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Gravitational wave signatures from dark sector interactions
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We show that the gravitational waves generated by the perturbations of general relativistic black holes
can be considered as a direct probe of the existence of dark sector interactions. Working within the
framework of Horndeski theory and linear perturbations, we show that dark sector interactions effectively
reduce to an interaction charge that influences both scalar and tensor waveforms. Furthermore, we show
that the total dark matter field, including the effects of dark sector interactions, satisfies a conservation
equation embodying the equivalence principle. We exploit this realization to setup the Regge-Wheeler
equation and the coupled Zerilli and scalar wave equations for a Schwarzschild-(anti) de Sitter black hole.
We then present numerical integration of the coupled even-parity wave equations for the case of a dark
matter particle falling straight down into a Schwarzschild black hole.
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I. INTRODUCTION

The general theory of relativity (GR) is by far the best
theory of the observable Universe. However, it requires the
addition of dark, ak.a., optically invisible, fluids at
cosmological distances to explain the observed late-time
cosmic acceleration and the preceeding matter era. The
concordance ACDM model, in which dark energy is treated
as a cosmological constant, also fails to give a definitive
fundamental description of the dark fields and sidesteps the
coincidence and cosmological constant problems. The
recent recognition of the tensions between the early and
late measurements of the Hubble parameter and matter
power spectrum has put the ACDM model in an even
tighter spot [1-3]. To properly assess the regime of validity
of the ACDM model, it makes sense to pay attention to
what else can the dynamical theory of the Universe be or
rather consider alternative theories of gravity.

The simplest, and arguably most compelling, alternative
theories are known collectively as scalar-tensor theories
[4-7]. In this class, the scalar field stands as a surrogate to
dark energy, endowing it with dynamics, and so brings an
additional propagating degree of freedom (d.o.f.) in addi-
tion to the two tensor polarizations carried by the metric.
However, arbitrary couplings of the scalar and tensor fields
in the action generally come with gravitational waves
(GWs) travelling at a speed different than that of light.
The observation of GWs from the binary neutron star
merger event, GW170817, and its optical counterpart has
constrained this speed difference to one part in 10" [8].
Viable alternative theories of gravity should then have GWs
propagating at the speed of light with little wiggle room for
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error [9-19]. Notably, the existing parameter space of
scalar-tensor theories remains to be quite large even with
such restriction and continues to be interesting from a
cosmological perspective. Furthermore, interest in dark
sector interactions, coupling the dark matter and dark
energy fields, has been renewed recently as a potential
answer to the Hubble tension [20-44]. The search for
observational signatures that distinguish between theories
with and without dark sector interactions is therefore of
considerable importance in order to constrain alternative
theories.

Black holes are powerful astrophysical laboratories for
observing new d.o.f.s in action and discriminating between
alternative theories of gravity. For one, these are the places
where gravity is at its strongest and so probe the highly
nonlinear and dynamical regime of a gravity theory. Also,
the black holes in GR can be simply described by their
mass, spin, and electric charge parameters, or “hair”
[45-48]. Non-GR d.o.f.s therefore generally allow a black
hole to depend on additional parameters. Ironically, general
relativistic black holes, i.e., those without any hair, appear
to be generally permitted in alternative theories of gravity
while hairy black holes seem to lack cosmological signifi-
cance or suffer from strong coupling issues and other
pathologies [49-56]. Nonetheless, general relativistic black
holes continue to be interesting in alternative theories
because their quasinormal spectra can reveal the existence
of new d.o.f.s through a mixing with the tensor modes
[57-61]. In scalar-tensor theories, this can be achieved via a
conformal coupling of the scalar field with the Ricci scalar
in the gravitational action in the physical frame. In this
paper, we work with general relativistic black holes
and consider it as a setting to directly probe interactions
between dark matter and dark energy.

© 2021 American Physical Society
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Dark sector interactions, by their very nature, can be
observed indirectly by their influence on astronomical
observations of the expansion history, cosmic microwave
background, and large scale structure [62—65]. On the other
hand, even dark fields respond gravitationally and produce
GWs whenever they interact. GWs therefore are a direct
means of detecting dark sector interactions. Given the
potentially legitimate role played by dark sector inter-
actions in cosmology, it is perfectly valid to ask whether
they can be probed with GW signals and in what setting.
We consider this question in this paper and prepare the
formalism for the perturbations of general relativistic black
holes with dark sector interactions. We work with the most
general Horndeski theory consistent with GW170817
[Eq. (1)] and accommodate two fairly general interaction
Lagrangians [Egs. (6) and (7)] that encompass most of the
specific choices of dark sector interactions considered in
the literature.

The rest of this work proceeds as follows. First, we
present the gravitational action of Horndeski theory and the
interaction Lagrangians which will represent dark sector
interactions (Sec. I A). The covariant field equations are
then presented (Sec. IIB) and shortly followed by a
discussion of its cosmological limit (Sec. I C) and general
relativistic black hole solutions (Sec. II D). In Sec. III,
we discuss general relativistic black hole perturbations
and obtain the main results of this paper. We obtain
linearized field equations in covariant form (Sec. IIT A)
and its spherical harmonics analysis in Schwarzschild-
(anti) de Sitter black hole leading to the sourced Regge-
Wheeler equation and coupled Zerilli and scalar wave
equations. To make the results explicit, we integrate the
coupled Zerilli and scalar wave equations for a dark matter
particle falling straight down toward a Schwarzschild black
hole (Sec. IV). We conclude with a discussion of the
limitations of this analysis and future work (Sec. V). In
Appendixes A and B, we provide the stress-energy tensor
for a radially falling particle and the recipe used for the
numerical integration in this paper.

