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We analyze and compute the semiclassical stress-energy flux components, the outflux (7', ) ., and the
influx (T, )., (u and v being the standard null Eddington coordinates), at the inner horizon (IH) of a
Reissner-Nordstrom black hole (BH) of mass M and charge Q, in the near-extremal domain in which Q/M
approaches 1. We consider a minimally-coupled massless quantum scalar field, in both Hartle-Hawking
and Unruh states, the latter corresponding to an evaporating BH. The near-extremal domain lends itself to
an analytical treatment which sheds light on the behavior of various quantities on approaching extremality.
We explore the behavior of the three near-IH flux quantities (T7,){,, (T5p) %, and (T7, )2 = (T3, asa

ren’ ren? ren
function of the small parameter A = /1 — (Q/M)? (where the superscript “U” or “H” respectively refers
to the Unruh or Hartle-Hawking state and “—"" refers to the IH value). We find that in the near-extremal
domain (T3, )Y, = (T7 ) = (T;,)H behaves as o A3. In contrast, (T;,)Y, behaves as « A%, and we
calculate the prefactor analytically. It therefore follows that the semiclassical fluxes at the IH neighborhood
of an evaporating near-extremal spherical charged BH are dominated by the influx (T,,) %, . In passing, we
also find an analytical expression for the transmission coefficient outside a Reissner-Nordstrom BH to
leading order in small frequencies (which turns out to be a crucial ingredient of our near-extremal analysis).

Furthermore, we explicitly obtain the near-extremal Hawking-evaporation rate (o< A*), with an analytical

expression for the prefactor (obtained here for the first time to the best of our knowledge).

DOI: 10.1103/PhysRevD.104.024066

I. INTRODUCTION

This paper extends our previous one [1], in which we
computed and investigated the semiclassical stress-energy
fluxes at the inner horizon (IH) of a spherical charged black
hole (BH). Whereas in the previous paper we considered
BHs with a broad range of Q/M values, here we restrict our
attention to the near-extremal limit where Q /M approaches
unity, where Q and M respectively denote the BH’s charge
and mass.

The semiclassical formulation of general relativity treats
matter fields as quantum fields, propagating on a spacetime
background described by a classical metric g,3(x*). The
classical Einstein field equation is then replaced by its
semiclassical counterpart

Gaﬂ = 87[<Taﬂ>ren’
where G, is the Einstein tensor associated with g,z and
(T4p) oy 1s the renormalized expectation value of the stress-
energy tensor (RSET) associated with the quantum field
in consideration. Evidently, the quantum field and the
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geometry of spacetime undergo mutual influence. In par-
ticular, the curved geometry of spacetime induces a non-
trivial stress-energy tensor, even in vacuum states, which in
turn deforms the underlying background geometry—a
phenomenon known as backreaction.

As our spacetime background, we hereby consider a
spherical charged BH given in the standard Schwarzschild
coordinates by the Reissner-Nordstrom (RN) metric,

ds2 = —f(r)d + £~ (r)dr? + r2(d6? + sin>0d¢?),

with the r-dependent function f(r)=1—244 %2 We
consider a nonextremal RN BH, meaning 0 < Q/M < 1!
This BH metric admits two horizons, corresponding to the

two real roots of f(r), denoted by ry = M + \/M? — Q?;
the event horizon (EH) is located at r = r_, while the IH is
located at r = r_. For later use, we also define the two
surface gravity parameters, k. = (r, —r_)/2r%.

Upon this BH background we introduce an (uncharged)
minimally-coupled massless scalar field ®, evolving
according to the Klein-Gordon equation

'Since the metric doesn’t depend on the sign of O, we take
without loss of generality Q > 0.
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o =0,

with [J the covariant d’ Alembertian associated with the RN
metric. This field may be decomposed into standard wlm
modes, which, due to the RN metric symmetries, can be
factorized into a t-dependent term e, an angular term
Y, (0, @), and a term that depends on r alone. We cast this
last term as v, (r)/r, where y,,(r) is the so-called radial
function obeying the radial equation

dzl//ml (}’)
dr?

(1.1)

= [Vi(r) = @Jwi (1),

where the r-dependent effective potential V,(r) is given by

I(I+1) df/dr
R e )
and r, is the tortoise coordinate defined through

dr/dr, = f(r).?

We shall consider our field in two vacuum quantum
states: the Hartle-Hawking (HH) state [2,3], corresponding
to a quantum field in thermal equilibrium with an infinite
bath of radiation, and the more physically feasible Unruh
state [4], describing the quantum state of a BH that
evaporates via Hawking radiation.

We introduce the future-directed null Eddington coor-
dinates, given inside the BHby u = r, —tand v =r, + 1.
The (T,u)ien @nd (T,,).., components of the RSET are
referred to as the flux components, as they may, for
example, describe correspondingly an ingoing and an
outgoing flux of radiation. In the HH state, time-inversion
symmetry implies (7', (7)) en = (70 (7))sen- In both quan-
tum states, energy-momentum conservation yields the
constancy (namely r-independence) of the quantity

4”r2<Ttr>ren = 4ﬂr2(<Tuu>ren - (13)
In the HH state this constant trivially vanishes. In the Unruh
state, it coincides with the Hawking outflux (as may be seen
by evaluating the above expression at r — oo, noting that in
the Unruh state 7*(T,,),e, vanishes in that limit).

As discussed in Ref. [1], the flux components are crucial
for backreaction in the vicinity of the IH, potentially having
an accumulating effect on the form of the metric there. We
thus concentrate on the IH value of the three flux quantities,
(Ty)H (T Y, and (T,)Y, where the superscript “H”
(“U”) corresponds to the HH (Unruh) state, and an upper
“—” indicates the IH limit. (Hereafter, the term flux
quantities will refer to these three IH quantities.) In
Ref. [1], we computed the near-IH flux components in

<TUU>TBD)'

*Note that there is a freedom of an additive integration constant
in the definition of r,, but the analysis which follows is
independent of such a choice.

both quantum states for a variety of nonextremal RN BHs,
and displayed the results as a function of Q/M (for a related
work, see also Ref. [5]). All three flux quantities, (T, )%, ,
(T Y., and (T;,)Y., were found to change their sign at
some Q/M value (all around ~0.967), being increasingly
positive at lower Q/M values and becoming negative
beyond that critical Q/M value. Furthermore, as Q/M
grows towards the extremal value of 1, all flux quantities
decay to zero (at different rates).

Here, we intend to take a closer look at the near-extremal
limit, characterized by 1 — Q/M < 1. That is, we wish to
examine the near-IH fluxes as Q/M approaches 1. As we
shall see, the near-extremal domain lends itself to analytical
investigation, which sheds light on the behavior we see
numerically. In fact, we find it beneficial to focus on an
equivalent set of three quantities, being the elementary flux
quantity (7,)2 and the differences (T;,)1 — (T,.)Y,
and (T;,)Y, —(T;)Y,.> The study of the differences,
rather than the flux quantities directly, allows a sharper
investigation of the near-extremal domain, as these
differences vanish faster than their constituents on
approaching extremality.

