and taking the gauge f, =0,
H7; =0 in the terminology of [22]. Note however that
when applying the formalism of [22] to the present case, the
scalar “harmonics” Sy (x') corresponds to the solutions of
the Klein-Gordon equation on the Lorentzian sphere (i.e.,
de Sitter space with the metric 7;;), rather than the standard
eigenfunction of the laplace operator with respect to the
unit two-sphere metric.

Now we assume that our perturbations 4,y satisfy the
symmetry along d,. Under the gauge choice (3.9), the
variation of the Noether charge (2.1) and the symplectic
two form (2.2) for the Killing vector £ = 0, are calculated
for t = const. and r = oo surface for the metric (3.5) as

1 .
1

- E / €p(/)trgttgrr(8thrt - arhtt)’ (310)

and

1
[z 5.@—_E/€pmrgrrgn

1 .
X |:§ hi' 0,91 = 9u0,h, + 0ihy — 0,hy, |

(3.11)

where we denote the partial traces by h,* = h,” + h,?,
h;' = h,' + h,”. Note that as usual, the indices of h,,, are
raised and lowered by the background metric g,, and its
inverse, e.g., h,”:= hﬂgﬂ”. Then, the combination of
Eq. (3.10) and (3.11) yields

1 1
/ (5Q_§®) :E/ep(ptrgrrgn |:§haaargtt _gn‘arhaa .

(3.12)

With the condition (3.9) and the perturbed vacuum Einstein
equations, we can find that the partial trace /, vanishes in
4-dimensional bulk [22], i.e.,

h,® =h,? +h =0. (3.13)

Thus, the rhs of Eq. (3.12) vanishes on ¢ = const. and r =
oo surface. It follows from the holographic interpretation
[23] that the first law of the entanglement entropy S is
satisfied:

SE = T5S (3.14)

in the black droplet solution, where T denotes the temper-
ature computed from the surface gravity of the bifurcate
Killing horizon. This result is peculiar to the 4-dimensional
bulk case, because Eq. (3.13) is satisfied only for D =3
case. In the other dimensions, we need to impose boundary
conditions for bulk metric perturbations to derive the first
law, as we will see in the next section.
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IV. THE FIRST LAW IN (4 +1)-DIMENSIONAL
FIELD THEORY IN ADS BLACK HOLE
BACKGROUND

In this section, we examine the first law of the entangle-
ment entropy for CFT in D = 5-dimensions by using the
holographic principle and applying the Noether charge
formula as in the previous section. For the use of the
holographic ideas, it would be most convenient if there is,
as the gravity dual, any known exact solution of the
(5 + 1)-dimensional black droplet that possesses the boun-
dary D = 5-dimensional metric

dr? M P
dsgz—f(r)dtz—i—m—i—rzdﬂg, f(r) ::1—p+p,
4.1)

where dQ3 := 6,,,d9"d0" is the metric of 3-dimensional
unit sphere with angular coordinates 8™ (m =1, 2, 3).
Unfortunately there is no such an analytic solution avail-
able in (5 + 1)-dimension. But, fortunately, with the
Noether charge formula at our hand, all we need for our
purpose is the asymptotic behavior of the gravity dual near
the boundary rather than the entire structure of the
explicitly written exact solution. In fact, in the D = 3 case
examined in III B, we have the exact gravity dual (3.5)
available, but we need not use the explicit expression of
(3.5) to derive the first law (3.14) for the boundary CFT.
Therefore, in this section, we simply assume that the
desired gravity dual exists. We will attempt to justify this
assumption by perturbatively constructing a 6-dimensional
black droplet solution in the next section.

