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We investigate the H0 tension in a range of extended model frameworks beyond the standard ΛCDM
without the data from the cosmic microwave background (CMB). Specifically, we adopt the data from
baryon acoustic oscillations, big bang nucleosynthesis, and type Ia supernovae as indirect measurements
of H0 to study the tension. We show that the estimated value of H0 from indirect measurements is overall
lower than that from direct local ones regardless of the data sets and a range of extended models to be
analyzed, which indicates that, although the significance of the tension varies depending on models, theH0

tension persists in a broad framework beyond the standard ΛCDM model even without CMB data.
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I. INTRODUCTION

The Hubble constant H0 is one of the most important
cosmological parameters and has been measured by various
ways. One such observations is cosmic microwave
background (CMB) which indirectly measures it with
high precision—the data from Planck satellite derived
H0 ¼ ð67.4� 0.5Þ km=sec=Mpc [1] and the combination
of the data from ACT and WMAP gives H0 ¼ ð67.7�
1.1Þ km=sec=Mpc [2]. One can also measure H0 directly
from local measurements such as the ones based on a
distance ladder and strong gravitational lensing observa-
tions, which actually gives a value of H0 higher than that
obtained from CMB. For example, the Cepheid-supernovae
distance ladder provides H0 ¼ ð73.2� 1.3Þ km=sec=Mpc
[3] (for earlier results, see [4–6]). Although a measurement
from Tip of the Red Giant Branch obtained an intermediate
value for H0 somewhat between CMB and the local one
[7], other observations such those using Mira variables [8],
the Tully-Fisher relation [9,10], megamaser [11], and the
gravitational lensing from H0LiCOW [12] and STRIDES
[13] have also derived similar values with the above
mentioned Cepheid-supernovae distance ladder, which
are discrepant with the one obtained by CMB about 5σ
[14] (see also [15] for the compilation of various measure-
ments). This inconsistency is now called the H0 tension,
which has been a target of intense study recently. Although
the tension might be attributed to some unknown system-
atics (for the arguments of the systematics in distance
ladder, see e.g., [16], and in strong gravitational lensing, see
e.g., [17]), it could indicate that we need to extend/modify
the standard concordance model of cosmology, a flat
ΛCDM model, to resolve the tension and many works
have been performed along this line (see, e.g., [15,18,19]

for a review and references therein for models to solve the
tension proposed so far). Furthermore, it is worth mention-
ing that theH0 tension can also make some impact on other
aspects of cosmology such as cosmological bounds on
neutrino mass [20].
Actually, the tension inH0 has been mainly addressed as

the discrepancy between CMB and local direct measure-
ments. Although CMB is the most powerful indirect
measurement of H0, if the tension is a genuine one, it
would be persistent even without CMB data, which should
be checked against various other observations. Indeed,
some works along this line have been done such as the ones
using weak lensing data from DES and baryon acoustic
oscillation (BAO) with big bang nucleosynthesis (BBN)
[21], BAO and BBN [22–25], the full shape of galaxy
power spectrum and BAO with BBN [26], BAO, type Ia
supernovae (SNeIa) and cosmic chronometers [27], all of
which do not use CMB data, but the value ofH0 are overall
consistent with the one obtained from Planck. This indi-
cates that the H0 tension exists even without CMB.
However, such analysis have been performed mainly in
the framework of the standard ΛCDM and some extended
models such as the ones with neutrino masses

P
mν and

the effective number of neutrinos (dark radiation) Neff . In
fact, it has been known that simple extensions of ΛCDM
model such as the ones with varying dark energy equation
of state, dark radiation, neutrino masses and so on cannot
fully resolve the tension,1 however, those extended models
have been mainly investigated using CMB in combination
with some other data sets. As mentioned above, it would be

1Although these extended models cannot fully resolve the
tension, they can reduce its significance (see, e.g., the discussion
in [28]).

PHYSICAL REVIEW D 104, 023523 (2021)

2470-0010=2021=104(2)=023523(15) 023523-1 © 2021 American Physical Society

https://orcid.org/0000-0002-2807-1631
https://orcid.org/0000-0003-4605-4867
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.104.023523&domain=pdf&date_stamp=2021-07-19
https://doi.org/10.1103/PhysRevD.104.023523
https://doi.org/10.1103/PhysRevD.104.023523
https://doi.org/10.1103/PhysRevD.104.023523
https://doi.org/10.1103/PhysRevD.104.023523


important to check whether the H0 tension is persistent
or not even without CMB data, and besides it should be
studied in various extensions of ΛCDM model, which is the
prime purpose of this paper. To elucidate whether the H0

tension exists without CMB data in various frameworks
beyondΛCDM, in this paper we investigate the constraint on
H0 from BAO, SNeIa and BBN in models with extended
phenomenological dark energy, the curvature of the Universe
and the effective number of extra radiation species. If the
value of H0 obtained in these analyses is consistent with the
one obtained from CMB and deviates from the ones obtained
by the local direct measurements, the H0 tension would be
rigorously confirmed, which may indicate that we need to
consider an intricate extension/modification of the standard
cosmological model more seriously.
The organization of this paper is as follow. In the next

section, we explain the methodology of our analysis where
the analysis method and the data adopted in this paper
are presented. We also summarize the model framework
beyond ΛCDM that we consider in this paper. In Sec. III,
we present our results and discuss the H0 tension from the
data without CMB in models beyond ΛCDM. The final
section is devoted to our conclusion and discussion.

