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In a previous work [L. Asprea, G. Gasbarri, and A. Bassi, Gravitational decoherence: A general
nonrelativistic model, Phys. Rev. D 103, 104041 (2021).] we derived a quantum master equation for the
dynamics of a scalar bosonic particle interacting with a weak, stochastic and classical gravitational field. As
standard matter is made of fermions, such an equation should be suitably extended to describe more
relevant experimental situations. Here we derive a nonrelativistic model for the gravitational decoherence
of spin 1/2 particles. We enrich the treatment by also considering a coupling with an external classical
electromagnetic field. We comment on the differences with the scalar bosonic model and we describe the
regimes in which they become negligible.
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I. INTRODUCTION

The recent exciting first detections of gravitational waves
[1,2], which marked a new era in astrophysics and
cosmology, have pushed the scientific community towards
the construction of ever more sophisticated ground and
space based detectors [3–7] to observe waves in a variety of
ranges in order to sketch a first map of the stochastic
gravitational background. Within the framework of quan-
tum theory, a stochastic gravitational background affects
the dynamics of matter propagation [8,9] and, when the
quantum state is in a superposition, it leads to decoherence
effects, as typical of noisy environments. Different models
for the description of this phenomenon have been proposed
[10–16]. However, they do not agree on the decoherence
mechanism (the preferred basis and rates) at which it takes
place. In order to solve such apparent contradictory results,
we derived in [17] a novel model for the decoherence effect
induced by a stochastic gravitational perturbation on non-
relativistic scalar bosonic particles. Our model has so far
proven to be able to describe more general scenarios than
those present in the literature, as it is able to qualitatively
recover them [10–16] as appropriate limiting cases, thus
solving the decoherence basis puzzle. However, it might
not be general enough to describe the outcome of a real
experiment. The particles commonly employed in experi-
ments (atoms, neutrons, electrons...) in fact have a charge, a
spin, and could be coupled to other external fields, like the

Maxwell one for instance. For the above reasons, in this
paper we will derive an analogous model, this time for spin
1/2 fermions interacting with both a gravitational pertur-
bation and an external electromagnetic field.
The paper is organized as follows. In Sec. II we derive

the equations of motion in Hamiltonian form for a spin 1/2
fermionic field minimally coupled to a weakly perturbed
flat metric. We then specialize such equation to the
nonrelativistic regime in Sec. III and proceed with the
canonical quantization of the bosonic field in the single
particle sector, obtaining a Schrödinger like equation for a
test particle interacting with a weakly perturbed gravita-
tional field.
In Sec. IV we compare the fermionic model derived here

with the bosonic one derived in [17].
In Sec. V we specialize to the case of a stochastic

gravitational perturbation and derive the corresponding
master equation. We discuss the decoherence effect with
explicit reference to the preferred eigenbasis and charac-
teristic decoherence time. We also show under which
assumptions our master equation is able to reproduce
decoehrence in the position or momenutm eigenbasis only
thus recovering the results of the literature [11–15,17].

II. EQUATIONS OF MOTION

We first derive the equations of motion (EOM) for a spin
1/2 fermionic field minimally coupled to linearized gravity.
We start from the action for the Dirac field in curved
spacetime [18]
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S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p
L ð1Þ

with the Lagrangian density

L ¼ iℏc
2

½ψ̄γμeA
μDAψ − eA

μDAψ̄γ
μψ � −mc2ψ̄ψ ; ð2Þ

where eAμðxÞ is the so called vierbein field [19], an
auxiliary field used in order to extend the definition of
fermions as irreducible spin 1/2 representations of the
Poincaré group to curved spacetimes (see Appendix A),
and

Dμψ ¼ ∂μψ þ 1

8
½γa; γb�ωμ

abψ þ ie
ℏc

Aμψ ð3Þ

is the covariant derivative with respect to both the spin
ðωab

μ Þ and the electromagnetic ðAμÞ connections. In this
framework the metric tensor gAB and the affine connection
ΓBC
A are described by the following pair of equations:

� eAμημνeBν ¼ gAB

ωA
μν ¼ eBμηνρ∂AeBρ þ eBμηνρeCρΓB

AC:
ð4Þ

Note that Eq. (4) holds only for a torsion free, metric
compatible connection [19].
In order to describe a weak perturbation of the metric, we

now write the metric as the sum of a flat background
ημν ¼ diagðþ − −−Þ, and a perturbation hμν

gμν ¼ ημν þ hμν; ð5Þ

and since we are interested in studying the dynamics of the
Dirac field interacting with a weak gravitational perturba-
tion, perform a Taylor expansion of the fermionic action
around the flat background metric and truncate the series at
the first perturbative order (See Appendix B for the explicit
calculation). Thus, we obtain the effective Lagrangian Leff
acting on flat spacetime

S¼
Z

d4x

�
iℏc
2

½ψ̄γμ∇μψ −∇μðψ̄Þγμψ �
�
1þ trðhÞ

2

�

−
�
1þ trðhÞ

2

�
mc2ψ̄ψ −

iℏc
4

hμν½ψ̄γμ∇νψ −∇νðψ̄Þγμψ �
�

þOðh2Þ

≡
Z

d4xLeff þOðh2Þ; ð6Þ

where ∇α is the flat covariant derivative with respect to the
electromagnetic connection. The EOM for the matter field
are obtained (at first order in the perturbation hμν) from the
Euler Lagrange equations

∂Leff

∂ψ̄ −∇α
∂Leff

∂∇αψ̄
¼ 0 ð7Þ

and in the harmonic gauge they read

iℏ∂tψ ¼ eA0ψ þmc2
�
1þ h00

2

�
γ0ψ −

mc2

2
h0jγjψ

− iℏc
�
1þ h00

2

�
γ0γi

�
∂i þ

ie
ℏc

Ai

�
ψ

þ iℏc
2

h0i

�
∂i þ ie

ℏc
Ai

�
ψ

þ iℏc
2

hijγ0γi
�
∂j þ ie

ℏc
Aj

�
ψ

þ iℏc
2

h0iγiγj
�
∂j þ

ie
ℏc

Aj

�
ψ

−
iℏc
8

∂αðtrðhÞÞγ0γαψ þOðh2Þψ
¼ ∶Hψ þOðh2Þψ : ð8Þ

As in the case of a scalar field studied in [17], we are not
allowed to give a probabilistic interpretation to the field ψ ,
because the conserved charged Q associated to the internal
Uð1Þ symmetry (ψ → eieψ ; ψ̄ → e−ieψ̄ ) via Noether’s
Theorem reads

Q≡ −ie
Z

d3x

� ∂Leff

∂ð∇0ψÞ
ψ − ψ† ∂Leff

∂ð∇0ψ
†Þ
�

¼ ℏec
Z

d3x

�
ψ†

�
1 − trðhÞ − h00

2

�
ψ − ψ† h0i

2
γ0γiψ

�
;

ð9Þ

instead of the required

ρ ¼
Z

d3xψ†ψ : ð10Þ

We therefore apply the transformation

8<
:

T ¼ ð1 − trðhÞ
2

− h00
4
− h0i

4
γ0γiÞ

ψ → Tψ

H → H ≔ THT−1 þ iℏT∂tðT−1Þ
ð11Þ

so that, in the new representation,the conserved charge can
be expressed by the standard form in Eq. (10). After some
algebra the EOM (8) reads

iℏ∂tψ ¼ ½mc2γ0 þ EþO�ψ ; ð12Þ

where
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E ¼ eA0 þ
mc2

2
h00γ0 þ iℏch0i

�
∂i −

ie
ℏc

Ai

�
þ iℏc

4
∂iðhi0Þ

þ ℏc
4
ϵijk∂iðh0jÞΣk −

3iℏ
8

∂tðtrðhÞÞ þ
iℏ
4
∂tðh00Þ;

ð13Þ

O ¼ −iℏc
�
1þ h00

2

��
∂j −

ie
ℏc

Aj

�
αj þ iℏ

4
∂tðh0iÞαi

þ iℏc
2

hij

�
∂j −

ie
ℏc

Aj

�
αi þ iℏc

4
∂i

�
trðhÞ
2

− h00

�
αi;

ð14Þ
are respectively the even (diagonal) and odd (off diagonal)
parts of the Hamiltonian H, with αμ ¼ γ0γμ and Σi ¼
diagðσi; σiÞ.
We are interested in the description of the dynamics of a

positive energy particle system in the nonrelativistic limit.
In such a limit, the particle and antiparticle sectors are
noninteracting with one another, that is to say, the EOM (8)
can be recast to a system of two decoupled equations
respectively for the large ðψLÞ and the small ðψ sÞ compo-
nent of the bispinor ψ ¼ ðψLψ s Þ. While this is evident and
straightforward for the free case [20], for an interacting
theory decoupling the two components is a very compli-
cated task that can only be achieved perturbatively.
In the next section wewill provide a standard prescription

for the diagonalization of the EOM in the nonrelativis-
tic limit.

