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Finiteness of the two-loop matter contribution to the triple
gauge-ghost vertices in /' =1 supersymmetric gauge
theories regularized by higher derivatives
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For a general renormalizable N = 1 supersymmetric gauge theory with a simple gauge group we verify the
ultraviolet (UV) finiteness of the two-loop matter contribution to the triple gauge-ghost vertices. These
vertices have one leg of the quantum gauge superfield and two legs corresponding to the Faddeev—Popov ghost
and antighost. By an explicit calculation made with the help of the higher covariant derivative regularization
we demonstrate that the sum of the corresponding two-loop supergraphs containing a matter loop is not UV
divergent in the case of using a general £-gauge. In the considered approximation this result confirms the
recently proved theorem that the triple gauge-ghost vertices are UV finite in all orders, which is an important
ingredient of the all-loop perturbative derivation of the Novikov-Shifman-Vainshtein-Zakharov relation.
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I. INTRODUCTION

Possible ultraviolet divergences in supersymmetric
theories are restricted by some nonrenormalization theo-
rems. For example, it is well known that the superpoten-
tial of N =1 supersymmetric gauge theories cannot
receive divergent quantum corrections [1]. Consequently,
the renormalizations of masses and Yukawa couplings
can be related to the renormalization of chiral matter
superfields. However, there are also some other nonre-
normalization theorems even in theories with A =1
supersymmetry. For example, it is reasonable to consider
the exact Novikov-Shifman-Vainshtein-Zakharov (NSVZ)
p-function [2-5] as a nonrenormalization theorem, because
it relates the renormalization of the gauge coupling constant
to the renormalization of chiral matter superfields.
Moreover, it produces the nonrenormalization theorems
for N'=2 [6-8] and N =4 [6,7,9,10] supersymmetric
gauge theories [11]. It is important that the nonrenormal-
ization theorems hold only for special renormalization
prescriptions. Strictly speaking, even the nonrenormaliza-
tion of the superpotential requires either a manifestly
supersymmetric superfield quantization or special limita-
tions on a subtraction scheme. Therefore, it is highly
desirable that the regularization and renormalization pro-
cedures be consistent with supersymmetry. Similarly, for
deriving the finiteness of A/ = 2 supersymmetric gauge
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theories beyond the one-loop approximation from the
NSVZ p-function one should use a manifestly N =2
quantization procedure [12]. Such a procedure can be
constructed with the help of the harmonic superspace
[13—-15] and the corresponding invariant regularization
[16]. However, the NSVZ p-function is valid only for
certain renormalization prescriptions, called “the NSVZ
schemes,” which constitute a continuous set [17,18]. It
appeared that such popular renormalization schemes as DR
and MOM do not enter this set, see Refs. [19-23] and
[24,25], respectively. An all-loop prescription for construct-
ing at least one of the NSVZ schemes was given in [26].!
The NSVZ scheme is obtained if a theory is regularized by
the higher covariant derivative method [30,31] (which
includes introducing the Pauli—Villars determinants for
removing one-loop divergences [32]) in the superfield
version [33,34] and the renormalization is made by
minimal subtractions of logarithms [27]. This renormaliza-
tion prescription is usually called HD + MSL [35,36].
Note that actually the NSVZ pg-function is valid in the
HD + MSL scheme because it holds for RGFs defined in
terms of the bare couplings for theories regularized by
higher derivatives independently of a renormalization
prescription. This statement has been verified by numerous
multiloop calculations, see, e.g., [38—44], and can be
used for simple calculation of the p-function in higher
orders [45]. The all-loop proof has been done in
Refs. [26,46—48]. It turned out that for making this proof

'In the Abelian case a similar prescription has been found
earlier [27] on the base of the results of [28,29].