Since our 5-dimensional boundary (4.1) itself is an
asymptotically AdS spacetime with a 4-dimensional time-
like surface as its conformal boundary [that is, r — oo in
(4.1): see point D in Fig. 2 and also compare p = oo,
x = n/2inFig. 1], by analyzing the asymptotic behavior of
the gravity dual, we can holographically study the asymp-
totic fall-off behavior of our 5-dimensional CFT at
large distances r — oo. By doing so we can estimate the
energy flux—if it exists—across the 4-dimensional boun-
dary r — oo and discuss conditions—if necessary—for the
first law to hold. In Subsec. IV A, we holographically study
possible energy flux at the boundary » — oo and derive the
condition for having no energy flux across the boundary.
For this purpose, it is sufficient to examine the metric
perturbations of the (5 + 1)-dimensional pure AdS space-
time since the asymptotic behavior of the gravity dual near
the boundary (p —» oo,y — 7/2 of Fig. 1) should be
approximately well described by metric perturbations of
the pure AdS background spacetime near the corresponding
boundary [see also Eq. (4.2) below]. Then, in Subsec. IV B,
by considering metric variations of the (5 + 1)-dimensional
static black droplet—which is assumed to exist as the

gravity dual, just mentioned above—we derive the first law
under the no flux condition.

A. The energy flux on the perturbed AdS geometry

We consider, as our background, the (5 -+ 1)-dimen-
sional AdS bulk with the metric of the form:

ds? = ~Fy(p)dr* + -2 : +p2dQt. Folp) =1 2
6 0 Fo(p) * ° L*
(4.2)

where dQj denotes the standard metric of the 4-dimen-
sional unit sphere. We use the perturbation formalism of
[24], which is most convenient for the current purpose and
is also useful in the next section. Accordingly we use
coordinates y* := (t,p) to express the 2-dimensional AdS
metric g,, given by the first two terms in (4.2), and angular
coordinates x' = (y, ™) with 0 < y < 7 to the metric y;; of
the 4-dimensional unit sphere Q4

dQ} =y dx'dx) = dy® + sin® ydQ3

= dy* +sin’ yo,,,d0" dO". (4.3)
Note that the coordinate y is later changed to r.

On this background, we consider the metric perturba-
tions, which can in general be classified into three types:
the scalar-, the vector-, and the tensor-type according to
their tensorial behavior on the 4-dimensional sphere Q 4) as
explained in [24]. The tensor-type perturbations are char-
acterized as the transverse and trace-free part of 6g;;, and in
particular, 6g,, = 0, and therefore there is no contribution
to the energy flux 7, from the tensor-type perturbations.
We discuss the vector-type perturbations in the Appendix.
In the following we focus on the scalar-type metric
perturbations.

It is convenient to introduce the harmonic functions S,
on the unit four-sphere (4, which satisfy

DiDig(l) + l(l -+ 3)8(1) =0, [=0,1,2,..., (44)
with D; being the covariant derivative with respect to the
metric y;;. Then the scalar-type metric perturbations can be
expressed in terms of S;) as

89ap = Y HuwSw).  09a = > _HaDiSq).
[ !

1
09;; = ZH(Z)LVUS(I) +Hr <DiDj - ZyijDka> Sw),
]
(4.5)

where H ), Hyas H(jyr, and H)r are functions of the
coordinates y¢ = (1, p). Hereafter, for brevity we omit the
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indices (/) labeling the mode, unless otherwise stated. We
introduce the following perturbation variables Z and Z_,;,:

I(1+3)

Z=4 (HL + Hy+ 2p(D“p)Xa>,

3
Zay = p*(Huyp + DXy, + DpX,) + ZZgabv

1, (Hy
Xa = _Hu+§p Da pT s

(4.6)
where D, is the covariant derivative with respect to the
2-dimensional unperturbed metric g,,. Note that the two
variables Z and Z,, are gauge-invariant. The perturbed
Einstein equations can be expressed in terms of Z and Z,;,
and furthermore reduced to the following equation for a
single scalar field @ on the 2-dimensional AdS spacetime
with the metric g,:

24 1(143)

DD, ® — 7 D =0, (4.7)
in terms of which Z and Z,, are expressed as
! 2
Zyp = | DuDy _Fgab (,0 CI))’
2 2
Z=2,= (DD, 1 (p*@). (4.8)

Now, using the gauge degrees of freedom, we can choose
the following gauge:

H,=H, =H,=0. (4.9)

