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We investigate an inflationary model constructed from minimally modified gravity (MMG) theories. We
study MMG theory in the form of fðHÞ ∝ H1þp gravity, whereH is the Hamiltonian constraint in Einstein
gravity and p is a constant. Inflation is difficult to achieve in this theory of gravity unless an additional
scalar field playing the role of the inflaton is introduced in the model. We find that the inflaton with an
exponential potential can drive inflation with a graceful exit, different from the case of Einstein gravity. The
slow-roll parameter for both the exponential and power-law potentials is inversely proportional to number
of e-foldings, similar to the case of Einstein gravity. We also find for the scalar perturbation that the
curvature perturbation on super-Hubble-radius scales grows rapidly during inflation unless p ∼ 0. For the
tensor modes, the amplitude of the perturbations is constant on large scales up to the lowest order in
the slow-roll parameter, and the sound speed of the perturbations can deviate from unity and vary with time
depending on the form of fðHÞ.
DOI: 10.1103/PhysRevD.104.023511

I. INTRODUCTION

Cosmic inflation [1–3] is a standard framework that
addresses issues in the hot big bang model and provides a
mechanism for the generation of primordial density per-
turbations. In the standard scenario, inflation can be
achieved by introducing extra degrees of freedom in the
Universe. In the case of Einstein gravity, the extra degrees
of freedom may be in the form of fields minimally coupled
to gravity, called the inflaton. Alternatively, the extra
degrees of freedom can be parts of degrees of freedom
of the gravitational interaction. The extra degrees of free-
dom of gravity can be obtained by assuming a nonminimal
coupling between the extra field and curvature terms in the
action. This class of theories is called scalar-tensor theories
of gravity [4]. Moreover, the extra degrees of freedom of
the gravitational interaction can also be obtained due to
nonlinear curvature terms in the action. The simplest
example of this class of gravity is fðRÞ gravity [5].
However, in the cuscuton models [6–8] it has been

shown that the acceleration of the Universe can be achieved
even though the minimally coupled extra degree of freedom
is a nondynamical field. This implies that theories that have

two dynamical degrees of freedom can also drive the
acceleration of the Universe. Alternative theories to
Einstein’s theory of gravity, which have two degrees of
freedom as the Einstein’s theory, have been studied in
various contexts [9–17]. Such theories can be constructed
by supposing that the temporal diffeomorphism is broken,
while the spatial diffeomorphism is still invariant. In
general, if the diffeomorphism invariant is broken in this
way, the theories can have an extra degree of freedom,
similar to scalar-tensor theories of gravity [18]. However, if
the Lagrangians of theories are linear functions of the lapse
function, the theories can have two tensorial degrees of
freedom for gravity under suitable conditions. This class of
theories is called minimally modified gravity (MMG)
theories [10,13]. Nevertheless, these conditions cannot
be satisfied if matter appears in the action. To ensure that
this class of theories still has two tensorial degrees of
freedom for gravity when matter appears in the theories, we
have to impose the gauge-fixing condition [11,19,20].
Cosmology with this class of theories has been investigated
in Refs. [8,20]. In Ref. [20], it has been shown that a late-
time Universe with this class of gravity theories is more
preferred by observational data than the ΛCDM model.
Matter coupling in this class of theories has been discussed
in Refs. [20–22].
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Here we investigate inflation due to this class of gravity
theories. This work is organized as follows. First, we
review MMG theories in the next section. We investigate
background inflation in Sec. III. We study cosmological
perturbation in Sec. IV, and we conclude in the last section.

II. MINIMALLY MODIFIED GRAVITY THEORIES

Minimally modified gravity theories are the modified
theories propagating two tensorial degrees of freedom,
like Einstein’s theory of gravity. Generally, most popular
modified theories of gravity always generate extra degrees
of freedom in the theories. The extra degrees of freedom
can be related to the broken diffeomorphism invariant in the
construction of the theories. However, we can construct
theories that have two tensorial degrees of freedomeven if the
full diffeomorphism invariant is broken. We can construct
MMG theories by supposing that the Hamiltonian of the
theories is linear in the lapse function and imposing a suitable
constraint. Square root gravity and exponential gravity are
the MMG theories that we obtain using this method [10].
However, there is an interesting class of MMG theories,
fðHÞ theory, in which the Lagrangian of the theory is a
function of the Hamiltonian constraintH in Einstein gravity
This class of MMG theories can be constructed in another
way using the Hamiltonian construction [13].
In order to construct the MMG theories we break the

temporal diffeomorphism invariant, which is conveniently
represented by the Arnowitt-Deser-Misner (ADM) decom-
position. In the ADM formalism, one can write the line
element in the form

ds2 ¼ ð−N 2 þN iN iÞdt2
þ hijðN idtþN dxiÞðN jdtþN dxjÞ; ð1Þ

where hij, N , and N i are the three-dimensional induced
metric, the lapse function, and the shift vector, respectively.
We are interested in MMG theories in the form of fðHÞ
theory, the action of which can be written in the form

S½hij;N ;N i�

¼ m2
p

2

Z
d4xN

ffiffiffi
h

p
LG

¼ m2
p

2

Z
d4xN

ffiffiffi
h

p �
2

f;cðCÞ
ðKijKij − K2Þ − fðCÞ

�
; ð2Þ

where mp ¼ 1=
ffiffiffiffiffiffiffiffiffi
8πG

p
is the reduced Planck mass, h is the

determinant of the metric hij, and

Kij ¼
1

2N
ð _hij −DjN i −DiN jÞ: ð3Þ

Here, Di is the covariant derivative compatible with the
metric hij and a dot denotes a derivativewith respect to time
t. The variable C can be computed from

