
Multiplicity dependence of χ c and χ b meson production

Marat Siddikov and Iván Schmidt
Departamento de Física, Universidad Técnica Federico Santa María,
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We analyze in detail the production of χc and χb mesons in pp collisions. Using the color dipole
framework, we estimate the cross sections in the kinematics of ongoing and forthcoming experiments and
find that our estimates are in reasonable agreement with currently available experimental data. We also
analyze the dependence on multiplicity of coproduced hadrons and find that it is significantly milder than
that of S-wave quarkonia. We expect that an experimental confirmation of this result could constitute
an important test of our understanding of multiplicity enhancement mechanisms in the production of
different quarkonia states.
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I. INTRODUCTION

Currently, the production of mesons containing
heavy quarks can be described reasonably well in com-
pletely different approaches, like gluon-gluon or Pomeron-
Pomeron fusion and the color dipole approach (see
[1–4] for overviews). This success is largely attributable
to the fact that in the heavy quark mass limit the partonic-
level subprocess becomes essentially perturbative, there-
by reducing the differences between the frameworks.
Although all the frameworks provide reasonable pheno-
menological estimates, the parameters needed for the
description of late-stage hadronization [like fragmentation
functions of open-flavor D or B mesons or the long-
distance matrix elements (LDMEs) of quarkonia states]
might differ quite considerably [5–7], challenging their
expected universality. Moreover, the approaches based on
gluon-gluon (Pomeron-Pomeron) fusion recently encoun-
tered difficulties with the description of new experimental
data on multiplicity dependence of coproduced charged
hadrons [8–13]. In fact, it was discovered by both the STAR
and ALICE collaborations that the relative yields of the 1S
quarkonia grow vigorously as a function of multiplicity.
This enhancement is seen in AA, pA [14,15], and even pp
collisions [16,17], which clearly signals that it is not related
to collective effects. Similar enhancement was observed for
D meson and nonprompt J=ψ production [8]. As men-
tioned in [18], these new findings cannot easily be
accommodated in the framework of models based on the

two-Pomeron fusion picture and thus potentially could
require the introduction of new mechanisms for both AA
and pp collisions.
Since early studies of high energy production in the

Regge approach [19–24], it has been established that
multiplicity enhancement might be related to contributions
of multiple Pomeron exchanges, and for this reason the
approaches based on gluon-gluon or Pomeron-Pomeron
fusion explain the observed multiplicity enhancement in
J=ψ and D meson production [25–30] via contributions of
additional multi-Pomeron states. It is expected that such
contributions might be quite pronounced, and in the case of
D meson production might be responsible for up to 40%
of all the produced D mesons in inclusive production.
This contribution is quite substantial and challenges the
anticipated dominance of gluon-gluon (Pomeron-Pomeron)
mechanism.
To better understand the microscopic mechanisms of

multiplicity enhancement in heavy quarkonia production, it
is very desirable to extend the currently available exper-
imental data and study the multiplicity dependence in other
channels. For example, we suggested [31] studying the
multiplicity dependence in diffractive production, which
has a slightly different underlying mechanism. However,
the predicted cross section for this channel is much smaller
than for the inclusive case due to certain process-specific
factors, and for this reason its multiplicity dependence
could be studied only during High Luminosity Run 3 at the
LHC [32–34]. In this paper we explore another possibility
and suggest studying the multiplicity dependence of
coproduced hadrons in the production of P-wave quarko-
nia, e.g., the lightest χc and χb mesons. The production
cross sections of these mesons are comparable by order of
magnitude to the cross sections of J=ψ and ϒð1SÞ,
respectively, which should guarantee a reasonable statistics
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for high-multiplicity studies. The production of χc mesons
has been extensively studied in the kT factorization
approach in [35–42], where it was found that a two-gluon
(≈ two-Pomeron) fusion mechanism provides a good
description of the available data on its rapidity and
transverse momentum dependence. Moreover, the color
octet mechanism for P-wave quarkonia gives a small
contribution due to the smallness of the LDMEs
[35–37], so this fact minimizes the inherent uncertainty
related to this mechanism. On the other hand, because of
spin-orbital interactions, the P-wave quarkonia show up as
a triplet of states with different angular momenta: J ¼ 0, 1,
or 2. Independent studies of production cross sections for
each of these states provides a sensitive test of the under-
lying production mechanism. For this reason, we believe
that P-wave quarkonia are ideally suited for the study of the
multiplicity enhancement mechanisms. Since we are inter-
ested in the multiplicity dependence in the small-x kin-
ematics, instead of kT factorization we will use a color
dipole framework (also known as CGC/Saturation or
CGC/Sat) [43–51]. This framework allows one to system-
atically take into account contributions of multiple
Balitsky-Fadin-Kuraev-Lipatov (BFKL) Pomeron states.
The generalization of the color dipole approach to high-
multiplicity events is well known in the literature [52–61].
The paper is structured as follows. In Sec. II we describe

a framework for χcJ and χbJ quarkonia production. In
Sec. III we make numerical estimates of the cross sections,
compare them with the available experimental data, and
make predictions for future experiments. In Sec. IV we
evaluate the dependence on multiplicity. Finally, in Sec. V
we draw some conclusions.

