
 

Path-integral action in the generalized uncertainty principle framework

Sukanta Bhattacharyya1,* and Sunandan Gangopadhyay2,†
1Department of Physics, West Bengal State University, Barasat, Kolkata 700126, India

2Department of Theoretical Sciences, S.N. Bose National Centre for Basic Sciences, JD Block,
Sector III, Salt Lake, Kolkata 700106, India

(Received 10 May 2021; accepted 11 June 2021; published 7 July 2021)

Various gedanken experiments of quantum gravity phenomenology in search of a complete theory of
gravity near the Planck scale indicate a modification of the Heisenberg uncertainty principle to the
generalized uncertainty principle (GUP). This modification leads to nontrivial contributions on the
Hamiltonian of a nonrelativistic particle moving in an arbitrary potential. In this paper we study the path-
integral representation of a particle moving in an arbitrary potential using the most general form of the GUP
containing both the linear and quadratic contributions in momentum. First we work out the action of the
particle in an arbitrary potential and hence find an upper bound to the velocity of a free particle. This upper
bound interestingly imposes restrictions on the relation between the GUP parameters α and β. Analysis
shows that β > 4α2. We then deduce the mathematical expressions of classical action and the quantum
fluctuations for both free particle and the harmonic oscillator systems.
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I. INTRODUCTION

General relativity (GR), proposed by Einstein in 1915
[1], can explain and predict a large number of physical
phenomena in astrophysics and cosmology. On the other
hand, quantum mechanics (QM) is the most successful
candidate to describe the dynamics of a particle in the
microscopic world. Since GR is a classical theory, it fails to
characterize the universe near the Planck scale. Though
these two fundamental theories (GR and QM) are very
successful in their own domain, a complete quantum theory
of gravity to explore the universe close to the Planck epoch
is absolutely essential. Interestingly substantial investiga-
tion of various theories of quantum gravity such as string
theory [2], loop quantum gravity [3,4], noncommutative
geometry [5], and some gedanken experiments in quantum
gravity phenomenology hint at the existence of a minimal
length, namely, the Planck length. This fundamental
hypothesis of the observer independent Planck length
together with the Heisenberg uncertainty principle
(HUP), one of the main pillars of QM, leads to a
modification of the HUP [6]. This modification is well
known in the literature as the generalized uncertainty
principle (GUP). A large area in theoretical physics which
includes black hole thermodynamics [7–9], and various
quantum systems like particle in a box, Landau levels, and
simple harmonic oscillator [10–13], have been extensively

studied under the GUP framework. We would also like to
mention that the simplest form of the minimal length
uncertainty relation is motivated by the scattering of strings
in the first quantized formulation of string theory. A cubic
form of an uncertainty relation known as the spacetime
uncertainty relation also appears in the literature getting its
motivation from M theory [14–16]. Interestingly, in the
nonperturbative formulation of open string field theory
such cubic structures arise [17,18]. This makes it quite
natural to look for cubic algebraic structures in string
theory. In [19], some speculative comments on the gener-
alization of two-bracket algebraic structures to three-
bracket (cubic) algebraic structures have been mentioned
and its possible role in string theory has been discussed.
The issue of gauge invariance in the presence of a minimal
length is another important problem that has been discussed
in the literature [20]. This is important as it seems to
contradict the robustness of the symplectic form appearing
in Gromov’s nonsqueezing theorem [21]. Also the breaking
of Lorentz covariance due to the minimal length may lead
to a violation of the second law of thermodynamics [22].
These are some of the fundamental issues that make the
study of GUP even more interesting.
Recently studies have been done to investigate the path-

integral formalism of a nonrelativistic particle in the pres-
ence of theGUP [23,24]. In [24], the Feynman propagator of
a particle under any arbitrary potential has been calculated
using the simplest form of the GUP, in which the modifi-
cation to the HUP involves a term proportional to the
quadratic in momentum. This modification of the HUP,
proportional to the quadratic in momentum is motivated by
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black hole physics and string theory. However, theories of
doubly special relativity suggest that there can be a modi-
fication involving a term linear in momentum. Hence,
combining both possibilities, the most general form of
the GUP has been first introduced in [13]. In this paper
we want to explore the path-integral formalism for a non-
relativistic particle moving under any arbitrary potential
using this form of the GUP which contains both the linear
and quadratic modifications in momentum. We would also

like to comment that the path-integral formalism is con-
sistent with two-bracket algebraic structures; however, it is
not quite clear at present how to figure out from the path-
integral formalism the underlying algebraic structures that
would lead to cubic algebraic structures.
The modified uncertainty principle between the position

qi and its conjugate momentum pj incorporating both the
contributions, linear and quadratic in momentum, is given
by [10]

ΔqiΔpi ≥
ℏ
2

�
1 − αthe

�
pþ pipi

p

�
− ðα2 − βÞððΔpÞ2 þ hpi2Þ − ðα2 − 2βÞððΔpiÞ2 þ hpii2Þ

�
ð1Þ

where p2 ≡ jp⃗j2 ¼ ηijpipj; i, j ¼ 1, 2, 3, the parameters α and β bear the signature of the GUP, and are defined as
α ¼ α0=ðMPlcÞ and β ¼ β0=ðMPlcÞ2, with MPl being the Planck mass and c is the speed of light in free space. The
dimensions of α and β are ðmomentumÞ−1 and ðmomentumÞ−2, respectively. The above uncertainty principle is consistent
with the following modified Heisenberg algebra:

½qi; pj� ¼ iℏ

�
δij − α

�
δijpþ pipj

p

�
þ βðδijp2 þ 2pipjÞ − α2ðδijp2 þ pipjÞ

�
: ð2Þ

It can be easily shown that the above commutator follows
the Jacobi identity, ½qi; qj� ¼ ½pi; pj� ¼ 0. The modified
variables ðqj; pjÞ can be expressed in terms of the usual
variables ðq0j; p0jÞ in such a way that they obey the
commutation relation (2). Hence we have

qj ¼ q0j;

pj ¼ p0jð1 − αp0 þ βp0
2Þ; ð3Þ

where ðq0j; p0jÞ satisfies the usual commutation relation
½q0i; p0j� ¼ iℏδij. With the relation (3) in hand, we now
construct the GUP modified Hamiltonian describing a
particle moving under any arbitrary potential VðqÞ. In
the subsequent discussion we shall work in one spatial
dimension. Therefore using Eq. (3), the Hamiltonian of the
particle in an arbitrary potential VðqÞ up to order Oðα2; βÞ
reads

Ĥ ¼ p̂2
0

2m
−
α

m
p̂3
0 þ

1

m

�
α2

2
þ β

�
p̂4
0 þVðq̂Þ þOðαβ;α3;β2Þ:

ð4Þ

We are now ready to construct the path-integral represen-
tation of a particle moving in an arbitrary potential in the
GUP modified Hamiltonian (4). Note that we have used
the most general form of the GUP incorporating both the
contributions, linear and quadratic in momentum. In this
paper, first we calculate the classical action and the explicit
form of the propagation kernel for a particle moving under
any arbitrary potential using the Hamiltonian (4) in Sec. I.
In this section, we derive the equation of motion of the
particle which gives an interesting relation between the
GUP parameters α and β. In Sec. II, we evaluate the explicit
form of the propagation kernel both for the free particle and
the harmonic oscillator. Then we proceed to Sec. III to
calculate the quantum fluctuations of the propagation
kernel for the harmonic oscillator. Finally, we summarize
our results in the concluding section.

II. PROPAGATION KERNEL FOR AN
ARBITRARY POTENTIAL

To investigate the path-integral formalism of a particle
described by the GUP modified Hamiltonian (4), we write
the general form of the propagation kernel as

hqf; tfjq0; t0i ¼ lim
n→∞

Z þ∞

−∞

Yn
j¼1

dqjhqf; tfjqn; tnihqn; tnj…jq1; t1ihq1; t1jq0; t0i: ð5Þ
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Then we compute the propagator over a small segment in the above path integral. Here we use the following completeness
relation:

Z þ∞

−∞
dpjpihpj ¼ 1: ð6Þ

Hence, the Hamiltonian given by Eq. (4) along with the above completeness relation ([3]) gives the infinitesimal propagator,
which reads

hqjþ1; tjþ1jqj; tji ¼ hqjþ1je− i
ℏĤτjqji

¼
D
qjþ1

���1 − i
ℏ
Ĥτ þ Θðτ2Þ

���qj
E

¼
Z þ∞

−∞

dpj

2πℏ
e

i
ℏpjðqjþ1−qjÞe−

i
ℏτð

p2
j

2m−
α
mp

3
jþ1

mðα
2

2
þβÞp4

jþVðqjÞÞ þOðτ2Þ: ð7Þ

Substituting the above expression in Eq. (5), the propagation kernel takes the form (apart from a constant factor)

hqf; tfjq0; t0i ¼ lim
n→∞

Z þ∞

−∞

Yn
j¼1

dqj
Yn
j¼0

dpj exp

�
i
ℏ

Xn
j¼0

�
pjðqjþ1−qjÞ− τ

	
p2
j

2m
−
α

m
p3
j þ

1

m

�
α2

2
þ β

�
p4
j þVðqjÞ


��
: ð8Þ

Taking the τ → 0 limit, the propagation kernel given by Eq. (5) in the path-integral representation reads

hqf; tfjq0; t0i ¼
Z

DqDp exp

�
i
ℏ
A
�

ð9Þ

where the phase-space action A is given by

A ¼
Z

tf

t0

dt½p _q −
	
p2

2m
−

α

m
p3 þ 1

m

�
α2

2
þ β

�
p4 þ VðqÞ


�
; tf − t0 ¼ T: ð10Þ

Before doing the p integral, let us look at the jth phase-space integral up to order β. Setting α ¼ 0, this takes the form

hqjþ1; tjþ1jqj; tji ¼
Z þ∞

−∞
dqjdpj exp

�
i
ℏ

�
pjðqjþ1 − qjÞ − τ

	
p2
j

2m
þ β

m
p4
j


��
: ð11Þ

The above expression can be rewritten in the following form:

hqjþ1; tjþ1jqj; tji ¼
Z þ∞

−∞

dqj ˜dpj

ð1þ 3βp̃j
2Þ exp

�
iτ̃
ℏ

�
p̃j

�
qjþ1 − qj

τ

�
−
p̃j

2

2m

�
1þ β

m
p̃j

4

���
ð12Þ

where p̃j ¼ pjð1þ βp2
jÞ and τ̃ ¼ τð1þ βp2

jÞ−1. From the above expression one can easily see that the usual phase-space
volume dqdp gets corrected by a factor of ð1þ 3βp2Þ−1. Interestingly, this correction factor in the weighted phase-space
volume has been obtained in [25] using the canonical approach. Note that the factor 3β in our case appears due to the choice
of 2β as the coefficient of pipj in the commutation relation (2).
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Now we compute the momentum integral in Eq. (7). Evaluating this keeping terms up to Oðα2; βÞ yields