In this gauge, X ,, X,, and H are determined by the second

and third lines in Egs. (4.6) as

1 dp 3Z
X,=—— | L(\/Fyz, ——2—
r 2\/F0/p2< 0%pp 4\/F0>’

dp .
X[ = Fo/pz—FO(th + lprXp),

dp
HT = 2p2/p2Xp,

where as previously introduced Fy = 1 + p?/L?. From the
third line of Eqs. (4.6), H, is expressed as

(4.10)

1
Ht = —XI—EZ.COHT,

(4.11)
where we have assumed that all the metric functions depend
on t as e”'l,

Let us expand the master variable @ near the AdS
boundary p — oo as

a a
O=ag+—+—+. (4.12)
pop

The boundary condition (2.6) imposes a, = 0 and sets the
integral constants in Egs. (4.10) to zero. Then the stress-
energy tensor on the boundary theory (2.9) is proportional
to the coefficient a;.

The perturbed metric is transformed to the Fefferman-
Graham coordinate (2.5) by

1+ r*/L? L*(L*-r?
Y /[1+( )

z 4(L* +r?)
LYL*—4L*7 + 1Y) , L ]

Z2

16(L2 + 27 °
4+ L1222
Ltanx:r%y;. (4.13)

Then, expanding the metric component dg,, as a series in z,
T,, in (2.9) can be read from the coefficient of z* as

a;

Tp~——l 9.
! (1 +r2/L2)3/2

(4.14)

Therefore in the boundary theory side, the energy flux
across the AdS boundary r = oo (see y — #/2 in Fig. 1)
becomes

2
/ "3 P
lim T,,n 1—|—ﬁr dQ3dt~alr1Lr£10r a,S,

J ~ lim
(4.15)

where n# is the unit normal to the timelike AdS boundary
hypersurface at r = co. From the harmonic equation (4.4),
S behaves near the boundary as

B
S~A+—. (4.16)
r
By Eq. (4.15), the condition for no energy flux is
B =0. (4.17)

In terms of the angle coordinate y, this condition is
equivalent to imposing

li =
X_l;r}28){§ 0,

(4.18)
for the harmonic functions. It is easily checked from
Eq. (4.4) that this is satisfied only for even /. In the next
subsection, we will check that the first law of the entan-
glement entropy is satisfied under the above no-energy flux
conditions.
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B. The first law of the 6-dimensional
black droplet solution

As mentioned before, throughout this section, we assume
that there is a static black droplet solution whose conformal
boundary is the D = 5 asymptotically AdS, static SO(4)
symmetric black hole with the metric g, (z = 0, x) given by
(4.1). Such a black droplet solution should admit the
Fefferman-Graham expansion (2.5) with D =5 metric
Gy (z,x) conformal to the boundary metric (4.1). In this
subsection, as the radial coordinate in the D = 5-boundary,
we use y instead of r, so that x* = (¢, y,0™).

Now, to derive the first law applying the Noether
charge formula, let us consider metric perturbations

|

! 1
/)(ﬂ/2 5Q = _E/ 611231‘;(gng” |:ath;(t - a;(hn + (819,,) (htt + h)/ — Ehﬂﬂ>:| ,

h,, = &g, For simplicity, we assume that the perturbed
metric satisfies SO(4) symmetry, in which the only
off-diagonal term appeared is h,,. Since our background
boundary metric is the 5-dimensional static black hole,
such a SO(4) symmetric perturbation corresponds to
monopole or mass perturbation for the boundary
black hole. We briefly comment on possible contri-
butions to the Noether charge formula from general
perturbations  without SO(4) symmetry in the
Appendix.

