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We investigate the clustering property of primordial black holes (PBHs) in a scenario where PBHs can
explain the existence of supermassive black holes (SMBHs) at high redshifts. We analyze the angular
correlation function of PBHs originating from fluctuations of a spectator field which can be regarded as a
representative model to explain SMBHs without conflicting with the constraint from the spectral distortion
of cosmic microwave background. We argue that the clustering property of PBHs can give a critical test for
models with PBHs as the origin of SMBHs and indeed show that the spatial distribution of PBHs in such a
scenario is highly clustered, which suggests that those models may be disfavored from observations of
SMBHs although a careful comparison with observational data would be necessary.
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I. INTRODUCTION

Primordial black holes (PBHs), which are considered to
be created in the early Universe [1–3], have been attracting
attention, particularly since LIGO detected gravitational
wave signals [4], which can be interpreted as the ones from
the merger of PBH binary [5–7].1 PBHs have also been
discussed as a possible dark matter (DM) candidate, which
has also motivated the study of PBHs. Although the
abundance of PBHs is severely constrained, they can
constitute all DM in the Universe in some mass range,
or some fraction of DM can be explained by PBHs [11].
Another motivation to investigate PBHs is the issue of

supermassive black holes (SMBHs) observed at very high
redshifts. The masses of SMBHs found in the redshift z ≃
5–7 are 107 M⊙ − 1010 M⊙, which is considered to be
challenging to be formed by some astrophysical processes
(e.g., see [12] and reference therein). Actually, assuming
that the BH continues the Eddington-limited accretion, the
time for the BH initially having massMini to reach the mass
Mfin is given by [12]

tgrow ≃ 5 × 10−2
�
ϵr
0.1

�
ln

�
Mfin

Mini

�
Gyr; ð1:1Þ

where ϵr (for thin disk accretion ∼0.1 [13]) is the radiative
efficiency. For Mfin ≫ Mini (for instance, Population III
stars would have Mini ≃ 10 M⊙ − 103 M⊙ [14]), tgrow is

barely less than the age of the Universe at z ¼ 5–7. It is not
yet clear if such an efficient accretion can persistently
operate to make stellar-mass BHs grow rapidly into
SMBHs by the redshift z ∼ 7 (e.g., [15,16]). Another
possibility is the direct collapse scenario (e.g., [17,18])
in which very massive stars ∼105 M⊙ were formed directly
from the gravitational collapse of the gas cloud. It is worth
noting that the quasars at high redshifts can be also
explained as the hypermassive starburst clusters [19]. In
this paper, we assume that the observed quasars at high
redshifts are SMBHs.
In addition to the astrophysical scenarios explaining such

SMBHs, PBHs as progenitor of SMBHs are an alternative
possibility and have been studied in the literature [20–25].
While the production of PBHs needs models beyond the
standard cosmological scenario (e.g., see [26]), one of the
attractive features of the PBH scenario is that there is a
simple physical mechanism to produce PBHs having initial
masses in the mass range of SMBHs or seeds of SMBHs;
namely, preparing the primordial curvature perturbations
with the Oð1Þ amplitude at the corresponding length scale
inevitably leads to the formation of PBHs, for which initial
PBH masses are determined by the (comoving) wave
number of the primordial perturbations at which the power
spectrum is enhanced.
In this paper, we consider PBHs in the mass range of

104 M⊙ − 1010 M⊙. As the lower limit of the initial PBH
masses, we take 104 M⊙ since Population III remnants are
expected to form BHs up to ∼103 M⊙ [27]. Replacing such
seed BHs originating from the Population III stars by PBHs
of the same initial masses does not sound appealing
although it is logically possible. For PBHs with the initial

1There are also several astrophysical explanations for the
detected BH binaries. They include field formation [8], chemi-
cally homogeneous evolution [9], and dynamical formation in
dense stellar clusters [10].
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masses of ∼104 M⊙, although it is not clear if the
astrophysical processes such as accretion made those
PBHs grow rapidly and achieved the masses of the
SMBHs observed at high redshifts, we assume that such
processes operated successfully. On the other hand, if
PBHs were in the SMBH-mass range initially, a very
efficient accretion is not needed to explain the SMBHs.
In any case, as we will see later, our main result that the
PBH models we consider predict very high degrees of the
clustering of PBHs over wide length scales holds true for
any mass range of our interest. In this sense, whether PBHs
started from around 104 M⊙ or had masses in the SMBH-
mass range from the outset is not crucial for our conclusion.
However, it is known that if PBHs with masses

104 M⊙ − 1013 M⊙ are formed from the Gaussian primor-
dial curvature perturbation to explain SMBHs, such pri-
mordial perturbations inevitably produce the spectral
distortion of the cosmic microwave background (CMB)
which largely exceeds the upper limit obtained by the
COBE/FIRAS experiment [28]. Therefore, one needs to
consider a scenario where PBHs are created from highly
non-Gaussian perturbations [22,28], which are realized in
some concrete models [22–25]. Importantly, as it will be
explained in more detail in the subsequent sections, when
PBHs are produced from such non-Gaussian perturbations,
clustering of PBHs inevitably occurs. Hence, the clustering
property of PBHs can be a crucial test of a scenario where
PBHs can explain SMBHs at high redshifts.
In this paper, we discuss the formalism to calculate two-

point angular correlation function of PBHs to study its
clustering properties. Then we apply it to investigate the
clustering of PBHs in models where highly non-Gaussian
fluctuations from a spectator field produce PBHs as a seed
of SMBHs. We stress that our formalism can be applied to a
broad class of models where PBHs are produced from
highly non-Gaussian perturbation, and argue that the PBH
angular correlation function gives a critical test to a
scenario of PBHs as the origin of SMBHs.
The structure of this paper is as follows. In the next

section, we will explain a common feature present in the
proposed models, which provides a motivation to theoreti-
cally derive the PBH angular correlation function. After
this, we explicitly calculate the PBH angular correlation
function in a scenario where PBHs as a seed of SMBHs are
created from highly non-Gaussian fluctuations sourced by a
spectator field. We also discuss how the clustering proper-
ties depend on the details of the model. Then in the final
section, we conclude our paper.