II. PRODUCTION MECHANISMS
OF P-WAVE QUARKONIA

The high-energy inclusive production of heavy quarko-
nia might be considered a scattering of the projectile gluon
on a proton via formation of a virtual heavy Q̄Q pair and
the hadronization of the latter into quarkonium state M, as

shown in Fig. 1. In the kinematics of LHC experiments, the
average light-cone momentum fractions x1;2 carried by
gluons are very small (≪ 1) and the gluon densities are
enhanced. This enhancement implies that there could be
sizable corrections from multiple gluon exchanges between
the heavy dipole and the target, which are formally sup-
pressed in the heavy quark mass limit. For this reason,
instead of a hard process on individual partons, it is more
appropriate to use the CGC/Sat framework [43–51]. The
color dipoles are eigenstates of interaction at high energies
and, for this reason, can be used as universal elementary
building blocks automatically accumulating both hard and
soft fluctuations [62]. In fact, the light-cone color dipole
framework has been successfully applied to phenomeno-
logical descriptions of both hadron-hadron and lepton-
hadron collisions [63–70]. Another advantage of the
CGC/Sat framework is that it allows a relatively straight-
forward extension for the description of high-multiplicity
events, as discussed in [52–59]. The cross section of
quarkonia production process, as shown in Appendix A,
is given by
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ffiffiffi
s

p Þ
dyd2pT

¼
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Z
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0

dz1
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Z
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NMðx; z1;r1; z2; r2; b21Þ ¼ Nðx; b21 þ z̄2r2 þ z̄1r1Þ þ Nðxb21 − z1r1 − z2r2Þ
− Nðx; b21 þ z̄2r2 − z1r1Þ − Nðx; b21 − z̄1r1 − z2r2Þ; ð2Þ

x1;2 ≈
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

M þ hp2⊥Mi
p ffiffiffi

s
p e�y; ð3Þ

where y and pT are the rapidity and transverse momenta of
the produced quarkonia in the center-of-mass frame of the
colliding protons, ðzi; riÞ are the light-cone fractions of the

FIG. 1. Color dipole picture of the P-wave quarkonia ha-
droproduction in a gluon-proton collision. The colored squared
block in the inferior part of the diagram contains all possible
multigluon (multi-Pomeron) interactions which are included in
the dipole amplitude. The vertical dashed line represents
unitarity cuts. The produced meson M is shown with a double
line and arrow.
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quark and the transverse separation between quarks
inside the dipole (with subindices i ¼ 1, 2 representing
the amplitude and its complex conjugate, respectively), and
b21 is the difference of impact parameters of the dipoles
in the amplitude and its conjugate. We also use the
notation ΨMðr; zÞ for the light-cone wave function of
quarkonium M (M ¼ χc; χb), and ΨQ̄Q for the quark-
antiquark component of the gluon light-cone wave function
(for the sake of completeness both are discussed in detail
in Appendix B). The amplitude NM depends on a linear
combination of forward dipole scattering amplitudes
Nðy; rÞ≡ R

d2bNðy; r; bÞ, as given in Eq. (2). This ex-
pression was derived in the heavy quark mass limit, when
the typical dipole sizes are small. This smallness allows
us to disregard additional quadrupole contributions which
were studied in detail in [71]. The notation xggðxg; kTÞ
in Eq. (1) is used for the unintegrated gluon parton
distribution function (uPDF). The expression for the
pT-integrated cross section has a similar structure and
differs only by the replacement of the gluon uPDF
x1gðx1; pT − kTÞwith the integrated PDF x1gðx1; μFÞ, taken
at the scale μF ≈ 2mQ. The integrated gluon PDF
x1gðx1; μFÞ in the CGC/Sat approach is closely related
to the dipole scattering amplitude Nðy; rÞ introduced earlier
as [52,72]

CF

2π2ᾱS
Nðy; rÞ ¼

Z
d2kT
k4T

ϕðy; kTÞð1 − eikT ·rÞ;

xgðx; μFÞ ¼
Z

μF

0

d2kT
k2T

ϕðx; kTÞ; ð4Þ

where y ¼ lnð1=xÞ. Equation (4) might be inverted and
gives the gluon PDF in terms of the dipole amplitude as
follows:

xgðx; μFÞ ¼
CFμF
2π2ᾱS

Z
d2r

J1ðrμFÞ
r

∇2
rNðy; rÞ: ð5Þ

This result allows us to rewrite Eq. (1) entirely in terms of
the dipole amplitude N.
Now we would like to briefly describe this process in the

