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We show that the gravitational waves generated by the perturbations of general relativistic black holes
can be considered as a direct probe of the existence of dark sector interactions. Working within the
framework of Horndeski theory and linear perturbations, we show that dark sector interactions effectively
reduce to an interaction charge that influences both scalar and tensor waveforms. Furthermore, we show
that the total dark matter field, including the effects of dark sector interactions, satisfies a conservation
equation embodying the equivalence principle. We exploit this realization to setup the Regge-Wheeler
equation and the coupled Zerilli and scalar wave equations for a Schwarzschild-(anti) de Sitter black hole.
We then present numerical integration of the coupled even-parity wave equations for the case of a dark
matter particle falling straight down into a Schwarzschild black hole.
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I. INTRODUCTION

The general theory of relativity (GR) is by far the best
theory of the observable Universe. However, it requires the
addition of dark, a.k.a., optically invisible, fluids at
cosmological distances to explain the observed late-time
cosmic acceleration and the preceeding matter era. The
concordanceΛCDMmodel, in which dark energy is treated
as a cosmological constant, also fails to give a definitive
fundamental description of the dark fields and sidesteps the
coincidence and cosmological constant problems. The
recent recognition of the tensions between the early and
late measurements of the Hubble parameter and matter
power spectrum has put the ΛCDM model in an even
tighter spot [1–3]. To properly assess the regime of validity
of the ΛCDM model, it makes sense to pay attention to
what else can the dynamical theory of the Universe be or
rather consider alternative theories of gravity.
The simplest, and arguably most compelling, alternative

theories are known collectively as scalar-tensor theories
[4–7]. In this class, the scalar field stands as a surrogate to
dark energy, endowing it with dynamics, and so brings an
additional propagating degree of freedom (d.o.f.) in addi-
tion to the two tensor polarizations carried by the metric.
However, arbitrary couplings of the scalar and tensor fields
in the action generally come with gravitational waves
(GWs) travelling at a speed different than that of light.
The observation of GWs from the binary neutron star
merger event, GW170817, and its optical counterpart has
constrained this speed difference to one part in 1015 [8].
Viable alternative theories of gravity should then have GWs
propagating at the speed of light with little wiggle room for

error [9–19]. Notably, the existing parameter space of
scalar-tensor theories remains to be quite large even with
such restriction and continues to be interesting from a
cosmological perspective. Furthermore, interest in dark
sector interactions, coupling the dark matter and dark
energy fields, has been renewed recently as a potential
answer to the Hubble tension [20–44]. The search for
observational signatures that distinguish between theories
with and without dark sector interactions is therefore of
considerable importance in order to constrain alternative
theories.
Black holes are powerful astrophysical laboratories for

observing new d.o.f.s in action and discriminating between
alternative theories of gravity. For one, these are the places
where gravity is at its strongest and so probe the highly
nonlinear and dynamical regime of a gravity theory. Also,
the black holes in GR can be simply described by their
mass, spin, and electric charge parameters, or “hair”
[45–48]. Non-GR d.o.f.s therefore generally allow a black
hole to depend on additional parameters. Ironically, general
relativistic black holes, i.e., those without any hair, appear
to be generally permitted in alternative theories of gravity
while hairy black holes seem to lack cosmological signifi-
cance or suffer from strong coupling issues and other
pathologies [49–56]. Nonetheless, general relativistic black
holes continue to be interesting in alternative theories
because their quasinormal spectra can reveal the existence
of new d.o.f.s through a mixing with the tensor modes
[57–61]. In scalar-tensor theories, this can be achieved via a
conformal coupling of the scalar field with the Ricci scalar
in the gravitational action in the physical frame. In this
paper, we work with general relativistic black holes
and consider it as a setting to directly probe interactions
between dark matter and dark energy.*rbernardo@nip.upd.edu.ph
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Dark sector interactions, by their very nature, can be
observed indirectly by their influence on astronomical
observations of the expansion history, cosmic microwave
background, and large scale structure [62–65]. On the other
hand, even dark fields respond gravitationally and produce
GWs whenever they interact. GWs therefore are a direct
means of detecting dark sector interactions. Given the
potentially legitimate role played by dark sector inter-
actions in cosmology, it is perfectly valid to ask whether
they can be probed with GW signals and in what setting.
We consider this question in this paper and prepare the
formalism for the perturbations of general relativistic black
holes with dark sector interactions. We work with the most
general Horndeski theory consistent with GW170817
[Eq. (1)] and accommodate two fairly general interaction
Lagrangians [Eqs. (6) and (7)] that encompass most of the
specific choices of dark sector interactions considered in
the literature.
The rest of this work proceeds as follows. First, we

present the gravitational action of Horndeski theory and the
interaction Lagrangians which will represent dark sector
interactions (Sec. II A). The covariant field equations are
then presented (Sec. II B) and shortly followed by a
discussion of its cosmological limit (Sec. II C) and general
relativistic black hole solutions (Sec. II D). In Sec. III,
we discuss general relativistic black hole perturbations
and obtain the main results of this paper. We obtain
linearized field equations in covariant form (Sec. III A)
and its spherical harmonics analysis in Schwarzschild-
(anti) de Sitter black hole leading to the sourced Regge-
Wheeler equation and coupled Zerilli and scalar wave
equations. To make the results explicit, we integrate the
coupled Zerilli and scalar wave equations for a dark matter
particle falling straight down toward a Schwarzschild black
hole (Sec. IV). We conclude with a discussion of the
limitations of this analysis and future work (Sec. V). In
Appendixes A and B, we provide the stress-energy tensor
for a radially falling particle and the recipe used for the
numerical integration in this paper.
Conventions. We work with the mostly-plus metric

signature, ð−;þ;þ;þÞ, and in geometrized units,
c ¼ 8πG ¼ 1. Spacetime (two-sphere) indices are denoted
by lowercase (uppercase) latin symbols. For brevity, we
denote the covariant derivatives of a spacetime scalar Φ as
Φa, e.g., ∇aΦ ¼ Φa, ∇a∇bΦ ¼ Φab. Sum and integral
over the spherical harmonic modes ðl; mÞ and frequencies
ω are implicit. The reader interested in all of the math-
ematical details of this paper is encouraged to download the
supplementary Mathematica notebooks in the author’s
github repository.

II. HORNDESKI THEORY

In this section, we present Horndeski theory with dark
sector interactions and discuss its observational constraints.
The covariant field equations, its cosmological limit, and

general relativistic black hole solutions are also briefly
discussed.

