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Radially symmetric scalar solitons
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A class of noncanonical effective potentials is introduced allowing stable, radially symmetric, solutions
to first order Bogomol’nyi equations for a real scalar field in a fixed spacetime background. This class of
effective potentials generalizes those found previously by Bazeia, Menezes, and Menezes [Phys. Rev. Lett.
91, 241601 (2003)] for radially symmetric defects in a flat spacetime. Use is made of the “on-shell method”
introduced by Atmaja and Ramadhan [Phys. Rev. D 90, 105009 (2014)] of reducing the second order
equation of motion to a first order one, along with a constraint equation. This method and class of potentials
admits radially symmetric, stable solutions for four dimensional static, radially symmetric spacetimes.
Stability against radial fluctuations is established with a modified version of Derrick’s theorem, along with
demonstrating that the radial stress vanishes. Several examples of scalar field configurations are given.
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I. INTRODUCTION

A class of noncanonical scalar field potentials of the
form U(r, ) = r"NP(¢), where r is a radial variable, was
introduced by Bazeia, Menezes, and Menezes [1] for scalar
field theories in D space dimensions. It was shown that for
certain constraints for D and N that radially stable scalar
field configurations can exist, evading Derrick’s theorem
[2]. The r~V factor in U(r,¢) can emerge from a more
fundamental theory which gives rise to an effective scalar
field model. Potentials of this form have been physically
motivated and considered in various contexts [3—7]. They
give rise to field theoretic models with interesting proper-
ties, and are of mathematical interest, as well.

Attention has also been focused upon the possibility of
evading Derrick’s theorem within the context of replacing a
flat spacetime by curved spacetimes. (See, for example, [8—
13].) However, most of this work has been applied to
systems with canonical scalar field potentials, which have
no explicit dependence upon a radial variable, with an
emphasis upon the effects of spacetime curvature on the
stability of solitonic systems.

Presently, another class of potentials of the more general
form V(r,¢) = F(r)P(¢) is introduced in order to solve
first order Bogomol’nyi equations for a scalar field ¢(r) in
a fixed static, radially symmetric four dimensional space-
time background. The nontopological solitonic solutions
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depend upon the assumed form of P(¢) and the form of the
spacetime metric. These solutions are also found to
minimize the energy and to be radially stable. The radial
stability can be established with a modified version of
Derrick’s theorem [2], along with showing that the radial
stress vanishes. The first order Bogomol’'nyi equations can
be solved using the “on-shell” type of method introduced
by Atmaja and Ramadhan [14] whereby a term is added and
subtracted from the second order Euler-Lagrange equations
of motion, thereby allowing a split of the second order
differential equation (DE) into one first order Bogomol’nyi
DE plus a constraint equation. (See also, [15,16].) The
solution to these equations automatically satisfies the
second order equation of motion. Here, this procedure is
adapted to a single static, radially symmetric scalar field
¢(r) for a particular type of potential V(r, ) = F(r)P(¢)
whose function F(r) depends upon the spacetime metric
- Furthermore, this solution ¢(r) provides a lower bound
on the energy, and the scalar configuration described by
¢(r) is shown to be stable against radial collapse or
expansion.

The possibility of scalarization of gravitational sources,
such as neutron stars, was introduced by Damour and
Esposito-Farese [17] in the context of scalar-tensor theory
expressed in an Einstein frame. There, the response of a
scalar field near a gravitational source was due to strong
field effects associated with high curvature. Although a
spontaneous scalarization can occur due to gravitational
effects, the concept of scalarization can be extended to
situations where other fields are involved. An example is
provided by Maxwell-scalar theory, where a real valued
scalar field couples nonminimally to the Maxwell field via
a coupling function, say &(¢), through an interaction term
—1€(¢)F,, F*. A scalar field may form around a compact
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object, even in a flat Minkowski spacetime (see, e.g.,
[7,18], and references therein). Models involving the
formation of a scalar cloud around some source in a fixed
spacetime background can serve as toy models of more
realistic processes where back reactions upon the spacetime
can be taken into account. Here, we examine the case of a
scalar field responding to another, unspecified, field
through an effective scalar potential V(r, ). In particular,
we consider the radially stable solutions of a first order
Bogomol’nyi equation.

Examples of how an effective scalar potential can arise
from interactions with other fields are provided in Sec. II,
and a BPS ansatz for obtaining Bogomol’nyi equations and
solutions is presented in Sec. III. The radial stability of the
solutions is discussed in Sec. IV. Several examples of
application are provided in Sec. V. Section VI concludes
with a brief summary. Details regarding stability arguments
are relegated to an Appendix.