C ¼ KijKij − K2

½f;cðCÞ�2
− R: ð4Þ

From the above expressions, fðCÞ is an arbitrary function
of C, f;c denotes the derivative of fðCÞ with respect to C,
and we see that C has the same dimension as the three-
dimensional Ricci scalar R, i.e., its dimension is mass2.
Moreover, the action reduces to the action for Einstein
gravity if f;c ¼ 1.
To study possible models of inflation from this theory

of gravity, we add an extra scalar field to the above
action as

S½hij;N ;N i;ϕ�¼
Z

d4xN
ffiffiffi
h

p �
m2

p

2
LGþX−VðϕÞ

�
: ð5Þ

Here we suppose that the field has a standard kinetic term,
where X ¼ −∂μϕ∂μϕ=2 is the kinetic term of the scalar
field and V is the potential term. However, the degrees of
freedom in the theory increase when the scalar field is
simply added to the action. To ensure that the theory still
has two tensorial degrees of freedom for gravity, we have to
fix the gauge degree of freedom in the theory. Using the
choice of gauge presented in Ref. [20], the Hamiltonian of
the gauge-fixing term is written in the form

Hgf ¼
Z

d3x
ffiffiffi
h

p
λ̃i∂i

�
πffiffiffi
h

p
�
; ð6Þ

where λ̃i is a Lagrange multiplier and π is the trace of the
momentum conjugate to the induced metric. Imposing this
gauge fixing, the action for fðHÞ becomes

S¼1

2

Z
d4xN

ffiffiffi
h

p �
m2

p

�
ðCþRÞ½2−λ0f;cðCÞ�f;cðCÞ−fðCÞ

þλ0

�
KijKij−K2−

2K
N

Dkλ̃
k−

3

2N 2
ðDkλ̃

kÞ2
��

þ2X−2VðϕÞ
�
; ð7Þ

where λ0 is another Lagrange multiplier, and in this case C
becomes

C¼ 1

½f;cðCÞ�2
�
KijKij−K2−

2K
N

Dkλ̃
k−

3

2N 2
ðDkλ̃

kÞ2
�
−R:

ð8Þ

The above expression for C can be obtained by varying the
action (7) with respect to λ0. Varying the action with respect
to C, N , and N k yields, respectively,
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λ0 ¼
1

f;c
; ð9Þ

0 ¼ fðCÞ − 2

m2
p

�
X − V −

1

N 2
ð _ϕ −N i∂iϕÞ2

�
; ð10Þ

0 ¼ DiKik − hikDiK − hikDiDmλ
m
0

−
1

m2
pN

ð _ϕ −N i∂iϕÞ∂kϕ: ð11Þ

Variation with respect to the scalar field gives us the
evolution equation for the scalar field as

∂
∂t

� ffiffiffi
h

p

N
ð _ϕ −N j∂jϕÞ

�

− ∂i

� ffiffiffi
h

p

N
N i _ϕþN

ffiffiffi
h

p �
hij −

N iN j

N 2

�
∂jϕ

�

þN
ffiffiffi
h

p
Vϕ ¼ 0; ð12Þ

where the subscript ϕ denotes a derivative with respect to
the scalar field ϕ.

III. BACKGROUND EVOLUTION

We now consider the evolution of the spatially flat
Friedmann universe for the theory described in the previous
section. Due to the homogeneity and isotropy of the
Friedmann universe, N ¼ 1, N i ¼ 0, and therefore

ds2 ¼ −dt2 þ a2ðtÞδijdxidxj; ð13Þ

where aðtÞ is a cosmic scale factor. For the Friedmann
universe, the constraint in Eq. (10) and the expression for C
in Eq. (8) are given by

f ¼ −
2

m2
p
ðX þ VÞ ¼ −

1

m2
p
ð _ϕ2 þ 2VÞ; ð14Þ

Cf2;c ¼ −6H2; ð15Þ

where H ≡ _a=a is the Hubble parameter. The evolution
equation for the scalar field inflaton in the Friedmann
universe is

ϕ̈þ 3H _ϕþ Vϕ ¼ 0: ð16Þ

The slow-roll parameter ϵ≡ − _H=H2 can be computed by
differentiating Eq. (15) with respect to time to obtain _C, and
substituting the resulting _C into the time derivative of
Eq. (14). The result is

ϵ ¼ ηf;c
2

�
1þ 2

Cf;cc
f;c

�
; ð17Þ

where η≡ _ϕ2=ðH2m2
pÞ. The above relation reduces to the

usual relation for ϵ for Einstein gravity when f;c ¼ 1. It
follows from Eq. (17) that ϵ ≪ 1, which is required during
inflation, when η ≪ 1 or jf;c þ 2Cf;ccj ≪ 1. However, the
latter condition is difficult to achieve, so slow-roll inflaton
is needed for inflation in this theory. The case η ≪ 1
corresponds to the slow-roll evolution of the inflaton
field ϕ. Under the slow-roll approximation, jϕ̈j ≪ jH _ϕj,
Eq. (16) becomes

dϕ
dN

¼ −
Vϕ

3H2
; ð18Þ

where N ≡ ln a is the number of e-foldings.
In order to study the evolution of the background

universe, we have to specify the form of fðCÞ. Here, we
suppose

fðCÞ ¼ −Λ
�
−
C
Λ

�
1þp

; ð19Þ

where Λ is a constant with dimension of mass2 and p is a
constant parameter. We then obtain from Eq. (15) that

f ¼ −Λ
�

6H2

Λð1þ pÞ2
� 1þp

2pþ1

; ð20Þ

f;c ¼ð1þ pÞ
�

6H2

Λð1þ pÞ2
� p

2pþ1

: ð21Þ

Hence, we obtain the modified Friedmann equation by
substituting the above expression into Eq. (14) as

�
6H2

Λð1þ pÞ2
� 1þp

2pþ1 ¼ 1

m2
pΛ

ð _ϕ2 þ 2VðϕÞÞ: ð22Þ

Using the slow-roll condition, V ≫ _ϕ, we can write
Eq. (22) as

H2 ¼ 2
2pþ1
1þp ð1þ pÞ2Λ

6

�
V

m2
pΛ

�2pþ1
1þp

: ð23Þ

Substituting Eq. (23) into Eq. (18), we get

dϕ
dN

¼ −
2−p=ð1þpÞ

Λð1þ pÞ2
Vϕ

Ṽ
2pþ1
1þp

; ð24Þ

where Ṽ ≡ V=ðm2
pΛÞ. The above equation can be written in

integral form as

Z
NN

0

dN ¼ 2p=ð1þpÞΛð1þ pÞ2
Z

ϕN

ϕe

dϕ
Ṽ

2pþ1
1þp

Vϕ
; ð25Þ

INFLATIONARY MODEL IN MINIMALLY MODIFIED GRAVITY … PHYS. REV. D 104, 023511 (2021)

