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Emergence of the Cotton tensor for describing gravity

Junpei Harada :
Health Sciences University of Hokkaido, Tobetsu-cho, Ishikari-gun, Hokkaido 061-0293, Japan

® (Received 26 March 2021; accepted 14 May 2021; published 21 June 2021)

It is shown that the Cotton tensor can describe the effects of gravity beyond general relativity. Any
solution of the Einstein equations with or without the cosmological constant satisfies the field equations
described by the Cotton tensor. It implies that the cosmological constant is an integration constant.
A vacuum of a theory is represented by the vanishing of the Cotton tensor, rather than the vanishing of the
Ricci tensor. An exact Schwarzschild-like solution for a static and spherically symmetric source is
discovered. Although the field equations involve the third order of derivative, it is found that they reduce to
the second-order differential equations due to a variational principle.
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I. INTRODUCTION

The Cotton curvature tensor, named after Emile Cotton
[1], is a rank-3 tensor that describes the curvature of a
Riemannian manifold of dimension n. For n <3, it
identically vanishes. For n = 3, it vanishes if and only if
a manifold is conformally flat. The Cotton tensor has
mainly been used to investigate the three-dimensional
manifolds [1] and three-dimensional gravity [2,3].
However, as we will see below, it is found that the
Cotton tensor can describe the effects of gravity beyond
general relativity in four-dimensional spacetime.

In this paper it is shown that the Cotton tensor emerges as
describing the gravitational field equations. This descrip-
tion has a number of advantages. First, any solution of the
Einstein equations with or without the cosmological con-
stant satisfies the given field equations. It implies that the
cosmological constant is an integration constant—there is
no need to add it to the field equations or to the action.
Second, a vacuum in such a theory is represented by the
vanishing of the Cotton tensor, rather than the vanishing of
the Ricci tensor. This implies that the field equations in
vacuum have more solutions than general relativity—it will
be shown that any metric of the Ricci-flat manifolds, the
Einstein manifolds, or the conformally flat manifolds is a
trivial vacuum solution. As a nontrivial solution, an exact
Schwarzschild-like metric for a static and spherically
symmetric source is discovered. It is the first discovered
nontrivial exact solution of the given field equations. Third,
it is found that the field equations described by the Cotton
tensor can be derived from the Weyl action of conformal
gravity, by varying the action with respect to the connection
keeping the metric fixed. Although the field equations
involve the third order of derivative, they reduce to the
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second-order differential equations due to such a variational
principle.

Throughout this paper we work in n =4 dimensions.
The usual Levi-Civita connection is adopted to defined
the covariant derivative, though a choice is arbitrary.
The signature of metric is (—, +, +, +).

II. GRAVITATIONAL FIELD EQUATIONS

In electromagnetism, the Maxwell’s equations in vacuum
are written as 8”F”” = 0, where @,F HY denotes the diver-
gence of a linear curvature. In the case of gravity, there are
four possible terms as

vV, R, (1a)

(9797 = g7 )V,R, (1b)

v# (gﬂ/)Ryo’ _ gv/JR;m’ — gﬂn’Rzz/) + gDﬁRM)), (IC)

v, crre, (1d)
where V, denotes the covariant derivative, and C,,,,, is the
Weyl curvature tensor [4] which is defined by

1
C;w/)o- = R;wp(i + g (gypgpa - gypgya)R
1
- E (gprva - gva;m - g/wRup + gvaR/tp)' (2)

It should be also noted that the following Bianchi identity is
satisfied (this form may be unfamiliar, but it is useful),
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vﬂRm//)o' + % (gﬂ/)gyn' — gy/)gyﬂ)vMR
—V,(¢""R" — ¢PR' — °RY + ¢"R") =0.  (3)

Four possible terms (1a)—(1d) are not linearly indepen-
dent due to Egs. (2) and (3), and therefore the gravitational
analog of 9, F* should be a linear combination of arbitrary
two terms of Eqs. (1a)—(1d). If we choose (1a) and (1b) as
two independent terms, then the gravitational analog of
d,F" can be written in the form,

aV, R 4 b(g" ¢*° — ¢* ¢"°)V,,R. (4)

The coefficients a and b will be determined soon. We
regard this as the left-hand side of the gravitational field
equations. The right-hand side of field equations can be
similarly written. There are only two possible terms as

v” (gﬂ/) Tvo — gup THO — g;wTup + gvo’ TW)) , (521)

(97 — g’ g"")V,T, (5b)

where T, is the energy-momentum tensor and T = TY.
Therefore, the field equations can be written as
avﬂR;wpn' + b(gﬂ/)gyo' _ gvpg;m')vﬂR
— CV” (gy/)TVﬂ _ gypTﬂo' _ g;mTy/) + gz/o’Ty/J)
+d(¢"g” - g7 ¢ )V,T, (6)
where ¢ and d are coefficients.

