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The symmetries of asymptotically flat spacetimes in general relativity are given by the Bondi-Metzner-
Sachs (BMS) group, though there are proposed generalizations of its symmetry algebra. Associated with
each symmetry is a charge and a flux, and the values of these charges and their changes can characterize a
spacetime. The charges of the BMS group are relativistic angular momentum and supermomentum (which
includes four-momentum); the extensions of the BMS algebra also include generalizations of angular
momentum called “super angular momentum.” Several different formalisms have been used to define
angular momentum, and they produce nonequivalent expressions for the charge. It was shown recently that
these definitions can be summarized in a two-parameter family of angular momenta, which we investigate
in this paper. We find that requiring that the angular momentum vanishes in flat spacetime restricts the two
parameters to be equal. If we do not require that the angular momentum agrees with a common Hamiltonian
definition, then we are left with a one-parameter family of angular momenta that includes the definitions
from the several different formalisms. We then also propose a similar two-parameter family of super
angular momentum. We examine the effect of the free parameters on the values of the angular momentum
and super angular momentum from nonprecessing binary-black-hole mergers. The definitions of angular
momentum differ at a high post-Newtonian order for these systems, but only when the system is radiating
gravitational waves (not before and after). The different super-angular-momentum definitions occur at
lower orders, and there is a difference in the change of super angular momentum even after the gravitational
waves pass, which arises because of the gravitational-wave memory effect. We estimate the size of these

effects using numerical-relativity surrogate waveforms and find they are small but resolvable.
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I. INTRODUCTION

The LIGO, Virgo, and KAGRA collaborations have now
announced the detection of almost fifty binary-black-hole
(BBH) mergers during the first three observing runs of the
advanced-detector era beginning in 2015 [1,2]. There are a
few ways in which these BBH mergers are characterized:
for example, by the masses and spins of the individual
black holes (BHs) plus the orbital elements of the binary at
a given reference frequency or by the final mass and spin of
the BH formed after the merger and ringdown (e.g., [1,2]).
An alternate way to characterize asymptotically flat sys-
tems is in terms of the “conserved” quantities conjugate to
the symmetries of asymptotically flat spacetimes and the
net fluxes of these conserved quantities. The symmetries of
asymptotically flat spacetimes form the Bondi-Metzner-
Sachs (BMS) group, which consists of transformations
isomorphic to the Lorentz group and supertranslations (of
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which the four spacetime translations are a subgroup)
[3-5]. The radiated energy and linear momentum (often
expressed as a recoil velocity) being the quantities con-
jugate to the translation symmetries are often quoted when
describing BBH mergers (see, e.g., [6] and references
therein).

The flux of angular momentum (the quantity related to
Lorentz symmetries) is somewhat more subtle. Angular
momentum must be computed about an origin in flat
spacetime; in terms of the symmetries that form the
Poincaré group, this implies that a translation must be
specified to identify the particular Lorentz transformation
under consideration. There is thus a four-parameter family
of Lorentz transformations spanned by a basis of the
spacetime translations in the Poincaré group. In asymp-
totically flat spacetimes, this four-parameter family is
enlarged to a countably infinite family of Lorentz trans-
formations, each of which is associated with some basis
element of the infinite-dimensional supertranslation sub-
group in the BMS group. In stationary spacetimes, there is a
natural way to choose a “preferred” set of supertranslations
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that reduces the dependence of the angular momentum to a
choice of origin as in flat spacetime (see [7,8] or more
recently [9]); however, in nonstationary solutions, there is
no such natural choice, though there are several different
proposals to “fix” the supertranslation freedom (see, e.g.,
[10] for a review). The absence of this preferred Poincaré
group is referred to as the “supertranslation ambigutity” of
angular momentum in asymptotically flat spacetimes,
which is, in essence, a statement that angular momentum
in asymptotically flat spacetimes is different from its
counterpart in flat spacetimes.

This additional complexity in describing the value of
angular momentum for an asymptotically flat spacetime may
have contributed to it and its flux being less frequently quoted
in the output of numerical-relativity (NR) simulations of
merging black holes. The six degrees of freedom in the
relativistic angular momentum are often split into the three
spin parts (corresponding to rotations) and three center-of-
mass (CM) parts (corresponding to Lorentz boosts). Of these
six components, the most commonly given from NR simu-
lations of BBHs are the magnitude of the final BH’s spin
(though this spin is most often computed from quasilocal
constructions on the BH’s apparent horizon rather than in
terms of quantities measured at or near future null infinity
[11-13]); additional components of the angular momentum
were computed in [14], for example.

In addition to the supertranslation ambiguities, a number
of different definitions of the angular momentum of an
asymptotically flat spacetime were (and continue to be)
used. A nonexhaustive list of some of these definitions
include one based on the Landau-Lifshitz pseudotensor for
the intrinsic part of the angular momentum (in the CM frame
of the source) [ 15], a definition based on constructions called
“linkages” [16], ones inspired from twistor theory [17,18],
and those related to Hamiltonians conjugate to conserved
quantities [19,20]. When considered in their respective
domains of validity, the different definitions of the angular
momentum described above agree [20,21]. More recently,
however, new definitions of angular momenta arose from
revisiting the Landau-Lifshitz formalism when not restricted
to the CM frame [22] and from considerations about soft
theorems [23] (particularly a subleading correction to
Weinberg’s soft theorem [24]; see [25] for a review).

It was pointed out in [26] that these new definitions of
angular momentum differ from the Hamiltonian definition
of Wald and Zoupas [20].l Moreover, it was shown that the

"Note that what we call the six-parameter (Lorentz-covariant)
angular momentum, Compere et al. in [26] call the “Lorentz
charge.” We also have different usages for how we describe the
parts that correspond to the rotations and the Lorentz boosts. We
both call the part corresponding to Lorentz boosts “center-of-
mass angular momentum,” but Compere et al. call the parts
corresponding to rotations simply “angular momentum,” whereas
we refer to it as “intrinsic” or “spin” angular momentum, because
it reduces to those quantities in the rest-frame of the source.

discrepancies in these definitions can be written in terms of
two functions that are quadratic in the shear related to the
outgoing GWs in asymptotically flat spacetimes. The
different definitions were parametrized in terms of two
real coefficients multiplying these two quadratic functions,
respectively, and when the coefficients equal one, the
Hamiltonian definition of [20] is recovered. All members
of this two-parameter family of angular momenta satisfy
flux balance laws, are covariant with respect to quantities
defined on two-sphere cross sections of null infinity, and
lead to the same correspondence with the subleading soft
theorem [26]. This led Compere et al. in [26] to conclude
that there was not a compelling physical reason to prefer
one definition over another and to suggest that there could
be a two-parameter family of self-consistent definitions of
angular momentum of asymptotically flat spacetimes.
Compere et al. later described in [27] the sense in which
these different definitions can all be considered to be
Hamiltonian definitions [which is why we take care to
describe which (or whose) Hamiltonian definition of the
charge is being used].

In this paper, we investigate this new two-parameter
family of angular momenta in greater detail. Ashtekar and
Winicour [28] had a larger set of criteria that a charge at
null infinity should satisfy than the conditions discussed
in [26]. Among these conditions was requiring that the
charges and fluxes vanish in flat spacetime. We find that if
we require the angular momentum to vanish in flat
spacetime, then two of the parameters must be equal,
thereby reducing the two parameters to one. This calcu-
lation further implies that the one-parameter family of
angular momenta will agree in any region of spacetime in
which there is only electric-parity shear (which includes
stationary solutions and some radiative solutions). If we do
not require that the angular momentum agree with the
Wald-Zoupas definition, then we are left with a one-
parameter definition that encompasses several other defi-
nitions used in the literature.

Ashtekar and Winicour further require that a charge
agree with the Komar formula whenever there is an exact
(as opposed to asymptotic) symmetry. The same calculation
showing that the charge vanishes in flat spacetime also
implies that the angular momentum will agree with the
Komar formula [29] in regions of vanishing electric-partiy
shear (which include stationary regions); however, in
regions with shear of generic parity, it is only the Wald-
Zoupas charge that agrees with the Komar formula (by
construction).” While this is arguably a compelling reason
to consider only the Wald-Zoupas charge, we do not aim to
settle the issue of whether there is a preferred definition of
angular momentum among this one-parameter family here;
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rather, we explore whether the different commonly
used definitions of angular momentum have significant
differences for strongly gravitating and dynamical systems,
such as the binary black holes, which have been measured
observationally by LIGO and Virgo. In this sense, our
investigation is similar in spirit to that of [30], in which the
effect of the supertranslation ambiguities on the angular
momentum radiated from compact-binary coalescences
was studied as a way to assess how large the effect could
be for this class of sources.

With this approach in mind, for this residual one-
parameter family of angular momenta, we expand the
difference of the angular momentum from the Wald-
Zoupas definition in terms of spin-weighted spherical-
harmonic moments of the GW strain. These difference
terms involve only products of electric- and magnetic-type
spherical-harmonic coefficients (unlike the flux of the
Wald-Zoupas angular momentum), which is consistent
with the results of [26]. This implies that the difference
will vanish in stationary regions of spacetimes and non-
radiative regions of spacetime with vanishing magnetic
shear, though more generally, it will not vanish. We
compute the time-dependent difference terms for nonspin-
ning BBH mergers, and we find that they are small
compared to the total radiated angular momentum.

In addition to the BMS group, there are two different
proposals for larger symmetry groups or algebras of
asymptotically flat spacetimes. The first, due to Barnich
and Troessaert [31-33], considers all the conformal Killing
vectors of the two-sphere, rather than the globally defined
vectors, which are isomorphic to the Lorentz group. These
vectors were dubbed “super-rotations,” and, analogously to
the supertranslations, they are a kind of asymptotic angle-
dependent rotations and Lorentz boosts. To maintain the
algebra structure of these asymptotic symmetries, the
supertranslations must be correspondingly modified. A
second extended symmetry group, due to Campiglia and
Laddha [34,35], considers all the diffeomorphisms of the
two-sphere rather than those equal to the Lorentz trans-
formations, but the supertranslations are the same as in the
BMS group. The two-sphere diffeomorphisms are often
referred to as super Lorentz transformations [36].

Both the super-rotations and super Lorentz transforma-
tions have corresponding conserved charges. The charges
for both algebras have been called “super angular momen-
tum,” but they have also been called simply super-rotation
charges or super Lorentz charges, for the respective
algebras. We shall primarily focus on the generalized
BMS algebra, and we shall refer to the charges associated
with this algebra as the super angular momentum (and will
call those associated with the super-rotations the “super-
rotation charges.”). Note that we will call the split of the
charges into their electric- and magnetic-parity parts by
super center-of-mass (CM) and superspin, respectively, in
analogy with the convention used initially in [9] for the

super-rotation charges, and subsequently for the super
angular momentum in [21,37].4

The super-rotation charges have a similar form to the
angular momenta, but a super-rotation vector field enters
into the expression for the charge rather than a Lorentz
vector field (see, e.g., [9,33]). The super Lorentz charges
constructed defined in [36] also have a similar form to the
angular momentum with the Lorentz vector field is
replaced by a super Lorentz transformation, but they have
an additional term linear in the shear tensor needed to
satisfy a flux balance law [36]. Given that there is a one-
parameter family of angular momentum that satisfies a
number of reasonable physical conditions, it is also natural
to ask whether there is such a parametrization for the super
angular momentum. We investigate this issue as well by
allowing for a two-parameter family of super angular
momentum that generalizes the Hamiltonian definition of
[36] in a way completely analogous to the two-parameter
extension of the Wald-Zoupas angular momentum given in
[26]. In this case, setting the parameters to be equal
(thereby reducing it to a one-parameter family) does not
seem to make the super Lorentz charges vanish. This is
consistent with a calculation performed by Compere and
Long [38] for the Hamiltonian charges. There is a choice of
parameters that makes the super angular momentum
vanish, but this choice does not correspond to the
Hamiltonian definition of [36]. Rather, this choice is the
same as the one used in [27] to determine a representation
of the extended BMS algebra in nonradiative regions of
spacetime for the super Lorentz charges in terms of the
standard Poisson bracket. This also leads to the possibility
that properties of the generalized BMS algebra and charges
could provide a criteria to prefer a certain definition of the
angular momentum (though we will not discuss this
possibility further in this paper; see instead [39]).