023511-3



where the subscript e denotes evaluation at the end of
inflation, while the subscript N denotes evaluation at the
moment when particular modes of cosmological perturba-
tions generated during inflation cross the horizon. For the
form of f given by Eq. (19), the slow-roll parameter ϵ in the
slow-roll approximation is

ϵ ¼ 2−
2pþ1
1þp ð2pþ 1Þ

m2
pΛ2ð1þ pÞ3

V2
ϕ

Ṽ
3pþ2
1þp

: ð26Þ

In the slow-roll approximation, we can write f;c in terms of
the potential as

f;c ¼ ð1þ pÞ2 p
1þpṼ

p
1þp; ð27Þ

C ¼ −Λ2
1

1þpṼ
1

1þp: ð28Þ

To integrate Eq. (25) and compute ϵ in terms of the number
of e-foldings, we have to specify the potential V of the
scalar field. As illustrative examples, we consider two cases
where V takes either an exponential or power-law form.

A. Exponential potential

We first consider the potential in the form

VðϕÞ ¼ V0Λm2
peλϕ̃; ð29Þ

where ϕ̃≡ ϕ=mp, while V0 and λ are dimensionless
constants. Substituting the above potential into Eq. (25)
and performing an integration, we get

NN ¼ 2p=ð1þpÞð1þ pÞ3
λ2pV−p=ð1þpÞ

0

½eλϕ̃Np=ð1þpÞ − eλϕ̃ep=ð1þpÞ�: ð30Þ

We can calculate ϕe by using the slow-roll parameter. Since
ϵ ¼ 1 at the end of inflation, we get from Eq. (26) that

eλϕ̃ep=ð1þpÞ ¼ λ2ð2pþ 1Þ
2

2pþ1
pþ1 ð1þ pÞ3Vp=ð1þpÞ

0

: ð31Þ

Substituting the above equation into Eq. (30), we get

NN þ N� ¼
2p=ð1þpÞð1þ pÞ3
λ2pV−p=ð1þpÞ

0

eλϕ̃Np=ð1þpÞ; ð32Þ

where

N� ≡ 2pþ 1

2p
: ð33Þ

Inserting Eq. (32) into Eqs. (26) and (18), we can write ϵ
and η in terms of the number of e-foldings as

ϵN ¼ N�
NN þ N�

; ηN ¼ ðpþ 1Þ2
λ2p2ðNN þ N�Þ2

: ð34Þ

Using Eqs. (27) and (32), we have

f;cðNÞ ¼ f;c�ðNN þ N�Þ ¼
λ2ð2pþ 1Þ
2ð1þ pÞ2

1

ϵ
; ð35Þ

where f;c� is defined as

f;c� ≡ λ2p
ð1þ pÞ2 : ð36Þ

It follows from the above calculations that the inflaton with
an exponential potential has a graceful exit in this theory of
gravity. This result is different from that in Einstein’s theory
of gravity. The moment of the graceful exit is described
by Eq. (31).

B. Power-law potential

In this section, we apply a potential of the form

VðϕÞ ¼ V0m2
pΛϕ̃q ð37Þ

to Eq. (25). After integrating, we obtain

NN ¼ 2p=ð1þpÞð1þ pÞ3Vp=ð1þpÞ
0

qðpqþ 2pþ 2Þ
h
ϕ̃

pqþ2pþ2
1þp

N − ϕ̃
pqþ2pþ2

1þp
e

i
: ð38Þ

Using the condition ϵ ¼ 1 at the end of inflation, we can
calculate ϕ̃e as

ϕ̃
pqþ2pþ2

1þp
e ¼ 2−

2pþ1
1þp q2ð2pþ 1Þ

ð1þ pÞ3Vp=ð1þpÞ
0

: ð39Þ

Substituting the above expression into Eq. (38), we get

NN þ N� ¼
2p=ð1þpÞð1þ pÞ3Vp=ð1þpÞ

0

qðpqþ 2pþ 2Þ ϕ̃
pqþ2pþ2

1þp

N ; ð40Þ

where

N� ≡ qð2pþ 1Þ
2ðpqþ 2pþ 2Þ : ð41Þ

Then, we can calculate

JAKKRIT SANGTAWEE and KHAMPHEE KARWAN PHYS. REV. D 104, 023511 (2021)

023511-4



ϵN ¼ N�
NN þ N�

; and

ηN ¼
�

q2pþ2ð1þ pÞ2ðpq−p−1Þ
22pV2p

0 ðpqþ 2pþ 2Þ2ðpqþpþ1Þ

× ðNN þ N�Þ−2ðpqþ1þpÞ
�
1=ðpqþ2pþ2Þ

: ð42Þ

Using Eqs. (27) and (40), we have

f;cðNÞ ¼ f;c�ðN þ N�Þ
pq

pqþ2pþ2

¼ f;c�

�
qð2pþ 1Þ

2ðpqþ 2pþ 2Þϵ
� pq

pqþ2pþ2

; ð43Þ

where

f;c� ≡
�
4pV2p

0 qqpðpqþ 2pþ 2Þqp
ð1þ pÞ2qp−2p−2

�1=ðpqþ2pþ2Þ
: ð44Þ

C. Numerical results

In this subsection we solve the evolution equations for
the background universe numerically and plot the results in
Figs. 1–3. The models in our plots are shown in Table I. In
Fig. 1, we plot the evolution of ϵ for both the exponential
and power-law potential cases. From this figure, we see that
for both forms of potential, the inflationary epoch can take
place such that the slow-roll parameter ϵ increases from a
small value during the early stage towards one at the end of
inflation. The main different feature of different models
comes from the different evolution of f;c. As will be seen in
the next section, f;c controls the evolution of the curvature
perturbation during inflation. The evolutions of f;c are
plotted in Figs. 2 and 3. According to Eq. (35), f;c is
proportional to 1=ϵ for the exponential potential, so for this
form of potential f;c can increase several orders of

magnitude throughout the inflationary epoch. This con-
clusion agrees with the plot in Fig. 2. However, for the
power-law potential, Eq. (43) shows that the rate of change
of f;c decreases when q and p decrease. When p → 0, the
model for the power-law case reduces to Einstein gravity
such that f;c ¼ 1. Nevertheless, it follows from Eq. (34)
that there is no Einstein limit for the case of the exponential
potential. The dependence of f;c on the parameters p and q
for the case of the power-law potential is shown in Figs. 2