III. NONRELATIVISTIC LIMIT AND
CANONICAL QUANTIZATION

We aim to find a representation of the bispinor field ψ
in which the EOM (12) are diagonal. This representation

can be found in non relativistic limit following the Foldy-
Wouthuysen Method [21], which allows one to write
perturbatively (at any order in v

c) two decoupled equations,
one for each component of the field. The method is
operatively characterized by the application of an appro-
priate unitary transformation U,

ψ → ψ 0 ¼ Uψ ð15Þ

H → H0 ¼ UðH − iℏ∂tÞU−1

¼ mc2γ0 þ E0 þO0 þOðh2Þ; ð16Þ

such that, in the new representation, the antidiagonal part
O0 is of higher order in v

c than the diagonal E0. By
neglecting O0 one recovers two decoupled equations. By
performing iteratively the transformation, one can always
find a representation of the bispinor field for which the
EOM are diagonal at any desired order in v

c.
In our case, the task is easily achieved by applying the

subsequent transformations

8<
:

U ¼ e−iγ
0O=ð2mc2Þ

U0 ¼ e−iγ
0O0=ð2mc2Þ

U00 ¼ e−iγ
0O00=ð2mc2Þ

ð17Þ

after which, with some algebra (see Appendix C) and by
neglecting the terms containing the derivatives of the
gravitational perturbation of order v3

c3 or higher[22], the

Hamiltonian density to order v4

c4 reads

H ¼ eA0 þ γ0
�
mc2

�
1þ h00

2

�
−

ℏ2

2m

�
1þ h00

2

��
∇−

ie
ℏc

A

�
2

−
ℏe
2mc

�
1þ h00

2

�
BkΣk −

ℏ2

2m
hij

�
∂i −

ie
ℏc

Ai

��
∂j −

ie
ℏc

Aj

�

þ ℏe
4mc

ϵijlhjkFi
kΣl

�
þ iℏ2e
4m2c2

�
1þ h00

2

��∇
2
×E−E×∇

�
·Σ− ð1þ h00Þ

ℏ2e
8m2c2

∇ ·E

−
iℏ2e

16m2c2
ϵiklhij∂jðEkÞΣl −

iℏ2e
8m2c2

ϵiklhijEk

�
∂j −

ie
ℏc

Aj

�
Σl þ

iℏ2e
4m2c2

ϵijlh0kFj
k

�
∂i −

ie
ℏc

Ai

�
Σl

−
ℏ2e

8m2c2
h0j∂iðFijÞ þ iℏ2e

8m2c2
ϵijlh0k∂iðFj

kÞΣl −
γ0

8m3c6

�
ℏ4c4ð1þ 2h00Þ

�
∇−

ie
ℏc

A
	
4 þ ℏ2ec2ð1þ 2h00ÞB2

þ 2ℏ4c4hij
�
∇−

ie
ℏc

A
	
2
�
∂i −

ie
ℏc

Ai

��
∂j −

ie
ℏc

Aj

�
−
ℏ3ec3

2
ϵijlhjmFi

mBkfΣk;Σlg

þ ℏ3ec3

2
ϵijl

��
∇−

ie
ℏc

A

�
2

; hjkFi
k



Σl − ℏ3ec3ð1þ 2h00Þ

��
∇−

ie
ℏc

A

�
2

;Bk



Σk

�

þHd þOðh2Þ þOð∂hÞ þO

�
v5

c5

�
; ð18Þ
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where B and E are the magnetic and electric fields, and in
terms of the four-potential they read:

8>>><
>>>:

E ¼ −∇A0 − 1
c
_A

B ¼ ∇ ×A

Bk ¼ − 1
2
ϵijkFij

Fij ¼ −ϵijkBk:

ð19Þ

ϵijk represent the Levi-Civita symbol, and

Hd ¼ −
ℏ2

8m
∂iðh00Þ

�
∂i −

ie
ℏc

Ai

�
γ0 −

ℏ2

16m
∂i∂iðh00Þγ0

þ iℏc
4

∂iðhi0Þ þ
ℏc
4
ϵijk∂iðh0jÞΣk −

3iℏ
8

∂tðtrðhÞÞ

þ iℏ
4
∂tðh00Þ þ γ0

�
ℏ2

2m
∂iðh00Þ∇i −

ℏ2

4m
∂iðhijÞ∇j

−
ℏ2

2m
∂i

�
trðhÞ
2

− h00

�
∇i −

ℏ2

4m
∂i∂i

�
trðhÞ
2

− h00

�

−
iℏ2

4m
ϵijkð∂iðh00Þ∇j − ∂iðhjlÞ∇lÞΣk

�
: ð20Þ

Note that as the transformations (17) are unitary [23], they
preserve the conserved charge in (9) i.e., the probability
density in the nonrelativistic limit.
In the nonrelativistic limit the EOM (18) does not mix

the two components ψL and ψ s of the field (up to a very
small correction). As we are only interested in the dynamics
of particles, we restrict the analysis to the first field
component ψL, that we rename as ψ in what follows.
Since the dynamics preserves the probability density, we

are allowed to apply the canonical quantization prescription
and impose the equal time commutation relations

½ψ̂ðt;xÞ; ψ̂ðt;x0Þ� ¼ ½ψ̂†ðt;xÞ; ψ̂†ðt;x0Þ� ¼ 0

½ψ̂ðt;xÞ; ψ̂†ðt;x0Þ� ¼ δ3ðx − x0Þ; ð21Þ

to obtain the EOM for the quantum field. The equation thus
obtained does not allow for the creation or annihilation of
particles. We can thus safely project it onto a single particle
sector to obtain the single particle Schrödinger-like equa-
tion

iℏ∂tjϕðtÞi ¼ ðĤ0 þ Ĥr þ Ĥp þ Ĥrp þ ĤdÞjϕðtÞi ð22Þ

with

Ĥ0 ¼ mc2 þ 1

2m

�
p̂ −

e
c
Aðx̂Þ

	
2 þ eA0ðx̂Þ −

ℏe
2mc

Bðx̂Þ · σ
ð23Þ

Ĥr ¼
ℏe

4m2c2

�
p̂
2
×Eðx̂Þ −Eðx̂Þ × p̂

�
· σ

−
ℏ2e

8m2c2
∇ ·Eðx̂Þ − γ0

8m3c6

�
c4
�
p̂ −

e
c
Aðx̂Þ

	
4

þ ℏ2ec2B2ðx̂Þ − ℏec3
n�

p̂ −
e
c
Aðx̂Þ

	
2
; Bkðx̂Þ

o
σk

�
ð24Þ

Ĥp

¼ þmc2

2
h00ðt; x̂Þ − 1

8m

�
h00ðt; x̂Þ;

�
p̂ −

e
c
Aðx̂Þ

�
2



þ c
2
fh0iðt; x̂Þ; p̂ig − ℏe

4mc
ϵiklhijðx̂; tÞFj

kðx̂Þσl

−
1

4m

�
hijðt; x̂Þ;

�
p̂i −

e
c
Aiðt; x̂Þ

��
p̂j −

e
c
Ajðt; x̂Þ

�


−
ℏe
4mc

h00ðx̂; tÞBðx̂Þ · σ; ð25Þ

Ĥrp ¼ ℏe
16m2c2

�
h00ðx̂; tÞ;