*For N = 1 SQED the on-shell scheme appears to be another
all-loop NSVZ renormalization prescription [37].
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the NSVZ equation should be rewritten in an equivalent
form [46], which does not contain the coupling con-
stant dependent denominator similarly to the Abelian
case [49,50] and to the exact expression for the Adler
D-function in N =1 SQCD [51,52]. The equivalence
of both forms of the NSVZ relation can be established
with the help of a nonrenormalization theorem for the
triple gauge-ghost vertices, which is an important
ingredient needed for the perturbative proof of the exact
NSVZ p-function. This theorem has been derived in
[46] for N =1 supersymmetric gauge theories under
the assumption of the superfield quantization in a
general &-gauge. According to this theorem the triple
gauge-ghost vertices in which one line corresponds to
the quantum gauge superfield and two others correspond
to the Faddeev—Popov ghost and antighost are UV finite
in all orders. Earlier similar statements were known for
theories formulated in terms of usual fields in the
Landau gauge & — 0 [53,54]. They have been verified
by three- and four-loop explicit calculations in
Refs. [54,55]. In the general £-gauge the UV finiteness
of the above mentioned vertices in the supersymmetric
case was demonstrated by an explicit one-loop super-
field calculation in Ref. [46] made with the help of the
higher covariant derivative regularization. In this paper
we partially verify that this statement is also true in the
two-loop approximation. Namely, we will prove that a
part of the two-loop contribution to the triple gauge-
ghost vertices coming from superdiagrams which con-
tain a matter loop is UV finite for theories regularized
by higher covariant derivatives. Note that we will use
this regularization because it naturally produces the
NSVZ scheme and reveals some interesting features
of quantum corrections in supersymmetric theories, see
[42] and references therein. However, calculations of
quantum corrections with this regularization are rather
complicated and to a certain degree are similar to the
ones for higher derivative theories (see, e.g., [56-58]).

The paper is organized as follows. In Sec. II we recall
the superfield formulation of N =1 supersymmetric
gauge theories together with some aspects of their
regularization by higher derivatives and superfield quan-
tization. The structure of the triple gauge-ghost vertices is
discussed in Sec. IIl. The calculation of the two-loop
superdiagrams containing a matter loop is described in
Sec. IV, where we prove that their overall contribution is
not UV divergent.

II. M =1 SUPERSYMMETRIC GAUGE
THEORIES AND THE REGULARIZATION
BY HIGHER COVARIANT DERIVATIVES

We will consider a general renormalizable N = 1 super-
symmetric gauge theory with a single gauge coupling
constant. In the superfield formulation its classical action
is written in the form

| 1 . 4
S = FRetr/ d*xd>OWwW,, +4—1/ d*xd*0¢(e*V) /b,

€0
+ { / d4xc[29<%m6j¢i¢j +ézgf"¢i¢,¢k> + C.c.},
(1)

where e and ﬂéj ¥ are the bare gauge and Yukawa couplings,

respectively, and mf)j is the bare mass matrix. The

Hermitian gauge superfield and its superfield strength
are denoted by V and W, respectively. The chiral
matter superfields ¢; lie in a certain representation R of
the gauge group G. In our notations the generators of the
fundamental representation denoted by 4 are normalized
by the condition tr(#'¢%) = §48 /2, while the generators of
the representation R are denoted by T4 and satisfy the
equations

w(TATB) = T(R)3®;  (T'T*)/ = C(R)/. (2)

14
The theory is gauge invariant if the bare masses and
Yukawa couplings are chosen in such a way that

mi (T4),J + mg! (1), = 0; (3)
29" (T), 5+ 25T, + 25T, = 0. (4)

Below we will always assume that these equations are
satisfied. Also we will always assume that

mm, ; = mgé. (5)

Note that these conditions can be satisfied only for

anomaly free theories. Really, using Egs. (3) and (5) after
some transformations we obtain

* ik [
mitr(TATPTC) = myg, my (T),H(T),"(T€),,'
= _méijmﬁm(TA)kj(TB)zk(Tc)ml

= —m3tr(TATCT?). (6)

This implies that the generators 74 should satisfy the
anomaly cancellation condition [59]

w(TA{T, T€}) = 0. (7)

Certainly, the absence of the gauge anomalies is also
needed for the renormalizability, which will essentially
be used in what follows.

For quantizing the theory (1) it is convenient to use the
background field method. Moreover, one should take into
account that the quantum gauge superfield is renormalized
in a nonlinear way [60—62]. This has been confirmed by
explicit calculations in the lowest orders of the perturbation
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theory [63,64]. Also explicit calculations demonstrate that
without the nonlinear renormalization the renormalization
group equations are not satisfied [65]. To take into account
the nonlinear renormalization and to introduce the quan-
tum-background splitting, we make the substitution

2v 2F (V)

e?V — e V)2V, (8)
Here V and V denote the quantum and background gauge
superfields, respectively. Note that in this notation the
quantum gauge superfield satisfies the equation V' =
e72VVe?Y. After the replacement (8) the gauge superfield

strength takes the form

1
Siee = =5 Re tr/ d*xd*OwW* {e‘zve‘”(wR(

2
2e;