One obvious motivation to consider the near-extremal
limit is the very evaporation process considered here: Since
our scalar field @ is uncharged, the BH charge remains
fixed at all times, while the mass steadily shrinks due to
the emission of Hawking radiation. In the long run, the BH
mass M will decay asymptotically to Q. As M approaches
0, the Hawking temperature vanishes and the evaporation
rate decays to zero. Note that in such an evaporation
process the BH lasts forever, approaching extremality at the
late-time limit (for a detailed discussion of this evaporation
process, see Ref. [6]).4

To compute the quantum fluxes in the IH-vicinity, we
shall employ the 8-splitting variant [7,8] of the “pragmatic
mode-sum regularization” (PMR) method [9-11], as we did
in Ref. [1]. Here, however, owing to the notable simplicity
of the near-extremal limit, we shall carry this computation
mostly analytically, and then validate our analytical results
against numerical ones.

The rest of the paper is organized as follows. In Sec. II
we develop the required preliminaries for the near-extremal
analysis. Section III serves as the core of the paper, in
which we perform the analysis of the flux quantities and
their differences in the near-extremal limit. Numerical
results and their agreement with the expressions found
in the previous section are presented in Sec. IV. We end
with a summary of our results and a short discussion in

3Clearly, this set is equivalent (in the sense of the encoded
information) to the basic triplet of flux quantities, with (T, )2
being the anchoring quantity shared by the two sets.

We should bear in mind, however, that this scenario is not
particularly realistic, due to the abundance of charged particles
(e.g., in the form of plasma) in the universe, efficiently acting to
neutralize charged BHs.
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Sec. V. In the Appendix we analyze the transmission
coefficient outside the BH to leading order in low frequen-
cies, a quantity required for our analysis.

In this paper, we work in general-relativistic units
¢ =G =1 and signature (—+++).

II. PRELIMINARIES

In this section we lay the foundations for the near-
extremal analysis. The first subsection presents the basic
expressions for the three flux quantities at the IH, as
developed in Ref. [1], from which we construct the three
quantities to be focused on in this paper. The second
subsection is devoted to analyzing the internal radial
function in the near-extremal limit, particularly in the
vicinity of the IH.

A. Basic expressions for the fluxes and their
differences at the IH

In the BH interior, we endow the radial equation (1.1)
with the initial condition of a free incoming wave at
the EH’,
ior,

Yol E € (21)

r, = —oo.
At the other edge, in the IH vicinity, the effective potential
(1.2) vanishes like r—r_. Hence, the radial function
[satisfying Eq. (1.1)] attains the general free asymptotic
form

Wi = Ay @ + Bye @, r,—> o0 (2.2)
with A, and B,; some constant coefficients determined by
the scattering inside the BH. Notably, A, and B, satisfy
the relation

|Ba)l|2 - |Aml|2 =1, (23)

arising from the invariance of the Wronskian of v, and its
complex conjugate.

The basic quantities we concentrate on hereafter involve
A, and Bw,, as well as the transmission and reflection
coefficients 7,1 and p.} for the “up” modes scattered outside
the BH (see definition in Ref. [12]). We shall analyze the
near-extremal limit of A,,,, and B, in Sec. I[I B 1, while an
analysis of 7, and p)} is deferred to the Appendix.

As mentioned in the introduction, we shall be interested
in the flux components (7)., and (T,,)., in both
quantum states, in the vicinity of the IH. In Ref. [1] we
obtained expressions for these three elementary flux

5In the BH interior r is timelike, and so is r,. r iS monoton-
ically decreasing with time, whereas r, is monotonically increas-
ing. The EH (r = r,) is in fact the past boundary of the BH
interior, and it corresponds to r, - —o.

quantities, (T, )2, (T7,)Y,, and (T;,)Y, as a regularized
mode sum, employing the 6- sphttmg variant of the PMR
method. We hereby quote the resulting expressions for
convenience [see Egs. (9)—(13) therein].

The flux quantities at the IH are generally given by

ZH—I = _p),

=0

"* 11

(2.4)

where the superscript “E” denotes the state (either H or U),
the subscript “y” stands for either u or v,

and f is a constant [the so-called “blind-spot™; to be given
explicitly in Eq. (2.8) below], which is the large-/ limit
of FIE(W). The integrand Ew,(”,) for the HH state is

EH

w
ol(yy) = 12 [coth (zw /K )|A |

+ CSCh(”w/K-&-)m(/)zsAwlel)] (25)

(where 9t denotes the real part and csch = 1/ sinh), and the
corresponding integrands in the Unruh state are given by:

IS w
Egl(uu) = EZl(yy) + E [1 — coth (ﬂw/K+)]|T | |Aml|2
(2.6)
BV =B+ P (1= coth (z/k. ][22 |B ol
ol(vv) — Fwl(yy) 2mr2 +/11 Wl ol

(2.7)

Note that the difference between any of the two
Unruh integrands and the HH integrand goes like
o|7,P|%, which in turn decays with [ for fixed @ [note that
the potential barrier outside the BH, given in Eq. (1.2),
goes like /(I +1), thus blocking the transmission at
large []. Hence, all three flux quantities share the same
large-/ “blind-spot” /3, which may be analytically derived
(see Sec. III in the Supplemental Material of Ref. [1]) to be
given by

1
24xr:

p= (k2 —«%). (2.8)

The three flux quantities (7,2, (T, Y,, and (T5,) %,
(to which we shall hereafter also refer collectively as the
elementary triplet) were the focus of our previous paper [1],
where they were computed for a wide variety of subex-
tremal Q/M values. However, in the near-extremal domain,

we find it worthwhile to organize these three flux quantities
in a different manner. That is, we shall focus on an
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equivalent, slightly different, set of three quantities (to
which we shall occasionally refer as the derived triplet):
(i) the near-IH flux component in the HH state, (T5,)%
which also equals (T5,)2 ; (ii) the difference between
the HH and Unruh values of (Tyi)ren» Which we shall
denote by < uu>gnUE <T;u>fe[n - <T;u>rlén; and (iii) the
difference between the two near-IH flux components
in the Unruh state, multiplied by 4772, namely
A =42 ((Ty; )Y, — (Ty,)Y,). Other than its interesting
behavior in the near-extremal domain, considering A has
further motivation—one may recognize it as the conserved
quantity mentioned in Eq. (1.3), in the Unruh state,
evaluated at the IH.° Obviously, since this quantity is
independent of r, its value may also be evaluated outside
the BH. In this sense, A is the simplest quantity of all three
members of the derived triplet, as it is fully determined by
the scattering problem outside the BH.

