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There is a vast literature showing the connection between a deformed relativistic kinematics and a curved
momentum space and, in particular, how the former can be obtained from the geometrical properties of the
latter. However, there is not any mention about the geometry of a multiparticle system making manifest a
possible modification in the metric of one particle due to the presence of others. In this work, we explore
how a curved momentum metric depending on the particles involved in an interaction arises when
considering a process. We also show that the principle of relative locality obtained in doubly special
relativity from an action is achieved in this geometrical framework in a direct fashion. Moreover, this
formalism allows us to generalize this principle when a curvature of spacetime is present in a natural way.
Furthermore this geometrical setup allows us to define a new momentum dependent space-time coordinates

for a multiparticle system in which locality of interactions is recovered.
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I. INTRODUCTION

One of the challenges of theoretical physics nowadays is
the formulation of a quantum gravity theory (QGT). The
main difficulty in merging quantum field theory (QFT) and
general relativity (GR) is the different role that spacetime
plays in these theories: it is a static frame in QFT and a
dynamical entity in GR. One would expect that the classical
notion of spacetime should change when considering small
scales. A completely new structure would arise, leading to a
“quantum” spacetime, with novel properties we are not able
to imagine nowadays.

This is a matter of study in the last years. For example, in
loop quantum gravity [1,2], such a structure takes the
form of a spin foam [3-6], that can be interpreted as a
“quantum” spacetime, and in causal set theory [7-9] and
string theory [10-12], nonlocality effects appear [13,14].
A different proposal of a “quantum” (modular) spacetime
in the context of string theory was recently developed in
[15], which is fully consistent with Lorentz symmetry. All
these approaches differ completely from the notion of
Einstein spacetime [16], which is constructed via the
exchange of light signals. Moreover, if there is a “‘quantum”
spacetime, the propagation of massless particles with
different energies could vary, for example, through an
energy dependent velocity, and Einstein’s construction
looses sense. Furthermore, the description proposed by
Einstein is useless when nonlocality effects arise.
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However, the aforementioned theories are not fully
satisfactory in the sense that they do not have well-defined
testable predictions, which might serve us as a guidance in
building a theory of quantum gravity. So, instead of starting
from a possible fundamental QGT, one could consider a
different approach starting by its low energy limit.

Since the structure of the spacetime should change for
high energies, also its usual symmetries of it would be
different. Regarding Lorentz invariance, there are two main
scenarios: one can consider that for high energies, a Lorentz
invariance violation (LIV) [17,18] can arise, or that this
symmetry is deformed, leading to the theories known as
deformed special relativity (DSR) [19]. These theories are
not formulated as a QGT but as its possible a low energy,
allowing us to explore possible phenomenological impli-
cations which might serve us as a guidance in building a
fundamental theory of quantum gravity.

LIV scenarios modify the kinematics of special relativity
(SR) with the introduction of a deformed dispersion
relation. New terms proportional to the inverse of a
high-energy scale (normally considered to be the Planck
scale) are added to the usual quadratic expression of SR.
However, in DSR theories, besides the possibility of a
deformed dispersion relation,' there are some deformed
conservation laws for the momenta implying that the total
momentum of a system of two (or more) particles is not

"This ingredient is not an essential element in the kinematics of
DSR. For example, in the so-called “classical basis” of xk-Poincaré
[20], the dispersion relation is the usual one of SR.
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derivable as the trivial sum of the initial momenta as in SR,
but involves instead additional terms depending on both
momenta and on the high-energy scale. Furthermore, in
order to have a relativity principle present in these theories,
it is mandatory to have deformed Lorentz transformations
for the multiparticle system, making the deformed
dispersion relation compatible with the conservation laws.

As commented above, a “quantum” spacetime could
induce some unexpected features in particle kinematics;
for example, the velocity of massless particles could depend
on their energy, or the interactions become nonlocal. The
first possible effect can be parametrized by a deformed
dispersion relation, an ingredient that appears in both LIV
and DSR scenarios. However, the lack of locality of
interactions is only present in DSR theories due to the
deformation of the conservation law of momenta, an
effect known as relative locality [21]. This can be easily
understood just regarding the momentum as the genera-
tors of translations in spacetime: since the total momentum is
a nonlinear function of the momenta of the particles,
translations are different for each particle involved in the
process.

The idea of a curved momentum space was first
proposed by Born [22] in the 1930’s in order to get rid
of the ultraviolet divergences appearing in QFT. But some
years ago, it started to be considered as a way to go beyond
SR. In this context, a different perspective of a deformation
of SR kinematics based on the Born geometry (studied
within string theory context in [23-25]) of a doubled phase
space has led to replacing the classical model of a free
relativistic particle by a metaparticle model [26], following
the metastring scenario proposed in [15]. Lorentz sym-
metry is in this case realized in a different way as a group of
transformations that leave the constraints, which define the
model invariant. The modified dispersion relation is iden-
tified from the poles of the momentum integral represen-
tation of the metaparticle quantum propagator instead of
directly considering the constraint in the classical action.
The loss of absolute locality associated with the modified
energy-momentum conservation law which defines the
interaction of particles in the classical model appears in
the model of metaparticles as due to the different notion of
spacetime for different metaparticles with different values
of the doubled momentum variables. The extension of the
metaparticle model to include interactions is an open
problem.