A. Action

We consider the sector of Horndeski theory consistent
with the observation GW170817. This is given by the
gravitational action [11,12,15,16,18,19]

Sg ¼
Z

d4x
ffiffiffiffiffiffi
−g

p ½FðϕÞRþ Vðϕ; XÞ −Gðϕ; XÞ□ϕ� ð1Þ

where gab is the metric, R is the Ricci scalar, and F, V, and
G are arbitrary potentials depending on the scalar field ϕ
and its kinetic density X ¼ −ð∂ϕÞ2=2. We refer to F, V,
and G as the conformal, k-essence, and braiding potentials,
respectively. The above action can also be transformed to
the so-called kinetic gravity braiding class of theories when
one goes to the Einstein frame [66]. In this conformally
equivalent frame, the tensor modes also propagate on the
light cone and the matter fields become nonminimally-
coupled to the conformal metric. For this work, we restrict
our attention to the physical frame [Eq. (1)] where the
metric and scalar field are gab and ϕ, respectively.
In addition to Eq. (1), we consider the free dark matter

sector to be given by the Schutz-Sorkin action [67]

Sdm ¼ −
Z

d4xð ffiffiffiffiffiffi
−g

p
ρðnÞ þ Jb∇blÞ ð2Þ

where ρ, n, and Ja are the CDM’s energy density, particle
number, and particle current and l is a Lagrange multiplier.
The CDM’s fluid variables satisfy the following relations:

n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JaJa=g

p
ð3Þ

ub ¼ Jb=ðn ffiffiffiffiffiffi
−g

p Þ ð4Þ

P ¼ nð∂ρ=∂nÞ − ρðnÞ ð5Þ

where ub and P are the CDM’s velocity and pressure,
respectively. Note that these relations guarantee ubub¼−1.
It must be noted that other Lagrangian representations of
the dark matter sector exist [68–71] and that the Schutz-
Sorkin action is a preferential choice. Nonetheless, Eq. (2)
has been proven to be useful in the analyses of cosmo-
logical perturbations in modified gravity [15,18,25,27,67]
and is a suitable companion to the interactions to
be discussed. We add to this the general interaction
Lagrangians given by [25]

L1 ¼ −I1ðϕ; XÞρðnÞ ð6Þ

and

L2 ¼ −I2ðn;ϕ; XÞJa∂aϕ=
ffiffiffiffiffiffi
−g

p ð7Þ
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where I1 and I2 are two arbitrary interaction potentials
coupling the dark sector. This representation of the dark
sector interaction encompasses most of the particular forms
of interacting dark energy studied in the literature
[24,29,31,34,36,37,40]. For example, in Refs. [20,34],
the interaction considered lead to a heat term Q ¼
−βρdm _ϕ where β is a constant. This can be merely
recognized as special case of the first term of the heat
term [Eq. (25)] arising from the interaction potentials given
by Eqs. (6) and (7).
Any visible matter can always be considered by includ-

ing an action Svm with a stress-energy tensor (SET) given by

TðvmÞ
ab ¼ −ð2= ffiffiffiffiffiffi

−g
p ÞðδSvm=δgabÞ: ð8Þ

The variation of the total action with respect to the fields
and multipliers straightforwardly gives the field equations
of the theory.
The theory (1) has tensor modes propagating on the light

cone and evades the GW astronomy constraint on the GW
speed. On the cosmology side, some of its sectors have
been analyzed in detail with observational data. The
Galileon ghost condensate [72] and the generalized cubic
covariant Galileon [73] appear to be as cosmologically
viable as ΛCDM even with large cosmological datasets that
have ruled out the cubic Galileon [74–77]. Interestingly,
special observational limits of cosmologically modified
gravity have been singled out in Refs. [78–81]. General
cosmological constraints on the theory (1) also exist
through parametrizations of the matter/light linear gravi-
tational potentials [2,82] and through effective field theory
routes [83,84]. A worthy alternative theory should also be
compatible with Solar System tests and therefore must keep
a screening mechanism [85–88].

B. Covariant field equations

The modified Einstein equation is given by

Ebc ¼
TðvmÞ
bc

2
ð9Þ

where

Ebc ¼ FGbc þ F0ðgbc□ϕ − ϕbcÞ þ F00ðgbc□ϕ − ϕbϕcÞ

−
V
2
gbc −

VX

2
ϕbϕc þGϕðϕbϕc þ XgbcÞ

þGX

2
ðϕbϕc□ϕþ ϕbcϕedϕ

eϕd − 2ϕðbϕcÞdϕdÞ

þ ρ̃

2

I1X
1þ I1

ϕbϕc −
n
2
I2Xudϕdϕbϕc −

T̃ðdmÞ
bc

2
; ð10Þ

T̃ðdmÞ
bc ¼ ðρ̃þ P̃Þubuc þ P̃gbc; ð11Þ

ρ̃ ¼ ð1þ I1Þρ; ð12Þ

and

P̃ ¼ ð1þ I1ÞP − n2udϕdI2n: ð13Þ

The subscripts appearing in the potentials V;G; Ij denote
explicit derivatives with respect to their arguments, e.g.,
VX ¼ ∂V=∂X and I1X ¼ ∂I1=∂X. Primes on the conformal
coupling F denote derivatives with respect to ϕ, e.g., F0 ¼
dF=dϕ and F00 ¼ d2F=dϕ2. In the dark matter fields
[Eqs. (11), (12), and (13)], we refer to the terms indepen-
dent of and attached to the interaction potentials as the free
and interacting parts, respectively, e.g., ρ, I1ρ, and ρ̃ are the
free, interacting, and total dark matter energy density,
respectively. In particular, a dark matter quantity χ̃, with

a tilde on top, e.g., ρ̃, P̃, and T̃ðdmÞ
bc , refers to the total field,

or rather the sum of its free and interacting components.
The scalar field equation is given by

Sϕ ¼ 0 ð14Þ

where

Sϕ ¼ VX□ϕþ VXXϕabϕ
aϕb þ Vϕ − 2XVϕX þ GXðϕabϕ

ab þ Rbcϕ
bϕc − ð□ϕÞ2Þ þGXXϕ

bϕcðϕbc□ϕ − ϕdcϕ
d
bÞ

− 2□ϕGϕ þ 2XGϕϕ þ GϕXϕ
bð2ϕbcϕ

c − ϕb□ϕÞ þ F0Rþ ρ̃
I1XX
1þ I1

ϕabϕ
aϕb − ρ̃

I1ϕ
1þ I1

þ 2Xρ̃
I1ϕX
1þ I1

þ I2Xðnϕbϕc∇cub þ ubϕb∇cðnϕcÞ þ 2nϕbcubϕcÞ − nubϕbϕcdϕ
cϕdI2XX þ nubϕbϕcϕ

cI2ϕX

þ n2∇bubI2n þ nubϕbϕ
cncI2nX −

I1X
1þ I1

�
ρ̃□ϕþ

�
ρ̃þ P̃
n

�
ϕbnb þ nI2nudϕdϕ

cnc

�
: ð15Þ
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We identify the dark sector’s stress-energy tensor, TðDÞ
ab , as

TðDÞ
ab ¼ 2ðFGab − EabÞ ð16Þ

so that the modified Einstein equation [Eq. (9)] can be
written as

FGbc −
TðDÞ
ab

2
¼ TðvmÞ

bc

2
: ð17Þ

The dark matter’s field equation will be determined by the
Bianchi identity, ∇bGab ¼ 0, and the scalar field equation.