Conventions. We work with the mostly-plus metric
signature, (—,+,+,4+), and in geometrized units,
¢ = 8xG = 1. Spacetime (two-sphere) indices are denoted
by lowercase (uppercase) latin symbols. For brevity, we
denote the covariant derivatives of a spacetime scalar ® as
@, eg, VO=0, V,V,0=00,. Sum and integral
over the spherical harmonic modes (I, m) and frequencies
@ are implicit. The reader interested in all of the math-
ematical details of this paper is encouraged to download the
supplementary Mathematica notebooks in the author’s
github repository.

II. HORNDESKI THEORY

In this section, we present Horndeski theory with dark
sector interactions and discuss its observational constraints.
The covariant field equations, its cosmological limit, and

general relativistic black hole solutions are also briefly
discussed.

A. Action

We consider the sector of Horndeski theory consistent
with the observation GW170817. This is given by the
gravitational action [11,12,15,16,18,19]

S, = / d*x\/=g[F(p)R + V(. X) — G(¢, X)Op] (1)

where g, is the metric, R is the Ricci scalar, and F, V, and
G are arbitrary potentials depending on the scalar field ¢
and its kinetic density X = —(845)2 /2. We refer to F, V,
and G as the conformal, k-essence, and braiding potentials,
respectively. The above action can also be transformed to
the so-called kinetic gravity braiding class of theories when
one goes to the Einstein frame [66]. In this conformally
equivalent frame, the tensor modes also propagate on the
light cone and the matter fields become nonminimally-
coupled to the conformal metric. For this work, we restrict
our attention to the physical frame [Eq. (1)] where the
metric and scalar field are g, and ¢, respectively.

In addition to Eq. (1), we consider the free dark matter
sector to be given by the Schutz-Sorkin action [67]

Sam = — / dx(yTaon) LIV ()

where p, n, and J¢ are the CDM’s energy density, particle
number, and particle current and / is a Lagrange multiplier.
The CDM’s fluid variables satisfy the following relations:

w e VT2 G)
ub =J%/(n\/=g) (4)
P =n(dp/0n) — p(n) (5)

where u#” and P are the CDM’s velocity and pressure,
respectively. Note that these relations guarantee u,u” =—1.
It must be noted that other Lagrangian representations of
the dark matter sector exist [68—71] and that the Schutz-
Sorkin action is a preferential choice. Nonetheless, Eq. (2)
has been proven to be useful in the analyses of cosmo-
logical perturbations in modified gravity [15,18,25,27,67]
and is a suitable companion to the interactions to
be discussed. We add to this the general interaction
Lagrangians given by [25]

'Cl =-I (4)7 X)p(n) (6)

and

‘CZ = —Iz(l’l, ¢’X)Jaaa¢/\/__g (7)
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where I, and [, are two arbitrary interaction potentials
coupling the dark sector. This representation of the dark
sector interaction encompasses most of the particular forms
of interacting dark energy studied in the literature
[24,29,31,34,36,37,40]. For example, in Refs. [20,34],
the interaction considered lead to a heat term Q =

—ﬂpdmg?ﬁ where f is a constant. This can be merely
recognized as special case of the first term of the heat
term [Eq. (25)] arising from the interaction potentials given
by Egs. (6) and (7).

Any visible matter can always be considered by includ-
ing an action S, with a stress-energy tensor (SET) given by

TO™ = —(2//=9)(8Sym/39™). (8)

The variation of the total action with respect to the fields
and multipliers straightforwardly gives the field equations
of the theory.

The theory (1) has tensor modes propagating on the light
cone and evades the GW astronomy constraint on the GW
speed. On the cosmology side, some of its sectors have
been analyzed in detail with observational data. The
Galileon ghost condensate [72] and the generalized cubic
covariant Galileon [73] appear to be as cosmologically
viable as ACDM even with large cosmological datasets that
have ruled out the cubic Galileon [74-77]. Interestingly,
special observational limits of cosmologically modified
gravity have been singled out in Refs. [78-81]. General
cosmological constraints on the theory (1) also exist
through parametrizations of the matter/light linear gravi-
tational potentials [2,82] and through effective field theory
routes [83,84]. A worthy alternative theory should also be
compatible with Solar System tests and therefore must keep
a screening mechanism [85-88].

B. Covariant field equations
The modified Einstein equation is given by

T(Vm)

E,, =L 9
bc D) ()

Sy = VxOd + Vixpupd“9” + Vy — 2XVyx + Gx(upd™ + Ry’ —

=2UpG, +2XGyy + G¢X¢b(2¢bc¢"

+ L (ngpp Vu® + ub$,V

+ n*Vyul Ly, + nul$pdn.dy,y —

Iix P+
G

where

Ebc = FGbc + F/(gbc‘l:kb - ¢bc) + F”(gbcD¢ - ¢b¢c)

Vv 14
=5 95c = Dot + Gy(Pobe + Xape)

2
G
+ =5 (900 Db + bocbeat® ¢ = 2b0ha”)
~(dm)
I T,
O e =S Lo b~ (10
75" = (0 + PYupu + Py, (1
p=0+0)p, (12)
and
P = (1 +11)P —_ I’lzl/ld¢d12n. (13)

The subscripts appearing in the potentials V, G, I; denote
explicit derivatives with respect to their arguments, e.g.,
Vy =0V/0X and I,y = 0I,/0X. Primes on the conformal
coupling F denote derivatives with respect to ¢, e.g., F/ =
dF/d¢ and F" = d*F/d¢?*. In the dark matter fields
[Egs. (11), (12), and (13)], we refer to the terms indepen-
dent of and attached to the interaction potentials as the free
and interacting parts, respectively, e.g., p, I,p, and p are the
free, interacting, and total dark matter energy density,
respectively. In particular, a dark matter quantity jy, with

a tilde on top, e.g., p, P, and T;i,m), refers to the total field,

or rather the sum of its free and interacting components.
The scalar field equation is given by

S,=0 (14)

where

(O¢)*) + Gxxd" ¢ (s — bacty)

1 1
0 FIR Iixx agh — 5 10 oyn Ligx
¢p00) + +P1+I¢ab¢¢ 1+11+ T+ 1,
c(ng°) + 2npl d°) — nub Prpp s P Lxx + nul yp o Iyx
>¢bnb + nly,ulp pcn ) (15)
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We identify the dark sector’s stress-energy tensor, Tsz), as

) = 2(FG,, - Eyp) (16)

so that the modified Einstein equation [Eq. (9)] can be
written as

(D) p(vm)
T T
FGy, — ;” :”TC. (17)

The dark matter’s field equation will be determined by the
Bianchi identity, V,G* = 0, and the scalar field equation.