II. METHODOLOGY

Here we describe the methodology of our analysis to
study the H0 tension without CMB data in the frameworks
beyond the ΛCDM model. First we explain our method to
derive constraints on H0, other cosmological parameters,
and the data adopted in our analysis. Then we describe the
models analyzed in this paper.

A. Analysis method

To make a parameter estimation, we perform a Markov
Chain Monte Carlo (MCMC) analysis using emcee [29].
We adopt the data from BAO, BBN, and SNeIa in our
analysis. In the BAO analysis, some combinations of the
quantities such as the Hubble distance DHðzÞ, the line-of-
sight comoving distance DCðzÞ, the (comoving) angular
diameter distanceDMðzÞ, and the sound horizon at the drag
epoch rd are measured. Here the Hubble distance DHðzÞ is
given by

DHðzÞ ¼
1

HðzÞ ; ð2:1Þ

where HðzÞ is the Hubble parameter at the redshift z. We
note that we adopt the natural unit where c ¼ ℏ ¼ 1 in this
paper. The line-of-sight comoving distance DCðzÞ is

DCðzÞ ¼
Z

z

0

1

Hðz0Þ dz
0: ð2:2Þ

The (comoving) angular diameter distance DMðzÞ is
calculated as

DMðzÞ¼

8>>><
>>>:

sin½ ffiffiffiffiffiffiffi
−ΩK

p
H0DCðzÞ�ffiffiffiffiffiffiffi

−ΩK
p

H0
forΩK <0 ðclosedÞ

DCðzÞ forΩK¼0 ðflatÞ
sinh½ ffiffiffiffiffi

ΩK
p

H0DCðzÞ�ffiffiffiffiffi
ΩK

p
H0

forΩK >0 ðopenÞ
; ð2:3Þ

where ΩK is the density parameter for the curvature of the
Universe. The sound horizon at the drag epoch zd is

rd ¼
Z

∞

zd

csðzÞ
HðzÞ dz; ð2:4Þ

where cs is the sound speed which is given by cs ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=ð3ð1þ 3ρbðzÞ=4ργðzÞÞÞ

p
with ρbðzÞ and ργðzÞ being

the energy densities of baryon and photon at the redshift z.2

Observations of BAO probe the quantitiesDMðzÞ=rd and
DHðzÞ=rd which measure the distances along the transverse
and line-of-sight directions, respectively. In some cases, a
spherically-averaged distance is also used, which can be
characterized as

DVðzÞ=rd ≡ ðzD2
MðzÞDHðzÞÞ1=3=rd: ð2:5Þ

In our analysis, we adopt the BAO measurements from
SDSS main galaxy sample (MGS), BOSS DR12 galaxies,
eBOSS luminous red galaxies (LRGs), eBOSS quasars,
and Lyman α forest and its cross correlation with quasars
from SDSS which are compiled in [25]. We summarize
these BAO data and their observables in each data set in
Table I. Although the full likelihood analysis to derive
constraints from these BAO measurements is desirable,
we instead use the values tabulated in Table I to calculate
χ2ð∝ 2 lnLÞ by neglecting the off-diagonal components of
the covariance matrix. We checked that the derived con-
straints on H0 and Ωm are consistent with the ones given
in [25] and we believe our treatment sufficiently captures
constraints from BAO.
When we adopt BAO data, we also make a separate

analysis using the data only from low-z ðz < 1Þ or high-z
ðz > 1Þ measurement as has been done in some works
[24,25] in addition to the analysis with all redshift data
combined. Although we could also make a distinction by
using the criterion that the data comes from either galactic
or Lyman α, here we follow [25] to separate the data using
the redshift of z ¼ 1. As we discuss in the next section, low
and high redshift data show different tendencies with regard
to constraints on H0 and other parameters.
Regarding supernovae (SN) data, we adopt the Pantheon

sample [30] which includes SNeIa in the redshift range of

2Actually, we need the CMB temperature of T0 ¼ 2.7255 K
to calculate the energy density of radiation. In this sense, our
analysis is not completely free from CMB even though we do
not use the data from CMB temperature anisotropies and
polarizations.
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0.01 < z < 2.3. We use the likelihood code for SNe
provided as a part of COSMOMC package [31]. As we explain
in the following subsection, we consider some dark energy
models which allow the time variation of its equation of state
as an extension of the ΛCDM model. In such models, the
equation of state parameters can be severely constrained
by the SN data, which is quite effective in removing the
degeneracy among the parameters.
We also include the BBN measurements of the helium

abundance Yp [32] and the deuterium abundance yDP [33]
which are respectively given by

