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Mass generation of gauge fields can be universally described by topological couplings in gapped
systems, such as the Abelian Higgs model in (3 4 1) dimensions and the Maxwell-Chern-Simons theory in
(2 + 1) dimensions. These systems also exhibit the spontaneous breaking of higher-form Z;, symmetries
and topological orders for level k > 2. In this paper, we consider topological mass generation in gapless
systems. As a paradigmatic example, we study the axion electrodynamics with level k in (34 1)
dimensions in background fields that hosts both gapped and gapless modes. We argue that the gapped mode
is related to those in fully gapped systems in lower dimensions via dimensional reduction. We show that
this system exhibits the spontaneous breaking of a higher-form Z, symmetry despite the absence of the
conventional topological order. In the case of the background magnetic field, we also derive the low-energy
effective theory of the gapless mode with the quadratic dispersion relation and show that it satisfies the

chiral anomaly matching.
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I. INTRODUCTION

Understanding the origin of the mass is an important
question in modern physics. Among others, the Higgs
mechanism provides a mechanism to explain the mass
generation of gauge fields, such as the massive gauge bosons
W=* and Z° mediating the weak interaction and massive
photons in superconductivity. One prototype model of this
mechanism is the Abelian Higgs model, where a U(1) gauge
field becomes massive by eating a would-be Nambu-
Goldstone (NG) boson. The mass generation can also be
described in terms of a low-energy effective theory with the
photon and NG boson, called the Stueckelberg theory [1].

However, the Higgs mechanism is not a unique mecha-
nism of the mass generation of gauge fields. In particular, it
has been recently shown that photons can acquire a mass
gap in (3 4+ 1) dimensions even without the conventional
Higgs mechanism: in the axion electrodynamics in the
presence of background fields, such as a spatially varying
axion field [2,3] or an external magnetic field [4,5], one of
the helicity states of the photons acquires a mass gap, while
the other is gapless with the quadratic dispersion relation.
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One can ask for a possible universal description explaining
both the Higgs mechanism and this helicity-dependent
mass generation without the Higgs field.

One such possibility is the mass generation due to a
topological coupling of a one-form gauge field and a
(D — 2)-form gauge field in D-dimensional spacetime [6].
Here, “topological” means that it does not depend on the
metric of the spacetime. Examples in this class of theories
include the BF theory [7-9] with kinetic terms in (3 4 1)
dimensions [10,11], Maxwell-Chern-Simons theory in
(2 + 1) dimensions [12-14], and axion electrodynamics in
(1 + 1) dimensions [15,16]. In particular, the Stueckelberg
theory in D dimensions can be dualized to the one-form
and (D — 2)-form gauge theories with the topological
coupling [6,10].

In this paper, we study the axion electrodynamics with
level k in (3 + 1) dimensions' with the background fields
above. We argue that the helicity-dependent mass gener-
ation of photons in this theory is related to the topological
mass generation in gapped systems in lower dimensions via
dimensional reduction. What is distinct from the conven-
tional topological mass generation is that this system also
hosts gapless modes; hence, this provides an example of
“topological mass generation in gapless systems.” Since

'"We will refer to the integer appearing in the coefficient of the
axion term as the level k, similar to the case of the BF theory and
Maxwell-Chern-Simons theory.
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this system is gapless, there is no conventional topological
order that can be seen in gapped systems. Nonetheless, we
can show that it exhibits the spontaneous breaking of a
higher-form Z; symmetry similar to the gapped systems
with topological order.” Moreover, this system also satisfies
the chiral anomaly matching by the gapless modes. In
particular, in the case of the external magnetic field, the
anomaly matching is satisfied by the gapless mode with the
quadratic dispersion relation (in the transverse direction)
that may be understood as the so-called type-B NG mode
associated with the spontaneous breaking of a one-form
symmetry [4] (see also recent discussion [29]).

This paper is organized as follows. In Sec. II, we review
the mass generation mechanisms of gauge fields via
topological couplings in gapped systems, together with
concrete examples, such as the U(1) Abelian Higgs model
in (3 + 1) dimensions, U(1) Maxwell-Chern-Simons theory
in (24 1) dimensions, and axion electrodynamics in
(1 + 1) dimensions. We highlight the spontaneous breaking
of higher-form symmetries and its relation to the topologi-
cal order in each of the examples above. In Sec. III, we
study the axion electrodynamics with level k in 3+ 1)
dimensions in background fields. We clarify the relation of
the mass generation mechanism in this gapless system to
those in gapped systems, the spontaneous breaking of a
higher-form Z; symmetry, and how the chiral anomaly
matching is satisfied at low energy. Section IV is devoted to
discussions.

Throughout the paper, a, denotes a dynamical one-form
gauge field, b, ,, , a dynamical (D —2)-form gauge
field, e a dynamical electric field, B an external magnetic
field, and A,, B,, background gauge fields. We use the
“mostly plus” metric signature 7,, = diag(—1,1,...,1)
and define the totally antisymmetric tensor €’!P~! so
that €”-P~! = 1. The D-dimensional element on a D-
dimensional closed subspace, dS*~#» is defined such that it
is antisymmetric with respect to the indices, dSH *#r =
e #rdSp. We also take the level & to be positive for all the
topological couplings without loss of generality.

II. TOPOLOGICAL MASS GENERATION IN
GAPPED SYSTEMS

In this section, we review the mass generation mecha-
nisms of gauge fields in gapped systems. Although the
discussions and results of this section are already known in
literature, we include them to make this paper self-
contained, as some of them will be used later in Sec. III

2Generally, the p-form symmetries are symmetries under
transformations of p-dimensional extended objects [17] (see also
Refs. [18-28]). The symmetry generators are (D —p —1)-
dimensional topological objects. The symmetry transformations
are generated by the linking of the symmetry generators and the
charged objects.

TABLE 1. Mass generation of gauge fields via topological
couplings in various dimensions. The fields a,, b, ., ,» by by,
and ¢ denote a one-form gauge field, a (D — 2)-form gauge field,
a two-form gauge field, a one-form gauge field, and a scalar field,
respectively. The second column shows the number of massive
degrees of freedom (d.o.f.) of a,, in the presence of the topological
coupling. Note that the number of d.o.f. of massless photons in D

dimensions is D — 2.

Dimensions ~ No. of d.o.f. of a, Topological coupling
(D-1)+1 D-1 ghitoaingy 0, a,,
3+1 3 e"r’b,,0,a,

2+1 2 é’b,0,a,

2+1 1 éa,0,a,

1+1 1 evpo,a,

as a background. The reader may skip to Sec. III and refer
back when necessary.

As summarized in Table I, the mass generation mecha-
nism in gapped systems can be described by a topological
coupling in arbitrary dimensions [6].

A. U(1) gauge theories with topological couplings

We first consider the mass generation mechanism by the
topological coupling in D-dimensional spacetime [6]. We
introduce a photon described by a U(1) one-form gauge
field a,, whose gauge transformation law is a, — a, + 0,4
with a 2z periodic zero-form gauge parameter A.

Here, we assume that the mass dimension of a, 1s
one. Generically, a p-form is a pth rank antisymmetric
tensor. We normalize a, by the flux quantization condition
Js3 [ dS" € 227, where f,, = 0,a, —D,a, is the field
strength of the gauge field, S is a two-dimensional closed
surface without boundaries, and dS** is the area element
on S.