On our assumptions, the Noether charge (2.1) and
the symplectic form (2.2) are evaluated at t = const. and
x = ©/2 hypersurface as

(4.19)

1 1

1
/ 1 [5 ' 6}1123 = _E/ 62123[){91/1 |:gttath)(t + D) httg” ;(gtt - D) hmlgm” )(gnl
XY=,

1
+ 5 h)(){<g”8)(gtt + gmna)(gmn) - gttaxhtt - gmna)(hmn + hmngmla)(gnl:| ’

(4.20)

where we emphasize that the indices /, m, n represent the angular coordinates on the unit three-sphere: 8" € 5. Each term
includes the off-diagonal term &g,,, but this vanishes in the combination of Egs. (4.19) and (4.20) as follows:

1

1 1 1
/ /2(5Q - é : 6) = —/ 611230(.9){)( |:_ Egtthmma)(gtt - Egmnhmla)(gnl - Eh)/gmn v9mn + gmna)(hmn:| . (421)
=n

16z

From the expression above (4.21), we immediately find that
if both the background and perturbed metrics satisfy the
Neumann boundary condition

= lim O, h

lim O
PeerNe i

yompa I =0

(4.22)

then Eq. (4.21) vanishes. This also shows the first law of the
entanglement entropy (3.14) in the D = 5 case, as in the
D = 3 case.

As shown in the previous subsection, the latter condition
corresponds to the no-energy flux condition (4.18) or (4.17)
for the scalar-type perturbations. As for the vector- and
tensor-type perturbations, it is not obvious from the above
expression alone that one has no contributions to (4.21).
Nevertheless, one can show, at least for the present SO(4)
symmetric case, that the energy flux caused by the
perturbation A, (z,x) vanishes on y = z/2 as follows:
The perturbed boundary stress energy tensor 67, satisfies
the conservation law [18]

V,6T," =0, (4.23)

I

where V, is the covariant derivative with respect to the
conformal boundary metric g, in Eq. (2.5) under the
boundary condition (2.6). The y-component of (4.23) is
written as

0,6T % =12, 6T," +T¥,, 6T, =0.  (4.24)

Since the only nonzero off-diagonal term of 67, is 6T " (or
oT /), and the background metric is static diagonal as
assumed, the last two terms in Eq. (4.24) must vanish on

x =r/2 by the boundary condition (4.22). Thus,
Eq. (4.24) leads to
limV,6T,* = 1im(9,6T " + 9,6T /) = 0. (4.25)
Vime) X5

The boundary condition (4.22) implies lim,_,,/ 0,3, =
lim,_,, 8171”,, = (0. The fifth-order of the Fefferman-
Graham expansion of the perturbed metric il(S)m/ = 80(5)
satisfies BZIN:(SW =0 at y = n/2, and therefore it follows
from the holographic stress-energy tensor formula (2.9) that
lim,_,,, 0,6T/* = 0. Then, since (3‘,?1”,, = —ia)fz,w on the
linearized perturbation, Eq. (4.25) yields
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lim 6T," = 0.

Jim, (4.26)

This is nothing but the no energy flux condition, as observed
in Eq. (4.17).

V. THE PERTURBATIVE APPROACH IN
(5+1)-DIMENSIONAL BLACK DROPLET
SOLUTION

In this section, we will construct the asymptotic geom-
etry of the 6-dimensional black droplet solution under the
boundary condition (4.22) in order to justify our analysis
based on the holographic method in the last section. We
will also examine the energy density of the boundary field
theory. When the boundary black hole mass parameter M in
Eq. (4.1) is small compared with the AdS scale, i.e.,
M < L?, the asymptotic metric can be constructed from
the static perturbation of the pure AdS spacetime (4.2). As
shown below, a negative energy appears near the asymp-
totic region, inconsistent with the D = 3 result (3.8). We
also show that the holographic energy (2.8) is finite. This is
because there is no trace anomaly in odd-dimensions, being
different from the even-dimensional case [21].

We require that the conformal boundary metric of the
perturbed bulk metric coincides with the metric (4.1)
asymptotically in the sense that

2 — _£(r)ds L )2
dss f(r)ds +f(r)(1+0< ))d

+ (1 + 0())dQs2, (5.1)
where f(r) =1 — M/r* + r?/L? as previously introduced
by (4.1).