Let us now determine the coefficients a, b, ¢, and d.
Multiplying Eq. (6) by g,,, we find

(a+6b)V, R = 2cV, T + (c + 3d)V,(¢”T), (7)

where we have used the identity ¢V, R =2V R*". We
now require that the conservation law of the energy
momentum (V,T# = 0) is identically satisfied, and then
from Eq. (7), we obtain

a+6b=0, (8a)

c+3d=0. (8b)

We also require that any solution of the Einstein
equations satisfies Eq. (6). Inserting T, = R,, — Rg,,/2
(where we set 8#G = 1, G is the Newton’s constant) and

T = —R into the right-hand side of Eq. (6), we find that the
right-hand side of Eq. (6) is written as

CV”R”WU _ (% + d) (gﬂﬂgvd _ gDPgMU)VﬂR, (9)

where the Bianchi identity (3) has been used. Comparing
Eq. (9) with the left-hand side of Eq. (6), we obtain

(10a)

a=c,

b:_<§+d).

From Egs. (8a), (8b), (10a), and (10b) (three of them are
linearly independent), the coefficients a, b, ¢, and d are
determined as

(10b)

1
=1, d=—--, (11
¢ 5 (D
where we set a = 1 as a normalization. Thus, we obtained
Eq. (6) with Eq. (11) as the field equations, but it is now
convenient to rewrite them in a simple form as follows.
It is convenient to define the rank-4 tensor by

1
G o= oo = gogo_ prgor. (12
Multiplying G**? by g,,, we find that
1
gmG””p" :Rﬂ/)_ig/‘pRz: Gﬂ/)’ (13)

where G*” is the Einstein tensor. It is also convenient to
define the rank-4 tensor by

1
THYPO =

(gﬂﬂTIJG _ gupT;m _ g;wTup + gvaTyp)

N

(9797 — g9 )T, (14)

AN =

where an overall normalization of Eq. (14) has been chosen
so that the following relation is satisfied,

guo 07 = T, (15)
Therefore, Eq. (6) with Eq. (11) can be written as
v,G',,, = 162GV, T . (16)

where 87G is explicitly written, and we have

1
V”Tﬂypo. — E

1
(vamr - vrrTv/)) —z (gbav/)T - gupvtrT)'

6
(17)

It is even more convenient to rewrite Eq. (16) as follows.
Using Eq. (12), we find

1
quﬂu/m = vﬂRﬂw)o‘ - g (gyﬂv/)R - gy/)vnR)7
1
= vava - vaRyp - 6 (gm:va - gzzpvo'R>’
= Cupm (18)
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Cype = 161GV, T, 5

] [GW +Agu = SWGT,L,,]

( G = 87GT,,
(

General relativity without A) (General relativity with A)

FIG. 1. The solutions of Einstein equations with or without the
cosmological constant are subsets of those of Eq. (20). Whenever
the Einstein equations (with or without the cosmological con-
stant) are satisfied, Eq. (20) is also satisfied. However, its inverse
is not true—even if Eq. (20) is satisfied, the Einstein equations are
not necessarily satisfied.

where the identity V,R¥,,, =V R, -V R,, has been

used, and C,,, is called the Cotton tensor that satisfies
vc,,, =0, (19a)
9" Cupe =0, (19b)
Cupo + Cugp =0, (19¢)
Cpo+ Cppy + Cpyp = 0. (19d)

It should be noted that C,,,,, denotes the Weyl tensor,
and C,,, denotes the Cotton tensor.
Consequently, we obtain the field equations of gravity,
C,p = 162GV, TV ;. (20)
Multiplying Eq. (20) by ¢*°, we can quickly confirm the
conservation law of the energy-momentum tensor as

¢#°Cppy = V,G*, = 162GV, T#, =0.  (21)

Here we should present some remarks. First, any solution
of the Einstein equations (G,, =8xGT,,) satisfies
Eq. (20). Furthermore, it is obvious that any solution of
the Finstein equations with the cosmological constant
(G, + Ag,, = 8xGT,,) satisfies Eq. (20). This implies
that the cosmological constant is an integration constant. Of
course, Eq. (20) has other solutions which are not solutions
of the Einstein equations—Eq. (20) has more information
than general relativity. It should be noted that the Einstein
equations need not be satisfied in Eq. (20). These are shown
in Fig. 1.