The first quantity, (T;,)%,, is given in Egs. (2.4), (2.5),
and (2.8). The second quantity (T, )2~V is determined
from Eqgs. (2.4) and (2.6), or explicitly:

—\H- 220+ 1
Tatet =y T |7 o2 ot (mwyx) - 1

‘Twl‘ |Aa)l|2

(2.9)

Finally, the third quantity A is obtained by subtracting
Eq. (2.6) from Eq. (2.7) and using the Wronskian
relation (2.3):

21+1
A hZ - / dw wlcoth (z/x) = 1|25 .
(2.10)

As expected, this conserved quantity only requires the
transmission coefficient outside the BH. Indeed, this is the
known expression for the luminosity of an evaporating BH
[see, for example, Eq. (136) in Ref. [13] or Eq. (6.20) in
Ref. [14] for the Schwarzschild case. The only modification
needed is replacing the Schwarzschild x parameter by the
corresponding RN parameter «, |.

In Sec. III we shall take the above expressions for the
derived triplet of quantities, which are valid for any Q/M,
and evaluate them in the near-extremal domain of Q/M
approaching 1.

B. The rescaled radial equation

To quantify near-extremality, we define the dimension-
less parameter A to be half the difference between r, /M
and r_/M:

(’Hence, we shall hereafter often refer to A as the “conserved
quantity”.

A

1—(Q/M? =r . /M—-1=1-r_/M. (2.11)
Note that A varies from 1 (Schwarzschild) to 0 (extremal
RN), whereas the near-extremal domain is characterized
by A <« 1. We shall examine the behavior of the various
quantities upon approaching extremality by constructing
their leading-order expansions in small A.

To analyze the scaling with A, it may be helpful to
rewrite the radial equation (1.1) in a A-normalized fashion,
as we shall now demonstrate.

In the BH interior, the radial variable r is confined to a
domain of width 2MA,

1—A<r/M<1+A.

That is, r/M — 1 scales linearly with A. We thus define the
rescaled variable
r/M—1

A b

N

suitable for our near-extremal analysis. Note that s varies
from 1 at the EH to —1 at the IH. One finds that the function

f(r)is

s —1
= Az —_— 5
! (1+ As)?
and the effective potential V; (1.2) written in terms of the
variable s is

A? 2 -1 s+ A
Vi=————|l(l+1)+2A —F|.
P M2 (1 + As)? (I+1+ (14 As)?
We now write this effective potential separately for [ = 0
and [ > 0, expressed in each of these two cases at its
leading order in the small parameter A:

A3
Vig= ZWs(sz - 1)+ 0(a%) (2.12)
for / =0 and
2
Vieo = Wl(l +1)(s2=1)+0(A%)  (2.13)
for [ > 0.

The variable s is related to r, via

ds f A
dr, TMA M

Z (2= 1)+ O(A?),

meaning that r, basically scales like M/A. We thus define
the rescaled dimensionless variable 7, = (A/M)r,. It
satisfies the ordinary differential equation

024066-4



QUANTUM FLUXES AT THE INNER HORIZON OF A NEAR- ...

PHYS. REV. D 104, 024066 (2021)

ds
dr,

= (s> = 1)+ 0(4).
which may be solved to yield

s(7,) = —tanh(7,) + O(A). (2.14)

We also define the rescaled dimensionless frequency and
effective potential, @ = (M/A)w and V, = (M?/A%)V,,
respectively. We may now rewrite the radial equation (1.1)
in a rescaled fashion, in the variable 7,, as

(Vi= &)W, (2.15)

Yol 77 —
along with the boundary condition w,,; & e @™ at
7, — —oo [in correspondence with Eq. (2.1)].

Finally, we use Eq. (2.14) to rewrite the rescaled
potentials for [ =0 (2.12) and [ > 0 (2.13) explicitly in
terms of 7,, to leading order in A:

V,—o = 2Atanh(7,)sech?(7,) + O(A%)  (2.16)

and

Vieo = =I(1 + 1)sech?(7,) + O(A).  (2.17)

1. Near-extremal internal scattering

We are interested in the A < 1 limit of the coefficients
A, and B, appearing in the near-IH free asymptotic form
of the radial function (2.2), as they are vital components in
the quantities we wish to analyze (as seen in Sec. Il A). The
rescaled radial equation (2.15) developed above may be
analyzed to solve the scattering problem in the BH interior
to leading order in A, yielding A,; and B, to that order.

The | =0 case—For [ = 0, the rescaled potential (2.16)
vanishes like A. That is, in the near-extremal domain
V,_o < @ (for any given & > 0), hence the radial equation
for / = 0 lends itself to a leading-order Born approxima-
tion. Accordingly, the asymptotic behavior of the radial
function at 7, — oo is

. 1 ©
oz (1—— [V, (x)d
Yol=0 = € ( 2id /_oo 1=0(x) x)

+ ¢ i / €_2id)x‘~/[:0 (x)dx

20 J_o

= e7 — 2pAdcsch(z®)e ™ + O(A?).  (2.18)

Note that the term [ V,_,(x)dx leaves O(A?), owing to
the odd parity of the leading order of V,_ [see Eq. (2.16)].

Comparing this with the asymptotic form (2.2) we get
the coefficients A,; and B,; at [ = 0, to leading order in A,
to be

Ay -0 = —2mAdcsch(zd) + O(A?),

Bwazo == 1 + O(A2) (219)

The | > 0 case.—Note that unlike the / = 0 case, for / > 0
Eq. (2.15) with the rescaled potential (2.17) is insensitive
to A. The scattering problem is given (to leading order in A)
by the corresponding equation,

Yol 7, — _[l<l + I)SeCh2(7*> + 6)2]1/11017

and it is solved analytically to yield

Wois0 = C1P?(2) + 2,017 (2).

where Pfd’ is the associated Legendre polynomial,

fd’ is the associated Legendre function of the second
kind, ¢; and ¢, are coefficients to be determined, and
we define the variable z = —tanh ?*.7 Note that z — 1
corresponds to the EH, whereas z — —1 corresponds to
the IH.

In order to find ¢; and c¢,, we carry the above general
solution to the EH, noting that

1 1 —z\~@/2
r(—i@) \ 2 ’

where I" hereafter denotes the gamma function, as well as

Pio(z - 1) =

(e o 1) o (L2272 cosh (zO) ()
. <<21 >z>’“’/2F(l+2 i®)(~id)
2 oA0(—l—id)

In addition, note that at z — 1 we have 1 —z & 2%,

and thus
— o\ —i@/2
(1 5 Z> o/ i~ e—i&)?* — e—imr*.

Then, matching with the initial condition (2.1) of a free
incoming wave at the EH yields ¢; = I'(1 — i@) along with
¢, = 0. That is, the radial function for / > 0 in the BH
interior is

2 actually coincides with s to leading order in A, see
Eq. (2.14).

