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Black holes and uptunneling suppress Boltzmann brains
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Eternally inflating universes lead to an infinite number of Boltzmann brains but also an infinite number
of ordinary observers. If we use the scale factor measure to regularize these infinities, the ordinary
observers dominate the Boltzmann brains if the vacuum decay rate of each vacuum is larger than its
Boltzmann brain nucleation rate. Here, we point out that nucleation of small black holes should be counted
in the vacuum decay rate, and this rate is always larger than the Boltzmann brain rate, if the minimum
Boltzmann brain mass is more than the Planck mass. We also discuss nucleation of small, rapidly inflating
regions, which may also have a higher rate than Boltzmann brains. This process also affects the distribution

of the different vacua in eternal inflation.

DOI: 10.1103/PhysRevD.104.023528

I. INTRODUCTION

If the observed dark energy is in fact a cosmological
constant, our Universe will expand forever and will soon
approach de Sitter space. There will be an infinite volume
in which many types of objects may nucleate. In particular,
there will be an infinite number of Boltzmann brains [1],l
human brains (or perhaps computers that simulate brains)
complete with our exact memories and thoughts, that
appear randomly as quantum fluctuations. Human beings
(and their artifacts) can arise in the ordinary way for only a
certain period of time after the big bang, when there are still
stars and other necessities of life, but Boltzmann brains can
arise at any time in the future. So one might conclude that
the Boltzmann brains infinitely outnumber ordinary
humans, and thus, that we are Boltzmann brains, a non-
sensical conclusion [3] because our observations on which
we base this conclusion would have no connection to the
actual Universe in which we live.

However, in any scenario such as the above, it is also
possible for new inflating regions to nucleate, leading to
eternal inflation. In that case, there will be an infinite
number of ordinary observers in addition to the infinite
number of Boltzmann brains, so we may hope to avoid the
conclusion that we are Boltzmann brains.” In order to know
what to expect in cases with infinite numbers of observers,
we need a measure: a procedure to regulate the infinities
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Similar ideas appeared earlier in [2].
Don Page [4] argued for a more drastic solution: vacuum
decay on a scale similar to or shorter than the present Hubble time
avoids the infinite volume in which Boltzmann brains may form.
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and produce a sensible probability distribution. Any mea-
sure faces a number of difficulties [5-7], and we do not
have any principle to tell us which measure is correct. An
obvious selection criterion is that the measure should not
make predictions that are in conflict with observation. This
removes most of the measures that have been suggested so
far. The proper time measure suffers from the “youngness
paradox,” predicting that the CMB temperature should be
much higher than observed [8]; the causal patch measure
predicts that the cosmological constant should be negative
with an overwhelming probability [9]; the pocket based
measure suffers from a “Q catastrophe,” predicting either
extremely small or large values of the density fluctuation
amplitude Q [10,11]. A measure that fares reasonably well
is the scale factor cutoff measure [12-14]. Other measures
that have not been ruled out by observations (such as the
light cone time cutoff, apparent horizon cutoff and four-
volume cutoff measures) make predictions very similar to
the scale factor cutoff. (For more details and references,
see, e.g., [15].)

In the present paper, we shall adopt the scale factor cutoff
measure, which we will discuss in more detail below. In this
measure, the ratio of Boltzmann brains to ordinary observ-
ers in a given vacuum is roughly given by the ratio of the
Boltzmann brain nucleation rate I'B to the total decay rate
of that vacuum I';. Here, BB is the rate at which Boltzmann
brains form per unit (physical) volume of vacuum i, and I';
is proportional to the total rate at which volume flows out of
vacuum i (a precise definition of I'; will be given below).

We point out here that there are two processes that are
not always considered that influence the vacuum decay
rate. The first is the nucleation of small black holes. This
process removes volume from the vacuum and so contrib-
utes to I';. The rate is largest for the smallest black holes.

© 2021 American Physical Society
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As we will discuss below, it is always larger than the
Boltzmann brain nucleation rate, if the minimum
Boltzmann brain mass is larger than the Planck mass,3
so the Boltzmann brain problem is solved in that case.

The other process is the nucleation of small regions of
higher-energy inflating false vacuum. In the usual Lee-
Weinberg [17] process, a region larger than the Hubble
distance in the old vacuum tunnels to the new vacuum. But
here we are considering a localized fluctuation that yields a
region of the new vacuum large enough to inflate but much
smaller than the old Hubble distance [18-20]. The higher
the energy of the new vacuum, the smaller the region of it
that is necessary for inflation. Thus, this process (unlike
Lee-Weinberg tunneling) is least suppressed when the
daughter vacuum energy is the highest. The most likely
process is to produce the highest energy inflating vacuum.
If this is at the Planck scale, suppression is similar to that of
Planck-scale black hole production. Otherwise, it is more
suppressed than that.

Nucleation of small high-energy regions is not discussed
in most treatments of multiverse physics. We shall com-
ment on the reason for that below and explain why we
believe it should be included. This process upends the
conventional wisdom that low-energy vacua are most likely
to tunnel to other low-energy vacua. Uptunneling is still
suppressed when the parent vacuum energy is small, but
now the most likely daughters are the ones with the highest
energy. To compute the probabilities in the scale factor
measure, we construct a transition matrix between vacua
and find its eigenvector whose eigenvalue is least negative.
This is usually made up almost entirely by a single
“dominant vacuum” [21,22], whose total decay rate is
the least. The measures of other vacua depend on tunneling
processes leading to them from the dominant vacuum.
When we take into account production of small high-
energy inflating regions, we can still find the dominant
vacuum, but the details do not matter. The likeliest
transition out of the dominant vacuum is to jump directly
to the highest energy possible. At very high energies,
transitions are little suppressed, so all vacua are quickly
populated. The chance of any specific low-energy (and in
particular anthropically allowed) vacuum depends now on
how it may be reached by a sequence of transitions from
high energies, with little effect from the details of the
dominant vacuum.

