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Starting from the original Einstein action, sometimes called the Gamma squared action, we propose a
new setup to formulate modified theories of gravity. This can yield a theory with second order field
equations similar to those found in other popular modified gravity models. Using a more general setting the
theory gives fourth order equations. This model is based on the metric alone and does not require more
general geometries. It is possible to show that our new theory and the recently proposed f(Q) gravity
models are equivalent at the level of the action and at the level of the field equations, provided that
appropriate boundary terms are taken into account. Our theory can also reproduce f(R) gravity, which is an
expected result. Perhaps more surprisingly, we show that this equivalence extends to f(7') gravity at the
level of the action and its field equations, provided that appropriate boundary terms are taken in account.
While these three theories are conceptually different and are based on different geometrical settings, we can
establish the necessary conditions under which their field equations are the same. The final part requires
matter to couple minimally to gravity. Through this work we emphasize the importance played by boundary

terms which are at the heart of our approach.
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I. INTRODUCTION

The field of modified or extended theories of gravity has
become a substantial area of research since the early 2000s.
Ever since, a plethora of new theories has been proposed
and studied. However, the history of modifications of the
original theory of general relativity (GR) can be traced back
to the 1920s. Shortly after GR was formulated it became
apparent that the geometrical framework underlying the
theory can be extended. Moreover, there was a parallel
development on unifying the different fundamental forces
into a single unified field theory, see [1,2].

These early geometrical attempts can all be studied
under the umbrella of metric-affine theories of gravity [3].
Theories of this type typically are invariant under local
Lorentz transformations and are also invariant under
arbitrary coordinate transformations. When the Levi-
Civita connection is replaced with the general affine
connection, the matter action should also depend on this
affine connection, thereby giving rise to possible source
terms for torsion and nonmetricity, in addition to the usual
matter source terms for curvature like in GR. In case of the
well-understood Einstein-Cartan theory [4] one finds that
mass couples to curvature while spin couples to torsion, see
also [5]. Note that matter couplings to nonmetricity can be
more problematic [6]. The field equations are second order
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in the metric but are algebraic in torsion which is a result of
the specific action underlying the theory. By insisting on
second order field equations for the outset, the specific
form of the field equations is highly constrained [7].

The additional geometrical structure of metric-affine
theories allows for other, equivalent, formulations of GR,
the best known being the teleparallel equivalent of general
relativity (TEGR) [8—10]. For the present purpose, the most
interesting fact about TEGR is that the action is not
invariant under local Lorentz transformations but is pseu-
doinvariant. By this we mean that the action is invariant
up to a boundary term. As this boundary term does not
contribute to the resulting field equations these are then
invariant. This is also true for the so-called Einstein action
(or Gamma squared action) which differs from the usual
Einstein-Hilbert action by a boundary term. Actions con-
taining pseudoinvariant quantities will no longer yield
invariant field equations if nonlinear functions of such
quantities are considered, which brings us to another type
of modified theories.

One of the earliest works on f(R) gravity is probably
[11], where the stability of cosmological solutions was
studied. It was, however, much later when these theories
became popular, see [12—14]. These theories are invariant
under local Lorentz transformations and diffeomorphisms,
however, they lead to fourth order field equations in the
metric. The Ricci scalar contains second derivatives of the
metric so one would expect fourth order field equations
already in GR; however, these higher order terms enter the
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action as a boundary term and so do not contribute to the
field equations. If one were to separate the Ricci scalar into
two parts, one of which only contains first derivatives of the
metric, one would find a theory with second order equations,
however, such a theory is likely to have other shortfalls.
Many modified gravity models can be tightly constrained by
cosmological observations [15,16] with GR generally
emerging as the theory to provide the best fit to the data.

This is precisely the situation one arrives at when
considering modifications of TEGR [17-23]. Here we
are referring to the conventional formulation where the
spin connection is set to zero, but note that an alternative
approach does exist, see for instance [24].

The action of TEGR only contains first derivatives of the
tetrads and hence yields second order field equations.
Consequently f(7T') also has second order field equations,
however, one now loses invariance under local Lorentz
transformations [25]. The modified action is no longer
pseudoinvariant as it does not differ from an invariant
action by a boundary term. Therefore, the field equations
are no longer invariant under arbitrary Lorentz transforma-
tions, however, there exists nonetheless a remnant sym-
metry [26,27] which affects the number of degrees of
freedom of f(T) gravity [28-32].

The important role played by boundary terms was
investigated in [33—35] where an arbitrary function depend-
ing on the torsion scalar 7" and the relevant boundary term B
was considered, f (7, B) gravity. Within this framework it is
possible to identify f(R) gravity as the unique Lorentz
invariant theory and to identify f(7') gravity as the unique
second order theory.

Similarly to TEGR one can construct another alternative
formulation of GR which is based on nonmetricity, instead
of torsion [36—41]. Some constraints on spacetime non-
metricity can be found in [42,43]. If we denote the relevant
nonmetricity scalar by Q it is natural to consider general-
ized theories which are called f(Q) gravity [44-48].
Theories of this type are, by construction, invariant under
Lorentz transformations. Generally one works in the so-
called coincidence gauge [45,48-51] where it is important
to study the conservation equation carefully.

In GR the energy-momentum conservation equation is
implied by Noether’s theorem and follows from the
invariance of the Einstein-Hilbert action under arbitrary
coordinate transformations [52], see also [53-60]. From a
geometrical point of view, one generally argues that the
conservation equation is a consequence of the twice
contracted Bianchi identities, however, in modified theories
of gravity it is desirable to follow Noether’s approach. In
certain situations the Bianchi identity can appear in a
somewhat unusual form, as in f(Q) gravity mentioned
above, but also in teleparallel gravity [61-63]. Also of
interest are the recently proposed minimally modified
theories [64,65] in which the theory is invariant under
spatial diffeomorphisms only.

When matter is coupled nonminimally to the gravita-
tional field [66—09] test particles do not necessarily follow
geodesic motion and one can also construct models where
the energy-momentum tensor is no longer conserved
[70-73]. Such models often have close links to approaches
where the theory is not fully invariant under all coordinate
transformations [74-77]. Theories which break local
Lorentz or diffeomorphism invariance can be motivated
by quantum gravity considerations. If we accept that
classical field theories like GR cannot be applied at length
scales where quantum effects dominate, then it becomes
natural to consider models that break certain symmetries
at small scales. The so-called Born-Infeld scheme [78] is
one of the simplest approaches to achieve this and has
been successfully implemented in f(7') gravity [17,79-82].
A completely different approach would be to reformulate
differential geometry to take into account an underlying
quantum structure [83].

Our model, which will be based on an arbitrary function
of two coordinate pseudoscalars, contains all of the above
issues to certain degrees and we will carefully address them.
While our theory is based on coordinate pseudoscalars, these
are scalars which are not invariant under diffeomorphisms,
we will nonetheless arrive at field equations which are
tensorlike. After discussing infinitesimal coordinate trans-
formations of our action, we are able to formulate a
consistent theory which reduces to GR in the appropriate
limit. When studying our model in a cosmological setting,
we find the same field equations that were derived in f(7T')
gravity and in f(Q) gravity. This observation leads the way
towards studying the equivalence of these theories. In
particular, when comparing the relevant field equations,
rewritten conveniently, one is tempted to declare their
equivalence at once. However, this would be premature as
various boundary terms need to be taken into account in
order to discuss these theories in a unified setting. The main
result of this work is to identify three boundary terms with
unusual properties that allows us to construct one general
family of modified gravity theories which will contain the
various aforementioned models as limiting cases.

Our paper is organized as follows: in Sec. II we discuss
the FEinstein-Hilbert and the Gamma squared action
together with coordinate transformations. Section III
introduces our model, discusses its various properties
and establishes equivalence with f(R) in a certain limit.
The following Sec. IV contains the required details to
show the equivalence of our model with other modified
theories of gravity, a summary of this part is given in
Fig. 2. We move onto a discussion of our work in Sec. V.
A comprehensive Appendix is provided containing the
variations of the actions.

A. Notation

Throughout this paper the signature is (—,+,+,+),
Greek indices are spacetime indices taking values (0,1,2,3)
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and Latin indices denote tangent space indices. Our coframe
and frame fields or tetrads are defined via g,, = e ebn,, and
¢ = ELEn® with Efel =5, and Efjel = 6&). g is the
determinant of the metric g = detg,, and we denote e =
detey so that e = \/m . Round brackets denote symmetri-
zation and square brackets denote skew symmetrization:
tw) = 1/2(ty +1,,) and 1y,) = 1/2(t,, —1,,). We set
G =c =1 and use xk = 87 as the gravitational coupling
constant.