II. PBHs FROM A SPECTATOR FIELD

In this section, we describe one important feature com-
mon to the proposed models in the literature [22–25]
explaining SMBHs by PBHs and provide the motivation
to analyze the angular correlation of such PBHs. As
mentioned in the Introduction, one of the advantages of

the PBH scenario is that PBHs can have masses in the
SMBH-mass range from the outset and we do not need to
resort to the efficient accretion. Yet, PBHs may grow to
some extent by accretion and it is possible that initial
PBHs are lighter than the SMBHs. The uncertainty about
how much the PBHs can increase their mass during the
cosmological history propagates into the uncertainty of the
(comoving) wave number of the primordial curvature
perturbations which collapse to the PBHs. As we will
demonstrate in Sec. IV, the PBH correlation function
depends on the wave number (kmax in our notation), but
our main conclusion, that the PBH angular correlation
function is very large on small angular scales, is universal
for any values of kmax.
Irrespective of whether the initial PBH masses are about

104 M⊙ or much closer to the masses of the observed
SMBHs, if we only aim at explaining the observed abun-
dance of SMBHs, this can be easily achieved simply by
having the primordial curvature perturbations with Oð1Þ
amplitude at the required length scales. What is rather
nontrivial is that we need to achieve this without contra-
dicting with the nonobservations of the CMB spectral
distortions. Actually, thevariance of the primordial curvature
perturbations is known to become much bigger than the
upper limit derived from the nonobservations of the CMB
spectral distortions if such PBHs are produced from (almost)
the Gaussian curvature perturbation [28]. Therefore, if
SMBHs originate from PBHs which were formed by the
gravitational collapse of the primordial curvature perturba-
tions, the primordial curvature perturbations must be highly
non-Gaussian such that the variance is small enough to evade
the CMB constraints while, at the same time, the probability
to realize the Oð1Þ amplitude of the perturbation to form
PBHs is large enough to explain the observed abundance of
SMBHs (the comoving number density of the SMBHs is
known to be about 1 Gpc−3 [29]).
In [22–25], inflationary models have been proposed to

realize such highly non-Gaussian perturbations. Although
the concrete scenarios are different from each other, what is
common among them is that a light scalar field ϕ (spectator
field) undergoes stochastic motion during inflation and
only the patches where the field value evaluated at the end
of inflation exceeds a threshold ϕc acquire Oð1Þ curvature
perturbations (by the end of inflation or afterwards depend-
ing on the underlying models) and the curvature perturba-
tions in the other patches are negligibly small.2 Denoting by
ϕðxÞ ¼ ϕðtend; xÞ the value of the scalar field at the end of
inflation smoothed over the scales relevant to PBHs, the
curvature perturbation produced in this class of models can
be approximately written as

2Alternative scenarios include nucleation of bubbles by quan-
tum tunneling during inflation [30–32] and transient constant-roll
inflation [33,34]. We do not consider this class of models in our
paper.
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ζðxÞ ≈ ζ0ΘðϕðxÞ − ϕcÞ: ð2:1Þ

Here Θ is the step function, ζ0, which should be larger than
the threshold ζth for the PBH formation [35], is the
amplitude of the curvature perturbation in the patches that
collapse to PBHs at the time of the horizon reentry, and ϕc
is the critical value whose explicit value depends on the
underlying models.3 As it is evident from this equation, the
distribution of ζ is highly non-Gaussian and the non-
observations of the CMB spectral distortion can be easily
met due to the rareness of the patches having ϕ > ϕc
(see Fig. 1).
In this way, we can construct consistent models of PBHs,

which can explain SMBHs without conflicting with the
observational upper limit on the CMB spectral distortion.
Therefore, it is desirable to consider additional observables
which can be used to test these models. To this end, let us
recall that the approximate equation of motion of ϕ at each
Hubble patch during inflation is given by (e.g., [36])

_ϕðtÞ ¼ −
m2

3H
ϕðtÞ þ ξðtÞ; ð2:2Þ

wherem is the mass of ϕ, ξðtÞ is the Gaussian noise coming
from the transition of the sub-Hubble quantum fluctuations
to the super-Hubble ones, and its two-point function is
given by hξðtÞξðt0Þi ¼ H3

4π2
δðt − t0Þ. Let us suppose that ϕ at

the time (t ¼ 0) when our observable Universe exited the
Hubble horizon was ϕini. In our observable Universe, after

this time, ϕ moves randomly according to Eq. (2.2) and the
distribution of ϕ becomes Gaussian with its mean being
ϕini. Roughly speaking, a PBH of mass MPBH is formed
(after inflation) in the Hubble patch if ϕðtÞ evaluated at the
time when the length scale corresponding to MPBH exited
the Hubble horizon exceeds ϕc. The variance of ϕ at tð> 0Þ
is given by

hðϕðtÞ − ϕiniÞ2i ¼
3H4

8π2m2
ð1 − e−

2m2

3H tÞ≡ σ2t : ð2:3Þ

Thus, the fraction of such PBHs at their formation time is
given by

β≡
Z

∞

ϕc

PðϕÞdϕ ≃
1ffiffiffiffiffiffi
2π

p σt
ϕc

exp

�
−

ϕ2
c

2σ2t

�
; ð2:4Þ

if the PBH formation is a rare process: σt ≪ ϕc − ϕini. Here,
PðϕÞ is the (Gaussian) probability distribution of ϕ. Since
ϕðtÞ is determined by the random motion accumulated until
that time, if a given Hubble patch has the field value larger
than ϕc, nearby patches, which experienced similar evolu-
tionary history of ϕ, would have more chance to have the
field value larger than ϕc compared to the average. This
implies that patches having ϕ > ϕc do not obey the Poisson
distribution but are spatially clustered. Consequently, PBHs
produced in this way would be clustered as well, which
motivates us to study the correlation function of PBHs with
an expectation that this provides a critical observable to test
PBHs as the origin of the SMBHs.
Based on the above consideration, the purpose of this

paper is to derive the two-point (angular) correlation
function of PBHs originating from the curvature perturba-
tions of the form given by Eq. (2.1). The above argument is
suggestive but just qualitative, and in the next section
we will provide a more mathematically rigorous analysis.

FIG. 1. Left panel: (Gaussian) probability distribution of the spectator field ϕ as a result of the quantum fluctuations generated during
inflation. Right panel: schematic picture of probability distribution of the primordial curvature perturbation ζ. Hubble patches having
ϕ < ϕc produce little of the curvature perturbation and only the patches having ϕ > ϕc acquire the amplitude ζ0 greater than the
threshold ζth to collapse into PBHs.

