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Reconstructing confined particles with complex singularities
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Complex singularities have been suggested in propagators of confined particles, e.g., the Landau-gauge
gluon propagator. We rigorously reconstruct Minkowski propagators from Euclidean propagators with
complex singularities. As a result, the analytically continued Wightman function is holomorphic in the
tube, and the Lorentz symmetry and locality are kept intact, whereas the reconstructed Wightman function
violates the temperedness and the positivity condition. Moreover, we argue that complex singularities
correspond to confined zero-norm states in an indefinite metric state space.
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I. INTRODUCTION

Color confinement, the absence of colored degrees of
freedom from the physical spectrum, is an essential element
of strong interactions. Understanding this fact in the
framework of relativistic quantum field theory (QFT) is
a fundamental issue of particle and nuclear physics.

To investigate such fundamental aspects of strong
interactions, the gluon, ghost, and quark propagators in
the Landau gauge have been extensively studied by both
lattice and continuum methods [1-3]. Based on this
progress, there has recently been an increasing interest
in the analytic structures of the gluon, ghost, and quark
propagators [4-21]. In particular, complex singularities,
which are unusual singularities invalidating the Killén-
Lehmann spectral representation [22], attract much atten-
tion. In old literature [23-28], e.g., for models motivated by
the Gribov ambiguity, it was predicted that the gluon
propagator in the Landau gauge has a pair of complex
poles, which is a typical example of such singularities.

The recent studies done without assuming the Killén-
Lehmann spectral representation, e.g., reconstructing the
propagators from Euclidean data [17,21], modeling the
propagators by the gluon mass [7,8,14,19,29-31], and
the ray technique of the Dyson-Schwinger equation
[5,20] consistently indicate the existence of complex
singularities of the Landau-gauge gluon propagator.
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Note that complex singularities were also observed using
the ray technique in other models [32-34].

Since complex singularities should never appear in propa-
gators of observable particles, we can expect that they are
connected to confinement. Thus, theoretical aspects of com-
plex singularities are of crucial importance since they could
provide some hints for a better understanding of a confine-
ment mechanism. Theoretical consequences of complex
singularities have so far been discussed only heuristically.
For example, some argue that the appearance of complex
singularities might imply nonlocality, e.g., [25-27].
Nevertheless, this argument is not fully convincing due to
the use of the naive inverse Wick rotation. To our knowledge,
a solid study on this subject is still lacking.

Therefore, we will scrutinize the reconstruction pro-
cedure, namely the reconstruction of Wightman functions,
or the vacuum expectation values of the products of field
operators, from Schwinger functions, or the Euclidean
correlators, by the analytic continuation.

We consider formal aspects of complex singularities.
Figure 1 frames our study in the reconstruction procedure.
In the standard reconstruction procedure, one begins with a
family of Schwinger functions satisfying Osterwalder-
Schrader (OS) axioms [35,36] and reconstructs a QFT
based on the OS theorem and the Wightman reconstruction
theorem (see Theorem 3-7 in [37]). In our study, we start
from two-point Schwinger functions in the presence of
complex singularities violating some of the OS axioms as
seen below. We first reconstruct the Wightman function
based on the holomorphy in “the tube” [37] according to
the flow shown in Fig. 1. We then examine general
properties of the two-point Wightman function and discuss
possible state-space structures.

In this paper, we illustrate a typical example of a
propagator with complex singularities and give a sketch
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FIG. 1. The standard reconstruction procedure and contents of
our study consisting of @ and f.

of main results, omitting mathematical subtleties. We
provide full details of their rigorous proofs and derivations
in a longer version [38].