II. AN EFFECTIVE POTENTIAL

A potential of the form V(r,¢) = F(r)P(¢) = j%hP(q’))
that is considered here can arise naturally as an effective
scalar potential for a real scalar field ¢ that interacts with

another field. Two such examples are provided here.

A. Interacting scalars

Consider a model of two interacting real scalar fields, ¢
and y, described by

1 1
L=50,00"¢ +5K(¢)0x0% (1)
The equations of motion are given by
V46— 3 (04K)(D,007) = 0 (2a)
1
5 VulK()0%] =0 (2b)

Assume now a radially symmetric (i.e., spherical or
cylindrical symmetry) ansatz for time independent fields in
a static, radially symmetric, four dimensional spacetime,
¢ = ¢(r) and y = y(r). Also, denote g = |det g, | and let
the radial part of /g be designated by f(r) and define
|g""| = h(r) where r is the radial variable. In this case the
equations of motion (2) reduce to

~ 0, FhO.)+ 50K MO2 =0 (3)

9,[fhK ()02l =0  (3b)
From (3b) it follows that

C
fhK ()

Oy =

where C is a constant. From (4) we have

% K($)0x 0y = %K (#)(0:x0"x)
o
21°hK ()

Using (5), (1) yields an effective Lagrangian for the field
¢, L - 10,00"¢p — V(r, ), where the effective potential is

= 3 Kh(D,7)? = 5)

1 C?
zf—th:F(r)P(@ (6)
where F(r) = 1/(f?h) and P(¢) = 5 C*K~'(¢). The equa-
tion of motion for ¢ can now be written as

V() =~ K (B0, =

O¢ + 0,V(r.¢) = 0. (7)

B. Maxwell-scalar theory

A second example is provided by a Maxwell-scalar
model involving a real, massless scalar field ¢ coupled
nonminimally to an abelian Maxwell field F,,. The

Lagrangian is
1 1 L
L= 58”4’78"45 - Ze(r, §)F, F* —J'A, (8)

where £(r,¢) is a nonminimal coupling function which
may display a tachyonic instability that can depend upon
the radial distance r from the coordinate origin. We want to
consider the spatial region exterior to the source of charge
0, i.e., the region of space where J* — 0. The equations of
motion that follow from (8) are

1
V, V4 (04 F P 4 9y, = 0
V(eFw)y=Jv.  (9)

(A metric with signature (4, —, —, —) is assumed. See
Eq. (15) below.) Using F,, F** = —2(E? — B?) and setting
JY =0 and B = 0, these reduce to

1
vV, Vig — > (8(/)8)E2 =0
V,(eF*) =0. (10)
Assuming radial symmetry, the Maxwell equation

red.uces. to V,.(eF0) = ﬁ@,(\/ﬁeF’O) = }ar(feFrO) =0
which is solved by

_ Q
D = ey

FrO = grrg()OFrO == gOOQ (11)

F(r)h(r)e(r. ¢)
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where ¢,, = 1/¢g'" and we define a “rationalized charge”
Q = Qy/4r, (or “rationalized linear charge density”
0 = Qy/2x) with Qg representing the actual charge/charge
density, and

900l9r+1Q* 900 Q*
E?=-F,F" = e = e (12)
An effective Lagrangian for the scalar field ¢ is
1 1 )
= —8”45(9’%15 + —e(r, ¢)E
9000
= 20,0 + S e (13
Now define an effective potential
1 9000
Virg)=zeB2 =0 et (ng). (14

An implementation of a BPS ansatz (presented below)
will allow the coupling function to be expressed as
900 Qe (r, ) = X*(¢). Using the expression (12) for
E2(r,¢) « e72(r, ¢), we see that for the ansatz solutions

|

{ ds*> = A(r)dr?
ds®> = A(r)dr?

in which case we have \/Z] = \/IER2 sin@ for spherical
symmetry and /g = VABp( for cylindrical symmetry [19],
where g = |detg,,|. (The functions A(r) and B(r) for the
cylindrical case are generally different from those for the
spherical case.) We represent the radial part of /g by

f(r) = VA(r)B(r)C(r) (16)
where /C(r) is given by
o0 = {Rz(r), (sph.eric.al symmetry) (17)
p(r)¢(r), (cylindrical symmetry).