Yp

�
≡ 4nHe

nb

�
¼ 0.2449� 0.0040 ð68% C:L:Þ; ð2:6Þ

yDP

�
≡ 105nD

nb

�
¼ 2.527� 0.030 ð68% C:L:Þ; ð2:7Þ

where nHe; nD and nb are number densities of helium 4,
deuterium and baryon. Since there are uncertainties coming
from several nuclear reaction rates, including the neutron
life time, we also include theoretical uncertainties for
helium abundance as σthðHeÞ ¼ 3.0 × 10−4 and for deu-
terium as σthðDÞ ¼ 0.050 in the analysis [34,35]. We use a
public code PArthENoPE [35] to calculate the theoretical
values of Yp and yDP for a given cosmological model. The
deuterium abundance can severely constrain baryon density
which cannot be well determined by BAO and SN. When
the effective number of neutrinos Neff is allowed to vary, it
can be strongly constrained by the helium abundance data.
By including the data from BAO, SN and BBN, we

derive constraints on H0 as well as other model parameters
by performing MCMC analysis. Convergence of a chain is
diagnosed based on the integrated autocorrelation time
following [29,36]. More concretely, we stop MCMC when
the chain length is at least one hundred times larger than
any of the autocorrelation times of the primary parameters.
We discard the first half of the chains as burn-in.

B. Models to be analyzed

In several works, it has been argued that the H0 tension
between direct and indirect measurements exists even

without CMB data in the ΛCDM and some simple
extended models [21–26]. In this paper, we investigate
this issue further by considering a range of extended
models using the data from BAO, SN and BBN, i.e.,
without CMB. The models considered in this paper are
summarized in Table II along with the parameters in each
model and the prior ranges of them are tabulated in
Table III. Below we describe each model in some detail.

1. ΛCDM model

Since we use the data from BAO, SN and BBN,
which only probe the background evolution, we just vary

TABLE II. Models analyzed in this paper and the model
parameters.

Model Model parameters

ΛCDM ωb;ωdm;ωΛ
wCDM ωb;ωdm;ωDE; w
NeffΛCDM ωb;ωdm;ωΛ; Neff
ΩKΛCDM ωb;ωdm;ωΛ;ωK
w0waðCPLÞCDM ωb;ωdm;ωDE; w0; wa
NeffΩKΛCDM ωb;ωdm;ωΛ; Neff ;ωK
Neffw0waðCPLÞCDM ωb;ωdm;ωDE; Neff ; w0; wa
w0w1w2CDM (binned DE EoS) ωb;ωdm;ωDE; w0; w1; w2

TABLE I. BAO data adopted in this paper [25].

Data zeff Observables

Low-z MGS 0.15 DVðzÞ=rd ¼ 4.47� 0.17
ðz < 1Þ BOSS galaxy I 0.38 DMðzÞ=rd ¼ 10.23� 0.17; DHðzÞ=rd ¼ 25.00� 0.76
BAO BOSS galaxy II 0.51 DMðzÞ=rd ¼ 13.36� 0.21; DHðzÞ=rd ¼ 22.33� 0.58

eBOSS LRG 0.7 DMðzÞ=rd ¼ 17.86� 0.33; DHðzÞ=rd ¼ 19.33� 0.58
eBOSS ELG 0.85 DVðzÞ=rd ¼ 18.33þ0.57

−0.62

High-z eBOSS Quasar 1.48 DMðzÞ=rd ¼ 30.69� 0.80; DHðzÞ=rd ¼ 13.26� 0.55
ðz > 1Þ Lyα-Lyα 2.33 DMðzÞ=rd ¼ 37.6� 1.9; DHðzÞ=rd ¼ 8.93� 0.28
BAO Lyα-Quasar 2.33 DMðzÞ=rd ¼ 37.3� 1.7; DHðzÞ=rd ¼ 9.08� 0.34

TABLE III. Prior range of model parameters adopted in the
analysis.

Parameter Prior range

ωb [0.001, 0.1]
ωDM [0.01, 0.3]
ωΛðωDEÞ [0.1, 0.5]
ωK ½−0.3; 0.3�
wðwCDMÞ ½−4; 1�
w0ðCPLÞ ½−3;−0.5�
waðCPLÞ ½−3; 2�
w0ðbinnedÞ ½−3; 0�
w1ðbinnedÞ ½−3; 0�
w2ðbinnedÞ ½−3; 0�
Neff [1, 5]
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ωbð¼ Ωbh2Þ;ωDMð¼ ΩDMh2Þ, and ωΛð¼ ΩΛh2Þ where
Ωb;ΩDM and ΩΛ are the density parameters for baryon,
dark matter, and the cosmological constant, respectively.
h is the reduced Hubble constant (i.e., H0 in units of
100 km=s=Mpc). Since a flat Universe is assumed in
this model, h can be derived by h ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ωm þ ωΛ
p

with
ωm ¼ ωb þ ωDM.