1 4o ghp b vy 2F
+4/dxd6’¢ [F<_16A2 e

1
+gaofk¢,-¢j¢k> + c.c.},

where A is the dimensionful cutoff parameter of
the regularized theory, and the covariant derivatives are
defined as

V,=D, V,=eWVeVD,e Ve 27 V) (1)
(The higher derivatives are present inside two regulator
functions R(x) and F(x), which rapidly grow at infinity
and are equal to 1 at x=0.) In our notations, if
f(x) = fo+ fix+ fox* +---, then the subscript Adj
means that

FX)ag¥ =FoY + [1IX Y]+ X X Y]+ (12)

L, OF TN (A
SFP—Z/dXdH ‘7

F(v)

x{ () ot +
{ (1 - 32f(v)>Adj

1 4o 34 vv? 2V
Sk = a5t | dxd*obt (K (—— |e b, (15)

To regularize one-loop divergences that survive after
introducing the higher derivatives, we should insert the
Pauli—Villars determinants into the generating functional
[32]. According to [66,67], in the supersymmetric case one

W, = %Dz(e‘z"e‘Zf(V)D

(FVeEV)). ()

In this paper we will consider only superdiagrams which
do not contain external lines of the background superfield.
However, for other purposes the background (super)field
method is very useful, so that constructing the generating
functional we will keep the dependence on the background
gauge superfield V.

Following Refs. [66,67], we introduce the regularization
by adding some terms containing higher derivatives to the
action. After this the regularized action can be written in
the form

5272
Vv V2> ez]—‘(V)eZV:| W,
16A A

(V)eZV] ih; + {/ d*xd*6 <% mg(ﬁid’j

(10)

The gauge fixing term analogous to the background
£-gauge in the usual Yang-Mills theory is given by the
expression

1 4. 74 02 VZVQ 2
Sef = ———tr | d*xd*OVPVK(—— ] V2V,

(13)

which includes the background covariant derivatives V, =
D, and V, =e?YD,e V. Also the gauge fixing term
contains one more higher derivative regulator function
K (x), which has the same properties as the functions R(x)
and F(x). Then the actions for the chiral Faddeev—Popov
ghosts ¢ and ¢ and the chiral Nielsen—Kallosh ghosts b read

(14)

needs two such determinants. The first one can be presented
as a functional integral over three commuting chiral super-
fields ¢, ¢,, and @5 in the adjoint representation of the

gauge group,
Det(PV.M,)"" = /D¢1D¢2D¢3 exp(iS,), (16)

where
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1 V22
S, = Z_e%)tr/ d*xd*6 <(,01+ {R (— 16A2> ezﬂv)ezv] Adqu
+ ¢F [27) eZV]Adj(pZ + o3 [ezf(v)ezv]Adj(p3)

|
22 (tr/d4Xd29Mw(¢% + 93+ ¢3) +c.c.>_
0

(17)

This determinant cancels one-loop divergences generated
by the gauge and ghost superfields. The second Pauli—
Villars determinant removes one-loop divergences pro-
duced by a matter loop. It is given by the functional
integral over the (commuting) chiral superfields ®; in a
representation Rpy which admits a gauge invariant mass
term such that M*M}; = M?§,

Det(PV, M)~! — / Doexp(iSy),  (18)
where
Se = i / d4xd49c1>+F<— ?;Zj ) VeV
+ G / d*xd*OM D, D, —|—c.c.). (19)
|
bi = ()3 V= e Vet e

D; - (et) /D) ¢ — edce™:

parametrized by a chiral Lie-algebra valued superfield A
remains unbroken and is a manifest symmetry of the
effective action. In contrast, the quantum gauge invariance
is broken by the gauge fixing procedure. However, the
remaining BRST symmetry produces the Slavnov—Taylor
identities, which can be derived with the help of the
standard procedure [68,69]. The regularized theory de-
scribed by the generating functional (20) is finite (for finite
value of A) and gauge invariant. Therefore, no anomalies
can appear in the gauge Slavnov—Taylor identities due to
the absence of ambiguous linearly divergent integrals.3
However, it is well known that in general the anomalies
can appear in the gauge Slavnov—Taylor identities. The
contradiction is solved if we take into account that one can
introduce the considered regularization (which ensures the
absence of gauge anomalies) only if Eq. (7) and the similar
condition for the generators of the representation Rpy

*Even in usual QED the Pauli—Villars regularization allows
calculating the anomaly of the axial current in such a way that the
gauge symmetry is automatically unbroken, see, e.g., [59].

c—e

Then the generating functional of the regularized theory
takes the form

Z[V, Sources]
_ / Du(Det(PV. M))*Det(PV. M,)~!