BFKL framework. While we use the dipole framework for
our evaluations, it is known that the dipole scattering
amplitude resums certain classes of BFKL Pomeron con-
tributions, and for this reason understanding the dominant
contributions in the BFKL picture could help us to clarify
certain features of the cross sections. The inclusive pro-
duction of P-wave quarkonia in the BFKL picture gets its
dominant contribution from the fusion of two Pomerons, as
shown in the left panel of Fig. 2. However, as was
suggested in analyses of similar processes in [25–30], at
large multiplicities this contribution might be supplemented
by the three-Pomeron fusion shown in the right panel of
Fig. 2. While formally it is expected that such contributions
would be suppressed in the heavy quark mass limit,
numerically this suppression might not be very strong,
due to enhanced gluon densities in the small-x kinematics.
As was demonstrated in [25,26], this indeed happens in the
case of 1S charmonia production, and the multi-Pomeron
contributions are especially important in events with large
multiplicities of coproduced hadrons. From the quantum
numbers of P-wave quarkonia and the symmetry properties
of its wave function, we can see that such a contribution is
suppressed at high energies since it requires antisymmet-
rization over color indices of both Pomerons. Similarly, in
the BFKL picture the contributions of multi-Reggeon states
made of several interconnected gluon ladders [73,74]
should be negligible because such configurations have
smaller intercepts and are suppressed at high energies
[75]. For this reason in LHC kinematics we may disregard

FIG. 2. P-wave quarkonia production in the BFKL picture. Left panel: leading order contribution to the cross section of P-wave meson
production via the two-Pomeron fusion mechanism. The diagram includes two cut Pomerons (gluon ladders split by a unitarity cut).
Right panel: possible contributions of the three-Pomeron mechanism. In the inferior part of the diagram we show one of the Pomerons
(gluon ladder split by a unitarity cut) in gray. In both plots the vertical dashed line represents unitarity cuts. The produced meson M is
shown with a double line and arrow. A summation over all possible permutations of gluon vertices in the heavy quark line/loop is
implied.
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higher order contributions like those shown in the right
panel of Fig. 2.
Finally, we would like to briefly discuss possible con-

tributions of the color octet mechanism [1–7], which might
be relevant in the large-pT kinematics. For P-wave quar-
konia the color octet contribution is controlled by the

LDMEOχc ½3Sð8Þ1 �. The analyses available from the literature
[35–37] conclude that the value of this LDME is very small,
although the estimates of its exact value vary significantly
from 4.78 × 10−5 to 2.01 × 10−3 GeV3. In view of these
findings, in what follows we will simply omit the con-
tribution of the color octet mechanism.

III. NUMERICAL ESTIMATES

In the CGC/Sat approach, the dipole amplitude
Nðy; r⃗; b⃗Þ is expected to satisfy the nonlinear Balitsky-
Kovchegov equation [60,61,76] for the dipoles of small
size r. In the saturation region this solution should exhibit
a geometric scaling, being a function of one variable
τ ¼ r2Q2

s , where Qs is the saturation scale [77–80].
Such behavior is implemented in different phenomeno-
logical parametrizations available in the literature. One of
such parametrizations which we will use for our numerical
estimates is the CGC parametrization, which was proposed
in [81] (see also [82–85] for more recent phenomenological
analyses),

Nðx; ⃗rÞ ¼ σ0 ×

8<
:N0

�
rQsðxÞ

2

�
2γeffðrÞ; r ≤ 2

QsðxÞ

1 − expð−A ln ðBrQsÞÞ; r > 2
QsðxÞ

;

ð6Þ

A ¼ −
N2

0γ
2
s

ð1 − N0Þ2 ln ð1 − N0Þ
; B ¼ 1

2
ð1 − N0Þ−

1−N0
N0γs ;

ð7Þ

QsðxÞ ¼
�
x0
x

�
λ=2

; γeffðrÞ ¼ γs þ
1

κλY
ln

�
2

rQsðxÞ
�
;

ð8Þ

γs ¼ 0.762; λ ¼ 0.2319;

σ0 ¼ 21.85 mb; x0 ¼ 6.2 × 10−5; ð9Þ

Y ¼ ln ð1=xÞ: ð10Þ

We would like to start our discussion of results with a
comparison of the predicted pT dependence of the cross
sections with experimental data. The cross section of χc
production is smaller than the cross section of J=ψ ; for this
reason there are many fewer experimental data available
from the literature. Since χcJ is usually detected via the
χcJ → γ þ J=ψ radiative decay channel, the experimental

data are traditionally presented for the product of the
cross section onto the branching fraction BðχcJÞ≡
BrðχcJ → γ þ J=ψÞBrðJ=ψ → μþμ−Þ. For the χbJ mesons
we use a similar product of branching fractions with ϒð1SÞ
instead of J=ψ . The values of the branching fractions are
known from [86] and for the sake of completeness are
shown in Table I. As we can see, the values of Bðχc0Þ and
Bðχb0Þ are extremely small compared to the other channels.
For this reason observation of these states via radiative
decays into 1S quarkonia is very difficult, and all the
available data are given for χc1 and χc2 mesons.
In Figs. 3 and 4 we compare the model predictions for