2. wCDM model

In this model, we also vary the equation of state (EoS) of
dark energy which is assumed to be constant in time and
denoted as w. Therefore the free parameters in this model
are ðωb;ωDM;ωDE; wÞ where ωDE is the density parameter
for dark energy (equivalent to ωΛ).

3. NeffΛCDM model

In the ΛCDM and its other extended models investigated
in this paper, the effective number of neutrinos is fixed as
Neff ¼ 3.046 unless otherwise stated. Since extra (or less)
effective neutrino numbers directly affect BBN and the
sound horizon at the drag epoch (which can also modify the
fit to BAO data) we also consider an extension of ΛCDM
by addingNeff as a free parameter. A cosmological constant
is assumed for dark energy and the parameters in this model
are ðωb;ωDM;ωΛ; NeffÞ.

4. ΩKΛCDM model

We also consider an extension of ΛCDM model by
allowing the curvature of the Universe to be varied by
adding the parameter ωKð¼ ΩKh2Þ in the analysis. This
model just assumes a nonflat Universe and others are the
same as the ones in ΛCDM case. The reduced Hubble
constant h is given by h ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ωm þ ωΛ þ ωK
p

in this model.
The parameters in this framework are ðωb;ωDM;ωΛ;ωKÞ.

5. w0waðCPLÞCDM model

This model assumes a time varying EoS for dark energy
in the following form:

wðzÞ ¼ w0 þ wað1 − aÞ ¼ w0 þ
z

1þ z
wa; ð2:8Þ

which is the so-called CPL parametrization [37,38]. The
parameters in this model are ðωb;ωDM;ωDE; w0; waÞ.

6. NeffΩKΛCDM model

In this model, the effective number of neutrinos and
the curvature of the Universe are simultaneously varied
in addition to the standard cosmological parameters in
the ΛCDM model. The parameters in this model are
ðωb;ωDM;ωΛ; Neff ;ωKÞ.

7. Neffw0waðCPLÞCDM model

In this model, the CPL parametrization [Eq. (2.8)]
for dark energy EoS is adopted and Neff is also varied.
Other parameters are the same as the ones in the ΛCDM
model and hence the parameters in this model are
ðωb;ωDM;ωDE; Neff ; w0; waÞ

8. w0w1w2CDM model (binned parametrization
for dark energy EoS)

We also consider another model for dark energy EoS
where different EoS for each linearly binned scale factor
range are assumed. We respectively assign the EoS as
w0; w1 and w2 for the scale factor range of a ¼ ½1; 2

3
�; ½2

3
; 1
3
�

and ½1
3
; 0�, which corresponds to the redshift bins of z ¼

½0; 0.5�; ½0.5; 2� and ½2;∞� (i.e., w0 is the EoS for the
redshift range of 0 < z < 0.5, w1 is for the range of
0.5 < z < 2 and w2 is for the redshift of z > 2). The
parameters in this model are ðωb;ωDM;ωDE; w0; w1; w2Þ.
We investigate whether the H0 tension still persists (or

not) even without CMB data in the ΛCDM and seven
extended models described above. In the next section,
we present the results of our analysis for each model
in order.

III. CONSTRAINTS ON H0 WITHOUT CMB

In this section, we present our results on the constraints
for H0 from BAOþ SNþ BBN in the framework of eight
models ðΛCDMþ seven extended modelsÞ described in
the previous section. To discuss whether the H0 tension
persists in those models, we show a 2D constraint in the
Ωm–H0 plane and their 1D posterior distribution. In
addition, we also show 2D constraints and 1D posterior
distributions for the parameters beyond the ΛCDM model
in the following. The summary of the constraint on H0 in
each model is given in Fig. 12. Below we discuss
constraints for each model in order.
ΛCDM model: First we start from the ΛCDM model, in

which constraints are shown in Fig. 1. As already studied in
[21–26], the H0 tension exists even without CMB data,
which we also confirm from our analysis. It should also be
noted that although low-z ðz < 1Þ BAO data is in favor of a
relatively large value of H0, the data from high-z ðz > 1Þ
BAO in contrast prefers a low value of H0. When we
combine low-z and high-z BAO data, their combination
gives

H0 ¼ 68.02þ1.03
−1.09 ; Ωm ¼ 0.295þ0.014

−0.014 ½ΛCDM�; ð3:1Þ

(the uncertainties are quoted for 1σ) which is significantly
lower than the one obtained from the local measurements.
We quote the value of H0 from SH0ES [3]