�
p̂
2
×Eðx̂Þ −Eðx̂Þ × p̂

�
· σ



−

iℏ2e
16m2c2

ϵiklhijðx̂Þ∂jðEkðx̂ÞÞΣl −
ℏ2e

8m2c2
h00ðx̂Þðx̂; tÞ∇ · Eðx̂Þ

−
ℏe

16m2c2
ϵikl

�
hijðx̂; tÞ; Ekðx̂Þ

�
p̂j −

e
c
Ajðx̂Þ

�

Σl þ

ℏe
8m2c2

ϵijl
�
h0kðx̂Þ; Fj

k

�
p̂i −

e
c
Ai

�

Σl

−
ℏ2e

8m2c2
h0jðx̂Þ∂iðFijðx̂ÞÞ þ iℏ2e

8m2c2
ϵijlh0kðx̂Þ∂iðFj

kðx̂ÞÞΣl −
γ0

8m3c6

�
c4
�
h00ðx̂Þ;

�
∇ −

e
c
Aðx̂Þ

�
4

þ c4
�
hijðx̂Þ;

�
p̂ −

e
c
Aðx̂Þ

	
2
�
p̂i −

e
c
Aiðx̂Þ

��
p̂j −

e
c
Ajðx̂Þ

�

−
ℏ3ec3

2
ϵijlhjmðx̂ÞFi

mðx̂ÞBkðx̂ÞfΣk;Σlg

þ 2ℏ2ec2h00ðx̂ÞB2ðx̂Þ þ ℏec3

2
ϵijl

��
p̂ −

e
c
A

�
2

; hjkðx̂ÞFi
kðx̂Þ



Σl − ℏec3

�
h00ðx̂Þ

��
p̂ −

e
c
A

�
2

; Bk




Σk

�
;

ð26Þ
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Ĥd ¼ −
ℏ

16m

�
∂iðh00ðx̂ÞÞ;

�
p̂i −

e
c
Aiðx̂Þ

�

γ0 −

ℏ2

16m
∂i∂iðh00ðx̂ÞÞγ0 þ

iℏc
4

∂iðhi0ðx̂ÞÞ þ
ℏc
4
ϵijk∂iðh0jðx̂ÞÞσk

−
3iℏ
8

∂tðtrðhðx̂ÞÞÞ þ
iℏ
4
∂tðh00ðx̂ÞÞ þ γ0

�
ℏ2

4m

�
∂iðh00ðx̂ÞÞ;

�
p̂i −

e
c
Aiðx̂Þ

�

−

ℏ2

8m

�
∂iðhijðx̂ÞÞ;

�
p̂j −

e
c
Ajðx̂Þ

�


−
ℏ2

4m

�
∂i

�
trðhðx̂ÞÞ

2
− h00ðx̂Þ

�
;

�
p̂i −

e
c
Aiðx̂Þ

�

−

ℏ2

4m
∂i∂i

�
trðhðx̂ÞÞ

2
− h00ðx̂Þ

�
−
e
c
Alðx̂Þ

�
�
σk

−
iℏ2

8m
ϵijk

��
∂iðh00ðx̂ÞÞ;

�
p̂j −

e
c
Ajðx̂Þ

�

−
�
∂iðhjlðx̂ÞÞ; p̂l −

e
c
Alðx̂Þ


�
; ð27Þ

where x̂; p̂ are respectively the single particle position and
the momentum operator. The term Ĥ0 is the usual Pauli
Hamiltonian [20] plus an irrelevant global phase mc2 that
can be reabsorbed with the transformation

jϕðtÞi → eimc2t=ℏjϕðtÞi: ð28Þ

The term Ĥr encodes the standard relativistic corrections
[23] due to the presence of the electromagnetic field up to

order v4

c4. Finally, Ĥp, Ĥd and Ĥrp respectively account for
the corrections due to the presence of the weak gravitational
field of Ĥ0 and Ĥr.

IV. DIFFERENCES WITH THE
BOSONIC MODEL

Equation (18) is rather instructive as it extends the
nonrelativistic Hamiltonian obtained in [17] for the scalar
field which we recall below [24]

Ĥ0
ðBÞ ¼ mc2 þ p̂2

2m

Ĥp
ðBÞ ¼ mc2

2
h00ðt; x̂Þ − ℏ2

8m
fh00ðt; x̂Þ; p̂2g þ c

2
fh0iðt; x̂Þ; p̂ig −

1

4m
fhijðt; x̂Þ; p̂ip̂jg

Ĥd
ðBÞ ¼ ℏ2

8m
∇2ðtr½hμνðt; x̂Þ�Þ þ iℏ

2
∂tðh00ðt; x̂ÞÞ −

iℏ
4
∂tðtr½hμνðt; x̂Þ�Þ; ð29Þ

to describe the dynamics of a charged quantum particle (with spin 1/2) subject to a gravitational perturbation and to an
external electromagnetic field. It is however as instructive to consider the electromagnetic free case i.e., the limit
Aðt; x̂Þ → 0, in order to directly compare the fermionic and bosonic Hamiltonian. By taking the limit Aðt; x̂Þ → 0 of
Eq. (18), we obtain

Ĥ0
ðFÞ ¼ mc2 þ p̂2

2m

Ĥp
ðFÞ ¼ mc2

2
h00ðt; x̂Þ − ℏ2

8m
fh00ðt; x̂Þ; p̂2g þ c

2
fh0iðt; x̂Þ; p̂ig −

1

4m
fhijðt; x̂Þ; p̂ip̂jg ð30Þ

Ĥd
ðFÞ ¼ −

ℏ
16m

�
∂iðh00ðx̂ÞÞ;

�
p̂i −

e
c
Aiðx̂Þ

�

γ0 −

ℏ2

16m
∂i∂iðh00ðx̂ÞÞγ0 þ

iℏc
4

∂iðhi0ðx̂ÞÞ −
3iℏ
8

∂tðtrðhðx̂ÞÞÞ

þ ℏc
4
ϵijk∂iðh0jðx̂ÞÞσk þ

iℏ
4
∂tðh00ðx̂ÞÞ þ γ0

�
ℏ2

4m

�
∂iðh00ðx̂ÞÞ;

�
p̂i −

e
c
Aiðx̂Þ

�


−
ℏ2

8m

�
∂iðhijðx̂ÞÞ;

�
p̂j −

e
c
Ajðx̂Þ

�

−

ℏ2

4m

�
∂i

�
trðhðx̂ÞÞ

2
− h00ðx̂Þ

�
;

�
p̂i −

e
c
Aiðx̂Þ

�


−
ℏ2

4m
∂i∂i

�
trðhðx̂ÞÞ

2
− h00ðx̂Þ

�
−
iℏ2

8m
ϵijk

��
∂iðh00ðx̂ÞÞ;

�
p̂j −

e
c
Ajðx̂Þ

�


−
�
∂iðhjlðx̂ÞÞ;

�
p̂l −

e
c
Alðx̂Þ

�
�
σk

�
: ð31Þ
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As expected, the bosonic and the fermionc description
match for the gravity free case ðĤ0

ðBÞ ¼ Ĥ0
ðFÞÞ. They also

match for the terms proportional to the gravitational
perturbation hμν. This is also to be expected—suppose in
fact that there was actually a difference in the terms
h00p̂2=2m or mc2h00. This would imply that e.g., a simple
change form Cartesian to Rindler [25] coordinates would
predict that a boson and a fermion would fall with the same
acceleration in the first (Cartesian) but not the second
(Rindler) reference frame, which would violate the weak
equivalence principle. The same line of reasoning can be
applied to the other terms containing hij and h0i. It is
interesting however to notice that some differences arise
for the terms containing the derivatives of the gravita-
tional perturbation ∂hμν. Such differences originated when
we required the matter field to allow for a probabilistic
interpretation in order to canonically quantize the system
(see Eq. (11) and Eq. (x) of [17]).

V. MASTER EQUATION WITH
ELECTROMAGNETIC FIELD

In this section we derive a master equation to describe
the decoherence effect induced by a weak stochastic
gravitational perturbation on a spin 1/2 fermionic particle.
For the sake of simplicity and compactness of the result, we
will restrict our analysis to the Pauli Hamiltonian Ĥ0 and its
gravitational corrections Ĥp, as the terms Ĥr and Ĥrp are of
higher order in the nonrelativistic expansion [26], and the
term Ĥd contains derivatives of the gravitational perturba-
tions (as in typical experimental situations [1,3–6] they are
negligible and would not add any further informative
content to the analysis in any case).