In the DSR context, it was rigorously shown that all the
ingredients of a relativistic deformed kinematics can be
obtained from a maximally symmetric momentum space
[27]. In particular, x-Poincaré kinematics can be obtained
identifying the isometries (translations and Lorentz iso-
metries) and the squared distance of the metric with the
deformed composition law, deformed Lorentz transforma-
tions, and deformed dispersion relation, respectively
(the last two facts were previously contemplated in

Refs. [21,28]). In [29], the proposal of [27] was generalized
so allowing the metric to describe a curved spacetime, i.e., a
generalization of GR, including a deformed relativistic
kinematics, which leads to a metric in the cotangent bundle
depending on all the phase-space variables. This is a
generalization of previous works in the literature, in which
a metric that depends on the velocities (Finsler geometries)
[30-32] and momenta (Hamilton geometries) [33—35] were
regarded.

Following the relative locality idea, the study of the
propagation and interaction of particles considering a
curvature in both momentum and space-time spaces was
carried out in Ref. [36]. In that paper, an action with some
nonlocal variables (defined by the space-time tetrad) is
considered (differing from the approach of the aforemen-
tioned works in which the space-time coordinates are the
canonical conjugated variables of the momentum),
allowing them to generalize the relative locality action
[21] when a curvature in spacetime is present.

In another vein, in some recent works [37,38], it has been
shown that one can construct some noncommutative
coordinates in a two-particle system in such a way that
in these coordinates one recovers locality of interactions.
In [39], the relationship between a curved momentum space
and these generalized coordinates (in the one particle
system) was explored. In particular, it was shown that
the functions characterizing the noncommutative coordi-
nates can be identified with the (inverse of the) tetrad in a
momentum space metric.

In this work, we will see how one can describe an
interaction described by DSR kinematics in the geometrical
approach of [29,40], from which we can deduce the relative
locality principle. This forces us to consider a metric for the
phase space of two particles, depending in general on all the
momenta involved in the process. Moreover, we are able to
establish a relationship between this momentum metric and
the noncommutative coordinates of a two-particle system in
which the interactions are local. It is important to note that,
since the relative locality principle is derived from a
relativistic deformed kinematics, Lorentz covariance is
present in this loss of absolute locality of interactions
and then also in the geometrical construction proposed in
this work.

The structure of the paper is as follows. We start by
explaining how the principle of relative locality arises from
geometrical considerations for a flat spacetime in Sec. II. In
this section, we see that this defines a momentum metric
depending on all the momenta involved in the interaction.
In Sec. III, we observe that the construction of a metric in
the phase space of a two-particle system leads to a
definition of spacetime in which interactions are local.
We will apply this model to x-Poincaré kinematics in
Sec. IV, showing how it is possible to extend this work to a
system of more than two particles, and to the most general
kinematics at first order in a Taylor expansion on the
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high-energy scale deforming the kinematics in Sec. V. In
Sec. VI, we show how to generalize the relative locality
principle for a curved spacetime. Finally, we see the
conclusions in Sec. VIL.

T)+N

s = [" a3

i=1,2

+/) dTZ[xﬁ(,)(T)P;F()
j=12

where a = (da/dr) is a derivative of the variable a with
respect to the parameter 7 along the trajectory of the
particle, x_;) (xy;)) are the space—time coordinates of

the in-state (out state) particles, p~() (p*tU)) their four
momenta, m_;y (m.;)) their masses, P~ (P*) the total four
momentum of the in-state (out-state) defining the deformed
composition law, C(k) the function of a four momentum k
defining the deformed dispersion relation, &#(0) are La-
grange multipliers that implement the energy -momentum
conservation in the interaction, and N_;) (N,(;) are
Lagrange multipliers implementing the dlspersmn relatlon
of in-state (out-state) particles.

Applying the variational principle to the action (1), one
obtains the end (starting) space-time coordinates of the
trajectories of the in-state (out-state) particles,

¥ (0) = a()aip[,)(),
. oP;S
4 (0) =0 75 0) @

We see from the previous equation that only an observer
placed at the interaction point [£#(0) = 0] will see the
interaction as local [all x/;(0) coincide, being zero]. One can
choose the Lagrange multiplier & (0) so the interaction will
be local only for one observer, but any other, one will see
the interaction as nonlocal. This shows the loss of absolute
locality, effect baptized as relative locality.

A. Relative locality from geometry:
The right particle

We are going to obtain the relative locality principle from
the geometrical approach of a metric in the cotangent
bundle used in [29,40]. In [41], a line element in the
cotangent bundle is defined as

G = g (x, k)dx'dx" + g (x, k)ok,0k,, (3)

where

(2) + Ny (@)[C(p*0(x) -

II. RELATIVE LOCALITY IN FLAT SPACETIME

In this section, we start by resuming the original proposal
of relative locality from the following action [21]:

@IC(p (@) - m? ]

m2 1)+ &(0)[P;(0) — P7 (0)) (1)

6k, = dk, — N,,(x, k)dx". (4)
Here, N,, are the so-called coefficients of the nonlinear

connection. In GR, the coefficients of the nonlinear con-
nection are given by

N;w(x’ k) = kprﬁv(x)’ (5)

where I7,(x) is the affine connection. Then, when the
metric is such that it does not depend on the space-time
coordinates, these coefficients vanish, making that (3)
becomes

G = g (k)dxtdx" + ¢ (k)dk,dk,. (6)

It is important to note that x and k are canonically
conjugated variables, having then the usual structure of
Poisson brackets,

{ky. ¥} = &0 (7)

As we commented in the Introduction, the composition
law is defined as the isometries of the momentum metric,
ie., [27],