In D dimensions, one can couple the one-form gauge
field with a U(1) (D —2)-form gauge field b, , , by
using the totally antisymmetric tensor e¢#1-#». We assume
that the mass dimension of b, , . is D —2. The gauge

transformation of b, ., . is given by

bﬂ]-uﬂD—z - bﬂ]-uﬂD—z + Z Sgn(6>aﬂa(l)ﬂﬂa(2)-“ﬂa(D—Z)’ (1)

oc€Sp_H
where 4, . is a (D — 3)-form parameter, ¢ denotes the
permutation of the symmetric group Sp_,, and sgn(s) =
41 for even and odd o, respectively. The normalization of
buyoowps 18 J5, ﬁhmmﬂn_ldS"l“'/‘D-l € 2xZ, where
h is the field strength

Hi---Hp-1

h Z Sgn(g)aﬂg(l) bﬂa(z)---ﬂrf(D—l) ’ (2)

c€Sp_|

Hi-Hp-1
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Zp_1 is a (D — 1)-dimensional closed subspace without
boundaries, and dS¥'#r-1 is the (D — 1)-dimensional
element on X;_;.

We start with the following action:

1 1
StOp = / d”x (871’22(—1)' |hu,...;4,)_, |2 + Q |f;w|2>

k D eti---Hp-2V1V2
+E d"x m l‘l “Hp— zfl/]l/zv (3)

where vp is some constant with mass dimension DT_Z and e

is a coupling constant with mass dimension “‘TD. The first
line describes the kinetic terms of a, and b, _, ., and the
second line is the topological coupling. Note that this
coupling does not depend on the metric of spacetime since
the vector indices are contracted with ¢#1---#» and hence, it
is topological.3 The topological term is invariant under the
gauge transformations of a, and b, .. The constant k is
restricted as k € Z by the invariance under large gauge
transformations of a, and b, . ..

Since the topological term is quadratic with the first-
order derivative, it generates the masses of a, and b

Hi---Hp-2"
The equations of motion of @, and b, , . are
1 k €*1--Vp-2PH
— O, f* — 7(9 b =0, 4
eQD z/f 0 (D 2) pYv...vp_y ( )

k
—4”21]2 aﬂh/’lllmﬂnfz + 2_”6”1'“”[)72”'081,61/) =0, (5)
D

respectively. By substituting the former into the latter and
vice versa, we have

(82 - AzD)f;w =0, (62 -

where 9% = 9,0” and

*More explicitly, this can be seen as follows. As a generic
vector field V,(x) transforms under a coordinate transformation
x = x'(x) as V (%) =22V ('), we have

eHi---Hp-2V1V2 b”] >-<ﬂD—2fV1V

ox' ax”’D 2 Ox"M Ox'%
Ox#1 " Oxto-2 Ox¥1 Ox¥2 proeofins,

ox
— M !
— det(ax eP1--Pp-2 szl . 2f/1|iz'

— eHi--Hp-2V112

Combined with the relation dPx’ = det(%—)d X, we arrive at

dP xetr--Hp-2v1v2 | = dPy/elr--Pp2Mda f/1 i
b

;414“;41,,2](1/11/2 P1---PD-2

Hence, the last term in Eq. (3) is invariant under general
coordinate transformations without the metric.

Ap = (kepvp)?, (7)

which shows that f,, and h, , . are both massive.
In order to count the physical degrees of freedom, we
locally solve the equations of motion in Eqgs. (4) and (5) as

1 k e
—fm_ 2z
e%,f 2z (D —2)! [

Up-2PH

-(D-2),b =0,

(8)

Vy...Up_) uz...un_z]

k
hPHL-HD=2 ZG"""”"—Z”"(% — 8,,51) =0. (9)

2,2
4nvy

Here, the (D — 3)- and zero-form fields 13,,2_“1,072 and a are
possible ambiguities of the solutions, and they can be
absorbed into b, , , and a, by gauge fixing. Combining
the solutions in Egs. (8) and (9) with the Bianchi identities
leads to the constraints on the gauge fields,

k k
— b =0, —0%a, =0, 10
o Vy...Up_) o0 as ( )

%2(1)_2) and 1 constraints, respectively.
D(D-1)

Therefore, both @, and b, ,  have D—1==5

(D_IL& degrees of freedom. Furthermore, b, , . and

a, are related to each other by the equations of motion, and
the physical degrees of freedom of this system is D — 1.

which provide

B. Dual Stueckelberg action

It is known that the action with the topological coupling
in Eq. (3) is dual to the so-called Stueckelberg action [1],

v? 1
SSI——/de<7D|8M)(—kaﬂ|2+%|fﬂy|2>, (11)

where y is a 2z periodic scalar field. The gauge trans-
formation of y is y — y + kA with a, — a, + 9,A. One can
impose the gauge-fixing condition y = 0 (unitary gauge)
by using the gauge freedom of a,. In this gauge, the term
0,4 — ka,|* becomes the mass term of a,,.

The Stueckelberg action describes a massive photon with
(D = 1) polarizations. The equations of motion of a, and y
are given by

vpk(Oux — ka,,)+ 3”fy,, 0, (12)

vH* (8,1 — ka,) =0, (13)

respectively. Under the gauge condition y = 0, the equation
of motion of a, reduces to

(0% — A})a, =0, (14)
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with one constraint
kvhota, = 0. (15)

The latter corresponds to the constraint in Eq. (10).

These equations show the presence of massive excita-
tions with three polarizations. More explicitly, for the plane
wave ansatz a, = €,(p)e” ¥ with p* = (w,p) the D
momentum, we have

(@* —p* = A} )e,(p) =0, (16)

pleu(p) = 0. (17)

Therefore, it has the mass gap, and one of the polarizations,
€o(p), vanishes in the rest frame of the massive gauge field.

We now see that the Stueckelberg action is dual to the
action with the topological coupling [6,10]. In other words,
they are (classically) equivalent to each other. To see this,
we introduce the following action:

== [ @B+ bl
=- x| —=|w — 1f
S 20 de

D (—I)D_zeﬂ]“nun_ll/
e 2r (D_1)!h”IH-MDf[(WIJ_ayX_kaD),

(18)
where w, and h, ,  are one- and (D — l)-form fields,
respectively. Using the equation of motion of &, , ., we
can recover the original action (11). Instead, we can dualize
the action by eliminating y. First, the equation of motion

of y is given by e“#-*g,h, . =0. Then, the
(D — 1)-form field h,  , , can be locally expressed by
a (D — 2)-form gauge field b, , . as

h

Hi-Hpot

Z Sgn(a)aﬂa(l) blla(z)u#a(D—l) . (19)

cE€Sp_|

The solution is invariant under the gauge transformation
of b

Hi---Hp-2"
bﬂlmﬂD—z - bﬂlmMD—z + Z Sgn(a)aﬂg(])ﬂﬂg(z)~-ﬂa(n—2)’ (20)
0€Sp_o
where 4, . is a (D — 3)-form parameter. Second, the

equation of motion of w, is

(_1)0—2 €ﬂ1~--ﬂu—l’/h
2w (D—l)! HieHp-1

(21)

2. 5V
vpw’ =

Substituting these equations into the action (18), we get the
action with the topological term in Eq. (3).