hqjþ1; tjþ1jqj; tji ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
m

2πiℏτ

r �
1þ

	
iαm2ðqjþ1 − qjÞ3

ℏτ2
þ 1

2

�
iαm2ðqjþ1 − qjÞ3

ℏτ2

�
2


þ 3αmðqjþ1 − qjÞ

τ

þ 3iℏmβ

τ
−
6iℏmα2

τ
− 6m2

�
α2

2
þ β

��
qjþ1 − qj

τ

�
2

−
im3βðqjþ1 − qjÞ4

ℏτ3
m

þ 7iα2m3ðqjþ1 − qjÞ4
ℏτ3

þ 45α2m2ðqjþ1 − qjÞ2
2τ2

�
× exp

�
imðqjþ1 − qjÞ2

2ℏτ
þ i
ℏ
τVðqjÞ

�

¼
ffiffiffiffiffiffiffiffiffiffiffiffi
m

2πiℏτ

r �
1 −

i
ℏ

	
m3βðqjþ1 − qjÞ4

τ3
−
4α2m3ðqjþ1 − qjÞ4

τ3



þ 3αmðqjþ1 − qjÞ

τ

þ 3βiℏm
τ

−
6iℏmα2

τ
− 6m2

�
α2

2
þ β

��
qjþ1 − qj

τ

�
2

þ 45α2m2

2

�
qjþ1 − qj

τ

�
2
�

× exp

�
imðqjþ1 − qjÞ2

2ℏτ
þ i
ℏ
τVðqjÞ −

iαm2ðqjþ1 − qjÞ3
ℏτ2

�

¼
ffiffiffiffiffiffiffiffiffiffiffiffi
m

2πiℏτ

r �
3αmðqjþ1 − qjÞ

τ
þ 3βiℏm

τ
−
6iℏmα2

τ
− 6m2β

�
qjþ1 − qj

τ

�
2

þ 39α2m2

2

�
qjþ1 − qj

τ

�
2
�
× exp

�
imðqjþ1 − qjÞ2

2ℏτ
þ i
ℏ
τVðqjÞ −

iαm2ðqjþ1 − qjÞ3
ℏτ2

−
iβm3ðqjþ1 − qjÞ4

ℏτ3
þ 4iα2m3ðqjþ1 − qjÞ4

ℏτ3

�
þOðβ2Þ: ð13Þ

Using the above result in Eq. (8), we obtain the propagation kernel up to a constant factor as

hqf; tfjq0; t0i ¼
Z þ∞

−∞

Yn
j¼1

dqj exp

�
i
ℏ

Xn
j¼0

τ

�
m
2

�
qjþ1 − qj

τ

�
2
	
1þ 2αm

�
qjþ1 − qj

τ

�
þ 8α2m2

�
qjþ1 − qj

τ

�
2

− 2βm2

�
qjþ1 − qj

τ

�
2


− VðqjÞ

��
: ð14Þ

To get the configuration space path-integral representation of a particle moving in an arbitrary potential VðqÞ, we take the
limit τ → 0. This gives

hqf; tfjq0; t0i ¼ F̃ðT; α; βÞ
Z

Dqe
i
ℏS ð15Þ

where the action of the particle moving in the presence of an arbitrary potential VðqÞ in the configuration space is given by

S ¼
Z

tf

t0

dt
�
m
2
_q2ð1þ 2αm _qþ 8α2m2 _q2 − 2βm2 _q2Þ − VðqÞ

�
: ð16Þ

From the above action one can readily write down the Lagrangian to be

L ¼ m
2
_q2ð1þ 2αm _qþ 8α2m2 _q2 − 2βm2 _q2Þ − VðqÞ: ð17Þ

Equations (16) and (17) are the general forms of the action and the Lagrangian of a nonrelativistic particle moving under an
arbitrary potential VðqÞ in the presence of the GUP. It is to be noted that here we take the generalized structure of the GUP
(3) where both the linear and quadratic modifications in momentum pj are present. We now proceed to investigate the free
particle and the harmonic oscillator systems.
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III. FREE PARTICLE AND HO SYSTEM

With the above results in hand, we now proceed to
investigate the free particle and harmonic oscillator poten-
tial in this section.
For the free particle case we have VðqÞ ¼ 0. Hence, from

the action in Eq. (16) one can easily find the classical
equation of motion. This reads

mð1þ 6αm _qþ 48α2m2 _q2 − 12βm2 _q2Þq̈ ¼ 0

⇒ q̈ ¼ 0 or ð1þ 6αm _qþ 48α2m2 _q2 − 12βm2 _q2Þ ¼ 0:

ð18Þ

Before going further we now analyze the above result.
Interestingly, both the possibilities indicate q̈ ¼ 0.
Moreover, the presence of the GUP puts a bound on the
free particle velocity. The upper bound on the velocity of
the free particle obtained from the action reads

_qmax ¼
−α −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2β − 7α2Þ

p
2mð4α2 − βÞ : ð19Þ

Note that in the limit α → 0, this maximum particle speed
agrees with the result obtained in [24]. Now the free particle
velocity given by Eq. (19) cannot be imaginary and must be
finite. This restriction gives a relation between the GUP
parameters α and β which is

β > 3.5α2 and β ≠ 4α2: ð20Þ

It should also be noted that we have taken the negative sign
before the square root. The reason behind this choice is that
there is no value of β > 3.5α2 for which _qmax is positive.
With the negative sign before the square root, the positivity
of _qmax implies β > 4α2. We now want to point out some
relevant and interesting facts about the above relations. In
[10], the authors showed that β ¼ 2α2 (see the Appendix).
But from our analysis we find that the relation β ¼ 2α2 is
not possible. From the analysis in [10] (see the Appendix),
we have

β ¼ ðnþ 1Þα2: ð21Þ

Therefore, Eq. (20) together with Eq. (21) gives the relation
between α and β. This is an important result in our paper.
We now calculate the classical action for the free particle

in the presence of the GUP. To do this first we have to solve
q̈ ¼ 0, imposing the boundary conditions that at t ¼ t0,
q ¼ q0; t ¼ tf, q ¼ qf. The classical trajectory of the free
particle then comes out to be

qcðtÞ ¼ q0 þ
qf − q0

T
t; tf − t0 ¼ T: ð22Þ

Substituting Eq. (22) in Eq. (16), the classical action for the
free particle in the presence of the GUP takes the form