¢*(q)dq,dq, = ¢"*(p ® q)d(p ® q),d(p ® q),.  (8)

which leads to

Ip @ q),

9u(p ® ) =—— g/m(q)m_

q, 949, ©)

Then, we can apply such transformation to the line
element of Eq. (6) for the flat space-time case for the sake
of simplicity (the curved space-time case will be considered
in Sec. VI). Since it is an isometry, we would have, in
principle,
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G = g, (K)dxtdx* + g (k)dk,dk,
= g (e @ k)dx'dx*
+ g (e @ k)d(e @ k), d(e D k),, (10)

being e the parameter of the translation. However, it is easy
to see that the previous equation cannot hold due to Eq. (9).
This means that the composition law is only an isometry for
the vertical line element but not for the whole line element
and in particular, not for the space-time line element. Then,
we need to consider that, in order to have an isometry of the
complete phase-space line element, the space-time coor-
dinates changes when applying a momentum translation,

G = g, (k)dx*dx® + g (k)dk,dk,
= gu(c ® k)de'de
tge@kde® k) de®k), (1)

Due to the relationship of Eq. (9) involving the compo-
sition law and the metric, one can find the following
differential equation:

ox O(e ®k),

— = 12
o&r ok, (12)
Then, one can solve it finding that
dedk
X = %ff’ + const. (13)

u"

Without a loss of generality, one can set the constant to be
zero and then, one can particularize the previous equation
for a given phase-space point [x(0), k(0)], obtaining

(e @ k(0))

0 =" 0 (14

This shows that under an isometry in momentum space, the
space-time coordinates must also change in order to have
an isometry for the whole phase space.

Now, we are going to study what happens with space-
time coordinates when an interaction takes place. We start
by considering a 2-2 scattering process (for simplicity)
with two incoming particles with phase-space coordinates
(y,p) and (z,q) and two outgoing particles with phase-
space coordinates (u,k) and (w,[). We consider that the
total momentum of the system of these two particles before
and after the interaction is given by

(p(0) ® ¢(0)), = (k(0) & 1(0)),, (15)

where 0 is representing the value of the momentum when
the interaction takes place. This total momentum is con-
served through a nonlinear composition law.

We firstly consider that the particle with momentum ¢ in
the initial state corresponds to the one with momentum [/
after the interaction. This is a very particular case used in
order to illustrate the feature of relative locality. As we will
see in Sec. II B, this simple implementation leads to some
problems for the left particle, forcing us to consider a more
general scenario in Sec. II C.

The crucial assumption we are going to consider is that,
in an interaction, the initial and final points for each particle
are depicted by isometries in phase space of the kind of
Eq. (11). Then, the momentum of each particle changes
through the momentum composition law (defined as
isometry in momentum space), and the space-time coor-
dinates changes according to it, as we saw in Eq. (14).
Then, the phase-space line element for the right particle
(with momentum ¢ before the interaction and / after it) is

9uw(q)dz"dz" + ¢*(q)dq,dq,
= g (dw*aw” + ¢*(1)dl,dl,. (16)

In order to make things easier, we can define an inter-
mediate state with phase-space coordinates [, (p @ q)]
between the previous line elements, making that

9u(q)dz'dz" + ¢" (q)dq,dq,
= gu(p ® q)dg*ds" + ¢ (p ® q)d(p © q),d(p ® q),
= gk ® d&'ds" + ¢ (k® d(k® 1), dk®1),
= gy (Daw'aw* + ¢*()dl,dl,, (17)

where & and (p @ ¢) are canonical conjugated variables
and also & and (k @ 1), since Eq. (15) holds.

Applying the same procedure of Eq. (14), we can relate
the coordinates z# with &: if £(0) is the vertex of the
interaction, i.e., a given particular coordinate defining
where the interaction takes place, then the z#(0) coordi-
nates of the right-ingoing particle corresponding to such
vertex is

d(p(0) & ¢(0))

2O == T e, ()

and in a similar way, for the right-outgoing particle
coordinates after the interaction,

9(k(0) @ £(0))

WO ==y e (9)

This is the same result obtained in [21] for one of the
particles. We are going to see that for the other particle
involved in the interaction this result cannot be obtained in
a direct way.
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B. Relative locality from geometry: The left particle

One could naively look for a similar derivation of the
relative locality principle for the left particle, imposing

9u(p)dy'dy” + g (p)dp,dp,
= gu(p ® q)d&"d&" + ¢ (p ® q)d(p & q),d(p ® q),
= g (k@ 1)derde’ + g (k ® d(k ® 1),d(k ® ),
= g (K)du*du* + g (k)dk,dk,. (20)

However, in order to obtain the relation between the z# and
&, we have used Eq. (8), making use explicitly of the
isometry condition of the composition law (9). A similar
equation for the momentum of the left particle cannot be
addressed since

ap @ q),
dap

dp®q),

9 (0) 2L 1)

9u(P ® q) #

P

which does not hold due to the nonsymmetricity of the
composition law. This impedes us to obtain the expected
result,

9(p(0) ® q(0))

rO="0 e e

Therefore, we need to propose a more general scenario
than the one considered above.