III. EXACT VACUUM SOLUTIONS
In a vacuum, Eq. (20) yields

C

vpo

= 0. (22)

This should be regarded as a generalization of R, = 0 of
general relativity. It is clear from Eq. (18) thatif R, is zero,

then C,,, vanishes too, so any vacuum solution of the
Einstein equations is a solution of Eq. (22). We also find
from Eq. (18) that if R,, = Ag,,, then C,,, automatically
vanishes. Thus, the de Sitter (or the anti—de Sitter) metric is
a solution of Eq. (22), though there is no cosmological
constant in Eq. (22).

Furthermore, any metric of the locally conformally flat
manifolds satisfies Eq. (22). This can be understood as
follows. Using the Bianchi identity (3), we find

V.G =2V,C' ;= C,pp. (23)
This indicates that the divergence of G***° and that of C**°
are equivalent (up to a factor two), though G**7° and C*r°
are different. It is clear from Eq. (23) that if C,,,, is zero,
then C,,, vanishes too, so any metric of the locally
conformally flat manifold (C,,,, = 0) satisfies Eq. (22).
Thus, it is concluded that any metric that satisfies

R, =0, (Ricci-flat manifold) (24a)
R,, = Ag,,, (Einstein manifold) (24b)
Cps =0, (conformally flat manifold) (24c¢)

is a solution of Eq. (22).

The vacuum equations (C,,, = 0) have other solutions,
which does not satisfy Eqgs. (24a)—(24c). Here we present
such a nontrivial solution. We present a static, spherically
symmetric exact solution, which may be regarded as a
generalization of the Schwarzschild metric.

Let us focus on the Schwarzschild-like metric as

ds? = —e*di? + e dr? 4+ r2dQ2, (25)

where dQ? = d6? + sin? Od¢?. Inserting this into Eq. (22),
we find that the component of C,,, is given by

2
3€_DC0]0 =—3
r
I/N 1/2 21// 2
+ <1/”+31/1/’+1/3 ++—2+3)€”,
r r r r
(26)
where a prime denotes the derivative with respect to r.

Other components of C,,,, vanish except for Cy;, and Cs;3,
which are proportional to Cy;o. The substitution

y(r) = <1/ +%> e’ (27)

enables us to rewrite Eq. (26) in a simple form as
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2
38_DC010 = y,/ - F . (28)

Then, the vacuum equation Cyq = 0 is solved as
1
y:;—l—clr—i—cz, (29)

where ¢; and ¢, are integration constants, and Eq. (27) is
written as

1 1
<1/+;>e”:;+clr+cz. (30)

This equation is easily solved as

C3 €1 5, C
— oo = 1 =e!=1+—=+—r+-—=r, (31
Joo = 1/911 +r+3 +2 (31)
where c; is an integration constant.

If we rename three integration constants as c3 = —2M,

¢y = —A, and ¢, = 2y, then the solution is written as

2M A

—900:1/911:1—7—§rz+77- (32)

This is exact. This is nontrivial in the sense that it does not
satisfy Eqgs. (24a)—(24c¢). This is the first discovered non-
trivial exact solution of Eq. (22). Furthermore, the linear
and quadratic curvature invariants are given by

RMPOR,, . = 48r—1242 + 8r—y22 — @ + STAZ (33a)
R*R,, = I(Z - 12:/\ +4A2, (33b)
R=— 677 +4A, (33¢)

48M?
7 C g = (33d)

We can confirm that these invariants reduces to those of the
Schwarzschild—de Sitter metric in the y — O limit.

In Eq. (32), the yr term cannot be obtained from the
Einstein equations. When the yr term is negligible, Eq. (32)
reduces to the Schwarzschild—de Sitter metric, and there-
fore it is consistent with the observational tests of general
relativity in that case. Furthermore, Eq. (32) is approx-
imately equivalent to an exact solution of conformal gravity
[5,6]. In conformal gravity, the values of y have been
estimated [7-9]. It has been pointed out that the yr term can
potentially explain the galactic rotation curve without the
need of dark matter [5,7,10], but there is still controversy in
astrophysics [11].

Here we point out about the possible role of the yr term
in the Solar System. In the Solar System, Eq. (32) can be
written as

26M,,
re?

=900 = 1/gn =1- +r, (34)
where the Newton’s constant G and the speed of light ¢ are
explicitly written, and we have ignored the cosmological
—Ar?/3 term, which is assumed to be small enough on the
scale of the Solar System. We find that

2 M 2
d <_C gOO) :G O—f—ﬁ (35)

or 2 r? 2’

where GM,/r* represents the usual inverse square law of
Newton’s gravity, and yc?>/2 represents an additional
acceleration which is independent of r. Such a constant
acceleration has been observed by the Pioneer 10 and
Pioneer 11 spacecrafts at distances of 20-70 AU, and the
reported value is dpjopeer = 8.7 x 10710 ms~2 [12]. If this is
due to yc?/2, then we have y = 1.9 x 1072° m~!. Although
it has been reported that the observed anomalous accel-
eration can be explained by thermal effects [ 13], our gravity
theory also gives a possible explanation.