024066-5
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Wois0 = [(1 = i@)P{"(2). (2.20)

Now, in order to carry the above expression to the [H, we
note that,

N 1 /2
P(z - —1) = z(%)

resch(zd)

“T(=l=i@)(1 + [ — i) (1 + i®)

and that at 7z — —1, following 1 + z & 2¢~%",

<1 ;Z) " & oTIOT. = gTiwr.,

Then, comparing with the free asymptotic form in Eq. (2.2)
yields

Aw,l>0 = O(A),
resch(za)(1 — i@)
I(=l—io)'(1+1-io)(1+ i)

+O(A).

Bw,l>0 =i
(2.21)

One may verify explicitly that to leading order we have
|B, 0| =1, as indeed required by Eq. (2.3) given the
vanishing of A, ;~.¢. That property, of A, vanishing with A,
is actually shared by the / > 0 and the [ = 0 cases alike.

III. THE NEAR-EXTREMAL FLUX QUANTITIES
AND THEIR DIFFERENCES

As mentioned previously, in Ref. [1] all three flux
quantities (T;,)2., (T7.)%,, and (T;,)Y, were computed
numerically and shown to decay as Q/M grows towards 1
[see Fig. (1) therein]. In what follows, we shall focus on
the leading-order behavior in A of the three derived

quantities introduced in Sec. T A: (T )2 & (T, )Vi-VU=
(Ta)tin = Ta)iens  and - A =42r2 (T, )l = (T0)in)-

The member of this triplet which is simplest to approach
is A, depending on 7' only, as can be seen in Eq. (2.10).

wl
The other two quantities, (75, )%, and (T;, )2V, require
both exterior and interior scattering coefficients. We shall,
in fact, treat analytically only two of the three quantities,
A and (T;,)2=U. The flux (Ty,)% will not be treated
analytically, but its leading order (based on numerics) will
nevertheless be presented, as a meaningful result. Using the
results for the derived triplet, we subsequently treat the

original three flux quantities (T7,)= .

A. The conserved quantity A in a near-extremal BH

We may evaluate the near-extremal limit of A through its
mode-sum expression given in Eq. (2.10).

First, note that the surface gravity of a near-extremal RN
BH scales like x, = A/M. Then, the coth (zw/x,)—1
factor in the integrand in Eq. (2.10) (which decays expo-
nentially in the coth argument) acts as a weight function on
the  axis, crucially leaving an effective sampling window of
width <A /M. We are thus interested in the behavior of the
various components of the integrand in low frequencies.
A detailed analysis of 7, to leading order in wM < 1 is
presented in the Appendix, with the result given in Eq. (A31)
therein. Notably, to leading order in low frequencies we have
7o) o '™ (this holds regardless of Q/M, as long as
Q/M < 1). Furthermore, the prefactor of this leading-order
term scales as A’. The contribution of each [ to A [as may be
seen through Eq. (2.10)] therefore goes like A*(*1), The sum
over [ in the limit A <1 is thus dominated by the / =0
term. The transmission coefficient that enters this term is

125120 = 2iwr, + O(w?)
[see Eq. (A32) in the Appendix].

We may now proceed to compute A to leading order in
A, using Eq. (2.10) and taking only the / = 0O contribution
as discussed:

2 oo

A= fzri/ dow®[coth (zw/x ) —1].  (3.1)
7 Jo

Recalling that @ = (A/M)® = k, @ (and also r, = M), we

find it convenient to rewrite this expression in terms of a

dimensionless and A-invariant integral:

A4

A=h .
1202M

4 e

% A did@[coth (xd) — 1] = A (3.2)
We have thus found the Hawking outflux to leading order
in A for a near-extremal RN BH. The dependence on A* is
well known (see, e.g., Ref. [6]), but the prefactor, which we
derived analytically, is given here for the first time as far as
we are aware.

B. (T;,)2-U in a near-extremal BH

The treatment of (T, )2~V closely follows the calcu-
lation of A carried out in the previous subsection. To this
end, it is instructive to compare the expressions in
Egs. (2.9) and (2.10). Both integrands include the factor
coth (zw/k ) — 1, implying an effective frequency window
of width o< A/M. In fact, the only difference between the
two integrands (apart from the trivial constant factor 4zr2)
is the extra multiplicative quantity |A,,|> appearing in the

expression for (T,)2-U. As found in Sec. IIB1 [see
Egs. (2.19) and (2.21)], the coefficient A, to leading order
in A is 2 —2zAdcsch(z@) for [ = 0, and vanishes at least
like A for [ > 0. We already established in the previous
subsection that the expression (2.10) for A is dominated by

the [ = O contribution. Given the behavior of A,; quoted
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above, the extra |A,,|? factor in the expression for (T, )~V

does not alter this situation. Thus, obtaining (773, )2~V to
leading order in A would merely require multiplying the

integrand in Eq. (3.2) by
|Ay1—o|* & [27A& csch (z@))?

(as well as dividing by the constant 4zr2 = 4zM?).
Combining these factors yields

h o0
(T )H-U 7 AS / d@ @’[coth (zé) — 1]csch? (z@)
0

6

a2 o0e(s)),

—_— 33
12M* 7 (3.3)

where { is the Riemann zeta function.

C. (T;,)4  in a near-extremal BH

Of the three members of the derived triplet, the expres-
sion for (T, )2 is the most challenging one to analyze. It is
given by Egs. (2.4), (2.5), and (2.8). It is fairly easy to see,
for example, that the second term in the integrand in
Eq. (2.5) yields a contribution o« A%. However, there is
another such contribution in f, and these two « A3 terms
just cancel each other out. Then there are various potential
contributions at order o< A%, but these are more difficult to
analyze, as this analysis would require computing A,;, B,
and /’25 beyond their leading order in A% We therefore
resorted here to numerics. A numerical analysis of (T, )%
indicates that its small-A asymptotic behavior is
(Tuudien = as,

ren —

(3.4)

with the numerically extracted coefficient a & —3.4375 x
10~3aM~*. This behavior is demonstrated in Figs. 1 and 2
(by the green dots approaching the green dashed line).

D. The three elementary fluxes
in a near-extremal BH

In Secs. IIT A, III B, and III C we analyzed the derived
triplet in a near-extremal RN BH. Here, we shall utilize
these results to obtain the leading-order behavior of the

original elementary triplet of fluxes (77,)% .

Notably, the difference between ()2 and (T7,)Y

ren

given in Eq. (3.3) decays faster than (T, )2 [see Eq. (3.4)].

ren

¥Notice that in the analysis of A and (T7,)2=U, carried out in
the previous two subsections, the corresponding integrands were
both proportional to |z.h|? [see Eqs. (2.9) and (2.10)] along with a
weight factor of effective width « A on the w axis—hence
contributing an extra factor o« A% (and even higher powers of A
for [ > 0). In the present case, no such |z,|? factor exists in the
integrand in Eq. (2.5); hence the various potential contributions
start already at lower powers of A compared to the other two
cases.

Consequently, (Ty,)Y, shares the same leading-order

behavior as its HH counterpart, namely

(Tu)i, = (To) L, = ar®

ren —

(3.5)

with a as given in the previous subsection.