H0 ¼ 73.2� 1.3 ½SH0ES� ð3:2Þ
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as the reference value for the local measurements. Given
this value, the significance of the tension between the local
(direct) measurements and indirect one from BAOþ
BBNþ SNe (i.e., without CMB) in ΛCDM model is 3.1σ.
As seen from the constraint in the H0–Ωm plane of

Fig. 1, the direction of the degeneracy between H0 and Ωm
are different for low-z and high-z BAO data, and hence
once they are combined, only the overlapping region is
allowed and the constraint on H0 becomes tight and a low
value is preferred. To see why the directions of the
degeneracy are different, we also show constraints in the
ΛCDM model only from BAO data in Fig. 2. As described
in the previous section, the observables of BAO are
DHðzÞ=rd;DMðzÞ=rd and DVðzÞ=rd which can be
written as

DHðzÞ
rd

¼ fðzÞ
rdH0

; ð3:3Þ

DMðzÞ
rd

¼
R
z
0 dz̄ fðz̄Þ
rdH0

; ð3:4Þ

DVðzÞ
rd

¼ ½zðR z
0 dz̄ fðz̄ÞÞ2fðzÞ�1=3

rdH0

; ð3:5Þ

where fðzÞ≡H0=HðzÞ and in a flat ΛCDM model it is
given by

fðzÞjΛCDM ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωmð1þ zÞ3 þ 1 − Ωm

p : ð3:6Þ

As can be seen from Eqs. (3.3)–(3.6), the BAO observables
for a given redshift only depend on the combination of
rdH0 and Ωm in a flat ΛCDM model [39]. Although the

primary parameters adopted in the analysis are ωb, ωDE and
ωΛ, to obtain a simple understanding of how the direction
of the degeneracy appears for low and high redshift BAO
data, we show the constraint in the Ωm–rdH0 plane in
Fig. 2. Here it should be cautioned that in the analysis of
Fig. 2, Ωm and rdH0 are treated as independent variables
although rd actually also depends on Ωm and its depend-
ence is automatically incorporated in the main analysis
whose result is shown in Fig. 1.
RegardingDHðzÞ=rd; it depends on rdH0 andΩm at high

redshifts ðz > 1Þ approximately as

DHðzÞ
rd

∝
1

rdH0

ffiffiffiffiffiffiffi
Ωm

p ; ð3:7Þ

since a term with ð1þ zÞ3 dominates in the denominator of
Eq. (3.3). This indicates that rdH0 and Ωm are degenerate
along this direction. On the other hand, at low redshift
ðz < 1Þ, the function fðzÞjΛCDM can be approximated by
some leading terms of the expansion at z ¼ 0 as

fðzÞjΛCDM ¼ 1 −
3

2
ΩmzþOðz2Þ; ð3:8Þ

from which one can see that the Ωm dependence becomes
weak for lower redshifts and hence the constraints on Ωm
get less severe when the low-z BAO data is considered.
The tendency is also the same for DMðzÞ=rd in which the
function fðzÞjΛCDM is integrated over z. Therefore the
direction of the degeneracy in the Ωm–rdH0 plane gets
inclined parallel to the Ωm axis when low-z data is
considered. From this reasoning, the allowed regions from
low-z ðz < 1Þ and high-z ðz > 1Þ BAO data extend to
different directions as seen from Fig. 2. However, when low
and high redshift data are combined, only the overlapping
region is allowed. Although we have discussed the

FIG. 1. Constraints for ΛCDM model.
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FIG. 2. Constraints in the Ωm–rdH0 plane for ΛCDM model
from BAO data only. Constraints from low redshift ðz < 1Þ, high
redshift ðz > 1Þ and all BAO data are separately shown.

H0 TENSION WITHOUT CMB DATA: BEYOND THE … PHYS. REV. D 104, 023523 (2021)

023523-5



Ωm–rdH0 plane here, the same argument should also apply
to the constraint in the H0–Ωm plane, which explains
why the directions of the degeneracies differ between the
constraints from low-z and high-z BAO data.
wCDM model: In the wCDMmodel, the function fðzÞ is

given by

fðzÞjwCDM ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωmð1þ zÞ3 þ ð1 −ΩmÞð1þ zÞ3ð1þwÞ

q :