3Precisely speaking, in the models studied in [23–25], it is the
absolute value of ϕ that enters in Eq. (2.1). When the PBH
formation is very rare and the dynamics of ϕ is symmetric for
ϕ → −ϕ, which is actually the case, patches having ϕ > ϕc will
not be correlated with the ones having ϕ < −ϕc and we can
virtually use Eq. (2.1) to derive the correlation function of ζ.
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Our crucial assumptions are that the mass of the spectator
field is much smaller than the Hubble parameter during
inflation, and self-interactions or interactions with any
other fields can be neglected, both of which are satisfied
in the models studied in [22–25]. Another important
condition is that the curvature perturbation large enough
to generate PBHs is produced only in the regions with
ϕðxÞ > ϕc [see Eq. (2.1)]. Apart from these general
requirements, we do not need to specify the underlying
inflation models. Thus, our results presented in this paper
can be applied to any other models as long as the above
assumptions are satisfied. We stress that our formalism can
be utilized to investigate PBH clustering not only in SMBH
mass but also in any other mass ranges.
Before closing this section, we mention that the PBHs

from the curvature perturbations possessing a local-
type non-Gaussianity of the form ζ ¼ ζg þ 3

5
fNLζ2g (ζg:

Gaussian field, fNL: free parameter), which has been
widely studied in the literature, have been known to cluster

]37–40 ]. On the other hand, the quantitative analysis of the
clustering of the PBHs for the non-Gaussianity of the type
(2.1) has not been performed in the literature.

III. FORMALISM

In this section, we give the formalism to study the
clustering properties of PBHs as a possible explanation of
SMBHs at high redshifts. For this purpose, we investigate
the angular correlation function of PBHs. Since the angular
correlation function can be calculated from the PBH two-
point correlation function, we first briefly summarize the
formalism to calculate the two-point correlation function of
PBHs based on the functional integration approach [39]
(see also [41,42]). Then we introduce the PBH angular
correlation function as a measure to test the clustering
properties of PBHs.

A. PBH correlation function

Here we take the functional integration or the path
integral approach to calculate the two-point correlation
function of PBHs based on [39]. We refer the readers to
[39] for details.
As described in the previous section, we consider a

scenario with a spectator field ϕ where a PBH is formed in
the region satisfying the condition ϕ − ϕini > ϕc. It should
be understood that ϕ appearing in this condition is the one
evaluated at the time of the end of inflation and the fate of
the given region, i.e., whether it later collapses to PBH or
not, is determined by the initial condition ϕðxÞ ¼ ϕðtend; xÞ
evaluated at the inflation end. With this framework, the
probability that a PBH is produced at the position x can be
written as

P1ðxÞ ¼
Z

½Dϕ�P½ϕ�
Z

∞

ϕc

dαδDðϕðxÞ − αÞ; ð3:1Þ

where P½ϕ� is the probability functional having a configu-
ration ϕðxÞ, δD is the Dirac’s δ function, and

½Dϕ� ¼
Y
i¼1

dϕðxiÞ: ð3:2Þ

In the same way, the probability that PBHs are created at
the positions x1 and x2 is given by

P2ðx1; x2Þ ¼
Z

½Dϕ�P½ϕ�
Z

∞

ϕc

dα1δDðϕðx1Þ − α1Þ

×
Z

∞

ϕc

dα2δDðϕðx2Þ − α2Þ: ð3:3Þ

By using the integral form of the δ function

δDðϕ − αÞ ¼
Z

∞

−∞

dq
2π

eiqðϕ−αÞ; ð3:4Þ

one can express P1ðxÞ and P2ðx1; x2Þ as

P1ðxÞ ¼
Z

½Dϕ�P½ϕ�
Z

∞

ϕc

dα
Z

∞

−∞

dq
2π

e−iqαeiqϕðxÞ; ð3:5Þ

P2ðx1; x2Þ ¼
Z

½Dϕ�P½ϕ�
Z

∞

ϕc

dα1

Z
∞

ϕc

dα2

×
Z

∞

−∞

dq1dq2
ð2πÞ2 e−iq1α1−iq2α2eiq1ϕðx1Þþiq2ϕðx2Þ:

ð3:6Þ

Now we define the generating functional for the general
source JðxÞ as

Z½J�≡
Z

½Dϕ�P½ϕ� exp
�
i
Z

d3yJðyÞϕðyÞ
�

¼
�
exp

�
i
Z

d3yJðyÞϕðyÞ
��

: ð3:7Þ

From this equation, it is known that the connected part of
the n-point correlation function for ϕ can be written in
terms of Z½J� as

ξðnÞϕðcÞðx1;…;xnÞhϕðx1Þ � � �ϕðx2Þic ¼
1

i
δn lnZ½J�

δJðx1Þ � � �δJðxnÞ
				
J¼0

:

ð3:8Þ

It is straightforward to invert this equation as

lnZ½J� ¼
X∞
n¼2

in

n!

Z �Yn
i¼1

d3yiJðyiÞ
�
ξðnÞϕðcÞðy1;…; ynÞ: ð3:9Þ

By the generating functional, we can formally expressP1

and P2 in a compact manner. By setting JðyÞ as
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JðyÞ≡ qδDðx − yÞ; ð3:10Þ

one can show that P1ðxÞ can be given by

P1ðxÞ ¼
Z

∞

ϕc

dα
Z

∞

−∞

dq
2π

e−iqαZ½qδDðx − yÞ�: ð3:11Þ

We can also calculate P2ðx1; x2Þ in a similar way. By
setting

JðyÞ≡ q1δDðx1 − yÞ þ q2δDðx2 − yÞ; ð3:12Þ

P2 is written as

P2ðx1;x2Þ ¼
Z

∞

ϕc

dα1

Z
∞

ϕc

dα2

Z
∞

−∞

dq1dq2
4π2

× e−iq1α1−iq2α2Z½q1δDðx1 − yÞ þ q2δDðx2 − yÞ�:
ð3:13Þ

Here we assume that fluctuations of ϕ are Gaussian. In
this case, the connected n-point correlation functions with
n ≥ 3 vanish and lnZ½J� becomes

lnZ½J� ¼ −
1

2

Z
d3y1d3y2Jðy1ÞJðy2Þξϕðy1; y2Þ; ð3:14Þ

where we have dropped the subscript (c) and the superscript
(2) for notational simplicity. By putting this into Eq. (3.11),
and introducing the following two variables defined by