1
2,6
3
4,7
5

0 10 20 30 40 50 60
0.0

0.2

0.4

0.6

0.8

1.0

FIG. 1. Plots of the slow-roll parameter ϵ as a function of the
number of e-foldings for the models 1–7. In the plots, models 1–7
correspond to lines 1–7, respectively.

1
2
3

0 10 20 30 40 50 60
–500

–400

–300

–200

–100

0

FIG. 2. Plots of f;c as a function of the number of e-foldings. In
the plots, lines 1–3 represent models 1–3, respectively.

8
9
10
11
12

0 10 20 30 40 50 60
0.4

0.6

0.8

1.0

1.2

1.4

FIG. 3. Plots of f;c as a function of the number of e-foldings. In
the plots, lines 8–12 represent models 8–12, respectively.

TABLE I. Models used in the numerical calculation.

No. Model 1 2 3 4 5 6

Potential eϕ ϕ2 ϕ4 0.7ϕ1=2 0.085ϕ1=2 0.002ϕ2

p 1 1 1 1 1=5 1=21

No. Model 7 8 9 10 11 12

Potential 0.05ϕ1 0.02ϕ1 0.0005ϕ2 0.0001ϕ2 0.02ϕ2 0.5ϕ2

p 1=10 1=5 1=21 1=21 1=21 1=21
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and 3. From the figures, we see that the variation of f;c
decreases when p and q decrease.

IV. EVOLUTION OF PRIMORDIAL DENSITY
PERTURBATIONS

In this section we consider the evolution of primordial
perturbations generated in the inflationary model intro-
duced in Sec. II. In the following consideration, we
concentrate on scalar and tensor perturbations which
provide the model predictions, and we set mp ¼ 1.

A. Scalar perturbations

To study linear perturbations in this theory, we para-
metrize perturbations in the lapse function and shift
vector as

N ¼ aðτÞð1þ αÞ; N i ¼ aðτÞ∂iχ; ð45Þ

where α and χ are scalar perturbations, τ ¼ R
dt=a is the

conformal time, and the background of the lapse function is
the scale factor aðτÞ. The induced metric can be decom-
posed in terms of scalar perturbations as

hij ¼ aðτÞ2ðð1þ 2ξÞδij þ 2∂i∂jEÞ; ð46Þ

where ξ and E are the other scalar-perturbation variables.
Due to the spatial diffeomorphism invariant, we can set
spatial gauge degrees of freedom such that E ¼ 0. Here, we
use the perturbation variables introduced in Ref. [20]:

δρϕ
ρϕ

≡ δϕ þ 3
a0

a2
ð1þ wϕÞχ; α≡Ψ −

χ0

a
;

ξ≡ −Φ −
a0

a2
χ; vϕ ≡ −

a
k2

θϕ þ χ; ð47Þ

where Ψ, Φ, δϕ, and θϕ describe the two metric perturba-
tions, the density contrast in the inflaton field, and the
velocity perturbation in the inflaton field, respectively. In
the above and subsequent expressions, the wave number of
the perturbation modes in Fourier space is denoted by k,
and a prime denotes a derivative with respect to conformal
time. These perturbation variables can reduce to gauge-
invariant combinations in Newtonian gauge in the context
of Einstein gravity. Usually, perturbations during inflation
are described by the curvature perturbation in the comoving
gauge, because the curvature perturbation in this case is
constant on large scales when entropy perturbations and
isotropic perturbations disappear [23]. For this reason, we
study the scalar perturbations using the following pertur-
bation variables:

δ̃ϕ ≡ δϕ þ
3

k2
a0

a
ð1þ wϕÞθϕ; ζ ≡Φþ a0

a

θϕ
k2

;

ᾱ≡Ψ −
a0

a

θϕ
k2

−
θ0ϕ
k2

: ð48Þ

The above perturbation variables can become gauge-
invariant combinations in the comoving gauge for the case
of Einstein gravity.
In principle, to investigate the primordial density per-

turbations generated during inflation, we should construct
the action for second-order perturbations in which the
primordial perturbations are described by canonical vari-
ables. However, the action for perturbations for this theory
is rather complicated due to the scale dependence of the
gauge-fixing term in the action. Thus, instead of construct-
ing this action, we concentrate on the evolution of the
curvature perturbation on large scales, whose evolution
equation can be obtained from the evolution equations for
perturbations presented in Ref. [20]. The necessary equa-
tions are

0 ¼ Φ0 þHΨþ 4k2Hf;CC
a2f;C

Φþ 3

Γ1k2

�
6Γ2H2

f;CC
a2f;C

−
1

2
Γa2f2;C −

k2Γ1

9Γ2

�
ηH2θϕ; ð49Þ

0 ¼ −
2

3
f;C

k2

aH
Φ −

a
3H

ρϕδϕ −
3aΓ2Γ
k2Γ1

θϕ; ð50Þ

0 ¼ Ψþ ð4f;CCk2 − a2f;CÞΓ1

a2Γ2

Φ −
a2ðf2;C − 1Þ

Γ2

c2eδϕ

þ 1

k2Γ1Γ2a2

�
a4f;Cðf2;C − 1ÞðΓ0 þ 2HΓÞ þ 2H

f;CC
f;C

ð2f2;Ck2Γ1 − 9a2ΓΓ2Þ
�
ηH2θϕ; ð51Þ

where H≡ a0=a and

Γ≡ 1

3
ðρϕ þ pϕÞ; ð52Þ
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Γ1 ≡ Γa2f;C þ 2