The rest of this paper is organized as follows. In the next
section, we review the scale factor measure and the
resulting distribution of the different vacua and discuss
the effects of nucleating black holes and small high-energy

A similar argument was made in [16] in the context of the
“watcher measure.” This measure makes the assumption that the
big crunch singularities in anti—de Sitter (AdS) bubbles lead to
bounces, where contraction is followed by expansion, so that
geodesics can be continued through the crunch regions. We do
not adopt this assumption in the present paper.

regions. In Sec. III, we discuss the nucleation rates of black
holes, Boltzmann brains, and regions of different vacuum.
We discuss the effects of these processes on the Boltzmann
brain problem in Sec. IV and on the distribution of the
different vacua in Sec. V. We conclude in Sec. VI.

II. THE SCALE FACTOR CUTOFF

The scale factor measure was introduced by Linde and
collaborators (e.g., [12]) and was worked out in detail in
[13,14,23]. It is based on constructing a scale factor time
that represents (the logarithm of) the total expansion that
each point in spacetime has experienced. To make it well
defined, we must start with some initial spacelike hyper-
surface X and follow a congruence of geodesics orthogonal
to Z. The scale factor time is then given by

10
= [ Zdt, 1
n /O 3 (1)

where 7 is proper time, and the expansion 6 = u*.,, with
ut = dx"/dt the tangent vector to the geodesics. In a
homogeneous region of the Universe, the scale factor a is
just exp .

To use this as a measure, we consider all events that take
place before some cutoff time 7. There are a finite number
of these, so assigning probabilities is straightforward. Then,
we take the limit of the probabilities as 7. grows with-
out bound.

Unfortunately, when structures form, the local universe
contracts instead of expanding, so # is not monotonic; we
must make some provision for this case [14]. One plan
would be to use a modified scale factor time 7, where 7(x)
is given by maximizing # over all points in the causal past
of x. Thus, 77 cannot decrease, and we avoid the possibility
that an event allowed by the cutoff is in the future of a point
excluded by the cutoff.* A number of other possibilities
have been suggested [14,23].

It will not be important to our analysis here exactly how
this issue is resolved, but for definiteness, we will use the
above “maximum 7" prescription. At any given scale factor,
almost all the volume is in regions that are expanding. In
such a region, the distance between two geodesics of the
congruence is just their distance on the initial surface times
the expansion of the scale factor. If we select an evenly
spaced, very large but finite set of representative geodesics
on the initial surface, all of these geodesics will represent
equal volumes on the cutoff surface. Thus, the fraction of
volume in each type of region is just the fraction of the
initial geodesics that are there.

We will be interested in the number of Boltzmann brains
and ordinary observers that appear in different vacua. Let us

*Such a situation would lead to an inverse Guth-Vanchurin [6]
paradox, where an observer may wake up without ever having
gone to sleep.
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start by defining f;(n) to be the fraction of comoving
volume in vacuum i at time 7. In expanding regions, the
expansion factor a is the same everywhere on the constant-
n surface, so f; gives the fraction of physical volume.
In contracting regions, we must make some adjustment, as
described above. But such regions will not matter, as we
discuss later.
The f; obey the rate equation [21],

df.
dinj = Z(_Kijfj +Kjif i), (2)

1

where k;; is the fraction of volume currently in vacuum j
that transitions into vacuum i per unit scale factor time or
equivalently, the chance per unit scale factor time for an
observer in vacuum j to transition to vacuum i.

We can express k;; in terms of [';;, the rate of tunneling
events that produce vacuum i per unit physical spacetime
volume of vacuum j. In general,

V..
Kij = F’;F[ o (3)
where V;; is the volume of space at a given time where a
given tunneling event would lead to a given observer
transitioning to the new vacuum. The expansion rate H;
of vacuum j in the denominator is the conversion between
scale factor time and physical time.

In the Coleman-De Luccia process, a small region of
lower-energy vacuum appears by tunneling and then
expands to the horizon size. In the Lee-Weinberg process,
a superhorizon region of a higher-energy vacuum appears
by tunneling and then contracts in comoving size so the
final comoving volume is just the comoving horizon at the
time of nucleation. In either case, V;; = (4z/3)H;>.

Here, we will discuss two more processes. The first is the
nucleation of black holes. A certain set of geodesics will
fall into the black hole, hit the singularity, and be removed
from the congruence.5 They will reach a maximum # before
they start to converge near the black hole; for larger # they
will not be counted in the scale factor measure. They thus
represent a flow of volume fraction out of the vacuum in
which the black holes nucleate. In that sense, the process is
similar to the creation of anti—de Sitter vacua that then
collapse. We will describe black hole nucleation by a

>Quantum gravity may resolve the singularity. It is not clear
whether geodesics are still meaningful in such a scenario, but if
they are we must ask where the geodesics go. A similar question
affects the fate of geodesics after the crunch in anti—de Sitter
regions. This was analyzed in [24,25] with the conclusion that the
geodesics may travel through into new inflating vacua. Such a
result would not affect our conclusions here, but if the geodesics
instead return to the parent universe and resume expanding, black
hole nucleation would not remove volume fraction.

transition rate x; for each vacuum j and include it in
Eq. (2) by including i = 0 in the sum.