This means that we approximate Eq. (22) to

iℏ∂tjϕðtÞi ¼ ðĤ0 þ ĤpÞjϕðtÞi: ð32Þ

If the metric is random, Eq. (32) becomes a stochastic
differential equation. As a consequence the predictions are
given by taking the stochastic average over the random
gravitational field. We then need to specify its stochastic
properties.
As done for the bosonic particle case, we assume the

noise to be Gaussian with zero mean. For the sake of
simplicity, we also assume the different components of the
metric fluctuation to be uncorrelated. This means that the
noise is fully characterized by

E½hμνðx; tÞ� ¼ 0

E½hμνðx; tÞhμνðy; sÞ� ¼ α2fμνðx; y; t; sÞ; ð33Þ
where we recall that E½·� denotes the stochastic average, α
represents the strength of the gravitational fluctuations, and
fðx; y; t; sÞ is the two-point correlation function.
We move to the density operator formalism, and write

the von Neumann equation for the averaged density matrix

∂tρ̂ðtÞ ¼ −
i
ℏ
½Ĥ0ðtÞ; ρ̂ðtÞ� −

i
ℏ
E½½ĤpðtÞ; Ω̂ðtÞ��

≡ E½L½ ˆΩðtÞ��; ð34Þ
where ρ̂ðtÞ ¼ E½ΩðtÞ�. We solve the above equation per-
turbatively exploiting the cumulant expansion [27] (see
Appendix C of [17]). With the further help of the
Gaussianity, zero mean, and noncorrelation of different
components, we can rewrite Eq. (34) in Fourier space
[28] as

∂tρ̂ ¼ −
i
ℏ
½Ĥ0; ρ̂ðtÞ� þ −

α2

ℏ8

Z
d3qd3q0

ð2πÞ3
Z

t

0

dt1
f̃00ðq;q0; t; t1Þ

4
½feiq·x̂=ℏ;Ξ00ðx̂; p̂Þg; ½feiq0·x̂t1=ℏ;Ξ00ðx̂t1 ; p̂Þg; ρ̂ðtÞ��

−
α2c2

ℏ8

Z
d3qd3q0

ð2πÞ3
Z

t

0

dt1
f̃0iðq;q0; t; t1Þ

4
½feiq·x̂=ℏ; p̂ig; ½feiq0·x̂t1=ℏ; p̂ig; ρ̂ðtÞ��

−
α2

ℏ8

Z
d3qd3q0

ð2πÞ3
Z

t

0

dt1
f̃ijðq;q0; t; t1Þ

4
½feiq·x̂=ℏ;Ξijðx̂; p̂Þg; ½feiq0·x̂t1=ℏ;Ξijðx̂t1 ; p̂Þg; ρ̂ðtÞ�� þOðtα3τ2cÞ; ð35Þ

where we have introduced

Ξ00ðx̂; p̂Þ ¼
ðp̂ − e

cAðt; x̂ÞÞ2
4m

þmc2

2
−

ℏe
2mc

Bðt; x̂Þ · σ

Ξijðx̂; p̂Þ ¼
ðp̂i − e

c Aiðt; x̂ÞÞðp̂j − e
c Ajðt; x̂ÞÞ

4m
þmc2

2

þ ℏe
2mc

ϵkilFk
jðt; x̂Þσl; ð36Þ

for the sake of compactness, and x̂t1 ¼ eiĤ0t1 x̂e−iĤ0t1 .

The above equation describes the dynamics of a pointlike
spin 1/2 fermionic particle in presence of an external weak,
stochastic gravitational field (with the further assumptions
made in this section) and an external electromagnetic field.
We specialize Eq. (35) to the Markovian limit, i.e., we

assume the noise to be delta correlated in time, with the
further assumptions of isotropy and homogeneity of the
noise, so that its correlation function reads

fμνðx; y; t; sÞ ¼ λuμνðx − yÞδðt − sÞ; ð37Þ
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where the factor λ is, in principle, a generic coefficient with
the dimension of a time. Note that the white noise
assumption makes physical sense only if the correlation
time ðτcÞ of the gravitational fluctuations is much smaller
than the free dynamics’ characteristic time ðτfreeÞ, or in the
case where the contribution to the dynamics due to the
gravitational perturbation is not affected by the free
evolution dynamics, i.e., the operators describing the
perturbation commute with the free dynamics operator

Ĥ0. In such cases, as a first approximation, we can take λ
to be

λ ¼ minðτc; tÞ: ð38Þ

Note that this choice does not affect the generality of the
analysis as we leave uμνðx − yÞ unspecified.
In such a regime Eq. (35) is exact and it is easy to show

that it reduces to

∂tρ̂ ¼ −
i
ℏ
½Ĥ; ρ̂ðtÞ�

−
α2λ

ð2πÞ3=2ℏ5

Z
d3qũ00ðqÞ½feiq·X̂=ℏ;Ξ00ðx̂; p̂Þg; ½fe−iq·X̂=ℏ;Ξ00ðx̂; p̂Þg; ρ̂ðtÞ��

−
α2λc2

ð2πÞ3=2ℏ5

Z
d3qũ0iðqÞ½feiq·X̂=ℏ; P̂ig; ½fe−iq·X̂=ℏ; P̂ig; ρ̂ðtÞ��

−
α2λ

ð2πÞ3=2ℏ5

Z
d3qũijðqÞ½feiq·X̂=ℏ;Ξijðx̂; p̂Þg; ½fe−iq·X̂=ℏ;Ξijðx̂; p̂Þg; ρ̂ðtÞ��: ð39Þ

Eq. (39) describes decoherence in a complex combination of position momentum and energy bases, as it contains double
commutators of functions of the position, momentum and free kinetic energy operators with the averaged density matrix.
In what follows we will specialize Eq. (39) to determine under which approximations it recovers decoherence in the

position or momentum eigenbasis only.
As for the bosonic case [17], the conditions

8<
:

h00 ≳ h0i

h00 ≳ hij

ΔE ≪ Mc2ð1 − u00ðΔxÞÞ
ð40Þ

are sufficient for our master equation to describe decoherence in the position eigenbasis only, where in this case the energy

coherence needs to be modified to take into account the presence of the electromagnetic field, as E ¼ ðp−e
cAÞ2
2m . Under the

above assumptions, Eq. (39) reads

∂tρ̂ ¼ −
i
ℏ
½Ĥ; ρ̂ðtÞ� − α2λ

ð2πÞ3=2ℏ5

Z
d3qũ00ðqÞ

�
eiq·X̂=ℏ

�
mc2

2
−
ℏeσ
2mc

· Bðt; x̂Þ
�
;

��
e−iq·X̂=ℏ

�
mc2

2
−
ℏeσ
2mc

·Bðt; x̂Þ
�
; ρ̂ðtÞ

��
:

ð41Þ

Contrary to the bosonic case, the condition of low mo-
mentum transfer

eiq·X̂=ℏ ∼ 1̂ ð42Þ
is necessary, but not sufficient, to recover deocherence in
the momentum or energy eigenbasis starting from Eq. (39).
One in fact needs the further condition

( jpj ≫ j ecAj
p2

2m ≫ j ℏeσ
2mc ·Bj:

ð43Þ

In this regime, Eq. (39) can be approximated as

∂tρ̂ ¼ −
i
ℏ
½Ĥ; ρ̂ðtÞ�

−
α2λ

ð2πÞ3=2ℏ5

Z
d3qũ00ðqÞ

�
p̂2

2m
;

�
p̂2

2m
; ρ̂ðtÞ

��

−
α2λc2

ð2πÞ3=2ℏ5

Z
d3qũ0iðqÞ½p̂i; ½p̂i; ρ̂ðtÞ��

−
α2λ

ð2πÞ3=2ℏ5

Z
d3qũijðqÞ

�
p̂ip̂j

2m
;

�
p̂ip̂j

2m
; ρ̂ðtÞ

��
;

ð44Þ
which indeed describes decoherence in the momentum
eigenbasis.
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VI. CONCLUSIONS

In this paper we have extended the results of our previous
paper [17] to the ferminonic case. We have derived a model
of decoherence for nonrelativistic spin 1/2 particles inter-
acting with both a weak stochastic gravitational perturba-
tion and an external electromagnetic field. The resulting
Hamiltonian and master equation correctly reproduce the
results of the bosonic model in [17] up to very small
corrections. Such corrections account for relativistic effects
(different spin of the two kind of particles) and the different
quantization scheme employed.
The dynamics predicts also in this case decoherence in

the position, momentum and energy eigenbasis, though
under different limiting cases than those described in [17].
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APPENDIX A: VIERBEIN (OR TETRAD)
FORMULATION OF GRAVITY