Sc ¼
m
2T

ðqf − q0Þ2
�
1þ 2αm

�
qf − qi

T

�
þ 8α2m2

�
qf − qi

T

�
2

− 2βm2

�
qf − q0

T

�
2
�
: ð23Þ

Using the above expression for the classical action in Eq. (15), we obtain

hqf; tfjq0; t0i ¼ F̃ðT; α; βÞem
2Tðqf−q0Þ2½1þ2αmðqf−qiT Þþ8α2m2ðqf−qiT Þ2−2βm2ðqf−q0T Þ2�: ð24Þ

The above action reduces to that in [24] in the α → 0 limit. Our next step is to evaluate the constant F̃ðT; α; βÞ which
contains the quantum fluctuations. We now use the following identity:

hqf; tfjpi ¼
Z þ∞

−∞
dq0hqf; tfjq0; t0ihq0; t0jpi ð25Þ

and the overlaps

hq0; 0jpi ¼
1ffiffiffiffiffiffiffiffi
2πℏ

p exp

�
i
ℏ
pq0

�
; hqf; Tjpi ¼

1ffiffiffiffiffiffiffiffi
2πℏ

p exp

	
−iT
ℏ

�
p2
0

2m
−

α

m
p3
0 þ

γ

m
p4
0

�

exp

�
i
ℏ
pqf

�
ð26Þ

with t0 ¼ 0 and tf ¼ T. Equations (24) and (25), along with Eq. (26), yield the quantum fluctuations to be

F̃ðT;α; βÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
m

2πiℏT

r �
1þ 3αmðqf − q0Þ

T
þ 3iβℏm

T
−
6iα2ℏm

T
− 6

�
α2

2
þ β

�
m2ðqf − q0Þ2

T2
þ 45α2m2ðqf − q0Þ2

2T2

�
: ð27Þ

Hence, from Eqs. (24) and (27), the propagation kernel for a free particle in the GUP framework, containing both the linear
and quadratic corrections in momentum, can be recast as
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hqf; tfjq0; t0i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
m

2πiℏT

r �
1þ 3αmðqf − q0Þ

T
þ 3iβℏm

T
−
6iα2ℏm

T
− 6

�
α2

2
þ β

�
m2ðqf − q0Þ2

T2
þ 45α2m2ðqf − q0Þ2

2T2

�

× e
m
2Tðqf−q0Þ2½1þ2αmðqf−qiT Þþ8α2m2ðqf−qiT Þ2−2βm2ðqf−q0T Þ2�: ð28Þ

Now we proceed to investigate the harmonic oscillator potential with VðqÞ ¼ 1
2
mω2q2 in Eq. (16). This yields

S ¼
Z

T

0

dt

�
m
2
_q2ð1þ 2αm _qþ 8α2m2 _q2 − 2βm2 _q2Þ − 1

2
mω2q2

�
: ð29Þ

From the above action one can easily find out the classical equation of motion which reads

q̈ðtÞ þ 6αm _qðtÞq̈ðtÞ þ 48α2m2 _q2ðtÞq̈ðtÞ − 12βm2 _q2ðtÞq̈ðtÞ þ ω2qðtÞ ¼ 0: ð30Þ

Now we carry out a consistency check of the path-integral formalism by deriving the above equation of motion of the one-
dimensional harmonic oscillator up to Oðα2; βÞ using Hamilton’s equations of motion. This gives

_q ¼ fq;Hg ¼ p
m
−
3α

m
p2 þ 2α2

m
p3 þ 4β

m
p3

_p ¼ fp;Hg ¼ −mω2q: ð31Þ

A simple algebra now shows that the above equations agree with the equation of motion (30). This ensures the validity of the
path-integral formalism.
We now proceed to solve Eq. (30) to get the classical trajectory of the harmonic oscillator in the presence of the GUP up

to order Oðα2; βÞ. The solution can be recast as

qðtÞ ¼ qð0ÞðtÞ þ αqð1ÞðtÞ þ α2qð2ÞðtÞ þ βqð3ÞðtÞ ð32Þ

where

qð0ÞðtÞ ¼ A cosðωtÞ þ B sinðωtÞ;
qð1ÞðtÞ ¼ C1 cosðωtÞ þ C2 sinðωtÞ þmωðA2 − B2Þ sinð2ωtÞ − 2ABmω cosð2ωtÞ;
qð2ÞðtÞ ¼ C3 cosðωtÞ þ C4 sinðωtÞ þ 3m2ω2ðA2 þ B2ÞðA − BtωÞ cosðωtÞ − 2mωðBC1 þ AC2Þ cosð2ωtÞ

−
3

4
m2ω2AðA2 − 3B2Þ cosð3ωtÞ þ 3m2ω3tAðA2 þ B2Þ sinðωtÞ þ 2mωðAC1 − BC2Þ sinð2ωtÞ

þ 3

4
m2ω2BðB2 − 3A2Þ sinð3ωtÞ;

qð3ÞðtÞ ¼ C5 cosðωtÞ þ C6 sinðωtÞ þ
1

8
½6m2ω2ðA2 þ B2Þð2Btω − AÞ cosðωtÞ − 3m2ω2AðA2 − 3B2Þ cosð3ωtÞ

− 6m2ω2ðA2 þ B2ÞðBþ 2AtωÞ sinðωtÞ þ 3m2ω2BðB2 − 3A2Þ sinð3ωtÞ�: ð33Þ

The constants A, B, C1, C2, C3, C4, C5, and C6 read
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A ¼ q0