If a black hole of mass M lives for a time long compared
to the Hubble time, it will capture all geodesics within

radius [16],
GM\ /3
Te <F) ) (4)

which is the radius at which the attraction of the black hole
gravity is balanced by the repulsive force due to the
cosmological constant. The volume of geodesics absorbed
is thus

GM

If the black hole is short-lived compared to the Hubble

time, we can neglect the cosmological constant. A particle

starting from rest at radius r will fall into the black hole on a
time scale,

t~ P2(GM)12, (6)

We want 7 < 7,, where the evaporation time is® 7, ~ G2M?.
From this, we find that the capture radius and volume are

M \4/3
re~GBM3 ~GM (—) (7)
MPI
M 4
V,~GM ~ (GM)3<—> . (8)
My,

We will also consider the formation of regions of higher
cosmological constant A; that are smaller than the horizon
of the parent vacuum j but larger than their own horizon.
Such a region will inflate inside, but the outside will
collapse into a black hole. As we mentioned in the
Introduction, this nucleation process is often omitted in
studies of multiverse dynamics. The main reason is that it
does not fit into the standard Coleman-De Luccia formal-
ism, where tunneling transitions are described by instan-
tons. There are no known instantons corresponding to
nucleation of small high-energy inflating regions. However,
quantum transitions allowed by the conservation laws
should occur with some nonzero probability. The state
of a quantum field in de Sitter space is similar to a thermal
state, and one expects that fluctuations of the scalar field ¢

and/or its velocity ¢ will occur in localized regions of

We note that magnetically charged black holes may be much
more stable. They can lose their magnetic charge only by
emission of magnetic monopoles, which typically have large
masses, so their emission may be strongly suppressed. The black
hole may even be absolutely stable if monopole solutions of
corresponding magnetic charge do not exist.
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space. If the fluctuation is large enough, the field may
acquire enough energy to fly over a potential barrier into a
high-energy vacuum. And if the fluctuation extends over a
superhorizon region in the new vacuum, it will produce an
inflating baby universe [19,20].

Geometrically, it is clear that a rapidly inflating daughter
region will be connected by a wormhole to the slowly
inflating parent universe. The wormhole will close up in
about one light crossing time, and both of its mouths will be
seen as black holes.” After the black hole evaporates, the new
inflating region is disconnected from the original universe,
but there is no problem in applying the scale factor measure
to the resulting set of disconnected universes.

If we could ignore gravitational effects, it would be easy
to compute the energy necessary to create such a region.
Let U, be the energy density of the daughter vacuum. The
expansion rate is thus H; ~ /GU; = \/U;/Mp,. The min-
imal volume to inflate would be a sphere of radius H;!,
which thus contains a volume,

Vi ~ M3, /U, 9)
and a mass,
M~ M3 U (10)

This is modified by gravitation, but we will assume here
that the effect is only to change the numerical factors that
we did not compute, and so Egs. (9) and (10) give the
correct order of magnitude.

The new inflating volume must be surrounded by a bubble
wall that interpolates between the two vacua. This is the
same wall as in Lee-Weinberg and the inside-out version of
the Coleman-De Luccia bubble wall. Suppose it is possible,
as one normally expects, for a small bubble of vacuum j to
form inside a Hubble volume of vacuum i. That means that
the energy of this wall around a sphere of radius smaller than
1/H; is less than the energy of the displaced volume of
vacuum i. In the present case, we have a larger sphere, of
radius 1/H;, which increases the ratio of volume to surface
energy. So the wall energy will be much less than M},
which is the energy of the sphere of vacuum i of radius 1/ H;,
and there is no important correction to M}“¢, from the wall.

Upon nucleation, we expect that the geodesics inside
volume V¢ will travel into the new inflating region.8

"This process is similar to that described in [26]. It is also
related to the process of [27], but in that paper, the authors
propose deliberately constructing a region of high-energy vac-
uum that is not large enough to inflate and hoping that it tunnels
to the inflating state, while here we propose creating the region as
a fluctuation in de Sitter space.

A geodesic congruence is not well defined when the space-
time undergoes a discontinuous change, as in quantum tunneling.
But it should be possible to estimate, by an order of magnitude,
what fraction of the initial comoving volume goes into each
vacuum. This is typically all one needs in any anthropic analysis.

Shortly after that, the nucleated region will collapse into
a black hole, and more geodesics will later fall into the
black hole and end at the singularity, according to Eq. (7).
So this process gives

i 1 7-3

ij H.
J

and in addition, contributes
~TiH7 My H®, (12)

to Ko -

Calculation of the relative abundance of Boltzmann
brains and ordinary observers involves comparisons of
extremely small numbers, such as tunneling transition rates
k;; and Boltzmann brain nucleation rates. The tunneling
actions are typically large, so these rates are double
exponentially suppressed. The preexponential factors have
therefore little effect, even though they can be very small or
large. For this reason, the factors multiplying I';; in Egs. (3),
(11), and (12) can be ignored, and we will omit them from
now on.

III. NUCLEATION RATES

In this section, we review the usual nucleation rates for
the Coleman-De Luccia and Lee-Weinberg cases and
discuss nucleation of black holes, small inflating regions,
and Boltzmann brains.’