We then compute the multipolar expansion of the
difference of the two-parameter family of super angular
momentum from the Hamiltonian super angular momen-
tum of [36]. This allows us to see that unlike the angular
momentum, the change in the difference in the super
angular momentum will be nonvanishing even in stationary
regions. As a concrete example, we estimate the value of
the change in the difference of the super angular momen-
tum for nonspinning, quasicircular BBH mergers. The
relative size of the net change in Hamiltonian value of
the super angular momentum and the net change in the
difference term is small for these BBH mergers (a roughly
one-percent effect). Although it is small, it can be resolved
given the current accuracy of numerical relativity (NR)
simulations.

“This is a second discrepancy with the nomenclature used in
[26]. There, what we call superspin is called super angular
momentum, and what we call super angular momentum is called
a super Lorentz charge. Our usages of super center-of-mass are
equivalent, however.
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The outline of the rest of this paper is as follows:
Section II is mostly a review in which we introduce Bondi
coordinates, the metric in these coordinates, the evolution
equations for the Bondi mass and angular-momentum
aspects, the (extended) BMS symmetries of asymptotically
flat spacetimes, and the expressions for the various defi-
nitions of angular momentum in Bondi coordinates. We end
this section, however, by introducing the proposed two-
parameter definition of the super angular momentum. In
Sec. 111, we compute the (super) angular momentum in flat
spacetime (where we show two of the parameters must be
equal for the angular momentum to vanish). In the next
section, Sec. IV, we perform a multipolar expansion of the
(super) angular momentum that is valid for general asymp-
totically flat spacetimes. In Sec. V, we estimate the effect
that the remaining free parameter in the angular momentum
and super angular momentum has on BBH mergers of
different mass ratios. We compute results in the post-
Newtonian (PN) approximation and using NR surrogate
waveforms. We conclude in Sec. VI. In the Appendix, we
compare our multipolar expansion of the angular momen-
tum with a related expansion performed in [26]. In this
paper, we use geometric units G = ¢ = 1, and the con-
ventions on the metric and curvature tensors in [40].

II. BONDI-SACHS FRAMEWORK, SYMMETRIES,
AND CHARGES

In this section, we review aspects of the Bondi-Sachs
framework including the metric, some components of
Einstein’s equations, the asymptotic symmetries, and the
corresponding charges. We then discuss different defini-
tions of angular momentum and super angular momentum.

A. Metric and Einstein’s equations

We will perform our calculations in Bondi coordinates
[3,5] (u, r,0), where A = 1, 2, and we review the proper-
ties of these coordinates and the solutions of Einstein’s
equations below. We will use the notation and conventions
given in [9]. The metric in these coordinates is written in
the form

ds? = —Uedu? — 2¢* dudr

+ P2y ap(d0* — UAdu)(dOP — UBdu),  (2.1)
where the functions and tensors U, f3, yA8, and U” depend
on all four Bondi coordinates (u,r,#'). The metric by
construction satisfies the Bondi gauge conditions g,, =0
and g,4 = 0; Bondi coordinates also are defined such that
det(y,5) = y(6*) is independent of u and r. Some impor-
tant properties of these coordinates are that u is a retarded
time variable (i.e., u = const are null hypersurfaces), r is an
areal radius, and 04 (with A = 1, 2) are coordinates on two-
spheres of constant r and u.

Near future null infinity (i.e., where r is large), the metric
functions U, f3, 745, and U* can be expanded as series in
1/r. Asymptotically flat solutions postulate a given form of
the expansion of these Bondi metric functions. For the
tensor y,p the conditions of asymptotic flatness generally
impose

Yap = hap +%CAB +0(r?), (2.2)
where h,5(0°) is the metric on the unit two-sphere, C,p is
a function of (u,6"), and the determinant condition of
Bondi gauge implies that C4zh*® = 0. The remaining
functions U, 8, and U are assumed to have the following
limits as r approaches inﬁnity,5

limp = limU” = 0, limU = 1.

F—o0 F—o0 r—o0

(2.3)

We will now specify to vacuum spacetimes to discuss
Einstein’s equations, for simplicity. The ru, rA, and trace of
the AB components of Einstein’s equations take the form of
hypersurface equations that can be solved on surfaces of
constant u# by integrating radially outward. The form of
these equations is summarized in the review [41], for
example. The results of substituting Eq. (2.2) into these
hypersurface equations, radially integrating, and applying
the boundary conditions in Eq. (2.3) gives the following
solutions for the remaining functions U, 3, and U4,

1
B = 37 CusC'8 +0(r73), (2.4a)
2m Y
U=1——+0(r?), (2.4Db)
r
1 1] 2 1
A___ p.cAB L |_ZnAL L pA BC
v 272 5C +r3[ 3N +16 (CpcC™)

1
+-CABDC CBC} +0(r ). (2.4¢)

2

We have introduced a number of new pieces of notation in
the above equation, which we will now explain: First, the

5Although we consider generalized BMS charges in this paper,
we still impose the standard boundary conditions of asymptotic
flatness and assume hyp is the round two-sphere metric with
constant Ricci scalar curvature and U approaches unity as r
approaches infinity. We restrict to these conditions, because we
consider binary-black-hole mergers in this paper. These are
asymptotically flat solutions that remain in a fixed super Lorentz
frame, and we then restrict to the trivial super Lorentz rest frame
of the system. Even with this restriction on the set of super
Lorentz frames, the super angular momentum is nontrivial for
these spacetimes. If one considers a space of solutions that are
super Lorentz transformed from the boundary conditions given
here, then one would need to consider the more general set of
boundary conditions given, e.g., in [36].
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function m(u, 6*) is the Bondi mass aspect and N4 (u, 6%)
is the angular momentum aspect. They are related to
“functions of integration” that arise from integrating the
hypersurface equations radially. Second, in the above
equation, we have raised and lowered indices of tensors
and vectors on the two-sphere using the metric A48
(respectively h4p). Third, we have defined the derivative
operator D, as the torsion-free, metric-compatible deriva-
tive associated with the metric /,p.

The evolution equation for y,z, when expanded to
leading order in 1/r, shows that the u derivative of Cyp
is unconstrained by Einstein’s equations and is defined to
be the Bondi news tensor N,z = 9,,C45. The leading-order
parts of the uu and uA components of Einstein equations
are the conservation equations, which look like evolution
equations for the Bondi mass aspect m and the angular
momentum aspect N, at fixed radii,

1 1
ﬁ’l = —gNABNAB+ZDADBNAB, (253.)
\ 1 BC 1 BnC
NA :DAm +ZDBDADCC —ZDBD D CCA
1 1
+ ZDB (NPCCea) + EDBNBCCCA- (2.5b)

These equations are important for establishing flux balance
laws for the charges conjugate to the asymptotic symmetries
that form the BMS group and its extensions; we turn to the
subject of these symmetries in the next subsection.

B. Asymptotic symmetries

The BMS group [3.,4] can be obtained from set of
transformations that preserve the Bondi gauge conditions
of the metric (2.1) and the asymptotic form of the functions
that appear in the metric [Eqgs. (2.2) and (2.4)]. The BMS
group is the semidirect product of the infinite-dimensional
abelian group of supertranslations with a six-dimensional
group of conformal transformations of the two-sphere
(which is isomorphic to the proper, isochronous Lorentz
group). The four spacetime translations are a subgroup of
the supertranslation group. More recent generalizations of
the BMS algebra take two forms: (i) The first is the
extended BMS algebra proposed by Barnich and
Troessaert [31-33] (see also [42]). In this proposal, all
conformal Killing vectors of the two-sphere are added to
the algebra, including those with complex-analytic singu-
larities on the two-sphere. These additional symmetry
vector fields were dubbed super-rotations, and the vectors
that are isomorphic to the Lorentz transformations are a
subalgebra of the super-rotations. The supertranslations
also are extended to include functions that are not neces-
sarily smooth. (ii) The second proposal has been called the
generalized BMS algebra, and is due to Campiglia and
Laddha [34,35]. Here all smooth diffeomorphisms of the

two-sphere are considered instead of those equivalent to the
Lorentz transformations, but the supertranslations are the
same as in the original BMS group (though it is no longer
possible to identify a preferred spacetime translation
subgroup [43]).

The BMS symmetries and their generalizations are
described by infinitesimal vector fields & that formally
are defined at future null infinity, the null boundary of an
asymptotically flat spacetime in the covariant conformal
approach of Penrose [44,45]. The form of the vector fields
at future null infinity can be written in Bondi coordinates by
restricting the vector fields that preserve the Bondi gauge
conditions and the fall off rates of the metric to the tangent
space of surfaces of constant r, and then taking the limit as
r goes to infinity. In this limit, the vector fields for the BMS
group and its extensions all take the same form; they are
parametrized by a scalar function 7(64) and a vector on the
two-sphere Y4(65),

E= T(()A)—l—%uDAYA(HB) Oy + YA(05)d,.  (2.6)

The function T(6*) parametrizes the supertranslations in
the BMS algebra and its generalizations (for the standard
and generalized BMS algebras, it is assumed to be a smooth
function, whereas for the extended BMS algebra, it can
have complex analytic singular points). The vector field
Y4(0?) is a conformal Killing vector on the two-sphere for
the standard and extended BMS algebras (it is spanned by a
six-parameter basis for the standard BMS algebra, or an
infinite dimensional basis for the extended BMS algebra),
or a smooth vector field for the generalized BMS group.

The symmetries at future null infinity can also be
extended into the interior of the spacetime at large, but
finite r by requiring that the diffeomorphisms generated by
these vector fields preserve the Bondi gauge conditions and
the asymptotic falloff conditions imposed on the metric.
Under these transformations, the functions C g, N 45, 1, and
N, transform in a nontrivial way. For the discussion that
follows, we will only need the transformation law for Cp,
and we denote this transformation by Cpp — Cyp + 6:Cyp,
which was derived, e.g., in [32]. Itis convenient to first define
a quantity

f:T+gDAYA, (2.7)
which appears in 6:Cyp as follows:
8:Cap = fNap — (2DaDp — hagD?)f
1
+ ‘CYCAB - EDCYCCAB' (28)

This transformation of C,p is useful for defining fluxes of
conserved quantities associated with the BMS symmetries,
which we will discuss in the next subsection. Before we do
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s0, it is useful to introduce a decomposition of the tensor Cy 5
into its electric and magnetic (parity) parts as follows:

1
Cap = <DADB - EhABD2> @ +ecaDp) DY, (2.9)

The scalars ® and ¥ are both smooth functions of the
coordinates (u,@*). From the transformation of C,p in
Eq. (2.8), it follows that a supertranslation affects the electric
part of C,p, but leaves the magnetic part invariant. This
property of the shear has been understood for quite some time
(see, e.g., [8]).

C. Fluxes and charges

There are a few different prescriptions used to define the
charges and the fluxes of charges that are associated with
BMS symmetries. We will describe here the procedure of
Wald and Zoupas [20], in which the charges and fluxes are
computed using a generalization of Noether’s theorem that
allows for the charges to change from emitted fluxes of
gravitational waves and other matter fields. We denote the
charges by Q;[C], where the charges depend linearly upon a

BMS vector field E and are defined on a cross section of
null infinity C (in Bondi coordinates, a surface of constant u
at fixed r in the limit of » — c0). We call the flux F:[AZ].

Like the charge, it has a linear dependence on a BMS vector
field E, but the flux depends on a region of null infinity AZ
between two cuts (in Bondi coordinates, the region between
two surfaces of constant u at fixed r in the limit of » — o).
The flux balance law for the charges requires that

The explicit expression for the flux has a simple form in
Bondi coordinates in vacuum (see, e.g., [9])

1
Fg[AI] = —37 dudZQNAB(SSeCAB, (211)

T JAT

where 6;Cyp is given in Eq. (2.8) and d’*Q is the area
element on the two-sphere cuts of constant u. Using
Eq. (2.8) and the conservation equations for the Bondi
mass and angular momentum aspects in Eq. (2.5), it is
possible to show that the charge is given by

1

0: = _/ d29{2Tm+ YA [NA —uDym
8 C

1 1
- EDA(CBCCBC) o CABDCCBC} } (2.12)

(again, see, e.g., [9]). We dropped the dependence of the
charge on the cut C to simplify the notation, and because it
is made explicit in the domain of the integral on the right-
hand side of the equation.