When M = 0 in Eq. (32) (or when r is sufficiently large
so that —2M/r term can be ignored), the metric is
conformally flat (C,,,, = 0). In such a case, any metric
that is conformal to Eq. (32) is a solution of Eq. (22). This
can be understood as follows. We can show that the Cotton
tensor transforms under the local conformal transformation
of the metric g,,(x) - Q(x)g,, (x) as

Cu/)a - Cy[)a + Q_l (8”Q)C”D/)6. (36)

Thus, the Cotton tensor is locally conformally invariant if
and only if the Weyl tensor vanishes. Therefore, it is
concluded that any metric which is conformal to Eq. (32)
(with M = 0) satisfies Eq. (22).

As explicitly shown in Eq. (26), the vacuum equations
(Cyps = 0) involve the third-order of derivative. However,
as shown in Eq. (28), they reduce to the second-order
differential equations. This is a generic property of our
theory. As we will see below, this is originated from the
variational principle that yields C,,, = 0.

IV. ACTION AND VARIATIONAL PRINCIPLE

The Weyl tensor in Eq. (23) aims our attention to the
following Weyl action,

1
Iy = 2/d4x\/__gcﬂwmc;wpm

1 1
= Z / d4x\/__g <Rm//mRyy/m - §R2> 5 (37)
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where g = det(g,, ), and we have used the identity,
1
" Chpe = R R, 6 — 2RR,,, + §R2, (38)

and we have omitted the topological invariant from the
action. The Weyl action (37) is a unique gravity action that
is invariant under the local conformal transformation
G (x) = Q(x)g,, (x). We will show that the Weyl action
(37) yields C,,, =0, but before showing it, we present
some remarks on the conformal gravity.

The gravity theory with the Weyl action (37) is usually
known as the conformal gravity [5]. However, our gravity
theory is different from conformal gravity, though the
action coincides. The difference is originated from not
the action but the variational principle; in conformal
gravity, one varies the Weyl action (37) with respect to
the metric, and it yields the rank-2 tensor equations, which
are described by the Bach tensor [5,14,15]. Thus, a vacuum
of conformal gravity is represented by the vanishing of the
Bach tensor. In contrast, Eq. (22) is described by the Cotton
tensor. This implies that the variational principle should be
different from that of conformal gravity.

The variational principle that yields C,,, =0 is as
follows. Varying the Weyl action (37) with respect to the
connection keeping the metric fixed, we find

1 1
oly = 5/ d4x\/ -9 <Rﬂypg5Rﬂvpa - gRg”D5RﬂD> ?
— / d*x\/=gC7 8T, (39)

where oI, = 90,151“’1”,,; we have used the identity

5R#vpa = vp (51"#@) - vzr((sl—wpv)’ (40)
and the boundary condition 67, = 0 at the boundary is
imposed. Thus, we find that 6ly =0 yields C*° = 0.
Thus, it is found that the local conformal symmetry of the

action (37) can be broken in the field equations, as shown in
Eq. (36), due to a variational principle.

The variation of the connection (with keeping in mind
that the metric fixed) is given by

1
6Fﬂﬂu = zgﬂl(a(augv/l) + 5(81/9/,1/1) - 6(8291411))' (41)

Therefore, we are varying the action with respect to the
derivative of the metric keeping the metric itself fixed. As a
consequence of this variational principle, the field equa-
tions that involve the third-order of derivative reduce to the
second-order differential equations, as shown in Eq. (28).
This is a generic property of the theory, and it is a
consequence of the variation presented here.

Finally, we present the gravitational analog of the source
term J¥A, in Maxwell’s theory,

Lource = —87G / d4xv _gT”D/mR}wpm (42)

where 77 is defined by Eq. (14), and T, is a source that
does not include the connection. We find that the variation
of the action with respect to the connection keeping the
metric fixed yields,

Ol source = —167G / d4x«/—gV”T””/"’5F(,,,p. (43)
Therefore, we find that 61w + 0l,ce = 0 yields Eq. (20).

V. CONCLUSION

It has been shown that the Cotton tensor can describe the
effects of gravity beyond general relativity. A vacuum is
represented by the vanishing of the Cotton tensor. An exact
Schwarzschild-like solution has been discovered. This
theory includes general relativity as part of itself, and
has more information on gravity. It is a potentially viable
theory of gravity, and it would be worth for further
investigations.
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