!

dp? p? K ak> dr?
ds? ~ — |1 Zky =2
T Fe) ) I\ &) 70

where £ is the function of y, arising from the perturbation.
If both the conditions

(5.8)

Qyp = A = Ay :0,
and

f(r)L?(sin?y + hy) = r* + O(r™), (5.9)

are satisfied, our bulk metric is conformal to the 5-
dimensional Schwarzschild-AdS metric (5.1), up to O(r™).
As shown below, both the conditions (5.8) and (5.9) are

satisfied for a suitable superposition of the first three even
mode harmonic functions, S(Z) (I=2,4,6)in Eq. (4.4),

A {di? + L2 (sinty + mm%}} L o).

In the static perturbation withw =0, Z,, = H,, = H, =

X, = 0. Adopting the gauge choice

H,=H, =0, (5.2)

X,, Hy are determined by the gauge-invariant variables
Z,,, Z by Egs. (4.10). One can always set

H
lim —* =0 (5.3)

by choosing the integral constant in the first line in
Egs. (4.10) appropriately. To construct the boundary metric
(5.1) by perturbing the bulk metric (4.2), we find that the
angle coordinate y in Eq. (4.2) and the radial coordinate r of
the boundary metric (5.1) should be related as

d
gy

Lr (5.4)

This is integrated and approximately expressed at large r as

r ML?> 3ML*
tany =—(1-—at e t-r ). (55
anx L( 54 350 T ) (5:5)
Then, h,, = &g,, at O(p?) can be expanded as
h 1
rro__ 473 (56)

im—=——=» —.
peo p?  L2f(r)2 e

Therefore the leading order of the bulk perturbed metric
with O(p?) becomes

(5.7)

which satisfy the boundary condition (4.22). From now on
we show the indices (/) labeling the mode.

The analytic solution of Eq. (4.7) that satisfies the
regularity at p = 0 is given by the hypergeometric function
F with the argument F(p) = 1 + p*/L? (see [24]):

F —17]1+/2 [+2 1421 1
D) = ag() Folp) 1 Lr(E : ha 3
Folp 22 2 Fop)

“[ris] v (5w}

(5.10)

This equation enables us to describe ay;) by ag) as
follows:
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()

re)

al(,) :—2L|: (511)

2
:| a()(l).

The first three even mode harmonic functions S are
given by

3
S)() =7 (Scos’y = 1),
5
Sw)(x) = 3 1 — 14cos? y + 21 cos y),
7
Sie) () = a1 (=5 + 135co0s? y — 495 cos* y + 429 cos® y).

(5.12)
By Egs. (4.10), the leading term of H ;7 becomes
Hyr = cqp* +0(1), (5.13)

where c(;) is the integral constant for H ;7 in Egs. (4.10).
Then, from (4.5), we find that &g,, is asymptotically,
p — o0, described by

[(I+3
hy,, = Z |:<H(1)L+ ( n )H(l)T>§(1)(Z)
6

=24,

+ Hyrd;Sq) (X)}

3610 1
= <—L2( 'S + C<l>3§§<z))ﬂ2 +0(1),  (5.14)
1=2,4,6

hy 5
L — 2 (48¢y) — 112¢(4) + 189¢q)) —
Jim —3 = 35 (48e) — 12e) + 189¢0) —

where Eq. (4.4) is used in the first line. As for the second
line, we first write Z,;,, Z in Egs. (4.8) and X, in Eq. (4.10)
using Eq. (5.10) and obtain the expression of H;, Hr,
which we then insert in the first line. Note that when
evaluating X ,, one has to integrate the rhs of the first line of
Eq. (4.10) and choose the integration constant so that the
condition (5.3) is satisfied, as mentioned before. Then, one
finds in the leading order,

(5.15)

Together with

one obtains

I(1+3) Z 2

a 14
Hp + 1 HT:Z_zp(D P)Xa~3ao(1)p+ o(1),

(5.17)

which provides the expression of (5.14). This h,, can be
expanded as a series in 1/r by using Eq. (5.5). The result is

3
— (480()(2) - 4Oa0(4) + 35‘10(6))

5
+ W {144610(2) - 336&0(4) + 567610(6) — 16L2(12(Z(2) - 154C(4) + 5676(6))}

5 1
+ W {—72610(2) + 42Oa0(4) - 1323a0(6) + L2(96C<2) - 2576C(4) + 190896‘(@)} + 0< >

