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We study the operator product expansion of stress tensors (77 OPE) in d > 2 conformal field theories
whose bulk dual is Einstein gravity. Directly from the 77 OPE, we obtain, in a certain null-like limit, an
algebraic structure consistent with the Jacobi identity: [L,,, L,] = (m —n)L,, 1, + Cm(m* = 1)8,,1,.0-
The dimensionless constant C is proportional to the central charge Cr. Transverse integrals in the definition
of £, play a crucial role. We comment on the corresponding limiting procedure and point out a curiosity
related to the central term. A connection between the d > 2 near-lightcone stress-tensor conformal block
and the d = 2}V algebra is observed. This note is motivated by the search for a field-theoretic derivation of
d > 2 correlators in strong coupling critical phenomena.
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I. INTRODUCTION

The operator product expansions of stress tensors (1T
OPE) in d = 2 conformal field theory (CFT)

c 2 1
T(z1)T(z2) = 25 + 2 T(zp) + ;@ZT(Zz) + O(0*T),

§ =21 — 2 (1)

leads to the Virasoro algebra

C
[Lm’ Ln} = (I’I’l - n)Lm+n + Em(mz - 1)5m+n,0’

1
L =— mlp(z). 2
m 27”_%(111 (z) (2)

The Virasoro algebra is omnipresent in two-dimensional
critical phenomena [1] and has enormous implications; in
particular, the algebra provides a nonperturbative derivation
of d =2 conformal correlators. In higher dimensions,
the general 77 OPE is contaminated by many model-
dependent details. However, we ask the question; can one
generalize the derivation (1)—(2) to d > 2 CFT in certain
physical limits?

Over 27 years ago, Osborn and Petkos [2] computed the
stress-tensor contribution to the d > 2 TT OPE, but we
have not found any computation based on such an explicit
TT OPE. A reason, presumably, is that the 77 OPE is
complicated. Given the recent developments of gauge/
gravity correspondence and d > 2 strongly coupled field
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theories, we find it necessary to revisit the d > 2 TT OPE
structure. In this paper, we adopt the following two
simplifying limits to reduce the complexity of the 7T
OPE: (i) Infinitely large higher-spin gap, and (ii) Null/
lightcone-like limit."

As shown in [3-5], the gap A, to the lightest spin > 2
single-trace primary controls the higher-order corrections
to Einstein gravity; the limit Ay, — oco then selects CFTs
with an Einstein gravity bulk dual. We will focus on stress-
tensor contribution to the 77 OPE and suppress other
primary operators.” On the other hand, the lightcone limit
has been adopted in the recent computation of the multi-
stress-tensor OPE data in d > 2 holographic CFTs [7-19].
The near-lightcone correlator at large central charge Cy is
independent of higher-curvature terms in the purely gravi-
tational action [7]; however, the correlator depends on
certain nonminimal coupling bulk interactions which are
suppressed at an infinite gap [9]. These results suggest that
the simplest starting point is to impose the limits (i), and
(ii) on the 7T OPE.’

In general, the results depend on the order of limits
(i.e., limiting procedure). A related motivation of this work
is to help identify a lightcone-like limiting procedure that
may be implemented to compute multi-stress-tensor OPE
coefficients and near-lightcone correlators in d > 2 CFTs

'We use “like” to distinguish our limiting procedure from
similar limits used in the literature: the null-line limit is often
defined by directly setting x™ = le =0 in the Lorentzian sig-
nature, where x* = x° + x! and x | denotes transverse directions.

*For instance, the three-point function (TTO) is suppressed as
Ag%p — oo [6].

We should also assume the usual large N and large C7 limits
but we will keep Cr in our expressions.
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from the first principle via a Virasoro-like field-theoretic
approach.

The main result of this work is that we find a structure
similar to (2) in higher dimensions. Intuitively, one may
expect that a Virasoro-like structure arises because the null-
like limit brings stress tensors close to a line, a picture
reminiscent of the two-dimensional case where
T =—2T%%(z), T = —%T%(Z) are holomorphic and anti-
holomorphic functions, respectively. Note we are not
introducing a physical line defect.

This paper is organized as follows. In Sec. II, we discuss
the stress-tensor OPE structure. We focus on d =4 for
concreteness and expect that our results generalize to other
dimensions. In Sec. III, we consider a null-line limit and
obtain a Virasoro-like commutator via the stress-tensor
OPE. A d =4 single-stress-tensor-exchange derivation
without explicitly using an algebra is discussed in
Sec. 1V, where we point out a curiosity related to the
central term. We observe a connection between the d > 2
lightcone stress-tensor conformal block and the central-
term of the d =2 )V algebra.