A. Coleman-De Luccia and Lee-Weinberg nucleation

A metastable vacuum j may decay to a lower energy
vacuum i through bubble nucleation. If we ignore the
effects of gravitation, we have the situation discussed by
Coleman [32]. It proceeds by forming a bubble whose total
energy is zero because the decreased energy of the vacuum
inside compensates for the energy in the bubble wall.
Including gravitation [33] leads to corrections, but these are
small if the bubble size is small compared to the Hubble
distance in both parent and daughter vacua. After forma-
tion, the bubble will expand rapidly because the force on
the wall due to the difference in vacuum energies is larger
than the effect of surface tension. Disregarding the pre-
exponential factor, the bubble nucleation rate is given by

T,

j e, (13)

There is some controversy about the nucleation of objects in
de Sitter space. References [28,29] claimed that there is no such
nucleation, while [30] critiqued the claims of [29]. Reference [31]
discussed the possibility that Boltzmann brains might form even
in Minkowski space. Here, we will adopt the conventional view
that objects nucleate in de Sitter space with the usual Boltzmann
suppression and do not appear in Minkowski space.
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where I < 0 is the instanton action and S; = 7/ H? is the
Gibbons-Hawking entropy of the parent vacuum .

Lee and Weinberg [17] have argued that the same
instanton should describe the inverse transition from i to
J, where the daughter vacuum has a higher energy than the
parent vacuum. The corresponding transition rate is

Fji ~ e_[_Si. (14)

It follows that the upward and downward transition rates
are related by

Fji/rijNESf_Sf. (15)

If the two vacuum energies are significantly different,
the upward transition rate is very strongly suppressed.
Equation (15) can be interpreted as an expression of
detailed balance between vacuum transitions in the multi-
verse. It fits well with the widely accepted picture of
quantum de Sitter space as a thermal state [2].

Analytic continuation of the instanton to the Lorentzian
regime indicates that in the case of upward tunneling, the
initial size of the bubble is larger than the parent vacuum
horizon H;!. The high-energy bubble is pushed inward
because the vacuum energy density outside is smaller than
the density inside, and thus, the inside pressure is more
negative. But since the bubble is outside the Hubble
distance, it is carried outward by the Hubble expansion,
even though locally it accelerates inward.

B. Black hole nucleation

In general, we expect an arbitrary object of mass M that
is much smaller than the Hubble distance to appear in de
Sitter space at a rate proportional to

exp(—2zM/H) = exp(—M/T). (16)

The latter expression gives the likelihood of finding such an
object in a thermal bath in the Gibbons-Hawking temper-
ature T = H/(2x)."" The former expression has been found
by instanton calculations; for example, see [34] for the
nucleation of monopoles and [35] for the nucleation of
black holes. The calculation of black hole nucleation rate in
[35] is somewhat controversial, since it is based on an
instanton with a conical singularity. Exclusion of such
instantons leads to the conclusion that only maximal black
holes of horizon radius equal to the cosmological horizon
can nucleate in de Sitter space [36]. However, regular
instantons do exist for nucleation of electrically or mag-
netically charged black holes of submaximal mass [37].

""More precisely, the nucleation rate is proportional to
exp(—F/T) = exp(—=M/T + S), where F is the free energy
and S is the entropy of the nucleating object. This takes account
of the possibility of nucleating the object in various microstates.
The correction, however, is small in cases of interest to us here.

In the limit of a small mass, the corresponding nucleation
rate is given by Eq. (16). We note also that Eq. (16) would
give the rate to nucleate a distribution of dust that would
collapse into a black hole.

C. Small inflating regions

As discussed above, it is possible to nucleate a much
smaller bubble of higher energy vacuum i. As seen from the
outside, the force on the bubble wall will cause it to shrink,
leading the bubble to collapse into a black hole. However,
if the bubble volume is larger than V7, it will inflate on the
inside, leading to a new inflating region of vacuum i.

What is the rate at which such regions are produced? The
simple conjecture is that it is proportional to

eMMIT o o=My/(TVTL)  o=My/(HiH)) (17)

as we would expect for any object of mass M. However,
there are some caveats. New small inflating regions cannot
be produced by any classical process, because their
production violates the null energy condition [38]. Thus,
a classical thermal state would not produce regions such as
these, perhaps casting some doubt on the use of a thermal
expression above. This is a fundamentally quantum proc-
ess, so perhaps it can be described by an instanton, but such
an instanton is not known.'"' A similar situation was
discussed by Farhi et al. [27], who considered tunneling
from a small initial false vacuum seed in asymptotically flat
space to an inflating baby universe inside of a black hole.
They constructed an instanton for this process but found
that its metric is degenerate. The instanton action could still
be calculated, but it is not clear that such pathological
instantons are legitimate. Fischler er al. [40] considered the
same problem using the Hamiltonian formalism and found
no inconsistencies. The nucleation rate they found agrees
with the result of [27] based on the degenerate instanton.
But this issue remains controversial.

Nucleation of high-energy inflating regions can also be
pictured as a two-step process. First a bubble of high-energy
vacuum i having radius R < H;! spontaneously nucleates in
the parent vacuum j, and then this bubble tunnels to an
inflating baby universe contained inside of a black hole by
the process discussed in [27,40]. One expects that the rate
for the first stepis I' ~ exp(—2zM/H ;), where M is the mass
of the bubble, and the tunneling action is estimated as [27,40]
S ~ (Mp/H;)?. Farhi et al. [27] find that the minimal bubble
mass required for the tunneling is M3 /2H;; then the
nucleation rate is I' ~ exp(—zM$ /H;H ). For H; > H,,
this is the dominant factor determining the nucleation rate of
baby universes. This is in agreement with the estimate
in Eq. (17).