C. Relative locality from geometry: Metric in phase
space for two particles

Instead of regarding a line element for each particle
separately, we can consider a line element for the whole
phase space of both particles at the same time. While this
could seem strange, note that the Lorentz transformation of
the right particle in x-Poincaré kinematics depends on the
left momentum [42], implying that one must regard the
Lorentz transformations of the two-particle system as a
transformation in the whole phase space,

T =y T (p) + T (p. q). (23)

Then, we propose a line element in phase space of the
form (for flat spacetime),

G, = G, (P)dX*dX® + G*B(P)dP,dPp,  (24)
where G,p(P) is an eight-dimensional metric,

g (poa) gl (p. 61)>’ 25)

Gap(P) = (g,lfyL(P"I) gﬁf(P,Q)

X4 = (y*.2"), P» = (p,.q,), and A, B run from 0 to 7.
Explicitly, this line element can be written as

Gy = ghl(p. q)dy*dy” + 2958 (p. q)dy*dz
+ g5 (p, q)dz"dz" + ¢, (p, q)dp,dp,
+2¢7%(p.9)dp,dq, + grr(p. q)dq,dq,.  (26)

In order to be a symmetric metric, their components
satisfy

g (p.a) =gk (p.q).  g(p.q) = g5 (p.q).
g (p.q) = g5 (p. q). (27)

Since we are considering only two particles in the initial
state, and this is a classical model, we have also two
particles in the final state, with phase-space coordinates
(u,k) and (w,l). We want that the relative locality con-
ditions (18), (22) are satisfied. Then, we assume that the
phase-space line element (24) is the same before and after
the interaction,

G, = Gup(P)dX"dX® + G*(P)dP,dPy
= GAp(K)dVAdVE + G*B(K)dK ,dKp, (28)

where V4 = (u#,w#) and K, = (k,,[,). In particular, we
can define an intermediate stated as we did in Eq. (17),

Gap(P)dX"dX® + GAB(P)dP,dPy
=20,,(p ® q)d&"d&" +2¢" (p D q)d(p ® q),d(p® q),
=20, (k@ 1)d&"de +2¢* (kD )d(k®1),d(k D),
= Gap(K)dVAdVE + G*B(K)dK ydK . (29)

The factor 2 appears since we are asking for the two
particles to have the same vertex of the interaction.
Otherwise, we do not obtain the SR limit for which
interactions are local.

This problem can be simplified if we use an eight-
dimensional tetrad to depict the metric (25),

(o) — ((pgz(pm coggz(p,@) (30)
P (P-a) @), (P-q)
such that
Ga(P) = @5 (p. O)ncp @3 (p. q). (31)
where
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oo = (" 0) (32)

0 Map

It is easy to obtain the relationship between this tetrad
and the components of the metric (25),

(L)

(P, 9) = 9{)s(P. Dupl ) P+ 9)

+ ol (0. D (P2 0).

g-R(p.q) = g’if(p q)

(p q)naﬂrﬂ "(p.q)

(p, Q)’?aﬂ(pg P(p.q),

L)
o
(o
g (p.q) = Z(p Dap{ s (P- )
B
e (p. q)naﬁ¢ER§£ () (33)

Therefore, the momentum part of line element part of
Eq. (29) will be satisfied if

a(p @ Q)ﬂ (L)a

Pi(p @ q) = op Py (P-q)
XAP®49), (1)a
aq ER;V (p’ )7
AP ® 9D, (Ra
(P ®q) = T”qoﬁfﬁy(p, q)

+ a(p ® q)u (R)a

o0, Py, (P 4)- (34)

Since we want to recover the metric for a single particle
when there is only one momentum, we impose

¢8ﬂnm=¢ﬁm, 0570 9) = P (p.0) = 0,
= ¢i(a), (35)

being ¢j;(p) the (inverse of the) tetrad in momentum space,

9 (k) = @2 (k)1 (k). (36)

Then, the desired relative locality condition (22) for the
left particle can be obtained from the space-time part of the
line element of Eq. (29). In terms of tetrads, one can obtain
from Eq. (29),

Oy a7+
PXp ®q) = 3; e L(poa) + e ¥ ( " u(P.q)
_ Oy <R>a 9z <>
=oe? ((Poa) + e (P q). (37)

Therefore, due to the conditions (34), one can see that the
previous equation is satisfied if

o _9p@4q), 9z _0(p ®4q), (38)
o op, o0& dq,

which is consistent with Egs. (18), (22).

II1. DEFINITION OF SPACETIME
FROM GEOMETRY

We have seen how to introduce a metric in the phase
space of two particles in order to recover the relative
locality principle. In this section, we will see that this
geometrical construction of such metric leads us to a new
definition of spacetime.

A. Features of noncommutative spacetime

We can now define from the space-time part of the line
element (6), some new space-time coordinates as a function
of the (inverse of the) momentum tetrad,

5 = xp(k). (39)

We can consider now the propagation of a free massless
particle in these noncommutative coordinates,

ds* = dx*g,, (k)dx* = dx”(p;f(k)naﬂqof(k)dx” =0. (40)

Then, since k = 0 along the trajectory, we have
dx*n,5d3 = 0. (41)

This means that in these coordinates there is an absence
of a momentum dependence on times of flight for massless
particles. This fact was previously pointed out in [43].2 In
that paper, it is shown that, since “physical” distance (the
one defined in terms of the noncommutative coordinates)
traveled by a massless particle depends on its own
momentum, there is a cancellation of effects, making that
there is not an energy dependent time of arrival for photons.

Now we can wonder what kind of noncommutativity can
arise from this definition of spacetime. In particular, a very
interesting example is the one in which they close the x-
Minkowski algebra [27],

1
{#.7) = L (03— ), (42)

where n* is a fixed temporal vector (1,0,0,0).