II. THE EINSTEIN-HILBERT AND GAMMA
SQUARED ACTIONS

A. The actions

Let us begin with the standard Einstein-Hilbert action of
general relativity,

Senlow] =5 [ RVFGE (20

where R stands for the Ricci scalar or curvature scalar. The
square brackets indicate explicitly the dynamical variables
of the theory. It has been known since the formulation of
GR that the Ricci scalar R can be rewritten as a “bulk” term
G and a boundary or surface term B. Using this decom-
position, the Einstein-Hilbert action becomes

Sen(9u] = ZLK/ R\/=gd*x = ZLK/(G + B)\/—gd*x.
(2.2)

The bulk term G is quadratic in the connection coefficients
or Christoffel symbol components and first order in the
metric derivatives

G = (T, I, — T5T%,). (2.3)
We note for future reference that the term in the bracket is
not symmetric by construction: however, it is clear that only
its symmetric part contributes to the action due to ¢"*. As
the Christoffel symbols appear in the geodesic equation,
they can be seen as the gravitational force terms which
determine the motion of test particles. This is similar to the
Faraday tensor in the Lorentz force equation. It is thus
natural to consider a Lagrangian quadratic in these quan-
tities which makes G an appealing choice. The boundary
term B is second order in the metric derivatives,

B =

1 0u(99™)\ 1 o O po
Hay( e )—Haaw—gB)—vﬁB,

(2.4)

where we introduce the notation

B° = ¢*T%, — ¢"T%,. (2.5)
Before continuing let us make some remarks: at this point,
we are working in curved spacetime with vanishing torsion
and vanishing nonmetricity so that the general affine
connection is the usual Levi-Civita one. Note that neither
G nor B transform like scalars under general coordinate
transformations (diffeomorphisms) as they are not true
scalars. We will refer to such scalars as pseudoscalars. It is
only when combining these two objects into the Ricci
scalar that one retrieves a true scalar, an object invariant
under general coordinate transformations. For this reason,
one has to be careful when working with these quantities.
Nonetheless, it is convenient to refer to B as the boundary
vector despite is nonvectorial nature. Since the term B takes
the form of a total derivative, it will not appear in the Euler-
Lagrange equations provided we are working on a manifold
without boundary. In the presence of boundaries we would
assume variations to vanish on those boundaries.
Consequently, the Einstein field equations derived from
the Einstein-Hilbert action (2.2) arise solely from the G
term containing only first derivatives. It is common to refer
to this as the Einstein action or the Gamma squared action:

Sulgul = 5, [ Gy 2:6)

As already touched upon, this action is manifestly non-
covariant since G is not a true scalar under general
coordinate transformations. However, the action is diffeo-
morphism invariant up to a boundary term, in which case
one often speaks of pseudoinvariance. We will look at this
explicitly shortly, as the results will be useful in the
following sections.

For completeness Appendix A contains the derivation
of the Einstein field equations when working directly with
Sg[9,). along with the minimally coupled matter action
describing the matter fields Syyer(u, @). Some of the
results contained in that Appendix will be required for
subsequent calculations. Let us introduce the following two
nontensorial objects:

oG v
le/l i ng(yr‘l‘) _ g;wl'*g}L _ g/még FZET’

Ap (27)
oI, ,

EHvA = M{X/w} — M + MV — pgHvA
= 20Ty = 29" D)0 + ¢ G715, — ¢ Ty
(2.8)

The first object naturally follows from the variation of the
bulk term G with respect to the connection. The second one
has the same linear index combination that appears in the
definition of the Christoffel symbol. The notation {---}
with three indices is sometimes called the Schouten
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bracket, see [84]. Both terms (2.7) and (2.8) are symmetric
over their first two indices, which follows directly from the
symmetry of the connection. Note that using definition
(2.7) we can write the bulk term as

1
G — EM” irﬁy.

(2.9)
The boundary vector defined in Eq. (2.5) can be obtained
by either of the following contractions, E¥,” = —2B°.

B. Coordinate transformations

Let us determine how the newly introduced objects
transform under infinitesimal coordinate transformations
X — i = x* 4 & (x), where £ is assumed to be small,
|&#| < 1. To first order in &, we have the following
relations:

o u Ox*
= H
Ox¥ O + 0,8, oxY

=8 -9,  (2.10)

Using the above, along with the usual transformation laws,
the metric and Christoffel symbol transform as

gﬂl/('il) = g;w - aﬂéﬂgﬂu - ayéigﬂ/l + 0(52)7 (21 1)
FU(R) =g + 0,89 + 0,89 +0(),  (2.12)

[0, (%) = Tl + 0,610, — 0,617, — 9,617,
- 0,0, +0(&). (2.13)

The terms on the right-hand sides are functions of the
original coordinates x*.

Using these transformations in our definition of G (2.3),
and dropping the higher order & terms, one finds through
simple computation

G(ﬁ) = gﬂb(f‘fm,\ju - f‘/(:l/f‘jlla)
= (05,15, — TLI,)
— (29TY) — 7T}, = 46/ T30) a0

— G - M¥,0,0,, (2.14)

with M“ﬂy defined in (2.7). A similar calculation for the
boundary vector (2.5) leads to
B°(%) = B 4 0,&°B" — 90,£° + 00,8, (2.15)

and for the full boundary term (2.4) we find

B(x) =1% B+ 0,B°
= B+ (2T} - ¢'T}, = "6/ 1) 0,0y

— B+ M 0,0,¢". (2.16)

Equations (2.14) and (2.16) of course imply that G+B=
G + B as expected. This follows from the fact that
R = G + B is the Ricci scalar.

For completeness we also compute the infinitesimal
coordinate transformations for the three-index objects
M* , and E,,7. For the former we find

M, = MV, 4+ 0, MP, + 0,8 M, = 0,8 MY,
- za(aaygﬁ) + gflﬂaiaygﬂ + g/wa;ﬂaﬂayfa)’
(2.17)

while the latter gives

E,’ = E,J' —E, 0,8 — E,,70,&" + E, ;10,8 — 20,0,&
+ 25@8,,)8,15’1 — gp,,aragﬂ + gpﬂaﬂaﬁ. (2.18)
Using the calculations above, we can state the Lie

derivatives.! For the metric and the connection we get
the well-known [84—86] results,

cfg/w =9~ g/w = allg/wéll + a/té:lg/lu + aufigul = 2V(I4€y) s

(2.19)
and
Ly, =10, 15, = 0,10.& - 0,8}, + 0,617,
+ 81,5’11";/{ +0,0,&
=V,V,& +R,,7&. (2.20)

Interestingly the Lie derivative of the connection is a
tensorial quantity which follows from the fact that the
difference of two connections is always a tensor. This will
not be true for our objects G and B though because we have
products of Gammas that cannot be rewritten in terms of
covariant derivatives or other tensors. Consequently, for the
bulk term G we have

£§G = é’”aﬂG + M“ﬂ},aaa/}«fy, (221)

and for the boundary term B

'Specifically, £:T(x) = lim,_ 1 (T(x) — T(x)), where ¢ has
previously been absorbed into the definition of & and 7'(x)
represents the transformed object pulled back to the original
coordinates x*. For brevity we omit all factors of ¢ and simply
write £:T(x) = T(x) — T(x), which we understand to mean the
former definition.
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L:B = 89,B — M™,0,0,¢". (2.22)

Let us note that these relations can be derived in two
equivalent ways. First, one can derive the transformation
property under infinitesimal coordinate transformations and
compute their difference. Second, one could use the known
expressions for the Lie derivative and apply those directly.
Finally, we also state the relevant expression for M
which reads
LM, = E0,MP, —20,6MP*, + 0,6 M,
+200,E) — 0,0, — 57 0,0,
(2.23)

Similarly for E one arrives at
ﬁéEpdy = gﬂaﬂE/wy + 2E’i(ﬂy80)§n - Eﬂﬁnaﬂéy + 28p60§y
- 25}(;,80)8/15/1 + gpaaya/lgjL - gpoala/léy-

(2.24)
|

The right-hand sides of Egs. (2.21)—(2.24) are all non-
tensorial. However, this is not immediately obvious as one
might also not immediately identify L.I" to be tensorial.
The easiest way to see is to recall that G is quadratic in
the Christoffel symbol components, so that symbolically
£§F2 ~T'L,I" which cannot be a tensor as it is a product of
a tensor and a connection.

C. Diffeomorphism invariance

As shown in Appendix A the variation of the Einstein
action with respect to the metric leads to

1
5SE(9,] =5 / 8¢ G y/—gd*x. (2.25)

Let us now consider the variation of the action under
a diffeomorphism generated by the infinitesimal vector
field &, denoted by 6. The most direct approach is to make
use of the Lie derivatives introduced in the previous
subsection, thus we find

0eStlg) = 5 [ LelVTBIa =5 [ LG + VILe(G
— 5 | 5V (Le)G + VLG

1
= o [ VEITE6 4 0,0 + M,9,0,8 )

1
= / V=90,8'G + /=T &G + /=G0, G & + /=M™ 0,0, d*x

1
= ﬂ/ 0,(v/—=9¢"G) + ,/—gM"/”yQ,@ﬂf”d“x.

Using integration by parts we can rewrite the final term
as follows:

M* ,8,05E = boundary terms

1
+ \/—__gaaaﬁ(\/—_gM“ﬁy)E’, (2.27)

where we use the generic expression “boundary terms” for
all terms which appear that do not contribute to the equations
of motion. Throughout this paper we are working on
manifolds without boundaries. Should one wish to general-
ize these results to manifolds with boundaries, one could for
instance assume that all variations vanish on that boundary.
Alternatively, one could subtract suitable boundary terms
from the action. We will not discuss the latter.