The Lagrangian for the real scalar field ¢ is given by

1
L=20¢0p=V(r.d).  V(r.¢)=F(r)P¢g) (18)
where the noncanonical potential V(r,¢) = F(r)P(¢)
depends not only upon the scalar field ¢, but also has

"The background metric is fixed and is therefore not required
to solve any particular equation of motion.

— B(r)dr* — R*(r)(d&* + sin*0dg?),
= B(r)dr* — p*(r)dg® — {*(r)dz?

¢(r) we have, by (14), V(r,¢) =1eE? - thX2 and
—1(04e)E? = +8¢( ¢E?), so that an effective scalar
potential appearing 1n the equation of motion for ¢ has
the form V(r,¢) =1e(r,¢)E*(r,¢) — zfzhxz(qﬁ) In this

case the scalar fleld equation of motion takes its standard
form O¢p + 9,V (r,¢) = 0.

To summarize, a scalar field ¢ can interact with other
fields (e.g., scalars and gauge fields [14-16]) with an
effective scalar potential of the form V(r,¢) = f2 - P(¢h).

Scalar models with such an effective potential will be seen
to have radially stable time independent solutions that obey
a first order Bogomol’'nyi equation.

II1. BPS ANSATZ

The spacetime geometries considered here are assumed
to be fixed, i.e., back reactions of the scalar field upon the
metric are ignored.l The scalar field is assumed to be
minimally coupled to the gravitational sector, that is, the
action is written in an Einstein frame. We consider 4D
metrics with radial symmetry (spherical or cylindrical) of
the form

(spherical symmetry)

(15)

(cylindrical symmetry)

|

an explicit dependence upon the radial coordinate r, as in
Ref. [1]. We consider static, radially symmetric solutions
¢(r), for which the Lagrangian can be written as

1
L=29"(r)0,4)* = F(r)P(¢) (19)
where ¢""(r) = 1/g,,(r) = =1/B(r) and 9, = 9/0r.

The equation of motion following from (18) is given by

V,Vip 40,V (r.¢p) =0, or

1
%ar(\/agrrar(p) + 8¢V =0 (20)

for ¢ = ¢(r), with 9,V = 0V/O¢p. We can also define
h(r)=|g"(r)] = 1/B(r), or ¢""=—h for our metric
signature. The equation of motion (20) then reduces to

O, f(r)h(r)0,p] = f(r)OyV(r.$). (1)

We now use the method of Atmaja and Ramadhan [14] to
generate a first order Bogomol’nyi equation by subtracting
a term 0,X(¢) from both sides of (21):
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O, f (r)h(r)0, ¢ =X(D)] = f(r)04V (r.¢)=0,X(¢)  (22)

where the function X = X(¢) and 0,X(¢) = 94X (¢)0,¢.
The Euler-Lagrange equation of motion, i.e., Eq. (22) is
then solved by solutions to the set of equations
Fh(r)0.d =X (@),  [(r)0V(r.d) = 04X ()0,
(23)

The first equation is the first order Bogomol’nyi equa-
tion, and the second equation gives the form of the potential
V in terms of X(¢) and r, since

1 1 )

Integrating gives a potential V = (2f2h)~'(X? + ¢).

Setting the constant ¢ = 0 and requiring that the function

X(¢) is chosen so that V is everywhere finite for a finite
energy solution, then yields

1
~ 2f2(r)h(r)
where 1/h = |g,.| = B. The second order equation of

motion is then reduced to a first order one, along with a
constraint on the form of V(r, ¢):

V(r.¢) X*(¢) (25)

9,4(r) =fihX<¢>, () = F(r)P(@).

(26)

V(Mb):mx

We can identify F(r) = (f*h)~! and P(¢) =1X?(¢).
Upon choosing a suitable form for X(¢) that keeps the
energy E (or, energy per unit length for cylindrical
symmetry) of the scalar field configuration finite, the
Bogomol’nyi equation is solved by

Jxi~ ] wiw
1

V(r,¢) = ———X*(¢).

(r ¢) zfz(r)h(r) (¢)

We note that for # = 1 and f = r" this coincides with

the form of the potential introduced in Ref. [1] for flat

spacetimes, with the identification X (¢) = W, (¢) = 0,W,
where W(¢) is a superpotential.