B ¼ ½qf − q0 cosðωTÞ� cscðωTÞ
C1 ¼ 2mωAB

C2 ¼
1

sinðωTÞ ½2ABmω cosð2ωTÞ −mωðA2 − B2Þ sinð2ωTÞ − 2mωAB cosðωTÞ�

C3 ¼ −
5

4
m2ω2AB2 þ 2mωAC2 −

9

4
m2ω2A3

C4 ¼ −
1

sinðωTÞ ½C3 cosðωTÞ þ 3m2ω2ðA2 þ B2ÞðA − BωTÞ cosðωTÞ − 2mωðBC1 þ AC2Þ cosð2ωTÞ

−
3

4
m2ω2AðA2 − 3B2Þ cosð3ωTÞ þ 3m2ω3TAðA2 þ B2Þ sinðωTÞ þ 2mωðAC1 − BC2Þ sinð2ωTÞ

þ 3

4
m2ω2BðB2 − 3A2Þ sinð3ωTÞ�

C5 ¼
3

8
m2ω2ð3A3 − AB2Þ

C6 ¼ −
1

8 sinðωTÞ ½f6m
2ω2ðA2 þ B2Þð2BωT − AÞ cosðωTÞ − 3nm2ω2ðA3 − 3A2BÞ cosð3ωTÞ

− 6m2ω2ðA2 þ B2ÞðBþ 2AωtÞ sinðωTÞ þ 3m2ω2ðB3 − 3A2BÞ sinð3ωTÞg − C5 cosðωtÞ�: ð34Þ

Therefore, the classical action for the harmonic oscillator in the framework of the GUP algebra (2) can be obtained by using
Eqs. (32), (33), and (34) in Eq. (30). This yields

Sc ¼ Scð0Þ þ ScðαÞ þ Scðα2Þ þ ScðβÞ: ð35Þ

Here, Scð0Þ is the classical action for the ordinary harmonic oscillator. ScðαÞ, Scðα2Þ, and ScðβÞ are the corrections due to
the presence of the GUP. The forms of Scð0Þ, ScðαÞ, Scðα2Þ, and ScðβÞ are

Scð0Þ ¼
1

2
mw cscðTwÞ½ðq20 þ q2fÞ cosðTwÞ − 2q0qf� ð36Þ

ScðαÞ ¼ −
α

6
m2w2ðq0 − qfÞ csc2ðTwÞ½ðq20 þ q0qf þ q2fÞ cosð2TwÞ − 12q0qf cosðTwÞ − q0qf þ 5ðq20 þ q2fÞ� ð37Þ

Scðα2Þ ¼
α2

16
m3w3 csc4ðTwÞ½ðq40 þ q4fÞ sinð4TwÞ − 4q0qfð21q20 − 20q0qf þ 21q2fÞ sinðTwÞ

− 4q0qfð5q20 − 4q0qf þ 5q2fÞ sinð3TwÞ þ 24q20q
2
fTw cosð2TwÞ − 48q0qfTwðq20 þ q2fÞ cosðTwÞ

þ 12Twðq40 þ 4q20q
2
f þ q4fÞ þ 4ð6q40 − 8q30qf þ 23q20q

2
f − 8q0q3f þ 6q4fÞ sinð2TwÞ� ð38Þ

SðβÞ ¼ −
β

32
m3w3 csc4ðTwÞ½ðq40 þ q4fÞ sinð4TwÞ − 44q0qfðq20 þ q2fÞ sinðTwÞ − 12q0qfðq20 þ q2fÞ sinð3TwÞ

þ 24q20q
2
fTw cosð2TwÞ − 48q0qfTwðq20 þ q2fÞ cosðTwÞ þ 12Twðq40 þ 4q20q

2
f þ q4fÞ

þ 4ð2q40 þ 15q20q
2
f þ 2q4fÞ sinð2TwÞ�: ð39Þ

It is reassuring to note that we recover the free particle classical action (23) in the limit ω → 0. Therefore, the propagator for
the harmonic oscillator reads

hqf; tfjq0; t0i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mω

2πiℏ sinðωTÞ
r

F̃1ðT; α; βÞei
ℏSc : ð40Þ

Now we will calculate the quantum fluctuations F̃1 from the Schrödinger equation in the subsequent section.
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IV. CALCULATION OF THE QUANTUM FLUCTUATION

In this section we apply a different approach to evaluate the explicit form of the kernel of a particle moving in a harmonic
potential in the GUP framework. We calculate the Feynman propagator and the quantum fluctuations F̃1 from the
Schrödinger equation up to order Oðα; βÞ. Note that in this section though we give the complete expression of
eigenfunctions and energy eigenvalues retaining the terms in α2 in the final expression of the quantum fluctuation for
harmonic oscillator we neglect the terms of the order Oðα2; β2Þ.
To do this first we write the Schrödinger equation for the harmonic oscillator bearing the GUP effects for both linear and

quadratic corrections in momentum. This reads

�
−
ℏ2

2m
∂2

∂q2 −
iαℏ3

m
∂3

∂q3 þ
α2ℏ4

2m
∂4

∂q4 þ
βℏ4

m
∂4

∂q4 þ
1

2
mω2q2 þOðβ2Þ

�
ψnðqÞ ¼ EnψnðqÞ ð41Þ

where ψnðqÞ and En are nth order eigenfunction and eigenvalue of the Schrödinger equation. Hence, the Feynman
propagator hqf; tfjq0; t0i can be recast as

hqf; tfjq0; t0i ¼
X
n

ψnðqfÞψ�
nðq0Þe−ði=ℏÞEnðtf−t0Þ: ð42Þ

We now solve the Schrödinger equation (41) by treating the GUP contributions as time independent perturbations. Then
the perturbation piece of the Hamiltonian up to the order Oðα2; βÞ can be written as

Hðα; α2; βÞ ¼ −
α

m
p3
0 þ

1

m

�
α2

2
þ β

�
p4
0 þ

1

2
mω2q2 þOðαβ; α3; β2Þ: ð43Þ

We can now obtain the eigenstates and eigenvalues by applying time independent perturbation theory. This yields

ψnðqÞ ¼ ϕnðqÞ −
iα

mℏω

�
ℏmω

2

�3
2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn − 1Þðn − 2Þp

3
ϕn−3ðqÞ − 3n

ffiffiffi
n

p
ϕn−1ðqÞ − 3ðnþ 1Þ ffiffiffiffiffiffiffiffiffiffiffi

nþ 1
p

ϕnþ1ðqÞ

þ ðnþ 1Þðnþ 2Þðnþ 3Þ
3

ϕnþ3ðqÞ
�
þ
�
α2

2
þ β

�
ðmℏωÞ

�ð2nþ 3Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðnþ 1Þðnþ 2Þp
4

ϕnþ2ðqÞ

−
ð2n − 1Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

nðn − 1Þp
4

ϕn−2ðqÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn − 1Þðn − 2Þðn − 3Þp

