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Distinct thermodynamic and dynamic effects produced by scale factors
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We study the thermodynamics and dynamics of high-dimensional Einstein-power-Yang-Mills black
holes in conformal gravity. Specifically, we investigate a class of conformally related black holes whose
metrics differ by a scale factor. We show that a suitable scale factor cures the geodesic incompleteness and
the divergence of Kretschmann scalars at the center of black holes. In the aspect of thermodynamics, we
analyze the Hawking temperature, the entropy, and the specific heat, and verify the existence of second-
order phase transitions. We find that the thermodynamics of this class of conformally related black holes is
independent of scale factors. In the aspect of dynamics, we find that the quasinormal modes of minimally
coupled scalar field perturbations are dependent on scale factors. Quite interesting is that the behavior of
quasinormal mode frequencies also supports the independence of scale factors for the second-order phase
transitions. Our results show that the scale factors produce distinct thermodynamic and dynamic effects in
the conformally related Einstein-power-Yang-Mills black holes, which provide an interesting connection
between thermodynamics and dynamics of black holes in conformal gravity.
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I. INTRODUCTION

General relativity (GR) is the most widely accepted
theory of gravitation because it has been tested by numer-
ous observations [1]. Here we mention some recent
experimental tests in support of GR from various aspects,
such as from the gravitational wave [2], black hole imaging
[3], x ray [4], etc. Despite the convincible experimental
supports, GR encounters multiple severe problems. First of
all, the singularity at the center of black holes is inevitable,
where the curvature is divergent and the current theory
comes into failure. It is hard to believe that a physically
complete theory would allow the existence of divergence.
Second, GR encounters failure when it is directly applied
into the area of cosmology. GR was modified [5] to include
a cosmological constant to explain the cosmic inflation.
From the perspective of modern views, the introduction of
the cosmological constant term is merely a compromised
disposal in order to explain the cosmic inflation; however, it
does not provide an ultimate answer about the physical
origin of this term. Meanwhile, it seems to be impossible to
explain the observed line speed of the stardust on the
galactic arms within the frame of GR because the gravity
produced by the luminous matter in the galaxy cannot
prevent the stardust from escaping with such a high speed.
Although many fancy hypotheses have been proposed to
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explain these two difficulties, such as the dark energy (to
explain the cosmic inflation) and the dark matter (to explain
the speed of galactic stardust) [6], a persuasive experi-
mental confirmation of these hypotheses is still beyond our
reach. Third, a satisfactory theory of quantum gravity has
not been established. The essential problem is that GR is
nonrenormalizable in the perspective of quantum field
theory, and many theories in which gravity is consistent
with the frame of quantum theory are very complicated in
formalism, e.g., string theory [7]; thus, they fail to make
applicable predictions for physical observations.

The three problems mentioned above imply that GR is
probably not the ultimate theory of gravity, which prompts us
to consider other possible schemes, such as conformal
gravity. As early as 1918, Weyl found [8] a theory of gravity
different from Einstein’s, in which not only the diffeomor-
phic invariance but also the conformal invariance was
considered. In a system already endowed with the diffeo-
morphic invariance, such as GR, the conformal transforma-
tion is equivalent to the Weyl transformation. Thus, we
identify the conformal transformation with the Weyl trans-
formation and sometimes refer to the Weyl factor as a scale
factor. The conformal invariance is a strong constraint, under
which the freedom of choice of actions is very limited. The
original conformal action of gravity was constructed [8] to be
square of the Weyl tensor in the four-dimensional space-
times. However, such an action has no conformal invariance
in the dimensions other than four due to the specific scaling
behavior of the Weyl tensor. Therefore, an alternative version
of conformal gravity was given [9] in which a massless scalar
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field was introduced. The invariance of all physical quantities
under the conformal transformation implies that the con-
formal invariance can be regarded as a gauge symmetry of
spacetimes. However, it is obvious that the Universe we live
in does not possess the conformal invariance; otherwise, all
the fundamental particles would be massless. It was sug-
gested [10,11] that the conformal symmetry was simulta-
neously broken in the early stage of the Universe, similar to
the simultaneous breaking of electroweak gauge symmetry
in some sense, and all the equivalent solutions of conformal
gravity became solutions of inequivalent gravitational the-
ories, e.g., the conformal action could reduce to the Einstein-
Hilbert action. Since there exists an extra degree of freedom
for the choice of conformal transformations in conformal
gravity, one can remove the singularity of conformal gravity
at the center of black holes. For instance, the initial big bang
singularity of the Friedman-Robertson-Walker (FRW) model
is actually nonsingular if measured [10] by the Weyl tensor.
As aresult, the FRW spacetimes are conformally equivalent
to the flat spacetimes, i.e., the appearance of singularity is
simply caused by an improper choice of scale factors.
Moreover, the inflation of Universe and the problem of
galactic stardust could be well explained [12] in conformal
gravity without introducing dark energy and dark matter,
respectively. It was also suggested [13] in string theory that
the conformal symmetry is an important property of the
ultimate quantum gravity theory since the nonrenormaliz-
ability can be fixed in conformal gravity. Generally speaking,
the conformal symmetry is important even necessary if one
wants to overcome the defects of GR.