C. Topological order and spontaneous breaking
of higher-form Z; symmetries

Here, we comment on the fact that the system above with
D > 3 has the so-called topological order [30-32] and that
it exhibits the so-called type-B spontaneous symmetry
breaking (SSB) [33-36] of Z; one- and (D —2)-form
global symmetries [17].*

In order to see the topological nature of the system, we
consider the low-energy limit, where the kinetic terms of
the one- and (D — 2)-form gauge fields are negligible.
Consequently, the theory can be described by the topo-
logical action

k D 6”""”0’2D'D2
SBF - E/d xmbﬂl“-ﬂnfszll/z' (22)

This is the so-called BF theory [7,37]. In this effective
theory, there is no local observable since the field strengths
of the gauge fields are zero by the equations of motion,
fpo =0 and h, ., ~=0. However, there are nonlocal
observables, i.e., the Wilson loop and the vortex world
volume,

W(C) = eifcaﬂdx”, and

dSH#Dp-2

V(Ep_a) = & Hepa@Tnesoa 2 g
respectively. Here, C is a one-dimensional closed loop,
Xp_p is a (D — 2)-dimensional closed subspace without
boundaries, and dS**#r-2 is the (D — 2)-dimensional
element on X,_,. Physically, the Wilson loop is a world
line of a probe particle with a unit charge and V(Z,_,)
is a world volume of a codimension 2 quantized
magnetic vortex, which is a higher-dimensional generali-
zation of Abrikosov-Nielsen-Olesen vortex in (3 + 1)
dimensions [38,39].

The topological excitations can be seen by the correla-
tion function

W(C)V(Zp_y)eer

Vy...Up_

WOV (p)) = N / Da, Db

— HLink(C.Zpo,) , (24)

where A is a normalization factor such that (1) = 1, and
“Link(C, Zp_,)” denotes the linking number of C and Xj,_,.

Equation (24) can be derived by integrating out the Wilson
loop and the vortex world volume [37,40] (see also recent
Refs. [41,42]). To integrate out the Wilson loop first, we
rewrite the line integral fc a,dx* by the Stokes theorem as

4General]y, type-A and type-B SSB are characterized by the
conditions that commutation relations of the broken symmetry
generators are zero and nonzero, respectively, whichever for
continuous and discrete symmetries.
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1
/ a,dx* = / a,de = [ =f,ds*.  (25)
c 0S¢ Se 2

Here, S¢ is a two-dimensional surface whose boundary is C,
0S¢ = C with 0 being the boundary operator. We then rewrite
the surface integral | Se 1 f,,dS* into the spacetime integral
by using the delta function as

[ 3785 0)= [ [ a540)367 (-0t
= [ @xifumwsa. 29

where J#(x; S¢) is defined by
rse) = [ Pe-yasee). @)
Se

In the following, we abbreviate J*(x; S¢) to J*(Sc).
Using Egs. (25) and (26), the topological action and the
line integral in Eq. (24) can be written as

k 1
det = — [ dPx—
SBFJF/C“” 27;/ 21

1 2n
X <(D — 2)! eﬂlmﬂD_zylyzb#lmMD—z + TJDIUZ (SC)>fv1b2‘

(28)

The Wilson loop can now be integrated out by the
redefinition

b

Hi---HDp—2

T
- bﬂl npr T % €, -»#szl/l’/z‘]”lvz (SC) (29)

Meanwhile, this redefinition transforms the vortex world
volume in Eq. (24) as

M1 Hp-2
/ bﬂl --HD-2 ds
Zp-2

- b

Ip2

T
+/ ;eﬂl_”HD_ZDMJ’“I’“Z(SC)dS”I“‘”D-Z. (30)
Xpoa

Hi"Hp-2
Hi ---Mn—zdS

The integral of the last term leads to the intersection
number of S¢- and X,_,, which is equal to the linking
number of C and ZD_ZS:

We can relate the linking number to a D-dimensional Gauss
linking number by the relation of the delta function and Green’s
function [40].

1
/2 meﬂluﬂn—wl”z‘l I Z(SC)dSﬂ] K=

= Link(C, Zp_,). (31)
Therefore, the correlation function is
(W(C)V(Ep_)) = FLKCE2)(V (3, 5)).  (32)

The vortex world volume can be similarly integrated out.
In this procedure, the redefinition of a, does not give an
additional contribution, since the Wilson loop has been
already integrated out. Therefore, we have

(V(Ep-2)) = 1. (33)

and we arrive at Eq. (24).

Of course, we can first integrate out the vortex world
volume, then integrate out the Wilson loop. In this case,
we have

(W(O)V(Epo,)) = FHKEE2)(W(C)),  (34)
and
(W(C)) =1. (35)

Therefore, we have the same result as Eq. (24).

The topological feature of the correlation function (24) is
that it depends only on the linking number. This is the
topologically ordered phase [30-32], which can generally
be characterized by the condition that the correlation
function of the spatially and temporally extended topo-
logical objects have a nonzero fractional phase if they are
linked to each other.

The fractional phase due to the linking also leads to the
ground-state degeneracy on a compact spatial manifold. To
see this, it is convenient to switch to the operator formalism.
Let us consider the system on the spacetime with a (D — 1)-
dimensional spatial manifold M ,_; with nontrivial topology
such that both of the Wilson loop and vortex world volume
can topologically wrap subspaces of Mp_;. One of the
simplest choice may be M,_; =SP2 xS, where SP~2 and
S'area (D — 2)-dimensional sphere and a circle, respectively.
Since V(Zp_,) is a topological object, the action of V(Zj_,)
on the ground state |Q) does not change the energy of the
system. Therefore, we can choose the ground state as an
eigenstate of V(X;_,) with the eigenvalue €. Meanwhile,
the Wilson loop W(C) does not change the energy of the
system. Thus, we have another ground state | Q') = W(C)|Q).
We can show that |Q') and |Q2) are orthogonal to each other. In
fact, the inner product (Q|Q') can be evaluated as

(QIQ) = (QW(C)IQ) = (QV™! (Zp-2)W(C)V (2p-2)|Q)

=t (QW(C)|Q)
=T (QIY). (36)
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and so (Q|Q') = 0 for k > 2. Here, we used Eq. (34), which,
in the operator formalism, leads to the equal-time commu-
tation relation

27

VI (Zp)W(C)V(Ep-,) = X W(C), (37)

if £5_, and C has intersection number on M ,_;. Since W(C)"
(n=0,...,k—1) leads to a different phase, there are k
degenerate ground states.

In the viewpoint of global symmetries, the correlation
function (24) shows that there are spontaneously broken Z;
one- and (D — 2)-form global symmetries for k > 2, and the
symmetry breaking pattern is classified as type B. To see
this, recall that charged objects under the one- and (D — 2)-
form symmetries are W(C) and V(X2,_,), respectively. The
relations (34) and (32) mean that the symmetry generators
of the one- and (D — 2)-form symmetries are V(X,_,) and
W(C), respectively. Both of these symmetry transforma-
tions are parametrized by the discrete group Z,, since
(W(C)*V(Zp_y)) =1 and (W(C)V(Ep_,)K) = 1. Then,
the nonzero vacuum expectation values (VEVs) in
Egs. (35) and (33) show that the Z; one- and (D — 2)-
form symmetries are spontaneously broken. In addition, the
correlation function (24) shows that the symmetry breaking
pattern is type B, where broken symmetry generators are
also charged objects.