9
k2; ð53Þ

Γ2 ≡ Γa2 þ 2

9
k2f;C: ð54Þ

Equations (49)–(51) are completed by the conservation
equations for the perturbations,

0 ¼ δ0ϕ þ ð1þ wϕÞθϕ − 3Hðwϕ − c2eÞδϕ − 3ð1þ wϕÞΦ0;

ð55Þ

0 ¼ θ0ϕ − k2Ψ −
c2e

1þ wϕ
k2δϕ þHð1 − 3c2eÞθϕ: ð56Þ

After straightforward calculation, we obtain the evolution
equation for ζ as

ζ00 þ K1ζ
0 þ K2ζ ¼ 0; ð57Þ

where the coefficients K1 and K2 are functions of the
number of e-foldings, wave number k, and H. The explicit
expressions for these coefficients are presented in the
Appendix. The curvature perturbation ζ is related to the
perturbation in the scalar field as

ζ ¼ −
a2

2f;ck2
ρϕδϕ þ

�
H −

3a2HΓΓ2

2k2f;cΓ1

�
θϕ
k2

: ð58Þ

In the region where k2=H2 > OðϵÞ, Eq. (57) can be written
up to the lowest order in slow-roll parameters as

v00 −
z00

z
vþ c2sk2v ¼ 0; ð59Þ

where v ¼ zζ, and in this case

z00

z
¼ 1

4
ð8þ 18f;c − 9f2;c − 18f3;c þ 9f4;cÞH2;

and c2s ¼ 1þOðϵÞ: ð60Þ

The expression for z is computed from

z ¼ a exp

�Z
dτ

�
3

2
f;cHð1 − f;cÞ

��
; ð61Þ

where z reduces to z ¼ a in the Einstein limit. For the
subhorizon modes, k ≫ H, Eq. (59) is satisfied by the
solution [24]

v ¼ e−ikcsτffiffiffiffiffiffiffiffiffi
2csk

p : ð62Þ

For the superhorizon modes, where k ≪ H but k2=H2 is
still larger than OðϵÞ, Eq. (59) is solved by the solution
v ∝ z, where the proportional constant can be computed by
matching the solution for the subhorizon limit with that for
the superhorizon limit. However, we are not interested in
such a calculation here because the condition k=H > OðϵÞ
is violated just a few e-foldings after the horizon crossing.
When this condition is violated, the evolution of ζ is time
dependent, as we will see below. For the case where
k2=H2 < OðϵÞ, the evolution equation for the curvature
perturbation up to the dominant contribution from k=H can
be written in the form

d2ζk
dN2

þ ð3þ AÞ dζk
dN

þ ðΞþ BÞζk ¼ 0: ð63Þ

Here,

A≡ 1

18ηðf;c − 1Þ2 ½η
2f2;cf9þ f;cðΞ − 9Þg þ 4fϵ2ð4f;c − 3Þ − η1ð3f5;c − 6f4;c þ 6f2;c þ ϵf;c

− 6f;c − ϵþ 3Þ − 6ð3f5;c − 6f4;c þ 6f2;c − 4f;c þ 1Þ þ ϵð6f5;c − 12f4;c þ 12f2;c − 17f;c

þ ϵ1ðf;c − 1Þ þ 8ÞgΞþ 2ηf5f2;cΞ − 2f;cΞ − ϵð18f4;c − 36f3;c þ f2;cð5Ξ − 27Þ
− 3f;cðΞ − 27Þ − 36Þ þ 27f4;c − 27f3;c þ 9η1ðf;c − 1Þ3ðf;c þ 1Þ − 81f2;c þ 135f;c − 54g�; ð64Þ
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B≡ −
1

54η2ðf;c − 1Þ2 f;c½4ηΞfϵð−ϵ1ðf;c − 1Þðf;cðΞ − 9Þ þ 9Þ − 6f6;cΞþ 12f5;cΞþ 108f4;c

− 12f3;cðΞþ 18Þ þ f2;cð37Ξ − 99Þ þ f;cð387 − 19ΞÞ − 180Þ þ η1ðf;c − 1Þðϵð9f3;c − 9f2;c

þ f;cðΞ − 18Þ þ 18Þ þ 3ðf5;cΞ − f4;cΞ − f3;cðΞþ 9Þ þ f2;cðΞþ 9Þ − f;cðΞ − 18Þ − 18ÞÞ
þ ϵ2ð−18f4;c þ 36f3;c − 9f2;cðΞ − 4Þ þ f;cð6Ξ − 99Þ þ 45Þ þ 3ð6f6;cΞ − 12f5;cΞ

− f4;cðΞþ 54Þ þ 2f3;cð7Ξþ 54Þ þ f2;cð18 − 13ΞÞ þ 2f;cðΞ − 72Þ þ Ξþ 72Þg
þ 8ðϵ − 3ÞΞ2fϵðϵ1ðf;c − 1Þ þ 6f5;c − 12f4;c þ 12f2;c − 17f;c þ 8Þ þ η1ð−ϵf;c þ ϵ − 3f5;c