It is interesting to note that the final term of (2.27) is in
fact proportional to the twice contracted Bianchi identities,
albeit written in an unusual way that is not manifestly

(2.26)

[
covariant [61,63,87]. This result is perhaps expected as we
are working with general relativity after all. Hence, we find
that upon integrating by parts twice

8:Sg(9,,] = boundary terms
1
o / 0u0,(y=gM ) dx = 0, (2.28)

where the last term vanishes identically. Therefore our
action is diffeomorphism invariant, up to boundary terms.
Unsurprisingly, the twice contracted Bianchi identity
appears just like it does when considering the diffeo-
morphism invariance of the usual Einstein-Hilbert action.
There is one subtle point to note though; here it is not seen
as a consequence of diffeomorphism invariance but the
reason for it.

The more elegant route leading to the same conclusion
would have been to take the variation of the action with
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respect to the metric to obtain the Einstein tensor (2.25),
then replace 69" with the Lie derivative and again use the
contracted Bianchi identity to show that this vanishes.
See for instance [88] where this is explicitly discussed.
However, this more convoluted method, calculating the Lie
derivatives explicitly, will be useful in the next section
when considering generalizations of the action and the
quicker route cannot be taken.

Before proceeding, recall that the variation of an arbi-
trary matter action is given by

5L
S matter (G P] = / 57" Sgd*x + / 5 qg" 5D x,
(2.29)

where @ denotes the matter fields and Ly; is the matter
Lagrangian (density). Let us assume @ satisfies the matter
equations of motion, which we will do throughout, such
that the second term vanishes,

0Ly

Sgd*x
og 7

5Smatter[gﬂwq)] :/ /V Tﬂvég/wd4

(2.30)
with the metric energy-momentum tensor defined as

2 6Lplg,,
T, =- M[g*’y !, (2.31)
V=9 ¢
If we consider the variation resulting from an arbitrary
diffeomorphism we have

1
5§Smatter = 5/ V _gTﬂbﬁﬁgﬂwd‘lx = / V —gT””v”J;Dd“x

= boundary terms — / V=9V, (T*)E,d*x.
(2.32)

One generally assumes that the matter action is invariant
under coordinate transformations, which yields the con-
servation equation V, 7 = 0. Likewise, assuming that the
total action Sy, = Sg + Shater 18 invariant (not necessarily
its individual parts) also yields the conservation equation
VﬂT"” =0, as the twice contracted Bianchi identities
ensure the vanishing of the geometrical part. This final
statement is often referred to as Noether’s theorem of
general relativity [52]. We can write this as

1
6€St0tal = / |:2Kaaa/5(v_gM”ﬂ ) \V v Ta §7d4x7
(2.33)

and note again its slightly unusual form compared with the
standard formulation.

III. THE MODIFIED EINSTEIN ACTION
A. f(G,B) gravity

Generalizing the results of the previous section, it is
interesting to look at the class of theories where we
consider arbitrary functions of G and B, analogous to in
f(R) gravity. More closely related are theories of modified
teleparallel gravity, where the Lagrangian f(7T,B) is a
function of the torsion scalar and its boundary term [25,33].
In this case T and B are not Lorentz invariant, but the
combination —7 + B gives the Ricci scalar, which of
course is both a Lorentz scalar and a coordinate scalar.
For our case with f(G, B), as previously explained, the
individual terms G and B are not diffeomorphism invariant
except in the combination G + B = R. We will look more
closely at the relation to other geometric formulations of
gravity in Sec. IV.

The f(G,B) class of theories encompasses both
general relativity and f(R) gravity for specific forms of
the function f. However, they also give room for deviations
by breaking the diffeomorphism symmetry present in those
two cases. Consequently, let us consider the following
gravitational f(G, B) action:

/f (G.B)\/=gd*x. (3.1)

Sgrav g;w =

Varying the action gives

1 1
6ngV:2—K/ {5f(G,B)\/—_—§f(G,B)\/—_ggpgégpﬂ d*x
(3.2)

where

of (G, B) <9f(G,B) 5B, (33)

5/(G.B) = oG 0B

and G and B are defined in (2.3) and (2.4). To calculate
the variation we follow the same procedure as in
Appendix A, using the objects previously introduced,
M#* (2.7) and E*** (2.8). The full derivation is given in
Appendix B. The resulting gravitational field equations of
the total action are

of 1 1 af\ 1
6G |:G/m + 29/)an| + 2E/)(r 0 (8G) - Eg/)af(Gv B)

18 () 0, (1)

28B OB OB
+lgpa 9,(9")0 (21};)
1 of
+ =00 (55) =T (34)
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The field equations (3.4) are symmetric, as they must be,
because we varied with respect to the metric. However, one
must be very careful now when considering coordinate
transformations. The left-hand side clearly contains terms
which are not covariant. Moreover, at this point no additional
assumptions were made about the matter action and its (non)
invariant properties. The lack of diffeomorphism invariance
(up to surface terms) at the level of the total action (3.1) plus
a matter action implies that we do not automatically have a
Bianchi-like identity. As we do not (yet) assume our matter
action Syaer[gy» @] to be invariant under diffeomorphisms,
we cannot infer the usual covariant conservation V¥T,, = 0.
We also note that should 7', not be a true rank-two tensor,
such an equation would not be well defined.

Having said this, let us now make the following
observation. If we divide (3.4) by df/0G we can isolate
the Einstein tensor G, and move all remaining terms to the
right-hand side. This would yield an equation of the form

_ (f)
G ——T o+ 16,
P fe !

where fg = 0f/0G and T/(,Q stands for the collection of
all the remaining terms. This formulation has two impli-
cations: first, mathematical consistency requires that the

(3.5)

Perhaps unexpectedly, we arrived at a conservation equa-
tion. Note that we did not assume explicitly the diffeo-
morphism invariance of the total action. The next section
will clarify how this conservation equation emerged.

B. Conservation equation and invariance

Let us take a closer look at the diffeomorphisms of
action (3.1). As previously noted, the Einstein action was in
fact zero under diffeomorphisms, owing itself to the fact
that the action differed from a coordinate scalar by a
boundary term only. Clearly the modified action (3.1) does
not share this property, so it will not be invariant and it does
not differ from a coordinate scalar by a boundary term.

Let us proceed to calculate explicitly how this action
transforms under an infinitesimal coordinate transforma-
tion. We make use of our previous expressions (2.21)
and (2.22) to find

OeS am = 55 | Lol (G B
-5/ [V,,f:ﬂﬂG, B)

right-hand side has to be a rank-two tensor; second, the + <M L:G + M £§B>] J=gd*x.
twice contracted Bianchi identities imply that the right- oG OB
hand side must be covariantly conserved (3.7)
K :
VPG6:0:>VP{—TG+T(,{,)} =0. (3.6
g fe " ’ (36) This leads to
|
1 9f(G.B) 9f(G.B)
O¢Suray = 5 / [(8,,5” + 10,8 (G, B) + <8—G8MG§” = 0,B&"
9f(G.B) 9f(G.B)
Ma/)’ 4 _ — 04
+ M*,0,04& ( 9G 9B V—gd*x
1 B B
= boundary terms—l—z—/M"‘ﬁ},aaaﬁf" (af(a(; ) 8f(G )>1/ gd*x. (3.8)
K

Discarding the boundary term, and using an abbreviated
notation, we are left with

(3.9)

55 grav — /\/_ fG f )M » 8(18/35}/614

analogous to Eq. (2.26). As before, we integrate by parts
twice and discard the boundary terms, which leads to

65 grav —

2 | QDM Fa)
(3.10)

If we also include the matter term O6zSpmyer as given
by (2.32), we have

5§Stotal = 655 grav =+ 5§Smatter
1
~ [ coaau(v=ame 6 - 1w)
_V,(, /_—gT;’)] £ d'x. (3.11)

If at this point one requires the total action to be invariant
under coordinate transformations, one finds a conservation
equation, namely the vanishing of the integrand of (3.11),
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similar to its GR analog given by (2.33). One can again
regard this equation as a consequence of Noether’s theo-
rem. Let us emphasize an important mathematical point
here: for the variational formulation to be well defined, in
terms of tensors, we must assume that the integrand of our
total action is indeed a well-defined scalar, up to possible
boundary terms. If the Lagrangian were a pseudoinvariant,
as it is for the Einstein action, our action would differ from
a true scalar by a boundary term which could be added
back into the action to yield a well-defined scalar without
affecting the resulting field equations.