16
ϕn−4ðqÞ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðnþ 1Þðnþ 2Þðnþ 3Þðnþ 4Þp
16

ϕnþ4ðqÞ
�

þOðα3Þ þOðβ2Þ þOðαβÞ ð44Þ

and

En ¼
�
nþ 1

2

�
ℏω

�
1þ 3ð2n2 þ 2nþ 1Þ

2ð2nþ 1Þ
�
α2

2
þ β

�
ðmℏωÞ

�
þOðβ2Þ; ð45Þ

where n ¼ 0; 1; 2;…, and

ϕnðqÞ ¼
1ffiffiffiffiffiffiffiffiffi
2nn!

p
�
mω

πℏ

�
1=4

Hn

� ffiffiffiffiffiffiffi
mω

ℏ

r
q

�
exp

�
−
mω

2ℏ
q2
�
: ð46Þ
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Note that the energy eigenvalue obtained in Eq. (45) for the 1 − d harmonic oscillator agrees with the result reported in [26]
up to order OðβÞ. This can be seen by setting α ¼ 0 in Eq. (45) and the coefficient of pipj in [26] to 2β. Further, since the
result for the energy eigenvalue in [26] is given for any arbitrary dimension d, one needs to set d ¼ 1 to see the agreement.
These are the complete forms of the eigenstates and energy eigenvalues of the harmonic oscillator in the presence of the
GUP, with the general GUP structure containing both linear and quadratic contributions in momentum up to order
Oðα; α2; βÞ. Using Eqs. (44) and (45) in Eq. (42), the Feynman propagator reads

hqf; tfjq0; t0i ¼ J þ iα
mωℏ

�
mωℏ
2

�3
2½M1 þM2� þ ðβmℏωÞ½N1 þ N2� þOðβ2Þ þOðα2; βÞ ð47Þ

where

J ¼
X∞
n¼0

ϕnðqfÞϕnðq0Þ exp
�
−
i
ℏ

�
nþ 1

2

�
ℏωT

	
1þ 3ð2n2 þ 2nþ 1Þ

2ð2nþ 1Þ ðβmℏωÞ

�

M1 ¼
�X∞
n¼3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn − 1Þðn − 2Þp

3
½ϕnðqfÞϕn−3ðq0Þ − ϕnðq0Þϕn−3ðqfÞ�

þ
X∞
n¼0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðnþ 1Þðnþ 2Þðnþ 3Þp
3

½ϕnþ3ðq0ÞϕnðqfÞ − ϕnþ3ðqfÞϕnðq0Þ�
�
exp

�
−
i
ℏ

�
nþ 1

2

�
ℏωT

�

M2 ¼ −3
�X∞
n¼1

n
ffiffiffi
n

p ½ϕnðqfÞϕn−1ðq0Þ − ϕn−1ðqfÞϕnðq0Þ� þ
X∞
n¼0

ðnþ 1Þ ffiffiffiffiffiffiffiffiffiffiffi
nþ 1

p ½ϕnðqfÞϕnþ1ðq0Þ − ϕnþ1ðqfÞϕnðq0Þ�
�

× exp

�
−
i
ℏ

�
nþ 1

2

�
ℏωT

�

N1 ¼
�X∞
n¼0

ð2nþ 3Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðnþ 1Þðnþ 2Þp
4

½ϕnðqfÞϕnþ2ðq0Þ þ ϕnðq0Þϕnþ2ðqfÞ�

−
X∞
n¼2

ð2n − 1Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn − 1Þp

4
½ϕnðqfÞϕn−2ðq0Þ þ ϕnðq0Þϕn−2ðqfÞ�

�
exp

�
−
i
ℏ

�
nþ 1

2

�
ℏωT

�

N2 ¼
�X∞
n¼4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn − 1Þðn − 2Þðn − 3Þp

16
½ϕnðqfÞϕn−4ðq0Þ þ ϕnðq0Þϕn−4ðqfÞ�

−
X∞
n¼0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðnþ 1Þðnþ 2Þðnþ 3Þðnþ 4Þp
16

½ϕnðqfÞϕnþ4ðq0Þ þ ϕnðq0Þϕnþ4ðqfÞ�
�
:

× exp

�
−
i
ℏ

�
nþ 1

2

�
ℏωT

�
: ð48Þ

Now using the exact form of ϕnðqÞ given by Eq. (46) in Eq. (48), we have
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J ¼
ffiffiffiffiffiffiffi
mω

πℏ

r
exp

�
−
mω

2ℏ
ðq20 þ q2fÞ

�
exp

�
−
iωT
2

�X∞
n¼0

�
exp ð−iωTÞ

2

�
n 1

n!
Hn

� ffiffiffiffiffiffiffi
mω

ℏ

r
q0

�
Hn

� ffiffiffiffiffiffiffi
mω

ℏ

r
qf

�

×

�
1 −

3iβmω2ℏT
4

ð2n2 þ 2nþ 1Þ
�

M1 ¼ −
ffiffiffiffiffiffiffi
mω

πℏ

r
i

3
ffiffiffi
2

p exp

�
−
mω

2ℏ
ðq20 þ q2fÞ

�
exp ð−2iωTÞ sin

�
3ωT
2

�X∞
n¼0

�
exp ð−iωTÞ

2

�
n 1

n!