þ 6f4;c − 6f2;c þ 6f;c − 3Þ þ ϵ2ð4f;c − 3Þ − 6ð3f5;c − 6f4;c þ 6f2;c − 4f;c þ 1Þg
− 2η2f9f5;cΞðη1 − 2ϵþ 6Þ − 18f4;cΞðη1 − 2ϵþ 6Þ þ f2;cð9Ξð2η1 − 10ϵþ 13Þ
þ ð3ϵ − 2ÞΞ2 þ 243Þ − 9f;cðΞðη1 − 4ϵþ 5Þ þ 27Þ þ f3;cðð8 − 6ϵÞΞ2 þ 18ð2ϵ − 1ÞΞ − 81Þ
þ 81g þ η3ð−f2;cÞΞðf2;cΞ − 9f;c þ 9Þ� − Ξ; ð65Þ

where Ξ≡ k2=H2 < OðϵÞ ≪ 1, ϵ1 ≡ _ϵ=ðHϵÞ, and
η1 ≡ _η=ðHηÞ. Since it is difficult to compute the analytic
solution for the above equation due to the time dependence
of f;c, which is not necessarily slowly varying with time,

we will study the important features of the solution for this
equation numerically in the next section. However, from
the structure of this equation, we expect that the dominant
solution for Eq. (63) should be time dependent unless
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FIG. 4. Plots of ζ as a function of the number of e-foldings. The top left, top right, bottom left, and bottom right panels represent the
evolution of ζ for models 8, 10, 11, and 12, respectively. In all plots, the perturbation crosses the Hubble radius at N ¼ 20.
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f;c ¼ 1. One can check that for f;c ¼ 1, the coefficients A
and B vanish, which corresponds to Einstein gravity. This
also indicates that ζ is nearly constant on large scales when
f;c is sufficiently close to unity.

B. Numerical result

To confirm the rough analytic estimation in the previous
section, we solve the evolution equation for the curvature
perturbation numerically. We start the numerical integration
at the timewhen the physical wavelength of perturbations is
well inside the Hubble radius. The initial conditions are
chosen according to Eq. (62) by splitting ζ into real and
imaginary parts. We integrate Eq. (57) for the real (ζreal) and
imaginary (ζimaginary) parts of ζ separately, and plot the

absolute value ζ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ2real þ ζ2imaginary

q
in the following

figures. According to the discussion in the previous section,
the main features of the ζ evolution depend on f;c. Hence,
we consider the evolution of ζ for models 8, 10, 11, and 12,
in which f;c varies by a few percent, and f;c is nearly
constant with f;c ≲ 1, f;c ∼ 1, and f;c ≳ 1. From the plots
in Fig. 4, we see that ζ can rapidly grow on super-Hubble-
radius scales, although f;c changes by only a few percent
around one throughout inflation. These results could be the
consequence of unknown sources of entropy and aniso-
tropic perturbations. On the other hand, the growth of
perturbations on large scales may arise due to the pos-
sibility that ζ is not equivalent to the curvature perturbation
in the comoving gauge in the standard cosmological
perturbation theory.

C. Tensor perturbations

To study the tensor modes of perturbations, we write the
metric tensor in the form of the background metric and
tensor perturbations as

hij ¼ a2ðδij þ γijÞ; hij ¼ a−2ðδij − γijÞ; ð66Þ

where γii ¼ 0 and ∂iγ
ij ¼ 0. Since the gauge-fixing term

does not depend on the tensor perturbation, the tensor
perturbation computed from Eqs. (7) and (5) are equivalent.
Hence, for convenience we insert the metric from Eq. (66)
into Eq. (5) and expand the action up to second order in
perturbations. We obtain the second-order action for the
tensor perturbation as

Sð2ÞT ¼
Z

dtdx3a3
�

1

8f0
_γij _γ

ij −
f0

8
∂iγ

kl∂iγkl

�
; ð67Þ

where the divergent term is omitted. The tensor perturba-
tion γij can be expanded in terms of the polarization
tensors as

γij ¼
Z

d3k
ð2πÞ3

X
s¼�

ϵsijðkÞγskðτÞeik⃗·x⃗; ð68Þ

where ϵii ¼ kiϵij ¼ 0 and ϵsijðkÞϵs0ijðkÞ ¼ 2δss0 . According
to the action (67), each of the mode functions γskðτÞ obeys

γsk
00 þ ða2=f;cÞ0

a2=f;c
γsk

0 þ k2c2Tγ
s
k ¼ 0; ð69Þ

where c2T ¼ f2;c is the sound speed squared of the tensor
perturbations. As in the usual calculation, we define [24]

vsT ≡ zTγsk; where z2T ≡ a2

4f;c
; ð70Þ

so that Eq. (69) becomes

vsT
00 þ k2c2Tv

s
T −

z00T
zT

vsT ¼ 0: ð71Þ

Applying the standard calculation, we have

jvsT j2c ¼
1

2cTk

				
c
; ð72Þ

which implies that the amplitude of tensor perturbations is
constant on large scales up to the lowest order in the slow-
roll parameter, and we can compute the power spectrum for
the tensor perturbations as

PT
k ≡ k3

2π2
ðjγþk j2c þ jγ−k j2cÞ ¼

2

π2
H2

f2;c
; ð73Þ

where the tensor perturbations cross the sound horizon at
aH ¼ cTk. The spectral index for the tensor perturbations
can be computed as

nT ≡ d lnPT
k

d ln k
¼ −2ϵ − 2

_f;c
Hf;c

; ð74Þ

where c2T ≡ f2;c. Using _cs=ðHcsÞ ≃ _f;c=ðHf;cÞ and
Eqs. (22), (30), and (38), the tensor spectral index for
the exponential and power-law potentials is given by

nT ¼ −
2

ð2pþ 1Þ
N�

NN þ N�
; ð75Þ

where N� for the exponential potential is given by Eq. (33)
and N� for the power-law potential is given by Eq. (41).

V. CONCLUSIONS

We have studied models of inflation in the MMG theory.
We have concentrated on fðHÞ gravity in the form
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fðCÞ ¼ −Λð−C=ΛÞ1þp, where p and Λ are constant, while
C is given by Eq. (8). It can be checked that this theory
reduces to Einstein gravity when p ¼ 0. It is difficult for
this theory to drive inflation without introducing an inflaton
field. We have examined inflationary models in which the
potential of the inflaton takes the exponential and power-
law forms. We have found that the slow-roll parameter ϵ is
inversely proportional to the number of e-foldings, similar
to the case of Einstein gravity. The expression for ϵ in the
case of the power-law potential takes the same form as in
Einstein gravity when p ¼ 0. Nevertheless, there is no
Einstein limit for the case of the exponential potential.
According to the evolution equation for the perturbations, it
can be seen that the evolution equation of perturbations
depends on f;c. For the case of the exponential potential,
f;c is inversely proportional to ϵ, so that f;c can vary by a
few orders of magnitude throughout inflation. However, for
the case of the power-law potential, f;c becomes nearly
constant when p is close to zero. From the numerical
integration, we have found that the curvature perturbation
on large scales can grow extremely large if f;c can
significantly vary with time. The curvature perturbation
becomes constant on large scales when f;c ∼ 1. It could be
possible that the curvature perturbation on large scales is
not conserved in this model because the curvature pertur-
bation used here is not equivalent to the curvature pertur-
bation in the comoving gauge in standard cosmological
perturbation theory. On the other hand, the nonconservation
of the curvature perturbation on large scales could be the