We illustrate the basic ingredients of the tetrad formalism
of the General Relativity theory. For a more complete
treatment we address the reader to [19,29].
The standard geometrical interpretation of the gravita-

tional interaction is based on the notion of the Riemannian
metric ðgÞ and the Christoffel connection ðΓÞ. The space-
time curvature, its dynamical evolution, and the interaction
with matter sources are described through differential
equations involving g and Γ.
It is possible though to equivalently describe the geom-

etry of a Riemannian manifold ðMÞ using the notion of
vierbein and local connection. Such a formalism is par-
ticularly convenient when one wants to formulate a theory
of gravity as a gauge theory, and wants to accommodate the
notion of particles as irreducible representations of the
Poincaré group in curved spacetimes [30–32].
We know that locally the laws of special relativity are

valid. This translates into the consideration that we can
attach at each and every point p of the Riemannian
manifold M a flat tangent manifold equipped with the flat
Minkowski metric.
There is a natural choice for the basis of such a tangent

space ðTpMÞ, the coordinate (or differential) basis

êðμÞ ¼ ∂ðμÞ ðA1Þ

given by the partial derivatives of the coordinates. It follows
that a given four-vector A ∈ TpM has components

A ¼ AμêðμÞ ¼ Aμ∂ðμÞ: ðA2Þ

The dual basis

êðμÞ ¼ dxðμÞ ðA3Þ

spans the cotangent space, and it is given by the differential
of the coordinates. A dual vector B ∈ TpM then has
components

B ¼ BμêðμÞ ¼ BμdxðμÞ: ðA4Þ

As TpM is a vector space, we are in principle free to choose
any orthonormal basis to span it, as long as TpM preserves
the appropriate signature of the manifold. We therefore
introduce a set of basis vectors êa, which we choose as
noncoordinate unit vectors, and we denote this choice by
using small Latin letters for the indices of the noncoordi-
nate frame. Such a noncoordinate basis is called a tetrad
basis. The condition for preserving the signature of the
metric therefore reads

gðêa; êbÞ ¼ ηab ¼ diagðþ;− − −Þ: ðA5Þ

With this choice, we can clearly find a fixed orthonormal
basis that is independent of position. Then, from a local
perspective, any vector can be expressed as a linear
combination of the fixed tetrad basis vectors at the point
in the following way

êμðxÞ ¼ eμaðxÞêðaÞ ðA6Þ

Va ¼ eμaVμ: ðA7Þ

The 4 × 4 invertible matrix eμaðxÞ is called a vierbein field
(or tetrad), and it is the transformation matrix that maps the
tangent space TxM into Minkowski space preserving the
inner product.
The inverse vierbein field (or tetrad) has components

eμaðxÞ, and satisfies the orthonormality condition

eμaeνa ¼ δμν

eμaeμb ¼ δab; ðA8Þ

which come from the preservation of the inner product.
The vierbein fields are mixed indices objects, in the

sense that they carry one Minkowski spacetime index ðaÞ,
and one Riemannian index ðμÞ. Accordingly, they trans-
form under coordinate and Lorentz transformations respec-
tively as
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eμacoord
⟶

e0μa ¼
∂xν
∂x0μ eν

a ðA9Þ

eμaðxÞLorentz
⟶

e0μaðxÞ ¼ Λa
beμb: ðA10Þ

We now consider the covariant derivative ∇X of a vector
ðXÞ in the Minkowski frame. It will be given by the
standard derivative ð∂XÞ plus a correction given by the
affine connection of the Minkowski frame

ð∇μXaÞdxμ ⊗ êðaÞ ¼ ð∂μXa þ ωμ
a
bX

bÞdxμ ⊗ êðaÞ:

ðA11Þ

The expression for the covariant derivative in the coor-
dinate basis instead reads

∇X ¼ ð∇μxνÞdxμ ⊗ ∂ν

¼ ð∂μXν þ Γν
μαXαÞdxμ ⊗ ∂ν

¼ ð∂μXν þ Γν
μαXαÞdxμ ⊗ eνaðxÞêðaÞ

¼ eνaðxÞð∂μðeνbðxÞXbÞ þ Γν
μαeαbðxÞXbÞdxμ ⊗ êðaÞ:

ðA12Þ

Upon comparing Eq. (A11) with Eq. (A12), we can express
the Minkowski frame or local affine connection in terms of
the tetrads and the usual affine connection as

ωμ
a
bX

b ¼ eνaðxÞ∂μeνbðxÞXb þ eνaðxÞeαbðxÞΓν
μαXb:

ðA13Þ

Note that the above relation implies the metric compati-
bility condition

∇μeνbðxÞ ¼ 0;

∇μgαβ ¼ 0: ðA14Þ

Observing that∇μXa must transform under a Lorentz boost
as Xa, it follows:

∇μðΛa
bÞ ¼ 0

¼ ∂μðΛa
bÞ þ ωμ

a
cΛ

c
b − ωμ

c
bΛ

a
c: ðA15Þ

Upon multiplying the last line of Eq. (A15) by Λb
d on the

left, we obtain the following relation:

ωμ
a
d ¼ Λb

dΛa
cωμ

c
b − Λb

d∂μðΛa
bÞ; ðA16Þ

which tells us that the affine connection transforms inho-
mogeneously under Lorentz transformations.
One can construct the usual geometric objects from

(e,ω), as it is typically done from (g,Γ), such as the
curvature tensor

Rab
μν ¼ ∂μων

a
b − ∂νωμ

a
b þ ωμ

a
cων

c
b − ων

a
cωμ

c
b

ðA17Þ

and the torsion

Ta
μν ¼ ∂μeνa − ∂νeμa þ ωμ

a
beν

b − ων
a
beμb: ðA18Þ

The field equations for the vierbein field can be derived
from a variational principle in the same fashion it is
typically done for the metric. In order to show it, let us
recall the inner product-signature preservation condition
Eq. (A5), which can be equivalently recast into

gμν ¼ eμaηabeνb: ðA19Þ
It then follows that the variation of the metric can be
expressed in terms of the variation of the vierbein filed as

δgμ ¼ eνaδeμa þ eμaδeνa ¼ −ðgμλeνa þ gνλeμaÞδeλa:
ðA20Þ

The variation of the Einstein-Hilbert action (S ¼ 1
8πG×R

d4x
ffiffiffiffiffiffi−gp

R [25]) then reads

∂gS ¼ 1

8πG

Z
d4x

ffiffiffiffiffiffi
−g

p �
Rμν −

1

2
gμνR

�
δgμν

¼ 1

8πG

Z
d4xe

�
Rμν −

1

2
gμνR

� ∂gμν
∂eλa δe

λ
a

¼ 1

8πG

Z
d4xe

�
Rλ

νeνa −
1

2
Rδνλeν

a þ Rμ
λeμa

−
1

2
Rδμλeμ

a

�
δeλa

¼ 1

8πG

Z
d4xe

�
Rμ

ν −
1

2
δμλR

�
eμaδeλa: ðA21Þ

Recalling the expression for the Einstein tensor
(Gμν ¼ Rμν − 1

2
gμνR), the above equation yields

Gμνeμa ¼ 0; ðA22Þ

which must be interpreted as the Einstein’s equations for
the vierbein field e. Note that in order to switch back to
the usual metric formulation it is sufficient to multiply
the above equation by eλa. We have thus shown that the
vierbein formulation of general relativity is equivalent to
the standard metric one.