Note that this definition of spacetime differs from the one
obtained in Hopf algebras, which in this geometrical setting
would correspond to the generators of translations in
momentum space (generators of the composition law).’

See also [39,44,45] for a different perspective of the same
result.
3See [39] for a more complete discussion.
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B. Noncommutative spacetime and locality
of interactions

One can define a generalized spacetime, depending on
all the phase-space variables of the two-particle system, in
such a way that the space-time part of line element (24) can
be rewritten as

ds} = dy*n,5dy’ + dz°n,zd?, (43)
being
5 =y (p.q) + P (p. ).
2% =yl (p.q) + 2 (. q). (44)

and where we have used that momenta are constant since
we are considering that the metric does not depend on the
space-time coordinates. This defines some noncommuta-
tive coordinates in which interactions are local: from what
we saw in the previous section, it is easy to check that

79(0) = 2%(0) = £*(0) = & ()i (p © q). ~ (45)

This a more general case of the one considered in [38], in
which the noncommutative space-time coordinates in
which interactions are local were defined as

- ” L

5 = y'oi(p) + 2o {g(a),

- R

2 =yl (p) + 29i(q)- (46)

In [38], it was also pointed out that there is not an

unequivocal way to define these ¢’s functions given a
relativistic deformed kinematics, even in the restricted case
it was considered. Here, starting from a completely general
setup, there are even more possible choices. In the next

subsection, we will give a way to select these functions in
order to eliminate this ambiguity.

C. New geometrical constraints to spacetime

As commented in [38,39], there are different ways to
implement locality of interactions given a kinematics even
in the one-particle system, despite imposing that they form
a x-Minkowski algebra. However, when considering this
geometrical approach, it is natural that, given a deformed
relativistic kinematics, the ¢ of one particle must be the
(inverse of the) tetrad corresponding to the metric which
has the Lorentz transformations of the one-particle system
as the Lorentz isometries (as it was noted in [39]).

Moreover, we can follow this approach and select the ¢’s
functions of the two-particle system in such a way that the
Lorentz transformations of the two-particle system are the
1sometries of the eight-dimensional metric. As we will see,

this is a really strong condition that determines completely
the noncommutative spacetime of a two-particle system.

IV. APPLICATION TO
k-POINCARE KINEMATICS

In this section, we apply our method for constructing a
metric for a two-particle system to the kinematics of «-
Poincaré, and we see how this procedure can be generalized
to three particles, being this easily generalizable to any
number of particles.

A. Simple basis of x-Poincaré

In [38], a really simple basis of x-Poincaré kinematics
was found. The composition law reads

(P®q), = pu+(1=po/N)q,. (47)
The Lorentz transformations for the left particle are
Tk =0, T{(k) = 8ik; = 5ik;,
T (k) = =k;(1 = ko/ ).
Ty = 8)(~ko + (K5 = K*)/20) + kike/A, - (48)

while for the right one,

T (p.q) = (1= po/N)TY(q).
TY(p.q) = (1= po/NTV(q) = (85 - G — p;ai)/ A
Tip.q)=TJ(q).  Tl(p.q)=T!(q). (49)

In order to have a relativity principle, the total momenta
of the system for two observers must be related by a
Lorentz transformation, and then the next equation holds

(P®q), = &7, (50)

where

pl/tzpu—’_eaﬁj;ﬂ(p)’ Ely:qy‘f"fa/ijzﬁ(P"])- (51)
From Eq. (50), given the Lorentz transformations of
Eq. (51), one can check that the following expression
holds [27]:

a(p @ Q)p aff
TJU (P)

a(p @ q)y af
+T6]l,jy (p.q), (52)

L(p®q) =

having then the relativity principle present in a relativistic
deformed kinematics.
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The momentum metric with these isometries can be
defined by a tetrad which satisfies Eq. (42),

@i(k) = 85(1 = ko/A). (53)

One can obtain the Casimir as the squared distance of the
metric constructed with the previous tetrad,

2(ko — A)A
—k3 + K+ 2(ko — A)A>' 34)

C(k) = —Azarcsecz<

As it was shown in [38], this basis can be obtained from
the well-known bicrossproduct basjs [42] considering the
change of momentum basis k, — k,,

ki=ki (1 =ko/A) = e R/, (55)
being the hatted variables the one corresponding to the
bicrossproduct basis. This particular basis will be used in
the following due to its simplicity both on the kinematics
and the corresponding metric.

Due to the associativity of the composition law, there is a
simple way to define the kinematics for more than two
particles. In particular, for a system of three particles
(which will be useful in the following), the generalization
of the composition law (47) is given by

k®(p®q), =k, +(1=ki/N(p®q), (56)
and the Lorentz transformations are

k/,,t = k}l =+ eaﬂjzﬂ(k)’ ﬁy = py + (:'a/,vj;fﬁ(k, p)’

Gy = 4+ €T (k® P, q). (57)

It is easy to see that these transformations satisfy the
generalization of Eq. (52) for three particles,

Ok®(PD )y .4

Ok, T (k)

N Ik (p & q))
dp,

ok® (p @ q))
* dq,

k@ (p®q) =

LT (k. p)

LTV (k@ p.q).
(58)

This can be generalized for any number of particles in an
easy way.

B. Metric for the two-particle system

As it was shown in [27], when considering a tetrad
satisfying (42) and the associative composition law of
k-Poincaré, the following relation between tetrad and
composition law is satisfied:

WOy, (59)

14

o(p®q)=

Then, for the particular case of x-Poincaré, the right
particle satisfies the relative-locality condition (18). This
allows us to consider a simplified version of the eight-
dimensional tetrad (30),
(L)
L

0\ (L)

“(p.q) @ee(p.q)
)7 (R)u . (60)
0 »i(q) )

having then that the second equation of (34) is automati-
cally satisfied.