From this expansion, the coefficients a; in Eq. (5.6) can be
determined. Then, under the condition (5.8), each coef-
ficient ¢(;) can be obtained as

- 864610(2) + 24000(4) + 245610(6)

€@ 528012 '
—144ag(5) + 240aq) + 11540
€4 = 208012 ’
o 5T6ayp) +600agu) — 6895ay (5.19)
6) = 9009012 ' '

Similarly, #; in Eq. (5.7) is expanded in terms of the
harmonic functions S(;, as

= (5.18)

3aou) . i
h; = —2 Sin xSy +cysinycos xS, |-
6

(5.20)

Substituting Eq. (5.5) into Eq. (5.9), we determine each
coefficient aoq) (1 =12,4, 6) in terms of the small parameter
M as

4M 16M 64M
do2) = 297" Ao4) = T 585" do(e) = 3005
(5.21)
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Therefore the asymptotic bulk geometry is completely
determined by the coefficients.
Due to the gauge choice (5.2), the coordinate trans-

formation
L1
P=a\z7°¢

leads to the Fefferman-Graham coordinate (2.5) in the
original conformally static Einstein frame, x* = (1, y, ™),
m =1, 2, 3. Then, under the boundary condition (5.3), fln
in Egs. (4.5) can be expanded as a series in g,

(5.22)

(5.23)

_ 4-1(1+3) (3 3

he= S T TS P 43
> {8 - a3
411 +3) } o)

3+1
5 |: I+2 :|
where we used Eq. (5.11). So, according to the AdS/CFT

dictionary, the energy density 7, in the static Einstein
universe can be read off from the z* coefficient as

28512M 2
Ty 22OLM 0( —%) (5.24)

1024

combined with the result (5.21). Note that the
Schwarzschild-AdS metric on the boundary (5.1) is
obtained by a conformal transformation from the static
Einstein frame by

o

G = €. € =/f(r). (5.25)
Then, the stress-energy tensor is obtained from the trans-
formation

T

30
w = e TW.

(5.26)
The asymptotic energy density in the 5-dimensional
Schwarzschild-AdS metric is obtained by

Ty = Tuf(r)™/? ~r3, (5.27)
Thus, the holographic energy (2.8) becomes finite.

Since the negative energy density (5.24) in the asymp-
totic region is proportional to the mass parameter M in
the Schwarzschild AdS black hole (4.1), this reflects the
curvature of the black hole. So, one may say that the
negative energy density is caused by the vacuum polari-
zation effect, as explained in [9]. This behavior is quali-
tatively the same as the case of 5-dimensional small black
droplet numerical solutions [21] with an AdS black hole on
the boundary.

VI. SUMMARY AND DISCUSSIONS

In this paper, we have derived the first law of the
entanglement entropy for two subsystems separated by
an AdS black hole for odd-dimensional CFTs by using the
holographic method and applying the Noether charge
formula. We have seen that the nonvanishing contribution
to our Noether charge generically arises not only at the
bifurcate horizon and the asymptotic infinity but also at a
spacelike hypersurface which terminates at the “equatorial
plane" on the boundary static Einstein universe (see the
dotted red line in Fig. 1). This is because the boundary AdS
black hole covers only one-half of the global AdS
boundary.

For (2 + 1)-dimensional CFT, we have, as its gravity
dual, the exact black droplet solution [14], and therefore by
perturbing it, we have holographically shown that the first
law is satisfied without imposing any additional conditions.
As for (4 + 1)-dimensional CFT, restricted to the SO(4)
symmetric perturbations, we have shown in Sec. IV that the
first law is satisfied when there is no energy flux across
the timelike conformal boundary, which corresponds to the
Neumann boundary condition on the spacelike bulk hyper-
surface at y = n/2. We give a brief discussion on the
analysis of generic perturbations in the Appendix. We
believe that an analysis for general perturbations without
SO(4) symmetry would also show the first law, but in the
present paper, we have not been able to fully clarify
this issue.