When the vector field Ehas YA =0and T # 0, thenitisa
supertranslation, and the corresponding charge is the super-
momentum. The other case, a vector field with Y# # 0 and
T = 0, has as its corresponding charge the angular momen-
tum, when Y4 is equivalent to a Lorentz transformation for
the standard BMS group. The angular momentum is often
split into its intrinsic (or spin) and center-of-mass parts,
which correspond to the rotation and boost symmetries in
the Lorentz group, respectively. It was observed in [9] that
the charge in Eq. (2.12) does not satisfy the flux balance
law (2.10) for the extended or generalized BMS vector
fields. A charge that does satisfy a flux balance for the
super Lorentz charges was determined in [36]. It is the same
as that in Eq. (2.12), up to the addition of two new terms
linear in the tensor C,p, and it is given below,’

1
Qf = —/ dZQ{sz + YA |:NA - uDAm
8 d
1 1
- EDA(CBCCBC) - ZCABDCCBC

n g (D*DEC,p — DBDADCCBC)} } (2.14)

Note that the integral of the two additional terms in the final
line Eq. (2.14) can be shown to vanish for the Y
corresponding to Lorentz vector fields; note also that these
two terms in the integrand are proportional to a differential
operator acting on the magnetic part ¥ of the shear in
Eq. (2.9) (see, e.g., [9]). The super angular momentum in
(2.14) can be divided into a magnetic-parity part called
superspin and an electric-parity part called super center-of-
mass, in analogy to the standard angular momentum. In the
next subsection, we focus on the angular momentum and
discuss a subtlety in its definition.

D. Definitions of angular momentum
and their properties

As discussed in the introduction, the angular momentum
computed by Wald and Zoupas is not the only notion of the
angular momentum of an isolated system that is commonly
used. While a number of the different angular momenta are
equivalent, not all the definitions agree. First, for conven-
ience, let us specialize the general BMS charges in
Eq. (2.14) to a vector field £ with 7 = 0 and Y* being a
generator of Lorentz transformations,

SThe flux for which this charge satisfies the flux balance law
differs from Eq. (2.11). It is necessary to add a term of the form

1

— | dud’Qu(D*DBN o5 — DgD4DN"°)
64 AT

(2.13)

to the right-hand side of Eq. (2.11) to restore the balance law with
the definition of the charge in Eq. (2.14) (see [26] for further
details).
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1 1
Qy = — dZQYA NA - uDAm - —DA(CBCCBC)
87 /. 16
1
-3 CABDCCBC} . (2.15)

We used the notation Qy rather than Q. to emphasize that

it depends only on Y. It has been shown in [20] that the
flux of this angular momentum agrees with that of
Ashtekar and Streubel [19] and the charge defined by
Dray and Streubel [18] (which came from twistorial
definitions of the angular momentum [17]). The Landau-
Lifshitz definition of angular momentum in [I5]
(which is restricted to the center-of-mass frame of the
source and averaged over a few wavelengths of the
emitted gravitational waves) also agrees with the flux
of the angular momentum charge in Eq. (2.15), when the
expression is restricted to this context [21].

There are a few notable examples of definitions
of angular momentum that differ from the one in
Eq. (2.15), a fact that was recently pointed out in a paper
by Compere et al. in [26]. First, in the context of
conservation laws of gravitational scattering, a definition
of an angular momentum involving just the mass and
angular momentum aspects and the vector field on the two-
sphere, Y4, was used in [23,46] to define the (super)
angular momentum, i.e.,

1
oV = — [ @QYA(N, — uDm).

2.16
87 /. (2.16)

Also recently, a more general definition of the Landau-
Lifshitz angular momentum was proposed by Bonga and
Poisson [22], who no longer required that the result be
defined in the CM frame or by averaging over a few
wavelengths of the gravitational waves. They specialized to
the intrinsic (as opposed to CM) angular momentum, which
they defined by using a collection of vector fields on the
two-sphere, Y4 = eAP9pn;. Here n; is a unit vector normal
to the two-sphere in quasi-Cartesian coordinates con-
structed from the spatial Bondi coordinates (r,#4), and
4P is the Levi-Civita tensor on the unit two-sphere. After
converting their definition of the intrinsic angular momen-
tum into our notation, their result can be written as

1 3
J, = —/ d*Qe*Popn; [Ny —uDym — = CygDCEC|.
87 Je 4
(2.17)

There is a definition of the CM part of the angular
momentum in the Landau-Lifshitz formalism from
Blanchet and Faye [47], but it was shown in [26] that it
cannot easily be written in terms of the two-sphere-
covariant Bondi-metric functions. As we discuss further
below, the three definitions of the angular momentum in

Egs. (2.15)—(2.17) all vanish in flat spacetime, give the
same angular momentum of a Kerr black hole and satisfy
flux balance laws; they thus appear to be equally viable
definitions of the angular momentum of an isolated source.

Given that the angular momenta in Egs. (2.15)—(2.17)
differ in the factors in front of the two terms quadratic in
C,p in Eq. (2.15), Compere et al. [26] observed that a two-
parameter family of charges could be defined by allowing
the coefficients in front of these terms to be arbitrary real
numbers. When the coefficients are restricted to specific
values, the two-parameter family of charges reduces to one
of the specific definitions in Egs. (2.15)—(2.17). Thus, the
two-parameter family of angular momentum of Compere
et al. [26] is given by

. 1
o\ = —/ PQYA N, — uDym — 2 €D CPC
8 C 4

_EDA(CBCCBC):| ;

= (2.18)

where @ and f are real constants.” The Wald-Zoupas
angular momentum corresponds to the case a = f = 1;
the angular momentum in Eq. (2.16) corresponds to
a=p=0; and the intrinsic angular momentum in
Eq. (2.17) corresponds to & = 3 (and f can take on any
real value, because it does not contribute to the intrinsic
part). For all values of a and f, the angular momentum in
Eq. (2.18) satisfies flux balance laws, but it is not
immediately apparent that they will vanish in flat space-
time. In the next section, we will derive the conditions
under which the angular momentum in Eq. (2.18) vanishes
in flat spacetime.

E. Definitions of super angular momentum

The charge in Eq. (2.18) was defined specifically for the
angular momentum. There are also differing definitions of
the super angular momentum, however, because several of
the definitions of the super angular momentum were
defined through promoting the vector field Y that enters
into the charge from a Lorentz vector field to a super
Lorentz vector. The definition in Eq. (2.16) was also used
for a super-rotation charge (where Y4 is a super-rotation
vector field, for example), and this definition differs from
that in Eq. (2.15). The main difference between the two
charges is are the terms quadratic in the shear tensor. It thus
seems reasonable to define a two-parameter family of
charges that satisfy a flux balance law by generalizing
Eq. (2.14) (when T = 0) to include real coefficients a and 3
in front of the terms quadratic in C4p. Thus, we will also

"The terms D 4 (CyeCE€) and C,5DCEC€ form a kind of basis
of vectors constructed from contractions of C,p and D,Cpc, in
the sense that other possible contractions can be rewritten in terms
of these two quantities [26].
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consider a two-parameter family of super angular momen-
tum defined by

« 1
Q(Y’ﬁ) —g/;dZQYA {NA—MDAm

u
+3 (D>’DBCyp — DD 4D CEC)

a p

We will investigate the properties of this charge in flat
spacetime next.

III. (SUPER) ANGULAR MOMENTUM
IN FLAT SPACETIME

While the focus in this section will be determining the
values of the coefficients a and f for which the angular
momentum vanishes in flat spacetime, much of the calcu-
lation holds for any smooth vector field on the two-sphere
Y4, and thus applies to the super angular momentum of the
generalized BMS algebra.® In the derivation that follows, it
is structured so that the first part applies to smooth
generalized BMS vectors Y4, and the next part is specified
to Y4 that generate Lorentz transformations. Note that a
similar calculation was performed by Compere and Long in
[48] for the Wald-Zoupas charges (i.e., a = f = 1).

In flat spacetime, there is no radiation, and the news
tensor vanishes [49]. In this case, the Bondi mass aspect
and the Bondi angular momentum are also proportional to
components of the vacuum Riemann tensor (see, e.g., [9])
and thus they must also vanish. From Eq. (2.5b), one can
then also show that W, the scalar that parametrizes the
magnetic part of C4p must also vanish. Because C,p is
electric type, then by performing a supertranslation it
follows from Eq. (2.8) that it is possible to choose a frame
in which the tensor C,p vanishes (note that from the
transformation properties of m and N, given in, e.g., [9],
the mass and angular momentum aspects will remain zero
under this transformation). We will not work in the frame
where C4p vanishes, but rather we will choose a frame
where it has a nonzero electric part. Thus, the values of the
relevant functions needed to compute the super angular
momentum in Eq. (2.19) are given by
(3.1a)

m =0,

¥Note however that if Y4 is a super-rotation vector field of the
extended BMS algebra, then the singular points of the vector
fields make integration by parts on the two-sphere more chal-
lenging. Although the two-sphere is a compact manifold without
boundary, when integrating by parts one must carefully analyze
the contributions that come from boundarylike terms at the
singular points of the super-rotation vectors, which can contribute
to the integral (see, e.g., [48] for further details).

N, =0, (3.1b)

1
CAB = <DADB _EhABD2>q)' (310)

In flat spacetime, therefore, the additional terms in the
second line of Eq. (2.19) do not contribute, and the super
angular momentum is given by

1287
+pYAD 4(CpcCBO)).

1
Qg;t-/)’) _ __/ d*Q[4aYAC 3D CEC
C

(3.2)

We will now substitute in the expression in Eq. (3.1c¢) for
C,p in Eq. (3.2) in several places, and begin simplifying the
expression. Because we are assuming Y* is a smooth vector
on the two-sphere and @ is a smooth function, we can
integrate the first term by parts and drop the terms involving
divergences of vector fields on the two-sphere. For the
second term, we use the fact that the covariant derivative
acting on the shear tensor in Eq. (3.1c) is given by

1
DBC,p = DED,D® — EDAD2<I>. (3.3)

We can then use the definition of the Riemann tensor
(associated with the derivative operator D 4) to commute the
first two covariant derivatives in the first term. We find that
it can be written as

1
DBC,p :DAD2<I>+RABDB<I)—§DAD2®, (3.4)

where R, is the Ricci tensor on the two-sphere. Assuming
that the metric is that of a round two-sphere, then the scalar
curvature of the sphere is given by R = 2, the Ricci tensor
is Ryp = hyp, and the Riemann tensor can be written as

Rapcp = hachpp — haphpc. (35)
This implies that D?C,p simplifies to
1
DBCyp = EDA(D2 +2)®. (3.6)

Next, substituting Egs. (3.6) and (3.1c¢) into Eq. (3.2), we
can write the charge in terms of Y4, @, and derivative
operators D, (though we leave one term involving C4p). If
we integrate by parts once more for both the terms
proportional to a and S, we find the super angular
momentum is given by
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128%

a 1 1 1
o} — / dZQ{ﬂDAYA [DBDCQDBDCQ—E(DZCD)Z] 2a [DBYACAB+§YADA(D2+2)<I>] (D2+2)CD}. (3.7)
C

While for each @ and Y there should exist a choice of a
and f that makes Qy vanish, a choice of a and f that makes
the super angular momentum vanish for all ® and Y* in flat
spacetime is & = § = 0. However, it is not necessarily clear
that one should require that the super angular momentum
should vanish, as Compere and collaborators have argued
that the super angular momentum can be used to distin-
guish vacuum states that differ by a supertranslation
[36,48]. We thus only identify @ = f# = 0 as a choice that
makes the super angular momentum vanish in flat space-
time, but do not require the charge to satisfy this property.

A. Angular momentum

We do require that the charge Qy vanish for vectors Y4
that generate Lorentz transformations. We now continue
our simplification of Eq. (3.7) by using the fact that Y4 is a
conformal Killing vector on the two-sphere; i.e., it satisfies
the conformal Killing equation

2D (sY ) = DcYChyp = 0. (3.8)
Because Cy,p is symmetric and trace free, then C,zD?Y4
involves only the symmetric-trace-free part of DEY4. By
the conformal Killing equation (3.8), however, D2Y4 is
proportional to K4, so C,zDBY# vanishes. After perform-
ing a large number of integration by parts (so as to write the
expression mostly in terms of squares of ® and its
derivatives) and using the following identity

D’DC® = DCD*® + DO, (3.9)

we find that the angular momentum can be written as

1
256rx

+2(2a — B)D DD D]
—2D%(D,Y*)[a®? — fD DD D]
—2pDgDcD,YADEODCD).

0F = 556 | AN - @) (D) - 40

(3.10)
Conformal Killing vectors also satisfy the property that

(D* +2)(D4Y4) =0, (3.11)
which leads to the cancellation of some terms proportional
to a in Eq. (3.10). The globally defined conformal Killing
vectors (the vector fields Y4 that can be written as a
superposition of the six [ = 1 vector spherical harmonics
on the two-sphere) satisfy the additional property

DBDcDAYA — —thDAYA. (312)
After using the property in Eq. (3.12) in Eq (3.10), we
see that the angular momentum in flat spacetime can be
written as

@ 1
Q( b _

() = () A POD, Y |(D*®)? — 4D DDCD).