This conservation equation (3.11) leads to various
interesting points to be addressed. First, let us assume that
the matter action is itself based on a true scalar Lagrangian
which then implies that the matter energy-momentum
tensor is independently conserved V,T%7 = 0. Requiring
0sSioal = O then implies the additional equation

8(18/}(\/__9Maﬂy(f,G _f,B)) =0 (312)
which can be satisfied for all possible geometries if
f.¢ —fs =0. This equation is easily integrated and one
finds that all functions of the form f(G + B) are general
solutions, assuming a sufficiently regular function f.
Recalling that this combination is in fact the Ricci scalar,
the unique coordinate scalar that can be constructed from G
and B, we find the expected result that within the family of
f(G,B) theories f(R) gravity is the unique diffeomor-
phism invariant theory. We will show this result explicitly
in Sec. III C.

Second, let us also assume that f(G,B) # f(G + B).
Moreover, we will maintain the assumption that the
matter action yields an independent conservation equation
VO,T? = 0. As before, for the total action to be invariant,
Eq. (3.12) has to be satisfied. In this case it is possible that
this term vanishes, however, it will depend both on the
metric and the coordinates used. A trivial example would
be the situation where G and B are both constants. In this
case, and other nontrivial cases, the gravitational action will
naively appear to be invariant under diffeomorphisms. This
situation is similar to that in f(7') gravity when so-called
“good tetrads” are considered [89,90]. An explicit example
is discussed when considering cosmology in Sec. III E.

Lastly, if we drop the assumption of the matter con-
servation equation, only the integrand of (3.10) has to
vanish to achieve diffeomorphism invariance of the total
action. This would allow us to study theories in which for
instance the dark matter energy density decreases over time
while the dark energy density, here modeled through the
contributions of f(G, B), can increase over time.

C. Retrieving f(R) gravity

If we take f(G, B) to be a function of the Ricci scalar
only, that is f(G,B) = f(G + B) = f(R), we readily
recover the f(R) field equations. First we use that

0f(G+B) 0f(G+B) 0Of(R)
G~ o ok OB

With this simplification we can rewrite the left-hand side of
Eq. (3.4) as follows:

of 1 1 1
6R |:Gp(7 +3 g/mG +5 g/mB:| - _g/wf(R)

of of
+ 00D <3R) 0,0, <3R>

(o 1 |

(3.14)

Expanding the definition of E,;” (2.8), writing the partial
derivatives of the metric in terms of Christoffel symbols
and using G + B = R gives

8f 1 1 of
aR |:Gpa +2.gpaR:| __gpo'f( )+gpo-a 8 <8R)

of of v
- 9,0, <8R) +0 (8R> [Che = 9po g Tiu)-

The term in the first square bracket is the Ricci tensor R,
The other connection and partial derivative terms are
simply the covariant derivatives acting on df/JR, which,
unlike G and B, is a true coordinate scalar. To see this
more clearly, begin with the f(R) field equations [12,13]
given by

of

(3.15)

af 1

a—RRpG [g/m'l:' v \Y% ]aR 2gp5f(R) (316)
and expand the derivative terms
[gpalj - vpva}f,R = gpngﬂy(aﬂvv - Fl};l/vy)f,R - vpaafVR

= (gpagﬂvaﬂau - gpagﬂbr‘l}ibay - apaa + r%”ay)f,ﬂ

(3.17)

Comparison of (3.15) with the expressions above shows
that these are indeed the same, such that f(G + B) yields
the standard f(R) field equations. These are generally
fourth order, due to the second order terms in the Ricci
scalar (which are confined to the boundary in GR)
contributing to the equations of motion when f(R) is a
nonlinear function.

D. f(G) gravity

Theories of the form f(G), i.e., modifications of the
Einstein action (2.6), will produce second order equations
which are (in general) noncovariant when f(G) # ¢,G.
Again, the f(G) field equations will depend on the
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coordinate system used. This means that solutions cannot
generally be transformed into solutions in other coordinates,
but we can find “preferred” sets of coordinates which lead to
interesting results: i.e., dynamics that differ from GR.

This approach is very similar to f(Q) gravity [44] where
close links between the nonmetricity scalar Q and G were
already explored. The nonmetricity scalar depends on the
first partial derivatives of the metric and hence also yields
second order field equations. The difference between both
approaches will be discussed in greater detail when
boundary terms will be taken into account.

Interestingly, this approach was recently considered in
[91] where it was motivated by modified Newtonian
dynamics (MOND) and showed interesting links with
f(Q) gravity. It was argued that a gravitational theory
might not be diffeomorphism invariant in the limit of small
accelerations where a modified theory can be employed to
explain flattened galactic rotation curves.

The f(G) field equations follow directly from (3.4) and
are given by

1 1
116)[Go + 39,6] +311(G B, 70,6

1

- Eg/mf(G) = KT/Jo-' (318)

One can immediately see that in this compact form, where
the Christoffel symbols are contained within the object
E,;’, the field equations resemble those found in f(7)
gravity (in its covariant form [92]). Two particular exam-
ples where the f(7T') and f(G) field equations are identical
are the Friedmann-Lemaitre-Robertson-Walker (FLRW)
metric in Cartesian coordinates and the Schwarzschild
metric in Cartesian isotropic coordinates, we will show
these equations explicitly below.

The integrand of the conservation equation (3.11)
becomes

1
E(aaa/}( V _gMaﬁyf/(G)) - v(lT? V=9 = 0. (319)

Let us rewrite the field equations (3.18) into an Einstein-
like form. We divide by f’ and isolate the Einstein tensor,
which yields

11
Gpa = %Tpa + 5? ((f - f/G)gpo‘ - f”Epo‘yayG)' (320)
The second term of the right-hand side can be interpreted
as the effective energy-momentum tensor of the modified
theory of gravity, similar to the setup in f(R) gravity. Since
the covariant trace of the Einstein tensor vanishes, one can
again derive a conservation equation which will be equiv-
alent to (3.19). It is interesting to note that it is not clear

second order

f(G,B) (S))
diff. invariant
f(G+B) GR
FIG. 1. Relationship between f(G,B) gravity and general
relativity.

from first principles how the covariant derivative should act
on the quantities E or G as these are a nontensorial rank-
three object and pseudoscalar, respectively. The advantage
of (3.19) is that its formulation only uses partial derivatives
which are well defined on all objects, tensorial and non-
tensorial. In this sense one could combine these two
equations to read off the “meaning” of these covariant
derivatives of E and G. However, we will not require this
for what follows.

We can think of f(R) gravity as the unique theory based
on a true scalar while f(G) gravity can be seen as the
unique theory with second order equations within the
f(G,B) family. This is visualized in Fig. 1. This can be
seen as the “coordinate” analog of the discussion in [33] in
the context of modified teleparallel theories of gravity.
Within this family of theories, general relativity emerges as
the unique diffeomorphism invariant theory that has second
order field equations.

The discussion of [91] also restricted the form of the
function f(G) in order to yield GR in a suitable limit,
f(G) > G+ ¢, for large G and ¢, being a constant.
The so-called deep MOND limit is attained when f(G) —
aG3? 4 ¢, for small G.

E. f(G) cosmology

Comparison of the cosmological equation with those in
f(T) and f(Q) gravity shows that these are in fact identical.
At first sight this result is surprising and one is tempted to
attribute it to the symmetry of the FLRW spacetime. In the
following we will investigate the relations between these
theories in greater detail.

For a homogeneous and isotropic cosmological space-
time given by the spatially flat FLRW metric in Cartesian
coordinates the line element is given by

ds* = =N(1)2df* + a(t)*(dx* + dy* + dz*).  (3.21)
We assume the energy-momentum tensor to be modeled by
a single perfect fluid with pressure p and energy density p.
We will require an equation of state to close the system of
equations if closed form solutions are sought. The f(G)
field equations are

F(G)N? + 12H2F(G) = 2Kp, (3.22)
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- f(G) —f’(G)% (H + 3H? - H%)

48H? [ . \
+ f"(G) 8 (H—Hﬁ> = 2kp,

(3.23)

where H = a/a is the Hubble function. In these coordi-
nates G is related to the Hubble parameter by

a? H?
Note that these equations satisfy the continuity equation.
This can also be seen by noting that the conservation
equation (3.19) vanishes for this choice of metric and
coordinates. If one works in the full f(G, B) theory the
conservation equation (3.19) is also zero. This corresponds
to the second possibility discussed in Sec. III B where the
equations appear to be invariant due to the specific choice
of coordinates.

The above cosmological equations (3.22) and (3.23)
are identical in form to the f(7) cosmological field
equations, assuming N(z) = 1, with the torsion scalar
T replaced with our bulk term G [e.g., see equations (9)
and (10) in [18] ]. Similarly, the torsion scalar T is equal
to minus the bulk term G. Hence the dynamics for both
theories, given that coordinates and tetrads are chosen
appropriately, are equivalent, see also [93] for recent
discussion in the context of teleparallel theories. In f(Q)
gravity it is known that the cosmological field equations
are also of the same form as those found in f(7) gravity
[48,94], and therefore the background dynamics are again
equivalent. In this case Q = 6H?> = -G with N(t) =1
and a slight redefinition of the function f yields equiv-
alence. After briefly stating the spherically symmetric
field equations we will proceed to discuss this equiv-
alence thoroughly in Sec. IV.