the χcJ production with available data from ATLAS [87],
CMS [88], LHCb [89], and CDF [90]. We can see that the
CGC/Sat model provides a reasonable description of the
available data in a wide kinematic range and thus might
be used for further analysis.
In Fig. 5 we show the pT dependence of the cross

sections at different values of the collision energies
ffiffiffi
s

p
,

which might be relevant for future experimental data. In the
large-pT kinematics we expect that the cross section will
increase as a function of energy without changing the shape
of pT dependence. To illustrate the dependence on the
choice of wave function (∼ the potential model used for its
evaluation), we have also shown in Fig. 5 the ratio of the
cross sections evaluated with Cornell [92,93] and powerlike
[94] parametrizations of the rest frame potential. While the
cross sections change several orders of magnitude in the
considered range of pT , the uncertainty due to choice of
the potential does not exceed 15%.We got similar estimates
for the parametrization [95]. The cross sections of χc0 and
χc2 get large contributions from the configuration with
aligned spins of the quarks, whereas in the case of χc1 there
is also a sizable contribution from configurations where
spins are antialigned, which explains the difference.
In Fig. 6 we show our predictions for the pT dependence

of χb1 and χb2 mesons. The estimated cross sections are
smaller than those of the χc1 and χc2 mesons, although they
are within the reach of LHC experiments. Thus far there
have been no published data from LHC for the cross
sections of these mesons, but we hope that in the near future
such measurements will be carried out.

IV. MULTIPLICITY DEPENDENCE

As we found in the previous section, the CGC/Sat
model (1) provides a reasonable description of the χc1

TABLE I. Values of the product of branching fractions BðχcJÞ≡
BrðχcJ → γ þ J=ψÞBrðJ=ψ → μþμ−Þ and BðχbJÞ≡ BrðχcJ →
γ þϒð1SÞÞBrðϒð1SÞ → μþμ−Þ, as given in [86].

J ¼ 0 J ¼ 1 J ¼ 2

BðχcJÞ 0.08% 2.02% 1.12%
BðχbJÞ 0.05% 0.87% 0.44%
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and χc2 production data at Tevatron and LHC kinematics.
The description of the multiplicity dependence presents
more challenges at the conceptual level because there are
different mechanisms to produce an enhanced number of
charged particles Nch. Historically the studies of multiplic-
ities were initiated long ago in [19–24] in the framework of
the Regge approach. Using only rather general properties of
particle-Reggeon vertices, which are largely independent of
the underlying quantum field theory, it was found that in
high energy processes multiple Pomeron exchanges might
lead to various observable effects in multiparticle final

states like fluctuations of the rapidity densities of produced
particles, long-range rapidity correlations, and an increase
of multiplicity in the final state. As was demonstrated in
[56,63,66,96–98], all these findings are also valid in the
context of QCD, and they have been confirmed by
experimental evidence.
The probability of multiplicity fluctuations decreases

rapidly as a function of the number of produced charged
particles Nch [99]; therefore, for the study of multiplicity
dependence it is more common to use a self-normalized
ratio [17]

dNM=dy
hdNM=dyi

¼ wðNMÞ
hwðNMÞi

hwðNchÞi
wðNchÞ

¼ dσMðy; η;
ffiffiffi
s

p
; nÞ=dy

dσMðy; η;
ffiffiffi
s

p
; hni ¼ 1Þ=dy

�
dσchðη;

ffiffiffi
s

p
; Q2; nÞ=dη

dσchðη;
ffiffiffi
s

p
; Q2; hni ¼ 1Þ=dη ; ð11Þ

FIG. 4. Left panel: comparison of the predicted pJ=ψ
T dependence for χc meson production with experimental data from CDF [90] at

central rapidities (jyj < 1). Right panel: comparison of model predictions for the ratio of the χc2 and χc1 cross sections to experimental
data from [91].

FIG. 3. Left panel: comparison of the predicted pT dependence for the χc1 and χc2 cross sections. Experimental data are from ATLAS
[87]. Right panel: comparison of the model predictions for the ratio of χc1 and χc2 cross sections at central rapidities, with experimental
data from the ATLAS [87], CMS [88], and LHCb [89] experiments. We added for comparison the LHCb data measured at off-forward
rapidities because we expect that the suppression of the cross sections of χc1 and χc2 production at off-forward rapidities will be the same
and thus will cancel in the ratio. For better visibility we use a logarithmic scale in the vertical axis.
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where n ¼ Nch=hNchi is the relative enhancement of the
charged particles in the bin, wðNMÞ=hwðNMÞi and
wðNchÞ=hwðNchÞi are the self-normalized yields of quar-
koniumM and charged particles (minimal bias) events in a

given multiplicity class, and dσMðy;
ffiffiffi
s

p
; nÞ is the produc-

tion cross section for M, with rapidity y and hNchi ¼
ΔηdNch=dη charged particles in the pseudorapidity win-
dow ðη − Δη=2; ηþ Δη=2Þ. If the inclusive cross section of

FIG. 5. Upper row and left panel of lower row: comparison of the predicted pT dependence for the χc0, χc1, and χc2 cross sections for
different values of

ffiffiffi
s

p
. All the theoretical curves are shown multiplied by the branching BðχcJÞ≡BrðχcJ → γþJ=ψÞBrðJ=ψ→μþμ−Þ.