C. Cosmology

On cosmological distances, assuming a spatially-flat
Friedmann-Robertson-Walker metric,

ds2 ¼ −dt2 þ aðtÞ2dx⃗2; ð18Þ

and a comoving scalar, ϕ ¼ ϕðtÞ, it can be shown that the
dark energy and dark matter fluids satisfy

_ϱϕ þ 3HðtÞðϱϕ þ PϕÞ ¼ −Q ð19Þ

and

_̃ρþ 3HðtÞðρ̃þ P̃Þ ¼ Q; ð20Þ

respectively, where an overdot denotes differentiation with
respect to the cosmic time t and HðtÞ ¼ _a=a is the Hubble
parameter. In Eqs. (19) and (20), the energy densities and
pressures are given by [25]

ϱϕ ¼ −V þ _ϕ2VX þ 3H _ϕ3GX − _ϕ2Gϕ

þ 3ð1 − 2FÞH2 − 6HF0 _ϕ

− ρ̃ _ϕ2 I1X
1þ I1

þ n _ϕ3I2X; ð21Þ

Pϕ ¼ V − _ϕ2ϕ̈GX − _ϕ2Gϕ −H2ð1 − 2FÞ
þ 4H _ϕF0 −

ä
a
ð1 − 2FÞ þ 2ϕ̈F0 þ 2 _ϕ2F00; ð22Þ

ρ̃ ¼ ð1þ I1Þρ; ð23Þ

P̃ ¼ ð1þ I1ÞP − n2 _ϕI2n; ð24Þ

and the heat term is given by

Q ¼ ρ̃ _ϕ
I1ϕ

1þ I1
þ ρ̃ _ϕ ϕ̈

I1X
1þ I1

− 3n2H _ϕI2n: ð25Þ

It is important to point out that no particular form of the
interaction potentials have been assumed in Eqs. (19)

and (20). The heat term [Eq. (25)] can take on any form
and encompasses most of the specific forms assumed in the
literature [24,29,31,34,36,37,40].

D. Black holes

We consider bald black holes, i.e., general relativistic
vacuum solution

Gab þ Λgab ¼ 0 ð26Þ

with trivial scalar and dark matter fields,

ϕðxÞ ¼ φ; ð27Þ

ρ̃; P̃; n ¼ 0; ð28Þ

where φ is a constant. It is easy to show that this is an exact
solution to the field equations provided that

V ¼ −2ΛF ð29Þ

and

Vϕ ¼ −4ΛF0: ð30Þ

This is a good place to comment on the distinction
between general relativistic black holes and stealth black
holes in the literature [57,89]. Both solutions are described
by a metric that satisfies Eq. (26). However, stealth black
holes come with nontrivial fields or hair; on the other hand,
general relativistic black holes, which may also be referred
to as bald black holes, are accompanied by constant or
trivial fields [e.g., Eqs. (27) and (28)].
In an astrophysical setting, a black hole may be

embraced by a nearly constant scalar field and is generally
expected to accrete dark matter from its surroundings. The
general relativistic black hole can be regarded as an
idealized first approximation to this realistic scenario that
caters to a simple, analytical solution, allowing various
physical analysis, e.g., quasinormal spectra [57–59]. The
existing formalisms for treating dark matter accretion into
black holes also support the continuity of the solution in
going from zero to small densities [90,91].
The general stationary solution to Eq. (26) is given by the

Kerr-(anti) de Sitter solution [92,93]. The discussion of
Sec. III A should then be understood within this context.
Only in the derivation of the Regge-Wheeler, Zerilli, and
scalar wave equations in Secs. III B and III C will the focus
be restricted to nonrotating black holes. In this case, we
consider the static and spherically symmetric geometry
given by

ds2 ¼ −BðrÞdt2 þ dr2

BðrÞ þ r2ðdθ2 þ sin2 θdα2Þ: ð31Þ
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Equation (26) is satisfied by the Schwarzschild-(anti) de
Sitter solution given by

BðrÞ ¼ 1 −
2M
r

−
Λr2

3
ð32Þ

where M is an integration constant.

III. BLACK HOLE PERTURBATIONS

In this section, we obtain the main results of this paper.
We obtain the linearized field equations on general rela-
tivistic black holes (Sec. III A) and derive the odd- and
even-parity master equations (Secs. III B and III C).

A. Linearized equations

To study black hole perturbations, we substitute the
perturbations

gab → gab þ hab; ð33Þ

ϕ → ϕþ ψ ; ð34Þ

ρ̃ → ρ̃þ δρ̃; ð35Þ

P̃ → P̃þ δP̃; ð36Þ

n → nþ δn; ð37Þ

and

ub → ub þ δub ð38Þ

to the field equations and let the background satisfy the
general relativistic black hole solution [Eqs. (26), (27), and
(28)]. We remind that the general relativistic black hole
comes with a constant scalar field and vanishing dark
matter. In practice, this corresponds to first performing the
perturbative expansion of the field equations for general
fields, and then taking the zeroth order fields to satisfy
Eqs. (26), (27), and (28). The reader interested in the full,
background-agnostic, perturbative expressions may refer to
the Mathematica notebook bald_bh_perturb.nb in the
author’s github repository.
This straightforward but admittedly tedious task will lead

to the following final expressions for the linearized evo-
lution equations of the perturbations ðhab;ψ ; δρ̃; δP̃Þ. The
tensor perturbation hab will be governed by

FðδGbc þΛhbcÞ þΛF0ψgbc þF0ψbc þF0
□ψgbc ¼

δT̃ðdmÞ
bc

2

ð39Þ

where

δT̃ðdmÞ
bc ¼ ðδρ̃þ δP̃Þubuc þ δP̃gbc: ð40Þ

This is the linearized modified Einstein equation when
there is a conformal coupling to the Ricci scalar in the
action. An important distinction should be made when
interpreting this and comparing this with the noninteracting
case: it is the total dark matter field, or rather its fluid
variables, that the metric perturbation responds to [recall
Eqs. (12) and (13)]. On the other hand, the scalar
perturbation ψ will be governed by

□ψ − μ2ψ ¼ sδT̃ðdmÞ þ qδρ̃ ð41Þ

where the effective mass μ, conformal coupling constant s,
and interaction charge q are given by