II. SETUP AND MAIN RESULTS

We use the following notations: The space of test
functions with compact supports is denoted by D(R*),
and that of rapidly decreasing test functions by & (R*).
Elements of these dual spaces @'(R*) and &’ (R*) are called
distributions and tempered distributions, respectively. We

use x, y, & 1 as elements of R*. We write & = (ZE &,) for

Euclidean space and & = (50,5) for Minkowski or com-
plexified space. In accordance with [37], R* — iV, is called
the tube, where V| denotes the (open) forward light cone

V= {(n". i) € R%n° > Jifl}. (1)

For simplicity, we consider a two-point function for a
scalar field ¢p(x). In all the evidence for complex singularities
mentioned above, the complex singularities appear in an
analytically continued Euclidean propagator on the complex
squared momentum, k%, plane. Thus, we shall begin
with a Euclidean propagator, or a two-point Schwinger
function S(x—y) =&, (x,y) =((x)P(y))gyc-» assuming the
“temperedness” condition and Euclidean invariance. With
some regularity assumption of S(£) at & =0, namely
S(&) € §'(R*), the Schwinger function can be expressed as

S(¢) = / (;lﬂ’; e D (K2). (2)

In the usual case where the Killén-Lehmann spectral
representation holds, D(k?) has singularities only on the
negative real axis, which is called the timelike axis. We call
singularities except on the timelike axis complex singular-
ities. A typical example of these singularities is a pair of
complex conjugate poles as illustrated in Fig. 2.

For technical reasons we assume: (1) boundedness of
complex singularities in |k?| in the complex k* plane,

Im k2 ‘ k2

Re k2

FIG. 2. Complex squared momentum k> plane of the propa-
gator D(k?) with a pair of complex conjugate poles given in (3).

(2) holomorphy of D(k?) in a neighborhood of the real axis
except for the timelike singularities, (3) some regularity of
discontinuity on the timelike axis [39], and (4) D(k?) — 0
as |k*| - oo.

The following list outlines the main results of our study:

(A) The reflection positivity is violated for the
Schwinger function.

(B) The holomorphy of the Wightman function W (& — in)
in the tube R*—iV, and the existence of the
boundary value as a distribution W(&) =
lim -0 W(& - in) € D'(R?) are still valid. Thus, we
can reconstruct the Wightman function from the
Schwinger function.

(C) The temperedness and the positivity condition in
D(R*) are violated for the reconstructed Wightman
function. The spectral condition is never satisfied
since it requires the temperedness as a prerequisite.

(D) The Lorentz symmetry and spacelike commutativity
are kept intact.

We prove the assertions (A)—(D) rigorously in [38] and
provide essential ideas in this paper. From the assertion (C),
complex singularities may seem to have no physical
interpretation. However, we argue:

(E) Complex singularities can be realized in indefinite-
metric QFTs and correspond to pairs of zero-norm
eigenstates of complex energies.

To demonstrate these results, we first give sketches of
proofs of the assertions (A)—(D) for an important example
in the next section. We then mention their generalization to
arbitrary complex singularities and discuss a possible
realization in quantum theory.

III. SPECIAL CASE: ONE PAIR OF COMPLEX
CONJUGATE POLES

We begin with a propagator D(k*) with one pair of
complex conjugate simple poles, which is decomposed
into the “timelike part” Dy(k*) and “complex-pole part”
Dcp<k2)’
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D(2) = Dy(k2) + Dep (i),
Du(k?) = / ® g2 L)

o* + k¥’

z z
D, (k*) = , 3
ep () MR MR G)

where p(c?) is the spectral function and M? € C is the
complex mass squared. Without loss of generality, we can
choose ImM? > 0. Such a pair of complex conjugate poles
is a typical example of complex singularities, which is
suggested to appear in the transverse part of the Landau-
gauge gluon propagator in many works [7,8,14,17,19-
21,23-28]. Note that complex conjugate pairing of D, (k?)
is necessary for a real field due to the Schwarz reflection
principle.