"Euclidean solutions with small false vacuum bubbles have
been discussed in [39], but their interpretation as instantons is
somewhat questionable.
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Another possible objection to nucleation of inflating baby
universes is that it is in conflict with the detailed balance
condition (15). This condition however does not follow from
any fundamental principle. It is violated in particular by
transitions between de Sitter and anti—de Sitter vacua, which
are necessarily present in any multiverse theory.

As we argued above, inflating baby universes should
nucleate at some nonzero rate, even in the absence of
instantons, because this process is allowed by all con-
servation laws. A calculation of their nucleation rate was
attempted in [20]."* This calculation appears to be reliable
when the energies of the two vacua and the height of the
barrier separating them are all sub-Planckian and are
comparable to one another. But in the opposite limit, when
H; > Hj, the initial fluctuation is strongly influenced by
gravitational effects and the calculation of its probability
requires a quantum theory of gravity. Here, we shall assume
that the nucleation rate in this case is given by Eq. (17),
which seems to be a plausible guess.

D. Boltzmann brains

Finally, we expect Boltzmann brains to appear at the rate
given by Eq. (16) with brain mass Mgg. This process is
dominated by the lightest brains that need to be considered
for anthropic reasoning. These may not actually be brains,
per se, but tiny computers that stimulate human thought
sufficiently well to be considered in anthropics."” We will
assume here that Mg > Mp =~ 2 x 107> g. This is correct
for a human brain and for any computer that we have built
so far. It is not correct if the only restriction is the
fundamental-physics limit on the number of bits that the
computer can store [23], i.e., if we are not concerned with
what this computer might be made of and how it can
operate. The minimum mass of a working computer is
uncertain. See [23] for further discussion.

IV. THE BOLTZMANN BRAIN PROBLEM

To avoid domination by Boltzmann brains requires that the
rate of Boltzmann brain production I'P® is less than the
vacuum decay rate I'; = > ;1ij in every vacuum 7 [14,23].
Let us review the basic argument. Consider some vacuum i in
which there are ordinary observers. First, we rewrite Eq. (2),

df
dn
where M;; = k;; — 0;;k;. In the limit where the cutoff grows

without bound, this situation can be analyzed by finding the
least negative eigenvalue —¢g of the matrix M and the

=M;f; (18)

"“Nucleation of small inflating regions was discussed earlier
by Carroll and Chen [18] and by Brown and Dahlen [19], but
their estimates of the nucleation rate were much smaller than
Eq. (17).

BSee [41] for some discussion of the difficulty in determining
what systems should be included in anthropic reasoning.

corresponding eigenvector s so that iKijS;j—KiS;=—qs;.
The fraction of volume near the cutoff surface in each
vacuum i is then given by s;. The number of Boltzmann
brains in that vacuum is proportional to s,I'®B because most
of the volume is near the cutoff surface. Meanwhile, the
number of ordinary observers is proportional to the rate
at which new vacuum of type i is created, which is
>_ikijsj = (ki — q)s;. Ordinary observers are generally
found in collapsed regions, which require some adjustment
to the scale factor measure. However, this adjustment is
insignificant compared to the double-exponential nature of
I'; and I'®B, so it will not be important here.

Now ¢ is generally smaller than the total decay rate of the
dominant vacuum, which is less than that of vacuum i.
(Since there is only one dominant vacuum, it is very unlikely
that it is able to support Boltzmann brains. If it is, Boltzmann
brains would certainly dominate [14,23].) Both «; and g are
tiny numbers, and generally, they are quite far apart. So g can
be ignored, and we find «;;s; ~ k;s;; i.€., the rate of creation
and the rate of decay are nearly equal. We are not concerned
with differences in prefactors, so k; and I'; are interchange-
able, and the condition to avoid Boltzmann brain domination
in vacuum i is that 'PB < T';. References [14,23] show that
the condition to avoid Boltzmann brain domination overall
is that BB < T'; in every vacuum.

Included in «; is k;, the rate of formation of black holes.
The rate for black holes of mass M is proportional to
exp(—M/T), so it is dominated by the smallest black hole
possible. Let us say this has amass MB!  which is around the
Planck mass. Thus, «; is at least of order exp(—Mp/T).
Meanwhile, BB is of order exp(—Mgg/T), where Mg is
the minimum Boltzmann brain mass. With our assumption
that Mg > Mpy, it follows that I'®® <« T, and there is no
problem with Boltzmann brains.

The question of Boltzmann brain dominance involves
comparing the number of Boltzmann brains and ordinary
observers before the cutoff, so it may be counterintuitive
that it is affected by the production of black holes, which
are neither of these. Here is a way to understand how this
happens. Consider a multiverse up until a scale factor
cutoff. Most of the volume is near the cutoff, so we only
need to look there. Most ordinary observers are in regions
that were created not long before the cutoff and thus still
have conditions where observers can live. But Boltzmann
brains are in regions that were formed long ago, so we need
to know how much volume these regions have.

Let us put a large but finite number of evenly spaced
fiducial particles on the initial surface, traveling along the
geodesics that we used to define the scale factor measure. In
expanding regions, equal scale factor time means an equal
amount of expansion, so each particle represents the same
amount of spatial volume. Then the ratio of different volumes
is just the relative number of particles that they contain.

The effect of the black holes is to swallow up some of
these particles so that they do not reach the cutoff surface.

023528-6



BLACK HOLES AND UPTUNNELING SUPPRESS BOLTZMANN ...