(27a)

(27b)

IV. ENERGY AND STABILITY

The component of the stress-energy tensor associated
with the energy density of the static scalar field ¢(r) is
T) = —L = —[1g7(d,4)* — V], which we will also label as
H. From (15) we have ¢"" = —h(r) = —B~'(r) so that

H=1h(0,¢)*+ V. From (26) we have gradient and
potential contributions H,=31h(9,¢)* and H, = V(r, ) =
zflTth(gb) :f%hP(qb). For the ansatz solutions (26) the
gradient and potential parts are connected by X(¢) and
contribute equally, but for an arbitrary solution to the
second order equation of motion we consider the gradient
and potential parts separately in applying an approach to
analyze stability. Stability for the ansatz solutions is then
demonstrated by connecting the gradient and potential
pieces.

The energy of the scalar field is E = [ T),/gd>x, so that
upon removing the integrations over the nonradial coor-
dinates (see Appendix) we have an energy parameter &,
given by

£= /Tgf(r)drz /Hf(r)dr (28)

For a stable solution ¢(r) we require £ to be finite, and to
represent a stable minimum of the energy. In order to
determine whether a static, radially dependent solution
¢(r) represents a stable minimum of the action and energy,
we follow the line of reasoning used in Derrick’s theorem
[2]. A solution ¢(r) is allowed to be distorted by making
the replacements ¢(r) — ¢,(r) = ¢(ir) and £ - &, where
&, is the energy parameter £ with ¢ replaced by ¢;. Upon
allowing the parameter 4 to vary, we require that a solution
representing a stable minimum satisfy 5 = 0 and 6 > 0,
or, in terms of &,

. dE;

(1) d—ﬂ - = O (293)
.. dE
(ii) W; . > 0. (29b)

The energy &, can be written as a sum of two indepen-
dent parts, /,;, representing the gradient contribution H,, =
1h(9,¢)* to the energy, and I,;, representing the contri-
bution from the potential, H, = V(r,¢). It is shown (see
Appendix) that for any radially symmetric ansatz solution
satisfying (26) with finite energy (or finite energy per unit
length) in a spacetime with a metric of the form given by
(15), the stability of the solution, as required by (29), is
guaranteed.

Additionally, it is seen that the radial stress vanishes,
T7 = 0, using the ansatz (26). Using T} = 0"¢0,.¢ — g/.L,
we find

Tr = h@P V() =0 (30

where (26) has been used. This indicates a stability against
spontaneous radial collapse or expansion. We also note that
the result 7,, = 0 implies
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Oup = /29, [V = £(fR)X. (31)

(This is a radial generalization of the familiar
one-dimensional linear result 0,¢(x) = £4/2V(¢h) =
+0,W(¢), where W(¢) is a superpotential, with X playing
the role of J,W.) The nonzero stress components for the
ansatz solutions are Tg = —ggﬁ = T) = H(r) (no sum on
&), where & represents a nonradial coordinate, with Tg

independent of ¢.
We note that for ansatz solutions satisfying (26) we
have 'H,=H, and therefore H =T)=2V(r,¢)=

i X (@)

V. EXAMPLES

Several examples are now given for different metrics,
where a form of X(¢) is chosen to yield P(¢) = 1X?(¢)
corresponding to the ubiquitous and interesting Higgs-type
of potential. The spacetime background is taken to be fixed
—mno backreaction of the scalar on the background geom-
etry is considered. It is assumed that the scalar stress-energy
is negligible in comparison to that of the source, and the
scalar field ¢ has no direct interaction with the source
beyond a response to the background geometry.

(1) Spherical ¢* bubble: Consider a spherical scalar field
configuration in a flat spacetime with metric given by2

ds* = dt* — dr* — r*(d6* + sin? 0dg?). (32)

In this case f(r) =r*=,/g/sin® and h = |g"| = 1.
We choose

X(¢) = Ap* = ¢*),

1 2o 232
V(r.¢) =21 (@) =550 =¢7)°  (33)

o

where (25) has been used, and we take 1 and  to be positive
. d " .
constants. With (27), [ ﬁ‘(’;) = f(r‘)iw gives

b 4t (g =
/(n2_¢2)_ﬂ/r2=> ”tanh (¢p/n) = A<r+C>.

(34)

Setting the integration constant C = —1/R gives the
solution

2See Ref. [7] (See Section II. B. 1) for the example of a charge
immersed in a medium with electric permittivity controlled by
real scalar field.

o(r) _ntanh[ke—%ﬂ, k=M=r. (35)

With this solution we have ¢(r) remaining everywhere
finite. For ¢)(r) = +#ntanh[k(! — })] we have

r

o -{ " o e

—ntanh(%), r— o

The solution ¢/# is a monotonically decreasing function of
r with asymptotic value of ¢) - —n tanh(%) (Fig. 1). For ¢
and # having canonical mass dimension 1, we have a mass
dimension of —1 for kK = An, so that 4 has mass dimension
—2. We can write Ay = k = ry where r, is some radial
constant. The configuration (35) suggests the existence of a
bubble wall centered somewhere near r ~ R where the
energy density H(r) maximizes (Fig. 1). This is a static,
radially stable solution to the equation of motion.