II. STRESS-TENSOR OPE

Our starting point is the stress-tensor contribution to the
d=4TT OPE [2],

THv.op (S)

T (x)T(xy) = Cr—

P + A”Wpaﬂ(S)Taﬂ(xz)

+ B””"”aﬁ,l(s)a’lT“ﬁ(xz) +O(*T), (3)
where s = x; — x,. The first term has the familiar form
1 1
THeor(s) = 3 (1P ()17 (s) + I*7 (s)I*°(s)) — 15/“’5"/’,

K

> (4)

1o(s) = 8 — 2
N

The structures of Aﬂwpaﬂ and B,,;,qp, are cumbersome so
we shall not list them here; see [2] for detailed expressions.
As noted in [2], there are three undetermined coefficients in
the TT OPE, denoted as a, b, c. The central charge Cr is
given by4

”2

Cr :?(14a—2b—5c). (5)
In the lightcone limit, the relevant contribution is the
lightcone component of the stress tensor, 7. We will

mostly work in the Euclidean space and adopt the line

element dszzdde—FZ,-:l,z(dxﬁ))z where z, z, the
Euclidean analogue of the lightcone coordinates, are

“The parameter ¢ here should not be confused with the central

charge in two dimensions where Cr = 5%.

complex coordinates. We will then focus on the
T%T% OPE.
The TT OPE simplifies significantly when one focuses

on the 7% component. Using (3), we obtain

IZZ.ZZ (S)

T5(x))T%(xy) = Cr—

+ A ()T (xy)

N
+ B (8)0 T (x2) + O(O°T)  (6)

where 733 = 4<§j)4,
A 4(s%)?
Azzzzzz — (Ts30 ((Zb—i-c)(sl)“
—25%s%((8a—b—3c)(st)*+(6a—b—2c)s*s%)),
(7)
BZZZZZZZ S_ZAZZZZZZ’ (8)
L
st
B« = TAZZHZZ’ (9)
e, — O (64 18h — 116)(s4)*
e 9C7‘S10
—25%s%(4(3a — b —2¢)(st)?
+ (26a — 4b — 9c)s*s%)). (10)

We will argue that higher-order pieces, O(9°T), are
irrelevant when imposing the null-like limit considered
in Sec. IIl. Observe that, from (7), (8a—b—3c)+
(6a — b —2c) = % Cy. While this combination is interest-
ing, we here consider a large N, large-gap condition which
places strong constraints on the flux parameters “#,” and
“t4" of the energy flux escaping to null infinity [20-22],

Iy
. _30(13a+4b-3¢)
2T (14a-2b-5¢)

—15(81a + 32b —20c¢)
= = 0. 11
4= S (lda—2b—5¢c) (1D

Itis worth mentioning that two trace-anomaly central charges
become the same under these conditions. By imposing #, =
t, = 0 without first requiring a strictly infinite C7, we can
reduce three parameters to one parameter.

III. STRESS-TENSOR OPE NEAR A LINE
AND A VIRASORO-LIKE COMMUTATOR

Consider the following operator in d = 4,

K
Em — 2_7” dzzm+l /dzxLT“(z, Z,XS_I),XS?>),

I I
where /aaxl —/ dx(ll)/ dx? (12)
0 0
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in the null-like limit z — 0, [ —> 0.> We will determine the
overall normalization factor x later. The interpretation of
the small [/ limit is that we consider the stress-
tensor contribution near a two-dimensional plane. We
are interested in computing the commutator [L,,, L,].
The transverse integrals are crucial, as we will see, for
extracting a central extension consistent with a Witt-like
algebra.®

Let us first consider the c-number term which is
controlled by the stress-tensor two-point function. After
performing the transverse integrations, we consider a small
s¢ expansion,

CrI%%(s) 4nCp P 72Cp | Cyp

lim [ o BT _
S TS TS 1660 Ve | ()
356+3157)C; 8
( + ﬂ) T (13)
14400 P

We would like to extract the cutoff-independent piece. We
do so by next imposing a / — 0 limit such that the first two
terms are suppressed. The last piece of (13) and higher-
order terms, although divergent as [ — 0, do not have a Z
o
term shares the same form as the c-number term in the
d =72 TT OPE (1). The transverse integrals compensate
for the additional dimensions of the d >2 TT OPE.
This c-number term derivation does not require a
large-gap condition. The Cauchy’s integral formula
now leads to’