APPENDIX B: EOM FOR THE SPIN 1/2
FERMIONIC FIELD

We present the explicit steps for the derivation of the
effective action of the fermionic action coupled to a weak
gravitational perturbation.
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Consider the action for the Dirac field in curved
spacetime,

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p
LD ðB1Þ

with the Lagrangian density

LD ¼ iℏc
2

½ψ̄γμeA
μDAψ − eA

μDAψ̄γ
μψ � −mc2ψ̄ψ ; ðB2Þ

where eAμðxÞ is the so called vierbein field, the field that
maps the tangent space to the manifold M at point x TxM
(coordinate basis ∂A) into Minkowski space (noncoordinate
basis eμ), and

Dμψ ¼ ∂μψ þ 1

8
½γa; γb�ωμ

abψ þ ie
ℏc

Aμψ ðB3Þ

is the covariant derivative with respect to both the spin and
the electromagnetic connections. The pair ðeAμ;ωA

μνÞ
allows for an equivalent geometrization of the gravitational
interaction to the standard one given in terms of the metric
and the affine connection ðgAB;ΓA

BCÞ; the relation between
the two frameworks is given by

� eAμημνeBν ¼ gAB

ωA
μν ¼ eBμηνρ∂AeBρ þ eBμηνρeCρΓB

AC:
ðB4Þ

Note that (B4) holds only for a torsion free, metric
compatible connection.
We write the metric as the sum of a flat background

ημν ¼ diagðþ − −−Þ, and a perturbation hμν

gμν ¼ ημν þ hμν: ðB5Þ

We are interested in studying the dynamics of the Dirac
field in presence of a weak gravitational perturbation. We
therefore perform a Taylor expansion of the action around
the flat background metric and truncate the series at the first
perturbative order

S ≈
Z

d4xð ffiffiffiffiffiffi
−g

p
LÞjg¼η − hμν

�∂ð ffiffiffiffiffiffi−gp
LÞ

∂gμν
�
jg¼η þOðh2Þ:

ðB6Þ

In order to work out the explicit expression for ∂ð ffiffiffiffi−gp
LÞ

∂gμν , we
look at the variation of the action with respect to the metric
tensor

δgS ¼ −
1

2

Z
d4x

ffiffiffiffiffiffi
−g

p
TABδgAB

¼
Z

d4x
∂ð ffiffiffiffiffiffi−gp

LÞ
∂gAB δgAB: ðB7Þ

Notice that the above expression can be equivalently
rewritten for a torsion free, metric compatible connection as

δgS ¼
Z

d4x
∂ð ffiffiffiffiffiffi−gp

LÞ
∂eCα

δeCα þ
∂ð ffiffiffiffiffiffi−gp

LÞ
∂ωAμν

δωAμν

¼
Z

d4x
ffiffiffiffiffiffi
−g

p ∂L
∂eCα

δeCα þ
ffiffiffiffiffiffi
−g

p ∂L
∂ωAμν

δωAμν

þ L
�∂ ffiffiffiffiffiffi−gp
∂eCα δeCα þ

∂ ffiffiffiffiffiffi−gp
∂ωAμν

δωAμν

�
: ðB8Þ

By noticing that ∂ ffiffiffiffi−gp
∂ωAμν

¼ 0, and defining ∂L
∂eCα

≕ T C
α and

∂L
∂ωAμν

≕SAμν, we rewrite the above equation as

δS ¼
Z

d4x
ffiffiffiffiffiffi
−g

p ½T C
αδeCα þ SAμνδωAμν þ 2eCαLDδeCα�

¼
Z

d4x
ffiffiffiffiffiffi
−g

p ½ðT C
α þ 2eCαLD −DA½SA

C
α − SAα

C

þ SC
Aα þ SαA

C − SC
αA − Sα

C
A�ÞδeCα�

¼
Z

d4x
ffiffiffiffiffiffi
−g

p ðBC
α þ 2eCαLDÞδeCα

≕
Z

d4x
ffiffiffiffiffiffi
−g

p
ΘC

αδeCα; ðB9Þ

where BC
α is the Belinfante stress energy tensor [33]. In the

case of a fermionic field it reads [34]

BC
α ¼ iℏc

4
½ψ̄γαDCψ −DCψ̄γ

αψ þ ψ̄γCDαψ −Dαψ̄γCψ �

¼ 1

2
ðT C

α þ T α
CÞ: ðB10Þ

Comparing Eq. (B7) and Eq. (B9), we notice

ΘC
αδeCα ¼ −

1

2
TABδgAB

¼ 1

2
TABðgACeBα þ gBCeAαÞδeCα

¼ TC
αδeCα: ðB11Þ

Thus we can write Eq. (B6) as
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S≈
Z

d4x

�
ð ffiffiffiffiffiffi

−g
p

LDÞ
����
g¼η

þ∂ðLD
ffiffiffiffiffiffi−gp Þ

∂gAB
����
g¼η

hABþOðh2Þ
�

¼
Z

d4x

�
ð ffiffiffiffiffiffi

−g
p

LDÞ
����
g¼η

−
1

2
ðΘAαeBαÞ

����
g¼η

hABþOðh2Þ
�

¼
Z

d4x

�
iℏc
2

½ψ̄γμ∇μψ −∇μðψ̄Þγμψ �
�
1þ trðhÞ

2

�

−
�
1þ trðhÞ

2

�
mc2ψ̄ψ −

iℏc
4

hμν½ψ̄γμ∇νψ −∇νðψ̄Þγμψ �
�

þOðh2Þ

≕
Z

d4xLeff þOðh2Þ; ðB12Þ

and recover Eq. (6) of the main text.

APPENDIX C: FOLDY WOUTHUYSEN
METHOD—FERMIONIC MODEL

Here we illustrate the Fouldy Wouthuysen method
applied to Eq. (12). Let us consider the transformations

H → H0 ¼ UðH − iℏ∂tÞU−1; ðC1Þ

and specialize U to Eq. (17) i.e.,

U ¼ e−iγ
0O=ð2mc2Þ≕ eiS: ðC2Þ

With the help of the Baker-Campbell-Hausdorff identity:

H0 ¼ eiSðH − iℏ∂tÞe−iS ¼ Hþ i½S;H� þ i2

2!
½S½S;H��

þ i3

3!
½S½S½S;H��� þ � � �

þ ℏ

�
− _S −

i
2
½S; _S� þ 1

6
½S; ½S; _S�� þ � � �

�
ðC3Þ

Recalling that:

H ¼ mc2γ0 þ EþO ðC4Þ

and noticing that

½γ0;E� ¼ 0 ðC5Þ

fγ0;Og ¼ 0 ðC6Þ

½γ0O; γ0� ¼ −2O ðC7Þ

½γ0O;E� ¼ γ0½O;E� ðC8Þ

½γ0O;O� ¼ 2γ0O2 ðC9Þ

we get

H0 ¼ mc2γ0 þ E0 þO0; ðC10Þ

where

E0 ¼ Eþ γ0
�

O2

2mc2
−

O4

8m3c6

�
−

1

8m2c4
½O; ½O;E�

þ iℏ _O� þ � � � ðC11Þ

O0 ¼ 1

2mc2
γ0½O;E� − O3

3m2c4
þ i
2mc2

γ0 _Oþ � � � ðC12Þ

We note that O0 is of order c−1, meaning that we need to
perform a further transformation if we want a nontrivial
diagonal EOM. The transformation that we perform is

U0 ¼ e−iγ
0O0=ð2mc2Þ ðC13Þ

after which the Hamiltonian reads

H00 ¼ mc2γ0 þ E0 þO00 þ � � � ðC14Þ

with

O00 ¼ γ0

2mc2
½O0;E0� þ i

2mc2
γ0 _O0 þ � � � : ðC15Þ

As O00 ∼Oðv3c3Þ we need to perform a final transformation

U00 ¼ e−iγ
0O00=ð2mc2Þ: ðC16Þ

Finally the Hamiltonian reads

H ≔ H000 ¼ mc2γ0 þ E0 þO

�
v5

c5

�
: ðC17Þ

In order to calculate the explicit expression of the
Hamiltonian in Eq. (C17), we pick the Pauli representation
for the Dirac gamma matrices,

γ0 ¼
�
1 0

0 −1

�
; γi ¼

�
0 σi

−σi 0

�
ðC18Þ

αi ≡ γ0γi ¼
�

0 σi

σi 0

�
; Σi ¼

�
σi 0

0 σi

�
: ðC19Þ

By exploiting the identities��
∂j −

ie
ℏc

Aj

�
;

�
∂k −

ie
ℏc

Ak

��
¼ −

ie
ℏc

Fj
k

αiαj ¼ −ηij þ ϵijkΣk

fαi; αjg ¼ −2ηij

ηij ¼ −δij ðC20Þ
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it only takes a bit of algebra to show that