We accordingly decompose the Schwinger function as

S(f) = Stl(i) + Scp(f)’

4
Su(&) —/(gﬂ];eikél)ﬂ(kz)’

SCP(@ _/(3”1;4 eingcp(kz)- (4)

We proceed to reconstruct the corresponding Wightman
function as an analytic continuation of the Schwinger
function by identifying the Wightman function at pure
imaginary time with the Schwinger function,

W(=i&y &) = S(E. &), (5)

for &, > 0.

(B) As usual, for the timelike part, we can analytically
continue Wy (=in®, &) = Sy(&,1°) to the tube &—in=
(&0 — in®, E — ifj) € R* = iV,. Moreover, the limit 7 — 0
in n €V, or “the boundary value,” can be taken as a
tempered distribution [in §'(R*)],

Wa(&,€) = imWq(& — in)

nevy

- / " do2p(c?)iAt (€, 6%), (6)

0

which is formally a sum of the free Wightman function
iAT(&,6%) of mass ¢* with the weight p(c?), where

4

i (6.) = 2n) [ S Sse Moo~ ) (1)

with the Loretzian vectors & = (&0, &), k = (k% k).
On the other hand, the complex-pole part S, (&) can be
expressed as

- &Pk -2 Z AR
S ’ _ ik-& —E-|&y| EZ (&4 ’ 8
cp<§ 54) /(27[)36 [ZE,;e k —|——2E;§€ k ( )

where Er =V K>+ M? is a branch of ReE; > 0 and
ImE7 > 0 holds from the choice ImM? > 0. Similarly to
the timelike part, the complex-pole part of the Wightman
function,

Weple=in) = [ (o ks Em
cp (2r)3

Z —iE-(E9—in0) Z —iEL(E—in®)
i i , 9
X |:2 ]ge k —|—2 ;{ie k ( )

is holomorphic in the tube R* — iV ., since the integrand
decreases rapidly in |%| for £—ineR*-iV,. Note
that ImM? does not affect the convergence because of
Ey = [k + O(1/]k]).

We can regard the Fourier transform in (9) as a tempered
distribution in & with a smooth parameter &0 which is a
distribution in @'(R*). Then, the limit » — 0 withn € V,
can be taken to yield the reconstructed Wightman function,

. Pk 7 . ZF
ch(foaé):/(—2”)3elk5|:2—E]:€ E +ﬁ
3

TEELL(10)
Therefore, we obtain the reconstructed Wightman function
W(&) = Wy(€) + W, (€) as a distribution in 2'(R*).

(C) Due to the exponential increases of the integrand as
& - +oo, ch(cf) is a nontempered distribution. Thus, the
reconstructed Wightman function is nontempered in the
presence of complex poles: W (&) & &”'(R*).

Next, let us examine the positivity. While the Wightman
function is not a tempered distribution, we can still consider
the positivity condition in 2(R*), namely, for any test
function with compact support f € D(R?),

[ a0 =0

This positivity condition (11) is violated due to the
nontemperedness.

An intuitive derivation is as follows: Intuitively, the
positivity corresponds to that of the sector {¢(x)|0)},cge-
Suppose that this sector has a positive metric. From the
translational invariance of the two-point function, the
translation operator defined on the sector U(a)¢p(x)|0) :=
¢(x + a)|0) is unitary. Since the modulus of a matrix
element of a unitary operator is not more than one in a
space with a positive metric, we have an a-independent
“upper bound,” i.e., |W(a)| = [{0|¢(0)U(=a)$(0)]0)] <
(0]¢(0)¢(0)|0). This upper bound will imply that W(a)
is tempered, which contradicts the nontemperedness.
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Of course, W(0) = (0]|¢(0)¢(0)|0) is in general ill defined
since W(&) is a distribution. A more delicate analysis is
therefore required. We outline a rigorous proof in
Appendix.

(A) The reflection positivity is always violated with
complex poles, since steps (a) and (b) of the OS theorem
[35] imply that the reflection positivity essentially yields
the temperedness of the Wightman function. We give a
sketch of these steps in Appendix.