K \2 C
r vEn Y dz —n+1f dz,zm+1 T
- Lalle, <2ﬂi> 7£<0) 22 Joe TS

C
= K23—5m(m2 —1)6pmino- (14)

pole and thus do not contribute to the commutator. The

We next turn to the operator part of the 77 OPE, keeping
explicit a, b, ¢ parameters and imposing the conditions (11)
at the end. We evaluate

One may perform a Wick-rotation to Lorentzian space and
impose the lightcone limit, and then Wick-rotate back to the
Euclidean space to carry out the Z integral via the residue
theorem. One may also formally impose a small z limit directly
in Euclidean space, which is what we will do here. For two stress
tensors, we take a small s°. A similar analysis applies to the
T?ZT%% OPE if one instead chooses a small s° limit.

This construction is essentially the same as the mode operator
introduced in [23], but in that work the author adopts a different
limiting procedure. See also [24-27] for related discussions.

In general d, we find

Lo Lolle, = (=1)2 = 2T (2

1)o .
F(d+2) ) m+n,0

Sh_nf}s d?(x1) L (A% (x) = 1) T (x,))

T%(x,)
n(s%)?

where f(a, b, ¢) = =200 19¢ The Jeading-order term is
cutoff-independent and only depends on (x,) ; through the
stress tensor. To take the small s* limit, we may assume
T%(x,) is a suitable test function having a finite contribu-
tion only near y, =z, =0, and then perform all the
transverse integrations before imposing the small s* limit.
But we find it simpler, as we did above, to take s* — & right
after performing the integrations over the first set of
transverse coordinates (x;) L.S It is now straightforward
to complete the rest of the integrations,

2 7b7
[Los L] pcterm = <K> f(ac)j{ dezﬁ“}{ dz,
2mi T Jew C(z)

it [ ). T

1)Ly (16)

=fla,b,c)

+0(6) (15)

_ kf(a,b,c) (m
b2

Next, we have

tim [ (x0) (B ()07 (1)

0:T%(x2)

= f(a,b,c) T + 0(5), (17)

lim [ d®(x;), (B, ()0, T%(x,)) = O(5).  (18)

§°—6

Since we only focus on the 7%* component in the null-like
limit and effectively turn off other components of the stress
tensor, the conservation of the stress tensor implies that we
also drop 0,T%. Observe that the structures (including the
relative coefficients) of (15) and (17), are the same as the
two-dimensional case (1). From (17), we get

kf(a,b,c)

[[zm’ En”B—term = 27

(m+n+2)Lypen.  (19)

Similar to the corresponding d =2 computation, we
have performed an integration by parts to evaluate the
0-T% term.

We will not include the higher-order corrections O(9°T)
in the 7T OPE, but, based on the pattern from (15)

*In the process of simplifying (15), we formally assume [ >
(x,), >0 to adopt the identity tan~!(X) + tan™!(1/X) = /2
with X > 0. This, strictly speaking, means the end points of the
(x,), integrals should be removed.
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and (17), it seems reasonable to assume that the higher-
order terms do not have a relevant pole in the null-like limit.
Combining (19), (16), and (14), the result is

, C
= (m - n)‘Cm—H’l +x _Tm(m2

[‘Cm"Cn] 30

)30 (20)

where k = %

We choose a normalization k such that the noncentral
term has a simple coefficient. If we now impose the
conditions listed in (11), we find the normalization factor
to be k = — 90 °

To summarize, we have described a null-line-like limit-
ing procedure that allows us to extract an algebraic
structure from the 77 OPE. The result (20) is strikingly
similar to the two-dimensional Virasoro algebra. We do not
use holographic duality here, but it would be nice to find a
potential connection to the AdS/CFT computation dis-
cussed some time ago [28,29] where a higher-dimensional
generalization to the Brown-Henneaux symmetry [30] was
identified in a certain infinite momentum frame. Most
likely, whether or not there is a Virosoro-like structure at
infinity depends on boundary conditions."”

It would certainly be of great interest to extend the two-
dimensional CFT analysis to higher dimensions in the null/
lightcone-like limit, where one expects to find relatively
robust structures. By first focusing on a special class of
higher-dimensional CFTs with an Einstein gravity dual, we
would like to know if there is an effective algebraic
derivation of the multi-stress-tensor OPE coefficients and
conformal correlators. Considering perturbative corrections
due to a large but finite higher-spin gap could be interesting
as well.