As is known, Yang-Mills fields have been proved to be
an exception of the black hole (BH) no-hair theorem in both
GR [14] and conformal gravity [15,16]. Furthermore, the
achievement of Yang-Mills theory in particle physics is so
remarkable that the standard model has been established;
see, e.g., the monograph [17]. On the other hand, the theory
of Yang-Mills fields coupled to Einstein’s gravity, i.e., the
Einstein-Yang-Mills (EYM) theory has been developed
[18,19], where numerical and analytic BH solutions have
been found in various dimensions. The dynamical proper-
ties of high-dimensional EYM black holes have been
investigated [20] recently through the resonance behaviors
of EYM BHs under scalar field perturbations, characterized
by quasinormal modes (QNMs) [21-24]. QNMs are eigenm-
odes of oscillation of a dissipative system and thus they
consist of a real part (Rew) denoting the pure oscillation and
an imaginary part (Imw) denoting the timescale of damping.
The behaviors of Rew and Imw represent BHs” dynamic
responses to perturbations. Based on the significance of
conformal gravity mentioned in the above paragraph, it is
warrant for us to combine the Einstein-power-Yang-Mills
(EPYM) theoryl with conformal gravity, i.e., to find the BH
solutions of the conformally related EPYM theory, to analyze

"t is an extension of EYM theory. For the details, see Sec. II.

the thermodynamics and dynamics of these BHs, and
investigate the relationship between thermodynamics and
dynamics.

The outline of this paper is as follows. In Sec. II, we briefly
review the conformal gravity and EPYM theory, and then
generalize the static spherically symmetric EPYM BH
solution to its conformally related one, i.e., the conformal-
Einstein-power-Yang-Mills (CEPYM) BH solution. We
calculate the Ricci scalars and Kretschmann scalars of the
CEPYM BHs and find that their divergence at the center of
black holes can be removed by choosing a suitable conformal
transformation. We also verify the geodesic completeness in
the CEPYM BH spacetimes. In Sec. III, we focus on the
thermodynamics of the CEPYM BHs by analyzing the
Hawking temperature, the entropy, and the second-order
phase transition. We then turn to the dynamics of the CEPYM
BHs by computing the QNMs of minimally coupled scalar
field perturbations in terms of the sixth-order WKB method
in Sec. IV. The reason why we restrict our attention to the
minimally coupled scalar filed is to connect the dynamics and
thermodynamics of the CEPYM BHs. Finally, we present our
conclusions in Sec. V.

II. EPYM BLACK HOLE IN
CONFORMAL GRAVITY

In a gravitational system with a diffeomorphic invari-
ance, the essence of conformal transformations is the Weyl
transformation, which is simply the metric g, being

multiplied by a scale factor Q2(x),

G = L2 (x) g0 (1)

and the transformation of the determinant ,/—g depends on
the spacetime dimension D,

V=§=2°(x)v=g. (2)

The action of conformal gravity proposed by Weyl [8] takes
the form

IW = /de V _gcﬂy(wcﬂbap’ (3)

where two Weyl tensors are fully contracted with each
other. Note that the original Weyl tensor is C,,,,”, which is
invariant under the conformal transformation, Eq. (1).
However, when index p is lowered, the covariant tensor,

Clwop» 18 NO longer invariant,
C,uwfp = Qz (X) C;wo‘p? (4)

and neither is its contravariant tensor,

Qreer — Q6 (x) Cer, (5)
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In the four-dimensional spacetimes, /=g gives the scale
factor Q*(x); see Eq. (2). Thus, the Weyl action, Eq. (3), is
invariant under the conformal transformation. However, in
dimensions other than four, this action is not conformally
invariant.

Here we focus on an alternative action of conformal

gravity [9],
/de\/_qﬁ(lD—zRgb D¢>

where ¢ is a massless scalar field, R the Ricci scalar, and
O = g¢"*V,V, the covariant d’Alembertian. As shown in
Ref. [9], Eq. (6) is invariant under the conformal trans-
formations of g,, and ¢ as follows:

(6)

(7)
(8)

where Q(x) is the scale factor which is an arbitrary smooth
function and respects the asymptotic structure of space-
times. In our following contexts, g,, will describe an
EPYM black hole, the scale factor Q?(x) will properly
be chosen due to the conformal invariance, and thus the
metric g, which describes a family of conformally related
EPYM black holes will be determined by Eq. (7).

gﬂb =’ (x)gyw

¢ = Q5 (x)g.

A. Metric of CEPYM black holes

We focus on SO(D — 1) Yang-Mills fields coupled with
Einstein’s gravity, i.e., the analytic solutions of EYM black
holes [19,25-27] and of EPYM black holes [28].

Here we adopt only the first branch with 4 # D — 1
because we shall construct our CEPYM theory which will
possess the conformal invariance when 4g = D and A = 0.
The static spherically symmetric black hole solution of
Eq. (10) under Wu-Yang ansatz [29,30] reads

ds?> = —f(r)d? +J%r)dr2 + r2dQp_,, (12)

) =1~ s (1)
_(D=3)(D-2)Q%)"

Q1= (D-2)(D—-1-4q)’ (14)

In SO(D — 1) gauge theory, the Yang-Mills invariant has
the form

(D-1)(D=2)/2

D

a=1

Fym = Fg o,

©)

where F4, = 9,A% — 0,A% +5-C4 AbAS are the field
strengths of SO(D — 1) Yang-Mills fields with the structure
constants Cj. and coupling constant ¢, and Ay are the
gauge potentials, the Latin indices, a,b,c,... =1,2,...,
(D—1)(D-2)/2, represent the internal space of the
gauge group, and the Greek indices, u,v,a,p,... = 0,1,

D — 1, describe D-dimensional spacetimes. The action
of SO(D —1) gauge theory, Iyvy = —13 [ dPx\/=gF ym.
is conformally invariant only in the four-dimensional
spacetimes.