It should be remarked that, for the existence of the
topologically ordered phase, the condition that the system
has a mass gap is essential. If the system is gapless, an
infinitesimal deformation of the Wilson loop or vortex
world volume gives rise to excited states of the one-form
or (D — 2)-form gauge field even in the low-energy limit.
In this case, the states W(C)|Q) and V(Zp_,)|Q) cannot
be ground states. Then, there is no ground-state degen-
eracy even if the system is put on a topologically
nontrivial spatial manifold, and there is no topological
order. In Sec. III, we will consider a gapless system with
the type-B SSB, which may not be a topologically
ordered phase.

D. Examples

Let us now review concrete examples of the mass
generation mechanism above.

1. U(1) Abelian Higgs model in (3 + 1) dimensions

The first example is the U(1) Abelian Higgs model in
(3 + 1) dimensions. In the dual theory of the Abelian Higgs
model, the mass of the gauge field is generated by a
topological coupling with a two-form gauge field [11,43].

We consider a Higgs field @ in a U(1) gauge theory. The
U(1) charge of @ is k, ® — ¢*® with a, — a, + 0,4,
where a,, and 4 are a U(1) one-form gauge field and a zero-
form gauge parameter, respectively. We introduce the action

v? . 1
San= —/d“x <?|6ﬂd>—1kaﬂd>|2 +V(|D|) +E|f’“’|2> .
(38)

where V(|®|) is a potential of the Higgs field such that the
Higgs field develops a nonzero VEV (®) = ﬁ

Well below the mass of the radial excitation of the Higgs
field, the low-energy effective action of this theory can be
written by the Stueckelberg action

2 1
S = [ @83 ( 0= ka P+ 1P ). (9

In (3 + 1) dimensions, the Stueckelberg action describes a
massive photon with three polarizations.

One can dualize the effective action (39) to a two-form
gauge theory. By the same procedure explained in Sec. II B,
we arrive at the following action with a topological
coupling of the one- and two-form gauge fields:

1 1
S AH,dual = / dx <—m Myp|* = 12 [l
k
+ 5 Mvpabyuf/m) ’ (40)

where b, is the two-form gauge field and 4, = 0,b,, +
0yb,, +0,b,, is the field strength. The topological term
give rises to the masses of a, and b,,.

The phase of the Abelian Higgs theory can be classified
by the type-B SSB of Z; one- and two-form symmetries.
Here, the charged objects under the one- and two-form
symmetries are the Wilson loop of a probe particle W(C)
and the world surface of a quantized magnetic vortex string
V(S), with a two-dimensional closed world surface S. This
is the Abrikosov-Nielsen-Olesen vortex string [38,39]. The
generators of the one- and two-form symmetries are V(S)
and W(C), respectively. Explicitly, the correlation function
of W(C) and V(S) is evaluated by the BF theory as

2;

(W(OV(S)) = FLmCS) (1(S))
_ FLIK(CS) ((C)
= C%Link(c*s). (41)

The first line means that W(C) and V(S) are the symmetry
generator and the charged object under the Z; two-form
symmetry, respectively. The second line means that V(S)
and W(C) are the symmetry generator and the charged
object under the Z, one-form symmetry, respectively. The
third line shows that both of the Z; one- and two-form
symmetries are broken spontaneously, and the correlation
functions of the broken symmetry generators is finite; thus,
this can be classified as the type-B SSB. The Higgs phase is
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further classified as a topologically ordered phase [32],
since both of the extended charged objects obey the
nontrivial braiding statistics.

2. Topological coupling with two one-form gauge fields

We then consider the (2 + 1)-dimensional version of the
action (3). The action is given by

1 1
Sip=— | x5 ful +—55 |l
3D / x<4e§D |f/w| + ]671'21ng | ;w‘

k
- 2—€””f’bﬂ8yal,>, (42)

T

where e3p is a coupling constant with mass dimension 1,/2
and v3p is a constant with mass dimension —1/2. The
action gives one massive photon with two polarizations.
This theory is characterized by the type-B SSB of two Z;
one-form global symmetries. The charged objects are

Wilson loops €' foads and el Jo b
function is

Again, the correlation

<ei J. audr ol J b”dx#> _ GHiLink(C.C)) ﬁ,, b, dx
— ePLink(C.C) fc ade“
—_ e%Lmk(C,C’)‘ (43)

These relations show that the generators of the two Z;

. i [ a,dv i [ b,det
one-form symmetries are e‘fca” * and e' Jor b , and the

charged objects are e fo b and eifcaﬂd"”, respectively.
Furthermore, both of them exhibit the type-B SSB, and
so it is a topologically ordered phase. Note that this action
is dual to the (2 + 1)-dimensional Stueckelberg action

2
v
S3p.st = —/d3x <%|8M - kaﬂ|2

which is the low-energy effective theory of the (2 + 1)-
dimensional Abelian Higgs model.

1
Ly |) (44)
4e3, "

3. U(1) Maxwell-Chern-Simons theory in
(2+1) dimensions

In the above discussion, we have introduced two
independent one-form gauge fields. However, one can
introduce a topological term by using a single one-form
gauge field in (2 + 1) dimensions, called the Chern-Simons
term. This is a specific feature of the (2 + 1)-dimensional
theory.

Consider the Maxwell-Chern-Simons action

SMCS = /d3x<

|fﬂ,,|2 — ””f’a d,a > (45)

The equation of motion of a,, is
L@ S+ ie"”ﬂa a,=0. (46)
e - 2r o

From an argument similar to the one used in Sec. Il A, the
Chern-Simons term generates the mass of the photon
as [12-14]

2 2 2 ke%D :
(8 - ASD)f;w =0, A3D - ? . (47)

By using the plane wave ansatz with Eq. (46), we can show
that there is one massive degree of freedom in this theory.

In the low-energy limit, the Maxwell-Chern-Simons
theory reduces to the Chern-Simons theory

k
Scs = 4ﬂ/d3x€”"”aﬂ8ya/,. (48)

The observable of the theory is the Wilson loop

W(C) = f %" " The correlation function of two
Wilson loops has a nonzero fractional phase if they are
linked to each other,

(wew(c)) =

Therefore, this theory is again in a topologically ordered
phase, characterized by the type-B SSB of Z; one-form
symmetry. In the present case, in particular, the generator of
the one-form symmetry is the charged object itself.

2mLmk c.C) < (C/)> _ 671’:‘L1nk(C C/) (49)

4. Axion electrodynamics in (1 + 1) dimensions

The final example is an axion-photon system in (1 + 1)
dimensions, which we will call the axion electrodynamics
in (1 +1) dimensions in this paper. The higher-form
symmetries in this system were studied in the context of
its fermionic version, the charge-k Schwinger model, in
Refs. [44,45] (see also Ref. [46]). In (1 + 1) dimensions, a
massless photon has no on-shell dynamical degrees of
freedom. However, the photon can have a dynamical degree
of freedom if it becomes massive, e.g., by a topological
coupling with a scalar field [15,16].

We introduce the following action:

Sop = /dzx(—

0,(a.0")). (50)

1 V2
4_2|f;w|2 2D 0,0> + —6””61 e
€D

_|_ [
2e3,
where ¢ is a 2z periodic scalar field, which is the (1 + 1)-
dimensional version of (D — 2)-form, e,p iS a coupling
constant, and wv, is some constant. The third term

%e"”aﬂayqb is a topological coupling between the photon
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and the scalar field. The last term is a boundary term for the
kinetic term of the photon, which is needed to have a
consistent energy momentum tensor with the equation of
motion of a, [47-53], but it will be irrelevant to the
following discussion.