C. Cosmology

On cosmological distances, assuming a spatially-flat
Friedmann-Robertson-Walker metric,

ds* = —di* + a(1)?dx?, (18)

and a comoving scalar, ¢ = ¢(1), it can be shown that the
dark energy and dark matter fluids satisfy

04 +3H(t)(0y +Py) = -Q (19)

and
p+3H1)(p+P)=Q, (20)
respectively, where an overdot denotes differentiation with
respect to the cosmic time ¢ and H(¢) = a/a is the Hubble

parameter. In Egs. (19) and (20), the energy densities and
pressures are given by [25]

0y ==V +¢*Vx +3HP Gx — §°G,
+3(1 —2F)H* —6HF'¢)

T .
~12 lix 3

—pp"———+nd’l 21
P 111, ng iy, ( )

Py =V - $Gx — ¢*G, — H*(1 — 2F)
+4HF — g (1 =2F) +2$F +2¢°F", (22)
p=(1+1)p. (23)
P=(1+1,)P—npl, (24)

and the heat term is given by

- Ly o Iy .
=pp—"—+p - 3n*Hpl,,. (25
Q=ph i+ phb 3, (25)
It is important to point out that no particular form of the

interaction potentials have been assumed in Egs. (19)

and (20). The heat term [Eq. (25)] can take on any form
and encompasses most of the specific forms assumed in the
literature [24,29,31,34,36,37,40].

D. Black holes

We consider bald black holes, i.e., general relativistic
vacuum solution

Gap + ANgap =0 (26)

with trivial scalar and dark matter fields,
() = 0. (27)
n =0, (28)

where ¢ is a constant. It is easy to show that this is an exact
solution to the field equations provided that

V = =2AF (29)
and
V= —4AF'. (30)

This is a good place to comment on the distinction
between general relativistic black holes and stealth black
holes in the literature [57,89]. Both solutions are described
by a metric that satisfies Eq. (26). However, stealth black
holes come with nontrivial fields or hair; on the other hand,
general relativistic black holes, which may also be referred
to as bald black holes, are accompanied by constant or
trivial fields [e.g., Egs. (27) and (28)].

In an astrophysical setting, a black hole may be
embraced by a nearly constant scalar field and is generally
expected to accrete dark matter from its surroundings. The
general relativistic black hole can be regarded as an
idealized first approximation to this realistic scenario that
caters to a simple, analytical solution, allowing various
physical analysis, e.g., quasinormal spectra [57-59]. The
existing formalisms for treating dark matter accretion into
black holes also support the continuity of the solution in
going from zero to small densities [90,91].

The general stationary solution to Eq. (26) is given by the
Kerr-(anti) de Sitter solution [92,93]. The discussion of
Sec. III A should then be understood within this context.
Only in the derivation of the Regge-Wheeler, Zerilli, and
scalar wave equations in Secs. III B and III C will the focus
be restricted to nonrotating black holes. In this case, we
consider the static and spherically symmetric geometry
given by

dr2 o) 2 202 2
—— + r*(d6* + sin®> 8da?).  (31)

ds*> = —B(r)dt* + B0r)
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Equation (26) is satisfied by the Schwarzschild-(anti) de
Sitter solution given by

B(r)=1———-—— (32)
where M is an integration constant.

ITII. BLACK HOLE PERTURBATIONS

In this section, we obtain the main results of this paper.
We obtain the linearized field equations on general rela-
tivistic black holes (Sec. III A) and derive the odd- and
even-parity master equations (Secs. III B and III C).

A. Linearized equations

To study black hole perturbations, we substitute the
perturbations

Gab = Yab T Naps (33)
¢—d+y. (34)
P =+ o, (35)
P — P+6P, (36)
n— n+on, (37)
and
u® — ub + sub (38)

to the field equations and let the background satisfy the
general relativistic black hole solution [Eqs. (26), (27), and
(28)]. We remind that the general relativistic black hole
comes with a constant scalar field and vanishing dark
matter. In practice, this corresponds to first performing the
perturbative expansion of the field equations for general
fields, and then taking the zeroth order fields to satisfy
Egs. (26), (27), and (28). The reader interested in the full,
background-agnostic, perturbative expressions may refer to
the Mathematica notebook bald_bh_perturb.nb in the
author’s github repository.