The energy density (28) of the solution (35) is

1 A2 Kn? 1 1
H=—X*(¢) = F(rlz —¢?)? = r—gsech4 [k(;——)} )

r

This maximizes at a finite value of r < R, so that a
bubble wall appears near this radius (Fig. 1).

The total configuration energy (mass), M = [ d®x,/gH =
4z€, is given by

1
M(R) = 4z)? / drﬁ (* — ¢?)?
o ] k k
= 4z’ / dr— sech? <— - —)
0 r r R
Arkn? k k
_ ”3’7 [2+3tanh(R> — tanh? <R>} (38)

The total mass of the bubble M(R) decreases mono-
tonically with R. This might lead one to assume that the

0.5 10 —15 207

¢(r)/n (solid) and (k/n)>H(r) (dashed) vs k/r with

FIG. 1.
k/R = 1.
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bubble would tend to expand radially to decrease its mass,
but the stability arguments, including the fact that 7', = 0,
indicate otherwise. A bubble that is initially formed with a
radius R maintains that radius, and larger bubbles will be
less massive. This is opposite to the case of a spherical
bubble formed from a standard domain wall with a
canonical potential U(¢) ~ ¢*(* — ¢*)* with no explicit
r dependence. In the standard type of scenario the bubble
experiences a radially inward force due to the surface
tension, causing it to collapse. Therefore, without some
stabilizing mechanism, the solution ¢ = ¢(r, ) must be
time dependent.

It can be noted that these results essentially duplicate
those found in Ref. [3] for the source field ¢(r) of a
magnetic monopole with internal structure.” That is, the
spherical shell ¢(r) serves as the source field of a monopole
for the model in [3]. Additionally, these results basically
reproduce those obtained for the scalar field in Ref. [7]
regarding electrically charged solitonic structures.”

0.5}

0.5}

-1.0f
FIG. 2. Sketches of ¢(r)/n (solid) and r§H(r) (dashed) vs r/rg
with B = 10.

(2) Schwarzschild ¢* bubble: Consider a spherical scalar
field configuration centered on a black hole with a
Schwarzschild radius rg in a Schwarzschild spacetime
with metric described by

r

-1
ds? — <1 _r_rS> di? — (1 — E) dr? — r*(d6* + sin” 0d¢?) (39)

In this case we have

) =r.  h(r)=A(r)= (1 f-j) FAr)h(r) = r*A = r4<1 _r_:) (40)
Again, let us choose a ¢* potential with
X(¢) = —i(n? — ¢ V(rd) =~ () = A (o oy 41
(¢) = —4(n" — ¢°). (r’fﬁ)*W (fﬁ)*T(ﬂ —¢°) (41)
With 27), [ 55 = [ 7 gives [ % =4 S0 ar, so that,
451(:) = w(r) = tanh [KInA(r)], <K = M) (42)
s

where the integration constant has been set to zero in this case and K = A5/rg. The function y/(r) is a finite, bounded
function of r with w(r) defined for r € (rg, o), with y = 0 as r — oo (Fig. 2). The energy density H = T} is

H(r.¢) = (¢) =4 X2, ie

H =2 X2 = A B (1 2P,
r

(B=2n"). (43)

The energy density is finite for all » > rg (i.e., outside the Schwarzschild horizon), with a maximum beyond rg, and
H — 0 as r » oo (Fig. 2).

3See Sec. 3A of Ref. [3]. There, the choice of R = 0 is made and parameters have been rescaled, and X(¢) corresponds to W,,,((/)).