In order to have a conformally invariant version
in D dimensions, a power-Yang-Mills (PYM) invariant,
(Fym)?, should be introduced, whose action, Ipyy =
—1 ['dPx,/=g(Fym)?, has the conformal invariance when
the power exponent ¢ satisfies 4g = D. According to
Ref. [28], the EPYM action takes the form

Tepym ——/de\/_[ - (Fym)?], (10)

which reduces to the EYM action if ¢ =1, and the
solutions of Eq. (10) are

3)(D=2)0%)
0, 2)(D—1-4q) ° 4qg #D —1, (11)
0 — DI

where Q is the only nonzero gauge charge of SO(D — 1)
gauge group and M the BH mass. Note that the EPYM
action has no conformal invariance although its second
part, see Eq. (10), the PYM action has such an invariance
when 4g = D

By combining Egs. (6) and (10), we generalize the
EPYM theory to conformal gravity and write the CEPYM
action,

ICEPYM——/de\/—(——R¢2 ¢D¢—(-7:YM)">,
(15)

which is invariant under the conformal transformations,
Egs. (7) and (8), when D = 4¢q. Note that the CEPYM
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FIG. 1. The lapse functions of four, five, and six dimensions with respect to the dimensionless radial coordinate. When Q = 0.100, the
horizon radius is 2.00, 1.15, and 1.00 in four, five, and six dimensions, respectively.

action reduces to the EPYM action when the conformal
(Weyl) symmetry is simultaneously broken with the spe-

cific choices of ¢ = 24/5=1 and Q?(x) = 1.

After the Weyl symmetry breaking, different scale
factors correspond to different conformally related space-
times, which results in different observational signatures.
Here we take the scale factor suggested in Ref. [11],

ym59%+20+§Yf (16)

r

where N € NT is a free positive integer parameter called
the scale exponent of conformal transformations and L a
length scale. We can see that the scale factor reduces to
unity when L < r. In this limit, the EPYM theory is
recovered. Moreover, this scale factor was also chosen in
Refs. [31,32] where a conformally related Schwarzschild
BH was obtained and its QNMs of scalar, electromagnetic,
and axial gravitational perturbations were computed. As a
result, we obtain from Eqgs. (7) and (12)—(14) the metric of a
conformally related EPYM black hole, in short, the metric
of a CEPYM black hole,

1
mdl’z + rdeD_z .

It is worth mentioning that Eq. (17) actually represents a
family of CEPYM BH spacetimes which are related by the
scale factor Eq. (16). Next, we shall show that the Ricci

d3? = .Z(r) | =f(r)df* + (17)

scalars and Kretschmann scalars of the CEPYM BH
spacetimes have no singularities everywhere by choosing
a suitable scale exponent and verify that the geodesic
completeness is guaranteed in the CEPYM BH spacetimes.

For the sake of convenience in the following discussions,
we introduce the dimensionless rescaling of r, L, and Q,

r L 0 2
o~ e b pmmo) ¢
(18)

Note that we still use the same symbols for the radial
coordinate and length scale but replace the charge by O
after rescaling, which will not cause confusion in the
contexts below. The lapse function Eq. (13) can be recast
into the form consisting of dimensionless quantities,

A

4 0,

f(r):1_(D—2)rD_3_rD_2’ (19)
Q _ ((D - 3)(D _2)Q2>q (20)

T (D-2)(D-1-4q)°

but the form of .(r), see Eq. (16), maintains unchanged
under such a dimensionless rescaling.
We plot the image of Eq. (19) in Fig. 1, where the

conditions that horizons exist can be seen clearly, i.e., O <
1.00 in four dimensions, Q < 0.514 in five dimensions, and
Q < 0.357 in six dimensions. In particular, these conditions

024002-4



DISTINCT THERMODYNAMIC AND DYNAMIC EFFECTS ...

PHYS. REV. D 104, 024002 (2021)

N=2 N=3
100 115 2.00 ‘ — oz i 15E 1.00 115 2,00 ——
4t 1 e
— b5 — b=5
3 ol 1.0f \ o
2 0.5 ]
R 1t \\ R \_:%
0.0
0 %
- V B \/
-2k ‘ -1.0f, X X .
0 1 2 3 4 5 0 1 2 3 4 5
r r
N=10
0.2F 700115 200 ‘
0.0
ozt |\
R -0.4}
-0.6¢ E———n
-0.8} — p=5 ]
-1.0t — D=6 1
0 2 4 6 8
r

FIG. 2. The Ricci scalar with respect to the dimensionless radial coordinate r, where Q =0.1,L =1,and N = 2, 3, 10. The vertical
lines mark the horizon positions in four, five, and six dimensions.

also give the horizons of the extreme BHs when the

dimensionless charge Q approximately takes 1.00, 0.514,
and 0.357, respectively. Moreover, the CEPYM BH has

only one event horizon when Q = 0.100, where the horizon

radius . = 2.00, 1.15, 1.00 in four, five, and six dimensions,
respectively, and such a case will typically be chosen for
analyzing the divergence or convergence for the Ricci scalars
and Kretschmann scalars in Figs. 2 and 3, respectively.

N=0 N=2
‘ 0 1.2F : ‘
F - 1.00 1.15 2.00 — D=4
0.4 s 1ol —
0.3t —— b6 0.8} b ]
0.6
Koz K
0.4}
i ol &
Me——
0.0f 1.00 115 2.00 ‘ ‘ ‘ 0.0 ‘ |
1 2 3 4 5 0 1 2 3 4 5
r r
N=3 N=10
0_25_‘ 100 115 2.00 ——— 0_04_‘ 1.00 1.15 2.00 ‘
0.20f 0.03t
0.15f
K K 0.02f
0.10f
0.05¢ 0.01¢
0.00 — 0.00
0 1 2 3 4 5 0 2 4 6 8

FIG. 3. The Kretschmann scalar with respect to the dimensionless radial coordinate r, where Q =0.1,L=1,and N =0, 2, 3, 10.
Note that the case of N = 0 corresponds to EPYM BH spacetimes, which is attached for comparison. The vertical lines mark the horizon
positions in four, five, and six dimensions.