The cross sections for χc0 are strongly suppressed relative to χc1 and χc2 due to differences in the branching fractions
BrðχcJ → γ þ J=ψÞ. Lower right panel: ratio of cross sections evaluated with Cornell [92,93] and powerlike [94] parametrizations
of the potential (see Appendix B for more details).

FIG. 6. The pT dependence for χb1 and χc2 cross sections for different values of
ffiffiffi
s

p
. All the theoretical curves are shown multiplied by

the branching BðχbJÞ≡ BrðχbJ → γ þϒÞBrðϒ → μþμ−Þ.

MARAT SIDDIKOV and IVÁN SCHMIDT PHYS. REV. D 104, 016023 (2021)

016023-6



the process pp → M þ X is proportional to the probability
of producing a meson M in a single pp collision, then the
ratio (11) gives the conditional probability of producing a
meson M in a pp collision in which Nch charged particles
are produced. In what follows we are going to focus only on
multiplicity dependence in pp collisions for moderate
values of n ≲ 10. In this kinematics due to the local
parton-hadron duality hypothesis [100–102], the number
of produced charged particles is directly proportional to the
number of partons which stem from the individual Pom-
erons and thus might be studied using perturbative meth-
ods. For AA collisions this hypothesis might not work due
to formation of the quark-gluon plasma at later stages of
collisions [103–117], and the suggested approach should
instead be replaced with hydrodynamic models.
In the color dipole approach used in this paper, the

multiplicity dependence should be encoded in the dipole
amplitude. We expect that even in high-multiplicity events
the dipole amplitude still should satisfy the nonlinear
Balitsky-Kovchegov equation, and therefore might be
described by Eq. (6), although the value of the saturation
scale Qs might be modified. As was demonstrated in
[52–54], the observed number of charged multiplicity
dNch=dy of soft hadrons in pp collisions is given by

dNch

dy
¼ c

Q2
s

ᾱSðQ2
sÞ
; ð12Þ

where c is a numerical coefficient. Solving Eq. (12)
algebraically, we could extract Q2

s as a function of
dNch=dy. Taking into account the fact that the distribution
dNch=dy is almost flat, we may approximate n ¼
Nch=hNchi ≈ ðdNch=dyÞ=hdNch=dyi, so Eq. (12) allows

us to expressQ2
s as a function of n. Usually in the literature

the logarithmic dependence on n, which stems from the
running coupling in the denominator of Eq. (12), is
disregarded, so Eq. (12) reduces to a simpler linearly
growing dependence on n [52–59],

Q2
sðx; b; nÞ ¼ nQ2ðx; bÞ: ð13Þ

The precision of this assumption was tested in [59], and it
was found that a numerical solution of the running coupling
Balitsky-Kovchegov equation differs from Eq. (13) by less
than 10% in the region of interest (n≲ 10). This correction
is within the precision of current evaluations, and for this
reason in what follows we will use Eq. (13) for our
estimates. While at LHC energies it is expected that the
typical values of saturation scale Qsðx; bÞ would fall into
the range 0.5–1 GeV, from Eq. (13) we can see that in
events with enhanced multiplicity this parameter might
exceed the values of heavy quark mass mQ and lead to an
interplay of large-Qs and large-mQ limits. Since increase of
multiplicity and increase of energy (decrease of x) affectQ2

s
in a similar way, the study of the high-multiplicity events
allows one to study a deeply saturated regime which
determines the dynamics of all processes at significantly
higher energies.
As was discussed in [25,26,30], for studies of multi-

plicity dependence it is important that the experimental
setup allow one to distinguish the charged particles
produced with rapidity above or below that of quarkonia
(eventually, this will determine the fraction of multiplicity
enhancement which should be attributed to each dipole
amplitude). For phenomenological estimates we shall focus
on the setup in which both quarkonia and hadrons are

FIG. 7. Left panel: multiplicity dependence for different χcJ states. While the cross sections differ quite significantly due to spin
structure, the self-normalized ratios are very close to each other. For the sake of reference we also added a dot-dashed gray curve for J=ψ
production from our previous work [25,26]. Right panel: dependence of the multiplicity shapes on collision energies