“See Sec. II. B. 1 of Ref. [7]. There, again, the choice of R = 0 is made and parameters have been rescaled, and X(¢) corresponds
to W,.
¢
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The total energy (mass) of this scalar field configuration
is M = [ d’x\/gH(r). Using /g = r*sin @ gives
8zB 8zt _ 8w’
3Krg¢ 3Krg 3

M = 47r/oo H(r)r*dr = (44)

(3) Cosmic string background: Here, the spacetime
metric sourced by a straight cosmic string along the z axis
is described by [20,21,22,19]

ds®> = dt* — dr* — b*r’de?* — dz? (45)

where b = (1 — 4Gpu) with u being the mass per unit length
of the string, and ¢ € [0, 27). (One can also define ¢’ = bg
with ¢’ € [0,2xb). For b = 1 we have a flat spacetime.) In
this case

f(r)=+/g=br, h(r)=BY(r)=A(r)=1  (46)

We again choose a ¢* potential, and define y(r) =

&(r)/n,
X(¢) = —n*(1 —y?),

(* — ¢?)? (47)

—Ai = ¢*) =
- X?= A2
2%h 20272

From (27) we obtain

:(/’_2&—_1)’ p=_, < E’I_’7> (48)

wir) (p~2*+1) ) b

where r, is an integration constant. We have H = TQ =
—L=31h(0,9)*+V = f;hXZ(qs), or

H=T)=—>55X"=5(1-y?>%
07 2,2 pz( we)
y_ (Fr\E
b2 r% r(%

The functions y and H are finite for all p € [0, o), with H
maximizing at some finite radius with p = 1, locating a
“wall” of the cylindrical shell (Fig. 3). The scalar field
configuration has a finite energy/length A given by

—2ﬂbr0/ H(p

Again, we can notice that the results obtained here for a
cylindrical shell in flat spacetime (b = 1) appear to be in
agreement with those found in Ref. [4] for the source field
(r) for multilayered vortices.’ This shell of a neutral scalar
field is responsible for the structure of a vortex. The results

Sﬂb/}ro (49)

3See Sec. II. A. 1 of Ref. [4].

15 20"
-0.51
-1.0f
FIG. 3. Sketches of ¢(p)/n (solid) and H(p)/p (dashed) vs p.

reported here are also in apparent agreement with those®
of Ref. [7].

(4) Wormhole background: Next, consider a scalar field
¢(r) in the background spacetime of an Ellis-Bronnikov-
Morris-Thorne wormhole [23-25]. The wormhole metric is
given by

ds* = df* — dr* — (r* + a®)(d®* + sin® 8dg*)  (50)
where r € (—00,00) and the parameter a represents the
“radius” of the wormhole throat where r = 0. For this case
we have /g = (r* + a?) sin 6, with

f(r)=(r* +a?), A=h=1. (51)

Again we choose a ¢* potential, with

X =07 =) = (1 = y?);
1 2 /12('72 - ¢2)2

where y(r) = ¢(r)/n. We define the dimensionless radial
variable p = r/a and the dimensionless constant K = An/a
so that

K4 (1 _ W2>2
Vv — 53
(Py) =72 A (53)
Using (27), along with (51) and (52), then yields
w(p) = tanh [K(tan™" p — tan~" py)] (54)

where —K tan™! p,, is an integration constant, with p, =
ro/a representing the center of the scalar field cloud w(p)
where w(py) = 0.

The energy density is represented by H=T) =
1(0,¢)* + V(r,¢), which for ansatz solutions satisfying
(26) becomes H = 2V(r, ¢). From (53) and (54),

®See Sec. II. A. 1 of Ref. [7].
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1k

FIG. 4. Sketches of y/(p) (solid) and (4>/K*)H(p) (dashed) vs
p. The center of the cloud is chosen to be centered on the
wormhole throat, py = 0.

K4 (1 _W2)2

The functions y(p) and H(p) are finite for all p, with H
maximizing at p, where y vanishes (Fig. 4).

The mass M of the scalar field configuration occupying
the » > 0 region of the spacetime is

M= [ H)ads = an [T H) 0+ a)ar
= 4za? /00 H(p)(p? + 1)dp. (56)
0

Using (54) and (55) then gives the result

dra’K3
M p—
32

{2 + sech? % tanh ﬁ} .

> (57)

VI. SUMMARY

A set of scalar field potentials having the noncanonical
form U(r,¢) = rNP(¢p), where N € Z* is a positive
integer, and P(¢p) = 3 W () with W(¢) a superpotential,
was introduced in Ref. [1]. Physical motivations include
possible descriptions of effective potentials arising from
other fields interacting with the scalar field ¢. Additionally,
potentials of this form have been imposed in scalar field
theories in order to produce field theoretic models with new
and different features. This has proven to be of value in

|

{ ds* = A(r)dr* — B(r)dr* — R*(r)(d6* + sin’*0dg?),
ds* = A(r)dt* — B(r)dr* — p*(r)de® — *(r)dz?,

in which case we have ,/g= VABR?sin@  for
spherical symmetry and /g = VABp{ for cylindrical
symmetry [19]. (The functions A(r) and B(r) for

subsequent investigations of various models. (See, for
example, [3-7].) The function U(r,¢) is applicable to
situations where there is a spherical symmetry in D space
dimensions of flat spacetimes, provided that N and D
satisfy certain constraints.