PHYS. REV. D 104, 023528 (2021)

The result is that the volume of a given vacuum on the cutoff
surface is smaller than it would be without black hole
formation. Thus, s;, the fraction of the cutoff surface in
volume i, is inversely proportional to the decay rate I';. Black
hole nucleation increases I'; and so decreases s;. The number
of Boltzmann brains in this vacuum is then proportional to
BB /T;. This leads to the criterion used above.

The process of removing particles by black hole for-
mation is extremely slow. A Planck-scale black hole
removes only a fraction of order H>/Mj3, of the Hubble
volume where it forms. More importantly, such a black hole
only occurs once in every exp(MBEH /T) Hubble volumes.
Thus, we must wait a time of order exp(MEH /T) Hubble
times before this effect is important. During this time, the
universe expands by a factor exp(exp(MBH /T)). In our
present Universe, this is about exp(exp(10%°)), a remark-
ably large number. Nevertheless, the scale factor measure
instructs us to consider the limit where the scale factor goes
to infinity, so the required scale factor to reach a steady-
state situation does not matter.

Also included in «; is the nucleation of small inflating
regions. This removes particles from the parent vacuum at a
rate ~exp(—M3,/(H,,T)), where H,, is the highest infla-
tion rate in the landscape. It is often assumed that
H,, ~ Mp;, in which case this effect is comparable to that
of black hole nucleation.

V. VACUUM DYNAMICS

The possibility of less-suppressed tunneling to higher
energy vacua changes the distribution of different possible
states and thus the results to be expected under anthropic
reasoning. The fraction of the volume in some vacuum i
according to the scale factor measure depends on the
tunneling rates to get from the dominant vacuum to
vacuum i [21]. To reach any anthropically allowed vacuum
from the dominant vacuum, we generally need an upward
jump, or many such jumps, followed by many downward
jumps.]4 Which vacua are easily reached depends on which
process we consider.

If we consider only the Lee-Weinberg process, there is a
large suppression factor given by Eq. (15). This suppression
is less important when the two vacua are close in energy.
Thus, the favored vacua are those which can be reached from
the dominant vacuum by small upward jumps followed by
downward jumps. Depending on the structure of the land-
scape, these vacua may be sparse enough that the anthropic

"“The dominant vacuum is likely to have a very low super-
symmetry breaking scale #,. Its energy density U, <#? is then
likely to be extremely small. It is also reasonable to expect that
this nearly supersymmetric vacuum can support neither ordinary
observers nor Boltzmann brains. For a discussion of the expected
properties of the dominant vacuum in string theory, see [42] and
references therein.

explanation of the cosmological constant does not
work [21,22].

However, when we consider the formation of small
regions of high-energy vacuum j, the mass of the
region is M ~ M3,/ H j» and the suppression goes as
exp(—M3,/(H;H;)). Thus, the least suppressed transitions
are those to the largest H;. Furthermore, there is little
dependence on which is the dominant vacuum, because
wherever one starts, the same high-energy vacua are
preferred. From those vacua, one must then drop, generally
in a number of steps, to the anthropic region. This pattern of
transitions generally leads to a much smoother distribution
of probabilities for the different vacua [43].

VI. CONCLUSION

In an eternally inflating universe, there is the possibility
of Boltzmann brain domination, meaning that anthropic
reasoning would lead to the nonsensical conclusion that we
are Boltzmann brains. In the scale factor measure, this
disaster is avoided when the rate of Boltzmann brain
nucleation is smaller than the vacuum decay rate in each
vacuum (and the dominant vacuum does not support
Boltzmann brains). If one considers decay only by the
Coleman-De Luccia and Lee-Weinberg processes, this may
not be the case (but see [44] for a claim that vacuum decay
rates in string theory are always larger than I'®®). However,
we showed above that black hole nucleation should be
included in the vacuum decay rate, and this process is much
less suppressed than Boltzmann brain production, under a
rather mild assumption that the mass of a Boltzmann brain
should be greater than the Planck mass. Thus, we should
not expect to be Boltzmann brains.

We also discussed the nucleation of small regions of
inflating high-energy vacuum. If vacua of high enough
energies exist, this process also would prevent Boltzmann
brain domination. In any case, it modifies the probability
distribution of the various vacua, likely giving a more
uniform distribution for different anthropic possibilities
and guaranteeing that anthropic explanations of the small-
ness of the cosmological constant are not affected by highly
nonuniform probability distributions across anthropic vacua.

We finally mention the swampland conjectures which
have been intensively discussed in recent years (see [45] for
an up-to-date review and references). According to these
conjectures, metastable de Sitter vacua do not exist, and
many models of eternal inflation are also ruled out.
However, it was shown in [46] that eternal inflation driven
by inflating domain walls may still be possible. It would be
interesting to apply the considerations of the present paper
to this kind of multiverse models.

ACKNOWLEDGMENTS

We are grateful to Jose Juan Blanco-Pillado, Heling
Deng, Michael Douglas, and Ben Freivogel for useful
discussions. This work was supported in part by the
National Science Foundation under Grant No. 1820872.

023528-7



OLUM, UPADHYAY, and VILENKIN

PHYS. REV. D 104, 023528 (2021)

[1] A. Albrecht and L. Sorbo, Can the universe afford infla-
tion?, Phys. Rev. D 70, 063528 (2004).

[2] L. Dyson, M. Kleban, and L. Susskind, Disturbing impli-
cations of a cosmological constant, J. High Energy Phys. 10
(2002) O11.

[3] S.M. Carroll, Why Boltzmann brains are bad, arXiv:
1702.00850.

[4] D.N. Page, Is our universe likely to decay within 20 billion
years?, Phys. Rev. D 78, 063535 (2008).