(3.13)

The intrinsic angular momentum (i.e., the charge Qg,a’ﬂ ) for
vectors Y4 with D, Y4 = 0) vanishes for all values of a and
p. For the center-of-mass angular momentum (i.e., the
charge with Y that has nonvanishing D,Y*), the charge
will typically be nonvanishing unless a = . Having the
physical requirement that the angular momentum should
vanish in flat spacetime thus reduces the two-parameter
family of charges to a one-parameter family given by a. We
will typically work with this reduced one-parameter family
in the rest of the paper, unless we note otherwise.

We conclude this section with an important note.
Because our expressions for the mass and angular momen-
tum aspects vanish in flat spacetime, our calculations in this
section apply to the a- and -dependent terms in any region
of spacetime, where the tensor C4p can be written in terms
of the electric part as in Eq. (3.1c). While this section is
then nominally about flat spacetime, the results in this part
directly imply that the different definitions of angular
momentum that vanish in flat spacetime will all agree in
any region of spacetime with electric shear (stationary or
radiative). In particular, the result that the angular momen-
tum vanishes when a = f in flat spacetime means that in
stationary regions, the angular momenta for any real value
of a will be equivalent. Requiring the angular momentum
takes on a particular value in a particular stationary solution
cannot be used to restrict this remaining parameter . For
the angular momentum, we will then focus on the differences
that arise in radiative regions with magnetic-parity shear. For
the super angular momentum, which only manifestly van-
ishes when a = f# = 0, there can be differences in its value
for distinct a and f values for the same spacetime, as we also
illustrate in more detail below.

IV. MULTIPOLAR EXPANSION OF THE (SUPER)
ANGULAR MOMENTUM

We will first summarize our conventions for the spherical
harmonics that we use in our multipolar expansion. We will
then perform multipolar expansions of the super angular
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momentum, which we will subsequently specialize to the
standard angular momentum.

Because the multipolar expansion of Hamiltonian
charges and fluxes had been computed previously (see,
e.g., [21,26,37]), we will focus on the difference of the two-
parameter family of charges from the charge defined in
[36]. Thus, for a vector field Y4 we will write

Qg/aﬂ) _ Qg/a:l,ﬁzl) + (a_ 1)5Q§/a:1) + (ﬁ_ 1)5Q§/ﬂ:l>,
(4.1a)

where 0\~ is the charge with a = § = 1 and 5Q\""
and 6Q§f3:1) are defined by

a= 1
5Q§/ 1) = _%A dzgYACABDCCBC’ (41b)

_ 1
50" = ~To%s /c dPQYAD,(CpcCBC).  (4.1c)

In the special case of angular momentum, we will also use

the notation 8J4°~") and 6k\*~" (and similarly for the j
term) for the difference in the intrinsic and CM angular
momentum, respectively, associated with a vector Y
(which is a rotation or Lorentz boost, respectively). A
similar calculation was performed in [26]; however, here
we also compute the a-dependent term in the CM angular
momentum, and we write the result in terms of the
multipole moments U, and V,, (defined below) rather
than the rank-/ symmetric-trace-free (STF) tensors U; and
V. (discussed in the Appendix). The moments U,,, and V,,
are somewhat easier to relate to the moments of the
gravitational-wave strain h;,, that can be obtained from
numerical-relativity simulations or surrogate models fit to
simulations (the latter of which we will use later in Sec. V).

In the cases where we restrict to @ = f (so that the
angular momentum vanishes in flat spacetime), then we
will use the notation

0y = oy 4 (a- 0oy, (a2

where Qg/a:ﬂ:l) = g,azlﬁ:l) is the charge witha = f = 1

and 50\""=" is defined by

L / d*QYA[4C 3D CEC
1287 ¢ asDe

+ DA (CpcCPYY).

5Q§/a:ﬂ:l) —
(4.2b)
We will similarly use the notation 87\ =" and 5k\*~"~"

for the intrinsic and CM angular momentum, respectively,
when Y4 is a rotation or Lorentz boost (also respectively).

A. Spherical harmonics and multipolar expansion
of the gravitational-wave data

In addition to the scalar spherical harmonics (with the
usual Condon-Shortly phase convention), Y,,(6,¢), we
will use vector and tensor harmonics on the unit two-
sphere, which we define as in [21]. The vector harmonics
are given by

1
T?e).lm = l(l T 1) DAYlmv (4-33)
1
T?b).lm = 0+ 1)€ABDBY1m’ (4.3b)

which are nonzero for / > 1 and the tensor harmonics

aum 1 [2(1=2)!
Tidm — 5 m(zDADB — hygD?)Y,,.  (4.4a)
b),lm 2(l - 2)'
T‘EH; = —(l n 2)' GC(ADB>DCY1m, (44b)

which are nonzero for [ > 2.
We use these harmonics to expand the shear tensor as

CAB — Z(UlmT?g,lm + Vi T - (4.5)

Im

Because the shear is real, the coefficients in this expansion
obey the properties

Ul,—m = (_l)mUlm’ Vl,—m = (_l)m‘_/lma (46)
where the overline means to take the complex conjugate.
By using Egs. (4.3a)—(4.4b) and (3.4), we can write the
covariant derivative of the shear tensor in terms of vector
harmonics as follows:

[(1=1)(1+2
D CBC = Z (=Dl+2) )2( )(U,mT@lm - v,mbe),lm).
I.m

(4.7)

The vector and tensor harmonics are related to spin-
weighted spherical harmonics (Y, of spin weight s = £1
and s = £2, respectively, and a complex null dual vector
on the two-sphere

mto, = LZ (D9 + icsc80,y). (4.8)

5

and its complex conjugate m”. The relationships for the
vector harmonics are
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(e).lm 1 _
T =—(_Yyumg — | Yyuiia), 4.9a
A \/E(—l 1 A 141 A) ( )

(b),Im i _
T =—=(_Yyump + Y my), 4.9b
A \/z( 141 A 141 A) ( )

and for the tensor harmonics are

(e),Im 1 _
T =—(_,Yumamp + Y, mamp), 4.10a
AB \/i( DY immamp + Y, Mafig) ( )
rom Ly N 4.10b
AB (oY immamp — Y ,maimp).  (4.10b)

V2

The spin-weighted spherical harmonics satisfy the well-
known complex-conjugate property ¥, = (=1)7"_Y,_,.

The charges are quadratic in C,p and involve a vector
field Y4, and we will expand all three quantities in terms of
spin-weighted spherical harmonics using Eqgs. (4.3a)-
(4.10b). When evaluating the charges, we will frequently
encounter integrals of three spin-weighted spherical har-
monics over S2. We use the notation of [21] to describe
these integrals, which we denote by

! g/ o Mg "
C(s', I',m'ys", 1", m")

= [ 0 B Yo Trw). (411)

The complex-conjugated spherical harmonic +5”Ylm’+m”
has spin-weight s =s'+s” and azimuthal number
m = m’ + m", because for all other values of s and m,
the integral vanishes. It can be shown that the coefficients
C)(s',I',m';s", 1", m") can be written in terms of Clebsch-
Gordon coefficients (', m;l", m"|l,m" + m") as follows:

! ! le 1 Vi
C(s',I',m';s", 1", m")

B ey [QUADQE 4 1)
= (=0 l\/ 4x(21 + 1)

X <l/’ S/; l//,s//|l,s/ + S”><l/, ml

;l//’ m//|l’ m/ + m//>'
(4.12)

The coefficients are also nonvanishing only when
the / index is in the range {max(|/'—1"|,
|s" +5"]),....0' +1" = 1,I' + I"}. There are two additional
useful identities under sign flips of the spin weight and
azimuthal numbers that we will need in the discussion
below

! g/ e Mg "
C(s", I',m'ys", 1", m")

= (=) C =5 U ms =", 1" m"),  (4.13a)

Cl(sl, l/’ m/; S”, l//’ m//)

= (=) (s U —m!ys" 1 —m”). (4.13b)

We can now turn to the evaluation of the terms 6Q§f’=1)

and 5Q§!}:1) in a few specific cases of interest next.

B. Multipolar expansion of the super angular
momentum

In this part, we will compute the multipolar expansion of
the a and f “difference terms” in Egs. (4.1b) and (4.1c)
from the super angular momentum of [36]. We will
consider two types of vector fields Y4 to compute the
charges; namely, the electric- and magnetic-parity vectors
harmonics defined in Egs. (4.3a) and (4 3b) We will thus

denote these terms by (SQE“ D and 5Q
=1)

e),lm lm’
for Eq. (4.1b) and 5Q m and 5Q (h= lm, respectively, for

Eq. (4.1c). The results here hold for both the standard BMS
charges (CM and intrinsic angular momentum) and the
generalized BMS charges (super angular momentum).
There are a number of additional simplifications that occur
for the intrinsic and CM angular momentum, and we will
therefore treat these simpler cases separately afterwards.

In this calculation, we will not require initially that the
two parameters @ and f be equal, because this choice was
made to require that the standard (rather than the super)
angular momentum vanishes in flat spacetimes. For the
super angular momentum, the choice of @ = f does not
guarantee that these charges vanish in flat spacetimes, and it
is not agreed upon universally that these charges should
vanish in flat spacetime (see, e.g., [48]).

Before we begin the calculations, note that because

DATX’)’Z"’ = 0, then by performing an integration by parts
of Eq. (4.1c), one can show that

respectively,

(4.14)

we will thus focus on the three quantities 50, (a= llm’ 80, (a llm,

and SQ(/; ).Ilm. The calculation of these three quantities is
quite similar so we will describe in detail the procedure for
just 5Q
mined through a nearly identical calculation).

Starting from Eq. (4.1b), we then substitute in the
multipolar expansion of C,z and D,C*® given in
Egs. (4.5) and (4.7) and the vector spherical harmonic in
Eq. (4.3a). We then use the relationships between the vector
and tensor spherical harmonics and the spin-weighted
spherical harmonics in Egs. (4.9a)—-(4.10b) to write

5QE:; lln)l in terms of the multipole moments U,,, and V,,,

(and the other two quantities can be deter-

as well as the integrals of three spin-weighted spherical
harmonics in Eq. (4.11). We then make use of the identities
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for the coefficients C;(s', I, m’;s”, 1", m") in Eq. (4.13) and
the complex conjugate properties of U,, and V,, in
Eq. (4.6) to simplify the expression. It is useful to make
the definitions (similar to those in [37])

sp) = 1 (=), (4.15a)
S =V +2)( = 1)C(=1,0,m"52,1", m"),
(4.15Db)
gf/,m/;l//’m// - \/ l(l + ])Cl(_27 l/, m/; 2, l”, m”). (4150)
The result can then be written as is
6Q<a:1) == _L Z fl/ s
(e).lm 1287 P U'm’;l" m
[Sl,(l,,)(Ull /Ul// " + Vl/ /VZ// //)
+isp o (Ui Vi = Vi Up)), (4.160)

where the indices on the charges should be integers in the
ranges [ > 1 and —/ < m < [, and where the sums run over
integers in the ranges I' >2, =I' <m' <I', I” > 2, and
—I" <m” < 1" This gives the a-dependent difference from
the super-CM charge of [36]. A similar calculation shows
that the a-dependent correction to the superspin can be
written as

(a=1) _ @ '
(SQ(b),lm - 1287 fl’,m’;l”,m”

o 1" m”
1,(-
X [Sl,<l,,)(Ul/n1/ Ul// ” —|— Vl/ /Vl// //)

+ lSl, l”>(UII 'VI" " o— Vl'm’ UI” //)] (416b)

Finally, the f-dependent correction to the super-CM charge
is given by

1 [
E g[/7m/;[//7m//

l/ /.[!I "

(B=1) _
5Q(e),lm -

[SI;(I;,)(U[/ /Ulll //+V[/ /V[//m//)

+ sy (U Virwy = Vi Up)l. (4.16¢)
The values of I, ', I”, m, m’, and m” in Egs. (4.16b) and
(4.16c) are the same as in Eq. (4.16a). From these differ-
ence terms and the super—CM and superspin charges with
a=1land =1 (e, Q¢ /" and Q="
then construct the full a and ﬁ dependent super CM and

., and Q ]m)

Although we d0 n0t require that the superspin and super
center-of-mass vanish in flat spacetime, it is still useful to

) one can

superspin (i.e., Q

write down the expressions for the - and f-dependent
difference terms in this case; namely, the quantities

6Q _ﬂ D and 5Q _ﬂ Y Ttis then straightforward to spe-
mahze our preV10us results to find that

emp 1
50@=1 _ _

1 1
(e),lm 25671' Z (Zfl',m';l",m” + gl/’mr;lu’mu)

Ul "
X [Sl,(l,,)(Ul/ /Ul//m// + Vl/ /Vl// //)

+ is[;;[” (Ul’m’ Vl”m” - Vl’m’ Ul”m")]' (4178‘)

The superspin is the same, because the term 5QE£)=,11n)1

vanishes, i.e.,

(a=p=1) __ (a=1)
5Q(b),1m = 5Q(b)’lm. (4.17Db)
In the next subsections, we will further specialize
Egs. (4.17a) and (4.17b) to [ = 1 spherical harmonics to
compute the CM and intrinsic angular momentum.