ffiffiffi
s

p
. The plot is

done for χc1 meson production, but the results for χc0 and χc2 are almost identical. All evaluations are done while assuming that
charged particles and quarkonia have been collected at central rapidities (jη; yj < 1), which is similar to what is available for J=ψ
production from [12].
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collected at central rapidities jηj; jyj ≤ 1, where the strong-
est multiplicity dependence was observed for J=ψ and D
mesons. In Fig. 7 and 8 we show the multiplicity depend-
ence of χcJ and χbJ mesons for different energies. As we
can see, the dependence is much milder than that of the 1S
quarkonia (dot-dashed curve with label “J=ψ”). This
dependence agrees with our earlier expectations based
on the BFKL picture and the dominance of the two-
Pomeron mechanism. Indeed, in that picture each cut
Pomeron contributes to the multiplicity dependence factor
∼nhγeffi, where the parameter γeff is defined in Eq. (8). Since
χb has a smaller size than χc, the typical values of hγeffi are
larger for the former than for the latter, and χb has slightly a
faster dependence on multiplicity than χc. Similarly, we can
understand the change of multiplicity dependence with
energy: due to the prefactor 1=Y in Eq. (8), the average
values of the parameter hγeffi decrease as a function of

ffiffiffi
s

p
,

and for this reason the dependence on multiplicity becomes
milder for larger energies ffiffiffiffiffiffiffispp

p .

V. CONCLUSIONS

In this paper we analyzed in detail the production of χc
and χb mesons in the CGC/Sat approach. We found that the
model predictions for the pT-dependent cross section are in
agreement with available experimental data for χc1 and χc2
mesons in LHC kinematics. We also made predictions for
χb mesons, which might be checked in the ongoing and
future experiments, both at RHIC and at LHC. We also
studied the dependence of the cross sections on the
multiplicity of coproduced hadrons and found that it is
significantly milder than that of 1S quarkonia (J=ψ ;ϒ � � �).
This effect is quite easy to understand in the BFKL picture:
the dominant production mechanism for the P-wave
quarkonia is the two-Pomeron fusion, whereas the three-
Pomeron contributions are strongly suppressed at high

energies. Our evaluation is largely parameter-free and relies
only on the choice of the parametrization for the dipole
cross section (6) and the wave function of the meson.
The explanation of multiplicity dependence in the

CGC/Sat approach differs from other approaches suggested
for the description of multiplicity dependence, like the
percolation approach [118] or modification of the slope of
the elastic amplitude [119]. While for 1S quarkonia all
approaches give comparable descriptions, this is not so for
P-wave quarkonia. For this reason we expect that the
measurement of the multiplicity dependence of χc and χb
would be an important litmus test for all the models which
describe production of quarkonia, and we hope that it will
be done at both LHC and RHIC.
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APPENDIX A: EVALUATION OF THE
DIPOLE AMPLITUDES

In this Appendix, for the sake of completeness, we
explain the main technical steps and assumptions used for
the derivation of the cross section (1). The general rules,
which allow one to express the cross sections of hard
processes in terms of the color singlet dipole cross section,
can be found in [43–51]. While technically the rules might
differ at intermediate steps, they eventually reproduce
equivalent expressions. For the sake of definiteness we
will follow the procedure and notations developed

FIG. 8. Left panel: multiplicity dependence for different χbJ states. While the cross sections differ quite significantly due to spin
structure, the self-normalized ratios are very close to each other. Right panel: dependence of the multiplicity shapes on collision energiesffiffiffi
s

p
. The plot is done for χb1 meson production, but results for χb0 and χb2 are almost identical. All evaluations are done while assuming

that charged particles and quarkonia have been collected at central rapidities (jη; yj < 1), which is similar to what is available from [12].
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in [50,51], which include a simple derivation of the Q̄Q
production cross sections. In the heavy quark mass limit
the strong coupling αsðmQÞ is small, so the interaction of a
heavy Q̄Q dipole with gluons might be considered pertur-
batively. At the same time, we tacitly assume that each
such gluon should be understood as a parton shower
(“Pomeron”). The process of P-wave quarkonia production
differs from equivalent production of open heavy flavor
mesons only by an additional projection on the Hilbert state
of the final meson M.
In the high energy eikonal picture, the interaction of the

quark and antiquark with a t-channel gluon does not change
helicities of fermions, and for this reason it might be
described by a factor �igtaγaðx⊥Þ, where x⊥ is the trans-
verse coordinate of the quark and the nonperturbative
function γaðx⊥Þ characterizes the distribution of gluons
in the target in the transverse plane. This function is related
to a dipole scattering amplitude Nðx; rÞ probed in deep
inelastic scattering as

Nðx; rÞ ¼ 1

8

Z
d2bjγaðx; b − zrÞ − γaðx; bþ z̄rÞj2; ðA1Þ

where r is the transverse size of the dipole and z is the light-
cone fraction of the dipole momentum carried by the
quarks. Equation (A1) has a very simple structure and
might be obtained by taking traces over color matrices in
diagrams with a single gluon attachment in amplitude and
its conjugate.
In the Iancu-Mueller approach [120] (see also [52]) it

was shown that interaction of the dipole with the target is
described by the S-matrix element

Sðx; yÞ ¼ 1

Nc
hV†ðxÞVðyÞi; ðA2Þ

where y ¼ lnð1=xÞ is the rapidity of the dipole and V†ðxÞ
and VðyÞ are Wilson lines describing the scattering of the
quark and antiquark with transverse coordinates x, y in the
color field of a hadron. The dipole amplitude Nðx; rÞ is
related to Sðy; x; yÞ as

Nðx; rÞ ¼ 1 − Sðy; x; yÞ: ðA3Þ

As we discussed earlier, for heavy flavors we may expect
that the interaction of a dipole with a gluonic field becomes
perturbative, so we can see that Eqs. (A2) and (A3) might
be approximated in this limit by Eq. (A1) provided that
γaðxÞ is identified with gluonic field Aþ

a ðxÞ. However, we
would like to emphasize that the heavy quark limit
suppression does not work for possible couplings in virtual
loop corrections, and for this reason the evolution of
the dipole amplitude is still described by the nonlinear
Balitsky-Kovchegov equation.