σ2 ≡ ξϕðx; xÞ; ν≡ ϕc

σ
; ð3:15Þ

one can show that the one-point probability of PBHs can be
written as

P1ðxÞ ¼
1

2
erfc

�
νffiffiffi
2

p
�
≃
e−ν

2=2ffiffiffiffiffiffi
2π

p
ν
; ð3:16Þ

where erfc is the complementary error function. Since we
consider the formation of PBHs, which is a rare process
[see discussion around Eq. (4.9)], we have adopted a high
peak approximation where ν ¼ ϕc=σ ≫ 1, which is used in
the second equality in the above equation.
Plugging Eq. (3.14) into Eq. (3.13), we obtain

P2ðx1; x2Þ ¼
Z

∞

ϕc

dα1

Z
∞

ϕc

dα2

Z
∞

−∞

dq1dq2
4π2

× e−iq1α1−iq2α2−
1
2
q2
1
σ2−q1q2ξϕðx1;x2Þ−1

2
q2
2
σ2 : ð3:17Þ

For notational simplicity, let us introduce a dimensionless
quantity ϵ by

ϵ ¼ ξϕðx1; x2Þ
σ2

: ð3:18Þ

By definition, ϵ ≤ 1. Integration over q1, q2 yields, after
changing the integration variables,

P2ðx1; x2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ϵ2

p

2π

Z
∞

νffiffiffiffiffiffi
1−ϵ2

p
dv1

Z
∞

νffiffiffiffiffiffi
1−ϵ2

p
dv2

× exp

�
−
1

2
ðv21 − 2ϵv1v2 þ v22Þ

�
: ð3:19Þ

The integration over v2 can be written in terms of the
complementary error function as

P2ðx1; x2Þ ¼
1

2
ffiffiffiffiffiffi
2π

p
Z

∞

ν
dze−

1
2
z2erfc

�
ν − ϵzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1 − ϵ2Þ

p �
:

ð3:20Þ

Up to this point, the expression for P2 is mathematically
exact. Although we can, in principle, obtain the accurate
correlation function by performing the integration numeri-
cally, it is possible to perform the integration analytically
under some approximation, which not only helps us capture
the basic behaviors of the correlation function easily but
also reduces the computation time to obtain the final
angular correlation function which involves multiple inte-
gration. To this end, we notice that the variable z is greater
than ν. Thus, the argument of the erfc function becomes
much bigger than unity for ν

ffiffiffiffiffiffiffiffiffiffi
1 − ϵ

p
≫ 1. In what follows,

we assume ν
ffiffiffiffiffiffiffiffiffiffi
1 − ϵ

p
≫ 1 is satisfied. This condition is

violated at the short distance x1 → x2 for which ϵ → 1.
Such a short distance is not observationally relevant.
Furthermore, dynamical interactions among PBHs may
become important at such short distances, by which the
correlation function that can be measured may differ from
the primordial one we compute (see Sec. IV C). Thus, the
condition ν

ffiffiffiffiffiffiffiffiffiffi
1 − ϵ

p
≫ 1 is fairly satisfied at large distances

for which the following analytic form of ξPBHðrÞ becomes
an excellent approximation.
Using the asymptotic formula for erfcðxÞ for x ≫ 1

erfcðxÞ ≈ e−x
2ffiffiffi

π
p

x
; ð3:21Þ

Eq. (3.20) becomes

P2ðx1; x2Þ ≈
1þ ϵ

2πν
e−

ν2

2

ffiffiffi
π

2

r
erfc

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ϵ

2ð1þ ϵÞ

s
ν

!
: ð3:22Þ

Since our assumption ν
ffiffiffiffiffiffiffiffiffiffi
1 − ϵ

p
≫ 1 automatically means

the argument of erfc is much bigger than unity, we again
use the asymptotic formula for erfc and we arrive at the
final expression of P2 as
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P2ðx1; x2Þ ≈
1

2πν2
ð1þ ϵÞ32ffiffiffiffiffiffiffiffiffiffi
1 − ϵ

p exp

�
−

ν2

1þ ϵ

�
: ð3:23Þ

Then, the PBH correlation function becomes

ξPBHðx1; x2Þ ¼
P2ðx1; x2Þ

P2
1

− 1

≈
ð1þ ϵÞ32ffiffiffiffiffiffiffiffiffiffi
1 − ϵ

p exp

�
ϵ

1þ ϵ
ν2
�
− 1: ð3:24Þ

Therefore, once we give the two-point correlation function
for ϕ, we can obtain the approximate form for the PBH
correlation function by this equation. In the following, we
use this equation to compute the PBH correlation function.

B. PBH angular correlation function

Since the SMBHs at high redshifts (i.e., z ¼ 5–7)
distribute inside a (rather) thin shell in the comoving
coordinates where our galaxy is located at the origin, it
will be more convenient to consider the angular correlation
function when one compares the theoretical prediction with
the observational data. Here we summarize the formulas
to calculate the angular correlation function of PBHs (for
the formalism of the angular correlation function, e.g.,
see [43]).
We denote the (comoving) number density of PBHs by

nPBHðR; θ;φÞ where R; θ;φ are the comoving polar coor-
dinate and the observer sits at the origin. We also define the
two-dimensional number density NPBHðθ;φÞ by

NPBHðθ;φÞ ¼
Z

∞

0

WðRÞnPBHðR; θ;φÞR2dR; ð3:25Þ

whereWðRÞ is the window function which accounts for the
redshift range that observations under consideration are
sensitive to. In the following calculation, the window
function is chosen such that it corresponds to the distri-
bution of SMBHs observed at high redshifts. In principle,
the window function can also depend on θ;φ as well, but
we assume such dependence is absent in this paper.
The spatial average of nPBHðR; θ;φÞ is denoted as n̄PBH,

and correspondingly, we can also define the two-dimen-
sional counterpart for NPBHðθ;φÞ as

N̄PBH ¼
Z

∞

0

dRR2WðRÞn̄PBH; ð3:26Þ

which is the angle averaged number density on the
projected two-dimensional sphere.
Now we introduce fluctuations of nPBHðR; θ;φÞ as

δPBHðR; θ;φÞ≡ nPBHðR; θ;φÞ − n̄PBH
n̄PBH

; ð3:27Þ

while fluctuations of the two-dimensional number density
NPBHðθ;φÞ are defined as

ΔPBHðθ;φÞ≡ NPBHðθ;φÞ − N̄PBH

N̄PBH
: ð3:28Þ

Since N̄PBH is given by Eq. (3.26), ΔPBHðθ;φÞ can be
written in terms of δPBHðR; θ;φÞ as