(D) We consider the Lorentz symmetry and spacelike
commutativity. The invariance of the complex-pole part
(9) under Lorentz boosts can be explicitly checked by an
integration path deformation. Since the spatial rotational
invariance is manifest, the Wightman function is Lorentz
invariant. As another derivation, one can utilize the
Euclidean invariance of the Schwinger function and the
holomorphy in the tube. An argument similar to
Bargmann—-Hall-Wightman theorem (Theorem 2-11 and
its Lemma of [37]) yields complex Lorentz invariance of
W(& — in). The spacelike commutativity is an immediate
consequence of Lorentz invariance: W(&) = W(—¢) for
spacelike ¢&.

IV. GENERAL CASES

Let us mention a generalization of the above assertions to
arbitrary complex singularities. With general complex
singularities, the spectral representation is modified as,
according to the Cauchy integral theorem,

_ plo
D@g% do? 2+k2 Ejﬁ;zmc . (12)

where M is a label of a complex singularity and I'y; is a
contour surrounding the singularity clockwise. The con-
tribution of each complex singularity is formally a sum of
complex poles with weight —D({)/2zi over the contour
[41]. This leads to a generalization of the proof of (B) and
(D). We prove the nontemperedness of (C) as follows:
Suppose the Wightman function were tempered, then the
holomorphy in the tube would essentially imply the spectral
condition for the Wightman function in momentum repre-
sentation. This leads to the Kaillén-Lehmann spectral
representation, which contradicts complex singularities.
Other claims of (A) and (C) follow from the nontempered-
ness as above. For details, see [38].

V. REALIZATION IN QUANTUM THEORY

(E) We discuss a possible state-space structure. Since
abandoning the positivity of the full state space is common
in Lorentz covariant gauge-fixed descriptions of gauge
theories, we consider a quantum theory in a state space with
an indefinite metric. For a review on indefinite-metric
QFTs, see e.g., [42].

Our aim here is to argue the correspondence between
complex singularities and relevant complex-energy spectra.
To this end, we shall demonstrate (E1) necessity and (E2)
sufficiency of complex spectra for complex singularities
when a convenient completeness relation is applicable.

(E1) We begin with the necessity of complex spectra for
existence of complex singularities. Let us consider a
(0 + 1)-dimensional QFT satisfying:

(i) completeness of denumerable eigenstates |n) of the

Hamiltonian H: 1 =3, 7! ) ('], wheren,, ,» =
(n|n’) is the nondegenerate metric [43],
(ii) translational covariance: ¢ (1) = e"'¢(0)e
(iii) reality of eigenvalues E, of the Hamiltonian H.
Then, with an assumption that the completeness relation
converges well, the Wightman function is tempered as
follows:

—iHt
s

Olp()p(0)[0) = / dap(w)e".
w) = Zn;}nﬁ(a) — E,){0|¢p(0)|n) (' |¢p(0)[0).  (13)

This observation demonstrates that complex singularities
do not appear without complex spectra, i.e., (E1) complex
singularities require complex spectra of H.

(E2) On the other hand, eigenstates of complex eigen-
values of a Hermitian operator H appear as pairs of zero-

norm states. For example, a pair of zero-norm states
{|a),|B)} can satisfy
{HOO = Eyla), H|p) = E3|B) (14)
(ala) = (p|p) =0, (a|p) #0.

This pair of states {|a), |#)} can yield a pair of complex
conjugate poles. Indeed, we find

Y e B 0lp(0)|n) (n'](0)]0)

n.n'€{a,p}
= ()~ (0]$(0)|a) (B|p(0)[0) e~iEet
+({alB))~"(0|¢(0)|B) (algp(0)[0) =", (15)

Wcomplex (t ) =

which yields,

Scomplex (T) - Wcomplex<_i|rl)

d [ Z 7
A (16
/2;:6 {k2+E§+k2+(E;)2 (16)

with Z = ZE”<OI¢(O&3|‘”2></} $OI0) fiyp ReE, > 0. This indicates
that (E2) a pair of zero-norm states {|a), |#) } with complex
conjugate energies {E,, E;} satisfying ReE,, > 0 yields a
pair of complex conjugate poles if {|a),|f)} are not
orthogonal to ¢(0)|0).