The equations of motion of a, and ¢ are

1 k
O™ 50,4 =0,
D
2 Au k na
V5,040, + 7€ dua, =0, (51)

which can be rewritten as
(82 - A%D)fm/ = 07 (82 - A%D)aUQ,) = Ov (52)

respectively, where

2= (52 (53)

27[1}2])

The Bianchi identity with the local solutions of Eq. (51)
after gauge fixing,

a,, (54)

2 2
o= g g = 20K
2 2w

leads to
k
—0%a, =0. (55)
2

Note that the solution of the equation of motion of a, does
not lead to any constraint on ¢. Therefore, the physical
degrees of freedom is one, since ¢ is constrained by f**
in Eq. (51).

The low-energy limit is again described by the topo-
logical coupling

k
Sobtop = Z/dzxe”’“aﬂayqﬁ. (56)

The observables are the Wilson loop W(C) = ¢' Je® and a
two-point object I(P, P') = e?(P)=i¢(P)_Of course, a one-
point object can also be an observable. However, it is
convenient to use this two-point object, since it can
measure the difference of the values of ¢ separated by
the Wilson loop.

The correlation function is

<W(C)I(P, ’P’)) _ e%Link(C,(P,p/))’ (57)
where the linking of the loop C and the two points (P, P’)

denotes the configuration where the point P intersects with
C when P is continuously moved to P’. The phase of this

system is classified by the type-B SSB of the Z; one- and
zero-form symmetries [17,19-21,54,55].

III. TOPOLOGICAL MASS GENERATION IN
GAPLESS SYSTEMS

From now on, we consider the topological mass gener-
ation in gapless systems. As such an example, we focus on
the axion electrodynamics with level & in (3 + 1) dimensions
in a background magnetic field [4,5] or a spatially varying
axion field [2,3]. In these backgrounds, there appear a
gapped mode and a gapless mode with the quadratic
dispersion relation @ ~ p? depending on the helicity states.
It has also been argued that the latter gapless mode may be
understood as the type-B NG mode associated with the
spontaneous breaking of a one-form symmetry [4]. We here
argue that the helicity-dependent mass generation can be
explained from a topological viewpoint.

The action is given by

1 v?
Susaltal = [ (= 51l = Bp07

k ~
+R;www) (58)

where ¢ is a 2z periodic pseudoscalar field and
= %e’”’/’" fpo- The constant k is again restricted as
k € Z owing to the invariance under the large gauge
transformation of a, and the periodicity ¢ — ¢ + 27
The last term #qﬁ f m,f”” is the topological term that does
not depend on the metric of spacetime. Unlike the previous
examples in gapped systems, this is a cubic interaction term
and it does not directly contribute to the dispersion relations
of excitations in the system. However, it becomes quadratic
in dynamical fields in the presence of a background
magnetic field (e.g., (f1,) # 0) or a spatially varying axion
field (e.g., (O3¢) # 0), which can modify their dispersion
relations. We note in passing that the same type of action
appears in QCD coupled to QED at low energy, where the
role of ¢ is played by charge neutral pion 7, and |k| = 1.

Without the topological term, this system would have a
shift symmetry ¢ — ¢ + ¢ with ¢ being a constant. The
Noether current associated with this symmetry is j5 =
—20%0"¢ that satisfies oy j’S‘ = 0. Here, we chose the
normalization of j such that, when |k| = 1, it matches
that of the axial current carried by pions in the case of QCD.
However, this shift symmetry is broken by the presence of
the topological term, and consequently, the conservation
law is modified to

Lk
aﬂjlsl = S_ﬂ_Qf;wfﬂ . (59)

This can be regarded as the chiral anomaly of this
system.
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In the following, we will clarify the mechanism of the
helicity-dependent mass generation and the properties of
this system in detail.

A. Mass generation and gapless modes

1. Background magnetic field

First, we consider the system with a homogeneous
background magnetic field, (f1,) = B, > 0. The equation

of motion of ¢, fo3 = —e, and f1, = €203/ = —e, at the
linearized level read
kB,
v*O"0 P — e =0, (60)
kB,
( -2+ 0% = 0. (61)

The equations of motion in momentum space can be
summarized in the matrix form

(L i )(2)-0 @
~E (@ -p2) @ -p)) e
where P = (w’p) = (w’ Pxs Py> pz)

One can show that there are one gapless mode with

the quadratic dispersion (in the transverse direction with
respect to B,) and one gapped mode,’

1
wéapless = p% + p]’i + 0(1’6)7
éapped = A2 + 2pJ_ + pz + O( ) (63)
where p, = (p,, py,0) and

A} = (kefzy. (64)

dr=v

The corresponding eigenvectors are
<¢> ( o+ o) )
X
e = —pi+O0(p°)
A 2
=240
(qs)o( srow) ) )
e Aj+pi +0(p")

®The longltudmal component of the dispersion relation for the

gapless mode wgaplegq 1= = p? is due to the anomalous charge

n= 4 = B.o ¢ in the presence of the background magnetic field.
When one further introduces a background charge such that the
local charge neutrality condition is satisfied, then this contribu-
tion would vanish [4,5].

for the gapless and gapped modes, respectively. The
gapless mode with the quadratic dispersion in the trans-
verse direction in Eq. (63) can be understood as the type-B
NG mode associated with the spontaneous breaking of the
one-form symmetry [4].

We now show that the gapped mode in Eq. (65) is related
to the gapped mode in the axion electrodynamics in (1 + 1)
dimensions in Sec. IID4 via dimensional reduction.
A simple way to see this is that the topological term
e'2¢f,(f12) in the present theory in the external mag-
netic field has the same structure as the topological term
e ¢f, in the axion electrodynamics in (1 + 1) dimen-
sions. To be more concrete, consider the gapped mode in z

direction by setting p* = (w, 0,0, p.). Then, the eigenstate

LkB

along the z direction, e, = ——* ¢, has the same structure as

Eq. (54) but with the addmonal factor < This factor, as
well as the ratio between the mass gaps of the two theories,

Ap — & (66)
AZD 2

can simply be understood as the Landau degeneracy in the
transverse direction with respect to B,.

In this way, the mass generation in the axion electro-
dynamics with the external magnetic field in 3+ 1)
dimensions is related to the one in the axion electrody-
namics in (1 + 1) dimensions. As photons have only one
physical degree of freedom in the latter, this argument
explains that only one of the two helicity states acquires the
mass gap in the former, and hence, this is a helicity-
dependent mass generation.

2. Spatially varying axion background

We can similarly discuss the mass generation of photons
in the spatially varying axion background field where
(0:¢p) # 0. In this background, the equation of motion of
a, is

1 k e

”fﬂl‘ N

471_ <a ¢>f/m =0. (67)

In the following, we assume that the variation of the axion
field is positive and homogeneous along the z direction,
(0,¢) > 0. In this case, there is a gapped mode of a
linear combination of e, and e, propagating in the z
direction [2,3].