γ0

2mc2
O2 ¼ γ0

2mc2

�
−iℏc

�
1þ h00

2

��
∂j −

ie
ℏc

Aj

�
γ0γj þ iℏc

2
hij

�
∂j −

ie
ℏc

Aj

�
γ0γi −

iℏc
4

∂i

�
trðhÞ
2

− h00

�
γ0γi

þ iℏ
4
∂tðh0iÞγ0γi

�
2

¼ γ0
�
−
ℏ2

2m
ð1þ h00Þ

�
∇ −

ie
ℏc

A
	
2
−

ℏe
2mc

ð1þ h00ÞBkΣk −
ℏ2

2m
hij

�
∂i −

ie
ℏc

Ai

��
∂j −

ie
ℏc

Aj

�

þ ℏe
4mc

ϵijlhjkFi
kΣl

�
þ γ0

�
ℏ2

2m
∂iðh00Þ∇i −

ℏ2

4m
∂iðhijÞ∇j −

ℏ2

2m
∂i

�
trðhÞ
2

− h00

�
∇i

−
iℏ2

4m
ϵijkð∂iðh00Þ∇j − ∂iðhjlÞ∇lÞΣk −

ℏ2

4m
∂i∂i

�
trðhÞ
2

− h00

��
þOðh2Þ: ðC21Þ

As the above term is of order γ0 O2

2mc2 ∼Oðv2c2Þ, it follows that the next term in Eq. (C11) is of order γ0 O4

8m3c6
∼Oðv4c4Þ. After

some algebra it reads

O4 ¼
�
ℏ2c2ð1þ h00Þ

�
∇ −

ie
ℏc

A

�
2

− ℏecð1þ h00ÞBkΣk −
iℏ2c2

2
ϵijk∂iðh00Þ

�
∂j −

ie
ℏc

Aj

�
Σk

þ ℏ2c2

2
∂iðh00Þ

�
∂i −

ie
ℏc

Ai

�
− ℏ2c2hij

�
∂i −

ie
ℏc

Ai

��
∂j −

ie
ℏc

Aj

�
þ ℏec

2
ϵijlhjlFi

kΣl

−
ℏ2

4m
∂iðhijÞ

�
∂j −

ie
ℏc

Aj

�
þ iℏ2c2

2
ϵijl∂iðhjkÞ

�
∂k −

ie
ℏc

Ak

�
Σl

− ℏ2c2∂i

�
trðhÞ
2

− h00

�
∂i −

ℏ2c2

2
∂i∂i

�
trðhÞ
2

− h00

��
2

≔ ℏ4c4ð1þ 2h00Þ
�
∇ −

ie
ℏc

A

�
4

þ ℏ2ec2ð1þ 2h00ÞB2 − ℏ3ec3ð1þ 2h00Þ
��

∇ −
ie
ℏc

A

�
2

; Bk



Σk

þ ℏ3ec3

2
ϵijl

��
∇ −

ie
ℏc

A

�
2

; hjkFi
k



Σl þ 2ℏ4c4hij

�
∇ −

ie
ℏc

A

�
2
�
∂i −

ie
ℏc

Ai

��
∂j −

ie
ℏc

Aj

�

−
ℏ3ec3

2
ϵijlhjmFi

mBkfΣk;Σlg þ
iℏ4c4

2
ϵijk

��
∇ −

ie
ℏc

A

�
2

; ∂iðh00Þ
�
∂j −

ie
ℏc

Aj

�

Σk

−
iℏ4c4

2

��
∇ −

ie
ℏc

A

�
2

; ∂iðh00Þ
�
∂i −

ie
ℏc

Ai

�


þ ℏ4c4

2

��
∇ −

ie
ℏc

A

�
2

; ∂iðhijÞ
�
∂j −

ie
ℏc

Aj

�

−
ℏ4c4

2
ϵijl

��
∇ −

ie
ℏc

A

�
2

; ∂iðhjkÞ
�
∂k −

ie
ℏc

Ak

�

Σl

þ ℏ4c4
��

∇ −
ie
ℏc

A

�
2

; ∂i

�
trðhÞ
2

− h00

�
∂i



þ ℏ4c4

2

��
∇ −

ie
ℏc

A

�
2

; ∂i∂i

�
trðhÞ
2

− h00

�


þ ℏ3ec3

2

�
Bk; ∂iðhijÞ

�
∂j −

ie
ℏc

Aj

�

Σk þ

iℏ3ec3

2
ϵijl

�
BkΣk; ∂iðh00Þ

�
∂j −

ie
ℏc

Aj

�
Σl




−
iℏ3ec3

e

�
Bk; ∂iðh00Þ

�
∂i −

ie
ℏc

Ai

�

Σk þ

iℏ3ec3

2
ϵijl

�
BkΣk; ∂iðhjmÞ

�
∂m −

ie
ℏc

Am

�
Σl




þ ℏ3ec3
�
Bk; ∂i

�
trðhÞ
2

− h00

�
∂i



Σk þ

ℏ3ec3

2

�
Bk; ∂i∂i

�
trðhÞ
2

− h00

�

Σk: ðC22Þ

The last term in Eq. (C11) requires lengthy intermediate calculations in order to get to the final result. We start by
considering the expressions ½O;E� and _O separately. With the help of Eq. (C20) and some algebra
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½O;E� ¼
�
−iℏc

�
1þ h00

2

��
∂j −

ie
ℏc

Aj

�
γ0γj þ iℏc

2
hij

�
∂j −

ie
ℏc

Aj

�
γ0γi þ iℏc

4
∂tðh0iÞγ0γi þ

iℏc
4

∂i

�
trðhÞ
2

− h00

�
γ0γi;

eA0 þ
mc2

2
h00γ0 þ iℏch0i

�
∂i −

ie
ℏc

Ai

�
þ iℏc

4
∂iðhi0Þ þ

ℏc
4
ϵijk∂iðh0jÞΣk −

3iℏ
8

∂tðtrðhÞÞ þ
iℏ
4
∂tðh00Þ

�

¼ iℏmc3h00∇iγ
i þ iℏmc3

2
∂iðh00Þγi − iℏech0jFi

jαi þ ℏ2c2∂iðh0jÞ∇jαi − iℏec

�
1þ h00

2

�
∂iðA0Þαi

þ iℏec
2

hij∂jðA0Þαi þ
ℏ2c2

2
ð∂jðh0iÞ∇iαj − ∂jðh0i∇jαiÞÞ − iℏ2c2

4
ϵjkl∂i∂jðh0kÞαiΣl

−
3ℏ2c
8

∂i∂tðtrðhÞÞαi þ
ℏ2c
4

∂i∂tðh00Þαi ðC23Þ

_O ¼ −
iℏc
2

∂tðh00Þ∇iα
i −

e
2
h00∂tðAiÞαi þ

iℏc
2

∂tðhijÞ∇jαi þ e
2
hij∂tðAjÞαi

þ iℏc
4

∂t∂i

�
trðhÞ
2

− h00

�
αi: ðC24Þ

Upon plugging the Eqs. (C23) and (C24) into the last term in Eq. (C11), exploiting again the identities in Eq. (C20), and
with a lot of algebra, we arrive at the final expression

−
½O; ½O;E� þ iℏ _O�

8m2c4
¼ þ ℏ2

4m
h00

�
∇ −

ie
ℏc

A

�
2

γ0 þ eℏ
4mc

h00B · γ0Σþ iℏ2e
4m2c2

�
1þ h00

2

��∇
2
× E − E ×∇

�
· Σ

− ð1þ h00Þ
ℏ2e

8m2c2
∇ ·E −

iℏ2e
16m2c2

ϵiklhij∂jðEkÞΣl −
iℏ2e
8m2c2

ϵiklhijEk

�
∂j −

ie
ℏc

Aj

�
Σl

−
ℏ2e

8m2c2
h0j∂iðFijÞ þ iℏ2e

4m2c2
ϵijlh0kFj

k

�
∂i −

ie
ℏc

Ai

�
Σl þ

iℏ2e
8m2c2

ϵijlh0k∂iðFj
kÞΣl

−
ℏ2e

16m2c2
∂iðh00ÞEi −

iℏ2e
16m2c2

ϵijk∂iðh00ÞEjΣk −
ℏ2e

16m2c2
∂iðhijÞEj þ iℏ2e

16m2c2
ϵijl∂iðhjkÞEkΣl

þ ℏ2

8m
∂iðh00Þ

�
∂i −

ie
ℏc

Ai

�
−
iℏ2

8m
ϵijk∂iðh00Þ

�
∂j −

ie
ℏc

Aj

�
Σk

−
ℏ2e

8m2c2
∂iðh0jÞFi

j þ iℏ2e
8m2c2

ϵijl∂iðh0kÞFj
kΣl −

iℏ2e
16m2c2

ϵijk∂i

�
trðhÞ
2

− h00

�
EjΣk

−
iℏ3

16m2c
ϵjklϵima∂mðh0jÞ

��
∂i −

ie
ℏc

Ai

�
;