L111504-4
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These claims [(E1) and (E2)] establish the correspon-
dence between complex singularities and pairs of zero-
norm states of complex eigenvalues of the Hamiltonian.

VI. EXAMPLE

The above argument is in (0 + 1)-dimensional QFT. We
show an example of (3 + 1)-dimensional QFT yielding
complex poles based on a covariant operator formulation
[44] of the Lee-Wick model [45]. The Lagrangian density
of a complex scalar field ¢ with complex (squared) mass
M? € C is given by

1
L =3 1(0u4)(0h) + (9,4)"(9h)"
= M?¢* — (M*)*(¢7)?]. (17)
We expand the field operator ¢ as
P(x) = ¢ (x) + 17 (x),

¢(+)(x)_/ &p ! a(—’)eiﬁ-i—iE-,t
~ ) @y 25" ’

35 1 ) e
$O0) = [P L giyeinine(18)

) 25

where Ej = \/M? + p?, ReE; > 0, and Re,/Ej; > 0. The
canonical commutation relation implies [a(p), 5 (q)] =
B(P),a'(§)] = (27)36(p — G). We define the vacuum
0) by @) (x)|0) =[p)(x)]7|0) =0, which is a
Lorentz invariant state (see [44] for details). Note that
one can explicitly check the spacelike commutativity at
least at the level of elementary fields.
The Hamiltonian reads,

H:/ 571; (3" (P)a(p) + Esa (B)B(P)].  (19)

up to some constant. The complex-energy states |p, @) =
a'(p)|0) and |p,p) = p7(P)|0) form a pair of zero-
norm states: (p.alg.a)=(p.flq.p)=0, (p.alq.p) =
(5.51d.a) = (2x)6(p - §).

We find that the Euclidean propagator of a Hermitian
combination with a constant Z € C, @ := \/Zcb + \/?gb*,
has complex poles. Indeed, the Wightman function of the
Lee-Wick model,

Wo (2.X) = (0@ (x)@(0)[0)

T I A A o
:/ ) [ﬁ e ] (20
14 P

coincides with the Wightman function (10) reconstructed
from a pair of simple complex conjugate poles.

VII. CONCLUDING REMARKS

Some remarks on the nontemperedness, locality, and
Wick rotation are in order.

A. Nontemperedness

The exponential growth of the Wightman function W (&)
largely affects asymptotic states, which correspond to
“80 - 400 limit” This indicates that asymptotic states
of the field are ill defined without some artificial manip-
ulations. Such states in the full state space are far from
being identified with asymptotic particle states and should
be excluded from the physical state space before taking the
asymptotic limit through, e.g., the Kugo-Ojima quartet
mechanism [46]. Thus, the complex singularities can be
considered as a signal of confinement. Incidentally, note
that the appearance of complex singularities in a propagator
of the gluon-ghost composite operator is a necessary
condition for eliminating complex-energy states in ‘“‘the
one-gluon state” from the physical state space in the
Becchi-Rouet-Stora-Tyutin (BRST) formalism. Seeking
such complex gluon-ghost bound states would be interest-
ing for future prospects. Remarkably, the Bethe-Salpeter
equation for the gluon-ghost bound state has been dis-
cussed in light of BRST quartets in [47].

B. Locality

Some argue that complex singularities are associated
with nonlocality. For example, it is claimed in [25-27] that
complex poles describe short-lived excitations and that the
locality is broken in short range at the level of propagators
but that the corresponding S matrix remains causal.
However, this interpretation is different from ours. To
our knowledge, the only axiomatic way to impose locality
is the spacelike commutativity. Consequently, complex
singularities themselves do not necessarily lead to non-
locality, as shown in this paper.