ð3:9Þ

At low-z redshift, this can be expanded as

fðzÞjwCDM ¼ 1þ 3

2
ð−1 − wþ wΩmÞzþOðz2Þ: ð3:10Þ

Therefore, as in the case for the ΛCDM model, the low-z
BAO data cannot severely constrainΩm, which explains the
reason why the allowed region for low-z BAO data extends
to a higher value of Ωm in the Ωm–H0 and Ωm–w planes in
Fig. 3. This can also be understood from the constraints in
the Ωm–rdH0 plane, which is shown in Fig. 4. On the other
hand, high-z BAO data can constrain Ωm well although
there is degeneracy between rdH0 and Ωm as can be

understood from Eq. (3.7). There also exists a degeneracy
between Ωm and w, however, as the redshift increases, the
nature of dark energy does not affect the fit to BAO data
much, and hence, Ωm can be relatively determined from
high-z data. This can be seen from Fig. 4.
Regarding w; fðzÞjwCDM at low-z does not depend on w

at leading order, and hence w cannot be well constrained by
low-z data, which is also found in the 2D constraints shown
in the panel of theΩm–w andH0–w plane in Fig. 3. Since w
and H0 are degenerate in DHðzÞ and DMðzÞ, when a broad
range of w is allowed, H0 would also take a wide range of
values along the direction of the degeneracy. In particular,
as more negative values of w is allowed from low-z data,
higher H0 can also be tolerated as can be seen from Fig. 3.
However, high-z BAO data can severely constrain Ωm and
w is limited to be close to w ¼ −1 from SN data; hence
eventually the constraints for H0 and Ωm from the combi-
nation of all BAO data are driven to

H0 ¼ 66.44þ2.26
−2.41 ; Ωm ¼ 0.288þ0.020

−0.018 ½wCDM�; ð3:11Þ

which is consistent with the one obtained by Planck. The
tension in H0 with local direct measurements still persists
although the uncertainty forH0 is larger than that inΛCDM

FIG. 3. Constraints for wCDM model.
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case due to the degeneracy of w with other parameters.
Therefore the significance in this model is reduced to 2.5σ.
NeffΛCDM model: In Fig. 5, the constraints for Ωm, Neff

and H0 are shown. When Neff is allowed to vary, the sound

horizon rd is mainly changed, while the quantities relevant
to the evolution after recombination are almost unaffected.
Therefore the evolution at low redshift is virtually the same
as the one for the ΛCDM model.
However, as seen from Fig. 5 (due to the degeneracy

between Neff and H0 in the sound horizon) the uncertainty
of H0 gets larger compared to that for the ΛCDM case.
Actually, we also include BBN data in our analysis and the
helium abundance in particular can place a severe con-
straint on Neff , which partially removes the degeneracy
between Neff and H0. However, the uncertainty for H0 gets
larger in this framework too and the constraints for H0 and
Ωm are given as

H0 ¼ 67.39þ1.91
−1.97 ; Ωm ¼ 0.297þ0.013

−0.015 ½NeffΛCDM�:
ð3:12Þ

Although the mean value ofH0 is slightly lower than that in
the ΛCDM model, its uncertainty gets larger. As a result,
the H0 tension, with the local measurements, is 2.5σ
in this model.
ΩKΛCDM model: Constraints for Ωm;˜ΩK, and H0 in

this model are presented in Fig. 6. We also show Fig. 7

 0.028

 0.029
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 0.031

 0.032

 0.033
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 0.035

 0.1  0.15  0.2  0.25  0.3  0.35  0.4

FIG. 4. Constraints in the Ωm–rdH0 plane for wCDM model
from BAO data only. Constraints from low redshift ðz < 1Þ, high
redshift ðz > 1Þ and all BAO data are separately shown.

FIG. 5. Constraints for NeffΛCDM model.
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where the constraints only from BAO data are depicted in
the Ωm–rdH0 plane, to understand how the parameters are
limited in this framework. The function fðzÞ in ΩKΛCDM
model is given by

fðzÞjΩKCDM

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωmð1þ zÞ3 þ ð1 −Ωm − ΩKÞ þΩKð1þ zÞ2

p :

ð3:13Þ

Expanding fðzÞjΩKCDM at z ¼ 0, one obtains

fðzÞjΩKCDM ¼ 1 −
3Ωm þ 2ΩK

2
zþOðz2Þ: ð3:14Þ

The dependence on Ωm and ΩK appears only from the first
order in z, and hence low-z BAO data is not sensitive to ΩK
and Ωm in the function fðzÞjΩKCDM. However, it should be
noted that rdH0 actually depends onΩm andH0, which can
also constrain Ωm indirectly through this dependence.
On the other hand, at high-z, when jΩKj ¼ Oð0.1Þ, the

curvature energy density can give a sizable contribution
to HðzÞ before the cosmological constant dominates the
Universe; hence Ωm and ΩK are degenerate in HðzÞ, which
gives more uncertainty in the determination of Ωm. This is
the reason why the error of Ωm in the case of high-z BAO
data is larger than the one for the low-z BAO case.
In Fig. 7, we also show the constraint in the Ωm–rdH0

plane only from BAO data. As seen from the figure, rdH0

FIG. 6. Constraints for ΩKΛCDM model.