[5] R. Bousso, B. Freivogel, S. Leichenauer, and V. Rosenhaus,
Eternal inflation predicts that time will end, Phys. Rev. D 83,
023525 (2011).

[6] A.H.Guthand V. Vanchurin, Eternal inflation, global time cut-
off measures, and a probability paradox, arXiv:1108.0665.

[71 K.D. Olum, Is there any coherent measure for eternal
inflation?, Phys. Rev. D 86, 063509 (2012).

[8] M. Tegmark, What does inflation really predict?, J. Cosmol.
Astropart. Phys. 04 (2005) 001.

[9] R. Bousso, B. Freivogel, S. Leichenauer, and V. Rosenhaus,
Geometric origin of coincidences and hierarchies in the
landscape, Phys. Rev. D 84, 083517 (2011).

[10] B. Feldstein, L. J. Hall, and T. Watari, Density perturbations
and the cosmological constant from inflationary landscapes,
Phys. Rev. D 72, 123506 (2005).

[11] J. Garriga and A. Vilenkin, Anthropic prediction for
Lambda and the Q catastrophe, Prog. Theor. Phys. Suppl.
163, 245 (2006).

[12] A.D. Linde, D. A. Linde, and A. Mezhlumian, From the Big
Bang theory to the theory of a stationary universe, Phys.
Rev. D 49, 1783 (1994).

[13] A. De Simone, A. H. Guth, M. P. Salem, and A. Vilenkin,
Predicting the cosmological constant with the scale-factor
cutoff measure, Phys. Rev. D 78, 063520 (2008).

[14] R. Bousso, B. Freivogel, and I.-S. Yang, Properties of the
scale factor measure, Phys. Rev. D 79, 063513 (2009).

[15] B. Freivogel, Making predictions in the multiverse,
Classical Quantum Gravity 28, 204007 (2011).

[16] J. Garriga and A. Vilenkin, Watchers of the multiverse,
J. Cosmol. Astropart. Phys. 05 (2013) 037.

[17] K.-M. Lee and E. J. Weinberg, Decay of the true vacuum in
curved space-time, Phys. Rev. D 36, 1088 (1987).

[18] S.M. Carroll and J. Chen, Spontaneous inflation and the
origin of the arrow of time, arXiv:hep-th/0410270.

[19] A.R. Brown and A. Dahlen, Populating the Whole Land-
scape, Phys. Rev. Lett. 107, 171301 (2011).

[20] J.J. Blanco-Pillado, H. Deng, and A. Vilenkin, Flyover
vacuum decay, J. Cosmol. Astropart. Phys. 12 (2019) 001.

[21] D. Schwartz-Perlov and A. Vilenkin, Probabilities in the
Bousso-Polchinski multiverse, J. Cosmol. Astropart. Phys.
06 (2006) 010.

[22] K. D. Olum and D. Schwartz-Perlov, Anthropic prediction
in a large toy landscape, J. Cosmol. Astropart. Phys. 10
(2007) 010; 10 (2019) EO2.

[23] A. De Simone, A. H. Guth, A. D. Linde, M. Noorbala, M. P.
Salem, and A. Vilenkin, Boltzmann brains and the scale-
factor cutoff measure of the multiverse, Phys. Rev. D 82,
063520 (2010).

[24] J. Garriga, A. Vilenkin, and J. Zhang, Non-singular bounce
transitions in the multiverse, J. Cosmol. Astropart. Phys. 11
(2013) 055.

[25] B. Gupt and P. Singh, Nonsingular AdS-dS transitions in a
landscape scenario, Phys. Rev. D 89, 063520 (2014).

[26] J. Garriga, A. Vilenkin, and J. Zhang, Black holes and the
multiverse, J. Cosmol. Astropart. Phys. 02 (2016) 064.

[27] E. Farhi, A. H. Guth, and J. Guven, Is it possible to create a
universe in the laboratory by quantum tunneling?, Nucl.
Phys. B339, 417 (1990).

[28] J.R. Gott, III., Boltzmann brains: I’d rather see than be one,
arXiv:0802.0233.

[29] K. K. Boddy, S. M. Carroll, and J. Pollack, De Sitter space
without dynamical quantum fluctuations, Found. Phys. 46,
702 (2016).

[30] S. Lloyd, Decoherent histories approach to the cosmological
measure problem, arXiv:1608.05672.

[31] M. Davenport and K. D. Olum, Are there Boltzmann brains
in the vacuum?, arXiv:1008.0808.

[32] S.R. Coleman, The fate of the false vacuum. 1. Semi-
classical theory, Phys. Rev. D 15, 2929 (1977); Erratum,
Phys. Rev. D16, 1248 (1977).

[33] S.R. Coleman and F. De Luccia, Gravitational effects on
and of vacuum decay, Phys. Rev. D 21, 3305 (1980).

[34] R. Basu, A. H. Guth, and A. Vilenkin, Quantum creation of
topological defects during inflation, Phys. Rev. D 44, 340
(1991).

[35] R. Bousso and S.W. Hawking, Lorentzian condition in
quantum gravity, Phys. Rev. D 59, 103501 (1999); Erratum,
Phys. Rev. D60, 109903 (1999).

[36] P. H. Ginsparg and M. J. Perry, Semiclassical perdurance of
de Sitter space, Nucl. Phys. B222, 245 (1983).

[37] F. Mellor and I. Moss, Black holes and gravitational
instantons, Classical Quantum Gravity 6, 1379 (1989).