X exp<iSreg + ngf + iSFP + iSNK + iSsources)7 (20)

where Dy denotes the integration measure, c=T(R)/T(Rpy)
and S,ouees 1ncludes all relevant sources. Moreover, to
obtain a theory with a single dimensionful regulariza-
tion parameter, we require that the ratios a,=M,/A
and a = M/A are constants which do not depend on
couplings. The effective action I" is constructed according
to the standard procedure, as a Legendre transform of the
generating functional for the connected Green functions
W=-ilnZ.

It is important that both the regularized action and the
above described Pauli—Villars determinants are gauge
invariant. Due to the use of the background field
method the original gauge invariance produces two differ-
ent types of transformations. The background gauge
symmetry

— e Ve, P123 = e praze™
ce™, b — etbe™ (21)
tr(Tpy{Thy. Thy}) =0 (22)

are satisfied.* Otherwise, the gauge symmetry is broken by
the mass terms. However, the gauge anomalies are propor-
tional to the structure (7) even in the case of using N = 1
superfield quantization [70]. This implies that the considered
version of the regularization can be constructed only if the
gauge anomalies are absent, so that no contradiction appears.

III. STRUCTURE OF THE THREE-POINT GAUGE-
GHOST VERTICES AND THEIR FINITENESS

We are interested in the 3-point vertices with two
external ghost legs and one external leg of the quantum
gauge superfield. (Note that similar vertices with a leg of
the background gauge superfield are in general UV
divergent.) There are four different vertices of the consid-
ered structure, namely, ¢*Ve, ¢Ve, ¢tVe™, and ¢Ve™
depending on the (anti)ghost superfields on the external

4EVidently, the analogous equation is always valid for the
adjoint representation.
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lines. According to [46] all these vertices have the same F (V)A = VA4 g%yOGABCDVB vevb 4 | (24)
renormalization constant Z, 1 2ZCZV, where Z,,, Z., and Zy,
are the renormalization constants for the gauge coupling

constant @ = ¢?/4r, the Faddeev—Popov ghosts, and the ~ Where GABED = (fAKL pBLM pCMN ¢DNK 4 permutations of

quantum gauge superfield, respectively, B, C, and D)/6, and contains a parameter y,, which should
also be renormalized. Then the nonlinear renormalization

1 Z, _ _ is reduced to linear renormalizations of V4 and of the

a—o - ;; ehel = Z.Thegs VA =2y Vi, (23) parameters y,, ... The equation describing the renormaliza-
tion of the parameter y in the lowest nontrivial approxima-

where the subscript R denotes renormalized superfields. tion can be found, e.g., in [65].

Certainly, it should be noted that the quantum gauge super- The structure of the triple gauge-ghost vertices can

field is renormalized in a nonlinear way. To take this non-  be analyzed with the help of dimensional and chirality

linear renormalization into account, we include aninfinite set ~ considerations. Using notations similar to the ones in
of parameters into the function F(V)A. Say, in the lowest  Ref. [46] we write the corresponding parts of the effective

nontrivial order it is given by the expression [63,64] action as
|

4
ieo ape [ uy d'p d'q oA ( 2 B
Alziy. = dao .0 ,q)0°11, ), VZ (=p, 0
tVe — f / (277:)4 (2 ) (p+q ) S(p Q> 1/2 ( P )
+ 8,(p-)(1")i*DyDVE(=p.0) + S(p.q)V*(=p.0) ) (~q.0); (25)
d‘p d*
Aleiyer =27 [ ato S B0 e4(p 4 0.0)3(p. )V (=p.0)c™(=q.0), (26)
(2rm)* (27)*
where 9°IT; n= —-D“D?D,/8 is a supersymmetric analog of the transversal projection operator. Differentiating these
expressions with respect to superfields we present the considered Green functions in the form
5T _ieg apc d*p d*q
B T .q)0*T1
scihovisce — 167 / (2n)* (20)* <s(p 9912
= S,(p.q)(7")a"D* Dy, + S(p. Q))y(D%&Ey(q +p)D25y.(q)): (27)
L leOfABC/ d'p d'q S( q)D28%,(q + p)D85.(q). (28)
ééjAéVgécjc (27)* (2m)* o e

where &%, (q) = /%540, - 0,).
The one-loop expressions for the functions s, S,,, S, and S can be found in Ref. [46] (in which they are denoted by f, F,,