FIG. 7. Constraints in the Ωm–rdH0 plane for ΩKCDM model
from BAO data only. Constraints from low redshift ðz < 1Þ, high
redshift ðz > 1Þ and all BAO data are separately shown.
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can be well determined from low-z BAO data; however this
means that the degeneracy between H0 and other param-
eters determining rd arise and eventually the low-z BAO
data allows a broad range of H0 (as can also be read off
from Fig. 6). Even though the allowed region from low-z
BAO data in Fig. 7 extends horizontally and Ωm does not
seem to be well constrained by low-z BAO data, we again
emphasize that Ωm can be indirectly probed through rdH0,
which is the reason why Ωm is relatively well constrained
by low-z BAO data.
Regarding the allowed range forH0 [as seen from Fig. 6,

even though a higher H0 value is preferred when low-z
ðz < 1Þ or high-z ðz > 1Þ BAO data are separately used]
the combination of all BAO data gives a lower value forH0.
This is because the direction of the degeneracy in the
ΩK–H0 and Ωm–H0 planes are different for low-z and

high-z BAO data, and the overlapping region lies around a
lowH0 region. Bounds onH0 andΩm in this framework are
given as

H0¼67.52þ3.21
−3.05 ; Ωm¼0.293þ0.029

−0.028 ½ΩKΛCDM�: ð3:15Þ

Notice that because of the degeneracies of ΩK–Ωm
and ΩK–H0, the uncertainty for H0 is larger even when
compared to that for wCDM and NeffΛCDM models.
Therefore the significance of the H0 tension in this model
is 1.7σ, which is weaker than the other models.
w0waðCPLÞCDM model: In Fig. 8, the constraints in the

w0waðCPLÞCDM model where the CPL parametrization
for dark energy EoS is adopted are shown. In this model,
the function fðzÞ is given by

FIG. 8. Constraints for w0waðCPLÞCDM model.

H0 TENSION WITHOUT CMB DATA: BEYOND THE … PHYS. REV. D 104, 023523 (2021)

023523-9



fðzÞjw0waCDM ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωmð1þ zÞ3 þ ð1 −ΩmÞð1þ zÞ3ð1þw0þwaÞ exp ½− 3waz

1þz �
q : ð3:16Þ

Expanding fðzÞjw0waCDM at low-z redshifts, one obtains

fðzÞjw0waCDM ¼ 1þ 3

2
ð−1 − w0 þ w0ΩmÞzþOðz2Þ:

ð3:17Þ

Actually wa dependence appears only from the second
order in z and hence wa cannot be well constrained from the
low-z BAO data. This is the reason why the constraint on
wa from low-z BAO is very weak as can be read off from
Fig. 8. Regarding the constraints on Ωm; w0, and H0, the
tendencies are the same as the ones for wCDM model;

however, due to the degeneracy between w0 and wa,
which also propagates to Ωm and H0, the uncertainties
become larger compared to those for the wCDM case. The
mean values and 1σ uncertainties for H0 and Ωm in this
model are

H0 ¼ 65.09þ3.88
−3.73 ;

Ωm ¼ 0.269þ0.038
−0.036 ½w0waðCPLÞCDM�: ð3:18Þ

Although the mean value for H0 gets smaller than that for
the ΛCDM case, the uncertainty gets larger, which makes
the tension weaker and its significance is 2.0σ.

FIG. 9. Constraints for NeffΩKΛCDM model.
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NeffΩKΛCDM model: In this model, Neff and ΩK are
allowed to vary and hence the constraints obtained in this
model share the same tendency of the NeffΛCDM and
ΩKΛCDM models discussed above as shown in Fig. 9.
Constraints on H0 and Ωm in this model are given as

H0 ¼ 66.54þ3.42
−3.39 ; Ωm ¼ 0.288þ0.027

−0.026 ½NeffΩKΛCDM�:
ð3:19Þ

Although the mean value ofH0 gets lower compared to that
for the ΛCDMmodel, Neff and ΩK are degenerate withH0,
and hence the uncertainty for H0 becomes large and the H0

tension in this model is as modest as 1.8σ.

Neffw0waðCPLÞCDM model: We show the constraints
for the Neffw0waCDM model in Fig. 10. This model shares
the properties of the NeffΛCDM and w0waCDM models
discussed above. The values of H0 and Ωm derived in this
framework are

H0 ¼ 63.72þ4.00
−4.27 ;

Ωm ¼ 0.264þ0.037
−0.042 ½Neffw0waðCPLÞCDM�: ð3:20Þ

As can be noticed from Eqs. (3.12) and (3.18), the mean
value of H0 gets lower in the NeffΛCDM and w0waCDM
models, and the same is true for this model. Actually, the

FIG. 10. Constraints for Neffw0waðCPLÞCDM model.
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H0 mean value gets much lower in this framework. Since
the uncertainty for H0 is already large in the NeffΛCDM
and w0waCDM models, it gets even larger in this model
compared to that for the NeffΛCDM and w0waCDM
models. However, even with such a large uncertainty,
the value of H0 obtained from BAOþ BBNþ SN is
inconsistent with the local measurements at the 2.2σ level
due to the fact that the mean value becomes low in this
model as described above. Therefore the H0 tension still
persists even in the Neffw0waCDM model although the
tension is relaxed to some extent because of the large
uncertainty of H0 in this model.