Here, a new set of effective potentials is introduced,
taking the general form V(r, ¢p) = F(r)P(¢) where F(r) =
(f2(r)h(r))~" is a function of a radial coordinate r (i.e.,
spherical or cylindrical symmetry) in a four dimensional
spacetime, with f(r) and h(r) determined by the spacetime
metric g,,. (Specifically, f(r) is the radial part of /g and
h(r) = |¢g'"|.) The ¢ dependent part of the potential is given
by P(¢) =1X*(¢), where X(¢) is a function taking the
role of W,. This form of potential V(r, ¢) coincides with
the potential U(r, ¢) in the case of a flat four dimensional
spacetime with spherical symmetry. Thus, at least in the
case of four dimensions, the set of potentials V(r,¢)
includes and generalizes the set of potentials U(r, ¢) of
[1]. Both types of potentials are of interest from both
physical and mathematical points of view, allowing stable,
energy minimizing radial solutions derivable from a first
order differential equation.

The utility of incorporating a potential V(r, ¢) in a scalar
field theory can be illustrated by using the method
introduced by Atmaja and Ramadhan [14] whereby the
second order Euler-Lagrange equation of motion for ¢(r)
can be reduced to a first order Bogomol’'nyi equation
yielding a BPS type of minimal energy solution for the
potential. Moreover, in Sec. IV and the Appendix, a general
expression for the energy has been obtained, along with a
proof, along the lines of Derrick’s theorem [2], that the
solution ¢(r) is radially stable. Examples of applying this
method with potentials V(r,¢) have been provided in
Sec. V, which include using the ubiquitous symmetry
breaking ¢* potential (where X (¢) = A(* — ¢?)) in back-
ground spacetimes (flat, Schwarzschild, cosmic string, and
wormbhole) with radial symmetry (spherical or cylindrical).
The results of examples (1) and (3) presented here are seen
to coincide with those of [3.,4] for models describing
magnetic monopoles with internal structure [3] and multi-
layered vortices [4] and charged solitons [7].

APPENDIX: STABILITY CONSIDERATIONS

We consider 4D metrics with radial symmetry (spherical
or cylindrical) of the form

(spherical symmetry) (AD)
(cylindrical symmetry)

the cylindrical case are generally different from those
for the spherical case.) We represent the radial part of

V9 by
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(A2)

where /C(r) is given by

—— [ R*(r), (spherical symmetry)
Clr) = { p(r)¢(r), (cylindrical symmetry) (A3)

Our ansatz for radially symmetric solutions is given by

O = ———X(@),

T (Ada)

1 1 X
P " = 2

where h(r) = |g”| = B7'(r), and P(¢) =31X*(¢). The
function X(¢) must be chosen to yield a finite energy

(or finite energy per unit length) solution.
The energy of a spherically symmetric solution is

V(r,¢) = (A4b)

E = /T8\/§d3x = Q/Tgf(r)dr (A5)
where Q = [dQ = [ [sin6d@dg. (The solid angle factor
Q takes a value of 4z in a flat spacetime, but may differ
from 4z in spacetimes with a solid angular deficit or
surplus.)

In the case of cylindrical symmetry, we can define the
energy in a length L along the z direction as

E = a)L/Tgf(r)dr (A6)

where w = [dg. (We have @ = 27 for a flat spacetime
with no angular deficit or surplus.) For either case, let us
define the quantity

£, (spherical symmetry)

€= or (A7)
£ (cylindrical symmetry)
so that, in either case,
5—/T8f(r)dr—/Hf(r>dr (A8)

with H = T.