consequence of entropy and anisotropic perturbations. In
general, it is difficult to define a curvature perturbation that
is conserved on large scales similar to the curvature
perturbation in the comoving gauge in the Einstein theory,
because it is not clear whether the entropy and anisotropic
perturbations disappear in this fðHÞ theory. These ques-
tions are left for future investigation. For the tensor
perturbation, the sound speed of the tensor mode can
significantly deviate from unity and vary with time
if p ≠ 0.
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APPENDIX: EXPRESSIONS FOR THE
COEFFICIENTS α AND β

In this Appendix, we present the explicit forms of
the coefficients α and β in Eq. (57). First, we decompose
them as

K1 ¼
n1
d1

; K2 ¼
n2
d2

; ðA1Þ

where the expressions for n1, n2, d1, and d2 are given by

n1 ¼ a1 þ a2k2H þ a3k4H þ a4k6H þ a5k8H þ a6k8H;

d1 ¼ 4ð3ηþ 2f;ck2HÞð−8ð−3þ ϵÞf2;ck6H þ 9η3ð−9þ f;cð9þ k2HÞÞ
þ 4ηf;ck4Hð18 − 6ϵ − 9f;c þ f2;cð9þ k2HÞÞ þ 6η2k2Hð9 − 3ϵ − 18f;c þ k2H þ f2;cð18þ k2HÞÞÞ;

n2 ¼ b1 þ b2k2H þ b3k4H þ b4k6H þ b5k8H þ b6k10H þ b7k12H ;

d2 ¼ 6ð3ηþ 2f;ck2HÞ2ð−8ð−3þ ϵÞf2;ck6H þ 9η3ð−9þ f;cð9þ k2HÞÞ
þ 4ηf;ck4Hð18 − 6ϵ − 9f;c þ f2;cð9þ k2HÞÞ þ 6η2k2Hð9 − 3ϵ − 18f;c þ k2H þ f2;cð18þ k2HÞÞÞ:

Here, ai are

a1 ¼ −96f3;cð−2 − 3f;c þ 3f2;cÞH;

a2 ¼ −432ηf3;cð−3þ 2f;c − 2f2;c þ f3;cÞHþ 16f3;cð6η1 þ ð2ϵ − ηf;cÞð−2 − 3f;c þ 3f2;cÞÞH;

a3 ¼ 16ϵf3;cð2ϵ1 − 2η1 þ 2ϵ − ηf;cÞH − 648η2f;cð2 − 5f;c þ 4f2;c − 4f3;c þ f4;cÞH
þ 72ηf2;cð2η1ð2þ f2;cÞ þ 2ϵð2 − 5f;c þ 2f2;cÞ − ηð−1þ f;c − 2f2;c þ f3;cÞÞH;

a4 ¼ 324η3ð−4þ 15f;c − 18f2;c þ 6f3;c þ 3f4;cÞHþ 24ηf;cðf;cð6ϵ1ϵþ η2 − ϵηf;cð3þ 2f2;cÞ
þ ϵ2ð2þ 4f2;cÞÞ þ η1ð−2ϵf;cð2þ f2;cÞ þ ηð−1þ f4;cÞÞÞH − 36η2ðηð2 − 3f;c þ f2;c − 6f3;c þ 9f4;cÞ
− 6f;cðϵð6 − 11f;c þ 6f2;c þ 2f3;c − 2f4;cÞ þ η1ð1þ f;c þ f2;c − f3;c þ f4;cÞÞÞH ;
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a5 ¼ 36η2f;cð6ϵ1ϵ − 2ϵ2 − 3ϵηf;c þ 8ϵ2f2;c þ η2f2;c − 2ϵηf3;c þ η1ðηf;cð−1þ f2;cÞ
− 2ϵð1þ 2f2;cÞÞÞH − 54η3ðϵð−20þ 66f;c − 60f2;c − 24f3;c þ 24f4;cÞ þ f;cðηð4 − 3f;c þ 6f2;cÞ
− 6η1ð2 − f;c − 2f2;c þ 2f3;cÞÞÞH;

a6 ¼ 54η3ð2ϵ1ϵþ η1ηf;cð−1þ f2;cÞ þ ϵ2ð−2þ 4f2;cÞ þ ϵf;cðη − 2η1f;c − 2ηf2;cÞÞH; ðA2Þ

and bi are 9

b1 ¼ 576f4;cH2 þ 5184f4;cð−2þ f;c þ f2;cÞH2;

b2 ¼ 192f4;cð−2ϵþ ηf;cÞH2 þ 2592ηf3;cð−18þ 18f;c − f2;c − 4f3;c þ 5f4;cÞH2

þ 864f3;cðηð1 − f;c þ f3;c þ 2f4;cÞ − 2f;cðη1 − η1f;c þ ϵð−6þ 3f;c þ 2f2;cÞÞÞH2;

b3 ¼ 16f4;cð−2ϵþ ηf;cÞ2H2 þ 7776η2f2;cð−9þ 18f;c − 11f2;c − 5f3;c þ 7f4;cÞH2

þ 144f2;cðη2ð1þ 4f2;c − f3;c þ 4f4;c þ f6;cÞ − 4ϵf2;cðϵ1ð−1þ f;cÞf;c þ ϵð6 − 3f;c − 2f2;cÞ
þ η1ð−2þ f;c þ f2;cÞÞ þ 2ηf;cðϵð−3þ f;c − 3f3;c − 3f4;cÞ þ 2η1ð−1þ f4;cÞÞÞH2