024002-5



YANG LI and YAN-GANG MIAO

PHYS. REV. D 104, 024002 (2021)

B. Ricci and Kretschmann scalars of CEPYM
black hole spacetimes

The Ricci scalar is defined as the trace of Ricci tensors,
R=g"R,. (21)

As shown in Ref. [28], the trace of the EPYM field equation
vanishes, ie., T =%PR=-1(D—-4q)(Fym)?=0
when 4g = D. Therefore, the Ricci scalar vanishes,
namely, R = 0 if 4¢ = D. For the CEPYM black holes,
when substituting Egs. (16), (17), (19), and (20) into
Eq. (21),”> we obtain the corresponding Ricci scalars to
their first orders in the vicinity of r = 0 in the four-, five-,
and six-dimensional spacetimes as follows:

P (24N? + 12N)Q N4,

4~

L4N
P (96v/6N? + 32v/6N)) 04 LAN=S
5~ L4N 5

- LDV 000
L

(22)

P (28 + 40N + 104N? — 64N> + 96N*)Q?

It is obvious that they are convergent in the limit of » — 0
as long as 4N > D.

We turn to the Kretschmann scalar defined as two fully
contracted Riemann tensors,

K = R“"R,,,,. (23)

For the EPYM black holes, we obtain the Kretschmann
scalars to their first orders in the vicinity of » = 0 in four,
five, and six dimensions by substituting Eqgs. (12), (19), and
(20) into Eq. (23),

280°
K4 ~ rS .

4201/60°"?
K5 ~ —rlo s

298080°
K6 ~ T N

(24)
which are singular at » = 0. For the CEPYM black holes,
when substituting Egs. (16), (17), (19), and (20) into
Eq. (23), we obtain the corresponding Kretschmann scalars
as follows:

) s P2(4N=4)
o (420V6 1 288VEN + 1040V/6N> — STOVEN® + T68VEN4OY? 1y )
5~ 8N )
L
o (29808 + 12096N + 56160N> — 27648N° + 34560N*) 0 2(4N-6). (25)

6~ 18N

Apparently, they are convergent in the limit of » — 0 as
long as 4N > D. We notice that the constraint of N for the
CEPYM BHs is stronger than that given in Ref. [32] for
conformally related Schwarzschild BHs, which implies that
the Kretschmann scalars in the CEPYM BH spacetimes
will be divergent at the center of black holes if N is not
large enough in higher (than four) dimensions. Therefore,
we conclude that 4N > D is the condition to remove the
singularity of the Ricci and the Kretschmann scalars in the
CEPYM BH spacetimes.

In order to have a more intuitive description, we present
the relationship between the Ricci scalar and the dimen-
sionless radial coordinate r in four, five, and six dimensions
in Fig. 2, where the Ricci scalars in the EPYM BH
spacetimes (N = 0) are not shown because they apparently
vanish in any dimensions as discussed above.

From Fig. 2, we can see that the Ricci scalars in the
CEPYM BH spacetimes (4N > D) vanish at both r =0

’In the contexts below, the condition q=D/4 will be
considered without explanation each time.

and r — oo, which implies that the EPYM BHs and the
CEPYM BHs are alike asymptotically. However, there is
a major distinction between these two kinds of BHs in
the near-horizon region. As we know, the Ricci scalar
actually equals the trace of energy-momentum tensors. It
is zero [28] for the EPYM BHs since the Yang-Mills
field is conformally coupled to gravity and the condition
4q = D is matched, but the situation is different for the
CEPYM BHs, i.e., the Ricci scalar can be positive and/or
negative outside an event horizon. The reason is that the
trace of energy-momentum tensors includes an extra
contribution from the scalar field ¢ which is related to
the scale factor via Eq. (8). Although the Yang-Mills field
still does not contribute to the trace, the scale factor is
responsible for the nonvanishing trace of energy momen-
tum tensors, and hence the nonvanishing Ricci scalar.
Note that the null energy condition requires a positive
trace of energy momentum tensors. In the regions where
the Ricci scalar is negative, the null energy condition is
violated and the gravitation becomes repulsive rather than
attractive.
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Now we turn to the relationship between the
Kretschmann scalar and the dimensionless radial coordi-
nate r in four, five, and six dimensions in Fig. 3.

From Fig. 3, we can see that the Kretschmann scalars in
the EPYM BH spacetimes (N = 0) are indeed singular at
r =0, but they have no singularity in the CEPYM BH
spacetimes (4N > D). In addition, the geometries of the
EPYM BHs and CEPYM BHs are similar when r > 1
since the Kretschmann scalars of the two classes of BHs
decrease when r increases in a large r region.

C. Radial geodesic

Now we prove the geodesic completeness in the CEPYM
BH spacetimes by following Refs. [10,33]. The equation
that describes the radial geodesic motion takes the form

gtti2 + grri"2 = _617 (26)

where the dot represents the derivative of coordinates with
respect to the affine parameter 7, e.g., t = dt/dz, and §,
equals zero for a null particle and one for a timelike
particle. The energy is constant for any freely falling
particles; here we restrict the attention to particles with
only radial motion. The momentum related to the time
component is as follows:

P, = g,t = —E. (27)

Combining Eq. (26) with Eq. (27), we obtain the affine
parameter in terms of integration with respect to the radial

coordinate r,
Ti
At = / dr, [-—Jndr__ (28)
rs 619y + E

where r; represents the initial position of motion and r the
final position. When substituting Eq. (17) into Eq. (28), we
derive the affine parameter in its convenient form in the
CEPYM BH spacetimes,

g | 0P
Ar= /, d \/ E =65, (nNf(r) (29)

In the following analyses, we shall adopt the dimensionless
parameters introduced in Eq. (18) for convenience.