F. f(G) spherical symmetry

Next we consider a spherically symmetric vacuum
spacetime with isotropic coordinates:

ds* = —A(R)2di* + B(R)*(dx? + dy* + dz?),
R= \/m

For the given metric the f(G) field equations (3.18) yield
two independent equations, which can be written as

(3.25)

Bl
IS

G) (AB 2B B
f(4 ) ( G/f//(G) — 0’

R ) )

(3.26)

B(2RA'B' + A(B' — RB")) + B*(A' — RA") + 2RAB"
RB(BA' + AB')

6
e -

where we have used the shorthand A’ = dA/dR. In these
coordinates G is

B (A B
G=2—(2—+=].
B3< A+B>

0. (3.27)

(3.28)

Just as in the previous example, the f(7) field equations are
identical to those presented here and the torsion scalar T is
again equal to minus (3.28). It is important to emphasize
that these results only hold for the chosen coordinates and
tetrads. These two nontrivial examples motivate us to look
closer at the relation between the seemingly different
formulations of modified gravity. Also note that this choice
of metric and coordinates again satisfies our conservation
equation in both the f(G) case (3.19) and the f(G, B) case
(3.10). When using the standard Schwarzschild coordi-
nates, one finds an undesirable off-diagonal field equation
proportional to f”(G) = 0, similar to the situation in f(7')
gravity where it is rather challenging to identity a suitable
static and spherically symmetric tetrad field [95].

G. A first glimpse at equivalence

The field equations for the three modified theories, f(G),
f(T) and f(Q), can be stated in a similar form as follows:

1 1
F16)|Go + 3946|431 (G B0,

2
29 f(G) = KTy, (3.29)
1(T) [Gpa - %gpgT] + f(T).S,s",T
+ %g,mf (T) = k0,5, (3.30)
£1(0)[Ge = 5000 +2(Q)P 0,0
+ 30 (Q) = KT, (331)

see [92] and [45,48] for f(T) and f(Q), respectively.
The objects E#?, /# and P** act as the superpotential of
each theory. It has already been noted that in the context
of f(Q) gravity, whilst working in the so-called coinci-
dence gauge, the nonmetricity scalar Q reduces to —G [44].
In the context of the symmetric teleparallel equivalent of
general relativity (STEGR) the action is then just the
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Einstein action and leads to the Einstein field equations, see
for instance [36,61,88]. One also finds that in the coinci-
dence gauge P*,, =1E,", in which case the f(Q) field
equations are identical to the f(G) equations as one would
expect at this point. However, the geometric setting of all
three theories differs, which we will explore more in the
following.

Clearly, the above equivalence only holds provided one
works with appropriate coordinates or with an appropriate
tetrad. It is well known in f(7) gravity that some tetrads
yield undesirable field equations which generally imply
f"(T) = 0, thereby reducing the model back to GR. It is
also worth emphasizing at this point that in TEGR and its
generalizations, the tetrad field ej; becomes the dynamical
variable while the metric takes a secondary role. This also
means one deals with 16 field equations instead of 10.

IV. TOWARDS EQUIVALENCE

A. Affine connection

The starting point of teleparallel gravity is the well-
known relation R = —7 + B, while the starting point for
the symmetric teleparallel formulation of general relativity
is of similar structure. Let us now consider spaces with
curvature, torsion and nonmetricity (a general affine space)
so that the affine connection I" can be written symbolically
as =T+ K where K is the contortion tensor that
represents the difference between the Levi-Civita (or
Christoffel) connection I" and the full connection I" [84].
This term consists of permutations of the torsion and
nonmetricity tensors:

1
K" =g% <_T{M7/1} + B Q{Mﬂﬂ}> , (4.1)

T;wK = (FZU - l:‘IISu)v Q;tld = v;tg’d'

(4.2)

N[ =

Here V stands for the covariant derivative using the affine
connection. The Riemann tensor for the affine connection is
given by

R,,» =217, I, + 20,17, (4.3)
and the complete Ricci scalar is given by
R=R+ VK™ -V.K+ KK ;> = K* ) K,
(4.4)

where V stands for the covariant derivative using the Levi-
Civita connection. Using that the Ricci scalar R can be
written as in (2.2), we write the previous relation as
R=G+B+ VK -V,K +K_ K" —K K,
(4.5)

We note that the third and fourth terms on the right-hand
side are also boundary terms as the covariant derivative acts
on rank-one tensors due to the summations.

In TEGR one works with a flat manifold where the
Riemann curvature tensor of the complete connection
vanishes, and it is assumed that nonmetricity vanishes
identically. This means Eq. (4.5) becomes

0=G+B-2V.K,*+ K, K" — K" K", (4.6)
where now the contortion terms only depend on the torsion
tensor. This is often written in the form

Here T is the torsion scalar
T = TP"T ) + 2T"T,,, — 4T, T, (4.8)

and Br is its boundary term, such that —7 4+ By = R.
As stated before, we follow the conventions of [84].
The superpotential .#*** is defined through the relation
T = ./*T . and is given by

Sy =T =T +T5, +2(65T,°5 —65T,°,). (4.9)
It should be noted that different conventions used in the
literature can result in slightly different prefactors, these
mainly go back to the definition of torsion.

In the so-called symmetric teleparallel gravity models,
one again works on a manifold with vanishing curvature,
however, with nonmetricity instead of torsion. In this case,
Eq. (4.5) becomes

0=G+B+Q+By, (4.10)
where Q is the nonmetricity scalar and By, its boundary
term. Again, we can write the Ricci scalar as
Q + By = —R. Combining these three settings into one
yields the fundamental equation,

R=G+B+T-By+0+By+C, (411)
where C contains the torsion-nonmetricity cross terms

which appear in (4.5). These cross terms can be conven-
iently written using the superpotential

C= ykpiQ/le = 2(QKplT/{Kp + dengKK - QaaprKK),
(4.12)

see for instance [96]. The identity (4.11) is the starting point
for our subsequent discussion.
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B. Boundary terms and TEGR

If equivalence between different theories can be estab-
lished, it will be important to understand how the different
boundary terms are related to each other. Clearly, the
geometrical setting that underlies f(7') gravity, with its
use of tetrads as the basic dynamical variable, appears
difficult to be reconciled with the metric formulation or the
nonmetricity formulation. First we will show that the
boundary term appearing in f(7T') gravity By differs from
our boundary term B by yet another boundary term which
we will call by.

Starting from the previous equation (4.7) 0 =G + B +
T — By the boundary term By is explicitly given by

2
Br ==09,(eT") =2V, T*, T =Tt . (4.13)
e
We follow the standard formulation of TEGR where the
spin connection is set to zero w,*, = 0, the torsion tensor is
explicitly given in terms of the tetrad field only and one

finds the following expression for the boundary term:

By = gaﬂ(eg””Ef,(a,le,ﬁ’ —0,e9)). (4.14)

We will now look at our original boundary term B reex-
pressed using tetrads. Recall definition (2.4) which reads

e

1
:_\/7—_9 L (V=9(g" 9

where we have used the standard relations

B = (0))

guagu/)’ yg(l/}) (415)

1
ayg(’p = _g(mgpﬂaﬂgaﬁ’ a1/\/ —9= _5 V _gga/}auga/j’

(4.16)

etc. Rewriting the metric tensor in terms of tetrads using
¢? = ESEn™ and e = /=g we find

1
B = _an(e(g/wgﬁa - glmguﬁ)e(’?ayeﬁ

+ (9" = 99 ) e0ueq Jmn)- (4.17)

After expanding this out and simplifying terms we arrive at

1
B= Eﬁﬂ(eg’“’Efl(@,lef —0,¢%)

+ egVEL(8,0pef — 5,0,¢5)), (4.18)
which is a lengthy calculation and constitutes the first key

result of this part. Comparison of the first two terms

in (4.18) with (4.14) shows that the boundary term B
contains the teleparallel boundary term By:

1 1
B= EBT + zaﬂ(egﬁ”Eﬁ(é’jaﬂeﬁ -
1 1
=: EBT + §B§~)

8;0,¢5))
(4.19)

In other words, this result states that both boundary terms
differ by yet another boundary term, which we will denote

by B(T2 ) Due to the many different boundary terms notation
can become slightly difficult but we will try to keep the
notation as clear as possible.

C. A new boundary and TEGR equivalence

It is of interest to consider the following linear combi-
nation of the previous boundary terms. Let us define the
term

—0,[eg" EL0, 5 — eg"*Eq0 e8], (4.20)

Using the fact that the square bracket is skew symmetric in
uv, we can show that the term, in fact, does not depend on
any second order derivatives,

1
by = gﬁb[eg”“E’;aﬂeg — e Eq0,e4]
2 J
= zav[eaueg(ga[ﬂEa )]
2 v
= gayaue((;(ega[ﬂ a])

2
= z (aﬂ eg)

2 v
+ = (0,e8)0, (eg M L)

0, (eg™MEL), (4.21)
where in the second last line we have expanded using the
product rule and then noted that the first term vanishes. The
partial derivatives are symmetric whilst the bracket is skew
symmetric. Going back once more to our fundamental
equation 0 = G + B + T — By we can now write

1 1
G+B+T—BT:G+§BT+§B(T2)+T—BT

1 1
=G +T+-BY ~3Br. (4.22)

2
This identity establishes the first result of this section

G+T+b;=0=>G=-T—by. (4.23)

From this final relation (4.23) it is clear that by must be
first order and quadratic in derivatives of the tetrad, because
both G and T are. This is verified in the final form of
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Eq. (4.21). Another property of this new boundary term is
that it vanishes for any diagonal tetrad. In this case
Eq. (4.23) simply reduces to G = -T.