μ2 ¼ Vϕϕ þ 4ΛF00 þ 4ΛðF02=FÞ
3ðF02=FÞ þ VX − 2Gϕ

; ð42Þ

s ¼ ðF02=ð2FÞÞ
3ðF02=FÞ þ VX − 2Gϕ

; ð43Þ

and

q ¼ I1ϕ
1þ I1

ð3ðF02=FÞ þ VX − 2GϕÞ−1: ð44Þ

The mass μ is a generalization of the expression obtained in
Ref. [57] to include nonzero Λ. The constant s ∼ F0 is
responsible for the conformal coupling between the scalar
ψ and tensor hab modes. Specifically, when s ≠ 0, then the
tensor modes’ quasinormal spectrum will be contaminated
by the scalar and should be observable in the ringdown
phase of black hole binaries [57–59]. Most importantly, we
introduce the dark sector’s interaction charge q [Eq. (44)]
which additionally sources the scalar perturbation ψ . This
quantity is the leftover of dark sector interactions on a
general relativistic black hole background. Its effect on the
waveform is the main interest of this paper.
The dark matter’s evolution equation turns out to be

∇bδT̃ðdmÞ
bc ¼ 0: ð45Þ

This was derived starting from the Bianchi identity,

∇bGab ∼∇bðTðDÞ
ab =FðϕÞÞ ¼ 0, and then performing the

perturbative expansion. It is noteworthy that Eq. (45) is
of the exact same form as the free dark matter field’s
conservation equation except that it is the total field,
including both the free and interacting parts, that is

considered in this equation. Recall that T̃ðdmÞ
bc denotes the

dark matter’s total stress-energy tensor [Eqs. (11), (12), and
(13)]. Its free and interacting components correspond to the
terms independent of and proportional to the interaction
potentials, respectively. This result [Eq. (45)] can be
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considered as a manifestation of the equivalence principle
for dark matter perturbations even when there are dark
sector couplings. We can exploit this remarkable result in
order to simulate the direct effect of dark sector interactions
on the scalar and tensor waveforms. To get to this, we setup
the master equation for the odd- and even-parity sectors of
the black hole perturbations in the next two sections.
It is important to point out that the interaction charge

does not depend on the potential I2. The dependence on I2
vanished because I2 always comes with factors of n or ϕb
wherever it appeared in the field equations. This result
means that dark sector interactions of the form of Eq. (7)
cannot be probed using general relativistic black holes.
The main effect of the interaction charge q can be

fleshed out by considering the dark matter perturbation as a
particle. In this case, δP̃ ≪ δρ̃, and so, by virtue of Eq. (45),
the dark matter particle will be on the geodesics of the black
hole. Substituting the trace of Eq. (40) into Eq. (41), we
obtain

□ψ − μ2ψ ¼ ðq − sÞδρ̃þOðδP̃=δρ̃Þ: ð46Þ

The interpretation of this equation is clear. Dark sector
interactions directly enhance or deteriorate the size of the
scalar waveform ψ by a factor −q=s [94]. This effect will
then leak into the tensor perturbation hab because of the
conformal coupling. In Sec. IV, we demonstrate this for the
case of a dark matter particle falling straight down into a
black hole. In order to do so, we then first derive the odd-
and even-parity master equations for the perturbations of
the black hole.

B. Odd-parity sector

To obtain the Regge-Wheeler master equation for the
odd-parity perturbations, we decompose the metric pertur-
bation in the Regge-Wheeler gauge as [95]

htA ¼ h0ðrÞϵBA∂BYlmðθ; αÞe−iωt ð47Þ

hrA ¼ h1ðrÞϵBA∂BYlmðθ; αÞe−iωt ð48Þ

hAB ¼ 0 ð49Þ

where Ylm are the spherical harmonics, A ¼ ðθ; αÞ, θ and α
are the polar and azimuthal coordinates on the two-sphere,
ϵ22 ¼ ϵ33 ¼ 0, ϵ32 ¼ −1= sin θ, and ϵ23 ¼ sin θ, and the sum
over the multipoles ðl; mÞ and frequency ω is implicit.
Similarly, we decompose the odd-parity terms of the dark
matter’s SET as

δT̃tA ¼ t0ðrÞϵBA∂BYlmðθ; αÞe−iωt ð50Þ

δT̃rA ¼ t1ðrÞϵBA∂BYlmðθ; αÞe−iωt ð51Þ

δT̃AB ¼ t2ðrÞϵ C
ðA∇BÞ∇CYlmðθ; αÞe−iωt: ð52Þ

The scalar field ψ does not have an odd-parity component.
Substituting the above odd-parity decompositions into

Eq. (39), eliminating h0 using the θα-component, defining
the Regge-Wheeler master function

WðrÞ ¼ BðrÞh1ðrÞ
r

; ð53Þ

and solving for the rα-component, then we obtain Regge-
Wheeler equation

∂2
r�W þ ðω2 − VRWÞW ¼ sRW ð54Þ

where

VRWðrÞ ¼ BðrÞ
�
lðlþ 1Þ

r2
−
3B0ðrÞ

r
− 2Λ

�
ð55Þ

and

sRWðrÞ ¼ −
B

2r2F
ð2Bðrt1 − t2Þ þ rðt2B0 þ ∂r�t2ÞÞ: ð56Þ

The coordinate r� is the usual tortoise coordinate
defined by

r0�ðrÞ ¼ 1=BðrÞ: ð57Þ

The primes appearing in Eqs. (55), (56), and (57) are
derivatives with respect to r.

C. Even-parity sector

To describe the perturbations of the even-parity sector, we
decompose the metric perturbation in the Regge-Wheeler
gauge as [95,96]

htt ¼ BðrÞH0ðrÞYlmðθ; αÞe−iωt ð58Þ

htr ¼ H1ðrÞYlmðθ; αÞe−iωt ð59Þ

hrr ¼ H2ðrÞYlmðθ; αÞe−iωt=BðrÞ ð60Þ

htA ¼ 0 ð61Þ

hrA ¼ 0 ð62Þ

hAB ¼ r2KðrÞγABYlmðθ; αÞe−iωt ð63Þ

and the scalar perturbation as

ψ ¼ χðrÞ
r

Ylmðθ;αÞe−iωt: ð64Þ

Similarly, we decompose the source terms appearing in
Eqs. (39) and (41) as
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δT̃tt ¼ BðrÞT0ðrÞYlmðθ; αÞe−iωt ð65Þ