C. Wick rotation

Our reconstruction procedure is different from the naive
inverse Wick rotation in the momentum space k% — —k>.
Indeed, due to the complex singularities, the time-ordered
propagator cannot be Fourier transformed. On the other
hand, the inverse Wick rotation makes the time-ordered
propagator tempered and ruins the interpretation of
Euclidean field theory as an imaginary-time formalism.
Note also that the inverse Wick rotation invalidate the
Hermiticity of the Hamiltonian even in an indefinite space
unlike ours.

In summary, complex singularities are beyond the stan-
dard formulation yet consistent with locality. Moreover, they
can appear in indefinite-metric QFTs, e.g., gauge theories in
Lorentz covariant gauges.

L111504-5



YUI HAYASHI and KEI-ICHI KONDO

PHYS. REV. D 103, L111504 (2021)

ACKNOWLEDGMENTS

We thank Taichiro Kugo, Peter Lowdon, and Lorenz
von Smekal for helpful and critical comments in the early
stage of this work. Y. H. is supported by JSPS Research
Fellowship for Young Scientists Grant No. 20J20215,
and K.-I. K. is supported by Grant-in-Aid for Scientific
Research, JSPS KAKENHI Grant (C) No. 19K03840.

APPENDIX: OUTLINES OF PROOFS FOR
POSITIVITY VIOLATIONS

We outline proofs for violations of the positivity (11) and
reflection positivity, by showing how temperedness arises
from each of the positivity conditions.

1. Violation of the positivity (11)

Suppose that the positivity (11) holds. We define a
positive semidefinite sesquilinear form on 2(R?): for
f.9€ D(RY),

(f. 9w = / dxdyW(y -0 (x)gly). (A1)

For a €R* U(a) denotes the translation operator
on P(R*) satisfying (U(a)f,U(a)f)y = (f.f)w-. Since
(.-)w is positive semidefinite, the Cauchy-Schwarz
inequality yields a bound on (fx* (g* W))(a):
|(f = (g% W))(@)| = (. U(@)@)w| < /(F". F (9. 9w
for all f,g € D(R*), where §(x) := g(—x) and * denotes
the convolution. Note that 7 € @'(R*) is tempered if and
only if a* T is a smooth function of at most polynomial
growth for any a € P(R*) (see Theorem 6, Chapter 7, in

[48]). Using this criterion to (f* (g% W))(a) and
(g* W)(x), we obtain W € &'(R*), which contradicts
the nontemperedness.

2. Violation of the reflection positivity

Let us sketch out a proof of the reflection-positivity
violation. It is sufficient to show the violation of the
reflection positivity for the two-point function, which is
a necessary condition for the reflection positivity: for
any test function with positive support f € §(R%) :=
{f € S(R*);suppf C R* x [0, 00)},

/ dxdyf (90 f()S(x—y) 20, (A2)

where 9 is the reflection defined by 9x := (X, —x).

Suppose that this condition (A2) holds. Then, the
positivity (A2) naturally provides a positive semidefinite
sesquilinear form on §(R%). By dividing §(R%) by the
zero-norm subspace, ./, and completing the pre-Hilbert
space, we obtain a Hilbert space &% = &(R%)/./. In this
Hilbert space, the imaginary-time translation operators
{T7"} form a semigroup of self-adjoint operators satisfying
IT°¢|| < |||l for any ¢ € #. Thus, we can represent
T? = ¢~ with a self-adjoint generator H. Using the
holomorphic semigroup 77+ = ¢=(*+H on (0, 00) x R,
we can construct an analytic continuation of S(&) (smeared
in the spatial directions). In the real-time direction, this
analytic continuation is tempered since 7™ is unitary
and thus bounded in s. This leads to the temperedness
of the Wightman function, which contradicts the
nontemperedness.
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