[38] E. Farhi and A. H. Guth, An obstacle to creating a universe
in the laboratory, Phys. Lett. B 183, 149 (1987).

[39] J. Garriga and A. Megevand, Decay of de Sitter vacua by
thermal activation, Int. J. Theor. Phys. 43, 883 (2004).

[40] W. Fischler, D. Morgan, and J. Polchinski, Quantization of
false vacuum bubbles: A Hamiltonian treatment of gravi-
tational tunneling, Phys. Rev. D 42, 4042 (1990).

[41] M. D. Schneider and K. D. Olum, Anomalous observers in
the subjectively identical reference class, arXiv:1304.2625.

[42] M.R. Douglas, The string landscape and low energy
supersymmetry, in Strings, Gauge Fields, and the Geometry
Behind: The Legacy of Maximilian Kreuzer, edited
by A. Rebhan, L. Katzarkov, J. Knapp, R. Rashkov, and
E. Scheidegger (World Scientific, Singapore, 2012),
pp. 261-288.

[43] T. Clifton, S. Shenker, and N. Sivanandam, Volume
weighted measures of eternal inflation in the Bousso-
Polchinski landscape, J. High Energy Phys. 09 (2007)
034.

[44] B. Freivogel and M. Lippert, Evidence for a bound on the
lifetime of de Sitter space, J. High Energy Phys. 12 (2008)
096.

[45] A. Bedroya, M. Montero, C. Vafa, and I. Valenzuela, de
Sitter Bubbles and the swampland, Fortschr. Phys. 68,
2000084 (2020).

[46] J.J. Blanco-Pillado, H. Deng, and A. Vilenkin, Eternal
inflation in swampy landscapes, J. Cosmol. Astropart. Phys.
05 (2020) 014.

023528-8


https://doi.org/10.1103/PhysRevD.70.063528
https://doi.org/10.1088/1126-6708/2002/10/011
https://doi.org/10.1088/1126-6708/2002/10/011
https://arXiv.org/abs/1702.00850
https://arXiv.org/abs/1702.00850
https://doi.org/10.1103/PhysRevD.78.063535
https://doi.org/10.1103/PhysRevD.83.023525
https://doi.org/10.1103/PhysRevD.83.023525
https://arXiv.org/abs/1108.0665
https://doi.org/10.1103/PhysRevD.86.063509
https://doi.org/10.1088/1475-7516/2005/04/001
https://doi.org/10.1088/1475-7516/2005/04/001
https://doi.org/10.1103/PhysRevD.84.083517
https://doi.org/10.1103/PhysRevD.72.123506
https://doi.org/10.1143/PTPS.163.245
https://doi.org/10.1143/PTPS.163.245
https://doi.org/10.1103/PhysRevD.49.1783
https://doi.org/10.1103/PhysRevD.49.1783
https://doi.org/10.1103/PhysRevD.78.063520
https://doi.org/10.1103/PhysRevD.79.063513
https://doi.org/10.1088/0264-9381/28/20/204007
https://doi.org/10.1088/1475-7516/2013/05/037
https://doi.org/10.1103/PhysRevD.36.1088
https://arXiv.org/abs/hep-th/0410270
https://doi.org/10.1103/PhysRevLett.107.171301
https://doi.org/10.1088/1475-7516/2019/12/001
https://doi.org/10.1088/1475-7516/2006/06/010
https://doi.org/10.1088/1475-7516/2006/06/010
https://doi.org/10.1088/1475-7516/2007/10/010
https://doi.org/10.1088/1475-7516/2007/10/010
https://doi.org/10.1088/1475-7516/2019/10/E02
https://doi.org/10.1103/PhysRevD.82.063520
https://doi.org/10.1103/PhysRevD.82.063520
https://doi.org/10.1088/1475-7516/2013/11/055
https://doi.org/10.1088/1475-7516/2013/11/055
https://doi.org/10.1103/PhysRevD.89.063520
https://doi.org/10.1088/1475-7516/2016/02/064
https://doi.org/10.1016/0550-3213(90)90357-J
https://doi.org/10.1016/0550-3213(90)90357-J
https://arXiv.org/abs/0802.0233
https://doi.org/10.1007/s10701-016-9996-8
https://doi.org/10.1007/s10701-016-9996-8
https://arXiv.org/abs/1608.05672
https://arXiv.org/abs/1008.0808
https://doi.org/10.1103/PhysRevD.15.2929
https://doi.org/10.1103/PhysRevD.16.1248
https://doi.org/10.1103/PhysRevD.21.3305
https://doi.org/10.1103/PhysRevD.44.340
https://doi.org/10.1103/PhysRevD.44.340
https://doi.org/10.1103/PhysRevD.59.103501
https://doi.org/10.1103/PhysRevD.60.109903
https://doi.org/10.1016/0550-3213(83)90636-3
https://doi.org/10.1088/0264-9381/6/10/008
https://doi.org/10.1016/0370-2693(87)90429-1
https://doi.org/10.1023/B:IJTP.0000048178.69097.fb
https://doi.org/10.1103/PhysRevD.42.4042
https://arXiv.org/abs/1304.2625
https://doi.org/10.1088/1126-6708/2007/09/034
https://doi.org/10.1088/1126-6708/2007/09/034
https://doi.org/10.1088/1126-6708/2008/12/096
https://doi.org/10.1088/1126-6708/2008/12/096
https://doi.org/10.1002/prop.202000084
https://doi.org/10.1002/prop.202000084
https://doi.org/10.1088/1475-7516/2020/05/014
https://doi.org/10.1088/1475-7516/2020/05/014