The equations of motion of e, and e, in momentum
space are summarized as

i(—w2+p%+p§) — L piPy+ (0.0
szp\ <a ¢> ELZ(_CU +px+pz>
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The dispersion relations can be found as

1
wéapless - Azp pz + O( )

OFppea = Af + P71 +2p2 + O(ph), (69)

where

5~ (S50n) (70

The corresponding eigenvectors are

<ex) ( pxpy —ilpllp:| + O(p*) >
X )
e P+ i =g p'pi + O(p°)

(o)« (pxpy‘i(A“W )+t )> )

€ —(A7 + px 4 p?) + O(p*)

for the gapless and gapped modes, respectively.

This gapped mode is related to the one in the Maxwell-
Chern-Simons theory in (2 + 1) dimensions in Sec. II D 3.
One can see that the topological coupling 4—fr2 e37? (0, ¢) has
the same structure as the topological coupling %e”/"’ in
the Maxwell-Chern-Simons theory. For the gapped mode,
e.g., along the y direction with the momentum p# =
(@,0, py.0), Eq. (71) becomes

A¢€x = 1

1D gapped €y - (72)

This takes the same form as Eq. (46) withy = yand p, =0

up to the factor _<a ’/’> This factor is reflected in the
difference of the gaps between the two theories,

ﬁ _ <az¢>
A3D 2 '

(73)

As photons have only one physical degree of freedom in
the Maxwell-Chern-Simons theory in (2 4 1) dimensions,
this argument also explains that only one helicity state of
photons acquires the mass gap in the system with the
spatially varying axion field in (3 4+ 1) dimensions.

B. Spontaneous breaking of higher-form Z; symmetries

Here, we discuss higher-form symmetries and their
breaking of this theory in the presence of the background
magnetic field or the spatially varying axion field.

1. Higher-form symmetries without background fields

We first review that the theory has Z, zero- and one-
form symmetries as well as U(l) one- and two-form

symmetries [56]. For simplicity, we first consider the
case without background fields and we will discuss the
case with background fields later in Sec. III B 3. By using
the equations of motion of ¢ and a, derived from the
action (58), we can show that there are conserved currents
of electric zero- and one-form symmetries,

Mo 2
JE(/) -V aﬂ¢ - eﬂl/ﬂﬁ ufpm

. k
Jl]f:i/z - _?f/w + @eﬂl/pgqﬁfpa- (74)
In addition, the Bianchi identities for ¢ and a, give the
following conserved currents of magnetic two- and one-
form symmetries:

1 . U wpo
Mg =500 i = 5-€""0pa,  (75)

respectively. Note that the normalizations of the currents
are determined by the flux quantization conditions. We can
construct topological objects from these currents,

UE(/)(ei"Ez/J — el S p 4577 (76)
Upa(e, 8) = 7% [ H77E05" (77)
UM¢ (eiaM¢ , C) 1aM¢ fc "gf"’/;/’[’gdxa , (78)

€uvpo v dsre

UMa (eiaMa’ 8) — e_iaMa fq 121 I Ma

(79)

where €%, el%a el®vs elova € U(1) parametrize the sym-
metry generators and ) is a three-dimensional closed
subspace without boundaries. They are topological since
they are invariant under small deformations of V, S, and C
by the equations of motion or Bianchi identities. We put
the minus signs in the prefactors of Eqs. (76)—(79) for
convenience.

However, Ug, and Ug, are not physical observables for
generic aggy and ag, due to the large gauge transformation of
a, and the 2x periodicity of ¢. The invariance under the large
gauge transformation and the periodicity requires that the
parameters e'?# and e'*« are constrained as %, /%« € Z,.
Note that this argument is similar to the quantization of the
Chern-Simons level in (2 4+ 1) dimensions [57]. Therefore,
the symmetry groups of Ug, and Ug, are Z;, while the
symmetry groups of Uy, and Uy, are U(1).

Let us explain the detail. For Ugy, the relevant term is

e_ik% fv ”"a"“”dsm, which is subject to the large gauge
transformation. In order to make the integrand manifestly
gauge invariant, we introduce a four-dimensional space X,
whose boundary is V, 0X, = V, to write
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—ikEd fv a,0,a,d8°

c 872

ik
e 1o JX

y d4Xf;4hW ) (80)
We require that the term should not depend on the choice of
the four-dimensional space. This requirement leads to the
constraint on the parameter el”=. By choosing a four-
dimensional space XQ different from X,, such that
0X}, =V, we have

(81)

Therefore, the integral is independent of the choice of the
redundant space if the following condition is satisfied:

e—lk% fy4 dxf, _

1, (82)
where Y, = X, — X/, is a four-dimensional manifold that
has no boundary, 0Y, = 0X4 — 09X, = 0, but it can gen-
erally have cycles which can be wrapped by the field
strength f,,,. Since [y, d*xf,, f* € 167°Z by the flux
quantization condition, the parameter ag, is constrained
as e € Z, in order to satisfy the condition (82).

ikagq v .
For Ug,, the relevant term is e s~ fs s’ , which
changes under the transformation ¢ — ¢ + 2z as

ikag, ik

e 822 j;“ b wds™ - eik::;l:‘a fs / WdS"”e sr:,%“ fs T Nad . (83)

To make it invariant under this transformation, we require

S [t _ (84)

which constrains the parameter ag, as €%« € Z, by the
flux quantization condition % /. sSuwdS" € 2nZ.

2. Symmetry transformations

Next, we consider the charged objects that transform
under the extended topological objects:
(1) For the electric Z; zero-form symmetry generated
by Ugy, the charged object is a particle at a point PP
in the spacetime,

I{gsy. P) = eostP), (55)

where gg, € Z is the charge of the particle. The
transformation law is given by the correlation
function

(Ugg (¢, V)I(qey, P)) =t tsstitP)(I (g, P)).

(86)

The derivation of this relation will be given at
the end of Sec. IIB2. Since e € Z, and
grgLink(V, P) € Z, we have el mlink(V-F) € 7,

4 N T —ikZEL [ dhxf,, P
—1k%fva,,0pagd3”/’ —c 11‘16”2 X4d Xf " —e T X Xl )

(i) For the electric Z; one-form symmetry generated
by Ug, the charged object is the Wilson loop

W(qga.C) = eite Joaud®  The symmetry transfor-
mation is given by
(Uga(e', S)W (g, C))
= LIS (W (g, 0)). (87)
(iii) For the magnetic U(1) two-form symmetry gener-
ated by Uy, the charged object is a vortex world

surface V(qyy. S), which can be characterized by
the winding number around a loop C,

L D, pde = 2rquyLink(C. ). (88)
The symmetry transformation is
(Untp (€™, C)V (guig- S))
= b (V (g, 5)). (89)
(iv) For the magnetic U(1) one-form symmetry gener-
ated by Uy, the charged object is the *t Hooft loop,
i.e., a monopole world line 7(gy,, C), which can be

characterized by the presence of the magnetic flux
through a closed surface S (e.g, a sphere S?),

1
> / F(X)dSH = 22y, Link(S, ). (90)
S
The symmetry transformation is

(Unta (64, O)T (gt C))
— eiaMa‘IMaLink(S’C) <T<QMu7 C)> : (91)

Let us derive Eq. (86) as an example. The key relation is
the following:

SEM.d) [flj), a] — Ogy / d4xj’é¢Jﬂ(V)
= SEM.¢[¢ - aEqu(QV)’ al (92)

up to the trivial divergence that can be regularized by
adding a local counterterm. Here, €2, is a four-dimensional
subspace whose boundary is V, 0Q), = V, and the symbols
J,(V) and J(Q,) are abbreviations of J,(x;)) and
J(x;Qy,), which are defined by

D) = [ s = y)asoniy)  (99)

and
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J(x:Qy) = / dy6*(x — y). (94)

respectively. As in the case of J#(S¢) in Eq. (27), they are
introduced such that

51 moedtgds = [ @ity 00,
L d*x0, g, —/d“xJ(QV)@Mj’é(/). (95)
v
In particular, J(Q),) satisfies
0l (Qy) = Ju(V). (96)

Now, the left-hand side of Eq. (86) can be evaluated
by the redefinition ¢(x) — ag,J () = ¢(x) on the right-
hand side of Eq. (92) as

(Ugp (€ V)I(qgy. P)) = e“4%0! P2 (1 (g, P)).
(97)

Since J(P;Qy) € Z is the intersection number of P and
Qy), it counts the linking number Link(), P). Therefore, we
obtain the relation (86).