×

�
Hnþ3

� ffiffiffiffiffiffiffi
mω

ℏ

r
qf

�
Hn

� ffiffiffiffiffiffiffi
mω

ℏ

r
q0

�
−Hnþ3

� ffiffiffiffiffiffiffi
mω

ℏ

r
q0

�
Hn

� ffiffiffiffiffiffiffi
mω

ℏ

r
qf

��

M2 ¼
ffiffiffiffiffiffiffi
mω

πℏ

r
3i

ffiffiffi
2

p
exp

�
−
mω

2ℏ
ðq20 þ q2fÞ

�
exp ð−iωTÞ sin

�
ωT
2

�X∞
n¼0

ðnþ 1Þ
�
exp ð−iωTÞ

2

�
n 1

n!

×

�
Hnþ1

� ffiffiffiffiffiffiffi
mω

ℏ

r
qf

�
Hn

� ffiffiffiffiffiffiffi
mω

ℏ

r
q0

�
−Hnþ1

� ffiffiffiffiffiffiffi
mω

ℏ

r
q0

�
Hn

� ffiffiffiffiffiffiffi
mω

ℏ

r
qf

��

N1 ¼
ffiffiffiffiffiffiffi
mω

πℏ

r
3i

ffiffiffi
2

p
exp

�
−
mω

2ℏ
ðq20 þ q2fÞ

�
exp

�
−
3iωT
2

�
sinðωTÞ

X∞
n¼0

�
exp ð−iωTÞ

2

�
n 1

n!

×
�
Hnþ2

� ffiffiffiffiffiffiffi
mω

ℏ

r
qf

�
Hn

� ffiffiffiffiffiffiffi
mω

ℏ

r
q0

�
þHnþ2

� ffiffiffiffiffiffiffi
mω

ℏ

r
q0

�
Hn

� ffiffiffiffiffiffiffi
mω

ℏ

r
qf

��
: ð49Þ

Similarly, N2 can be recast in terms of the Hermite polynomials.
Now to evaluate the constants J, M1, M2, N1, and N2, we use the extended Mehler’s formula [27]

X∞
k¼0

tk

k!
HkþmðxÞHkþnðyÞ ¼ ð1 − 4t2Þ−ðmþnþ1Þ=2 exp

�
4txy − 4t2ðx2 þ y2Þ

1 − 4t2

�

×
Xminðm;nÞ

k¼0

22kk!

�
m

k

��
n

k

�
tkHm−k

�
x − 2tyffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4t2

p
�
Hn−k

�
y − 2txffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4t2

p
�
: ð50Þ

Using this we get

J ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mω

2πiℏ sinωT

r
e

i
ℏS0 J̃; M1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mω

2πiℏ sinωT

r
e

i
ℏS0M̃1; M2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mω

2πiℏ sinωT

r
e

i
ℏS0M̃2;

N1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mω

2πiℏ sinωT

r
e

i
ℏS0Ñ1; N2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mω

2πiℏ sinωT

r
e

i
ℏS0Ñ2; ð51Þ

where

J̃ ¼ 1 −
3iβmω2T
8ℏ sin4 ωT

½−3iℏmωðq20 þ q2fÞ sin 2ωT þm2ω2ðq20 þ q2f − 2q0qf cosωTÞ2

þ 4iℏmω sinωTð2þ cos 2ωTÞq0qf − ℏ2 sin2 ωTð2þ cos 2ωTÞ� ð52Þ

M̃1 ¼
1

3

ffiffiffiffiffiffiffi
mω

2ℏ

r
sin 3ωT

2

ℏ sin2 ωT sin ωT
2

ðq0 − qfÞ½−mωðq20 þ 4q0qf þ q2fÞ þ 2mωðq20 þ q0qf þ q2fÞ cosωT − 3iℏ sinωT�

M̃2 ¼ −
3

ffiffiffi
2

p

8ℏ

ffiffiffiffiffiffiffi
mω

ℏ

r ðq0 − qfÞ
sin2 ωT

2
cos2 ωT

2

½−iℏ sin 2ωT þmωðq20 − 2q0qf cosωT þ q2fÞ − iℏ sinωT� ð53Þ
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Ñ1 ¼ −
i

8ℏ2 sin3 ωT
½−4m2ω2q0qfðq20 þ q2fÞð3þ cos 2ωTÞ þ 3ℏ2ðcos 3ωT − cosωTÞ

þ 4mω cosωTfmωðq40 þ 6q20q
2
f þ q4fÞ þ 12iℏq0qf sinωTg − 3iℏmωðq20 þ q2fÞð5 sinωT þ sin 3ωTÞ�

Ñ2 ¼ −
i cosωT

16ℏ2 sin3 ωT
½12m2ω2q20q

2
f − 3ℏ2ð1 − cos 2ωTÞ þ 2mωfmω cos 2ωTðq40 þ q4fÞ

− 4mωq0qfðq20 þ q2fÞ cosωT − 6iℏ sinωTfðq20 þ q2fÞ cosωT − 2q0qfgg�: ð54Þ

Therefore, hqf; tfjq0; t0i can be recast as [up to Oðα; βÞ]

hqf; tfjq0; t0i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mω

2πiℏ sinωT

r
½1þ αfðq0; qf;TÞ þ βgðq0; qf;TÞ þOðα; βÞ�ei

ℏðScð0ÞþScðαÞþScðβÞÞ ð55Þ

where

Scð0Þ ¼
mω

2
cscωT½ðq20 þ q2fÞ cosωT − 2q0qf�

ScðαÞ ¼ −
α

6
m2ω2ðq0 − qfÞcsc2ωT½ðq20 þ q0qf þ q2fÞ cos 2ωT − 12q0qf cosωT − q0qf þ 5ðq20 þ q2fÞ�

ScðβÞ ¼ −
βm3ω3

32
csc4ωT½f12ωT þ 8 sin 2ωT þ sin 4ωTgðq40 þ q4fÞ

− 4f12ωT cosωT þ 11 sinωT þ 3 sin 3ωTgq0qfðq20 þ q2fÞ
þ 12f4ωT þ 2ωT cos 2ωT þ 5 sin 2ωTgq20q2f� ð56Þ

with the functions f and g being given by

fðq0; qf;TÞ ¼ −ðq0 − qfÞmω csc2 ωT½sinωT þ sin 2ωT�

gðq0; qf∶TÞ ¼
3iℏmω

8 sin2 ωT
ð2ωT þ 5 sinωT cosωT þ ωT cos 2ωTÞ

−
3m2ω2

8 sin3 ωT
½2ωTf3 cosωTðq20 þ q2fÞ − 2ð2þ cos 2ωTÞq0qfg

þ 10 sinωTðq20 þ q2f − 2q0qf cosωTÞ − 6 sin3 ωTðq20 þ q2fÞ�: ð57Þ

Note that in this method we calculate the exact expression
for the quantum fluctuation up to first order in α, β. This
calculation can be extended for higher order in α2.