þ 432ηf2;cðηð−5 − 4f;c − 3f2;c þ 10f3;c þ 8f4;c − 6f5;c þ 6f6;cÞ þ 6f;cð2ϵð9 − 8f;c þ f2;c

þ 2f3;c − 2f4;cÞ þ η1ð−3þ 5f;c − 2f2;c − f3;c þ f4;cÞÞÞH2;

b4 ¼ 34992η3ð−1þ f;cÞ2f;cð−1þ 3f;c þ 2f2;cÞH2 þ 648η2f;cðηð−5þ f;c − 14f2;c þ 17f3;c − 5f4;c

− 18f5;c þ 18f6;cÞ þ 18f;cðη1ð−1þ f;cÞ2ð−1þ f;c þ f2;cÞ þ 2ϵð3 − 5f;c þ 3f2;c þ 2f3;c − 2f4;cÞÞÞH2

þ 72ηf;cðη2ð−1þ 12f2;c − 6f3;c þ 31f4;c − 6f5;c þ 6f6;cÞ þ 2ηf;cð2ϵð1þ 3f;c þ 2f2;c − 18f3;c þ 3f5;c

− 3f6;cÞ þ 3η1ð−3 − 2f2;c þ f3;c þ 4f4;c − f5;c þ f6;cÞÞ − 12ϵf2;cðη1ð−6þ 5f;c þ f2;c − f3;c þ f4;cÞ
þ 2ð2ϵ1ð−1þ f;cÞf;c þ ϵð9 − 7f;c þ f3;c − f4;cÞÞÞÞH2 − 24f2;cð16ϵ3f2;cð−1þ f2;cÞ
− η2f;cð1þ f2;cÞðηþ 2ηf2;c þ 2η1f;cð−1þ f2;cÞÞ − 4ϵ2f;cð2η1f;cð−1þ f2;cÞ þ ηð1þ f2;c þ 4f4;cÞÞ
þ 2ϵηðηð1þ f2;cÞ2ð1þ 2f2;cÞ þ 2f;cðϵ1 − ϵ1f2;c þ 2η1ð−1þ f4;cÞÞÞÞH2;

b5 ¼ 8748η4f;cð9 − 13f;c þ 2f2;c þ 2f3;cÞH2 þ 972η3f;cð6η1ð−1þ 7f;c − 6f2;c − 3f3;c þ 3f4;cÞ
− 12ϵð−3þ 12f;c − 11f2;c − 6f3;c þ 6f4;cÞ þ ηð2 − 11f;c þ 16f2;c − 16f3;c − 18f4;c þ 18f5;cÞÞH2

þ 36ηf2;cð−4ϵ2ηþ 48ϵ3f;c − 8ϵη2f;c þ 4ϵ2ηf2;c þ 5η3f2;c − 48ϵ3f3;c − 24ϵη2f3;c þ 40ϵ2ηf4;c

þ 5η3f4;c − 8ϵη2f5;c þ 8ϵ1ϵηð−1þ f2;cÞ þ 2η1ð−1þ f2;cÞð12ϵ2f;c þ η2f;cð1þ 2f2;cÞ
− 2ϵηð3þ 5f2;cÞÞÞH2 þ 108η2f;cð72ϵ2f;cð−3þ 4f;c − 2f2;c − f3;c þ f4;cÞ þ η2f;cð−2 − 3f;c

þ 23f2;c − 15f3;c þ 9f4;cÞ þ 6η1ð−1þ f;cÞð−6ϵf;cð2 − f;c þ f3;cÞ þ ηð1þ f;c þ 5f2;c þ 2f3;c þ 3f5;cÞÞ
þ ϵð−72ϵ1ð−1þ f;cÞf2;c þ ηð10þ 6f;c þ 44f2;c − 114f3;c þ 66f4;c þ 36f5;c − 36f6;cÞÞÞH2;

b6 ¼ 4374η4f;cð2η1ð2 − 2f;c − f2;c þ f3;cÞ þ ηf;cð2 − 3f;c − 2f2;c þ 2f3;cÞ − 2ϵð7 − 8f;c − 4f2;c þ 4f3;cÞÞH2

þ 54η2f;cð−4ϵ2ηþ 48ϵ3f;c − 12ϵ2ηf2;c þ η3f2;c − 48ϵ3f3;c − 16ϵη2f3;c þ 40ϵ2ηf4;c þ 5η3f4;c − 8ϵη2f5;c

þ 4ϵ1ϵηð−1þ f2;cÞ þ 4η1ð−1þ f2;cÞð6ϵ2f;c þ η2f3;c − ϵðηþ 5ηf2;cÞÞÞH2 − 972η3f;cð−η2ð−2þ f;cÞf3;c
− 4ϵ2ð−3þ 9f;c − 8f2;c − 3f3;c þ 3f4;cÞ þ η1ð−1þ f;cÞðηf;cð−2þ f;c − 3f3;cÞ þ 2ϵð2 − 5f;c þ 3f3;cÞÞ
þ 2ϵf;cð4ϵ1ð−1þ f;cÞ þ ηð−3þ 7f;c − 7f2;c − 3f3;c þ 3f4;cÞÞÞH2;

b7 ¼ 81η3f;cð−2ϵþ ηf;cÞ2ðηf;c þ 2η1ð−1þ f2;cÞ − 4ϵð−1þ f2;cÞÞH2 − 729η4f;cð−20ϵ2 þ 4ϵ1ϵð−1þ f;cÞ
þ 24ϵ2f;c þ 8ϵηf;c þ 8ϵ2f2;c − 12ϵηf2;c þ η2f2;c − 8ϵ2f3;c − 4ϵηf3;c þ 4ϵηf4;c þ 2η1ð−1þ f;cÞðηf;c − ηf3;c

þ 2ϵð−2þ f2;cÞÞÞH2:
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In the above expressions, kH ¼ k=H, and we use Eqs. (14), (15), and (17) to write f;cc as

f;cc ¼ −
1

12X
f2;c

�
ϵ − f;cη

2

�
: ðA3Þ
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