ΔPBHðθ;φÞ ¼
Z

∞

0

dRgðRÞWðRÞδPBHðR; θ;φÞ; ð3:29Þ

where we have defined gðRÞ as

gðRÞ≡ R2n̄PBH
N̄PBH

¼ R2R
0
∞dR0R02WðR0Þ : ð3:30Þ

The angular correlation function of PBH wPBHðθÞ is
defined by

wPBHðθÞ ¼ hΔPBHðr̂1ÞΔPBHðr̂2Þi; ð3:31Þ

where r̂1 ¼ ðθ1;φ1Þ and r̂2 ¼ ðθ2;φ2Þ correspond to the
direction on the sphere and θ is the angle between r̂1 and r̂2.
By using Eq. (3.29), one can express wPBHðθÞ in terms of
the PBH correlation function ξPBHðrÞ as

wPBHðθÞ ¼
Z

∞

0

dR1

Z
∞

0

dR2gðR1ÞgðR2ÞWðR1Þ

×WðR2ÞξPBHðrÞ; ð3:32Þ

where r is the comoving distance between positions x1 and
x2 which is given by

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
1 þ R2

2 − 2R1R2 cos θ
q

; ð3:33Þ

with R1 ¼ jx1j and R2 ¼ jx2j being the comoving distance
to positions x1 and x2 from an observer at the origin. The
comoving distance Ri to the redshift zi can be calculated as

RiðziÞ ¼
Z

zi

0

dz
HðzÞ ; ð3:34Þ

where HðzÞ is the Hubble parameter at the redshift z.
In this paper, we consider a flat Λ cold dark matter

model, in which RiðziÞ can be given by

RiðziÞ ¼
Z

zi

0

dz

H0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωrð1þ zÞ4 þΩmð1þ zÞ3 þΩΛ

p ;

ð3:35Þ

whereΩr, Ωm, andΩΛ are density parameters for radiation,
matter, and a cosmological constant, respectively. Unless
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otherwise stated, we assume Ωmh2 ¼ 0.1424 and h ¼
0.6766 [44] in the following.
With the formalism presented in this section, we discuss

the angular correlation function for PBHs in models which
can explain SMBHs at high redshifts.

IV. EVALUATION OF THE ANGULAR
CORRELATION FUNCTION OF PBHs

Having explained the formalism to compute the PBH
angular correlation function wPBH in the previous section,
in this section we explicitly evaluate the PBH angular
correlation function by using Eq. (3.32) and the PBH
correlation function ξPBH given by Eq. (3.24).
First we calculate the PBH correlation function ξPBHðrÞ.

As we mentioned previously, we consider the scenario
where PBHs are formed from fluctuations of a light
spectator field ϕ. The two-point correlation function of
ϕ for r ¼ jx1 − x2j appearing in Eq. (3.24) should be
evaluated at the time of the end of inflation tend:

ξϕðrÞ ¼ hðϕðtend; x1Þ − ϕiniÞðϕðtend; x2Þ − ϕiniÞi

¼
Z

kmax

kmin

dk
k
PϕðkÞ

sinðkrÞ
kr

: ð4:1Þ

Since we take the correlation of ϕ inside our observable
Universe, the minimumwave number kmin is taken to be the
present Hubble scale kmin ¼ H0 in the following calcu-
lations. kmax is the maximum wave number corresponding
to the mode which gives the minimum PBHmass to explain
SMBHs. In this paper, we assume that SMBHs originate
from PBHs with the masses of MPBH ≥ 104 M⊙, from
which kmax can be fixed as

kmax ≃ 1.3 × 104 Mpc−1
�

g�
10.75

�
−1=12

�
MPBH

104 M⊙

�
−1=2

;

ð4:2Þ

where g� is the effective degrees of freedom, and taken to be
g� ¼ 10.75 [45] since PBHs with massesMPBH ¼ 104 M⊙
are formed at around the cosmic time of 1 sec.
To evaluate ξϕðrÞ, we need the power spectrum of a

spectator field ϕ, which is given, for a scalar field with mass
m (see. e.g., [46]), by

PϕðkÞ ¼
�
HI

2π

�
2
�

k
aHI

�
2m2=ð3H2

I Þ ¼
�
HI

2π

�
2
�

k
kend

�
cI
;

ð4:3Þ

where HI is the Hubble scale during inflation (assumed to
be constant) and kend is the wave number of the modewhich
exited the horizon at the end of inflation. Taking the
reference scale as k� ¼ 0.002 Mpc−1, and the number of
e-folds from the end of inflation to the time when the mode

k� exited the horizon as N� ¼ 50, kend is given by
kend ≃ 1019 Mpc−1. This value is adopted in the rest of
this paper. We have also defined the dimensionless param-
eter cI for later convenience as

cI ¼
2m2

3H2
I
: ð4:4Þ

Since we assume a light field for a spectator ϕ, cI
satisfies cI ≪ Oð1Þ.
The variance σ2 can be calculated from Eqs. (4.1) and

(4.3) as

σ2 ¼
�
HI

2π

�
2 1

cI

��
kmax

kend

�
cI
−
�
kmin

kend

�
cI
�
: ð4:5Þ

Using Eq. (4.1) and the expression for σ2 given by (4.5),
ϵðrÞ defined by Eq. (3.18) can be written as

ϵðrÞ ¼ cI

��
kmax

kend

�
cI
−
�
kmin

kend

�
cI
�
−1

×
Z

kmax

kmin

dk
k

�
k

kend

�
cI sinðkrÞ

kr
: ð4:6Þ

Notice that an explicit dependence on the Hubble scale
during inflation HI does not appear in ϵðrÞ [hence in
ξPBHðrÞ as well]. Although the k integration above can be
performed numerically, it is a numerical obstacle when it is
combined with other integrations to compute wPBH. On the
other hand, for 1=ðkmaxrÞ ≪ 1; kminr ≪ 1, and cI ≪ 1, all
of which are actually satisfied except for the Hubble scales
r ∼H−1

0 , by treating them as small quantities, we can
systematically perform the integration analytically order by
order. To leading order, the result is given by

ϵðrÞ ¼
��

kmax

kend

�
cI
−
�
kmin

kend

�
cI
�
−1
�
−
�
kmin

kend

�
cI

þ cosðcIπ=2ÞΓð1þ cIÞ
ð1 − cIÞðkendrÞcI

�
; ð4:7Þ

where ΓðxÞ is the Gamma function. Derivation of this
equation and the estimate of its error are given in the
Appendix.
The last ingredient to evaluate the PBH correlation

function ξPBHðrÞ is to fix ν. This is done by requiring that
the predicted PBH abundance matches the population of
the observed SMBHs. The one-point probability of PBHs
given in Eq. (3.16) is nothing but the energy fraction of
PBHs at their formation time β:

β ¼ P1ðxÞ ¼
1ffiffiffiffiffiffi
2π

p
ν
e−ν

2=2: ð4:8Þ

For PBHs with the masses of MPBH, this can be related to
the comoving PBH number density n̄PBH as
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β ∼ 3 × 10−21
�

g�
10.75

�
1=4
�

MPBH

105 M⊙

�
3=2
�

n̄PBH
Gpc−3

�
: ð4:9Þ

By equating n̄PBH to the comoving number density of the
SMBHs observed at high redshifts (∼1 Gpc−3 [29]), we can
determine the value of ν for a givenMPBH by the above two
equations. Figure 2 shows ν as a function of MPBH. We
confirm that ν is always much larger than unity for any
values of MPBH in the mass range of our interest. This is
simply because the PBH formation is rare, namely, β ≪ 1.
Having clarified how to compute ϵðrÞ and ν, we can now

calculate ξPBHðrÞ by using Eq. (3.24). Figure 3 shows two
different ξPBHðrÞ: the analytic (approximate) one given by
Eq. (4.7) and the one obtained by the numerical integration

of Eq. (4.6). As it can be seen from the figure, the analytic
formula works quite well except for r around the Hubble
horizon H−1

0 where the neglected components parametri-
cally suppressed by ðkminrÞ2 become important. We find
that ξPBH exhibits an oscillatory feature around ξPBH ¼ 0
for large r, which reflects the presence of void regions at
such large scales.
Finally, we can calculate the PBH angular correlation

function wPBHðθÞ by plugging Eq. (4.6) [or (4.7)] into
Eq. (3.32). To calculate wPBHðθÞ, we need to determine the
form of the window function WðRÞ. In the following, we
compute wPBHðθÞ for two different shapes of the window
functions: (i) δ-function form and (ii) top-hat form. Since
SMBHs are observed in the redshift range of 5≲ z≲ 7.5,
the top-hat form would represent a realistic case than the
former. Yet, to obtain some intuitive understanding by a
simple calculation, we also consider the δ-function form.
For the δ-function case, we assume

WðRðzÞÞ ¼ δDðRðzÞ − R�Þ; ð4:10Þ

where we set R� ¼ Rðz� ¼ 7.642Þ where z� ¼ 7.642 cor-
responds to the redshift for the highest quasar observed at
the time of writing this paper [47]. For the top-hat form, the
window function is taken as

WðRðzÞÞ ¼


1 ðzlow ≤ z ≤ zhighÞ;
0 ðotherwiseÞ; ð4:11Þ

where we take zlow ¼ 5 and zhigh ¼ 7.642 in the following
calculations.4

Below we show our results for each window function
in order.

A. Case of the δ-function window function

First we show the PBH angular correlation function
wPBHðθÞ for the case of the δ-function window function
given in Eq. (4.10). In this case, gðRÞ defined in Eq. (4.14)
becomes unity, i.e., gðRÞ ¼ 1. Therefore,wPBHðθÞ is simply
given by

wPBHðθÞ ¼ ξPBHðr�Þ ¼ ξPBHðR�; θÞ; ð4:12Þ

where r� is given by

r� ¼ 2R� sin
�
θ

2

�
: ð4:13Þ

In Fig. 4, we show the PBH angular correlation function
for the case with the δ-function window function. Here theFIG. 3. Comparison of ξPBHðrÞ between the analytic (approxi-

mate) formula based on Eq. (4.7) and the numerically obtained
one using Eq. (4.6). We use Eq. (3.24) to translate from ϵðrÞ to
ξPBHðrÞ. The values of the model parameters we adopt here are
MPBH ¼ 104 M⊙, kend ¼ 1019 Mpc−1, cI ¼ 0.001. Dotted curves
represent negative values.

FIG. 2. ν required to explain the abundance of the observed
SMBHs ðnPBH ¼ 1 Gpc−3Þ at high redshifts as a function
of MPBH.

4One may worry that the limit zlow → zhigh in Eq. (4.11) does
not reduce to Eq. (4.10). Such discontinuity is absent in wPBH
since wPBH is invariant under the constant multiplicationWðRÞ →
CWðRÞ on the window function [see Eq. (3.32)].
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PBH mass is assumed to be MPBH ¼ 104 M⊙. For cI, we
take it to be cI ¼ 0.01, 0.001 and 0.0001 as shown in the
figure. The right panel shows wPBHðθÞ forMPBH ¼ 104 M⊙
and 1010 M⊙.
As seen from the figure, the value of wPBHðθÞ is positive

and large for θ < Oð10°Þ, which indicates that PBHs are
highly clustered on the sky at those angular scales in models
where SMBHs can be explained byPBHs.On the other hand,
wPBHðθÞ for θ ≳ 60° becomes negative and void regions
appear beyond this angle. This critical angle is neither
sensitive to MPBH nor cI. Thus, the appearance of the void
regions forθ ≳ 60° is a robust featurewhich is independent of
thevalues of themodel parameters. Furthermore, the shapeof
wPBHðθÞ does not much depend on cI , which can also be read
off from the figure. As far as cI ≪ Oð1Þ, the value of cI
scarcely affects wPBHðθÞ. In summary, PBHs are highly
clustered in this kind of PBH model.

B. Case of the top-hat window function

When the top-hat window function given as in Eq. (4.11)
is adopted, gðRÞ can be written by

gðRÞ ¼ 3R2

R3
high − R3

low

; ð4:14Þ

where Rlow and Rhigh are the comoving distance to the
redshift zlow ¼ 5 and zhigh ¼ 7.642, respectively. Using this
expression for gðRÞ, one can write down wPBHðθÞ as

wPBHðθÞ ¼
Z

Rhigh

Rlow

dR1

Z
Rhigh

Rlow

dR2

3R2
1

R3
high − R3

low

3R2
2

R3
high − R3

low

× ξPBHðR1; R2; θÞ; ð4:15Þ

where ξPBHðR1; R2; θÞð¼ ξPBHðrÞÞ can be calculated by
Eq. (4.6) [or (4.7)] with r related to R1, R2, and θ
by Eq. (3.33).