Now we can impose that the Lorentz transformations
(23) must be an isometry of the metric,

Di(p.q) = (

Gp(P)dX*dX® + G*B(P)dP,dPy
= Gpp(P)dX"dX'® + GAB(P)dP,dPy, (61)

where X4 = (y*, %), being

Y=+ eqg{y* T () + 2T (p.a)}
# =2+ el T (p) + 2T (p. )}, (62)

and P/, = (py,.q,), both defined in (51).

Using this and the conditions (34)—(35), we obtain the
following expressions for the tetrad components of (60)
when using the kinematics described at the beginning of
this section:

(L) ‘

a 4 a nq
90y (P-4) = 8t (p.q) + nm, % (p.q) + = d%(p.q)

q'n q9"q
A”¢£(p,4)+ £

+ Az

% (p.q).

a » « nq
(P @) = 850% (p. q) + nn,d5 (p. q) + — 5 (p. )

A
+qAn” P5(p.q) +qAZ”¢§(p,CI), (63)
being
Pt (p.g) =1—=po/A,
~2(1=po/N) (g5 - 3*)
PP a) =—2_ (020
__Pipg) _ 4po—=AN)A
¢%(p7Q) - _1 —qo//\_ 2¢§(p9q) - 62 _ (qo_zA)z’
#R(q) = —qo/A.
.  2Aq-d)
¢§(¢]) - 2¢§<C]) - 62 _ (qo _ 2/\)2 4
4(40 —A)A

¢35 (q) = —2¢5(q) = (64)

Eiz —(q0— 2/\)2 .
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Note that all the functions ¢® depend only on the second momentum.
This completely determine the metric (25) in the two-particle system,

g (p) = (1= po/A)n,.
95 (p.q) = 958 (p.q)
(Po = M)(95 = ¢°)(A = q0)

=2n,n, —
YN ANA - q0) + 95— 37))

+ <2quL/ - 4nuql4)

(Po = A)(A = q9)
A*(AA(A = q0) + 45— G°))

(Po — N)(4qoA = 343 — ) qo(po—A)

-n,qg, >
N2 (AA(A - q0) + g5 — G7))

290 243
gﬁf(p, LI) = (1 -0 _0) N + (an,, + nllql/)

HY Az ’
2A(q3 + @) + qo(qd — G* — 4A?)

—4n,n,

Therefore using Eqs. (34) and (61), one can define,
without ambiguity, the spacetime of a two-particle system

AN A*(AA(A = q0) + a5 — G°)
AABAN=qo) +q5—G*) 7V N(AAA - q0) + 95— G°)
|
2)a L)a 2)a L)a
V(P 9) = 0P 0). 05(a) = P4,
3)a a
P (a) = 9(q) (67)

given that the noncommutativity for the one-particle
system is k-Minkowski. The crucial ingredient which
eliminates this ambiguity in defining the spacetime of a
two-particle system of [38] is the strong condition (61),
which imposes that the Lorentz transformations in the two-
particle system are the isometries of the eight-dimensional
metric.

C. Metric for more than two particles

For an interaction involving more than two particles in
the initial state (and then also in the final one, since we are
considering a classical model), the previous study can be
generalized in a simple way when the composition law is
associative. We will study the particular case of three
particles the procedure, being able to be generalized to any
number of particles.

Since we have to consider the line element of three
particles [with momenta k, p, ¢ and total momentum
(k® p @ q)], we will use a generalization of the tet-
rad (60),

la la la
{1 (k.p.q) @ly)ik.p.a) 9l (k. p.q)
a 2)a
@i (k.p.q)= 0 Py (pa) o
0 0 17

We take the tetrad of the two last particles p, g to be
independent of the momentum k identifying

Now Eq. (29) is generalized to

Gap(P)dX*dXB + G*B(P)dP,dPy
=30, (p ® q)d&"dé
+3¢"(p® q)d(p & q),d(p ® q)*, (68)

where now the indexes A, B, run from 0 to 11 and X4 and
P, represent the phase-space coordinates of a system of
three particles. The factor 3 appears since we are consid-
ering three particles involved in the interaction. This leads
to the generalization of Eq. (34) for the tetrads for the first
particle (with momentum k),

0k®P®q), (1)
T”¢Ei§y(k,p,Q)

Ik®P®9), (1)
+a—py¢<z)b (k,p,q)

IkD®PD), (1)
S P (EH (k.p.q). (69)

Pik®p®q) =

Then, we can solve order by order the Egs. (69) and the
generalization of (61) for three particles for the kinematics
described in Sec. IV A obtaining (up to the second order in
the inverse of the high-energy scale)
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(1)a . ko\ pp.  n’p, ko +po+qo\ pny ko P%qy
¢1>ﬂ(k’p’q>_5”<1_X>_2A2+ A (1_ A “a UTa) T w

a
n’q,

(P+d)° = (po+4q0)* Pqy

a
+n%n, A A

(a _ _ga[Po | Podo =~ p-q\ r°p N
(p(Q)M(p’q) _5 (A A2 > 2A2ﬂ + Aﬂ + n n/l

=2

l_ko—CIO gy, 1_ko+Po _9"q
A A A 2A2°
PG+2podo =P =25 -G P9y _""4uPo
2N? A AN
4P 4 4

. 2
(Da _eaf 490, Po9o— P94 a, 90— 4
PP a) = 5 <_X+ A2 ) oA

We can see that there is not an easy way to extend the
tetrad for the two-particle system to a generic multiparticle
system. However, following this prescription, one can
generalize this construction for a system with any number
of particles.