For null geodesics with §; = 0, the affine parameter is
independent of the lapse function and spacetime dimension
D. We plot the graph of the affine parameter with respect to
ry in Fig. 4, where we fix the value of r; and vary the value
of r;. In the EPYM BH spacetimes with N = 0 and 6, = 0,
the integrand of Eq. (29) is a constant, so the affine
parameter increases linearly as r; approaches the center
of black holes; see the blue line in Fig. 4. In the CEPYM
BH spacetimes, a particle moving toward the center of

200
180}
160}

At 140}

1201
100}

00 02 04 06 08 1.0
re

FIG. 4. The affine parameter with respect to r, where £ = 0.1,
L =0.2, and r; = 10.

black holes along the radial null geodesics actually never
reaches the center in a finite affine parameter, because the
affine parameter is divergent when r; approaches the
center; see, for instance, the cases of N = 1, 2, 3. Here,
the constraint 4N > D is not needed, since Eq. (29) with
01 = 0 does not include any information about spacetime
dimensions. As a result, the radial null geodesics are
incomplete in the EPYM BH spacetimes but complete in
the CEPYM BH spacetimes. Since the affine parameter of
null geodesics is irrelevant to the lapse function in Eq. (29)
due to §; = 0, a more general conclusion can be obtained:
null geodesics in the spacetimes described by Egs. (16) and
(17) with an arbitrary lapse function share the same
behavior shown in Fig. 4.

For timelike geodesics with §; = 1, the result of inte-
gration Eq. (29) cannot be expressed analytically due to the
complicacy of the integrand. Instead, we expand Eq. (29) in
the vicinity of » = 0 and analyze its approximate formu-
lation. Starting with Eqgs. (26) and (27) and considering the
dimensionless rescaling of Eq. (18), we obtain the approxi-
mate formula assuming r < 1,

; 2
2 _ 0, AN+2— E 8
i —LM\,r[VJr D+L8NrN. (30)

Now, we discuss the competition of the two terms on the
right-hand side of Eq. (30). There are three situations.
(@) When4N + 2 — D > 8N, the first term is infinitesimal
compared to the second term and can be omitted. Note
that4N + 2 — D > 8N is equivalent to D < 2-4N and
that the scale exponent N is a positive integer as well
as the spacetime dimension D. In conclusion, the only
allowed value of N is zero, which means that the
CEPYM BH spacetimes reduce to the EPYM ones.
The spacetime dimension now satisfies D < 2, i.e.,
D = 0, 1. In this case, the spacetime geometry is trivial
since there is no gravitation in the dimensions lower
than 2.
(b) When 4N +2 — D < 8N, the second term on the
right-hand side of Eq. (30) is infinitesimal compared
to the first term and can be omitted. Now, Eq. (30)
leads to
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_V 0, p2N+1-D/2

= (31)
The constraint 4N > D obtained in Sec. IIB can
be written as 4N +2—D >2. Combining with
4N +2 - D < 8N, we have 8N > 4N +2—-D > 2.
For simplicity, we introduce a parameter defined as
a=2N +1—D/2. Equivalently, we have 4N >a > 1.
The integration of Eq. (31) with respect to r can be
expressed as

L2N T
- Vv Q1 Ty

When the lower bound of « is reached, i.e., a = 1 or
4N = D, Eq. (32) leads to

Az r-4dr. (32)

L2N
AT:—A(lnri—lnrf), (33)

e

which implies that the proper time is logarithmically
divergent when ry — 0. When a > 1, Eq. (32) leads to

At =

LN 1 1
Vaa ) o

which implies that the proper time is divergent in
power law when r; — 0.

(c) When 4N + 2 — D = 8N, the two terms on the right-
hand side of Eq. (30) have the same order and none of
them can be omitted. The proper time becomes

L3N R E2\ -1/2 1 1
sy (O gw) ()
(35)

The condition under which Eq. (35) diverges is
4N > 1. Because spacetime dimension D is of course
larger than 1, we have 4N > D > 1 for the CEPYM
BH spacetimes, which gives rise to the completeness
of the radial timelike geodesics.

As a summary of this section, we have proven that the
Ricci scalars and Kretschmann scalars are convergent at
r = 0, and both the null and timelike geodesics are complete
in the CEPYM BH spacetimes with 4N > D, which means
that such CEPYM BH spacetimes have no singularity.

III. THERMODYNAMICS OF CEPYM
BLACK HOLES

In this section, we study the Hawking temperature, the
entropy, and the second-order phase transition of the
CEPYM BHs. The thermodynamics of conformally related
black holes has been investigated [34,35]. Here we focus on

a CEPYM BH and find that it has a second-order phase
transition, which is probably the first example of confor-
mally related black holes whose phase transition is
revealed.

A. Hawking temperature

The discussion about the Hawking temperature is the
preparation for us to investigate the specific heat and
second-order phase transition. In this way, we can make
a comprehensive analysis of thermodynamics for the
CEPYM black holes.

The Hawking temperature is

Kn
Ty =2
™o (36)

where ky is the surface gravity at an event horizon which is
defined as

Ky = —%VMDV”)(’“ (37)

r=ry

In a D-dimensional static spacetime, y, is the timelike
Killing vector, y* = (1,0, ...,0), and r is horizon radius.
For a CEPYM BH, the Hawking temperature takes the
form,

_ W)

_f(n)
Tn = 4n.S(r) -

4

, (38)

r=ry

r=ry

where the prime represents the derivative with respect to the
radial coordinate r and the definition of r, i.e., f(r,) =0
has been considered.

Using Eq. (19), we rewrite Eq. (38) in the dimensionless
formalism,

Ty

L) - (-3 - 20|

"4z | D-2
(39)

where the horizon radii in the four-, five-, and six-
dimensional spacetimes have the following forms:

=3 (204 15) @9
;( B(O)+ |-B(0)+ 32@ - 0=9)

with A(Q) and B(Q) defined by
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FIG. 5. The Hawking temperature with respect to the dimen-
sionless charge 0, where Qexl approximately equals 1.00, 0.514,
and 0.357 for the four-, five-, and six-dimensional extreme
CEPYM BHs, respectively.