In Fig. 5, we show the angular correlation function
computed from Eq. (4.15). For comparison, the case with
the δ-function window is also shown. As seen from the
figure, when we assume the top-hat window function,
wPBHðθÞ is reduced on small scales compared to the one for
the δ-function window case. To understand this feature,
Fig. 6 shows concentric two spheres with radius Rlow and
Rhigh which correspond to the comoving distance to zlow
and zhigh, respectively, where the observer is located at the
origin. First of all, it should be noticed that ξPBHðrÞ is a
monotonically decreasing function of r (i.e., the correlation
is stronger for shorter distance). When the interval Rhigh −
Rlow is small (the limit of Rhigh − Rlow → 0 corresponds to
the δ-function window case), wPBHðθÞ measures the corre-
lation of the length scale Rhighθ (green line in Fig. 6). On
the other hand, if the interval Rhigh − Rlow (i.e., red line) is
larger than Rhighθ, the correlation of the length scale Rhighθ

FIG. 4. Angular correlation function wPBHðθÞ for the case of the δ-function window at the redshift z ¼ 7.642. Several cases of cI are
shown as indicated in the figure. Dotted curves represent negative values.

FIG. 5. Angular correlation function wPBHðθÞ for the case of the
redshift range of 5 ≤ z ≤ 7.642. We take cI ¼ 0.001 in this
figure. Dotted curves represent negative values.
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contributes less to wPBHðθÞ than the δ-function case.
Therefore, defining the critical angle θc by

θc ≡ Rhigh − Rlow

Rhigh
; ð4:16Þ

wPBHðθÞ, for the top-hat window function, will be
reduced for θ < θc compared to the δ-function case. For
the cosmological parameters adopted in our calculations
(Ωmh2 ¼ 0.1424 and h ¼ 0.6766), the comoving distances
to zlow and zhigh are given as Rlow ¼ 7945.9 Mpc and
Rhigh ¼ 9023.1 Mpc, respectively, and the critical angle is
given by

θc ≃ 7°: ð4:17Þ

One can verify in Fig. 5 that this critical angle roughly
coincides with the angle where the deviation of wPBHðθÞ for
the top-hat window case from that for the δ-function case
appears evident. We also show dependence on cI andMPBH
of wPBHðθÞ for the top-hat window function case in Fig. 7.
As in the case for the δ-function window, wPBH is
insensitive to cI but sensitive to MPBH.

C. On the time evolution of the correlation function

Since the PBHs in the class of models considered in this
paper are highly clustered on small scales, it is likely
that gravitational interactions among neighboring PBHs
become non-negligible and PBHs may undergo frequent
mergers or form clumps from the time of the PBH
formation to the time of observations. However, clarifying
the timescale of the PBH mergers requires careful quanti-
tative analysis since it generally depends on several factors
such as the host galaxy shape, rotation, and gas content in a
complicated manner [48,49], which we do not address in
this paper. Given that ξPBHðrÞ and wPBHðθÞ we have
computed assume no time evolution after the PBH for-
mation, direct comparison between such quantities with the
observed spatial (or angular) distribution of the SMBHs
becomes invalid on scales where the correlation function
evolves due to the mergers or the dynamical assembling.
Precise evaluation of this effect requires N-body simula-
tions and is beyond the scope of this paper. Here, by a
simple calculation, we estimate the comoving radius inside
of which the PBHs dominates the mass density. In such a
region, due to the self-gravitation of PBHs, the clustered
PBHs could experience the merger frequently. At least
below this scale, the PBH correlation function at high
redshifts (z ¼ 5–7) will significantly differ from the one
derived in this paper since we do not take account of the
evolution of PBHs such as their merger in the calculation.
On the other hand, we expect that the time evolution of the
PBH correlation function for larger scales is modest

FIG. 7. Angular correlation function wPBHðθÞ for the case of the top-hat window function. Several cases of cI are shown as indicated in
the figure. Dotted curves represent negative values.

FIG. 6. Schematic explanation of the suppression of wPBHðθÞ at
small angles for the case with the top-hat window function
compared to the one for the δ-function window case.
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although we might need a careful treatment to justify this
statement rigorously, which is also beyond the scope of
this paper.
Now we estimate the comoving scale under which the

mergers of PBHs could occur frequently. Let us suppose
that there is one PBH at the origin. Then, the typical PBH
distribution at the comoving distance r from the origin in
terms of the mass density is given by

ρPBHðrÞ ¼ MPBHð1þ ξPBHðrÞÞn̄PBH: ð4:18Þ

Then, the expected total mass of PBHs inside the radius r
becomes

MtotðrÞ ¼
Z

r

0

ρPBHðr0Þ4πr02dr0 ¼
4π

3
MPBHn̄PBHr3

þ 4πMPBHn̄PBH

Z
r

0

r02ξPBHðr0Þdr0: ð4:19Þ

Thus, the energy fraction of PBHs in total matter inside the
radius r becomes

FðrÞ≡ 3MtotðrÞ
4πr3Ωmρc

≈
3ΩPBH

Ωmr3

Z
r

0

r02ξPBHðr0Þdr0; ð4:20Þ

where ρc is the critical energy density and

ΩPBH ¼ MPBH

ρcV
≃ 7 × 10−11

�
MPBH

1010 M⊙

��
V

Gpc3

�
−1
:

ð4:21Þ
Here we assume that there is one PBH per Gpc3 volume.
When the fraction FðrÞ is larger than unity, the free-fall time
due to self-gravitation of PBHs would be shorter than that of
the cosmic expansion, and hence clustered PBHs can attract
easily each other and the mergers may often take place.

Figure 8 shows FðrÞ for two cases:MPBH ¼ 104 M⊙ and
1010 M⊙. We find that FðrÞ becomes unity at a certain
distance in Oð0.1Þ −Oð10Þ Mpc whose precise value
depends on the value of MPBH. The corresponding sepa-
ration angle evaluated at the redshift z is given by

θ≡ r
RðzÞ ≈ 0.07°

�
r

10 Mpc

�
; ð4:22Þ

where we have assumed z ¼ 7 to obtain the angle on the
right-hand side. Because of this reason, we have set the
minimum angle to be 0.1° in all the plots of wPBHðθÞ
presented in this section.
As a final remark, we comment that in addition to the

large correlation function of the SMBHs, the PBH models
we consider may provide another observational signature
for gravitational waves (GWs) which can be a potentially
interesting target for the space interferometers such as
LISA [50], TianQin [51] and Taiji [52] in an optimistic
case. As we discussed at the beginning of this subsection, it
might be possible that highly clustered PBHs undergo
frequent mergers. If this is true, we can crudely estimate
ΩGW from such PBH mergers by assuming that the fraction
f of PBHs merge as