C. Multipolar expansion of the intrinsic angular
momentum

We begin by simplifying the expression in Eq. (4.16b) in
the case where / = 1 (which corresponds to the correction to
the intrinsic angular momentum). When [ = 1, the coeffi-
cients f},‘m,;l,,,m,, are nonvanishing for I ="' or I" = 1' + 1.

Thus, the coefficient sll,’ (1;) is nonvanishing only when [/ = I’
1,(+)
l//

Because the index m satisfies m = 0 or m = =1, then for the

and the coefficient s, is nonvanishing for /" ="+ L.

first set of terms in Eq. (4.16b) proportional to sll<l_ ) the
nonzero terms in the double sum will be one of the terms of
the form f ., . O f) vy .. Given the complex-
conjugate relationships for the U,, and V,, moments in
Eq. (4.6) and the symmetries of the coefficients
C\(=1,0',m';2,=I',m") under the change of sign of m’ in
Eq. (4.13), then one can show that the terms proportional to
s,l,’;(l,7> vanish. The difference term from the Wald-Zoupas
angular momentum is then given by

@1 1 1L(+)
5Q(Z),1,m T 1287 ,,sl’;l” fll’,m’;l’m”

I'm' 1I"m

o115, "

X (Ulrm/ Vl”,m” —_ Vlrm/ Ul”,m”)‘ (418)
Note that although we left the expression as a double sum
over I’ and [”, the I” sum is restricted to " =1'—1 or
I =1 + 1; similarly, the m” sum is restricted to the values
m" = m —m’', where m = 0 or m = £1. If we evaluate the
: 1 1 1
coefficients £, vy s S st —r—1> A0 f iy i
in the sum using the expression in Eq. (4.12), then the
expressions can be simplified to square roots of rational
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functions in these cases. We follow [37] and define coef-
()

ficients a;, b;,’, ¢, and d;,j;) by

a = m (4.19a)
b =\ /(I£m+ 1)(I£m+2), (4.19b)
cm=V({I=m+1)([+m+1),  (4.19%)

d = \/(T£m+ 1) F m) (4.19d)

(though we do not use d}i ) until the next subsection). In
terms of these quantities, and after relabeling // with / and m’
with m in the sum, we can write the difference term from the
Wald-Zoupas angular momentum as

(a=1) 1 3 aiCim
81y =— ==
Y16 2nl;nz+ 1

X (Ulmvl+1,m - Vlm UlJrl,m)a (4208.)
()
(a= a,bl
Py A \/ m
1+ l; 1
X (UpVigtmer = VimUpsimer). (4.20b)

The calculation to arrive at these simplified expressions
requires some relabeling of indices in the sum so that only
terms with / + 1 appear rather than / — 1.

A similar calculation was performed in [26] using STF /-
index tensors rather than expanding C,p in the harmonics
in Eq. (4.5). The two formalisms can be related, and we
compared the result of the difference term in [26] for the
intrinsic angular momentum to our expressions in
Egs. (4.20a) and (4.20b). We found that our result differs
from Eq. (4.16) of [26] by an additional factor of 1/(I + 1),
and we could not identify from where this discrepancy was
arising. We give a detailed calculation of this comparison in
the Appendix. Given our results in the next subsection, we
believe our result to be correct, so we suspect that the error
lies in the conversion between the two formalisms.

D. Multipolar expansion of the center-of-mass
angular momentum

We now derive a similar expression for the difference
terms from the Wald-Zoupas center-of-mass angular
momentum when expanded in terms of the mass and
current multipole moments of C,p in Eq. (4.5). We first
give a result for general real coefficients @ and f, and we
then specify to the @ = f choice. The calculation is quite
similar to that in the previous subsection for the intrinsic
angular momentum. When the expression in Eq. (4.16a) is

restricted to [ = 1, then there is again a similar cancellation

: L(-)
of the terms proportional to s,

L(+)
l/ l”
I” are given by l" =

leaving just the terms

proportional to s Agaln because the allowed values of

I'+ 1, the coefficients f! R
simplify to square roots of rational functions. The a-

dependent difference terms are then given by

i /iz aiCim
6 27[122.)11 ! + 1

(a=1) _ o7 (a=
5Q(e).1,0 = ok

X (UlmUl+1,m + VlmVlJr],m)v (42121)
(a=1) a=1 alb
00121 = 5"1 i—l \/71; I+ 1
X (UpUpirmar + ViVigimer).  (4.21b)

for the m = 0 and m = 1 modes, respectively.
For the f-dependent difference term in Eq. (4.16c¢) it is

no longer the case that the sl,( ) terms vanish. However,

"
because the coefficients gl,’m,;l,,’m,, also have the property
that they vanish except when [ =1 or I =1+ 1 and
when m" =m—m’ for m =0 or m = =£1, then the
coefficients can similarly be evaluated in terms of rational
functions and their square roots. The result of this calcu-
lation is as follows:

=5kY = ,/
0 1,0
()1, 215 l+1

501

X |:alclm(l_]lm Ul+l.m + VlmVlJrl,m)

2im -
- % Ulm Vlm:| s (4223)
p=1 (p=1)
ool =) -5\ 1Y s

i - -
X |:alb§m)<UlmUl+1,m:|:1 + VlmVH—I,m:I:l)

2i
+ ld( >l]lrtl‘/l,mi1:|'

z (4.22b)

The coefficients d|) are defined in Eq. (4.19).

A significant simplification occurs when the two param-
eters are equal; only the terms involving products of U,
and V,, moments remain. We find that the result is given by

(a=p=1) _ o (a=p=1) _ i /3 m _
o =6k =—4/= —U,,V,,.
Q)10 1.0 g\ 2ﬂl>§2.ml(l+ 1y YimVim

(4.23a)
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oY e

l>2

p=
a0l oy =oK™

(e).1. 1 = UlmVl m+1-

(4.23b)

This result is consistent with our calculation in flat
spacetime in Sec. III. In that section we showed that when
a = f, the angular momentum should vanish in flat
spacetime. Because the tensor C,p can be decomposed
using just electric-type tensor harmonics (i.e., the U,
modes can be nonvanishing but all V,, modes must
vanish), then the multipolar expansion should not involve
products of U;, moments with other U, moments,
because these terms would be nonvanishing in flat
spacetime.

Our result for the #-dependent term in Eqgs. (4.22) agrees
with Eq. (4.17) of [26] after performing the same con-
version between their STF /-index tensors and our mass and
current multipoles U,,, and V,,,. This comparison is given
in detail in the Appendix. The a-dependent terms in
Eq. (4.21) was not computed in [26]. Note, however, that

the coefficients in ok\*~" in Eq. (4.21) that multiply the

1m
products of U, and V,, moments are precisely the same

ones that appear in Eq. (4.20) for 6J(]‘fn:l). Since the

coefficients are the same in Egs. (4.20) and (4.21), and
since these coefficients are needed to have the angular
momentum vanish in flat spacetime, then this provides a
consistency check on the result in Eq. (4.20).

Now that we have the multipolar expressions for the
difference terms from the Wald-Zoupas definition of the
angular momentum, it is possible to assess how large these
terms are for different systems of interest. We will focus on
nonspinning compact binaries in the next section.

V. STANDARD AND SUPER ANGULAR
MOMENTUM FOR NONPRECESSING
BBH MERGERS

In this part, we compute the effect of the remaining free
parameter a on the standard and super angular momentum
from nonprecessing binary-black-hole mergers. As dis-
cussed in the introduction, the value of the (super) angular
momentum depends on a choice of Bondi frame. For the
explicit calculations using PN theory and NR surrogate
models in this section, we will work in the canonical frame
(e.g., [9]) associated with the binary as u — —oo. This
frame is a type of asymptotic rest frame in which C,p =0
and the system has vanishing mass dipole moment (i.e., a
CM frame).

For the difference of the angular momentum from the
Wald-Zoupas values [i.e., Eqs. (4.20) and (4.23)], this
difference depends on products of both the U,,, and the V,,
modes. As we discuss in the first subsection in this part, the
U,,, modes can be nonvanishing after the passage of GWs
for these BBH mergers, because of the GW memory effect.

The V,,, modes vanish after the radiation passes for these
BBH systems (see, e.g., [50]; thus, the difference terms in
Egs. (4.20) and (4.23) will vanish after the passage of the
GWs). This implies that the net change in the angular
momentum between two nonradiative regions for these
binaries will be the same. Nevertheless, while the binary is
emitting GWs, the instantaneous value of the angular
momentum will differ from the Wald-Zoupas value. We
compute the size of this effect in the PN approximation and
using surrogate models fit to NR simulations in the
following subsections.

We then perform similar calculations involving the
difference terms from the super angular momentum of
[36]. Because the super angular momentum terms in
Eq. (4.16a) involve products of U,, moments, then the
super angular momentum can differ from the a =f =1
values when there is the GW memory effect. We thus
estimate the magnitude of this difference in the PN
approximation and from the dominant waveform modes
from NR simulations. As we will discuss further below, the
effect is small compared to the change in the super angular
momentum, but is within the numerical accuracy of the
simulations.

Because we are interested in investigating the order-of-
magnitudes of the effects rather than their precise values,
we will generally work with the leading-order approxima-
tions to the results in this section, as we will describe in
more detail in the relevant parts below.

A. Computing the leading GW memory effect and
spin memory effect

In post-Newtonian theory, the GW memory effect and
the spin memory effect have been computed, and the
relevant results can be obtained from, e.g., [51] or [21],
respectively. For NR simulations, GW memory effects are
not captured in most Cauchy simulations (see, e.g., [52])
and the additional post-processing step of Cauchy-charac-
teristic extraction [53] needs to be performed [50,54] to get
the memory effects directly from simulations. However, by
enforcing the flux balance laws in Eq. (2.10), one can
determine constraints on the GW memory effects from
waveforms that do not contain the memory (e.g., [21,55]).
This approximate procedure is quite accurate [50]. We
summarize our procedure for computing GW memory
effects below.

1. (Displacement) GW memory effect

The GW memory effect can be computed by integrating
the conservation equation for the Bondi mass aspect in
Eq. (2.5a) with respect to u [this equation contains
equivalent information to the flux balance law (2.10) for
a basis of supertranslation vectors]. Integrating the term
D,DgN*? in Eq. (2.5a) with respect to u gives rise to a
change in the shear, which we will denote by D ,DzACAZ.
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This quantity D4DzAC*2 is constrained by changes in the
mass aspect Am and the integrated flux of energy per solid
angle (a term proportional to [ duN,zN*?; see, e.g., [9]
and references therein for further discussion). This equation
constrains only the electric part of AC,p, and for this
reason it is convenient to write the memory using a single
scalar function A® as
1 2

ACyp = (DADB —EhABD >A<1>. (5.1)
It is then useful to expand A® in scalar spherical harmonics
Y;,. Once this is done, when the operator (2D,Dp —
hagD?) acts on these scalar harmonics, Eq. (5.1) can be

written in terms of the electric-parity tensor harmonics in
Eq. (4.4a) as

JAm
Al; A(I)lm

l+2
202

By comparing Eq. (5.2) with Eq. (4.5), it is straightforward
to see that the change in the U,,, moments can be related to
the Ad,,, modes via the relationship

ACup = (5.2)

(5.3)

Although both changes in the Bondi mass aspect and the
flux of energy per solid angle produce GW memory effects,
for nonprecessing BBH mergers, the flux term produces the
much larger memory effect (i.e., the nonlinear memory is
much larger than the linear memorys; this is true in both the
post-Newtonian approximation [56] and in NR simulations
[50]). For this reason, just the contributions from the
nonlinear memory to A® were computed in [21], and
the result is given in terms of the mass and current
multipole moments by

Ci(=2,0',m";2,1",m")

(s
. L(=)r y
X/ du{ZLSl/.(lu)U[’m’vl”m”
—0o0

+ Sl’(l”)(Ul/ /U[H n+ Vlf fVlH //)} (54)
Both in the PN approximation and in NR simulations, the
largest contribution to the GW memory effect from non-
precessing BBH mergers comes from terms involving
products of U,, and U, , = U,, modes in Eq. (5.4).
The dominant memory effect produced by the U,, mode
appears in the A®,, and Ad,, modes. Evaluating the
appropriate coefficients in Eq. (5.4) and using Eq. (5.3), we
find that the leading GW memory effect in the mode U, is
given by

1 /15 [ .
AU20 = — / du|U22|2. (553)
D2V 1 ) o
The expression for the Uy, mode is given by
AU /‘ Pl AUy (5.5b)
0= 504\/57; Vol =000 '

We will also consider quantities U,, and U,y which are
obtained by integrating Eq. (5.5) from —oco up to a finite
retarded time u rather than taking the limit u — oo.