IV. A d =4 SINGLE-STRESS-TENSOR-EXCHANGE
DERIVATION

We conclude this paper by presenting some observations,
which hopefully shed light on more general cases. In the
following, we point out a simple derivation of the d = 4
near-lightcone conformal scalar correlator via a mode
summation.'" This derivation does not explicitly rely on

’Anoverall rescaling of the mode operator £,,, should not affecta
scalar correlator computation. But one might wonder if the “right”
proportionality constant should instead be x = — ?07’6 = -2 If we
formally adopt free-theory values of a, b, ¢ [2], we notice that
k = —Zforboth a fermion anda U(1) gauge field, butk = — 82 for
a scalar In fact, x =—% is true only under the condition
4a + 2b — ¢ = 0, which holds for both a free fermion and a
U(1) gauge field, but a free scalar has 4a + 2b — ¢ = _9_71;6' (In
d = 2, on the other hand, 4a + 2b — ¢ = 0 for both a free scalar
and a free fermion.)

°I thank Gary Gibbons for related remarks.
The derivation presented here is simpler than previous work
[23] and we can avoid an arbitrary parameter introduced in that

paper.

an algebra. In fact, as we will see, this derivation presents a
central-term curiosity.

The scalar four-point conformal correlator can be written
in terms of the conformal block decomposition [31],

(O (0)On(1)0.(z,2)OL(0))
B(z,zZ,7.J)

= ZCOPE AT7 ( _) (21)

where the twist of an operator is its dimension minus its
spin, 7 = Ay — J. We formally name Oy the “heavy" scalar
and O; the “light” scalar although the heavy-light limit
[i.e., Ay, Cr — oo with Ay /Cy fixed and A, ~ O(1)] does
not play a special role in the single-stress-tensor-exchange
computation. We adopt this notation as an example which is
useful to compare with the literature that discusses multi-
stress-tensor contributions to the heavy-light correlator.
The Ward identity fixes the stress-tensor OPE coefficient to
be COPE(4 2) AHAL

formal block is'?

7| w e 2J 2J
B(Z’Z’T,J)zﬁ[z 22 g (r—i— T+

in the convention of (3). The con-

2 2

In the limit z — O, the stress-tensor contribution in d = 4
13
reads

lim((22)4 (O (00)On (1) 01 (2,201 (0)) )

9711 AZfL 2,F(3,3,6,2)z + O(z%)
10 AyAL3(z—=2)z— (6+ (= 6)2)In(1 —7)
“ 34 Cr 2 <
+ O(2%). (23)

The higher-order pieces represent multi-stress-tensor con-
tributions to the correlator.

It is instructive if we temporarily forget about the algebra
and instead adopt the following operator,
dzy m+2
T (2 2, x = 0). (24
= lim ¢ TL T (o 2t = 0). (24)
Notice we directly set x* = 0 in this definition. The z;; — &
represents the null-line limit for the stress tensor. The
notation “m + 2” will result in slightly more symmetric
expressions in the following computation. The mode

"2Our convention differs by an overall factor of (— %)J from the
conventlon used in Dolan and Osborn [31].
“One can also choose z — 0 as the lightcone limit.
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operator (24) is essentially the same as the lightray operator
which does not contain transverse integrals [24,26,27,32].
We here use the Euclidean signature with complex coor-
dinates z, z. Similar to the d = 2 case, we may expect that
the stress-tensor-exchange contribution can be computed
via the following mode summation,

3
~
/\
E

0 DL
Vr = lim Z* . 1)>

o~
AP‘

find m* = 3.
Using the three-point function

c XXy o
(T (x1) 05 (1) O (x3)) = — ZOQA_4( e —7)

X12X13423
(26)
with X* = ¥, /x}, — xi3/x13 and cro0 = —35, we first
obtain
i i (En 05290, 0)
27—6 720 <0L (Z, Z)OL (0>>
20, f dzr _ 2z
= ——— lim lim —=7nt2
372 =520 c(z) 27i T Z:}ZT(ZT - Z>3(ZT - Z)
2A -1 -2)7"
2B i i (D = 22
3% u—6:-0  2zp(z2p — 2)
A -1 —-2)z"
_ AL (m-Dm-2)z" (27)

372 5%

where we introduce a short-distance cutoff 5. We shall find
that the final four-point scalar correlator is independent of
the UV cutoff. It is important to adopt a proper order of
limits.