In addition, recall that A is proportional to the difference
between (T,,)Y, and (T;,)Y,, and that it was found to
decay like A* [see Eq. (3.2)]. We thus conclude that in a
near-extremal RN BH, the Unruh ingoing flux component
(T, Y dominates over its outgoing counterpart (T;,)Y,,
and approaches —A/4zr? =~ —A/4xM? as A decreases.

Explicitly, the leading order of (T5,)Y, in small A is
given by
A4
T, Y ~—-h—— . 3.6
< M>ren 48077.’2M4 ( )

IV. NUMERICAL RESULTS

Using the methods described in Ref. [1], we computed
the three flux quantities (75,)% in a set of Q/M values
exponentially approaching the extremal value of 1. The
procedure includes numerically solving the radial equa-
tion (1.1) in the BH interior and exterior to extract the
internal scattering coefficients A,,; and B,,; (2.2) as well as
the transmission and reflection coefficients 7,7 and p.b,
subsequently feeding them into the relevant mode sums as
outlined in Sec. IT A. Performing the computation, we
found rapid exponential convergence in both @ and /,
which facilitates the numerical implementation of the
procedure.9 Subsequently, from the three flux quantities
(T;,)%, we also derived the differences (T;,) U and A.

Fig. 1 portrays the leading-order behavior of the derived
triplet A, (T2 and (T;,)2>U, in the near-extremal
domain A < 1. Each flux quantity is divided by the leading
power of A in its near-extremal asymptotic behavior
(namely A*, A’ and A®, respectively). The approach to
extremality amounts to moving leftwards in the figure,
and the figure indicates that all displayed curves flatten at
that limit. The numerical results for A and (T7,)2-U are in
full agreement with the analytically-derived leading-order
behavior given in Egs. (3.2) and (3.3), represented respec-

tively by horizontal orange and purple dashed lines with the

'As may be seen analytically, for each of these three quantities
the integrand decays exponentially with @ (other than the trivial
decaying factors, this has to do with the analytically-known
exponential decay of A,; and p,,; at large frequencies). The @
range chosen for the computation suitably scales with A. The
series in /, constructed after performing the integration over w,
exhibits too a very quick exponential decay. In fact, it turns out
that at this domain of A <1 it suffices to include the [ =0
contribution alone. Nevertheless, to be on the safe side, we
included a few additional / values in our computation.
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1/1207

(w* — 90¢(5))/12x®
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%107

FIG. 1. AA™* Ty A= and (T7,)2-YA~6 in suitable units
vs log; A. The horizontal colored dashed lines correspond to the
coefficients of the leading orders in A, known analytically for A
and (Ty,)H>U as prescribed in Egs. (3.2) and (3.3).

ren

log;y A
24 22 2 -18 -6 -l14 12 -1 08
L g B S ——p———— ——
—1/48072 : ‘
5—2
-3
. . :__4
’ 15
o ATU /(M) ’ s
° H
o ATTL/(hM™Y) s 17
k] 1]
o ATTH/(hM) 1-8
%107

FIG. 2. (T;)\4.A7% (T )2 A5 and (T, )Y, A=5 in suitable
units vs log;g A. The horlzontal colored dashed lines correspond
to the coefficients of the leading orders in A, known to be
identical for (T3, )2 and (T3, [see Eq. (3.5)], and known

ren >ren

analytically for ( Tl as prescnbed in Eq. (3.6).

corresponding coefficient values appearing on top. The
leading-order coefficient for (T, is extracted from the
numerics to be a~—3.4375 x 1073AM™*, and is repre-
sented by the horizontal green dashed line (in both figures).

Similarly, Fig. 2 portrays the leading-order behavior of
the three elementary flux quantities (775,)% in the near-
extremal domain A < 1. Each flux quantity is divided by
its leading power of A (namely A* or A’). As seen in
Eq. (3.5), (T uu>ren and (T, )Y, share the same leading order
in their expansion in small A, hence their plots coincide
towards extremality. The amount by which they differ has

been analyzed and is given in Eq. (3.3) (and displayed

in Fig. 1). The leading-order coefficient for (T5,)Y, is

known analytically (3.6), and is represented by the blue
horizontal dashed line.

V. DISCUSSION

Our main goal in this paper was to investigate and
compute the semiclassical null fluxes (T',,);en a0d (T4 ) en
at the IH of a near-extremal RN BH, in the Unruh and
HH quantum states. Since in the HH state we have
(T yo)ren = (Tuu)ren» there are three such independent flux
quantities: (T, )Y, (Ty) &, and (T7,) 2 . (Recall, the “—~
superscript denotes the asymptotic IH value, and the
superscripts  “U” and “H” respectively refer to the
Unruh and HH quantum states.) We referred to these three
flux quantities as the elementary triplet of fluxes. We found
it useful, however, to introduce another (yet mathematically
equivalent) triplet of flux-related quantities: (T;,)2 ., A,
and (T;,) 2V, to which we referred as the derived triplet.
Here “H U“denotes the flux difference between the
HH and Unruh states, and A=4xr2((T;,) % — (To) -
Although the elementary and derived triplets in principle
encode the same information, we found it beneficial to
focus our analysis on the latter triplet, as it allows a sharper
investigation of the near-extremal limit. Firstly, two out of
the three members of the derived triplet, A and (T, )2-Y,
are amenable to a full leading-order analytical treatment
near extremality. Furthermore, we find that the flux differ-
ence (T, )=V decreases faster than both (T, )2 and
(T;.)Y, on approaching extremality. As an add1t10nal
motivation, A turns out to be directly associated with the
conserved quantity presented in Eq. (1.3), which in fact
coincides with the Hawking-evaporation outflux to infinity
(a point to be further discussed below).

We hereby summarize our findings for the asymptotic
behavior of the various flux quantities, to leading order in

the small parameter A = /1 — (Q/M)? (which expresses
the deviation from extremality). Considering first the
derived triplet, we obtained analytical expressions for
two of its members: A o« A* and (T7,)H-V « AS [see
Egs. (3.2) and (3.3) respectively]. For the third member
we got a numerical result: (T,)% o A3 [see Eq. (3.4)].
Our analytical results (1nclud1ng both the leading-order
powers of A and the corresponding prefactors) agree with
the behavior seen in the numerically computed quantities,
as portrayed in Fig. 1.

From these results we could easily obtain the leading-
order behavior of the elementary triplet, namely the flux
quantities (7T (see Sec. IIID). We quote our final

results:

yy > ren

<T;v>gn = <T;u>gn = <T >£én = al’
A4

Ty = —h———
vl 4807* M*
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where «a is a coefficient extracted from the numerics to be
~ —3.4375 x 1073AM~* (as indicated from the level of
the horizontal dashed green line in, e.g., Fig. 1).