F, and F, respectively). For example, the sum of the tree and one-loop contributions to S is given by the following function
of the Euclidean momenta P and Q5

L, 86 [ d'K (Q+P)? EP?
S(P.0) =1+ 4 / (2x)* {_ RyK2(K +P)2(K— Q) KxK*(K+ Q)*K+Q+ P)?
. % (f V(L 2e+r? 2
KxK*(K + P)>(K + Q + P)? Ky Rg K*K+Q+P)* K> (K+Q+P)?
1 ~ 1 .
KZ(K T Q)2 Kz(K T P)Z) } + O(ag, apdg), (29)

where Rg = R(K?/A?) etc. We see that this expression is finite in the UV region independently of the value of the gauge

parameter &), although some terms inside it are logarithmically divergent. The function Sis given by a similar UV finite
expression. In the one-loop approximation the UV finiteness of the functions S, and s immediately follows from the fact

that they have the dimensions m~! and m~2, respectively.

°In our conventions Euclidean momenta are always denoted by capital letters.
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In this paper we would like to verify that a part of the
two-loop contribution to the Green functions (27) and (28)
coming from supergraphs containing a matter loop is UV
finite. The straightforward calculation is rather compli-
cated, especially due to the use of the regularization by
higher covariant derivatives. However, it is possible to
make some simplifications. First, we know that all 4 three-
point gauge-ghost vertices have the same renormalization
constants. Therefore, it is sufficient to calculate only one of
them. In this paper we will consider the function (27).
Moreover, the integrals giving the functions S, and s have
the superficial degree of divergence —1 and -2, respec-
tively. This implies that the corresponding divergences can
come only from divergent subdiagrams. For the considered
renormalizable theory these subdivergences are evidently
removed by the renormalization in the previous orders.
Therefore, to find the two-loop contribution to the renorm-

alization constant Z, 1 2ZCZV, we need to calculate only the
function S. This function can be extracted from the
corresponding part of the effective action [given by
Eq. (25)] by a formal substitution®

V - D’H, (30)

where H is a Hermitian superfield, because after this
substitution the expression (25) takes the form

Moreover, the calculation of the function S can be done in
the limit of the vanishing external momenta. Really, terms
proportional to external momenta are given by integrals
with a negative superficial degree of divergence, so that
after removing subdivergences by the renormalization in
the previous orders we will obtain UV finite contributions.

Thus, we will extract the function S with the help of the
formal substitution (30) and calculate it in the limit of the
vanishing external momenta, P, Q — 0. Details of this
calculation we describe in the next section.

IV. THE MATTER CONTRIBUTION TO THE
TRIPLE GAUGE-GHOST VERTICES

We will investigate a part of the two-loop contribution to
the three-point gauge-ghost vertices coming from super-
graphs containing a matter loop.” They are presented in
Fig. 1. Some of the diagrams presented in this figure
include a gray disk which encodes a sum of two diagrams
depicted in Fig. 2. Actually, it corresponds to that part of
the one-loop quantum gauge superfield polarization oper-
ator which comes from diagrams with a matter loop. The
analytic expression for it has been found in Ref. [67]. In the
considered massive case it is written as

d*‘L
e by dg ATT = —87a,T(R) / AL kL), (32)
Aleye = 011 / O iy P a0) (2m)*
X S(p,q)DzHB(—p,Q)cC(—q,e). (31) where
|
1 F? F2
h(K, L) = 2 _ 72 ( T o) 2
(K4 L) = L%) \2(L*F} +mg)  2((K+L)*Fy +mj)
_ mgF, mgFie,, _ Fi
NFL(LFf +mg)  NFg (K+L)>*Fg, +mg) 2(L*Ff + M?)
2((K+L)Fg +M?)  NFL(LF] +M?) NFy (K+L)Fg +M))

and primes denote derivatives with respect to the arguments, e.g., F;, = F'(L?/A?). The polarization operator I is related to
the two-point Green function of the quantum gauge superfield. Taking into account that quantum corrections to this function
are transversal due to the Slavnov—Taylor identities [68,69], we can present the corresponding part of the effective action in
the form

1 d*k
ry - sy = / A0V (=k, 0)87T1, , V (K, 0)d; (g, Ao, K2/ A). (34)

——t
87 (2m)*

®This substitution is needed only for extracting a certain part of the Green function, so that it is not essential that the expression D*>H is
not Hermitian.