�
∂k −

ie
ℏc

Ak

�

ΣaΣl

−
ℏ3

8m2c
ϵjkl∂iðh0jÞ

�
∂k −

ie
ℏc

Ak

��
∂i −

ie
ℏc

Ai

�
Σl

−
iℏ3

8m2c
ϵjklϵl

im∂mðh0jÞ
�
∂k −

ie
ℏc

Ak

��
∂k −

ie
ℏc

Ai

�
ΣaΣa þ iℏ2e

8m2c2
ϵjkl∂iðh0jÞFkiΣl

þ ℏ3

16m2c
ϵjkl∂i∂iðh0jÞ

�
∂k −

ie
ℏc

Ak

�
Σl −

iℏ2e
16m2c2

ϵikl∂iðh0jÞFj
kΣl

−
iℏ3

8m2c
∂i∂iðh0jÞ

�
∂j −

ie
ℏc

Aj

�
þ ℏ3

8m2c
ϵjki∂iðh0jÞ

�
∂k −

ie
ℏc

Ak

��
∂l −

ie
ℏc

Al

�
Σl
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þ iℏ3

32m2c2
ϵijl∂i∂tðhjkÞ

�
∂k −

ie
ℏc

Ak

�
Σl −

ℏ3

16m2c
ϵkjl∂k∂iðh0jÞ

�
∂i −

ie
ℏc

Ai

�
Σl

þ h3

16m2c
ϵjkl∂i∂jðh0kÞ

�
∂i −

ie
ℏc

Ai

�
Σl þ

iℏ3

16m2c
ϵjklϵima∂m∂jðh0kÞ

�
∂i

−
ie
ℏc

Ai

�
ΣlΣa −

ℏ3

16m2c
ϵjkl∂i∂i∂jðh0kÞΣl þ

iℏ3

32m2c2
∂i∂i∂tðtrðhÞ − h00Þ

−
ℏ2

8m
∂iðh00Þ

�
∂i −

ie
ℏc

Ai

�
γ0 −

ℏ2

16m
∂i∂iðh00Þγ0 −

iℏ3

16m2c2
∂i∂tðh00Þ

�
∂i −

ie
ℏc

Ai

�

−
ℏ3

16m2c2
ϵijk∂j∂tðh00Þ

�
∂i −

ie
ℏc

Ai

�
Σk −

iℏ2e
8m2c3

ϵijl∂tðhjkÞFi
kΣl þ

iℏ3

32m2c2
∂i∂tðhijÞ

�
∂j −

ie
ℏc

Aj

�

þ iℏ3

16m2c2
ϵijk∂t∂jðtrðhÞ − h00Þ

�
∂i −

ie
ℏc

Ai

�
Σk þ

iℏ3

32m2c2
∂t∂iðtrðhÞ − h00Þ

�
∂i −

ie
ℏc

Ai

�
: ðC25Þ

So that the total Hamiltonian reads

H ¼ eA0 þ γ0
�
mc2

�
1þ h00

2

�
−

ℏ2

2m

�
1þ h00

2

��
∇ −

ie
ℏc

A

�
2

−
ℏe
2mc

�
1þ h00

2

�
BkΣk −

ℏ2

2m
hij

�
∂i −

ie
ℏc

Ai

��
∂j −

ie
ℏc

Aj

�

þ ℏe
4mc

ϵijlhjkFi
kΣl

�
þ iℏ2e
4m2c2

�
1þ h00

2

��∇
2
×E −E ×∇

�
· Σ − ð1þ h00Þ

ℏ2e
8m2c2

∇ · E

−
iℏ2e

16m2c2
ϵiklhij∂jðEkÞΣl −

iℏ2e
8m2c2

ϵiklhijEk

�
∂j −

ie
ℏc

Aj

�
Σl

þ iℏ2e
4m2c2

ϵijlh0kFj
k

�
∂i −

ie
ℏc

Ai

�
Σl −

ℏ2e
8m2c2

h0j∂iðFijÞ þ iℏ2e
8m2c2

ϵijlh0k∂iðFj
kÞΣl

−
γ0

8m3c6
½ℏ4c4ð1þ 2h00Þ

�
∇ −

ie
ℏc

A
�

4

þ ℏ2ec2ð1þ 2h00ÞB2

þ 2ℏ4c4hij

�
∇ −

ie
ℏc

A

�
2
�
∂i −

ie
ℏc

Ai

��
∂j −

ie
ℏc

Aj

�
þ ℏ3ec3

2
ϵijl

��
∇ −

ie
ℏc

A

�
2

; hjkFi
k



Σl

−
ℏ3ec3

2
ϵijlhjmFi

mBkfΣk;Σlg − ℏ3ec3ð1þ 2h00Þ
��

∇ −
ie
ℏc

A

�
2

; Bk



Σk

�

−
ℏ2

8m
∂iðh00Þ

�
∂i −

ie
ℏc

Ai

�
γ0 −

ℏ2

16m
∂i∂iðh00Þγ0 þ

iℏc
4

∂iðhi0Þ

þ ℏc
4
ϵijk∂iðh0jÞΣk −

3iℏ
8

∂tðtrðhÞÞ þ
iℏ
4
∂tðh00Þ

þ γ0
�
ℏ2

2m
∂iðh00Þ∇i −

ℏ2

4m
∂iðhijÞ∇j −

ℏ2

2m
∂i

�
trðhÞ
2

− h00

�
∇i

−
iℏ2

4m
ϵijkð∂iðh00Þ∇j − ∂iðhjlÞ∇lÞΣk −

ℏ2

4m
∂i∂i

�
trðhÞ
2

− h00

��

þHdd þOðh2Þ þO

�
v5

c5

�
; ðC26Þ

with
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Hdd ¼ −
ℏ2e

16m2c2
∂iðh00ÞEi −

iℏ2e
16m2c2

ϵijk∂iðh00ÞEjΣk −
ℏ2e

16m2c2
∂iðhijÞEj þ ℏ2

8m
∂iðh00Þ

�
∂i −

ie
ℏc

Ai

�

þ iℏ2e
16m2c2

ϵijl∂iðhjkÞEkΣl −
iℏ2

8m
ϵijk∂iðh00Þ

�
∂j −

ie
ℏc

Aj

�
Σk −

ℏ2e
8m2c2

∂iðh0jÞFi
j þ iℏ2e

8m2c2
ϵijl∂iðh0kÞFj

kΣl

−
iℏ2e

16m2c2
ϵijk∂i

�
trðhÞ
2

− h00

�
EjΣk −

iℏ3

16m2c
ϵjklϵima∂mðh0jÞ

��
∂i −

ie
ℏc

Ai

�
;

�
∂k −

ie
ℏc

Ak

�

ΣaΣl

−
iℏ3

8m2c
ϵjklϵl

im∂mðh0jÞ
�
∂k −

ie
ℏc

Ak

��
∂k −

ie
ℏc

Ai

�
ΣaΣa þ iℏ2e

8m2c2
ϵjkl∂iðh0jÞFkiΣl

−
ℏ3

8m2c
ϵjkl∂iðh0jÞ

�
∂k −

ie
ℏc

Ak

��
∂i −

ie
ℏc

Ai

�
Σl þ

ℏ3

16m2c
ϵjkl∂i∂iðh0jÞ

�
∂k −

ie
ℏc

Ak

�
Σl −

iℏ2e
16m2c2

ϵikl∂iðh0jÞFj
kΣl

−
iℏ3

8m2c
∂i∂iðh0jÞ

�
∂j −

ie
ℏc

Aj

�
þ ℏ3

8m2c
ϵjki∂iðh0jÞ
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By neglecting the terms containing derivatives of the gravitational field of order v3

c3 or higher (namely the term Hdd), we
recover Eq. (18) of the main text.
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