These results may be intuitively understood as follows:
At a nearly extremal RN BH, since the interior domain
shrinks as the two horizons “approach one another” (as
indicated by the similarity of their »| and r_ values, which
only differ by 2MA), the fluxes at the IH vicinity don’t
differ much from their corresponding EH values. That is,
since for an evaporating BH (in the Unruh state) we have
(T,)Y, <0and (T,,)Y, = 0 at the EH, we expect to find
at the IH a negative (T,)Y (similar in magnitude to its
corresponding EH value), as well as (T,)Y, vanishing
more rapidly than (75,)Y,, as extremality is approached.
In particular, this means the quantity A is expected to
be dominated by (T;,)Y,, and indeed we find the following
approximate relatlon to hold near extremality: A &
—4xr2(Ty,) Y, (see Sec. NI D).

Although our main interest in this paper concerns
semiclassical physics deep inside the BH, in passing, we
also derived the leading-order small-@w expression for rwl,
namely the transmission coefficient outside the BH (see
Appendix). This coefficient is a necessary ingredient in the
analysis of the near-IH flux differences (77, )%V and A.

As was already mentioned, the quantity 477> ((T ) ren—
(T,,)1en) 1s independent of r in both HH and Unruh states.
In the latter, at the IH it reduces to A [given in Eq. (3.2)]
whereas in the limit r — oo it coincides with the Hawking-
evaporation outflux. Thus, on passing we have obtained
the explicit expression for the evaporation rate of a near-
extremal RN BH:

A4
lim4zr*(TY h—. 5.1
Hm 2 (T, ) = homoes (5.1

104

While the scaling of this quantity as « A* has already been
pointed out in, e.g., Ref. [6], we are not aware of previous
derivations of the prefactor. The analytical computation of
this prefactor, carried out in Sec. III A, was made possible
due to our analysis of the transmission coefficient 7. at low
frequencies (presented in the Appendix).

Returning to semiclassical fluxes inside the BH, our
results indicate that for a near-extremal RN BH in the
Unruh state, (T,,)%, dominates over (T,,)Y, in the TH
vicinity. This could suggest that the semiclassically back-
reacted geometry in this domain may be well approximated
by the ingoing charged Vaidya solution [15]. We hope to
further explore this issue in future research.

wl
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APPENDIX: THE TRANSMISSION COEFFICIENT
AT LOW FREQUENCIES

In this Appendix we analyze the leading order of the
transmission coefficient z,; at low frequencies (namely,
corresponding to modes with @M <« 1), in a RN BH. We
shall provide the full analysis for a subextremal BH (that is,
with Q/M < 1), which is of direct relevance for this paper,
and then quote the analogous result for an extremal RN BH
(with Q/M = 1).

We shall consider the “in” mode normalized to have
amplitude 1 at the EH, denoted by ,,;, which is a solution
to the radial equation (1.1) in the BH exterior with the
following asymptotic behavior:

e—i(ur*
l/A/wl(hk) = { i i
Twle ior, 4 Rwlelwr*

TR (A

ry = 0

T, and R,; may then be used to construct the usual
reflection and transmission coefficients z,; and p,; of the
standard “in” and ‘“up” Eddington-Finkelstein modes
(see Ref. [12]). In the “in” modes, 7%, and pi1, are trivially

related to 7 ,; and R, via

(A2)

L.

l — ’
v Twl
The corresponding “up” mode coefficients, 7, and p,,
may be related to their “in” counterparts through the

conserved Wronskian, yielding

in *
L gin 1 P — _pins Twl _ R (A3)
b 1 .
ol wl Ta)l wl wl TZ;lln Ta)l
We denote 7, = ‘L'wl = ras, and we take here the r,

convention used in Ref. [12]

1 r—r 1 r—r
=r4+-—1 ) -1 —]. (A4
A r+21<+ Og<r+—r_> 2K_ Og<r+—r_> (Ad)

""Note that the result for 7, 1s independent of the choice of
integration constant for r,. With a different choice, say 7, =
r. + or, (6r, being a constant), the desired asymptotic behavior
at the EH will now naturally be e~™, which amounts to
multiplying Eq. (A1) by the constant phase e, This yields

e—iwh

—iwF, —2iwér, \ ,iwF,
T(ule + (Rwle )e

ry, = —00

Wt (r.) 5{

r, = 00

That is, 7, hasn’t changed and hence, from Eq. (A3), 7, is left
unaffected. On the other hand, R, has gained a phase of e=2/@%"
which translates to the same effect on p,,;. Nevertheless, it is not
difficult to show that the leading order of p,, at small w (given
below in Eq. (A29) remains unaffected.
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The variation of the effective potential V; given in
Eq. (1.2) between the EH (r, - —o0) and infinity
(r, — o) suggests a natural division of the BH exterior
into three overlapping regions, in which suitable approx-
imations can be made: region I at the EH vicinity, where the
effect of the potential is negligible and we may approximate
the radial function by a free solution y = e~™" (a more
detailed characterization of this region will follow);
region II where w is negligible in the radial equation, that
is, the domain characterized by w?> < V/; and region III, the
asymptotically flat region, where r/M > 1. Note that
due to our assumption of small frequencies region II is
very vast and, as we shall see, indeed overlaps with both its
neighboring regions. This, in turn, allows the matching
procedure which follows, relating the asymptotic regions
r, — —oo and r, — oo. We shall start at the EH vicinity and
work our way outwards to infinity, where the reflection and
transmission coefficients are to be extracted.

1. Region I

We start our analysis at the asymptotic domain where
the effective potential is negligible, satisfying V, < w?.
This yields a free solution to the radial equation (1.1),
which according to Eq. (Al) is

(AS)

However, the domain characterized by V, < »* has no
overlap with region II, where, as mentioned above, V; > w?.
‘We thus wish to “enhance” the free solution y/gie, in order to
slightly extend its domain of validity. To build the enhanced
free solution, we consider the leading order near-EH form
of the potential, V; = v,M~2exp (2x,r,), where v, is a
certain dimensionless constant.” Correspondingly, we use
the ansatz

Vot 2 WE(L 4+ M2V = e 1 4 cyexp (26, 7.)]

where c is a dimensionless constant that will be determined
by the radial equation as follows: Applying the differential
operator d?/dr? + (@® — V,) to this ansatz for v, yields

[d?/dr? + (0® = V)W
= eior, Vl[4M2K+(K'+ - ia))c - 1] + O(‘/%)

Equating the right-hand side to zero (ignoring the O(V?)
term) yields ¢ = [4M?k, (x, — iw)]~'. Thus, we find the
near-EH solution (to leading order in V;) to be

"Note that V; « f(r) « r — r, in the EH vicinity, and then
evaluating Eq. (A4) at r = r, yields the relation to r,, namely
r—ry oexp(2k,r,).