"We will consider only two-loop supergraphs in which a matter loop corresponds to the usual superfields ¢; and the Pauli—Villars
superfields ®;. The supergraphs with a loop of the Pauli-Villars superfields ¢, » 3 produce contributions proportional to C3, so that it is
natural to investigate them together with the two-loop supergraphs without matter loops.
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FIG. 1.
disk denotes the sum of two subdiagrams presented in Fig. 2.

Then the polarization operator is defined by the equation

q

(35)

From the above equations it is possible to write the exact
propagator of the quantum gauge superfield in terms of the
function IT,

. 1 1 22 L ey (S0 ]
2l<(R—H)5)2 1684(DD+DD)<K R—H))

x 83,67, (36)

where &%, = §*(x* — y*)5*(0, — 6,). Using this equation it
is easy to construct expressions for various superdiagrams

d_l (ao,lo, kZ/A2) - aalR(kz/Az) = —aall—[(ao,/lo, kz/Az)

The superdiagrams giving a matter contribution to the three-point gauge-ghost vertices in the two-loop approximation. A gray

containing insertions of the polarization operator and,
in particular, for the superdiagrams with a gray disk
in Fig. 1.

To construct vertices containing ghost lines, it is
necessary to take into account Eq. (24) and use the
equations

1% 1 1 1 1
SN A 2 _y4 V6. 7
= 2+2 6V +90V +0(V®); (37)

%4 1 1 1 1
=4 V+_VE—_ V'L 0O(V®). (38
1—€_2V 2+2 +6 90 + ( ) ( )

Then we see that vertices with ghost legs are generated by
the expression

@ O Q.

FIG. 2. Superdiagrams producing a matter contribution to the one-loop polarization operator of the quantum gauge superfield.
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1 1 ] z
Spp = /d4xd49(ZC+AZ’A + ZE+ACA _’_lf%fABC(EA FEHAYWB(C 4 etC) — e_OfABC

X fCDE( + C+A)VBVD(C _ C+E)

The term containing y, is essential even for calculating
the two-loop anomalous dimension of the ghost super-
fields, see Ref. [65] for details. Therefore, it is
certainly needed for calculating the two-loop contri-
bution to the triple gauge-ghost vertices. However, it is
not essential for obtaining its part proportional to
C,T(R) (which we are interested in), so that the
effects of the nonlinear renormalization can be ignored
in this paper. Also we see that the vertices with two
ghost and three gauge lines are absent and, therefore,
we need not include the corresponding superdiagrams
into Fig. 1.

180
3
x VH(cl — ) — Ze%yQGABCD(E’A +MVEVD (B — ¢B) + )

0 fABCfCDEfEFGfGHI(C + C+A)vaD VF

(39)

|
(1) The superdiagrams (1), (5), and (6), in which an
external gauge leg is attached to a gauge internal line.
(2) The superdiagrams (13), (14), and (15) containing an
insertion of the one-loop polarization operator (32)
and an external gauge leg attached to a ghost line.
(3) The other superdiagrams (2), (3), (4), (7), (8), (9),
(10), (11), and (12) in which an external gauge line is
attached to a matter loop.
Let us demonstrate that the sum of superdiagrams in each
of these groups is UV finite.
1. First, we consider the superdiagrams (1), (5), and (6).
They include a triple gauge vertex in which [after the

It is convenient to divide the superdiagrams presented in
Fig. 1 into three groups.

replacement (30)] one leg corresponds to D?H. The original
expression for the triple gauge vertex is written as

ASys = "”0 L pane / dSxVADVER(82/A\2)D?D,VC

€0 apc N - 82 aDZDZDuVAVB o "_l_al—)zD e
TP ILD BN Kl e A2 al

n=1 a=0

(40)

where V4 are components of the quantum gauge superfield, d®x = d*xd*6, and the coefficients r,, are defined by the equation

x)=1+ i rpx". (41)
n=1
After making the replacement (30) for one gauge leg, we obtain the expression
lleg FABC / &x (DZHAD“VBR(az/AZ)DZDuVC + VAD“DZHBR(az/M)DZDaVC)
€0 apc s (PN i pavanzgs (PN " 52 ve
+ szt g Z/dx(M>DDDVDH<M> D*D, V€. (42)