V. METRIC FOR A GENERIC RELATIVISTIC
DEFORMED KINEMATICS

In Sec. I C, we proposed a systematic way to obtain the
metric in phase space for a system of two particles. In this
section, we are going to apply it to the most general
kinematics at first order in the high-energy scale obtained
in [46].

The deformed dispersion relation compatible with rota-
tional invariance as a function of the components of the
momentum is parametrized by two adimensional coeffi-
cients a;, a,,

an =
po+-—-popt =m?,  (71)

a
C(p)=p2—p24+2L
(p)=p5—p>+ A

A

while the deformed composition law is parametrized by
five adimensional coefficients f, f2, 71, 72, 73>

73 1733
[p®q}o—po+qo+APoqo+Ap q.

v v 7
[pGBQ]i:pi+Qi+XIPOQi+X2piQO+£€ijkijk’ (72)

where ¢€; is the Levi-Civita symbol.
The most general form of the Lorentz transformations in
the one-particle system is

7)o = po+ (3-8 + 2L po(5 -3,

A A3
[T(p)]; = pi + Poéi + XZP(Z)fi = P&

| (2 +20)

9. (73)

where ¢ is the vector parameter of the boost, and the 4; are
dimensionless coefficients.

A? + A 2A%°

(70)

The invariance of the dispersion relation under this
transformation, C(T(p)) = C(p), requires the coefficients
of the deformed dispersion relation to be a function of those
of the boosts,

ap :—2(114—&24—213), 02:2(/11 +2/12+3j.3) (74)

As we have mentioned previously, a modification in the
transformations of the two-particle system is needed in
order to have a relativity principle, making the deformed
Lorentz transformations to depend on both momenta.
Then, we are looking for a transformation such that

(p.q) = (T§(p), T§(q)), where

TL(p)=T(p)+TL(p). TR(q)=T(q)+TE(q). (75)

When one considers the most general transformation in the
two-particle system and imposes that they are Lorentz
transformations and that they leave the deformed dispersion
relation invariant, one finally finds

L, ’71f 5> 2 ’75 .
75 (P)ly =1 a0(P-&) + (P AG)-¢
L
[le}(l’)] ?{Po%fz A (%%kpﬂfk P0€ijk%'§k>
L -
+ 0 (4,5 -8 - (5 D&,
_ ;7R N ,1R
T8y =" po(@-H+ R (G 1 ) £
R n§ &
{Tp(CI)], = X%Poégi A (Poeijkqj'fk - C]oeijkpjfk)
(3-8 - @ ). (76)

Using Eq. (52), one finds the following relations between
the coefficients of the composition law and those of the
deformed Lorentz transformations:

B =2(A + 4 +243), P =24 —ny —nf. (77)
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Y2 = A + 20 + 24 —nf,
(78)

1= A+ 20+ 225 —nf,
v =ny — 5.
The most general tetrad for one particle making the

corresponding metric invariant under the Lorentz trans-
formation of one particle (73) is

a

k n“k k%n n’n
pu(k) = 5;‘:(1 te X()) +é AM t €3 A” + €4k Aﬂ
€s aocpy
+ Ke Noukynys (79)

where

€] = ),1 + 2),2 +2/13, €3 = —€) +ﬂ‘l +2j.2 +4/13,

We construct now the more general tetrad of two
particles at first order in the high-energy scale,

(M)a _caf S0y, ) Po () 9o
wwmwuw——@<qm+qmrx+ewpx)
o) "Dy o) PPy () Po
+ €y A”+6<N)4 A”Jrn W€ (N)s A
on " oy My, () 9o
+ €njs A”+€<N)7 A”—i—n M€y p
T 6%))96“@”’70#%”1/ + 62%)>10€MW’76/4‘1/J”D7
(81)

where M, N can be L, R.
Therefore, using the procedure explained in Sec. 11 C,
one obtains the following expressions for the tetrads as a

€4 = =20, — 243, (80)  function of the coefficients of the Lorentz transformations
of the two-particle system and the free coefficients of the

and €, and €5 are free parameters. tetrad of one particle:

6231 = €1, 6232 =Y 5(33 = €2, 6(34 = €3, €(L§5 = €4,

6286 =€, +nf =4 =24, — 243, 62227 = —6286, 6‘288 =0, 6(89 = €5, €Ly = €5 + ns,

6&;1 =0, €E1Le;2 =, 621@3 =0, 621%4 =0, SEILe;s =0,

6236 =0, 6%7 = -nf. eglLeis =0, 62%9 =15 eglLe;lo =0,

6%5;1 = 1. 682 =0, 65183 =0, 6@4 = -y, €§f§s =0,

6& =0, GEIZ;7 =0, GEIZ;S =0, 625;9 = -3, 625;10 =0,

egllgl =0, 6832 =€, €E£§3 =€, + 0 — 4 =24, — 243, e(g“ = _€§R;3’ 652;5 =0,

621]36 = ey, 621;;7 = €3, eggg = ¢4, eggg = ¢s, 652310 =es5+ k. (82)

It is important to note that with this construction, we
have two free parameters, ¢, and ¢5. They can be fixed by
imposing a particular algebra for the one-particle system.
For example, the noncommutative coordinates defined in
(39) satisfy the k-Minkowski algebra (42) when €5 = 75 =
n¥=0and e, =1 +e¢.