4k, — iw) V,} . (A6)

Yoy = 7" [1 +
For later convenience, we also write its derivative with
respect to r, (hereafter denoted by a prime):

2k, —iw

) v,] . (A7)

!’ . —iwr, _
Vor = —i0¢ [1 divk (ks — iw

The domain of validity of this approximation (which
ignores terms of higher orders in V;) is basically charac-
terized by M?V, < 1. However, for our goal of sub-
sequently matching this solution to region II, it will be
convenient to further restrict region I such that both y,,; and
., are still not significantly affected by the potential V.
(We are concerned about the forms of v, as well as y/
because the matching of regions I and II will involve the
values of both y,, and v/, in the overlap domain).
Recalling that x, ~ 1/M > w, one readily sees that the
more stringent restriction emerges from the expression
for y/ ,: The term in squared brackets in Eq. (A7) reads
~1 —V,;/(2iwk,) for small @, hence the demand that
y!, remains well approximated by its free counterpart

. . . 12
y/grfe = —iwe™'"+ yields the requirement.

Vi(r) < w/M, r~r,  (regionI).  (AS8)
The last inequality guarantees that both y/ ; and y,,,; do not
differ much from their free values /T and yiT.
We thus take this inequality to characterize region I, and
we denote the approximate solution therein by ! . From
the very construction of region I, we may simply take !, to
be the free solution given in Eq. (A5).°

Having V, « r — r__ in that domain, we may rewrite the

condition in Eq. (A8) as

r—r
* < oM.

(region I) (A9)

"The restriction r ~ r . was added in this equation to indicate
that, obviously, it is only the small-V; domain at the EH vicinity
(and not the one at r > M) that defines region I. The same remark
also applies to Eq. (A12) below.

BThe fact that !, and its derivative attain values similar to
their free-solution counterparts throughout the domain (AS)
may seem surprising at first sight, because the potential V,(r) is
not negligible compared to w? everywhere throughout that
domain (in fact, we even have V,; > @? in some portion of the
latter). The reason for this similarity is simple: The width of the
sub-domain where V,(r) fails to be < @? is merely of order M;
and even in this sub-domain V; is still < w/M. It therefore
follows that yr,, and its derivative do not accumulate a
significant deviation from their corresponding free values along
that limited sub-domain.
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Note that since wM < 1, the last inequality also ensures
that region I is indeed at the EH vicinity, where the assumed
near-EH form of the potential is valid.

2. Region 11

This region is characterized by

V,(r) > @*, (region II) (A10)

and we may thus neglect »? in the radial equation (1.1) as a
leading order approximation. This yields the so-called

static solution,
. r—m r—m
Vo = {QH(V+ —M) +C2Q;<r+ —M)]’ (A11)

where P; and Q; are respectively the Legendre polynomial
and Legendre function of the second kind,"* and C,, C, are
coefficients to be determined. We shall treat ¢/, as the
approximate solution throughout region II.

Owing to the basic assumption of low frequencies
oM < 1, region II [characterized in Eq. (A10)] and region
I [characterized in Eq. (A8)] overlap in a domain satisfying

(wM)?> < V,M> < oM, r~r, (regions I-II overlap)
(A12)

or, from the near-EH form of V/,

(wM)? <= <om. (regions I-II overlap) (A13)

In order to match the solutions !, and ¢/, in the overlap

domain characterized above, we apply the right side of the

inequality (A13) in ¢/, and the left side of this inequality in

!, In fact, it turns out to be sufficient (and equivalent) to
take r —r, < M in ¢!, and |or,| < 1 in ¢! .

Taking the solution ¢, given in Eq. (A5) in the
asymptotic domain of region I where |wr,| < 1 yields

"0, (x) is defined here as the real branch in the domain x > 1
(corresponding here to r > r,, namely, the BH exterior). This
function is classified in Wolfram Mathematica as the “Legendre
functlon of type 3”.

Note that in the EH-vicinity, setting & r, in Eq. (A4) yields

R 2x log(rr —=) ~ M log(57). Then, choosing a typical
point in the overlap domain (A13), e.g., 5=~ (wM)’ for some
fixed positive y (noting that this overlap domain actually
corresponds to 1 <y <2), we have |or,| ~yoM|log(oM)|,
which is < 1 due to the basic assumption of low frequencies.
That is, the condition |wr,| < 1 is guaranteed to hold throughout
the overlap domain (A13).

! (Jor, < 1) =21 —ior,

2 —
El—ia)[nr—&— I+ 10g<r ”+>]
r.—r_ r—r_

T H

d . :
5Wﬁ;z(|wr*| <l)=-io

Carrying the solution ¥/, as given in Eq. (All) to the
asymptotic domain of region II where r —r, << M, and
using the leading-order asymptotic behavior of our basis
functions Py(x — 1*) =1 and Q;(x — 1*) = 1In(:%),"

we get
Teley 4 ey tog (T
Mm|" T8 r—r,

C (A15)

regardless of [. Then, matching to Eq. (Al4) requires
setting the coefficients C;, C, to their leading order in @
(which suffices for the present analysis) as follows:

ry ry—r_

Feeding this into Eq. (Al1), the approximate solution in
region II is found to be

r—m 2iwr.,r M
pll = —p a . (A16
e () 20 ()

Finally, we explore the domain of validity of the
region-1I approximation in the range r>> M. The basic
criterion that needs to be satisfied in this region is given in
Eq. (A10), namely V,(r) > w? At r> M, the effective
potential V,; given in Eq. (1.2) decays like « 1/ for [ > 0
and like & M/r® for [ = 0. This implies that the corre-
sponding domain of validity is /M < (wM)~! for [ > 0
and r/M < (oM)™?/3 for [ =0. In the analysis that
follows it will be convenient to treat the / =0 and [ > 0
cases on a common footing. We therefore choose the
domain in which we apply the region-II approximation,
in the range r> M, to be the stringent of these two
domains (that is, the one emerging from the [ = O case):

r/M < (oM)™?/3.

(region II, large-rside)  (A17)

"In fact, Q;(x — 1) ~1In(:%) — h(l), but we may neglect
the constant /(1) compared to the logarithmically diverging term.
[We should also note that this “parasitic” constant does not
interfere with the extraction of C; from the first equation
in (A15), because C, turns out to be « w, hence C, is determined
right away from the w-independent part of Eq. (A14).]
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3. Region III

In the asymptotically flat region characterized by

r/M>1 (region III) (A18)
(which implies f(r) 21, df/dr=0), the approximate
solution is well known and is given in terms of spherical
Bessel functions:

Wl = wr.[Dyji(wr,) + Dyy(wr,)],

(A19)
where j, and y;, are respectively the spherical Bessel
functions of the first and second kind, and D, D, are
coefficients to be determined from the matching procedure.17
We wish to match /] with the solution "/, of region I

The overlap domain of regions II and III is obtained by
combining the conditions (A17) and (A18), namely:

1<<ﬁ<< (@M)™/3. (regions II-1II overlap) (A20)

This overlap domain indeed exists, owing to our basic
assumption oM < 1.18 Furthermore, a direct consequence
of Eq. (A20) is r/M < (wM)~" and therefore

or < 1. (A21)