ΩGW ≃ 1.5 × 10−16f

�
ϵGW
0.05

��
1þ zmerger

10

�
−1

×

�
Ωm

0.3

��
ΩPBH

10−13

�
: ð4:23Þ

Here ϵGW is the fraction of the radiated GW energy to the
mass of theBHbinary [53], and zmerger is the redshift atwhich
PBHs merge. As a fiducial value of ΩPBH, we have adopted
MPBH ¼ 107 M⊙ which corresponds to themaximalmass of
the SMBH mergers detectable by LISA [50], and used
Eq. (4.21) where it is assumed that there is one PBH per
Gpc3 volume. This rough estimation suggests that the GWs
from the mergers of the clustered PBHs do not exceed the
sensitivity reached by LISA [54] even if the large fraction of
PBHs [f ¼ Oð1Þ] actually merge. However, observations of
quasars may reveal only a fraction of the SMBHs at high
redshifts and there may be much more lurking SMBHs. In
this case, the estimate given inEq. (4.23)may getmodified to
give a much larger value.

V. CONCLUSION AND DISCUSSION

We have investigated the angular correlation function of
PBHs as a new probe of the clustering properties of PBHs,
focusing on a scenario where PBHs can explain SMBHs
observed at high redshifts 5≲ z≲ 7.5. PBHs having initial
mass 104 M⊙ − 1013 M⊙ are ruled out from nonobserva-
tions of the CMB spectral distortion if they are formed from
theGaussian adiabatic primordial fluctuations.However, one
can avoid this constraint by considering highly non-Gaussian

FIG. 8. Plot of Eq. (4.20) for two cases: MPBH ¼ 104 M⊙ and
1010 M⊙. Red dotted line represents FðrÞ ¼ 1.
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fluctuations, which are subdominant on large scales and
scarcely affect observations of CMB anisotopies.
We have considered a class of the spectator field model

where the region with high values of ϕð> ϕcÞ can collapse
into PBHs with the masses of ≳104 M⊙. We derived and
analyzed the angular correlation function in such a PBH
scenario and have shown that PBHs are highly clustered,
which suggests that models with PBHs as the origin of
SMBHs may be disfavored due to the fact that the
clustering is too strong. This can be confirmed by directly
comparing the (theoretically) predicted angular correlation
function obtained in this paper with the one from the
observed spatial distribution of SMBHs. In principle, this
can be performed by using the existing observations.
However, one needs very careful treatment to compare
the observed distribution and theoretical prediction
obtained in this paper since the quasar searches are not
complete, e.g., different observations which found those
SMBHs were done under different conditions in terms of
the observational time and the area observed.
Once this comparison becomes available, the angular

correlation function discussed in this paper should give a
critical test for models where PBHs can play a role of
SMBH formation, and then one would be able to draw a
definite conclusion of whether such a scenario is disfavored
or not, which is left for the future project.
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APPENDIX: DERIVATION OF EQ. (4.7)

First of all, since we consider PBHs at high redshift, the
comoving distance RðzÞ can be approximated as

RðzÞ ≃ R0 −
2

H0=h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωmh2ð1þ zÞ

p ; ðA1Þ

where R0 ≃ 1.4 × 104 Mpc for Ωmh2 ¼ 0.1424 and
h ¼ 0.6766. Therefore, at leading order, one can treat
RðzÞ as constant RðzÞ ≃ R0 and the comoving distance
between two points at high z becomes

r ≃ 2R0 sin

�
θ

2

�
; ðA2Þ

where θ is the angle between the two points measured by
the observer located at the origin. In this case, kmaxr
becomes as

kmaxr ≃ 3 × 108
�

kmax

104 Mpc−1

��
R0

1.4 × 104 Mpc

�
sin

�
θ

2

�
:

ðA3Þ
The angle scale of our interest from the observational point
of view is θ ≥ 0.1°, for which one can verify that kmaxr is
much larger than unity. Keeping this in mind, let us
decompose the integral of Eq. (4.6) as

Z
kmax

kmin

dk
k

�
k

kend

�
cI sinðkrÞ

kr
¼
Z

∞

kmin

dk
k

�
k

kend

�
cI sinðkrÞ

kr
−
Z

∞

kmax

dk
k

�
k

kend

�
cI sinðkrÞ

kr
: ðA4Þ

The second term on the right-hand side is OððkmaxrÞ−2ðkmax
kend

ÞcIÞ and is negligible for kmaxr ≫ 1. To deal with the first term,
we do the integration by parts:

Z
∞

kmin

dk
k

�
k

kend

�
cI sinðkrÞ

kr
¼ −

1

cI

1

kcIend

�
kcImin

sinðkminrÞ
kminr

þ
Z

∞

kmin

kcI
d
dk

�
sinðkrÞ
kr

�
dk

�
: ðA5Þ

For cI ≪ 1 and kminr ≪ 1, it is convenient to decompose the second term on the right-hand side as

Z
∞

kmin

kcI
d
dk

�
sinðkrÞ
kr

�
dk ¼

Z
∞

0

kcI
d
dk

�
sinðkrÞ
kr

�
dk −

Z
kmin

0

kcI
d
dk

�
sinðkrÞ
kr

�
dk: ðA6Þ

The first term on the right-hand side can be written in terms of the Gamma function as

Z
∞

0

kcI
d
dk

�
sinðkrÞ
kr

�
dk ¼ r−cI

−1þ cI
cosðcIπ=2ÞΓð1þ cIÞ: ðA7Þ

As for the second term, expanding the integrand as ≃ − 1
3
k1þcI r2, the leading order contribution is given by
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Z
kmin

0

kcI
d
dk

�
sinðkrÞ
kr

�
dk ¼ −

kcImin

3ð2þ cIÞ
ðkminrÞ2: ðA8Þ

Putting everything together, we finally obtain

ϵðrÞ ¼
��

kmax

kend

�
cI
−
�
kmin

kend

�
cI
�
−1
�
−
�
kmin

kend

�
cI ð1þOððkminrÞ2ÞÞ

þ 1

1 − cI

cosðcIπ=2ÞΓð1þ cIÞ
ðkendrÞcI

þO
�
cIðkmaxrÞ−2

�
kmax

kend

�
cI
��

: ðA9Þ

Dropping the subdominant terms yields Eq. (4.7).
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