This vertex is a part of diagrams (1), (5), and (6) which contribute to the function S defined by Eq. (25). If D> H stands on the
gauge external line, then the corresponding loop integrals are logarithmically divergent. Therefore, if more than two
supersymmetric covariant derivatives act on the superfield H, the corresponding contribution is UV convergent and vanishes in
the limit of the vanishing external momenta. (In the considered renormalizable theory all subdivergences are removed by the
renormalization in the previous orders.) This implies that the term containing D*D?H can be omitted. Integrating the
supersymmetric covariant derivatives by parts, omitting terms with more than 2 derivatives acting on H, and using the identity
D?*D?*D? = —16D?*8?, the vertex under consideration can be rewritten as

oo -1
n 82 a B 62 n—a _
’60 T / dSx (DZHAD”VBR@Z/AQ)DQD ve-2%", <F) DVAD2HE <ﬁ> DZDaVc). (43)

n=1 a=0

In the second term we integrate the usual space-time derivatives by parts and omit terms proportional to the external momentum
—p, (of the superfield H). Then with the help of the equation
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FIG. 3. For the superdiagrams (13), (14), and (15) in the limit of
the vanishing external momenta with the help of the integration
by parts one can achieve that the supersymmetric covariant
derivatives act on the gauge superfield propagator.

io: r,nx"™ = xR'(x) (44)

n=1
we present the vertex in the limit p — 0 in the form

%fABC/dSXDZHADaVB

2\ 252 2\ \ _
« <R (%) +[%R’ (%))DzDaVC. (45)

Again integrating by parts (with respect to the last derivative
D? and the usual derivatives inside the round brackets) and
omitting terms vanishing in the limit p — 0 we can present
this expression as a product of a symmetric (with respect to
the permutation of the indices B and C) tensor and the
antisymmetric structure constants f4Z€. Certainly, such a
product vanishes. Therefore, the vertex in which an external
D?H-leg is attached to an internal line of the quantum gauge
superfield is equal to O in the limit of vanishing external
momenta. This implies that all diagrams containing such
vertices are finite. In particular, we see that the superdiagrams
(1), (5), and (6) in Fig. 1 are finite.

2. Superdiagrams (13), (14), and (15) also give UV finite
contributions. Indeed, the ghost propagator is proportional
to either

272
DiDy or 7y 58
49> 40> 7

(40)

depending on a sequence of the ghost vertices. As we have
already discussed above, if at least one supersymmetric

D*H -
D?H
m
v
1% 1%

covariant derivative (certainly, except for D? inside D>H)
acts on external lines, then a superdiagram evidently
vanishes in the limit of the vanishing external momenta.

Let us consider a triple vertex with an external ghost leg
and integrate by parts with respect to D” or D? coming from
ghost propagator (46). For the superdiagram (15) this is
illustrated in Fig. 3. All possible terms in which covariant
derivatives act on the external ghost leg are finite.
Therefore, divergences can arise only if D? or D? act on
the propagator of the quantum gauge superfield producing
the expressions

1 1 =y, R S 1 &D?
2(_° _ _ ~ p2p2 212y [ S0 _ 50~ |
b (R82 160* (D*D%+ DD )<K R)) 0*K’

272 N2 12 @_l 750D2
o s o) (- 1)) 52

(47)

p(-L_ L
RO* 160*

The remaining derivatives D? or D? act on the polarization
operator, which is transversal due to Eq. (34). Therefore,
from the equations

D282H]/2 = 0, D282H1/2 =0 (48)
we conclude that the considered contribution vanishes.
Certainly, this argumentation is valid for each of the
superdiagrams (13), (14), and (15).

3. In the remaining supergraphs in Fig. 1 an external
gauge leg is attached to a matter loop. In other words, these
superdiagrams contain subdiagrams presented in Fig. 4. If
higher covariant derivatives are used for a regularization,
then the matter propagators are given by the expressions

. i F _ .
@ 08100) = = 37y DADIR:
(¢i(x)p;(v)) = —m(’né)ubifﬁ-;
@ WP = = gD (49)

where x and y are superspace points, and the regulator
function F [introduced in Eq. (10)] depends on 07

Q5

V Vv D*H

FIG. 4. The subdiagrams obtained by attaching an external D>H-leg to the matter part of the one-loop polarization operator.
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¢ depicted in Fig. 5, we first present the regulator function in
the second term in Eq. (10) in the form F(x) = Fy + Fx +
4 F,x* + --- Then we extract terms linear in the quantum
gauge superfield from all parts of the resulting expression.
" They will contain the sums of the form