This straightforward but admittedly tedious task will lead
to the following final expressions for the linearized evo-
lution equations of the perturbations (A, . 8p, 5P). The
tensor perturbation #,, will be governed by

7(dm)
T, .
F((sGbc + Ahbc) + AF’I//gbc + F/l//bc + F/Dl//gbc = ;L

(39)

where

ST = (65 + 6P)uyu, + 6Py (40)

This is the linearized modified Einstein equation when
there is a conformal coupling to the Ricci scalar in the
action. An important distinction should be made when
interpreting this and comparing this with the noninteracting
case: it is the total dark matter field, or rather its fluid
variables, that the metric perturbation responds to [recall
Egs. (12) and (13)]. On the other hand, the scalar
perturbation y will be governed by

Oy — pty = s6T9 + ¢6p (41)

where the effective mass y, conformal coupling constant s,
and interaction charge ¢ are given by

2 _ Vap +4AF" +4A(F?/F)

3(F?/F)+ Vx —2G,

_ (F?/(2F))
3(F2/F) + Vx —2G,’

, (42)

and

I
g= Ttﬁll (3(F?/F)+Vy=2G,)™".  (44)

The mass u is a generalization of the expression obtained in
Ref. [57] to include nonzero A. The constant s ~ F’ is
responsible for the conformal coupling between the scalar
y and tensor h,;, modes. Specifically, when s # 0, then the
tensor modes’ quasinormal spectrum will be contaminated
by the scalar and should be observable in the ringdown
phase of black hole binaries [57-59]. Most importantly, we
introduce the dark sector’s interaction charge g [Eq. (44)]
which additionally sources the scalar perturbation . This
quantity is the leftover of dark sector interactions on a
general relativistic black hole background. Its effect on the
waveform is the main interest of this paper.
The dark matter’s evolution equation turns out to be

VesTI™ — 0. (45)

This was derived starting from the Bianchi identity,
VG, ~ V(T /F(¢)) =0, and then performing the
perturbative expansion. It is noteworthy that Eq. (45) is
of the exact same form as the free dark matter field’s
conservation equation except that it is the total field,

including both the free and interacting parts, that is
considered in this equation. Recall that Tl(im) denotes the
dark matter’s total stress-energy tensor [Egs. (11), (12), and
(13)]. Its free and interacting components correspond to the
terms independent of and proportional to the interaction

potentials, respectively. This result [Eq. (45)] can be
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considered as a manifestation of the equivalence principle
for dark matter perturbations even when there are dark
sector couplings. We can exploit this remarkable result in
order to simulate the direct effect of dark sector interactions
on the scalar and tensor waveforms. To get to this, we setup
the master equation for the odd- and even-parity sectors of
the black hole perturbations in the next two sections.

It is important to point out that the interaction charge
does not depend on the potential /,. The dependence on /7,
vanished because /, always comes with factors of n or ¢,
wherever it appeared in the field equations. This result
means that dark sector interactions of the form of Eq. (7)
cannot be probed using general relativistic black holes.

The main effect of the interaction charge ¢ can be
fleshed out by considering the dark matter perturbation as a
particle. In this case, 5P <« op, and so, by virtue of Eq. (45),
the dark matter particle will be on the geodesics of the black
hole. Substituting the trace of Eq. (40) into Eq. (41), we
obtain

Oy — p?y = (g — 5)5p + O(6P/8p). (46)

The interpretation of this equation is clear. Dark sector
interactions directly enhance or deteriorate the size of the
scalar waveform y by a factor —g/s [94]. This effect will
then leak into the tensor perturbation /., because of the
conformal coupling. In Sec. IV, we demonstrate this for the
case of a dark matter particle falling straight down into a
black hole. In order to do so, we then first derive the odd-
and even-parity master equations for the perturbations of
the black hole.

B. Odd-parity sector

To obtain the Regge-Wheeler master equation for the
odd-parity perturbations, we decompose the metric pertur-
bation in the Regge-Wheeler gauge as [95]

hiy = ho(r)eB0gY (0, a)e™! (47)
g = hy(r)eBOgY (6, a)e (48)
hAB = 0 (49)

where Y, are the spherical harmonics, A = (0, a), @ and «
are the polar and azimuthal coordinates on the two-sphere,
=6 =0, e =—1/sin6, and €} = sin6, and the sum
over the multipoles (/,m) and frequency w is implicit.
Similarly, we decompose the odd-parity terms of the dark

matter’s SET as
6Ty = to(r)eBOgY (0, a)e™™" (50)

8T 4 = 1,(r)€B0,Y,,,(0, a)e™" (51)

6T ap = tz(r)e(SVB)VCYlm (0, a)e", (52)

The scalar field y does not have an odd-parity component.

Substituting the above odd-parity decompositions into
Eq. (39), eliminating h using the Oa-component, defining
the Regge-Wheeler master function

W(r)=——"—"-=, (53)

and solving for the ra-component, then we obtain Regge-
Wheeler equation

OEW + (0* = Vew)W = spw (54)
where
Vw(r) = B(r) (’”jg D _381(r) _ 2A> (55)
and

sw(r) = =337 (Bt = )+ r(B +0,.1)). (56)

The coordinate r, is the usual tortoise coordinate

defined by

ri(r) = 1/B(r). (57)

The primes appearing in Eqgs. (55), (56), and (57) are
derivatives with respect to r.

C. Even-parity sector

To describe the perturbations of the even-parity sector, we
decompose the metric perturbation in the Regge-Wheeler
gauge as [95,96]

hy = B(r)Hy(r)Y (0, a)e™" (58)
e = Hy\(1)Y 1 (0, )e ™" (59)
hyr = Hy(r)Y 1,,(0, @)™/ B(r) (60)
hy =0 (61)

ha =0 (62)

hap = PK(r)yagY im (0. a)e™ " (63)

and the scalar perturbation as

x(r)

r

Y (0, a)e™ ", (64)

Similarly, we decompose the source terms appearing in
Egs. (39) and (41) as
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0Ty = B(r)To(r)Y (0. )™ (65) R(r) = f3(r)K(r) + f(R(r). (73)
6T, =T, ()Y 10 (0, @)e™™" (66) Following the footsteps of Zerilli [96], demanding that the
wave function K satisfies a Schrodinger-like equation, then