AQ) = {/\/729\/6Q5 — 64 —27v602,
_ 8v2V30°
{/\/1 —6144/30° + 1

. \3/\/1 —6144\30° + 1

For the extreme BHs in four, five, and six dimensions, we
obtained the values of Q in Sec. IL A, i.e., Qext ~ 1.00,
0.514, 0.357, respectively. Substituting these values into
Egs. (40) and (41), we calculate the horizon radii of the
three extreme BHs, r¥*' ~ 1.00, 0.667, 0.630, respectively.

We plot the graph of the Hawking temperature with
respect to the dimensionless charge for the four-, five-, and
six-dimensional CEPYM BHs in Fig. 5. The Hawking
temperature barely changes until near each extreme region,
and then it rapidly diminishes and approaches zero. This
phenomenon coincides with the third law of BH thermo-
dynamics: the absolute zero that corresponds to the
Hawking temperature of extreme BHs is unreachable
due to the unreachable extreme configuration during the
Hawking radiation.

B(Q)

(41)

B. Entropy

We start with investigating the area of event horizons for
the CEPYM BHs, which is different from that for the
EPYM BHs because the scale factor imposes a nontrivial
correction to the area of event horizons,

27.[(D—1)/2r2—2
NG

(42)

Apy = /dﬁl...dﬁD_zx/ﬁz [Z(r,)] P2/

where Ap_, denotes the area of a (D — 2)-dimensional
spherical surface, 6;, i =1,...,D — 2, the D — 2 angular
coordinates, & the determinant of the induced metric on the

’

horizon r,, and I'(x) the Gamma function. In four, five, and
six dimensions, Ap_, yields

Ay =4S (r )ar2,
Ay =2 (r PR,
87 )P

A, =
4 3

(43)

Substituting Egs. (16), (40), and (41) into Eq. (43), we
plot the graph presenting the area of event horizons with
respect to the dimensionless charge in four, five, and six
dimensions in Fig. 6, where the cases of N =2, 3, 10
are taken for the CEPYM BHs and the case of N =0
which corresponds to the EPYM BHs is attached for
comparison. Dimensionless parameter L is set to be unity
for convenience. From this figure, we find that the area of
event horizons of a CEPYM BH increases when the BH
approaches its extreme configuration but that of a EPYM
BH decreases. The reason is that the scale factor has a
nontrivial impact on the horizon area in the CEPYM BH
spacetimes. In particular, the horizon area of a CEPYM BH
is larger than that of a EPYM BH by several orders in
magnitude. This blowup of horizon areas is caused by the
scale factor .#(r) which equals a factor (larger than one) to
the (2N)th power; see Eq. (16). As a result, when N
becomes large, the area also becomes large.

The behavior of the horizon area with respect to the
spacetime dimension in the CEPYM BH spacetimes is also
different from that in the EPYM BH spacetimes. In the
former case, the horizon area in higher dimensions is larger;
however, it is just the opposite in the latter case. Moreover,
the disparities between the areas in two different dimen-
sions increase with the increasing of the scale exponent in
the CEPYM BH spacetimes. We thus conclude that the
influence of .%(r) on the horizon area is more obvious in
higher dimensions.

Here a comment to L is necessary. As a matter of fact, the
theory does not provide any particular choices for the value
of L. Theoretically, L can be arbitrarily small such that
#(r) approximates unity and the CEPYM BHs become
arbitrarily close to the EPYM BHs. Indeed, a small L would
be more reasonable since Einstein’s theory has been well
verified by numerous experiments up to a decent precision.
However, as mentioned above, N is an arbitrary positive
integer larger than D /4. Thus, the blowup of horizon areas
still happens even for a small L, as long as N inflates to a
very large value, e.g., N = 100. That is to say, this blowup
is inevitable, no matter how L is sophisticatedly tuned.
Nonetheless, such a blowup implies that the area of event
horizons does not represent the entropy of the CEPYM
BHs in physics since the microscopic degrees of freedom of
a thermodynamic system do not blow up under a spacetime
dilation, which will be seen clearly in the first law of BH
thermodynamics below.
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FIG. 6. The horizon area of the CEPYM BHs with respect to the dimensionless charge Q in four, five, and six dimensions for the cases
of N =2, 3, 10, where the case of the EPYM BHs with N = 0 is attached for comparison.

Next, we turn to discussions about the first law of BH
thermodynamics and derive the entropy of the CEPYM
BHs. According to the first law of BH thermodynamics, the
entropy should satisfy

%p_ 1 (44)
oM Ty

Note that the Hawking temperature does not depend on the
scale factor .7(r), see Eq. (38), and the ADM mass M
maintains unchanged since .#(r) does not influence the
asymptotic flatness of the CEPYM BH spacetimes in the
limitof r — oo. The entropy of a CEPYM BH s just the same
as that of a EPYM BH, which means that the entropy itself is
also independent of the scale factor . (r). Therefore, for both
the EPYM BHs and the CPEYM BHs, we have their entropy,

2(D-1)/2 rD-2

Sp = —
2r(5

(45)

C. Specific heat and second-order phase transition

The Davies point at which a phase transition happens
corresponds to the solution of the algebraic equation,
1/Cy = 0, where the specific heat is defined as

oM oT
o= (ar), =/ ),
As analyzed in the above subsection, the specific heat is
independent of the scale factor .#(r). Note that the specific

(40)

heat cannot be rescaled in terms of Eq. (18) because M
should be regarded as a variable.