FIG. 5. The triple gauge-matter vertex, which in theories "+ (g + P)Zqz("_l) +- 4 (g+p)
regularized by higher covariant derivatives is given by Eq. (51). (q+ p)2<”+1) _ qz(nﬂ)
= . (50)
(¢+p) -4

The vertices in the regularized theory should be calculated

tak.ing into account the presence of higher deriva'tives inthe  Calculating them using this equation and writing the result
action. For example, to obtain the simplest triple vertex  in terms of the function F(x) we obtain the expression

(q + p)qu+p - quq
(g+p)* -4

L[, dp d*q (., i
[ [ Ar 2t (¢ (~g = POV (p.0)(4.0)

I -, . ' Tt
_1_6D2¢*z(_q_p,e)V,-f(pﬁ)DZ‘ﬁj(q’H) W)’ o
where
¢j(q7 9) = / d4_x¢j(x’ g)eiqax“ etc. (52)

Vertices with a larger number of gauge legs can be found similarly, but the calculations and the resulting expressions are
much more complicated.

Using the explicit expressions for vertices and propagators we find the contributions of the superdiagrams presented in
Fig. 4. Investigating them it is necessary to take into account that the considered theory satisfies Eqgs. (7) and (22). After a
rather nontrivial calculation we have obtained that in the limit p — 0 their sum is proportional to

4

eSfABCT(R)/ d*0D*H"(0,0) / K D Dy IVE (k. 0)VE (=k. 0) () / d'q _(24+K),

(27) (2n)* (¢ + k)* — ¢
1 1 1 1
xXF . F - — . 53
a+ka <q2F; —m PE M (g RPF —m] (g kP, - M2> G3)

(Certainly, here we omitted the integral over d* p, because we are interested only in the form of the momentum integral in the
limit p — 0, and a numerical coefficient, which will not be essential below.) Evidently, after the Wick rotation the integral in
this equation,

Tt @RI -0 \@Fmy Oy M Q4 Kyt (@4 KV Fy M)

will be proportional to K. Taking into account that
K'(20 +K), = (Q +K)* - 0°, (55)

we see that it can equivalently be presented in the form

[ — KﬂK” - Kﬂ d4Q P F 1 1
TR VT g2 (2”)4 O+K4 Q QQF%2 + m(z) Q2F2Q + M?
K d4Q 1 1
——L£ | —=F, «F < - ) =0. 56
<l e N (e S A (TR S T A 7 G6)
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The last equality is obtained after the change of the integra-
tion variable Q, - —Q,, — K, in the second integral if we
take into account that F'_y = Fg and F_y_g = F k. This
change of variable is possible, because the above integral is
only logarithmically divergent due to the contribution of
the Pauli—Villars superfields.

Due to Egs. (53) and (56) the sums of the superdiagrams
(2),(3),(9), (12) and (4), (7), (8), (10), (11) turn out to be UV
finite.

Thus, we conclude that in the limit of the vanishing
external momenta the sum of supergraphs presented in Fig. 1
vanishes. This, in turn, implies that for nonvanishing external
momenta this sum (expressed in terms of the renormalized
couplings) is given by finite integrals in the exact agreement
with the nonrenormalization theorem for the triple gauge-
ghost vertices.

V. CONCLUSION

In this paper we have demonstrated that a part of the
two-loop contribution to the three-point gauge-ghost vertices
proportional to C,T(R), which comes from superdiagrams
containing a matter loop, is finite in the UV region. These
vertices have two external ghost legs and one leg of the
quantum gauge superfield. The calculation has been done
with the help of the higher covariant derivative regularization

in the limit of the vanishing external momenta for a general
&-gauge. The result completely agrees with the general
statement derived in Ref. [46], according to which the
considered vertices are finite in all orders of the perturbation
theory. Unlike some similar previous results [53,54], it was
proved in the case of using the superfield formulation of
N = 1 supersymmetric gauge theories for a general é-gauge.
In the supersymmetric case this statement turned out to be a
very important step for the perturbative derivation of the non-
Abelian NSVZ p-function made in Refs. [26,46,47]. That is
why the result of this paper can be treated as a check of a
certain part of this proof. However, it should be noted that the
total two-loop contribution to the three-point gauge-ghost
vertices also includes terms proportional to C3, which were
not considered in this paper. We hope to analyze them in the
forthcoming publications.
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