Next, we note that by is neither a Lorentz scalar nor a
coordinate scalar. This boundary term encodes information
describing how the torsion scalar 7' fails to be Lorentz
invariant. Equivalently, it measures how the bulk term G
fails to be invariant under coordinate transformations. It
therefore contains important information about the struc-
ture of the spacetime and the tangent space for a given
tetrad field. In order for the field equations of f(G) and
f(T) gravity to match, it is necessary but not sufficient for
by to vanish. The coordinates and tetrads chosen in
Secs. III E and IITF satisfy this very condition.

If one wishes to work in the modified teleparallel setting
where the spin connection is set to zero, as in the above,
then it is well known that the theory is not invariant under
local Lorentz transformations [20,21,25]. Any attempt at
partially restoring the Lorentz symmetry, without altering
the spin connection, which means by considering only a
restricted class of tetrads must enforce the condition
by = 0. This term hence provides us with a new approach
to understand the so-called remnant symmetry of f(7)
gravity [26,27]. It should be noted, however, that there
exists an alternative approach to modified teleparallel
theories of gravity, which abandons the requirement of
having a vanishing spin connection, thereby allowing for
a covariant formulation of the theory [24]. For complete-
ness we should state that this approach is not free of
criticism [97,98] though.

D. Boundary term of symmetric teleparallel gravity

The ideas and methods of the previous sections can also
be applied to symmetric teleparallel gravity as we will now
show. Again one works with a flat manifold where the
Riemann curvature tensor of the complete connection
vanishes, however, in this case nonmetricity is present
but torsion is assumed to vanish identically. As before, we
have (4.6) which now becomes

0=G+B+Q+By. (4.24)
Here the nonmetricity scalar Q is a quadratic combination
of the nonmetricity tensor, analogous to the torsion scalar,
while the boundary term B, is

By = VK, = VK. (4.25)

Writing out the contortion explicitly in terms of non-
metricity, see [84], gives

1
K Y (Q”K/l _ QM” + Qllﬂlc)’

=7 (4.26)

from which we find the two contractions

1
K= =20,/ = 0",), K, = 3 QF . (4.27)

| =

Therefore, the boundary term can then be written as

BQ = VKK//K - VKK/JK” = VK(Q//K - QKM/;)

= \/l_—gak(\/__g(Qy”K - QK”M))‘

Making the covariant derivative explicit on the metric
tensor, the nonmetricity tensor can be written as

(4.28)

Ql;w = _vﬁgﬂy = _aﬁgﬂy + 21:5(,,.9»)10 (429)

where T, as before, is the affine connection. Starting with
an affine connection which vanishes and then making a
coordinate transformation gives

B Ox*

1774 675(; ay al/ go’ ’

(4.30)

where &7 = £°(x*) are functions of the coordinates x*. It is
common in f(Q) gravity to work in the so-called coinci-
dent gauge, see [44], where the coordinates are chosen such
that the connection (4.30) vanishes. This is often denoted as

I' = 0. Then the nonmetricity tensor (4.29) is determined
by the partial derivatives of the metric

Q/I/w = _aig/u/' (431)
As a final bit of notation let us define
1 Ox*
Qiﬂu 2 8—55 8/18(”5691,),( (432)

such that in an arbitrary gauge the nonmetricity tensor can
be written as

0 I
Q/l/w = Q/l/u/ + Ql/w- (433)
Unfortunately, we cannot avoid this somewhat cumber-
some notation which will result in identifying the necessary
boundary terms.

The boundary term (4.28) is a linear combination of the
two nonmetricity pieces, moreover the partial derivative is
also linear, hence one finds straightforwardly

O pK O Ku

By :\/%ax(\/__g(Qﬂ -0 /4))

1
=090 —0 ))=By +BYy.

e (4.34)
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which introduces two boundary terms related to the two
nonmetricity pieces, respectively.

The first of these boundary terms only depends on the
metric and its derivatives. We find the first term to be equal
to our boundary term B, up to a minus sign,

1 o HE 2K
By = =0v=3(0." - 0")
1
= =0V 0,01~ 1 Di5)
1
== 50T + 7Ty — 97T, — 97T)

_ 1

\/__gak(\/—_g(g”ﬁrﬁa -g°I7,)) =-B,

(4.35)

where the I stands for the usual Levi-Civita connection.
Similarly for the other term

m_ 1 =0 _ 0"
BQ = \/—_—gak( _g(Qﬂ -0 /4))
1 ox* ox
=——0,| v~ 949,87 — — 00 "))
NG < g<5~f" < o0
(4.36)
Therefore we have the identity
By =By +BY,) =-B+By. (437

As before, we define the difference between the non-
metricity boundary term and the curvature boundary terms
to be b to be consistent with the previous notation. It turns

out that b, happens to be B(Ql). We write

bo =By +B =By (4.38)

We are now ready to go back to (4.24) which gives
(G, T,Q,bc,br,bg, C)
R[}.D)\KJ =0
fH(Ga Ta Q7 bG7 bTa an C)

Quu)\ =0

f(T) & TEGR

0=G+B+Q+By +By

=G+0+byp=G=-0-by. (4.39)
This is the analog symmetric teleparallel result of (4.23)
which was derived in the teleparallel setting. Again, we
note that G and Q differ by a peculiar boundary term not
previously identified. It is exactly this term which vanishes
in the coincident gauge. It should be noted that the term b,
is a true Lorentz scalar but a coordinate pseudoscalar.

E. Equivalence—Summary discussion

The calculations of the preceding sections can all be
summarized in the following geometrical identity which
holds for globally flat affine spaces:

0=G+B+T-B;+Q+By+C. (440)
S N ——

GR TEGR STEGR

Using our newly identified boundary terms we rewrite
this as

0=G+bs+T+br+Q+by+C, (441
where we introduced the notation b; = —B. It should now
be clear that these boundary terms play a crucial role in
determining the geometrical setting in which one operates.
When torsion and nonmetricity are assumed to vanish,
one works in the standard general relativity framework.
Note that in this case the left-hand side would not be zero
but equal to the Ricci scalar. Assuming that nonmetricity
vanishes give TEGR, whereas the vanishing of torsion
gives STEGR. It should also be noted that the cross term C
(4.12) vanishes when either torsion or nonmetricity vanish.
Therefore this term is only of importance when theories
which contain both quantities are considered.

Finally one can propose the following theory:

S—/f(G, T,Q.bg, br.by.C)\/—gd*x, (4.42)

R/Ll/)\h‘, # 0

generalized metric

affine theories

Tyn = 0

£(Q) & STEGR

FIG. 2. Relationship of f(G,T, Q,bg.br, by, C) gravity with other modified theories.
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where f is a sufficiently regular function of all its
variables. This setup is quite general and relates to various
well-known theories as shown in Fig. 2. The visualization
neglects matter couplings in the different settings, which
will be discussed in the next section. We suppressed the
dynamical variable in action (4.42) as the boundary terms
now become important. Recall that the definition of the
boundary term by requires the use of tetrads, it cannot be
expressed in terms of the metric alone. This means that
one can always choose the tetrad to be the dynamical
variable but there are models where one can work with the
metric directly.

The mentioned generalized metric affine theories were
thoroughly studied in [3], top right in Fig. 2, where the
gravitational Lagrangian was assumed to be a function of
the metric, the tetrads and the connection, together with
their first derivatives. The gravitational Lagrangian was
then assumed to be invariant under tetrad deformations
which restricted it to be a function of the metric tensor and
tetrad, in addition to nonmetricity, torsion and curvature.
Clearly, our proposed model (4.42) deviates from this very
assumption and therefore yields distinct theories.

V. CONCLUSIONS AND DISCUSSIONS

The starting point of this work was the Einstein or
Gamma squared action which is based on the pseudoscalar
G which differs from the Ricci scalar R, a true geometrical
scalar, by a boundary term B. This boundary term is also a
pseudoscalar but does not contribute to the equations of
motion of the theory. These pseudoscalars are not invari-
ant under arbitrary coordinate transformations. We follow
recent approaches to modified theories of gravity and
introduce a theory based on the function f(G, B). Both
pseudoscalars can be expressed in terms of the metric g,
alone which means that the metric is the dynamical
variable of the gravitational action. Consequently, in this
approach matter couplings are straightforward to imple-
ment and one can follow the minimal coupling procedure
without loss of generality. This is an important point as
matter couplings in theories based on more general
connections are well known to become problematic when
spin 1/2 matter is taken into account. The Dirac action
depends explicitly on the connection. In theories with
torsion, for example, the Levi-Civita connection differs
from the affine connection so that the Dirac action could
be written in two different ways, leading potentially to two
different theories. These subtle issues are fortunately
absent in our approach.