We adopt an alternative dimensionless rescaling here. At
first, we derive the specific heat by using the original lapse
function Eq. (13) and the definition of the Hawking temper-
ature Eq. (38). Then, we rescale the specific heat in the
dimensionless formalism in the D-dimensional spacetimes,

Co

M(D-2)/(D=3) (47)

With this rescaling, the dimensionless C, becomes a
function of the dimensionless mass m defined as

m =M/ QPP-I/CD), (48)
Specifically, in four dimensions, Eq. (47) yields
Cy 2aV1 = m 2 (V1 =m 2+ 1) (49)
—= - —_ — N
M? ¢ V1—-m2=2m?+1

where m = M/ Q. Infive and six dimensions, the rescaling of
the specific heat takes the forms

Co

M—3/2 —_ CQ, (D - 5)

Co

8~ Co (D=6 (50)

where the corresponding m equals M/Q>/ and M/Q%/4,
respectively. The derivation of the explicit forms of the
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FIG. 7. The dimensionless specific heat with respect to the
dimensionless mass for the CEPYM BHs in four, five, and six
dimensions.

specific heat in Eq. (50) is tedious but straightforward, so we
do not present it here. Instead, we plot the dimensionless Cy
in four, five, and six dimensions with respect to the
dimensionless mass in Fig. 7.

From Fig. 7, we can see that the second-order phase
transition exists in four, five, or six dimension. The curves
of specific heat for each spacetime are divided into two
branches by a Davies point. By substituting Eqgs. (49) and
(50) into 1/Cy = 0 and solving it, we obtain the Davies

points of the CEPYM BHs, #mipyes = 2/V3 =~ 1.15,
Mpavies = 3.82, and mp,,ies & 13.6 in four, five, and six
dimensions, respectively. In general, the Davies point
corresponds to a larger value of m in a higher dimension.
At the left branch in four, five, or six dimensions, the
specific heat is positive before the mass reaches the Davies
point at which the second-order phase transition occurs,
and the Hawking temperature increases with the increasing
of m. After the mass exceeds the Davies point, i.e., at the
right branch, the specific heat becomes negative, which
implies that the Hawking temperature decreases with the
increasing of m, and the lost energy converts into the
Hawking radiation. Moreover, C, has a zero point at its left
branch located at m., = 1.00 in four dimensions, m. ~
3.00 in five dimensions, and m.,; =~ 10.0 in six dimensions,
respectively, which corresponds to the condition of extreme
BH configurations. The Hawking temperature vanishes in
the extreme configurations, resulting in no Hawking
radiation. Finally, we can see that the Davies points locate
near the extreme BH configurations when comparing
Mpavies With m.,, which means that the second-order phase
transition occurs near the extreme configurations.

In summary, we conclude that the thermodynamics the
CEPYM BHs is independent of the scale factor.

IV. QNM OF SCALAR FIELD PERTURBATIONS

The Klein-Gordon equation for a massless scalar field in
a curved spacetime is

ViV, @ = 0, (51)

or it can be written as

1
—_gaﬂ\/—gg"”ayq) =0. (52)
In Ref. [31], the decomposition of scalar field @ in
the background of a four-dimensional conformal non-
singular BH was introduced. Here we generalize it to the
D-dimensional spacetimes as follows:

1 )
b = — — e_’“”l//l(r)Ylm(Hl, "'70D—2)’
2 A

(53)
where Y;,,(0y, ...,0p_,) stands for the spherical harmonics
of D — 2 angular coordinates, 0 < (6,,6,, ..., Op_3) < =,

and 0 < 0p_, < 2z. Substituting Eq. (53) into Eq. (52), we
obtain the radial equation

Pl + v+ (@0 = Ve )y, =0, (54)
where V. is the effective potential,

— ) (r(P-2)/2 F)](D=2)/4y7y
Ve i [HD=3), GO PL )20y ]

r [y(r)}(D_z)/4r(D_2)/2

(55)

The prime represents the derivative with respect to r.
Toshmatov et al. [31] derived the master equation and
the effective potential of the four-dimensional minimally
coupled scalar field. Our progress is to generalize their
results to the D-dimensional spacetimes; see Eqs. (54) and
(55). Using Egs. (16), (19), (20), and (55), we write the
effective potential in its explicit form,

1
4(D —2)2(0-1)
+D(D -2)Q; +4(D -2)r]

x [=(D =2)0, + (D =2)rP2 — 47]. (56)

Veff = [(D + 21 - 4)<D + 2[ - 2)I’D_2

Again, using the “tortoise” coordinate r, defined as
dr, =dr/f(r), we finally derive the Schrodinger-like
equation of y,(r),

Oy + (0> = Veg)y; = 0. (57)

We use the WKB method to compute the quasinormal
mode frequencies of Eq. (57). The WKB method is an
approximation method for us to find the eigenvalues of
Schrodinger-like equations, especially when the effective
potential is too complicated to allow any analytic solutions.
The first-order WKB method was introduced into BH
perturbation theory by Schutz and Will [36], the third-
order WKB by Iyer and Will [37], and the sixth-order WKB
by Konoplya [38]. In the perspective of scattering theory,
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FIG. 8. The real and imaginary parts of fundamental QNMs with respect to dimensionless charge O for different values of the scale
exponent, N = 0, 2, 3,4, 10. For N = 0, 2, 3, 4, the differences of Rew’s are small. The dimensionless parameter L is set to be unity for

convenience.

perturbations in a BH background can be regarded as waves
scattered by effective potential V ;. The scattering is
restricted by the boundary condition, which requires that
the waves are purely ingoing at horizon and outgoing at
infinity. For the scalar perturbation above, the boundary
condition is

W~ eTiors r, = Foo.

(58)
Impacted by the boundary condition, the frequency o is
discretized. Because the perturbative scalar field is dissi-
pated due to the existence of event horizons, @ is complex.
These discrete frequencies are the quasinormal mode
frequencies of perturbation, in short, QNMs.