We would like to emphasize again that in our holo-
graphic setup, in order to compute the Noether charge, we
have taken X as the lower half shaded region in Fig. 1 and
imposed, in particular, the reflection (Neumann) boundary
condition at y = z/2. The reflection boundary condition at

x = r/2 is necessary to avoid additional contributions to

the first law from the upper side of Fig. 1. One may think of
what happens if one takes X as the entire time slice. For
example, if X is taken as the union of the single black
droplet in the lower half and the regular (no black droplet)
region in the upper half of Fig. 1, then the reflection
condition at y = /2 is no longer satisfied, and hence there
is no guarantee that the first law can be derived. First of all,
if 2 is taken as the entire time slice, then the corresponding
boundary CFT would live in a spatially compact universe,
rather than in an asymptotically AdS boundary spacetime,
and the notion of a boundary black hole itself is no longer
clearly defined.

In Sec. V, under the Neumann boundary condition for
no-energy flux, we have constructed the asymptotic geom-
etry of a small black droplet solution from scalar-type of the
linear metric perturbations of the pure AdS spacetime. For
this purpose, we have expanded the metric perturbations by
scalar harmonics on the sphere and also set the boundary
black hole mass M as the small parameter. To satisfy the
Neumann boundary condition, only even modes of the
scalar harmonics are permitted.
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In Ref. [25], quantization of conformally coupled scalar
fields in anti—de Sitter spacetime was considered in various
schemes. One is the “transparent” boundary condition in
which each positive frequency classical solution propagates
beyond the timelike boundary at spatial infinity, and hence
the Klein-Gordon inner product is defined on the whole
Einstein static cylinder, by adding another “virtual” AdS
spacetime. In this case, observers living in an asymptotically
AdS spacetime would recognize that some information or
energy is lost through the timelike boundary. Another
boundary condition is the “reflective” boundary condition
in which each positive frequency classical solution is
reflected at the timelike boundary at infinity, and therefore
information or energy loss does not occur on the boundary.
In this paper, by adapting the latter “reflective” boundary
condition, we have shown the first law of the entanglement
entropy for D = 5 CFT in asymptotically AdS spacetime.
Conversely, if the first law is satisfied in asymptotically AdS
spacetime, the “reflective” boundary condition is derived for
the holographic stress-energy tensor. On the other hand, in
the D = 3 case, the Noether charge at the infinity is always
zero, being irrespective of the boundary conditions in the
holographic model we consider. It would be interesting to
explore whether the first law of the entanglement entropy is
satisfied for various quantizations of a free scalar field in
BTZ background.

|
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APPENDIX: NOETHER CHARGE FORMULA
FOR GENERAL PERTURBATIONS OF 6-
DIMENSIONAL ADS

In this Appendix we consider the Noether charge
formula (2.4) for general perturbations in (54 1)-
dimensional pure AdS bulk background metric (4.2).
Note that although the perturbation analysis in Sec. IV B
is restricted to SO(4) symmetric case, the background
geometry treated in Sec. IV B is the black droplet solution,
which we assume to exist. In this sense the analysis in
Sec. IV B is more relevant to our purpose for obtaining the
first law than the analysis below.

As introduced in sec. IVA, we use the coordinates
y? = (t,p) in the 2-dimensional AdS spacetime and the
angular coordinates x’ = (y, ™). We denote our Killing
vector field by &Y = (£4, &), The integrand of the Noether
charge formula (2.4) is in the present case a 4-form on the
4-sphere (9(4),yi ;). For generic metric perturbations
Sgun = hyn = (hap, hai, hij)’ we have

1 a 1 ac ac aj Dbp agj
eil...i4b[<—hg .y )Dcfb—h/Dj§b+7hj§/

+ Y pen = prmeye 42 {po (") o (M) Ve
2 C C 2 p p

. D D?
_ z:a{Dcth + D;hbT 4 n =L ppe ~ P Dbh}].