A model based on f(G, B) does no longer differ from a
true scalar by only a boundary term, therefore one has to be
particularly careful when formulating the resulting field
theory. To be able to formulate a well-defined variational
principle for the complete theory, gravity plus matter, we
must eventually assume that the total action is invariant
under diffeomorphisms. By relaxing the condition that both

gravitational and matter actions must individually be
invariant under diffeomorphisms, we can consider a wider
class of theories than is usually studied. Similarly, the
generalized conservation equations we derived are less
restrictive than in other theories of modified gravity but still
reduce to those of GR in the appropriate limits.

We also considered the simpler model f(G) gravity
which shares many features with f(Q) gravity and can be
seen as an analog to f(7) gravity. For instance, f(T)
gravity is invariant under diffeomorphisms but not invari-
ant under local Lorentz transformation. However, f(G)
gravity is invariant under local Lorentz transformation but
not invariant under diffeomorphisms. All known concep-
tual issue that appear in f(7T) gravity appear to have an
analog issue in our setup. As we have shown in Sec. IV C,
we can identify a new boundary which is neither a
coordinate scalar nor a Lorentz scalar. This object by,
see Eq. (4.20), contains information about the tetrad and
the chosen coordinates, and it will be interesting to study
this object further.

As a by-product of studying this simpler model, which
gave cosmological field equations equivalent to those of
f(T) and f(Q) gravity, we explored in more detail the
possible differences between these three theories. A some-
what surprising result was that we could establish their
equivalence despite their different geometrical interpreta-
tions and different dynamical variables. When working
with suitably chosen coordinates, similar to the good
tetrads in f(7) gravity, we find field equations which
appear to be covariant. In particular, these field equations
imply the usual conservation equation for the matter, again
similar to the analog situations in f(7) and f(Q) gravity.
We also identified some new boundary terms that are
neither coordinate scalars nor Lorentz scalars; these terms
are sensitive to both the choice of coordinates and the
choice of frames. It would be most interesting to understand
the role played by these terms in different modified gravity
models. Related to this issue is the so-called remnant group
of f(T) gravity [26,27] which leaves the field equation
unchanged. In our model one would instead deal with
restricted coordinate transformations that would not affect
the field equations in certain settings. This is an interesting
aspect of our model that should be investigated further.

In order to study the many different aspects of our
proposed model, it appears to be sensible to consider the
following framework:

f(G,B) =G +{(G,B),
for the gravitational part of the action and

Lnatter = Limin matter [g;wv CI)] + Lpon—min matter [gﬂw D, G, B],

for the matter part. Isolating G in the gravitational action
makes it straightforward to consider the limit of general
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relativity. The inclusion of nonminimal coupling terms [66]
makes it possible to study some interesting models,
for instance, where a scalar field couples to a boundary
term [99]. If we were to consider couplings of the form
ag’B and p¢p>B, where a and /3 are coupling constants and
¢ is a scalar field, then the corresponding nonminimal
matter action would not be a true coordinate scalar, as
previously discussed. It would therefore be unnatural to
assume diffeomorphism invariance for this part of the
action alone, which agrees with our approach of consid-
ering models where diffeomorphism invariance only holds
for the total action. Assuming the flat FLRW metric, a
direct calculation shows that the cosmological field equa-
tions in the presence of a nonminimally coupled scalar field
indeed agree with the field equations given in [99]. This
should not be a surprising result at this point.

A large body of models can be explored in this way,
many of which will show features distinct to previously
studies theories. Note that in the cosmological setting our
model yields field equations identical to those of other
theories, however, this is accidental in the sense that it
requires a specific choice of tetrads and coordinates. In
general one can expected different features.

The approach outlined in this work allows the possibility
to study gravitational theories which break diffeomorphism
invariance at certain scales, for instance very small scales
where classical physics breaks down, or very large,
cosmological scales. We carefully set up the required
framework to study models of this type in a variety of
situations. The inclusion of nonminimal matter couplings
should make this framework sufficiently general for most
realistic applications. The identification of various new
boundary terms, not previously discussed in the literature,
allowed us to link our model to many previously studied
modified gravity theories.
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APPENDIX A: VARIATIONS OF THE
EINSTEIN ACTION

1. The Einstein action

Here we calculate the variations of the Einstein action
where we naturally introduce the objects M*, and E***.
The metric variation of the Einstein action (2.6) and the
matter action Spyer[g,,. @] can be written as

oS = 5SE [g,w] + 5Smatter[gﬂw CI)] =0
{ 58
- 2_/ d*x [5\/—_gG +v/=96G + 2Kﬁfer5g”” ;
K

(A1)

with G previously introduced in (2.3). Focusing on the
gravitational action and dropping the factor of 2x we have

35 = [ ov=ag (Tuyd + [ Va0, s

+ / N (A2)

where here (I',,)* is short for '} I'}, — T, I%). The first
two terms are

1 .
/5\/ _ggﬂy(ryu)zd4x = _5/ % _gégﬂo—gpo—gﬂy(l—ﬁﬂrﬁb
- Fﬁyrﬁﬂ)d“x, (A3)
/\/—gég"”(lﬁw)zd“x = / \/—gégp”(rﬁpfﬁ,, —Iﬁ%{;lﬁ}’}i)d“x.
(A4)

Next we expand ¢#5(I',,)? to arrive at

¢"8(T,,)? = g(8T5,Th, + 6T4 TG, — 80, I, — 6T4 T, )
= ¢*(8iT% + 8T — 8ub7TL, — 607 )T s,

= M oL, (AS)
Here we introduced the object
M7, = 2 VT5) — g1, — g5/ T,

(A6)

which is just the variation of G with respect to the
connection

oG
" — M, (A7)
ar, /

The object M, is constructed to be symmetric over its first
two indices to match the symmetry of the connection.

Expanding the variation of the Christoffel connection in
terms of metric variations gives
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1
61—7)6 = Eég’d (gp/{,o’ + gm{,/) - gfm,/l)
1
+ EQM (5gpﬁ,6 + 596&/) - 59/)0‘,1)

A ¢ 1 KA
= 069"9alGe + 59 (69p1.6 + 6951 = 69ps.0)

1 .
= 66”90 + 5 9% (89up.,707). (A8)
where we also define
N = 51,0, = 51006 + 310l — gk, (A9

which simply permutes indices using the Schouten bracket,
see [84]. Again we note that only the symmetric part over

the indices af of AZfﬁ in (A8) contributes.

Putting the above equations back into the integrand, we
can write the last term of (A2) as

/1/—99””5(Fﬂ,,)2d4x:/w/—gM”"K(SF;Gd“x
= / V=IM? (8579, e

1 a
+ EQK ’ (5gaﬂ,yAp£zll )d*x. (A10)

To simplify the second term, we define the new object E as
the permutation of M”°* given by

EPr = A;fffﬁ Mroh = MPra 4 pprap _ ppobr
= 20T = 24T, + 79T, — ¢ T
(A11)
|

allowing us to write

/ AV _gg/tl/(s(l"w)zcﬂx

1
= / el <5g’<igaM”"KF50 +3 Eaﬂyayéga,j> d*x.

(A12)

Integrating the second term by parts and dropping the
boundary terms, then rewriting the metric variation in terms
of the inverse metric gives

[ Vs, = [ope |
1
+ E gapgﬁaay(\/__gEaﬁy)} d4x'
(A13)

As we wish to obtain the Einstein tensor, we will simply
expand everything in terms of the connection and its
derivatives. The first term in the integrand of (A13) can
be expanded as

3G /=99:sM™ Ui, = 66" \/= 926" 9o Ui Ty
— 9" 9o T, = G190 50Tl
(A14)

The second term of (A13) involves taking the partial
derivative of E%", which leads to the following expression:

1
Efsgpdgapgﬁo'ay( \% _gEaﬁy) =V _gégpo‘ <2Fi,1r55 - ZFﬁyF‘}jp - gapgﬂyFZﬂFICD - Zgapgeyrg’ur?e + gapgﬂyr‘gnrﬁz

1 1
TG+ Ty 0, = 0, + 500,70, = 3900 ). (ALS)

The full (I

.w)? variation becomes

/ v—99" ”5(1"W)2d4x = / og’ V=9 (2F¥11F/J;0 - ngyrlljﬂ + 9/109'7 ”F}j,,l"{,’,? - g(,,,g” UF;Z’IFZU

A
+ 9,1, —0,I

1 1
o1t gvﬂgKyarri,l - Egpaguyayrl}:u> d*x.