Using the sixth-order WKB method, we calculate the
QNMs with the overtone number n =0 and angular
number [ = 2. Specifically, we plot QNMs with respect
to O in Fig. 8. Again, the dimensionless rescaling intro-
duced by Egs. (18)—(20) is adopted here.

Rew differs on a varying scale exponent. In general,

it increases monotonically with the increasing of QO for a

fixed N. For a large N, the value of Rew is apparently large
for a fixed Q, e.g., Rew with N = 10 is much larger than
those with N = 0, 2, 3, 4. However, for a small N, such as
N =2, 3, 4, Rew does not increase with an increasing N
monotonically when compared with Rew in the case of
N = 0. This result shows that the oscillation frequency of
the CEPYM BHs with a small N may be higher or lower
than that of the EPYM BHs.

Imw also differs on a varying scale exponent, and its
absolute value simply increases monotonically with an
increasing N for a fixed Q. More significantly, the behavior
of Imw provides the information about the second-order
phase transition mentioned in Sec. III C. Note that the
relation between the dimensionless mass m and dimen-
sionless charge Q is O = m~2(P~2)/(P(D-3)) " Substituting
Mpayies 1NtO the relation, we obtain the corresponding values
of Opayies = 0.870, Opayies = 0.447, and Opayies = 0.313,
in four, five, and six dimensions, respectively. In Fig. 8,
they are marked by the black vertical lines. We find that the
Davies points correspond to the inflection points of the
curves where the slopes begin to turn from negative to
positive. The positions of these inflection points are
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irrelevant of the scale exponent, which shows that the second-
order phase transition is irrelevant of the scale exponent as
shown in Sec. III C. Consequently, the behavior of QNMs of
the scalar perturbation proves from the point of view of BH
dynamics that the second-order phase transition of the
CEPYM BHs is independent of N. This relation between
the dynamics and thermodynamics of the CEPYM BHs is
presented very clearly by the minimally coupled scalar field.
If the nonminimally coupled scalar field, for instance, the
conformally coupled scalar field was considered, the QNMs
would be independent of the scale factor, and thus the
inflection behavior of the QNMs with different scale expo-
nents would not be manifested.

In summary, we conclude that the scale factor has a
significant influence on the dynamic properties of the
CEPYM BH spacetimes.

V. CONCLUSION

In the present paper, we investigate the nonsingularity of
the CEPYM BH spacetimes, the thermodynamics and
dynamics of the CEPYM BHs, and their relationship.

We prove that the CEPYM BH spacetimes are non-
singular in two aspects. At first, the geometric quantities
(the Ricci scalar and Kretschmann scalar) are nonsingular
at the center of black holes. Second, the CEPYM BH
spacetimes are geodesically complete.

We discuss the thermodynamics of the CEPYM BHs in
the following three aspects:

(a) The Hawking temperature does not depend on the
scale factor .#(r), which is consistent with the result
in Ref. [10] where the Schwarzschild BH and its
conformally related counterparts were analyzed.
Meanwhile, the extreme configurations of the CEPYM
BHs have a vanishing Hawking temperature, which
implies no Hawking radiation.

(b) In the CEPYM BH spacetimes, S, = Ap_,/4 no
longer holds, because Sp is independent of the scale
factor .#(r) while Aj_, is dependent on .7 (r). As the
Hawking temperature and the BH mass are invariants
of conformal transformations, the first law of BH
thermodynamics maintains unchanged. As a result, the
entropy of the CEPYM BHs is nothing else but
the entropy of the EPYM BHs, i.e., it is irrelevant
to the scale factor .(r).

(c) The specific heat of the CEPYM BHs is independent
of the scale factor .#(r) and the Davies points of the
CEPYM BHs associated with second-order phase
transitions are same as those of the EPYM BHs.

A CEPYM BH undergoes one second-order phase
transition near its extreme configuration.

All the discussions about the Hawking temperature, the
entropy, and the second-order phase transition lead to the
conclusion that the thermodynamics of the CEPYM BHs is
independent of the scale factor, which can be understood in
the perspective of statistical physics and thermodynamics: a
pure dilation of spacetime volume by .#(r) should have no
influence on the microscopic states of a BH, and thus no
influence on its macroscopic thermodynamic properties.

For the dynamics of the CEPYM BHs, we obtain the real
and imaginary parts of QNMs by using the sixth-order
WKB method. The dependence of QNMs on the scale
exponent is obvious. Rew increases monotonically with the
increasing of Q for a fixed N. For a large N, for instance,
N > 10, the value of Rew is apparently large. Quite
interesting is that Rew with a small N, for instance,
N =2, 3, 4, is not certainly greater than that with N =
0 for a fixed O, which means that the oscillation frequency
of the CEPYM BHs with a small N may be higher or lower
than that of the EPYM BHs. Moreover, |Imw| increases
monotonically with the increasing of the scale exponent for
a fixed Q. The inflection points of Ime correspond to the
Davies points which are related to the second-order phase
transition. In other words, both the QNMs and the specific
heat confirm the existence of second-order phase transi-
tions. Therefore, the Hawking temperature Eq. (36) and
specific heat Eq. (46) are well defined and indeed manifest
the thermodynamic properties of the CEPYM BHs.

Finally, we conclude that the scale factor .#(r) produces
the distinct thermodynamic and dynamic effects in the
CEPYM BH spacetimes: the thermodynamics does not
depend on the scale factor .#(r), while the dynamics does.
This distinction reveals a new relationship between the
thermodynamics and dynamics of the CEPYM BHs. As the
relation between the thermodynamics and dynamics of BHs
plays [39] an important role in BH quantization, our result
may provide helpful information in the study of BH
quantization in conformal gravity.
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