2. GW modes that produce the spin-memory effect

The other type of GW memory that we will need to
consider in this paper is the GW spin memory effect. Like
the GW memory effect in the previous subsection, the spin
memory effect can also be determined from the flux
balance law in Eq. (2.10). Unlike the displacement
memory, the spin memory is constrained by changes in
the super angular momentum (rather than the supermo-
mentum) and the flux of angular momentum per solid angle
(rather than the flux of energy per solid angle). In addition,
the spin memory effect appears in the magnetic-parity part
of the retarded-time integral of the shear tensor, rather than
the electric part of the change in the shear. We will not need
the spin memory itself, but we do need the GW modes that
produce the spin memory effect. Nevertheless, it is easiest
to describe the calculation of these modes by summarizing
the calculation of the spin memory. We thus begin by
writing the shear tensor C,p as a sum of two terms of
electric- and magnetic-parity parts

1
CAB = E (2DADB - hABDz)(I) + €C(ADB)DClP, (56)
where @ and ¥ are smooth functions of the coordinates
(u,6"). The spin memory is related to the retarded time

integral of the function ¥ [21]

“+oc0
AY = / du¥.

The full multipolar expansion of the spin memory is a
somewhat lengthy expression, so we do not reproduce it
here (although it is given in [21]). Analogously to the
displacement GW memory effect, there are two contribu-
tions to the spin memory effect from the linear and
nonlinear terms. However, the linear terms are smaller
than the nonlinear terms for nonprecessing compact bina-
ries (see, e.g., [50]), so we focus on just the nonlinear terms.
We will also give just the largest terms that are computed
from the mode U,, (which is the dominant term in the PN
approximation, and also the most significant term in NR
simulations). The U,, mode produces a spin memory effect
that appears in the u integral of the / = 3, m = 0 mode of
the waveform; it was computed in [21] to be

(5.7)
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AT = Y30

80\/7_7:

Acting on AX with the operator eC(ADB)DC gives the

retarded-time integral of the magnetic-parity part of the
shear tensor Cyp,

du%(f]zzl‘]zz). (58)

1 1
(ADB)DCAZ_E T, 30/ uS(UnUs).  (5.9)

By differentiating Eq. (5.9) with respect to u, we can obtain
the magnetic part of the shear that produces the spin
memory effect. Because Eq. (5.9) is already expanded in
magnetic-parity tensor harmonics, we can immediately
determine that the relevant spin-memory mode is V5,
which is given by

1 /15

\% — 5.10
30 = 40 Tz N ( )

S(UnUn).
We willuse Egs. (5.5) and (5.10) to add in the contributions of
the memory and spin memory effects that are not included in
the NR surrogate waveform model that we use to compute the
difference terms from the respective Hamiltonian definitions

of [20] and of [36] for the angular momentum and super
angular momentum in the next subsections.

B. Standard angular momentum

We noted above that the different definitions of the
angular momentum for nonprecessing BBH mergers will
agree after the gravitational waves pass, but they will differ
while these systems are radiating gravitational waves. We
will calculate the size of this difference first in the PN
approximation and second in full general relativity using
NR waveforms from BBH mergers. The NR waveforms are
usually given in terms of the multipole moments of the
strain h, which is related to the tensor C4p by the relation

h=h,—ih, :%CABmAmB. (5.11)
This expression defines the two polarizations s, and h,
and M4 is the complex conjugate of the dyad defined in
Eq. (4.8). The strain 4 can be expanded in terms of spin-
weighted spherical harmonics _,Y,,, as

h = Zhlm Ylm

It then follows that the moments A, are related to U, and
Vlm by

(5.12)

1
2

(see, e.g., [21] and references therein).

hlm = (Ulm - lVlm) (513)

Because of the symmetries of nonprecessing binaries, the
relationship between the /4, mode and the U, and V,,
modes simplifies. Specifically, the mass multipole
moments U, are nonzero only when [ + m is even, and
the current multipole moments V,, are nonzero only when
[+ m is odd (see, e.g., [57]). Therefore, the mass and
current multipole moments can be written in terms of the
strain modes for these systems as

Ulm = r\/ihlmv
Vlm = ir\/ih,m,

for [ + meven, (5.14a)

for / 4+ modd. (5.14b)
Note that our definition of the polarizations 4, and &, (and
hence h;,) have a relative minus sign to those in [57],
though the U,,, and V;,, moments agree in sign. Combining
these properties of the U, and V,, moments with the
expressions for the difference terms in Eqs. (4.20) and

a=p=1
(4.23), we find that multipole moments (SJ(l il/ )

and ék% =D vanish. Thus, we focus on the 5J(10 A=1)

and 5k\“-"=" modes below.

The waveforms from PN calculations and surrogate
models from NR simulations contain a finite number of
(I, m) modes [in the PN context, the waveform has only
been computed up to a finite PN order, whereas for
surrogate models, the NR simulations extract only a subset
of all (I, m) modes, and the surrogate models only fit to a
further subset of the extracted modes]. The number of
modes that we use in the calculations of the quantities

8J 1% @==1) and 5k Y will differ, but it is chosen such that
we capture the leadmg nonvanishing effect in the PN
approximation. We will then use the same set of modes
for the calculations with the NR surrogate waveform
(absent any modes that the surrogate model does not
contain). As we will discuss in more detail below, we will
use waveform modes that go up to 2.5PN orders above the

leading part of the U,, mode to compute 5.1(" == 1),

whereas for 5k(, 1 = we can capture the leading effect

using just the leading U,, mode and the V,; mode. Thus, to

compute 51( =p=1)

s 1 /3
oJ %_ﬂ_l) =3\ 27[9‘ {azczz UV + a3:33 UssV a3

we use the expression

8 3
a3c31 U3V + £ Uy V3o
a2§21 Vo Us — :32 VuUgp
—a4§43 Vi3Uss _a3§30 VioUao (5.15)

Note that the real part of the quantity in parentheses is being
taken, which arises from using the complex-conjugate
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properties of the modes Uy, and V,, in Eq. (4.6). For

5k\"7=Y | we use the expressions

a=p= i 3 — —
5k§1 = 96 \/;(dgt)Z UpnVy - d%) Uy V21)7 (5 16&)
a=p= i 3 _ _
5k(1 1/ v 96 (d22>U22V21 dgo) U20V21). (516b)
Here note that 5k~ = —s%\*7*="_ since k=" and

5k\“7”=Y can both be related to the real difference terms
from the x and y components of the Wald-Zoupas CM
angular momentum (see the Appendix).

1. Post-Newtonian results

For nonprecessing binaries, the mass and current multi-
pole moments U,,, and V,,, are expressed conveniently in
terms of several different mass parameters and mass ratios.
Here we denote the individual masses by m; and m, with
m; > m,. We then denote the total mass by M = m + m,,
the relative mass difference by m, = (m; —m,)/M, the
mass ratio by g = m;/m, > 1, and the symmetric mass
ratio v = m,m,/M?. We also use the notation Q for the
orbital frequency, y for the orbital phase, and x = (MQ)?/3
for the PN parameter, as in [57]. It is shown in [57] that all
the waveform modes #;,, can be written in the form

8M )
hlm = - - \/EHlme_lmwv
r 5

where the terms H,,, are given in Eqgs. (328)—(329) of [57]
and can be written as polynomials in the square root of the
PN parameter (i.e., \/x). We do not use the full expressions
for H,,, in Eqgs. (328)—(329) of [57]; rather we only go up to
2.5PN order (i.e., x*/?) in these equations. After substitut-
ing these expressions into Eq. (5.15), we find that the result

(5.17)

for 5J’f3ﬂ =1 is given by
2
wpo) 8 Pr oo 10 md, 9329 \ .
57 M _ Mg | 7057
o 75V ”( 21210 4410°)"
+0(x%). (5.18)

The angular momentum in the Newtonian limit goes as
x~1/2, 50 the correction term in Eq. (5.18) appears at SPN
order with respect to the leading-order effect. During the
inspiral when the PN parameter x is small, §J7; 7=1is not
expected to be very large. Given the fact that the product
U,, V5, scales with the PN parameter as x>, it might initially
seem unusual that the net effect 6J57~ i goes like x7/2.
Because there is a real part in Eq. (5.15), there are a number
of cancellations that occur between different modes. These
cancelations in the U,;, and V;,, moments occur in the

conservative part of the dynamics, but not the dissipative
part from GW radiation reaction. These dissipative dynam-
ics appear as a relative 1.5PN correction to V3,, which
explains why the leading order part of 6/, a=p= goes like

x%/2. Analogous arguments can be made for the other terms
in Eq. (5.15).

There is another feature of Eq. (5 18) worth describing
that relates to the dependence of 6J7, 10 7= on the mass ratio
g (and which is a feature that also appears in the NR
simulations, which we discuss later). Specifically, the sign

of 8J7, P=1 changes, and there is a specific mass ratio at
which the leading PN expression vanishes. The value of the
mass ratio can be computed from Eq. (5.18) to be g =~ 1.9.
The physical reason for this value was less clear to us,
though it arises from the change in amplitudes of the
multipole moments U,,, and V,,, as a function of mass
ratio q.

The leading-order contribution to 5k1 41 = turns out to
require fewer terms to compute, as indicated in Eq. (5.16),
and it only requires the leading-order parts of the moments
U22 and V21 It is reasonably straightforward to show that

sk\*7=" is given by

5k§aﬂ/3 D= \/7M21/ mpx> 2TV 4+ 0(x%).  (5.19)
The difference term from the Wald-Zoupas definition of the
CM angular momentum scales as x>/2, which is two PN
orders lower than the correction term to the intrinsic
angular momentum. However, this effect also goes as
eT¥, so the average over an orbital period vanishes. As
was discussed in [37], while the change in the Wald-Zoupas
definition of the CM angular momentum scales with the PN
parameter as x° = O(1), there is a choice of reference time
u that can set the change in the CM angular momentum to
zero through 2PN order (i.e., through x?). At 2.5PN order
(x3/%), there is no longer just a choice of reference time that
allows the effect to be set to zero, which also preserves the
fact that the binary was initially chosen to be in the CM
frame and rest-frame of the source with the supertransla-
tions chosen such that C,p = 0O initially. Thus, the terms

6k§’flﬁ = in Eq. (5.19) are of the same PN order as the
nontrivial (in the sense discussed here) Wald-Zoupas CM
angular momentum. The impact of the different definitions
of angular momentum is thus largest for the CM angular
momentum (although the impact of the CM angular
momentum on the evolution of compact binaries has not
been discussed as extensively as that of the other charges
associated with the Poincaré group).

Finally, we also point out that from Eq. (5.19) it can be
shown that the maximum effect happens approximately at
q = 2.6. This is comparable to the value of the mass ratio
that results in the maximum kick velocity for nonspinning
binaries (¢ = 2.8 £ 0.23) [58].
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2. Results from NR surrogate models

While the PN approximation gives useful intuition about
the effect of the remaining free parameter a on the intrinsic
and CM angular momentum during the inspiral phase of a
compact binary, it is not expected to be accurate during the
merger and ringdown phases. Instead, it is preferable to use
the results of NR simulations during these late stages of a
BBH merger. In particular, we will use the hybrid NR
surrogate model NRHyb3dq8 [59] to generate the wave-
form modes that enter into Egs. (5.15) and (5.16). The
surrogate produces the waveform modes rh;, /M, which
we convert to the U,,, and V;,, moments using Eq. (5.14).
Because the surrogate does not model the modes £y, f4,
and hs3, we cannot include the surrogate model’s contri-
bution to these modes in Eq. (5.15). Also, because the
surrogate does not have the memory or spin memory
contributions to the modes 5, h3g, and hyy, we add these
contributions to those of the surrogate model. The pro-
cedure we use to compute these memory modes is reviewed
in Sec. VA.