δT̃tr ¼ T1ðrÞYlmðθ; αÞe−iωt ð66Þ

δT̃rr ¼ T2ðrÞYlmðθ; αÞe−iωt=BðrÞ ð67Þ

δT̃tA ¼ t0ðrÞ∂AYlmðθ; αÞe−iωt ð68Þ

δT̃rA ¼ t1ðrÞ∂AYlmðθ; αÞe−iωt ð69Þ

δT̃AB ¼ r2ðTkðrÞγABYlmðθ; αÞ
þ TgðrÞ∇A∇BYlmðθ; αÞÞe−iωt ð70Þ

and

δρ̃ ¼ δmYlme−iωt: ð71Þ

By substituting the above expressions into Eq. (39), we
will be able to eliminate H2 by using the θα-component.
The tθ-, tr-, and rθ-components can then be used to obtain
ðH0

0; H
0
1; K

0Þ and together with the rr-component obtain an
algebraic constraint on H0, H1, and K. This leaves two
remaining perturbations, H1 ¼ ωR and K, which we
decouple by writing down

KðrÞ ¼ f1ðrÞK̂ðrÞ þ f2ðrÞR̂ðrÞ ð72Þ

RðrÞ ¼ f3ðrÞK̂ðrÞ þ f4ðrÞR̂ðrÞ: ð73Þ

Following the footsteps of Zerilli [96], demanding that the
wave function K̂ satisfies a Schrödinger-like equation, then
we identify

f1 ¼
6M2 þMðΛr3 þ 3rσÞ þ r2σðσ þ 1Þ

r2ð3M þ rσÞ ð74Þ

f2 ¼ 1 ð75Þ

f3 ¼
ið−f1r2 þ 3M þ rσÞ

rB
ð76Þ

f4 ¼ −
ir
B

ð77Þ

where 2σ ¼ lðlþ 1Þ − 2. At this point, the linearized
equations for ðK̂; R̂Þ becomes

∂r�K̂ − R̂ ¼ −
iBrðrT1 þ 2t0Þ
2Fωð3M þ rσÞ

þ F0ðχð3M − rÞ − r2∂r�χÞ
Frð3M þ rσÞ ð78Þ

and

∂r�R̂−ðω2−VZÞK̂¼ iBðr3σBT1þ2t0ð6M2þMðΛr3þ3rσÞþr2σðσþ1ÞÞÞ
2rωFð3MþrσÞ2 þrBð2Bt1−2ð3MþrσÞTgþrT2Þ

2Fð3MþrσÞ

þχ

�
BF0ð9M2þ6Mrσþr2σð2σþ1ÞÞ

r2Fð3MþrσÞ2 −
rω2F0

Fð3MþrσÞ
�
þF0ð−3M2þΛMr3−3Mrσþr2σÞ∂r�χ

rFð3MþrσÞ2 : ð79Þ

By differentiating Eq. (78) with respect to r� and eliminating ∂r�R̂ using Eq. (79), then we finally obtain the Zerilli master
equation:

∂2
r�K̂ þ ðω2 − VZÞK̂ ¼ sZ þ sC ð80Þ

where the potential, VZ, and source terms, sZ and sC, are given by

VZ ¼ 2rBð9M3 þM2ð9rσ − 3Λr3Þ þ 3Mr2σ2 þ r3σ2ðσ þ 1ÞÞ
r4ð3M þ rσÞ2 ; ð81Þ

18r2ωFð3M þ rσÞ2sZ ¼ 3irB½2t0ð18M2 þ 3Mrð4Λr2 þ σ − 3Þ þ r2σð2Λr2 þ 3σ þ 3ÞÞ
þ rð2T1ð9M2 þ 3Mrð2Λr2 − σ − 3Þ þ Λr4σÞ þ 2iωð6M þ Λr3 − 3rÞð3M þ rσÞt1
þ 3irð3M þ rσÞð2ωð3M þ rσÞTg þ 2i∂r�t0 þ ir∂r�T1 − rωT2ÞÞ�; ð82Þ

and

sC ¼ −
F0ðχðrω2ð3M þ rσÞ − 2σðσ þ 1ÞBÞ þ 6MB∂r�χ þ rð3M þ rσÞ∂2

r�χÞ
Fð3M þ rσÞ2 : ð83Þ
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The source sZ comes directly from the dark matter
perturbation δT̃ab. On the other hand, the source term sC ∼
F0χ comes from the conformal coupling between the Ricci
scalar and the scalar field in the action [97]. The direct
effect of any dark sector interaction on χ will therefore enter
the Zerilli equation through sC.
The response of the scalar field on the dark interactions is

of course encoded in its own wave equation. By substitut-
ing the even-parity decomposition of the scalar perturbation
and the sources to the scalar wave equation [Eq. (41)], we
easily end up with

∂2
r�χ þ ðω2 − VχÞχ ¼ sq þ sh ð84Þ

where

Vχ ¼
Bð6M þ rðr2ð3μ2 − 2ΛÞ þ 6ðσ þ 1ÞÞÞ

3r3
; ð85Þ

sq ¼ qrBδm; ð86Þ

and

sh ¼ srBð−T0 þ T2 − 2ðσ þ 1ÞTg þ 2TkÞ: ð87Þ

We remind that δm is the multipole of the density [Eq. (71)]
and the δTi’s are the multipoles of the stress-energy tensor
[Eqs. (65), (66), (67), (68), (69), and (70)]. The imprint
of the source sq, triggered by dark sector interactions
[Eq. (44)], on χ, which then sources the metric perturba-
tions hab ∼ K̂, is the physical effect of most interest in this
paper. The other source term sh ∼ s [Eq. (43)] comes from
the conformal coupling of the scalar field with the Ricci
scalar.
Later, the effective mass of the scalar perturbation μ will

be set to zero for simplicity in the sense that the leading-
order asymptotic solution of the scalar is χ ∼ e�iωr� at the
infinity and the event horizon. Noted, by setting μ ¼ 0, we
are avoiding tachyonic instabilities but as a price are
leaving some novel effects due to the effective mass. We
refer the reader interested in the influence of nonzero mass
μ to the scalar’s quasinormal spectrum to Refs. [57–59].
In the next section, we present the results of numerical

integration of the Zerilli [Eq. (80)] and scalar wave
equations [Eq. (84)] for a radially plunging dark matter
particle.

IV. SCALAR AND TENSOR WAVEFORMS FOR
AN ORBITING DARK MATTER PARTICLE

The Regge-Wheeler, Zerilli, and the scalar wave equa-
tions obtained in the previous section can be numerically
integrated to obtain waveforms valid up to first-order of
black hole perturbation theory. We do so in this section for a
radially-plunging dark matter particle in an asymptotically
flat Schwarzschild black hole ðΛ ¼ 0Þ. This setup allows us

to focus on the even-parity modes where dark sector
interaction effects can be found.