The tensor-type metric perturbations h,,y are tangential
to (Q(4),7;) with no components along y* direction, and
behave as a transverse-traceless tensor on (Q),7;;). It is
straightforward to see that the 4-form (A1) vanishes for
tensor-type perturbations.

Now let us consider the vector-type perturbations. We
introduce the vector harmonics on €4, which satisfy

DiDi\/(l,,)j + {lb(lb + 3) - 1]\/(11-)] =0,
I, =1,2.3,..

The vector-type metric perturbations can be expanded in
terms of V; y; as

P
p p

[
1
5gab =0, 5gai = ZHEll,))a\/(lz)i’
L,

Ny
8gij = D Hyy, (DNVuy = DVyy).  (A3)
7

Hereafter we omit the mode indices (/,) for notational
simplicity. Note that since the gauge transformation of the
vector-type perturbations is generated by a vector field
X; = XV, with a scalar X!") on the 2-dimensional AdS
spacetime, one can impose, for instance, the gauge con-
dition H!) = 0.

The gauge invariant variables for the vector-type per-
turbations are given by

(1)
H
Z,=H - p*D, (—2)
P
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This variable can be expressed by a single master variable
®y, on the 2-dimensional AdS spacetime spanned by (¢, p) as

1
Zu :ﬁeabDb(pzq)V)’ (AS)

where €, is the metric compatible volume element on the
2-dimensional AdS spacetime g,,. The master variable
@y, satisfies

2 241,(,+3
WDﬂw—{p+——J%—J

. }@V:o. (A6)

The normalizable solution @, which also satisfies the
regularity condition in the bulk is given by Eq. (154) of
[24] with v =3/2,6 = /1,(I, + 3) + 9/4. (Note that for
the normalizable solution, the frequency w is quantized to be
o= F2m+1+v+o0), m=0,1,2,....) Then, from
Eq. (154) of [24], one can see the asymptotic behavior of
Oy, as

by b
Dy =+ (A7)
P> P
It then follows that at large p,
2b,/L? by b
Z,~— % +0(1/p%). 4~—@H(&+%+m)
p ptop
(A8)

For the vector-type perturbations, the Noether charge
formula (A1) is expressed in terms of the gauge-invariant
variable (A5) as

60 —&-0(yg.69)

| Zd., -
:_Eeilwl};ab _p_g\/IDi‘berD[aZb]gl\/i - (A9)

So far, we have not yet used the property that & is the
Killing vector. In Sec. IVA, we are concerned with the
static black hole background and our Killing vector is
£49, = 0/0t, & = 0. Thus, in this case, one can immedi-
ately see that the above formula (A9) vanishes.

Now suppose that a rotating black droplet solution be
available, and let us consider & # 0. In that case, one
should be able to choose &' as a linear combination of the
rotational symmetry generators of Q4. It is known that for
the dipole moment /,, = 1, V' itself is a Killing vector field
on ), and therefore one can take & one of such V' so that
5’\/,» # 0. Then, one should, in principle, be able to find a
Killing vector field Y0y = 0/t 4 Q4)0/dy 4y which
becomes tangent to the null generators of the Killing
horizon of the black droplet solution, where Q) are
certain constants corresponding to the angular velocity
of the black hole, and y4) angular Killing parameters for

& For such a Killing vector field &7, the second-term of ths
of the above formula (A9) should provide the term propor-
tional to the variation of the angular momenta. In fact,
substituting (AS8) into (A9) gives a nonvanishing term
proportional to Q4 (w*L*b; + 6b,/L?). For the stationary
case @ =0, this can be viewed as adding an angular
momentum to the background black hole by the dipole
perturbation.

The analysis of generic perturbations of the scalar-type
appears to be much more involved with more terms in the
Noether charge formula (Al). If we can evaluate the
integration of the above formula (A1) for both the vector-
type and scalar-type perturbations, not only at p — oo,
x — /2 but also at the Killing horizon of the (hypothetical)
rotating black droplet as well as other relevant boundaries,
then we expect that the first law with work term should be
obtained. To fully verify this argument is, however, beyond
the scope of the present paper where we consider only linear
perturbations and their asymptotic behavior.
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