w0w1w2CDM model: In this framework, the EoS for
dark energy is assumed to be w0, w1 and w2 for the redshift
ranges of 0 < z < 0.5; 0.5 < z < 2 and 2 < z, respectively.
Although this model includes more parameters for dark
energy EoS than those for wCDM, constraints on H0 and
Ωm share the same tendency with those as the wCDM
model. One can see the resemblance of the constraints in
the plane of Ωm–H0, w0–H0 and Ωm–w0 in Fig. 11 with
those shown in Fig. 3 for wCDM model. Since there are
some degeneracies among w0; w1;Ωm and H0, the uncer-
tainties for H0 and Ωm in the w0w1w2CDM model become
larger than those for the wCDM case. Since observations of

FIG. 11. Constraints for w0w1w2CDM model.
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SN and BAO mainly probe the evolution of the Universe at
low redshift ðz≲ 2Þ, w2 in particular (the dark energy
equation of state for z > 2) does not affect the fit to these
observations, and hence w2 cannot be well constrained as
seen from Fig. 11. One can also notice there is almost no
correlation between w2 and other parameters, which can be
read off from the 2D constraints in the w2–Ωm, w2–w0,
w2–w1 and w2–H0 planes in Fig. 11. Therefore, even if w2

cannot be well determined, constraints for other parameters
are not affected much. The bounds on H0 and Ωm in this
model are given as

H0 ¼ 65.45þ3.56
−3.82 ; Ωm ¼ 0.276þ0.033

−0.033 ½w0w1w2CDM�:
ð3:21Þ

Although the uncertainty for H0 is relatively large in this
model, the H0 tension with the local measurement still
persists at the 2.0σ level.
In Fig. 12, we summarize the constraints on H0 in

ΛCDM and the extended models studied in this paper. For
comparison, we also show the value of H0 obtained from
the local measurements, in which we adopt the value from
SH0ES [3] [its actual value is quoted in Eq. (3.2)]. The
inner dark and outer light vertical red bands correspond to
1σ and 2σ bounds from the direct local measurements. As
summarized in the figure, the H0 tension still persists even
without CMB data in every model investigated in this

paper, although the significance of the tension in the
extended models is weakened compared to that in a flat
ΛCDM model and varies, depending on the models, at the
level of ∼2σ. Given that we only include the data from
BAO, BBN and SN, the significance is not very large when
compared to the analysis including CMB. In any case, we
can conclude that the H0 tension does not go away even if
we consider a range of extensions of the ΛCDM model
even without CMB data.

IV. CONCLUSION

We investigated whether the H0 tension persists (or not)
even without CMB data, specifically the data from BAO,
BBN and SN, in a range of extended model frameworks
beyond ΛCDM. As summarized in Fig. 12, in every model
we studied in this paper there is still a tension between the
value obtained from indirect observations used in our
analysis (i.e., from BAO, BBN and SN) and the one from
the local direct measurements.
Models studied in this paper include not only a simple (one

parameter) extension from ΛCDM like wCDM, NeffΛCDM
and ΩKΛCDM models, but also a bit more complicated
(but not so exotic) ones such as w0waðCPLÞCDM,
NeffΩKCDM models, which are two-parameter extensions,
andNeffw0waðCPLÞCDMandw0w1w2CDMones,which are
three-parameter extensions. We found that the values of H0

obtained fromnon-CMBdata in those frameworks are overall

FIG. 12. Summary of constraints onH0 from BAO+BBN+SN in ΛCDM and the extended models. The mean value is represented by a
filled circle and 1σ and 2σ ranges for each model are indicated by short vertical bars. The value ofH0 obtained by the local measurement
from SH0ES, H0 ¼ 73.2� 1.3 [3], is also shown with vertical bands (the inner and outer ones corresponds to 1σ and 2σ C.L.).
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lower than thatmeasured in the direct observations.Although,
dependingon themodel, the significance of the tensionvaries,
and in some cases, the tension is less prominent compared to
the one in the ΛCDM model, we can conclude that the H0

tension exists in a broad class of models even without
CMB data.
We should also mention a possibility that some sys-

tematic effects might be the origin of the H0 tension (see
e.g., [16,17]). Such kinds of systematics might fully or
partially explain the tension; however, our analysis in this
paper would indicate that a low value of H0 obtained by
indirect measurements seem to be robust regardless of the

data set adopted and the cosmological framework assumed
in this paper. Therefore, it would be worth further pursuing
a novel new physics in the light of H0 tension, which may
bring us a more complete understanding about the evolu-
tion of our Universe.
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