6T, = To(r)Y,,(0,a)e™"/B(r) 67) e identify
6T 14 = to(r)0aY 1 (0, )™ (68) = 6M?* + M(Ar® + 3ro) + rPo(c + 1) (74)
53 = 1y (F)OpY i (6. )" (69) | r*(3M + ro)
6T sp = r*(Te(r)ya8Y im (6. @) St 73)
+ Ty (r)VaVpY,,(0.a))e (70) fo= i(—f1r* +3M + ro) (76)
and ri
5p = dm¥ e~ ", (71) fa==% (77)
By substituting the above expressions into Eq. (39), we where 20 = l(lA+A1) —2. At this point, the linearized
will be able to eliminate H, by using the fa-component.  €quations for (K. R) becomes

The t6-, tr-, and r@-components can then be used to obtain

(Hj,, H, K') and together with the rr-component obtain an o, K-R=— iBr(rT, + 2t)
algebraic constraint on Hy, H;, and K. This leaves two ' 2Fo(3M + ro)
remaining perturbations, H; = ®’R and K, which we F'(y(3M = r) = 1?0, )

- & 78
decouple by writing down Fr(3M + ro) (78)

K(r) = f1(r)K(r) + f>(r)R(r) (72)  and
|
0 R (o —V,)k iB(r*6BT, +2ty(6M*+M(Ar® +3ro) +r*c(c+1))) rB(2Bty —=2(3M +ro)T,+rT,)
—(?— - :
" z 2rwF (3M + ro)? 2F(3M +ro)
BF'(OM? +6Mro+r*c(2c+1)) rao*F' F'(=3M*>+AMr*-3Mro+r’c)0, x (79)
r’F(3M +ro)? F(3M+ro) rF(3M +ro)? )

By differentiating Eq. (78) with respect to r, and eliminating a,*ie using Eq. (79), then we finally obtain the Zerilli master
equation:

(9%*1/\( —+ (C()z — Vz)f( = Sz + Sc (80)
where the potential, V, and source terms, s and s, are given by

_ 2rB(OM? + M*(9r6 = 3Ar*) + 3M 1?6 + r’o*(c + 1))

1
z r*(3M + ro)? ’ (81)
18r°wF (3M + ro)?s; = 3irB[2ty(18M? + 3Mr(4Ar* + 6 — 3) + r*6(2Ar* + 36 + 3))
+ 72T (9M? + 3Mr(2Ar* — 6 — 3) + Ar*c) + 2iw(6M + Ar® — 3r)(3M + ro)t,
+3ir(3M + ro) 2w(3M + ro)T, + 2i0, ty + ird, T — roT,))], (82)
and
F'(x(re*(3M + ro) —26(c + 1)B) + 6MBO, y + r(3M + )02 x) (83)
Sc = — - - .

F(3M + ro)?
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The source s, comes directly from the dark matter
perturbation 87 ,;,. On the other hand, the source term s ~
F'y comes from the conformal coupling between the Ricci
scalar and the scalar field in the action [97]. The direct
effect of any dark sector interaction on y will therefore enter
the Zerilli equation through s.

The response of the scalar field on the dark interactions is
of course encoded in its own wave equation. By substitut-
ing the even-parity decomposition of the scalar perturbation
and the sources to the scalar wave equation [Eq. (41)], we
easily end up with

By+ (@0 =V,)x=s,+s, (84)
where
v, - B(6M + r(r2(3ﬂ23:32/\) +6(c+1))) o (89)
s, = qrBom, (86)
and

Sn :STB(—T0+T2—2(6+I)Tg+2Tk) (87)

We remind that ém is the multipole of the density [Eq. (71)]
and the 6T;’s are the multipoles of the stress-energy tensor
[Egs. (65), (66), (67), (68), (69), and (70)]. The imprint
of the source s,, triggered by dark sector interactions
[Eq. (44)], on y, which then sources the metric perturba-
tions h,, ~ K, is the physical effect of most interest in this
paper. The other source term s;, ~ s [Eq. (43)] comes from
the conformal coupling of the scalar field with the Ricci
scalar.

Later, the effective mass of the scalar perturbation u will
be set to zero for simplicity in the sense that the leading-
order asymptotic solution of the scalar is y ~ e at the
infinity and the event horizon. Noted, by setting u = 0, we
are avoiding tachyonic instabilities but as a price are
leaving some novel effects due to the effective mass. We
refer the reader interested in the influence of nonzero mass
u to the scalar’s quasinormal spectrum to Refs. [57-59].

In the next section, we present the results of numerical
integration of the Zerilli [Eq. (80)] and scalar wave
equations [Eq. (84)] for a radially plunging dark matter
particle.

IV. SCALAR AND TENSOR WAVEFORMS FOR
AN ORBITING DARK MATTER PARTICLE

The Regge-Wheeler, Zerilli, and the scalar wave equa-
tions obtained in the previous section can be numerically
integrated to obtain waveforms valid up to first-order of
black hole perturbation theory. We do so in this section for a
radially-plunging dark matter particle in an asymptotically
flat Schwarzschild black hole (A = 0). This setup allows us

to focus on the even-parity modes where dark sector
interaction effects can be found.

A. Numerical method

We use the geometrized units ¢ = 8zG = 1 throughout.
This means that a black hole of mass M = v corres-
ponds to a mass v x 8x#M Solar masses where Mg ~
1.9885 x 10°° kg [98]. On the other hand, a coordinate
r=y corresponds to a distance of y x Mg =37y km.
Similarly, a time coordinate 7 and frequency @ imply
a time scale of 7 x 82#My/c ~3.1113 ms and frequency
o X c¢/(8xMy) ~321.41 Hz. The conformal coupling s
[Eq. (43)] and interaction charge ¢ [Eq. (44)] are dimen-
sionless quantities. Useful conversion factors to keep
in mind are 1 s =299792 km, 1 My = 37.113 km, and
c*/(87G) = 0.026945 M /km.