We find it convenient to describe the matching in the overlap
domain to be between !l in the asymptotic domain of
region Il where wr, < 1, and !/, in the asymptotic domain
of region I where r/M > 1. The large-r limit of y//, [given

in Eq. (A16)] is obtained from the asymptotic behavior of
P;(x) and Q,(x) at a large argument, namely P;(x — o0) 2
(22)' 142 and Q,(x — o) = (20)7! i
into Eq. (A16) yields

Inserting that

"In prlnc1ple one could also write down another approximate
solution 1//{”/’ in this r/M > 1 region, which takes the same
form as th but with r, replaced by r. A direct inspection
indicates, however that the error involved in {7/ is much larger
than that involved in !/, To see this, one can substitute these
approx1mate solutlons m the radial equation (1.1). The (relative)
error is then found to scale as «M/r for '!l, and only
ol(l + 1)(M/r)*In(r/M) [or «(M/r )? in the [ =0 case] for

@I n fact, this larger error in /] is manifested, at the large-r
limit, in the phase that erroneously progresses in this solution like
wr instead of wr,. (Also recall that the difference r, — r actually
diverges logarithmically at large r. Therefore ¢!/ fails to be a
valid approximate solution in a global sense, even at arbitrarily
large r.)

*Note that we may replace r in Eq. (A20) by r,, leaving the
inequality unaffected. This follows from the simple fact that
r./r = 1 throughout the domain r > M.

1 2 \!T(+D
p(r/M > 1) =t — -
Vi(r/ Jr ro\ry—-M N

L 2iwr, /=l 2 -i-1
r .
ro—r-T(l+3)\ry —M

(A22)

Plugging the asymptotic behavior of the spherical Bessel
functions of the first and second kinds at a small argument
in Eq. (A19), we obtain

\/7_7 2—1—1
3
L(E+1)

-DQ(wr*)—l—lﬁzlr (z%)] . (A23)

Note that the dependence on r in the last two equations is
only through simple powers of r or r,. We can then re-
express these two equations in the more compact form

il or, <) 2w

. [mer*)f

o (wr, < 1) = Dt + Dyri!

ll/ml(r/]‘4 > 1) = Clrl+1 + 621"_1,

[where the new coefficients C;, D; are trivially related to C;,
D; by comparing the above to Egs. (A22) and (A23)].
Obviously, the large—r assumption allows replacing ri+!
with #+1 and r;! with r~/, as the relative error decays like
« Mlog(+) < 1. The matchmg then simply yields D, = C,
and D, = C,. Applying this straightforward matching
scheme to Egs. (A22) and (A23) determines the desired
coefficients D, D, (to their leading order in w),

Dy = A(oM)~! Dy = -7 (wM)*! (A24)
where
M/ 8M \!2I'(I+1Hr(+3
z,:_< ) UHITA+D)  pgs)
ry \ry—r_ ml!

Feeding Eq. (A24) into Eq. (A19), we obtain the
approximate solution throughout region III,

Vol = orfA(oM)™" id7 (@M)™ 1y (or.,)].

(A26)

Viwr,) -

4. Asymptotic behavior at r — co

Finally, in order to extract 7,, and R,;, we need to
match /! to the boundary condition (A1) at r, - oo. That

is, we are interested in the asymptotic behavior of !/

wl
where wr, > 1. Using j;(x » o) = —1sin (£ —x) and

2
yi(x = o0) = —Lcos (% - x) in Eq. (A19), we obtain

024066-12



QUANTUM FLUXES AT THE INNER HORIZON OF A NEAR- ...

PHYS. REV. D 104, 024066 (2021)

I l
li/({f,’(wr* >1)x~—D;sin <§—a)r*) —D,cos (Eﬂ—wr*) .
(A27)

At the oM < 1 limit, the coefficient D,  (wM)™! is
negligible compared to D o« (oM)~'~! [see Eq. (A24)],
and we are left with

[
ior. > )= fontysin (o)

_ %(wM)—l—lil+l [e—ia)r* + (_1)l+leiwr*]‘

(A28)

With the above asymptotic form, we can easily read the
coefficients 7, and R, as appearing in Eq. (A1),

Twl — %(a)M)_I_lil+l, Rwl — %(wM)—l—l(_l)HliHl_

Then, via the relations in Egs. (A2) and (A3), one can
readily extract the reflection and transmission coefficients
to leading order in low frequencies:

P (=DM =l (A29)
and
Ty <r+—”—>l ! 41 I+1
T & ——— —i"t (M),
M\ 8M ) T(I+Hr(+3)
(A30)

or, using F(% +1) = %\/E,

oy (re = NP2 ), N
T““M( M ) (20)!(21 +2)! (=) (M),

(A31)

One immediate consequence is that the leading order of
7,,; in small frequencies is real when / is odd and imaginary
when [ is even. In particular, for the sake of this paper, note
that for / = 0 we have to leading order

Tm,l:O = —2iwr+. (A32)

The results presented here were verified numerically—
both for / = 0 as given in Eq. (A32) and for several other /
values as given more generally in Eq. (A31)—in a variety
of subextremal Q/M values.

In the Schwarzschild limit (r_ — 0, r, — 2M),
Eq. (A31) adequately reduces to the corresponding result
given in Eq. (5.5) of Ref. [16].

Note that the results presented in Eqgs. (A29) and (A31)
were derived in the subextremal RN case only, and they are
not valid for an extremal BH. We shall briefly refer to the
extremal case in the subsection that follows.

5. The transmission coefficient in low frequencies
in an extremal RN BH

An analysis analogous to the one presented in detail
above can be done in the extremal case. Since the two
horizons now coincide at » = M, this changes the behavior
of f(r), and hence also r,, V,(r), and the corresponding
solutions in the various domains. Nevertheless, despite
these differences, the basic strategy presented above is
applicable in the extremal case as well: We can again define
the three domains with three corresponding approximate
solutions (the enhanced free solution in the EH vicinity, the
static solution where V, > @?, and the large-r solution),
with appropriate overlapping domains in which any two of
the neighboring approximate solutions may be matched.
Then, matching through and taking the r, — oo limit, we
finally obtain the asymptotic behavior [analogous to
Eq. (A28) in the subextremal case],

il LN EAN . N1, m
pill(or,>1) = M(M) F<l+2 r l—|—2 )
X [(_1)l+le_iwr* + eiwr*]' (A33)

We may now use Egs. (A2) and (A3) to extract the
transmission and reflection coefficients to leading order
in small frequencies for an extremal RN BH:

U (1)

Py = oy & (A34)

. b1 1
Tl = l(_l)H_l 21

(wM)2l+1 .
221+ 043

(A35)

Note that the leading order of z,; in low frequencies
is oc(wM)?*! in the extremal case [unlike (wM)"*! in
the subextremal case, see Eq. (A31)], and that it is always

imaginary.
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