A. Numerical method

We use the geometrized units c ¼ 8πG ¼ 1 throughout.
This means that a black hole of mass M ¼ ν corres-
ponds to a mass ν × 8πM⊙ Solar masses where M⊙ ≈
1.9885 × 1030 kg [98]. On the other hand, a coordinate
r¼γ corresponds to a distance of γ ×M⊙ ≈ 37γ km.
Similarly, a time coordinate τ and frequency ω imply
a time scale of τ × 8πM⊙=c ≈ 3.1113 ms and frequency
ω × c=ð8πM⊙Þ ≈ 321.41 Hz. The conformal coupling s
[Eq. (43)] and interaction charge q [Eq. (44)] are dimen-
sionless quantities. Useful conversion factors to keep
in mind are 1 s ¼ 299792 km, 1 M⊙ ¼ 37.113 km, and
c4=ð8πGÞ ¼ 0.026945 M⊙=km.
The stress-energy tensor for a particle falling straight into

a black hole is presented in Appendix A. The sources of the
wave equations [Eqs. (80) and (84)] can be prepared by
substituting Eqs. (A15) and (A16) into Eqs. (82) and (83).
The numerical integration then proceeds after providing
the parameters of the black hole, ðM;ΛÞ, the geodesic
constants, ðε; zÞ, the mode label, ðl; mÞ, and the theory
constants, ðμ; s; q; FðφÞ; F0ðφÞÞ that explicitly appear in the
wave equations.
We proceed numerically in the manner briefly reviewed

in Appendix B, i.e., first look for the homogeneous solution
satisfying the boundary conditions given by Eq. (B2) and
integrate over the source via Eq. (B6). We assume the
detector will be at infinity where the spacetime is asymp-
totically flat. The integration is then carried out for equal
intervals Δω in the frequency range ω ∈ ð−3; 3Þ. This is
done for both wave equations but with the caveat that the
particular scalar solution to Eq. (84) will also source the
tensorial mode solution of Eq. (80). The scaling influence
of the interaction charge q on the scalar mode then appears
in the tensorial mode.
For this analysis, we consider a choice of parameters that

highlights the influence of dark sector interaction on both
the scalar and tensor waveforms. In particular, we set μ ¼ 0
to keep the analysis of the scalar mode simple [99]. We then
focus on the stronger ðl; mÞ ¼ ð2; 0Þmode. The mass of the
black hole is chosen to be M ¼ 1=2. The geodesic
parameters considered are ε ¼ 10 and z ¼ r0=ð2MÞ ¼ 10
where r0 is the dark matter particle’s position at t ¼ 0. The
rest of the parameters have been chosen to highlight the
effects of the interaction on the waveforms. The nonzero
theory constants considered are s ¼ 10−2, FðφÞ ¼ 1=2, and
F0ðφÞ ¼ 10−2. Most importantly, to demonstrate the main
topic of this paper, we perform the integration with these
parameters for q ¼ 0, q ¼ 1, and q ¼ −1.
Looking back at the sources of the coupled scalar-tensor

wave equations [Eqs. (83) and (86)], it becomes clear that
the conformal potential FðϕÞ must be varying; otherwise,
the dark interaction would not be observable in the tensor
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sector. Echoing the discussion in the last paragraph of
Sec. III A, the effect we are looking at is a magnification (or
deterioration) of the scalar waveform by a factor −q=s.
Provided that there is conformal coupling, i.e., F0 ≠ 0, we
can expect this to translate to an enhancement of the
conformal source term sC [Eq. (83)] in the Zerilli equation
by the same factor. The values s; F0 ∼ 10−2 and q ∼ 1 were
found to be sufficient to reveal this effect. Larger (smaller)
values than the ones chosen here only make the effect more
pronounced (suppressed). All this is transparent in the
results.
For the stability of the numerical integration, we include

the first five leading asymptotic corrections to the scalar
and tensor waveforms at the horizon and at infinity. We
keep the working precision to 30 digits for internal
evaluation of the solutions of Eqs. (80) and (84) satisfying
the prescribed boundary conditions. Then, we keep 5
significant digits of accuracy in performing the integration
over the sources in order for the integrals to converge in a
reasonable time scale of seconds for each ω in ð−3; 3Þ in a
standard personal machine (with a processor Intel Core I7).
The “double exponential” option of Mathematica’s
NIntegrate which specializes on the evaluation of highly
oscillatory integrals was implemented. All of the tiny
details of the numerical scheme are transparently commu-
nicated in the Mathematica notebook integration.nb pub-
licly available in the author’s github repository. The results
are presented in the next section.

B. Results

The power spectra for both the scalar and tensor modes
will be assumed to be given by ω2jΨðωÞj2 whereΨ ¼ χ; K̂.
This assumes the Isaacson stress-energy tensor for the
gravitational wave energy and neglects interference effects
between scalar and tensor modes which generally occur
when F0ðφÞ ≠ 0 [100]. The interference can be expected to
be proportional to F0 and the choice F0 ∼ 10−2 in the
simulations should keep this subdominant by the same
factor of 10−2 compared to the individual scalar and
tensor contributions to the gravitational wave energy.
Nonetheless, this simple assumption allows us to look at
the individual scalar and tensor power spectra which will
backreact to the orbital evolution at higher-order in per-
turbation theory. The power spectra including corrections
to the Isaacson stress-energy tensor for GWs will be
considered as a future work.
The individual power spectra of the scalar and tensor

modes are shown in Fig. 1. This shows the characteristic
shape, e.g., a low-frequency plateau being trimmed off
exponentially at the quasinormal frequency, of the energy
spectrum per mode of a Schwarzschild black hole with a
radially-falling particle [101,102]. The exponential decay
indicative of the quasinormal modes’ taking over is also
reflected in the ringdown stages of the time-domain
waveforms.