The stress-energy tensor for a particle falling straight into
ablack hole is presented in Appendix A. The sources of the
wave equations [Eqgs. (80) and (84)] can be prepared by
substituting Egs. (A15) and (A16) into Eqgs. (82) and (83).
The numerical integration then proceeds after providing
the parameters of the black hole, (M, A), the geodesic
constants, (e,z), the mode label, (/,m), and the theory
constants, (i, s, g, F(¢), F'(¢)) that explicitly appear in the
wave equations.

We proceed numerically in the manner briefly reviewed
in Appendix B, i.e., first look for the homogeneous solution
satisfying the boundary conditions given by Eq. (B2) and
integrate over the source via Eq. (B6). We assume the
detector will be at infinity where the spacetime is asymp-
totically flat. The integration is then carried out for equal
intervals Aw in the frequency range @ € (=3, 3). This is
done for both wave equations but with the caveat that the
particular scalar solution to Eq. (84) will also source the
tensorial mode solution of Eq. (80). The scaling influence
of the interaction charge ¢ on the scalar mode then appears
in the tensorial mode.

For this analysis, we consider a choice of parameters that
highlights the influence of dark sector interaction on both
the scalar and tensor waveforms. In particular, we set ¢ = 0
to keep the analysis of the scalar mode simple [99]. We then
focus on the stronger (1, m) = (2,0) mode. The mass of the
black hole is chosen to be M = 1/2. The geodesic
parameters considered are ¢ = 10 and z = ry/(2M) = 10
where r is the dark matter particle’s position at t = 0. The
rest of the parameters have been chosen to highlight the
effects of the interaction on the waveforms. The nonzero
theory constants considered are s = 1072, F(p) = 1/2, and
F'(¢) = 1072. Most importantly, to demonstrate the main
topic of this paper, we perform the integration with these
parameters for ¢ =0, g = 1, and g = —1.

Looking back at the sources of the coupled scalar-tensor
wave equations [Eqgs. (83) and (86)], it becomes clear that
the conformal potential F(¢) must be varying; otherwise,
the dark interaction would not be observable in the tensor
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sector. Echoing the discussion in the last paragraph of
Sec. III A, the effect we are looking at is a magnification (or
deterioration) of the scalar waveform by a factor —g/s.
Provided that there is conformal coupling, i.e., F’ # 0, we
can expect this to translate to an enhancement of the
conformal source term s [Eq. (83)] in the Zerilli equation
by the same factor. The values s, F' ~ 1072 and g ~ 1 were
found to be sufficient to reveal this effect. Larger (smaller)
values than the ones chosen here only make the effect more
pronounced (suppressed). All this is transparent in the
results.

For the stability of the numerical integration, we include
the first five leading asymptotic corrections to the scalar
and tensor waveforms at the horizon and at infinity. We
keep the working precision to 30 digits for internal
evaluation of the solutions of Egs. (80) and (84) satisfying
the prescribed boundary conditions. Then, we keep 5
significant digits of accuracy in performing the integration
over the sources in order for the integrals to converge in a
reasonable time scale of seconds for each w in (—3,3) in a
standard personal machine (with a processor Intel Core 17).
The “double exponential” option of Mathematica’s
Nlintegrate which specializes on the evaluation of highly
oscillatory integrals was implemented. All of the tiny
details of the numerical scheme are transparently commu-
nicated in the Mathematica notebook integration.nb pub-
licly available in the author’s github repository. The results
are presented in the next section.

B. Results

The power spectra for both the scalar and tensor modes
will be assumed to be given by w?|¥(w)|*> where ¥ = y, K.
This assumes the Isaacson stress-energy tensor for the
gravitational wave energy and neglects interference effects
between scalar and tensor modes which generally occur
when F'(¢) # 0 [100]. The interference can be expected to
be proportional to F’ and the choice F'~ 1072 in the
simulations should keep this subdominant by the same
factor of 107> compared to the individual scalar and
tensor contributions to the gravitational wave energy.
Nonetheless, this simple assumption allows us to look at
the individual scalar and tensor power spectra which will
backreact to the orbital evolution at higher-order in per-
turbation theory. The power spectra including corrections
to the Isaacson stress-energy tensor for GWs will be
considered as a future work.

The individual power spectra of the scalar and tensor
modes are shown in Fig. 1. This shows the characteristic
shape, e.g., a low-frequency plateau being trimmed off
exponentially at the quasinormal frequency, of the energy
spectrum per mode of a Schwarzschild black hole with a
radially-falling particle [101,102]. The exponential decay
indicative of the quasinormal modes’ taking over is also
reflected in the ringdown stages of the time-domain
waveforms.

P(w)
0.00010

6.2x10°
6.1x107°
6.0x10°
59x10°

0.00008

T

-04-0200 02 04

0.00006 |

T

0.00004

T

0.00002

S S N S B, W
-2 -1 0 1 2

(a) Scalar power spectrum

0.0076
0.0074
0.0072
0.0070

0.010

0.005

-1 0 1 2
(b) Tensor power spectrum

FIG. 1. Power spectra of the scalar and tensor modes. (a) Scalar
power spectra for ¢ = 0 multiplied by 10* (black solid line),
q = 1 (pink long-dashed line), and g = —1 (blue short-dashed
line). (b) Tensor power spectra for ¢ = 0 (black solid line), ¢ = 1
(pink long-dashed line), and ¢ = —1 (blue short-dashed line).
Inset shows a magnified view of logarithmic power spectra in the
region w € (—0.4,0.4).