Equation (A1) can be rewritten in the form

1

8

Z
d2bγaðx; bÞγaðx; bþ rÞ

¼ 1

2
Nðx; rÞ þ

Z
d2bjγaðx; bÞj2|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

¼const

: ðA4Þ

The value of the constant term in the right-hand side of
Eq. (A4) is related to the infrared behavior of the theory,
and for the observables which we consider in this paper it
cancels exactly. For very small dipoles, the dipole scatter-
ing amplitude Nðx; rÞ is related to the gluon uPDF as [121]

Nðx; ⃗rÞ ¼ 4παs
3

Z
d2k⊥
k2⊥

F ðx; k⊥Þð1 − eik·rÞ þO
�
ΛQCD

mc

�
;

ðA5Þ

so the functions γaðx; rÞ might also be related to the
unintegrated gluon densities in coordinate space. With
the help of Eq. (A4), it is possible to express the production
cross sections of some processes as linear combinations of
the dipole amplitudes Nðx; rÞ with different arguments.
A cautious reader might note that such relations still rely on
the assumption that the interaction of the gluon shower with
a quark is described by the same color generator ta as the
single perturbative gluon. This merely reflects our earlier
assumption that the interactions of gluons with heavy
quarks is perturbative, even in the deeply saturated regime.
For the case of P-wave production, the dominant

contribution to the process is due to the color singlet
mechanism; namely, it occurs only with Q̄Q states in color
singlet color state. For this reason in evaluations we should
take into account Figs. 9(a) and 9(b) only. While the color

(a) (b) (c)

FIG. 9. The diagrams which contribute to the heavy meson
production cross section in leading order perturbative QCD. (a)
and (b) give the contributions to both color singlet and color octet
QQ̄ pair production, whereas (c) is relevant only for the color
octet contributions. As explained in the text, the color octet
LDMEs are negligibly small for χc and χb production, so these
contributions might be disregarded. The contribution of (c) to the
meson formation might be also viewed as gluon-gluon fusion
gg → g, with subsequent gluon fragmentation g → Q̄Q → M.
In the CGC approach t-channel gluons are replaced by the
dipole amplitude which satisfies the Balitsky-Kovchegov equa-
tion and corresponds to a fanlike shower of soft particles in the
diagrammatic language.
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octet mechanism potentially might also make a contribu-
tion, it is known from the literature that for χc and χb
production the corresponding LDMEs are very small
[35–37] and might be neglected. As we showed in
Sec. III, the color singlet model alone gives a very plausible

description of the data, which indirectly signals that the
omission of the color singlet contribution is justified. After
a straightforward evaluation of traces and color indices it is
possible to get for the square of the amplitude in the color
singlet mechanism

jAgp→MðpTÞXj2 ∼
Z

dz1dz2d2r1d2r2

Z
d2b21d2be−ipT ·b21hΨ†

Q̄Qðr2; z2ÞΨMðr2; z2Þi�hΨ†
Q̄Qðr1; z1ÞΨMðr1; z1Þi

× ðγaðbþ z̄2r2Þ − γaðb − z2r2ÞÞ�ðγaðbþ z̄1r1Þ − γaðb − z1r1ÞÞ; ðA6Þ

where ðzi; riÞ represent the fraction of the dipole momen-
tum carried by the quark and the size of the dipole, bi is the
impact parameter of the dipole, and the subscript index i
might take values i ¼ 1, 2 to distinguish between the
variable in the amplitude and its conjugate. In the argu-
ments of γ we have the quark and antiquark transverse
coordinates are given by bi − ziri and bi þ z̄iri, respec-
tively. For the evaluation of the pT-dependent cross section
we need to project the coordinate space quark distribution
onto the state with definite transverse momentum pT ,
so we have to evaluate the additional convolution
∼
R
d2b1d2b2eipT ·ðb1−b2Þ ≡ R

d2b21d2be−ipT ·b21 , where b21 ≡
b2 − b1 is the difference of impact parameters of the
dipole center of mass in the amplitude and its conjugate
and b ¼ ðb1 þ b2Þ=2. After some trivial algebraic
simplifications and using Eq. (A4) for evaluation of the

integral over
R
d2b, we can get the result in the form

of Eq. (1).
All evaluations of this appendix were done in the frame

where the momentum of the primordial gluon is zero. In
any other frame we should take into account an additional
convolution with the momentum distribution of the incident
(“primordial”) gluons, as appears in the first line of Eq. (1).