The scaling effect of the interaction on the scalar
modes can be seen in action in Fig. 1(a) where the power
spectrum for the noninteracting case q ¼ 0 have been
multiplied by 104 in order to accommodate the 102 factor
difference in χ when q is Oð1Þ. Also, because of the small
but nonzero s, there is a resolvable difference between the
q¼1 and q¼−1 scalar power spectra [shown in the inset of
Fig. 1(a)]. The tensor power spectra shown in Fig. 1(b)
also shows that the more dramatic effect of dark sector
interactions can be found in the low-frequency limit.
Specifically, Fig. 1(b) shows that scalar and tensor modes
for q ¼ 1 have interfered constructively at low-ω and so
increased the power spectrum compared with the non-
interacting case q ¼ 0. On the other hand, the scalar and
tensor modes for q ¼ −1 appear to have interfered destruc-
tively. These results highlight the places, in this case, low
frequencies, where the effects of the dark sector interaction
can be expected to be significant.
Figure 2 shows the frequency-domain waveforms for

both the scalar and tensor modes. The scaling effect of the
interaction is again in full display in Fig. 2(a) where the

(a) Scalar power spectrum

(b) Tensor power spectrum

FIG. 1. Power spectra of the scalar and tensor modes. (a) Scalar
power spectra for q ¼ 0 multiplied by 104 (black solid line),
q ¼ 1 (pink long-dashed line), and q ¼ −1 (blue short-dashed
line). (b) Tensor power spectra for q ¼ 0 (black solid line), q ¼ 1
(pink long-dashed line), and q ¼ −1 (blue short-dashed line).
Inset shows a magnified view of logarithmic power spectra in the
region ω ∈ ð−0.4; 0.4Þ.
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waveform for q ¼ 0 was multiplied by a factor of 102. The
reflected orientation of the q ¼ 1 waveform is also in
action. The corresponding tensor waveforms are shown in
Fig. 2(b). The inset shows the logarithmic resolvable error,
ln ðjΔK̂=K̂jÞ, when the q ¼ �1waveforms are compared to
the noninteracting case q ¼ 0. This shows indeed that the
significant contamination of the tensor waveform by the
dark sector interaction occurs in the low-frequency limit.
This also supports the power spectrum results presented
previously.
The corresponding time-domain waveforms are pre-

sented in Fig. 3. This displays characteristic waveforms
for a particle falling straight into a black hole [101,102].
The late-time ringdown is reflective of the exponential
damping observed earlier in the power spectrum.
In Fig. 3(a), the scalar waveform for q ¼ 0was amplified

by a factor 102 and the one for q ¼ 1 was reflected, i.e.,

χ → −χ. This once again supports the scaling effect of the
dark sector interaction on the scalar modes that was
discussed in the last paragraph of Sec. III A. The low-ω
contamination of the tensor waveform due to dark sector
interaction is shown in Fig. 3(b). In this particular plot, the
waveforms have been adjusted to agree at early-times so
that the overall effect on the shape of the waveform will be
highlighted. This then shows that dark sector interactions
affect the overall orientation of the time-domain tensor
waveforms in a distinct way.
Indeed, the radially-plunging setup is an astrophysically

improbable scenario. Nonetheless, we can view the con-
crete numerical results of this section as conclusive that
dark sector interactions can directly imprint on GWs. This
supports the assertion that general relativistic black holes
can be used as a direct probe of the existence of dark
sector interactions. The contributions from the higher-order

(a) Scalar waveform

(b) Tensor waveform

FIG. 2. Real part of the frequency-domain waveforms. (a) Scalar
waveforms for q ¼ 0 rescaled by 102 (black solid line), q ¼ 1
(pink long-dashed line), and q ¼ −1 (blue short-dashed line).
(b) Tensor waveforms for q ¼ 0 (black solid line), q ¼ 1 (pink
long-dashed line), and q ¼ −1 (blue short-dashed line). Inset
shows the logarithmic resolvable error, ln ðjΔK̂=K̂jÞ, in the region
ω ∈ ð−0.4; 0.4Þ when the q ¼ 1 (pink long-dashed) and q ¼ −1
(blue short-dashed) waveforms are compared with the noninter-
acting case q ¼ 0.

(a) Scalar waveform

(b) Tensor waveform

FIG. 3. Real part of the time-domain waveforms. (a) Scalar
waveforms for q ¼ 0 rescaled by a factor 102 (black solid line),
q ¼ 1 reflected, i.e., −χ is shown, (pink long-dashed line), and
q ¼ −1 (blue short-dashed line). (b) Tensor waveforms for q ¼ 0
(black solid line), q ¼ 1 (pink long-dashed line), andq ¼ −1 (blue
short-dashed line). The q ¼ −1 tensor waveform is reflected and
the resulting waveforms for q ¼ �1 have been vertically adjusted
to match the q ¼ 0waveform at t ¼ −100. The adjustments were
made to highlight the differences in the shape of the time-domain
waveforms due to the dark sector interaction.
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modes ðl ≥ 3Þ can be confirmed to be subdominant
compared to the l ¼ 2 mode. However, in any practical
orbit, more than a single mode matters and all these should
be calculated in order to get a precise result. This will be
considered in a future work.

V. CONCLUSIONS

We have shown that the existence of dark sector
interactions can be inferred from the waveforms generated
by general relativistic black hole perturbations. This result
is encapsulated by Eqs. (39), (41), and (45), described in
Sec. III, and fleshed out in Sec. IV. It should be stressed that
the fluid variables appearing in these equations correspond
to the total dark matter field, including the effects of dark
sector interactions, and that these are equations in the
physical Jordan frame. The scalar field’s effective mass μ
[Eq. (42)] also generalizes the corresponding expression
presented in Ref. [57] to nonzero Λ. Most importantly, the
interaction charge q [Eq. (44)], the residue of dark sector
interactions on a general relativistic black hole, is intro-
duced for the first time. This interaction charge directly
scales the scalar waveform and can be expected to influence
the tensor waveform as long as there is any conformal
coupling between the scalar field and the Ricci scalar in the
action. We have obtained the Regge-Wheeler equation
[Eq. (54)] and the coupled Zerilli and scalar wave equations
[Eqs. (80) and (84)] in a Schwarzschild-(anti) de Sitter
black hole and have explicitly demonstrated the effect of
dark sector interactions on the scalar and tensor waveforms
generated by a dark matter particle falling straight down
into a Schwarzschild black hole.
Constraining dark sector interactions must be sought

further. One way forward is to compute the ratio q=s using
Eqs. (43) and (44) and inherit the constraints coming from
cosmological observations. For example, in coupled
quintessence [20,34], the factor β ¼ I1ϕ=ð1þ I1Þ was
determined to be of order β ∼ 10−2 using various cosmo-
logical data sets. On the other hand, an estimate of the
conformal factor F02=F based on the results of Ref. [84]
leads to F02=F ∼ 10−3=ϕ02

0 where ϕ0
0 ¼ dϕ=daja¼1 and

ϕðaÞ is the dark energy field. Putting these together leads
to q=s ∼ 10=ϕ02

0 . This crude, order of magnitude estimate
supports the potential observability of the waveform
signatures first described in this paper. However, a more
rigorous approach to constraining the dark sector param-
eters q and s in the black hole setting should be pursued.
We refer the reader to Refs. [57–59] on constraining the
effective mass μ through quasinormal modes.
It is worth remarking again that the general relativistic

black hole setting will fail to probe dark sector interactions
of the form given by Eq. (7). This inherent limitation
prompts a follow-up question: “Can the potential I2 be
probed using gravitational waves generated in a different
setting?" This will be considered in a different paper.