The scaling effect of the interaction on the scalar
modes can be seen in action in Fig. 1(a) where the power
spectrum for the noninteracting case ¢ =0 have been
multiplied by 10* in order to accommodate the 10? factor
difference in y when ¢ is O(1). Also, because of the small
but nonzero s, there is a resolvable difference between the
g=1 and g=—1 scalar power spectra [shown in the inset of
Fig. 1(a)]. The tensor power spectra shown in Fig. 1(b)
also shows that the more dramatic effect of dark sector
interactions can be found in the low-frequency limit.
Specifically, Fig. 1(b) shows that scalar and tensor modes
for ¢ = 1 have interfered constructively at low-@ and so
increased the power spectrum compared with the non-
interacting case g = 0. On the other hand, the scalar and
tensor modes for ¢ = —1 appear to have interfered destruc-
tively. These results highlight the places, in this case, low
frequencies, where the effects of the dark sector interaction
can be expected to be significant.

Figure 2 shows the frequency-domain waveforms for
both the scalar and tensor modes. The scaling effect of the
interaction is again in full display in Fig. 2(a) where the
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X(w)
0.10

0.05}
0.00 ____.,- /\/\/\___

-0.05}

Wy

(b) Tensor waveform

FIG. 2. Real part of the frequency-domain waveforms. (a) Scalar
waveforms for ¢ = 0 rescaled by 10> (black solid line), ¢ = 1
(pink long-dashed line), and ¢ = —1 (blue short-dashed line).
(b) Tensor waveforms for ¢ = 0 (black solid line), ¢ = 1 (pink
long-dashed line), and ¢ = —1 (blue short-dashed line). Inset
shows the logarithmic resolvable error, In (|JAK/K]|), in the region
w € (—0.4,0.4) when the ¢ = 1 (pink long-dashed) and ¢ = —1
(blue short-dashed) waveforms are compared with the noninter-
acting case g = 0.

waveform for ¢ = 0 was multiplied by a factor of 102. The
reflected orientation of the ¢ =1 waveform is also in
action. The corresponding tensor waveforms are shown in
Fig. 2(b). The inset shows the logarithmic resolvable error,
In (|AK/K]), when the ¢ = +1 waveforms are compared to
the noninteracting case g = 0. This shows indeed that the
significant contamination of the tensor waveform by the
dark sector interaction occurs in the low-frequency limit.
This also supports the power spectrum results presented
previously.

The corresponding time-domain waveforms are pre-
sented in Fig. 3. This displays characteristic waveforms
for a particle falling straight into a black hole [101,102].
The late-time ringdown is reflective of the exponential
damping observed earlier in the power spectrum.

In Fig. 3(a), the scalar waveform for ¢ = 0 was amplified
by a factor 102 and the one for q = 1 was reflected, i.e.,

L -—'\N'\\
0.00}
! \
L 1
0.02} \
. : ‘,
~0.04} |
~0.06]
n 1 n n n n 1 n n n n 1 n n n n 1 t
50 0 50 100

(a) Scalar waveform

" 1 " " " " " " " " " " " t
-50 0 50 100
(b) Tensor waveform

FIG. 3. Real part of the time-domain waveforms. (a) Scalar
waveforms for ¢ = 0 rescaled by a factor 10? (black solid line),
q = 1 reflected, i.e., —y is shown, (pink long-dashed line), and
q = —1 (blue short-dashed line). (b) Tensor waveforms for g = 0
(black solid line), ¢ = 1 (pink long-dashed line), and ¢ = —1 (blue
short-dashed line). The ¢ = —1 tensor waveform is reflected and
the resulting waveforms for ¢ = %1 have been vertically adjusted
to match the ¢ = 0 waveform at t = —100. The adjustments were
made to highlight the differences in the shape of the time-domain
waveforms due to the dark sector interaction.

x — —y- This once again supports the scaling effect of the
dark sector interaction on the scalar modes that was
discussed in the last paragraph of Sec. Il A. The low-w
contamination of the tensor waveform due to dark sector
interaction is shown in Fig. 3(b). In this particular plot, the
waveforms have been adjusted to agree at early-times so
that the overall effect on the shape of the waveform will be
highlighted. This then shows that dark sector interactions
affect the overall orientation of the time-domain tensor
waveforms in a distinct way.

Indeed, the radially-plunging setup is an astrophysically
improbable scenario. Nonetheless, we can view the con-
crete numerical results of this section as conclusive that
dark sector interactions can directly imprint on GWs. This
supports the assertion that general relativistic black holes
can be used as a direct probe of the existence of dark
sector interactions. The contributions from the higher-order
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modes (I >3) can be confirmed to be subdominant
compared to the / =2 mode. However, in any practical
orbit, more than a single mode matters and all these should
be calculated in order to get a precise result. This will be
considered in a future work.

V. CONCLUSIONS

We have shown that the existence of dark sector
interactions can be inferred from the waveforms generated
by general relativistic black hole perturbations. This result
is encapsulated by Eqgs. (39), (41), and (45), described in
Sec. 111, and fleshed out in Sec. I'V. It should be stressed that
the fluid variables appearing in these equations correspond
to the total dark matter field, including the effects of dark
sector interactions, and that these are equations in the
physical Jordan frame. The scalar field’s effective mass p
[Eq. (42)] also generalizes the corresponding expression
presented in Ref. [57] to nonzero A. Most importantly, the
interaction charge g [Eq. (44)], the residue of dark sector
interactions on a general relativistic black hole, is intro-
duced for the first time. This interaction charge directly
scales the scalar waveform and can be expected to influence
the tensor waveform as long as there is any conformal
coupling between the scalar field and the Ricci scalar in the
action. We have obtained the Regge-Wheeler equation
[Eq. (54)] and the coupled Zerilli and scalar wave equations
[Egs. (80) and (84)] in a Schwarzschild-(anti) de Sitter
black hole and have explicitly demonstrated the effect of
dark sector interactions on the scalar and tensor waveforms
generated by a dark matter particle falling straight down
into a Schwarzschild black hole.