3. Higher-form symmetries with background fields

We can describe the external magnetic field and
spatially varying axion field in terms of background
gauge fields coupled to the symmetry generators of
the electric zero- and one-form symmetries. For this
purpose, we introduce one- and two-form gauge fields A,
and B, . At the linear order of A, and B,,, we can gauge
the action (58) by adding the coupling terms | d*x j’é¢Aﬂ
and 1 [d*xji.B,,. However, the invariance under the
large gauge transformation of a, and the periodicity
¢ — ¢ + 2x requires that the background gauge fields
should be flat connections satisfying

kA, =0,A and kB, =0,B,-09,B,. (98)

respectively. Here, .A and Bﬂ are zero- and one-form gauge
fields that are normalized by the flux quantization con-
ditions, [, 9, Adx* €227 and [;0,B,dS" € 2zZ. The
couplings of the currents to the background gauge fields
are invariant under the gauge transformations

A, > A, +0,A,  A—> A+kA, (99)

and

B,, = B, +0,A,-0,A,,  B,—B,+kA,. (100)

Here, A and A, are zero- and one-form gauge parameters
normalized as [, 0,Adx* € 2zZ and [59,A,dS" € 2xZ,
respectively.

Now, let us specify the background gauge field that
describes the spatially varying axion field or external
magnetic field. For the spatially varying axion field, we
choose A, = &;(0,¢(z)). This choice corresponds to

A = k(¢(z)) satistying [, 0,.Adx* = 0. The coupling term
J d*xjg,A, leads to the desired coupling

k. d*xe¥ (9 ¢(z2))a,0,a,.

- (101)

Similarly, the external magnetic field can be realized by
choosing B,, = (636, —8,5)B, with B, =3k(x&, —y5})B,

satisfying [ aﬂBde/‘” =0. The coupling term
1 [d*xjiB,, yields
k 4
4—7[2 d X¢f03BZ. (102)

We can also couple the system to A, and B, at the
nonlinear order. These couplings can be added by the
replacements 9,¢ —» 0,4 — A, and f,, — f,, — B, in
Eq. (58), respectively. The dynamical fields transform
under the gauge transformations in Egs. (99) and (100) as

d—d+A, (103)

and

a, = a, +A,, (104)
respectively.7 The spatially varying axion field and external
magnetic field can also be realized by the above choices.

In the gauged action, the magnetic one- and two-form
symmetries can be explicitly broken, in general. The gauge
invariance under Egs. (99), (100), (103), and (104) requires

the symmetry generators should be deformed as
e [ FumBu)ds i

e Jsm T for the magnetic one-form symmetry and
iang _ )

e fc(a”{/’ A4S for the magnetic two-form symmetry.

However, the presence of the background fields may violate
the 27z periodicity of the parameters ay, and ay, by
fractional phases due to the relations 3 [ B, dS* € 27
and fc A, dx € %Z. In the case of the spatially varying
axion field or the external magnetic field, these symmetries
are preserved since the background fields do not lead to
fractional phases.

7Technically, the nonlinear gauging of the electric one-form
symmetry violates the periodicity ¢ — ¢ + 2z, and we should
gauge the two-form symmetry simultaneously [58]. However,
such a violation is absent if we focus on the external magnetic
field or the spatially varying axion field discussed in this paper.
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4. Higher-form symmetry breaking

Here, we explain the higher-form symmetry breaking in
the presence of the external fields. In this system, the Z,
zero- and one-form symmetries and U(1) one-form sym-
metry can be spontaneously broken.®

We are interested in the breaking of the electric one-form
symmetry characterized by a nonzero VEV of the Wilson
loop. Consider a pair of static charges with opposite signs.
We assume that the distance of the charges is R and they are
created at t =0 and annihilated at r = 7. Under this
assumption, the VEV of the Wilson loop is

(W(ggq. C)) = eV, (105)
where V(R) is the potential energy. To evaluate V(R), we
consider the propagator of the gapless modes in the static
limit @ = 0.

Let us first consider the case with the background
magnetic field. To see whether the symmetry breaking
occurs, we look at the kinetic term of ¢ and q,,

Liin —%(w]ﬁ %a")l)(fj’l)

Here, the matrix D in momentum space, which corresponds
to the inverse propagator, is given by

_p2
D(p) = (

_iQA_Iieupar <fm'>pp
A

b _npwpz ’
where b = (1Agp*,0,0,—iAgw)? and we used the
Feynman gauge. As we are interested in the static

Wilson loop in the infrared (IR) regime, we consider the
propagator at @ = 0,

(106)

- A
lﬁieupor<for>pp>
—’IWPZ

(107)

-p*>  —ildgp. 0"
1 : 2 T
Dlp)=— | 1BsP: P 0
p4 + A%p% 0 P42 p2
_51'] P’
(108)

¥In relativistic systems, the U(1) two-form symmetry cannot be
broken spontaneously in (3 + 1) dimensions due to the higher-
form generalization [17,59] of the Coleman-Mermin-Wagner-
Hohenberg theorem [60—62]. In nonrelativistic systems, this
theorem may be relaxed due to the modification of the propagator
of a NG mode [63]. It is an open question whether the Coleman-
Mermin-Wagner-Hohenberg theorem for higher-form sym-
metries can also be relaxed in nonrelativistic systems.

The nontrivial eigenvalues of the matrix due to B,
are +(p* + A%p?)”"/2. Among them, the eigenvalue
(p* + A% p?)~!/2 corresponds to an unphysical mode and
we discard it.

The potential V(x) due to this mode in the IR limit is
given by the inverse Fourier transformation of the propa-
gator at w = 0,

lim V(x) & lim dp ! ePx = ()
| x li =0,
o0 i~ ) (22) (p* + AGp2)'/2
(109)
and hence, the VEV of the Wilson loop is
(W) ~ lim e7TV&®) £ 0. (110)

[x]—>o00

Therefore, the electric Z, one-form symmetry is broken
spontaneously.

We can also show the spontaneous breaking of the
electric one-form symmetry in the case with the spatially
varying axion background field. In this case, the matrix in
Eq. (106) can be written as

_p2 0

. 111
0 —nﬂypz—iAqs@”””pp) (1

o) = (

In the static limit @ = 0, the nontrivial eigenvalues of the
propagator due to (9.¢) is —(p* + Ajp?)~"/%. Here we
discarded the eigenvalue (p* + AZp? )~'/2 that corresponds
to an unphysical mode. Similar to the argument above, the
potential due to this mode in the limit |x| — oo vanishes,
and thus, the electric Z; one-form symmetry is broken
spontaneously.