This paper leaves some more analysis for future work.
The most obvious one being that astrophysical orbits are far
richer than just the case of a dark matter particle falling
straight into a compact object and involve more than a few
modes in spherical harmonics. The analysis of thewaveform
and the influence of dark sector interactions on quasicircular
orbitswill be discussed in a different paper. Extensions to the
perturbations of rotating black holes and even possibly to
relativistic stars can also be done. The important question of
the cosmological significance of general relativistic black
holes in scalar-tensor theories should also be taken up in a
future work. A constant scalar field will not be able to drive
cosmic acceleration and implies that a kind of screening
mechanismmust exist that reduces the scalar to a constant on
black holes. Lastly, it is interesting to seewhether the results
obtained in this paper will hold outside of the framework of
Horndeski theory and the two interaction Lagrangians
considered in this paper.
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APPENDIX A: STRESS-ENERGY TENSOR FOR
RADIALLY PLUNGING PARTICLE

We present the stress-energy tensor (SET) for a radially
plunging particle.
The SET of a test particle satisfying the geodesic

equation can be written as

Tab ¼
uaub
ut

ρð3Þðt; x⃗ðtÞÞ ðA1Þ

where ua is the particle’s four-velocity and ρð3Þðt; x⃗ðtÞÞ is
the three-density of the particle on the trajectory x⃗ðtÞ. The
four-velocity components of the particle are given by

ut ¼ ε

BðrÞ ðA2Þ

ur ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − BðrÞ

q
ðA3Þ

uθ ¼ 0 ðA4Þ

uφ ¼ 0 ðA5Þ
and the particle’s coordinate velocity is given by

drp
dtp

¼ −BðrpÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

BðrpÞ
ε2

r
ðA6Þ

where ε is the conserved energy on the geodesic and BðrÞ is
the metric function [Eq. (31)]. There are no odd-parity
components. The SET can be written in matrix form:
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Tab ¼
BðrÞ
ε

ρð3Þðt; x⃗ðtÞÞuaub ðA7Þ

where

ρð3Þðt; x⃗ðtÞÞ
m

¼δðr−rpðtÞÞ
r2

δðcosθ−cosθ0Þδðα−α0Þ ðA8Þ

and

uaub ¼

0
BBBBB@

ε2 ε
ffiffiffiffiffiffiffiffi
ε2−B

p
B 0 0

ε
ffiffiffiffiffiffiffiffi
ε2−B

p
B

ε2−B
B2 0 0

0 0 0 0

0 0 0 0

1
CCCCCA
: ðA9Þ

Clearly, integrating ρð3Þðt; x⃗ðtÞÞ over all space gives the
mass m of the particle. It is easy to show that

δðr − rpðtÞÞ ¼
1

2π

Z
∞

−∞
dω

e−iωðt−tpðrÞÞ

jdrp=dtj
ðA10Þ

where tpðrÞ is defined by

−dtpðrÞ ¼
dr�ðrÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − BðrÞ

ε2

q ðA11Þ

and dr�ðrÞ ¼ dr=BðrÞ defines the tortoise coordinate r�ðrÞ.
Note that the geodesic energy ε ∈ ð ffiffiffiffi

B
p

;∞Þ where the limit
ε ¼ ffiffiffiffiffiffiffiffiffiffiffi

Bðr0Þ
p

corresponds to the particle falling from rest at
r ¼ r0. In the frequency-domain ω, the particle’s SET
becomes

Tab ¼
m
2πε

eiωtpðrÞ

r2
ffiffiffiffiffiffiffiffiffiffiffi
1 − B

ε2

q δð2ÞðΩ −Ω0Þuaub ðA12Þ

where

δð2ÞðΩ −Ω0Þ ¼ δðcos θ − cos θ0Þδðα − α0Þ: ðA13Þ

Using the spherical harmonics closure relation

δð2ÞðΩ − Ω0Þ ¼
X∞
l¼0

Xm¼l

m¼−l
Y�
lmðθ0; α0ÞYlmðθ; αÞ; ðA14Þ

we can obtain the source terms entering the Zerilli equation
to be

T0ðrÞ ¼
T1ðrÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − BðrÞ

ε2

q ¼ T2ðrÞ
1 − BðrÞ

ε2

¼ mε

2π

eiωtpðrÞ

r2BðrÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − BðrÞ

ε2

q Y�
lmðθ0; α0Þ: ðA15Þ

We also remind the decomposition δρ ¼ ρð3Þ=ut ¼ δmYlm
of the source of the scalar mode equation. It can be shown
that

δmðrÞ ¼ m
2πε

eiωtpðrÞ

r2
ffiffiffiffiffiffiffiffiffiffiffi
1 − B

ε2

q Y�
lmðθ0; α0Þ: ðA16Þ

APPENDIX B: NUMERICAL INTEGRATION
OF THE WAVE EQUATION

We review the numerical integration of the wave equa-
tion. Consider the ordinary differential equation

B2ðrÞy00ðrÞ þ BðrÞB0ðrÞy0ðrÞ þQðrÞyðrÞ ¼ SðrÞ ðB1Þ

where B,Q, and S are arbitrary functions. For Eqs. (80) and
(84), y ¼ ðχ; K̂Þ, ∂2

r�y ¼ B2y00 þ BB0y0, and Q ¼ ω2 − V.
In what follows, we omit the explicit r dependence
for brevity. For the asymptotically flat, nonrotating,
Schwarzschild black hole, we integrate Eq. (B1) for two
independent solutions Z1 and Z2 with the following
asymptotic behavior:

Z1 ∼
�

e−iωr� ; r → rH
Ie−iωr� þReiωr� ; r → ∞

ðB2Þ

Z2 ∼
�

Meiωr� þ T e−iωr� ; r → rH
eiωr� ; r → ∞:

ðB3Þ

The Wronskian of these two solutions is given by

WðZ1; Z2Þ ¼ Z0
1Z2 − Z1Z0

2 ¼ −
2iωI
B

: ðB4Þ

This is to be expected given that ðBWÞ0 ¼ 0 follows from
Eq. (B1). Thus, BW is a constant equal to −2iωI for all r.
After obtaining Z1 and Z2, we can write down the general
solution

yðrÞ ¼ i
2ωI

�
Z1ðrÞ

Z
∞

r
dr0

Z2ðr0ÞSðr0Þ
Bðr0Þ

þ Z2ðrÞ
Z

r

rH

dr0
Z1ðr0ÞSðr0Þ

Bðr0Þ
�
: ðB5Þ

Setting up the detector at infinity, the waveform should
then be

yðr → ∞Þ ∼ ieiωr�

2ωI

Z
∞

rH

dr0
Z1ðr0ÞSðr0Þ

Bðr0Þ : ðB6Þ
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