(A16)
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2. Recovering the Einstein field equations

Putting together Eqgs. (A3), (A4) and (A16), we get a
final expression for the variation of the Einstein action:

1
5SE = / \/__g(Sg/’U |:F;’I'7r;0 - Fgurlr/l’ + Egpagnyrl};l/r‘l;ﬂ
1
- Egﬁpgﬂyr%rﬁp + ayF%g — 8[,Fﬁ_/1

1 1 .
+ 59097 0,15, = Egpgg"”ayr,éy] d*x. (A17)

The term in the square brackets is symmetric over po,
we left out the implicit symmetry brackets to make the
calculation clearer. We then recognize this to be the
Einstein tensor,

1
5Sg = / /=g0¢" (RPG - Egp"R) d*x
= / w/—gég/"’Gp(,a"‘x. (A18)
The full action variation (A1) then leads to

oS = 5SE [g,,,,] + 5Smalter[g;wv (I)] =0

1 2% SLy
—/=95¢° | G, + —— d*x=0 A19
[ 5oy (G + 25 a0 (aw)
= G,y = KTy, (A20)

where the metric energy-momentum tensor is defined by

TFV v
V=9  6¢

1
V _gf,GéG =V _gf.G 69{)0(1—‘2{)1—‘]};0’ - F;O'Fﬁg + gyGFIJ:UMﬂy/)) + EEaljyayégaﬂ .

APPENDIX B: VARIATIONS OF THE f(G,B)
ACTION

1. f(G,B) action

Here we calculate the variation of the f(G,B) action
(3.1). We begin with Egs. (3.2) and (3.3), ignoring for now
the factor of 2«:

1
6Sgrav = / |:6f(G’ B) \/___Ef(G7 B) \/__gg/)o'ég/m:| d4x7

G.B G.B
5f(G,B):af(aG )5G+8f(aB )

5B, (B1)

where G and B are defined in (2.3) and (2.4),

- (),

We will use the following shorthand notation for deriva-
tives, f ¢ = 0f(G.B)/0G, f g = 0f(G,B)/0B, etc. First
we will look at the variation of the bulk term and then the
variation of the boundary term. Note that most of the
calculations for 6G were covered in the previous Appendix.

G = ¢*(Thl, ~Til%,),

2. Bulk term

In Appendix A we calculated the variation of the bulk
term, so using Eqgs. (A4) and (A12) we can write

1
6G =8¢ (T T} =Tl + 9o UiuM*™ ) + EE"/’Vayégaﬁ.

Using the definition of M*, (A6), we can write the term in the curved brackets above as

V _gf.Gég/m[(Fﬁpr}%ﬂ - F,};O'Fij) + (2-9”&96}’1—‘}:1/1—‘;?,1 - gyygrryl—‘/ywr‘ﬁ/) - gﬂg(wr;/)l—";j)]'

Finally, the last term in (B3) is integrated by parts,

1 1
5/ V=9f GE™(84,p.,,)d*x = boundary terms — 5/ 89ap0,(/—9f GE*")d*x

1
= 2/{\/ _gég/ma}/(f.G)E/)ay + 5guﬂgapgﬁ6f.Gay( V _gE(lﬂy)]d4x’

Apt Yo
(B2)
The first term of the integrand (B1) is then
(B3)
(B4)
(B5)

where the boundary term proportional to 8,4 does not contribute. We already calculated 9, (/= gE®"), so the second term

in the final line of (B5) is just f ¢ times (A15):
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1
Eégaagapgﬁaayfﬂ( Vv _gEaﬁy) Y, _gégpaf,(} ZFiAFZG - Zrﬁl/r;p - gapgﬂyr%rlzb - 2gapgwr£vr;le + g(xpgnyr;}nrf;/l

1 1
+ gapgﬂ UF/};DFJ% + gpggnvrzyrl;ﬂ + 87F£6 - aprfnl + Egapglc yayrﬁz - Egpagﬂbayr‘/};u .
(B6)
From comparison with Appendix A 2, we can immediately notice that the terms inside the square brackets of Eqgs. (B4)

and (B6) almost give the Einstein tensor, but they are missing the variation of the metric determinant multiplied by G (A3).
We therefore have that our final variation of the bulk term is given by

1 1
[ vAat o= [ y=gar [f,c (Gpg + Egng) + ngJayf_G] d'x. (B7)
|
3. Boundary term The second term we split into three calculations:

The variation of the boundary term is

o Yo (M) Lo (B ) =0(5))

V4 —9g V4 —g \V/ -9 V ) 1 2 3
(BS) v m
= oML T oo )}
=—=0, = = ) = ,
The first term gives g g g g
(B10)
1 9,(99") 1
Y 59””(%( £ =-69"g.,4B. (BY)
2\/=9 ’ vy 2 ’ where the first term is given by
|
1
——
1 aﬂ(éggﬂl/) _ 1 B 7l v | v o v v N my aff
—_q Y — - == - unYap nalnp = Gop\L un un —09Y9ap 0 .
\/—gé’ N \/—ga{\/gég"[2l“gg"+2 9up@" = Gap(Cun g™ + Ty @) + V/=990p9" 0, (597 }
(B11)
For the second and third term we find
2
1 0,(96¢") 1
g —
Fg.ap[ o |- 0LVl 0,00 (B12)
3
1 1 1 o
\/—_—gau |:a;4 (ggﬂp)(s(\/—_—g)] = \/—_—gay |:\/ _géga/j |:7ﬂ (Fll:l?gm/ + F;l:r/g/m) - FZ'?gaﬂgm:| :| . (B13)

Collecting these together gives
1 1 1
\/—_—gau{ vV —9 [59043 <§gaﬁgﬂyFZ'l - zgaﬂgﬂqrrm + 29;7/39””1—% - 25?1?%) + gaﬂg#yaﬂ (5gaﬁ) - 8/4 (5gﬂy>:| } (B14)

The total variation of B can then be written as
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1 1 1 1
oB = 55941 P 9p B + \/—_—gau{ V=9 {59# <§ Japd" Uin = Egaﬁgﬂ "y + 20,59 Ujia — 2651 /7;],>
+ gaﬁgﬂyaﬂ (59(1/}) - aﬂ (5gyp):| } (BIS)

Substituting 6B (B15) into the variational integral (B1) yields
A

1 1 1
/ V=f wSBd'x = / E\ﬁ—gf,ség“/’gaﬂBd“x+f,38y{\/— [w( Gap T Egaﬂgwrzn+2gnﬁg””rza—25?f2y>

B

A

D34 —aﬂ<5gﬂ”>] }d (B16)

where we perform integration by parts once on the A terms and twice on the B terms:

A

1 1
/f,Bay |:\/ _gégllﬂ (Ega/}g’wr;l'? - _g(l/)’gynFZn + 29nﬁgﬂyrza - 2621—‘@} d4x

1
= boundary terms — / 5q*°0,(f B)< Gapd"“ Tty — —gaﬂg’”’ v+ 20,9 Tia — 25”1%,) d*x, (B17)

B

/ £ 50,13/ =0(9p8" 0, (86 — 0,(3¢"™))]d*x = boundary terms / 0,(F 5)v/=G(0up 0, (547) — B, (5¢))d*x

= boundary terms + / 89 (0,(\/=990p9"* 0.f B) = Oul\/=904f »)ld*x.
(B13)

with all boundary terms proportional to &g,, and 9dg,, vanishing. Expanding the partial derivatives of (B18) gives

/ P10,/ TP 1) — Oul /=GO )lx = / VTG0, (f )20y Tl — o] = 0,(f )T
+ auay(f,B)gpo'glw - 8p80'(f,]3)]d4x‘ (B19)

Putting equations (B17) and (B19) into our expression for the boundary variation (B16), and canceling off terms, we
arrive at

1 1
/\/_—gf.BéBd4x = /5gp6\/_—g|:5f,ngoB -0 ( B)|: gpagﬂ Hn +3 gpog/m 51‘;r*}’)y:|

+ ayau(f )g/)ﬂgﬂ (f B):| (BZO)
Lastly, let us rewrite the connection pieces in terms of partial derivatives of the metric:

1 1 1
/ vV _gf,BéBd4x = / vV _g(sg/)o' |:§f,Bg/mB + g/maﬂaﬂf,B o—f B+ zgfm (gﬂ ) uf B \/_—ga/)(\/ _g)ao'f.B:| d4x

(B21)
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4. f(G,B) field equations
The full variation of the gravitational f(G, B) action is given by the variation of the bulk term (B7), the boundary term

(B21) and the metric determinant

SSgray = i/ {H(MéG LUGB) oy

) =376 B) =07 |

1 1 1
= ﬂ/ V=969"° [f;(; <Gpa + EQMG) +5 5 E,0,f ¢ — Eg/"’f(G’ B)
1 1
* Eg/mf’BB + g/maﬂa”f’B /’aﬁf’B + Eg/)o'a ( ) l/fB +— /)(\/_)a(rf,B:| d4x. (B22)

Including the matter action Sy, [,,- @], the variation of the total action Sy, = S erav T Smatter 1€2ds to the field equations,

of

2

1 1 af\ 1 1 of of
U (Gt ) + 3070, (2L) =416 B + S 2 0000, (25) 0,0, (L)

1 of 1 of
2 v 9, ) =T B23
#39m0,(90. (55 ) + =00 (V0 (aB) AT, (B23)
where the metric energy-momentum tensor is defined as
6L , D
T, = ——= M[gﬂj ] (B24)

Note that we have explicitly symmetrized over p and ¢ in the field equations (B23).
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