C. Low-energy effective theory and
chiral anomaly matching

Since the system has gapped modes with the mass gap
Ap 4, one can derive a low-energy effective theory for
gapless modes well below Ag, by integrating out these
gapped modes. One expects that the chiral anomaly in
Eq. (59) should also be encoded in such a low-energy
effective theory, since it is invariant under the renormaliza-
tion. This is the 't Hooft anomaly matching. In the case of
the spatially varying axion field, this is satisfied simply by

°In order to understand the fact that the eigenstate associated
with the eigenvalue (p* + A% p2)~'/2 is unphysical, it is conven-
ient to consider the case without the external magnetic field,
where D = diag(—p?, p, —p>, —p*,—p?). In this case, one of
the eigenvalues of D!, — — L =, which reduces to L when w = 0,
corresponds to an unphysical ghost mode due to the gauge-fixing
term. In our system, the eigenvalue (p* + A% p?)~!/2 corresponds
to this unphysical mode, since it becomes 1% when B = 0.
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¢ with the linear dispersion relation. On the other hand, in
the case of the background magnetic field, the chiral
anomaly matching is satisfied by the gapless mode with
the quadratic dispersion relation (63), as we will show
below.

Let us consider the case with the homogeneous
background magnetic field. We define complex scalar

fields'™
Ap .
W= /—Be'AB’<1j¢ + i%> ,
2 e
IAn .
yt = TBG_IAB’ <U¢ - i%) , (1 12)
from which we can write
1 ) .
— —iApt iApt,, *
U¢ \/m (e "4 +e "4 )’
a; i —iAgt iAgt,, *
— = ————(e"ly — 28 . 113
b ey ety (1

Inserting these relations into the original Lagrangian (58)
and retaining the terms at the leading order in derivatives
under the counting 9, ~ 9, ~ Vi, where V| = (0,, 0y, 0),
we derive the low-energy effective theory to the second
order in fields,

V2B,

BH,a'Re(e 2s1y)

iz 1
Lepr=zy Oy ——V y"-V y+
2 AB e

1 2 . 1
+ A / A—Baza’iaﬂlm(e“AB‘y/) ~i2 |fi

<~ - -
up to total derivative terms, where 9, =0, —9,, V/| =

(V!, V¥, v>,0) for a generic vector V¥, and f3, = 0,a; —
ﬁyaj. It is clear that we have only gapless modes in this
low-energy effective theory. In particular, the gapless mode
y has the quadratic dispersion relation (63) in the trans-
verse direction as it should.

We note that the number of physical degrees of freedom
in this effective theory decreases by one (which corre-
sponds to the gapped mode) compared with that in the
original theory (58). This can be understood from the
fact that the number of physical degrees of freedom is
equal to the number of real fields when the kinetic term is
second order in time derivatives, while it is equal to the
number of complex fields (or half of the number of real
fields) when the kinetic term is first order in time
derivatives [66].

2, (114)

"This procedure is similar to the one used to derive the
nonrelativistic limit of the relativistic field theory for real scalar
fields; see, e.g., Refs. [64—66].

The symmetries of this effective theory that we are
interested in are as follows'":
(i) Gauge symmetry

1 1 i
a; — ay + 044,

. . 1 /A
Im(e A5y ) — Im(e As%y) + B \/7381/1, (115)

with A a zero-form gauge parameter, which origi-
nates from the gauge symmetry a, — a, + d,4 in
the original theory (58).

(i1) Anomalous shift symmetry

. ) A
Re(e sfy) — Re(e sly) + UTBUC, (116)

with ¢ a constant, which originates from the anoma-
lous shift symmetry ¢ — ¢ + ¢ in the original
theory (58).

In this effective theory, the canonical momentum of y is

OLgrr i

. (117)

From the canonical commutation relation [y (x),z(y)] =
15(x —y),"* we find
(). y ()] = 6(x —y). (118)
Alternatively, one can derive the commutation relation
(118) by substituting Eq. (113) into the commutation
relation in the original theory (58),
Plp(x). 0,h()] = is(x - ). (119)
and using the relation v0,¢p = Ap % at low energy.
One way to check how the chiral anomaly is satisfied in
this effective theory is to look at the anomalous commutator
between the vector charge n and axial charge ns. For this

purpose, let us derive the expressions of n and ns in terms
of . The vector charge of the effective theory is given by

_ e __ V2,
- 4
e

- ba,

Re(e sty)].  (120)

On the other hand, the axial charge in the theory (58) is
ns = 2v%9,¢, which, in terms of y reads

"We will not discuss the higher-form symmetries of the theory
(114) because, as we only focus on the kinetic terms, the higher-
form symmetries turn out to be enhanced compared to the full
theory with the interaction terms. A systematic construction of
the full effective field theory based on the symmetries is deferred
to future work. o

The factor 1 /2 here is due to the two-sided derivative 0, in
Eq. (114).
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2 .
ns = 2vy |—0,[Re(e#sy)]. (121)
\/ Ap
By using Eq. (118), we arrive at
.k
[n(x).ns ()] = ~i5 5 B.0:6(x —y).  (122)

This is the anomalous commutator [67] that is responsible
for the chiral anomaly,” and the anomaly matching is
correctly satisfied in this effective theory.

IV. DISCUSSIONS

In this paper, we studied the axion electrodynamics with
level k in (3 4+ 1) dimensions in background fields as a
paradigmatic example of topological mass generation in
gapless systems. We have shown that this system exhibits
the spontaneous breaking of the Z; one-form symmetry for
k > 2 even in the absence of the conventional topologi-
cal order.

Since the low-energy effective theory of QCD coupled to
QED corresponds to the axion electrodynamics in Eq. (58)
with |k| = 1 as mentioned in the main text, one can ask
whether the case with |k| > 2 can be realized in physical

PIn Ref. [67], chiral/Dirac fermions with |k| = 1 are consid-
ered. The anomalous commutator (122) with a generic integer k
appears in a system having a monopole with charge k in
momentum space that acts as a source/sink of Berry curvature
[68]; see also Sec. IV.

systems. One such possibility is the “axionic charge density
wave” (CDW) [69] in multi-Weyl semimetals. The multi-
Weyl semimetal [70,71] is a type of Weyl semimetal in
which pairs of monopoles and antimonopoles with a
generic integer charge k appear in momentum space and
where the chiral anomaly relation (59) is realized. In Weyl
semimetals, the interaction effect may lead to the dynami-
cal chiral symmetry breaking by the pairing between
electrons and holes with opposite chiralities and, conse-
quently, a NG mode ¢, which may be regarded as an
“axion” field, appears [69]. It has been recently reported
that evidence of such an axionic CDW is experimentally
observed in the Weyl semimetal (TaSe, ), for |k| = 1 [72].
If the axion CDW is realized in multi-Weyl semimetals with
|k| > 2, the effective theory for the NG mode ¢ coupled to
dynamical electromagnetic fields at low energy there is the
axion electrodynamics with level k.

In this paper, we also constructed the low-energy effective
theory (114) for the gapless mode with the quadratic
dispersion relation, starting from the theory (58) in the
external magnetic field by integrating out the gapped modes.
It would be interesting to develop a systematic construction
of this kind of low-energy effective theory based on the
breaking pattern of zero- and higher-form symmetries with-
out referring to the details of a microscopic theory.
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