For presenting our results from the surrogate waveforms,
we opt to show the Cartesian components of the intrinsic or
CM angular momentum instead of the multipole moments
that were described in the previous parts. The conversion
between these two descriptions is reasonably straightfor-
ward and is described in further detail in the Appendix. We
thus quote the results here. First, the z component for the

intrinsic angular momentum 6J§a:ﬁ =1

1457 by
g 2r .
a=p=1 a=p=1
51D = —2,/?5150 ),

Similarly, 6k§“:ﬁ =1 and 5k§,a =1 can be related to
a=p=1
5"511 >by

can be related to

(5.20)

Skla=P=1 — —4\/;79%[5k§ﬁ‘=ﬁ=‘)], (5.21a)
Sk = 4\/% [ok\e=P=1, (5.21b)

(see also [37]). Because 5k§a:ﬁ =V s proportional to

5k%:ﬂ:1> = 0 for nonspinning BBHs, then the magnitude

of the difference of the CM angular momentum is given by

Bk (=0] = /(B 4 (oI (5.02)
We first show the difference of the intrinsic angular
momentum from the Wald-Zoupas value, 5J§“=” =1), for

BBHs with different mass ratios. The top panel of Fig. 1

(a=p=1)

displays oJ; as a function of retarded time for three

x10~*
4r — =1
——= =2
™ 2_ ...... q_4
=
é‘i 0 ares gl ¥
o '..:
—9b :

FIG. 1. Top: The z component of the difference of the intrinsic
angular momentum from the Wald-Zoupas values (denoted by

879"=Y) as a function of retarded time for nonspinning BBH
mergers of three mass ratios, ¢ = 1, 2, and 4. Note that the
extreme value switches from a maximum to a minimum as a
function of mass ratio. As discussed further in the text, 51§a:ﬁ =1
was computed using a NR surrogate model (where the peak of the
magnitude of the waveform is at retarded time equal to zero)
using Eqgs. (5.15) and (5.20). Bottom: The extreme value of the z
component of 6J 2":” =1 as a function the mass ratio. Consistent
with the PN predictions, there is a change in the sign of the

(a=p=1)

quantity oJ; that occurs near the mass ratio g = 2.

different mass ratios, ¢ = 1, 2, and 4 as solid blue, orange
dashed, and green dotted curves, respectively. The extreme
values of the time series for 6J E“Zﬂ =D approach the largest
positive, the closest to zero, and the most negative value for
these three mass ratios, respectively. The dependence of the
extreme value of 6/ é“:” =1 as a function of mass ratio is
illustrated in more detail in the bottom panel of Fig. 1. As

was noted in the discussion of 6]20’:/} = in the PN
approximation, the extreme value of this quantity changes
sign as a function of mass ratio. The value at which it
undergoes this sign change for the surrogate model is
q =~ 2.2, which is close to the value predicted by the leading
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PN result of g ~ 1.9. There is a sharp feature in the curve
near the mass ratio where 5J§“:ﬂ =1 goes to zero, because
(what is for most mass ratios) the primary peak (which
changes smoothly with mass ratio) becomes smaller than
(what is for most mass ratios) the secondary peak (which
also varies smoothly with mass ratio, but at a different rate
from the primary peak). When the roles of primary and
secondary peak reverse for a small range of mass ratios, the
slope changes abruptly, and this leads to this slight sharp
feature.

We also mention a few implications of the results
presented in Fig. 1. During the inspiral, the Newtonian
value of the orbital angular momentum is given by
M?vx~'/2. For an equal mass binary separated by a distance
of 100M, the angular momentum will initially be of order
~2.5M?. The final black hole is a Kerr black hole with spin
of order ~0.67M?, where M; is the final mass of the black
hole (which is typically at least 90% of the total mass M).

Thus, the fact that 577~ is of order a few times 10~*M?
at its largest implies that the discrepancies in the definitions
of angular momentum will be small for definitions where a
is of order unity. However, the final spin parameter of the
black hole formed from a BBH merger is often quoted to an
accuracy which is smaller than the values of 5/ ="
described here (see, e.g., [52]). Thus, for completeness, NR
simulations should specify which definition of angular
momentum is being used.

We now turn to the difference of the CM angular
momentum from the Wald-Zoupas value. We use the same
surrogate model to compute 5k\“?=" and |5k(@#=1)| as
functions of retarded time. We plot these quantities in the
top panel of Fig. 2 for ¢ = 3. The bottom panel of Fig. 2
shows the peak value of the time series |5k(*#=1)| as a
function of the binary’s mass ratio, g. For an equal mass
black-hole binary, ¢ = 1, the change in the CM angular
momentum vanishes. This occurs because there is no linear
momentum radiated from such a system, so the initial and
final rest frames are the same (and we have chosen the
initial rest frame to be the CM frame). The peak value of
|6k @=#=1)| is reached at a mass ratio of roughly ¢ = 2.5.
This is similar to the PN prediction of ¢ = 2.6 computed
earlier. It is also near the peak value of the gravitational
recoil computed in [58] of ¢ ~2.8. The decrease in the
magnitude of |5k (*#=1)| at mass ratios greater than g ~ 2.5
is likely related to the fact that the gravitational recoil also
decreases at these larger mass ratios.

As far as we are aware, there has not been a systematic
study of the size Wald-Zoupas CM angular momentum
from numerical-relativity simulations. In the PN approxi-
mation, the calculations in [37], which were reviewed in
this subsection, suggest that the magnitude of the Wald-
Zoupas CM angular momentum, |k@#=1| goes as
M?x>/2. Thus, the magnitude of the CM angular momen-
tum could be as large as order M? near the merger (thereby

x10~3
oF —— |5k(a:“3:1)|/M2
——— 5kg([(¥:ﬂ:1)/M2
s I
-~
0
Q‘.“, 0
e
o

Ll
— o
Ut S

—
o

=
o

Maxima of |0k(®

S
=)

q

FIG. 2. Top: The magnitude and the x component of the
difference of the CM angular momentum from the Wald-Zoupas
definition, |5k (“=#=1)| and Skl=1, respectively, as functions of
retarded time. The system shown is a BBH merger with mass
ratio ¢ = 3, and the waveform modes used in Egs. (5.19) and
(5.21) were generated from a NR surrogate, where the peak
magnitude of the waveform occurs at a time equal to zero. The
vector 5k (*=#=1) is in phase with the orbital motion of the binary
during inspiral, and it grows in magnitude until the merger, after
which it settles to zero. Bottom: The maximum of the magnitude
of the difference of the CM angular momentum from the Wald-
Zoupas value as a function of the mass ratio of a BBH system.
Note that the maximum value as a function of ¢ occurs at roughly
the same mass ratio that produces the maximum kick velocity of
the final black hole (see the text for further discussion).

making the difference |ok(*=#=1)| a small effect). Further
investigation is needed to have a more definitive statement
about the possible importance of the term |5k (*=/=1)|.

C. Super angular momentum

We now turn to understanding effect of the free param-
eter @ (=p) on the difference of the super angular
momentum from the charge of [36] for nonspinning
BBH mergers. Unlike the angular momentum, the super
angular momentum can have a nontrivial net change
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between the early- and late-time nonradiative regions of a
spacetime for these systems. We thus focus on the net

change in the charges AQ(;:/} ; namely, the difference of
Eq. (4.2a) between two nonradiative regions at early and
late times. Thus, we will similarly be interested in the
change in the difference term from the « = = 1 value of

the charges; i.e., the quantity A6Q% =", where 5Q%"~" i
defined in Eq. (4.2b).

We now calculate the change in the largest (in magni-
tude) nonvanishing part of the super angular momentum,
which appears in the [ = 2, m = 0 moments of the super-
CM part (in both the PN approximation and from NR
simulations). First, we write the expression for this change
in the charges as

A Q (a= /3 —A Q

+(a— 1)A5QEZ):§§” (5.23)

The change in the term 0 Q

the difference of Eq. (4. 17a) evaluated at early and late
times. For nonspinning binaries, all the V,, moments
vanish in nonradiative regions; the change in the moments
U,, can be nonvanishing in nonradiative regions when
there is a nontrivial GW memory effect. The largest
moments are U,y and Uyy, as described in Sec. VA;

) can be obtained by taking

however, because the mode Uy is a factor of 60v/3 times
smaller than the U,, mode, we focus here on the con-
tribution from just U,,. We find that the leading change in
the difference term is given by

3 15

AS (a /3 1)
Q 4487r 2

CAUR)? (5.24)

=1)

Finally, we will compute AQ . The term quadratic in

Cup in Eq. (2.19) gives rise to a term quadratlc in AU,
which is identical to the expression for A6Q _ﬂ Y in
Eq. (5.24). The term linear in the shear does not contrlbute
(because it involves only V,,, modes) and the term —uD ,m
does not have a contribution from nonspinning BBH

mergers to this part of the charge. However, the term

involving N, in Eq. (2.19) does contribute to AQ ;) (a= /} b,

The form of N, is known in stationary regions that are
supertranslated from the canonical frame in which
Cup = 0. It was shown in [9] that Ny = =3mD,®/2,
where @ is the “potential” for the electric part of the shear
[as in Eq. (3.1¢)], and the Bondi mass aspect m is a constant
in this frame. Using the fact that AU,, = \/EACDZO, we
then find that the leading @ = # = 1 super CM is given by

wp 3 M 3 [15
AQ0H = Tor /520" + 1ags 5 AU).

The lowest multipole moment (consistent with the sym-
metries of nonprecessing BBHs) in which the change in the

(5.25)

superspin part could appear is the [ =3, m = 0 mode.
When we evaluate the contribution of the U,, modes in
Eq. (4.16b) for [ = 3, m = 0, we find it and the difference
from the Hamiltonian charge of [36] both vanish,

AQ=F=Y A(SQ “=l — 0.

(b).30 (5.26)

Note, however, that the instantaneous value of the charges
(not the change in a nonradiative-to-nonradiative transition)
can be nonvanishing, though we do not compute that
quantity here. We next turn to the computation of the
super CM using the PN approximation and the NR
surrogate model discussed in the previous subsection.

1. PN approximation

We calculate the U,, waveform modes associated with
the GW memory effect as was described in Sec. VA.
Because the PN approximation covers only the inspiral, we
truncate the calculation of AU%:/} =Y at a finite retarded
time u, at which the binary is at a PN parameter x. We thus
denote the change in the PN parameter by Ax. This gives an
expression for the U,, moment that is equivalent to the one
given in [57]. We thus find that the change in the super-CM
angular momentum in Eq. (5.25) and the change in the
difference in Eq. (5.24) are given by

@=p _ 1 JI5 M2 B 15,55
80w =735\ oM At VM AW

(5.27a)

5 15

ASQU I =
0 1372

S MAG). (5.27b)

Thus, the different definitions of the super-CM angular
momentum causes a relative 1PN-order correction to the
leading-order super-CM angular momentum.

2. Numerical-relativity results

The GW memory effect is largest not during the inspiral,
but after the merger and ringdown of a BBH collision. To
better understand the size of the change in the super-CM
angular momentum of a BBH merger, we compute the full
memory effect in the U,, mode as in Eq. (5.5a), and we
substitute the result into Egs. (5.24) and (5.25). We again
consider nonspinning BBH mergers of different mass
ratios, and we use the same hybrid surrogate model
NRHybSur3dq8 [59] to compute AU,,. We take the mass
M that enters into Eq. (5.25) to be the final mass, which we
compute using the NR fits computed in [6].

In Fig. 3, we show the net change in difference in the
super-CM angular momentum from the Hamiltonian super-
CM angular momentum of [36], as a function of the mass
ratio of nonspinning BBH mergers of different mass ratios
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FIG. 3. The change in the Hamiltonian super-CM angular

momentum of [36], AQ5 =1 (scale on the left), and the change
in the difference of the super-CM angular momentum from the
Hamiltonian super-CM angular momentum of [36], AéQg”O: <D

(scale on the right), both as a function of the mass ratio of the
binary ¢. The difference term is about two orders of magnitude
smaller that the change in the super CM.

between 1 < g < 8. The maximum difference occurs for
equal-mass BBHs and decreases with higher mass ratios,
which is consistent with the amplitude of the memory effect
computed from the dominant quadrupole modes, as in
Eq. (5.5a). This figure illustrates that the change in the
difference terms of the leading super-CM angular momen-
tum are about one hundredth of the change in the super-CM
of [36], which is itself a small effect in units of M?.
Nevertheless, the waveform modes used to compute the
result are sufficiently accurate that this difference can be
resolved.