Constraining dark sector interactions must be sought
further. One way forward is to compute the ratio ¢/s using
Egs. (43) and (44) and inherit the constraints coming from
cosmological observations. For example, in coupled
quintessence [20,34], the factor f=1I,,/(1+41,) was
determined to be of order  ~ 1072 using various cosmo-
logical data sets. On the other hand, an estimate of the
conformal factor F>/F based on the results of Ref. [84]
leads to F?/F~1073/¢3 where ¢} = d¢p/dal,_, and
¢(a) is the dark energy field. Putting these together leads
to q/s ~10/¢. This crude, order of magnitude estimate
supports the potential observability of the waveform
signatures first described in this paper. However, a more
rigorous approach to constraining the dark sector param-
eters g and s in the black hole setting should be pursued.
We refer the reader to Refs. [57-59] on constraining the
effective mass y through quasinormal modes.

It is worth remarking again that the general relativistic
black hole setting will fail to probe dark sector interactions
of the form given by Eq. (7). This inherent limitation
prompts a follow-up question: “Can the potential /, be
probed using gravitational waves generated in a different
setting?" This will be considered in a different paper.

This paper leaves some more analysis for future work.
The most obvious one being that astrophysical orbits are far
richer than just the case of a dark matter particle falling
straight into a compact object and involve more than a few
modes in spherical harmonics. The analysis of the waveform
and the influence of dark sector interactions on quasicircular
orbits will be discussed in a different paper. Extensions to the
perturbations of rotating black holes and even possibly to
relativistic stars can also be done. The important question of
the cosmological significance of general relativistic black
holes in scalar-tensor theories should also be taken up in a
future work. A constant scalar field will not be able to drive
cosmic acceleration and implies that a kind of screening
mechanism must exist that reduces the scalar to a constant on
black holes. Lastly, it is interesting to see whether the results
obtained in this paper will hold outside of the framework of
Horndeski theory and the two interaction Lagrangians
considered in this paper.
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APPENDIX A: STRESS-ENERGY TENSOR FOR
RADIALLY PLUNGING PARTICLE

We present the stress-energy tensor (SET) for a radially
plunging particle.

The SET of a test particle satisfying the geodesic
equation can be written as

U U -
T, = pr@(t, x(1))

where u“ is the particle’s four-velocity and p©®) (1, ¥(1)) is
the three-density of the particle on the trajectory x(). The
four-velocity components of the particle are given by

(A1)

ut = Bfr) (A2)
u" = —y/e* - B(r) (A3)
u? =0 (A4)
u? =0 (AS)
and the particle’s coordinate velocity is given by
Z—: = —B(r,)\/1 —@ (A6)

where ¢ is the conserved energy on the geodesic and B(r) is
the metric function [Eq. (31)]. There are no odd-parity
components. The SET can be written in matrix form:
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B(r -
T, = i P (8, 3(1) ) uquy (A7)
where
G (. %1 o(r—
PO (1,5(1))  8(r—r,(1))
(m()>: r2p 5(cosf—cosby)d(a—ay)  (A8)
and
= CE VI
eVel-B &-B
wu, = | 50 F 00 (A9)
0 0 0 0
0 0 0 0

Clearly, integrating p©®)(z,X(¢)) over all space gives the
mass m of the particle. It is easy to show that

5 L I S INT,
— 1)) = — -
(r=ry0) =5 /_w g ga A0
where 1,(r) is defined by
dr,(r)
—dt,(r) = ——=— All
0 =—F (A1)

&2

and dr,(r) = dr/B(r) defines the tortoise coordinate r, (r).
Note that the geodesic energy & € (v/B, o) where the limit

e = +/B(ry) corresponds to the particle falling from rest at
r =ry. In the frequency-domain @, the particle’s SET
becomes

iwt,(r)
Ty = oo 60(Q = Qougu,  (Al2)
2re 2. /1-8
82
where
82 (Q - Q) = (cos @ —cosby)d(a—ap).  (Al3)
Using the spherical harmonics closure relation
sP(Q-Qy) =) Z 5 (00, a0)Yi(0,0), (Al4)
=0 m=-1

we can obtain the source terms entering the Zerilli equation
to be

T(r) Ty(r)
Tolr) = 5 120
I-=% =
eiwt,,(r)

me

Y, (0o, ap). (A15)

27 r?B(r)\/1— %

We also remind the decomposition 8p = p©® /u’ = émY,,
of the source of the scalar mode equation. It can be shown
that

m eiwl,,(r)

om(r) = Y5, (60, ap). (A16)

27r8r2 1-8

2
&2

APPENDIX B: NUMERICAL INTEGRATION
OF THE WAVE EQUATION

We review the numerical integration of the wave equa-
tion. Consider the ordinary differential equation

B(r)y"(r) + B(r)B'(r)y'(r) + Q(r)y(r) = S(r)  (BI)

where B, Q, and § are arbitrary functions. For Egs. (80) and
(84), y = (r.K), &>y =B*" +BB'y, and Q = 0* - V.
In what follows, we omit the explicit r dependence
for brevity. For the asymptotically flat, nonrotating,
Schwarzschild black hole, we integrate Eq. (B1) for two

independent solutions Z; and Z, with the following
asymptotic behavior:

e, r—r
28 e o m)
Le™' = +Re'™, r— o0
Meia)r* +/]'e—imr*’ ror
z~{ LY
elor r — 0.
The Wronskian of these two solutions is given by
2iwT
W(Zi22) = 212, - 2,2y = - =2~ (B4)

This is to be expected given that (BW) = 0 follows from
Eq. (B1). Thus, BW is a constant equal to —2iwZ for all r.
After obtaining Z; and Z,, we can write down the general
solution

2(0) = 5oz () [ ar BEI)

r 7
) [ ar AL
'y

Setting up the detector at infinity, the waveform should
then be

(BS)
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