APPENDIX B: WAVE FUNCTIONS

For evaluations of Eq. (1), we will need explicit para-
metrizations for the Q̄Q component of the light-cone
gluon wave function ΨQ̄Q and the P-wave quarkonia wave
function ΨM. We may expect that in the heavy quark mass
limit for ΨQ̄Q we may use the well-known perturbative
expressions available in the literature [122,123],

Ψðþ1Þ
Q̄Q ðz; rÞ ¼

ffiffiffiffiffiffiffiffi
2Nc

p
2π

ðieiθεðzδhþδh̄− − ð1 − zÞδh−δh̄þÞK1ðεrÞ þmQδhþδh̄þK0ðεrÞÞ;

Ψð−1Þ
Q̄Q ðz; rÞ ¼

ffiffiffiffiffiffiffiffi
2Nc

p
2π

ðie−iθεðð1 − zÞδhþδh̄− − zδh−δh̄þÞK1ðεrÞ þmQδh−δh̄−K0ðεrÞÞ; ðB1Þ

where the superscript index (�1) of ΨQ̄Q refers to helicity
of the projectile gluon, and h; h̄ in the rhs are the helicities
of the quark and antiquark, respectively.
Most previous evaluations of quarkonia production

[35–41] were done in the heavy quark mass limit under
the assumption that the wave function ΨMðz; rÞ might be
approximated with its small-r Taylor expansion, which
starts with a linear term for the P-wave. In this case the
dependence on the wave function reduces to dependence
on the value of the slope jR0ð0Þj. This scheme is justified in
the heavy quark mass limit. However, it is clear that for
charmonia the heavy quark mass limit might not work very
well, and for this reason we will maintain the full r
dependence of the wave function.
For our evaluations we construct a light-cone wave

function from the rest frame wave functions evaluated in
the potential models using the Brodsky-Huang-Lepage
(BHL) prescription [124] (see also [125] for a similar

scheme). It is known that for heavy quarkonia the results
of the BHL prescription are close to the wave functions
evaluated in Covariant Spectator Theory (CST) [126] as
well as lattice evaluations [127–129]. According to BHL
prescription, the light-cone wave function is related to the
rest frame wave function as [124,130,131]

ΦLCðz; rÞ ¼
ffiffiffiffiffiffi
Nc

p Z
d2k⊥eik⊥·r⊥

�
k2⊥ þm2

Q

2z3ð1 − zÞ3
�

× ψRF

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥ þ ð1 − 2zÞ2m2

Q

4zð1 − zÞ

s 1
CA; ðB2Þ

where ψRFðkÞ is the Fourier image of the rest frame wave
function. Owing to the spin-orbital interaction, we expect
that the spinorial structure of the wave functions of χcJ; χbJ
will crucially depend on the angular momentum J, and for
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this reason the production cross sections of χcJ and χbJ
mesons will acquire dependence on J [132].
The rest frame quarkonium wave function might be

written using the Clebsch-Gordan coefficients as

hrjJ; Jzi ¼
X1
S¼0

X
MþSz¼Jz

X
s1þs2¼Sz

χs1 χ̄s2

	
S; Szj

1

2
; s1;

1

2
; s2



× hJ; Jzj1;M; S; SziRn1ðrÞY1Mðr̂Þ;

where fχsg are spinors corresponding to definite projection
of spin s of the quark and antiquark, M is the projection
of orbital angular momentum, Rn1ðrÞ is the radial wave
function of the P-wave quarkonium, and Y1M is an ordinary
spherical harmonic. A set of useful relations between
Clebsch-Gordan coefficients, which facilitate the summa-
tions, can be found in [36,42]. For the evaluations of radial
part Rn1 we used expressions found in potential models.
For the sake of comparison in evaluation we consider three
different choices of the potential:

(i) The Cornell potential which was introduced in
[92,93],

VCornellðrÞ ¼ −
α

r
þ σr: ðB3Þ

(ii) The potential with the logarithmic large-r behavior
suggested in [95],

VLogðrÞ ¼ αþ β ln r: ðB4Þ

(iii) The powerlike potential introduced in [94],

VpowðrÞ ¼ aþ brα: ðB5Þ

We checked to see that the wave functions obtained
with all three potentials have similar shapes. As we
mentioned earlier, in the heavy quark mass limit we
expect the wave function to be approximated by its
behavior near the r ≈ 0. The wave functions of the
P-wave quarkonia have a node at r ≈ 0, so the relevant
parameter, which determines the cross sections in this
limit, is the value of the slope jR0ð0Þj2. To facilitate
comparison with other approaches, in Table II we provide
the values of the latter parameter.
For the evaluation of the overlap with gluon wave

function (B1), it is convenient to rewrite the quarkonium
wave functions in a helicity basis. Conventionally, this is
done applying the Melosh-Wigner spin rotation operators
defined in [133,134].
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