VI. CONCLUSIONS

In this paper, we investigated the freedoms in defining
angular momentum and super angular momentum in
asymptotically flat spacetimes and the implications of these
freedoms on the values of the (super) angular momentum of
nonspinning binary-black-hole mergers. The fact that such
freedoms exist was recently discussed in [26], which
demonstrated that there can be a two (real) parameter
family of angular momenta, which encompass a few
commonly used definitions of angular momentum in
asymptotically flat spacetimes. All members of this two-
parameter family satisfy flux balance laws and are con-
structed from quantities that are covariant with respect to
two-sphere cross sections of null infinity. We found,
however, that for the angular momentum to vanish in flat
spacetime, the two parameters must be equal; this leads to a
natural requirement that the family of angular momenta
should depend upon only a single real parameter. If we do
not require that the angular momentum agree with the
Hamiltonian definition of Wald and Zoupas, then there
remained a one-parameter family of angular momentum.

We further investigated the effect of this one free
parameter on the values of the angular momentum. To
do so, we first derived a multipolar expansion (in terms of
the radiative multipole moments of the GW strain) of the
difference of the angular momentum from the Wald-Zoupas
definition. The difference is constructed from the products
of mass moments with current moments, unlike the flux of
the Wald-Zoupas definition of angular momentum, which
is written in terms of products of mass moments with
themselves and current moments with themselves. This fact
has an important implication for spacetimes that transition
between nonradiative regions at early times and at late
times, the context in which the GW memory effect is
usually computed. For several types of systems of astro-
physical interest, such as compact-object mergers, the GW
memory effect appears in just the mass-type moments.
Thus, the difference terms that arise from products of mass
and current moments will vanish in these nonradiative-to-
nonradiative transitions, and the net change in the angular
momentum will be independent of this remaining free
parameter. There will, however, be a difference in the
instantaneous value of the angular momentum while the
system is radiating gravitational waves.

We also proposed considering a two-parameter family of
super angular momentum in analogy with the two-param-
eter family of angular momentum given in [26]. Choosing
the two parameters to be equal does not generically make
the super angular momentum vanish in flat spacetime (and
it has also been argued that the super angular momentum
should not necessarily vanish in this context). There is a
choice of the two parameters that does manifestly make the
super angular momentum vanish in flat spacetime, but it
does not correspond to the analog of the Wald-Zoupas
charge. We, therefore, derived a multipolar expansion of the
difference in the super angular momentum from the
Hamiltonian definition of [36] that involved two real
parameters. We also specialized the result to have one free
parameter, so that the charge reduces to the angular
momentum when the symmetry vector field reduces from
an infinitesimal super Lorentz transformation to a standard
infinitesimal Lorentz transformation.

Next, we investigated the magnitude of the difference of
the (super) angular momentum from the Wald-Zoupas
charges for nonspinning, quasicircular binary-black-hole
mergers. For the standard angular momentum the differ-
ence occurs only while the system is radiating GWs. In the
post-Newtonian approximation, we found the difference in
the intrinsic angular momentum enters at a relative SPN-
order to the Newtonian angular momentum, while the
difference in the CM angular momentum, it appears at the
same PN order as the effect that cannot be set to zero
through a particular choice of reference time (at 2.5PN
order beyond the leading Newtonian expression). Given the
high PN orders, the effects will generally be small, although
they could become large near the binary’s merger, when the
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PN approximation becomes inaccurate. During the inspiral,
however, the difference in the CM angular momentum from
the Wald-Zoupas value will be larger than that of the
intrinsic angular momentum, because of its lower PN order.
For the super angular momentum, the difference terms need
not vanish after the radiation passes; thus, we focused on
the net change of the charges between early times and late
times. We found that the leading difference in the superspin
vanishes for BBH mergers, while differences in the super-
CM angular momentum cause a relative 1PN difference
from the Hamiltonian super-CM angular momentum
of [36].

Finally, we estimated the difference terms for the (super)
angular momentum using inspiral-merger-ringdown surro-
gate waveforms of nonspinning BBH mergers that were fit
to numerical-relativity simulation data. The intrinsic angu-
lar momentum terms are largest at equal mass, change sign
at a mass ratio near two, and then take on the most negative
value near a mass ratio of four before approaching closer to
zero. The amplitude of the effect is small compared to the
Newtonian value of the angular momentum. The maximum
difference in the CM angular momentum was found to
happen approximately at the mass ratio that produces the
maximum kick velocity of the final black hole. The
difference in the change of the super-CM angular momen-
tum from the corresponding Hamiltonian expression of
[36] in a nonradiative-to-nonradiative transition was only to
a few percent correction. Although these differences in the
(super) angular momentum are small compared to the
values of the (super) angular momentum itself, they are
able to be resolved for these systems. Thus, which
definition is being used should be specified when describ-
ing the (super) angular momentum of nonspinning binary-
black-hole mergers.
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APPENDIX: CONVERSION BETWEEN STF
TENSORS AND SPHERICAL HARMONICS

In this section, we compare our expressions for the
difference in the intrinsic and center-of-mass angular
momentum from the Wald-Zoupas values in Egs. (4.20)
and (4.23) to a related result obtained by Compere et al. in
[26]. We start with the intrinsic angular momentum terms,
and we make this comparison by converting the u integral

of the expression in Eq. (4.16) of [26] for the intrinsic
angular momentum in terms of STF /-index tensors U; =
Uj,...p and Vp =V to the multipole moments U,
and V,, used in this paper (the angle brackets around
indices mean that the symmetric, trace-free part of the
tensor should be taken). We focus on the second term in
Eq. (4.16) of [26] which represents the difference from the
Wald-Zoupas value of the angular momentum. We denote
this correction term by 6J ,(-a:ﬁ :1), where the index i means
the angular momentum was computed with respect to a
vector on the two-sphere Y4 = e*8Dgn;. The quantity n; is
a unit vector in quasi-Cartesian coordinates that is con-
structed from spherical polar coordinates (0, ¢) as follows

n; = (sin @ cos ¢, sin @ sin ¢, cos ). (A1)

The expression for 6J Sa:ﬁ = from [26] is given by
a=f=1
81" = =3 U4+ VP (DU Vi = br Un Vi)
1>2
(A2)
(£

The coefficients b; (not to be confused with b 1m> defined in
the main text) and y; were defined in [26] to be

21
b= (A3a)
(I+1)(1+2) (A3b)

=0 Dmei+ o

To rewrite Eq. (A2) in terms of U,,, and V,, modes, we
relate the spherical harmonics Y to the symmetric trace-
free tensors of rank / (STF-/ tensors) N, = n;,...n;, using
the result in [15]
ym=yimn, . (A4)
The tensors yle with —[ < m < are a basis for the vector
space of /-index STF tensors and are defined in [15] (we do
not need their explicit form here). They transform under
complex conjugation in the same way as the scalar
spherical harmonics,
j}le = (_l)myi.—m. (AS)
The STF mass and current moments U; and V; are
related to U, V,,,, and Y by

o200 -1) &y
— m m A
U, 2)m§:_lU Vi (A6a)

T
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VL:

see, e.g., Eq. (2.10) of Ref. [56]. It is useful to make the
definitions

) o2a-n
SI=7g (D) (A7a)
N GE Viy VTN (AT

8l \U+n(+2)

though note that s; and g; should not be confused with sj,(lf )

or gf, e defined in the main text. By substituting the

(a=p=1)

STF moments into Eq. (A2), we can write 6J; as

—pe [+ 1)(20 = 1)
5Jl§ﬂ1)zzm+l( )(z' )

1>2.m

a=p=1 —
51" = Z(l + 1)2ﬂ1+1Z(bzsl+1glUl+1.m’Vlm

>2 m,m’

_bl+lslgl+1 UlmVl—H m )yLmyH—l " . (AS)

We used the properties in Eqs. (4.6) and (AS5) to simplify
the result. The quantity Y )' " can be written in terms
of Clebsch-Gordan coefficients using Eq. (2.26b) of [15],
and it is only nonzero only when m’ satisfies m’ = m or
m' = m £ 1 (though note that we need to multiply the
result in [15] by a factor of 4z to account for the different
normalization of the spherical harmonics used in [26]).
Evaluating the relevant Clebsch-Gordon coefficients
gives

(20 +3) 2L+ D) [(brs1191U 1 1m Vim = bri18191:1 Ui Vit ) €Y

+ (01119 U1 mi1 Vi — bl+13191+1[_Jlmvl+1,m+1)1752;)5,1

+ (b151:191U 11 m1 Vi — b1+1S191+1Usz1+1,m—1)b§m)5i I,

where the basis vectors & and &' are defined in Eq. (2.15)
of [15],

1 .
= —(F & —id8)).

&=0. & 7

(A10)

To relate the multipole moments of the angular momen-
tum to the components of the angular momentum in inertial
Minkowski coordinates, we follow a procedure similar to
that described in [9,21]. First we note that one can write the
magnetic-parity vector harmonics as

T{y) 1 = @1, € " Dpn;, (A11)
where the i, are then given by
1 /3
wip =0, iy =Y, =5\ 2 (Al2a)
. 1 /3 0 i /3
Wt ::FZ\/;’ Wk = 4\/;’ oy =0. (Al2b)

Because the angular momentum is a linear functional of the

(a=p=1)

vector field Y4, then the relationship between 5] and

6]5 =D s given by

=) g1

(A9)

[

81T = i 57D (A13)

After substituting Eq. (A9) into Eq. (A13), we find that

—B—1 1
sl = ~ 16 Zalclm UiV ii1m = VinUriim)s
i m
(Alda)
a=f=1 1
5J(1:t1ﬂ = =3 l;nazbzm UiV i1 met
- Vlm U1+1,mj:1)’ <A14b)

where each term in the sum is a factor of / + 1 larger than in
Eq. (4.20) as noted in the text after that equation.

We next perform a similar check for the center-of-mass
angular momentum. Since only the f-dependent term was
computed in [26], we convert their expression in terms of
STF tensors and compare it to the f-dependent term in
Eq. (4.22). We start from Eq. (4.17) of [26], and we denote

the second term by (Skl(ﬁ:l), which is given by

sk = Z [(l + Durp (Ui Up + by Vi Ve)
2
(A15)

1
+§Jl€iijjL—leL—1:|-
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The coefficient o, is defined in [26] by

8(1+2)

0]

N (L= + 1)1+ 1)1

(A16)

We perform the same procedure of converting the /-index STF mass and current moments into the U;,, and V,,,. The -
dependent difference term in the CM can then be written as follows:

_ 214+ 1! 2[+3
5k1('ﬁ V= Z ( )_ {/41+13131+1 ( )

I~ l! (21+1)

o)

_ _ _ _ b
7|:(UlmUlm + Vi Vi) €& + (Ui Uit + VinVims1) ﬂf}

()

V2
(+) (-)

_ _ im _ d,’ _ d;, ’ -
+ (UmUpm—1 + VlmVl,m—l)ﬂgi_l:| +2—0'1S191U1mV1m§? — UinVims&l +ﬂUlmvl.m—1§i_l}‘ (A17)

NG I

V2 V2

To relate the multipole moments of the CM angular momentum to its components in inertial Minkowski coordinates, we
follow the same procedure as with the intrinsic angular momentum. We first write the electric-type vector harmonics as

T?e) Jdm

_ i A
= w},D"n;,

(A18)

where the coefficients i, are given in Eq. (A12). We can then solve for the multipole moments of the CM angular

momentum given the relation

) = a0

(A19)

Using Egs. (A12) and (A19) with Eq. (A17), we find that the multipole moments of the CM angular momentum are

_ 1 3 1 _ _ 2im _
5k§ﬂ(;]> = - |:alclm<Ulm Ul+1.m+vlm VH»I m) - UlmVlmj| s
: 16 V 2n1;nl+ I ]

1
[+1

(p=1) L /3
Oki s = =75 \/:
32 ﬂ[;m

This is identical to the result in Eq. (4.22).

_ _ 20 _
{azbﬁf) (UinUiitmer Vi Vigtmer) £ d) UImVl.mil:| .

(A20a)
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