To investigate solution stability, we demand that £ be
finite, and that, furthermore, the solution considered repre-
sents a stable minimum for the energy. We follow the
procedure used in Derrick’s theorem [2] requiring that
8 = 0and 6*E > 0 fora stable static solution that minimizes
the action. To do so, we define ¢,(r) = ¢(Ar) = p(r'),
where ' = Ar with A being an arbitrary real parameter. We

then define the energy parameter £; with p(r) — ¢,(r) inthe
energy integral. For stability, we require

odsl

(l) W . =0 (A9a)
2

i L4 so (A9b)
a7 |,

Now, for any static, radially symmetric solution to the
second order equation of motion (I¢p + 0,V (r,¢) = 0, for
which £=310"¢0,¢—V(r,¢p) and H = T) = —g)L = —L,
ie, H=3h(0,0)*+ V(r.¢), where V(r,¢) is given by
(A4), the energy integral can be written as a sum of gradient
plus potential contributions, £ = I} + I,:

E=1,+1,; I, = / ! (0,¢)*G(r)dr,

2
I, = /P(¢)H(r)dr (A10)
where we define G = hf, and H = 1/(fh) = G™":
AC 1 B
G(r)=hf =+/—, H(r)=—= =G (r).
() =hf =[G HO)=4i= =G0
(A11)
Upon making the replacement ¢ — ¢, we have

E— 5/1 = 11/1+12b with

li= [ 307Gl )ar=1 [ 50,07 G(r)ar =20,(0)

L= [ P H()ar=i" [ Pl () =71 (0)
(A12)

The integrals J, and J, are functions of r =177,
Therefore, derivatives 9,J,,(r) = 8,J,2(A~'r) involve
0,G(r) and 0;H(r), with r = 2~'#, where

dG(r) B dG(r)dr B

= )2
i ar @ e,
H
d dl(lr) — 12 H'(r) (A13)

where we denote G'(r) = 0,G(r), H'(r) = 0,H(r).
Now using &£, = I, + I,; along with some straightfor-
ward (but a little tedious) algebra, we arrive at

a€; _

==K =4 =07,

(Al4a)
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d*€
— A )BK, 4+ 227, + 40740, + 4750,

7 (A14b)

where
1= [earcear. n=[P@mrar
K = / S0 G (. Q)= / () H' (r)dr

Ka= [0 7G" (dr. Qo= [ Plgi) H (.
(A15)
The objective is to evaluate (A14) at A = 1 using (A15)
evaluated at A = 1 to verify the stability conditions (A9) for
all ansatz solutions satisfying (A4), subject to the metric
conditions of (A1)—(A3). For ansatz solutions satisfying the
Bogomol’nyi equation (A4a) with the potential (A4b) it is
found that 7, = I, i.e., the gradient and potential contri-
butions to £ =1, + 1, are equal. Furthermore, setting
A =1 for the integrals of (A15) simply amounts to setting
¥ = r. In that case, it turns out to be convenient to
reexpress the integrals J;, K;, and K,, when evaluated
at A=1, in terms of P(¢) and the function G(r).
Specifically, using 1 (9,¢)>G(r) = P(¢)H(r)

Ji - / (PH*)Gdr, J,= / PHdr

K, —>/(PH2)rG’dr, 0, :/PrH’dr

K, —>/(PH2)r2G”dr, sz/PrzH”(r)dr (A16)
where P = P(¢), G = G(r), H= H(r), etc.

Now evaluating (A14) at 4 = 1 and enforcing (A9) gives

d€
Eh:l =1 =K =Jy=01)|

= =)= = (Ky + Q)= =0

= (K1 + Q1)1 =0 (A17)
In fact, using

H' = 2G—3 G/2 _ G—Z G//
(A18)

H:G_], H/:—G_QG/,

one can see that K| + Q; = [Pr(H*G' + H')dr =0, i.e.,
92|,_, vanishes identically.
Next, an evaluation of (A14b) at 1 =1 gives

P,

2 = (K3 +2J, + 40, + Qo)1

A=1

(A19)

Using the integrals in (A16) produces

z¢;

| = / P($)[(PH2G")+ (2H) + (4rH') + (2 H")|dr.

A=1

(A20)

Upon using (A18) with a little algebra, this can be
reduced to

= [rwcna @
di” |-

where

B(r) = PG? - 2rGG' + G* = (rG' = G)* 2 0. (A22)

Since P(¢)G=3(r)B(r) > 0 for any ansatz solution, we
have the condition of (A9b) being automatically satisfied,
6%5 1,21 = 0. We then conclude that for any radially
symmetric ansatz solution with finite energy (or finite
energy per unit length) in a spacetime with a metric of the
form given by (A1), the radial stability of the solution (i.e.,
stability against spontaneous radial expansion or collapse),
as required by (A9), is guaranteed.

In addition, we can take notice of the vanishing of the
radial tension 77 for the ansatz solutions for both the
spherical and cylindrical symmetries:

T = 090, giL = 3 h@, ) + V(r.d) = 0. (A23)

This also indicates a stability against spontaneous radial
expansion or contraction.
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