Then, we see that the way in which we obtained the
principle of relative locality can be used for any kinematics
(in a generic way order by order in an expansion series on the
high-energy scale): following the systematic way described
in Sec. II C, one can define a metric in phase space for a
system of interacting particles with any kinematics, in
particular, for the interesting cases of Snyder kinematics
[47] and the so-called hybrid models [48].

Also, it is important to note that one cannot obtain the
most general kinematics from the geometrical approach of
[27]. However, using this geometrical approach for a

multiparticle system defining an eight-dimensional momen-
tum dependent metric, one is able to use any kind of
composition law and Lorentz transformations satisfying
the relativity principle. This procedure allows us to define,
for a given relativistic kinematics, the spacetime of a
multiparticle system without ambiguity. Moreover, there
is a crucial difference between both approaches. The
construction of [27] allows us to define in a simple way a
family of relativistic kinematics (in which the generators of
Lorentz transformations and translations close an algebra),
with a deformed composition law, a deformed Casimir, and
deformed Lorentz transformations in the two-particle sys-
tem. The aim of the here presented approach is not to define a
relativistic kinematics but, given any deformed kinematics
(even the ones that are not obtained in [27]), to construct the
metric which implements the principle of relative locality,
and then, the spacetime of a multiparticle system.
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VI. RELATIVE LOCALITY
IN CURVED SPACETIME

We can obtain the relative locality principle for a curved
spacetime as we did in Sec. II for the flat case. As showed
in [29], the isometries in momentum space when the metric
depends also on the space-time coordinates are defined by a
modified composition (@),

(r®q), = € ()P @ q),. (83)

where p — p, = 2,(5)p,. ¢ > 4, = 2,(£)q,, being & (x)
is the inverse of the space-time tetrad e}(x), satisfy-
ing &, (x)et(x) = 4.

Then, we apply this transformation on line element (3),

G = g (x, k)dx'dx" + g (x, k)ok, 0k,
= 9w (5’ €ék)d§ﬂd§”
+ g (8. e®k)5(eDk), 5(eDk) . (84)

where 6k, =dk,~N,, (x,k)dx* and §(e®k), = d(eDk),~
N, (. (ek))dE".

The difficulty that arises here is that the composition law
depends also on the space-time coordinates, making it
impossible to find a simple relation between the variables
(x,k) and [&, (e®k)] as we did in Sec. II. The only way in
which this relationship can be obtained is by considering a
particular geometry, from which a differential equation
involving the space-time coordinate will arise, leading to
the analog version for a curved spacetime of (38). Also, one
can realize that, since everything is defined through a
metric in the cotangent bundle, all the previous results are
invariant under space-time diffeomorphisms (see [29,40]
for a discussion about diffeomorphisms in a cotangent
bundle metric).

It is important to note that, while the result in flat
spacetime can be derived from the action (1), the case for a
curved spacetime has not a direct derivation. This is due to
the fact that the composition law depends on the vertex of
the interaction, which in the action is regarded as a
Lagrange multiplier and not as a free parameter.

Notice also that this realization of relative locality in
curved spacetime is completely different from the one
obtained in [36]. In that paper, it was considered an action
and introduced some nonlocal variables (defined by the
space-time tetrad). In this case, we are able to describe the
relative locality principle in presence of a curvature on
spacetime with the canonical variables, as it is done for the
flat spacetime case.

VII. CONCLUSIONS

It is well known that a deformed relativistic kinematics
can be obtained from a curved momentum space. This

curved momentum space can be understood as a particular
metric in the cotangent bundle geometry, leading to a
momentum dependent space-time metric.

Relative locality of interactions was understood from an
action that involves the deformed composition law of
momenta. Here, we proposed a novel way to obtain this
principle from a geometrical point of view. Translations in
momentum space depicted by a deformed composition law
provoke modifications on the space-time coordinates when
regarding the line element in phase space. Then, since
during interactions, momenta change following this com-
position law, one can finally find the result of relative
locality. This forces us to consider a metric for the phase
space of two particles depending on all momenta involved
in the interaction.

From this metric, one can define some noncommutative
coordinates in a multiparticle system recovering locality of
interactions for all observers. While this construction was
found to be ambiguous in other works, our geometrical
perspective selects one particular implementation.

Since the relative locality principle is derived from a
deformed composition law, the results of this work cannot
be applied in general for LIV kinematics, in which the usual
relativistic addition law of momenta is considered.
Moreover, due to the fact that in DSR scenarios there is
arelativity principle, the geometrical construction proposed
here is invariant under deformed Lorentz transformations
compatible with the deformed composition law.

In this work, we have studied how to construct a metric
of two particles when considering a two-particle system for
the x-Poincaré kinematics in particular, showing how this
work can be generalized for any relativistic kinematics.
Moreover, we have shown that the procedure can be
generalized for a system composed of more than two
particles. This construction is not straightforward, so that
the only way in which this can be done in general is in a
series power expansion in the high-energy scale para-
metrizing the momentum dependence of the metric.

We have also shown how to generalize the relative
locality principle for a generic curved spacetime. This can
be done thanks to our geometrical approach, since from an
action there is not a simple generalization it in order to take
into account a curvature on spacetime.

We hope to study some phenomenological consequences
of this geometrical implementation of relative locality and
go deeper in the notion of spacetime in future works.
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