On the other hand, by taking L), =L_,, we find

(On(0)Ou(1)L},) 24y imj{ dzp  (z)™"
(Op(00)Oy (1)) 377 z=6 Jeq) 27i (Zr — 1) (zr = 1)
28y . (m=1)(m-2)
C 3x s 2(zp—1)
= —%(m— 1)(m—2). (28)

The normalization factor can be computed using the stress-
tensor two-point function,

N, = (L, L})

— lim % dzzT?{ dzir
75—)5 2xi (Zor) 2ri

X (Z17)" 2 (Zar) " (T (211, 210) T (221 Zo1)

— lim deTy{ dzyr 4Cr( ZIT)nHz(ZZT) o
i 271 Jegz,y) 27t (Zir = Zor)®(2ir — 2o1)?
_Cr (m+2)(m+ Yym(m —1)(m — 2)' (20)
-~ 30 52

The UV-cutoff dependencies cancel out in the final mode
summation and we obtain exactly the d = 4 stress-tensor-
exchange structure (23),

- 1)(m—-2)7"
m(m+1)(m+2)

10 AgA; &
Vp=—— H LZ(

L1 ApA,
977: CT

2,F,(3.3,6.2)z. (30)

This computation does not require a large gap.

It is peculiar that we are able to reproduce the d =4
near-lightcone correlator, including the correct OPE coef-
ficient, via a mode summation. The final result is finite and
cutoff independent. Although the above single-stress-tensor
computation does not rely on knowing an algebra, we
would like to ask why such a derivation exists. Recall that,
in two-dimensions, a similar derivation exists because of
the Virasoro symmetry. Given the above d > 2 computa-
tion, one may speculate that a certain symmetry emerges
near the lightcone. An underlining algebra would provide a
precise interpretation of the modes counting in (30). Since
we have extracted a Virasoro-like commutator from the
stress-tensor OPE (20), it seems natural to link the
correlator computation to the algebra.

However, we find a curiosity related to the central term,
or more generally, to the limiting procedure. In the above
correlator computation, we emphasize that we take
xt — 0 before imposing z — 0." The resulting “central”
term has the following m-dependence (in the notation of

NfdzszrZT)’
TypeA: Cr(m+2)(m+1)m(m—1)(m=2)8,.,0. (31)

Such an m-dependence is quite different from the central
term in the Virasoro-like commutator, which has the
structure,

TypeB: CT<m + l)m(m - 1)5m+n~0- (32)

14Using this order of limits, one can include transverse
integrals but the correlator result is unchanged.
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As shown above, in this case, we take z — O before
imposing x* — 0. The Type B central term has the familiar
form fixed by the Jacobi identity, but the correlator
derivation suggests that the Type A structure plays a
nontrivial role in recovering the scalar correlator. The
Type A structure, however, is incompatible with the Witt
algebra. ~

Ideally, we would like to also compute [Z,,, £,,] via the
d =4 TT OPE, but we find that the commutator compu-
tation using L,, requires a higher-order term in the 7T
OPE. Such a computation will not be included in this paper.

On the other hand, we observe that, up to an overall
coefficient, the d = 4 Type A structure (31) is identical to
the central term of the VV; algebra in d = 2 CFTs [33] (see
[34] for a review),

(Wi Wl = 55 (m -+ 2) (m 4+ Dm(m = 1)(m = 2)6,1.00

—|—(m—n)<%(m+n+3)(m+n+2)

-+ D +2) )L,

16

— (m—n)A\, 1, 33

[Lm’ Wn] = (2m - I’l) Wonsns (34)

where A,, = >, (L,—Ly) — 35 (m +3)(m +2)L,,. W, is
the Laurent modes of a spin-three primary current. Note that
closure of the VW5 algebra requires first knowing the operator
L, that satisfies the Virasoro algebra. In general (even) d,
we find the Type A structure is ~Crm(m* —1)(m? —
4)---(m* - (9)) in the notation of £, ~ § dzz""+9T.

To our knowledge, a connection between d > 2 CFT
near-lightcone correlators and the W (-like) symmetry has
not been mentioned before.”” This central-term curiosity
needs to be better understood. Perhaps exploring more
general structures involving multi-stress-tensor exchanges
in d > 2 CFTs can help clarify its algebraic underpinnings.
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BIn the context of supersymmetric CFTs in 3, 4, and 6
dimensions (with at least 8 real supercharges), it was shown in
[35] that there is a subsector of the theory which is described by a
d =2 chiral algebra. In [36], it was argued that, in d =6
maximally supersymmetric CFTs, the algebra is the VW), algebra.
(See also [37] for an alternative viewpoint.) These results use very
different methods and apply to a distinct class of CFTs.
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