V. CONCLUSION

We now summarize the results in this paper. In this paper
we have constructed the path-integral formalism of the
propagation kernel in the presence of the generalized
uncertainty principle incorporating both the contributions
proportional to linear and quadratic terms in momentum.
We obtained the action of a nonrelativistic particle moving
in an arbitrary potential in the framework of the generalized
uncertainty principle. After getting the general form of the
action we have moved on to investigate the free particle and
harmonic oscillator systems. From the free particle analy-
sis, we have seen that the action imposes an upper bound on

the free particle velocity which depends on the mass of the
particle. This feature is consistent with the results obtained
earlier [23,24,28]. Moreover, the fact that the particle
velocity must be real and finite leads us to a relation
between parameters α and β. We show that β > 4α2. This is
an interesting result in our paper. Then we have calculated
the Feynman propagator for a harmonic oscillator. In the
limiting case ω → 0, the classical action for the harmonic
oscillator reduces to the free particle result. We have
explored another approach to get the propagation kernel.
We have constructed the Schrödinger equation for a
harmonic oscillator in the framework of the generalized
uncertainty principle. Solving the Schrödinger equation we
have got expressions for the nth order eigenfunction and
energy eigenvalue bearing the effects of the generalized
uncertainty principle. Using these results, we derive the
expression for the propagation kernel for the harmonic
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oscillator. We have obtained the explicit form of the
quantum fluctuations up to first order in α and β. These
results would be important to derive the thermodynamics of
the harmonic oscillator system in the general uncertainty
principle framework. This we hope to report in future.

APPENDIX: RELATION BETWEEN THE GUP
PARAMETERS

The most general algebra [10] for the commutation
relation between position qj and its conjugate momentum
pj with linear and quadratic modifications in momentum
reads

½qi;pj�¼ iℏ

�
δijþδijα1pþα2

pipj

p
þβ1δijp2þβ2pipj

�
:

ðA1Þ

Therefore, the coordinates and its conjugate momentum
follow the Jacobi identity

−½½qi; qj�; pk� ¼ ½½qj; pk�; qi� þ ½½pk; qi�; qj� ¼ 0: ðA2Þ

Now we expand the right-hand side of the Jacobi identity
and using Eq. (A1), we get

iℏf−α1δjk½qi; p� − α2ð½qi; pj�pkp−1 þ pj½qi; pk�p−1 þ pjpk½qi; p−1�Þ − β1δjkð½qi; pl�pl þ pl½qi; pl�Þ
− β2ð½qi; pj�pk þ pj½qi; pk�Þg − ði ↔ jÞ ¼ 0: ðA3Þ

We can easily evaluate the following commutator up to OðpÞ:

½qi; p� ¼ iℏfpip−1 þ ðα1 þ α2Þpig ðA4Þ

and

½qi; p−1� ¼ −iℏpip−3f1þ ðα1 þ α2Þpg: ðA5Þ

Using the above commutation relations in Eq. (A3), we get

fðα1 − α2Þp−1 þ ðα21 þ 2β1 − β2Þgðpiδjk − pjδikÞ ¼ 0: ðA6Þ

Thus, the above equation is satisfied only when α1 ¼ α2 ¼ α (α > 0 [29]) and β2 ¼ 2β1 þ α21. Now from dimensional
analysis we have β1 ∼ α2. Let β1 ¼ nα2, where n is positive number. Then we have β2 ¼ ð2nþ 1Þα2. Note that in [10]
β1 ¼ α2 (that is n ¼ 1) has been taken into account for mathematical simplicity. Putting the values of β1 and β2 in Eq. (A1),
the commutation relation takes the form as

½qi; pj� ¼ iℏ

�
δij − α

�
pδij þ

pipj

p

�
þ nα2p2δij þ ð2nþ 1Þα2pipj

�
: ðA7Þ

Now the most general form of the momentum pj in terms of p0j can be written as

pj ¼ p0j þ ap0p0j þ bp2
0p0j; ðA8Þ

where a ∼ α and b ∼ α2. Hence the commutation relation can be recast as

½qi; pj� ¼ ½qi; p0j þ ap0p0j þ bp2
0p0j�

¼ iℏδij þ iℏaðpδij þ pipjp−1Þ þ iℏð2b − a2Þpipj þ ðb − a2Þp2δij: ðA9Þ

Comparing the above relation with (A7), finally we get a ¼ −α, nα2 ¼ b − a2 and ð2nþ 1Þα2 ¼ 2b − a2. Hence,

b ¼ ðnþ 1Þα2: ðA10Þ

Note that if we take n ¼ 1 for mathematical simplicity, then we get β ¼ 2α2 [10]. Now using the above relations we define
two parameters, bearing the signature of the GUP as a ¼ −α and ðnþ 1Þα2 ¼ β. Therefore, Eq. (A8) yields
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pj ¼ p0j − αp0p0j þ βp2
0p0j; ðA11Þ

where β ¼ ðnþ 1Þα2. This is Eq. (3) in this paper. In our
analysis, Eq. (20) shows that

β > 4α2: ðA12Þ

This implies n > 3.
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