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Minimal k-inflation in light of the conformal metric-affine geometry
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We motivate a minimal realization of slow-roll k-inflation by incorporating the local conformal
symmetry and the broken global SO(1,1) symmetry in the metric-affine geometry. With use of the metric-
affine geometry where both the metric and the affine connection are treated as independent variables, the
local conformal symmetry can be preserved in each term of the Lagrangian and thus higher derivatives of
scalar fields can be easily added in a conformally invariant way. Predictions of this minimal slow-roll
k-inflation, ng ~ 0.96, r ~ 0.005, and ¢, ~ 0.03, are not only consistent with current observational data but
also have a prospect to be tested by forthcoming observations.
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I. INTRODUCTION

Nowadays cosmic inflation is considered as the standard
paradigm for the early Universe [1-6]. Since the advent of
its concept, a considerable number of inflationary models
have been proposed for its realization from different
motivations [7]. One typical scenario is that the accelerated
expansion is driven by the potential energy of a scalar field,
called inflaton. In particular, a class of « attractors attracts
more and more attention of cosmologists because its
predictions are in great agreement with observations of
the cosmic microwave background (CMB) represented by
the Planck Collaboration [8]. Besides its phenomenological
success, an intriguing aspect lies in its guiding principles,
the local conformal symmetry and slightly broken global
symmetry. The former symmetry is an important concept in
many physical contexts (see, e.g., Ref. [9]) and the latter
one can be powerful to control fields’ interactions. Indeed,
successful representatives of the class, the 7 model [10-14]
and the Starobinsky model [1], can be derived from the
viewpoint of the local conformal symmetry and the broken
global SO(1,1) symmetry, where the inflaton can be
recognized as the pseudo Nambu-Goldstone mode of the
broken global symmetry.
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Inflationary models in light of the local conformal
symmetry, dubbed “conformal inflation,” have been inves-
tigated mainly in the (pseudo-)Riemannian spacetime
geometry, (see, e.g., Refs. [10,15-17] for a first concept
and Refs. [18-22] for its phenomenology), where the
metric ¢ is treated as an independent variable and the
affine connection I" is determined only by the metric, i.e., it
is usually the Levi-Civita connection. In this geometry, the
Ricci scalar exhibits a nontrivial change as

R(g) = Rg) = " (R(g) = 67 0e1), (1)

under the local conformal transformation g,, — g,, =

—20(x)

e g 1n the four-dimensional spacetime. Consequently,

with a scalar field transforming as § — § = e, the form
of a locally conformal-invariant action is restricted as

£ =315 R(0) - X(5)).
X(S) = —% 740,50,5. 2)

where a sign in front of the kinetic term X(S) needs to be
negative to cancel out extra ¢ derivatives in Eq. (1) by the
scalar kinetic term. The scalar S thus behaves as a ghost in this
case and should not appear in the physical spectrum.

From a geometrical viewpoint, one can use a generalized
geometry called the metric-affine one in which the affine
connection is treated a priori as an independent variable
along with the metric (see, e.g., Refs. [23-28] and
references therein). Applications of this geometry (or so-
called Palatini formalism) to cosmology have gained
increasing attention and a decent number of topics have

Published by the American Physical Society


https://orcid.org/0000-0002-0797-5295
https://orcid.org/0000-0001-6199-7033
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.103.L101303&domain=pdf&date_stamp=2021-05-28
https://doi.org/10.1103/PhysRevD.103.L101303
https://doi.org/10.1103/PhysRevD.103.L101303
https://doi.org/10.1103/PhysRevD.103.L101303
https://doi.org/10.1103/PhysRevD.103.L101303
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

MIKURA, TADA, and YOKOYAMA

PHYS. REV. D 103, L101303 (2021)

been discussed in, e.g., Refs. [29-60] (see also Ref. [61] for
a recent review). In this geometry, the Riemann tensor is a
function only of the connection, being free from the metric,
and thus can be covariant under the local conformal
transformation. Furthermore, the naturally introduced vec-
tor, the nonmetricity Q, := —g* V9. plays the role of the
conformal gauge field, which implements the covariant
derivative D, =0, —%Qﬂ for scalars.' Consequently, the
conformal invariance can be preserved in each term of the
Lagrangian in this geometry [71]. This independency is
beneficial in various ways: e.g., it can be compatible with
many kinds of extra symmetries and generalize the con-
formal class of potential-driven inflation as we discussed in
the previous letter [72]. On the other kinetic side, the
metric-affine geometry allows higher derivatives to be
solely included in the Lagrangian in a conformally invariant
way, being free from a specific structure (2) required in the
Riemannian case.

It is widely known that such nonstandard kinetic terms
can bring about inflation even if the potential term is absent,
which we call kinetically driven inflation as a large class.
The concept originates in k-inflation proposed in
Refs. [73,74] and many models in this class such as the
Dirac-Born-Infeld (DBI) model [75], the dilatonic ghost
condensate [76,77], and G inflation [78,79] have been later
studied.

In this paper, we motivate a minimal realization of slow-
roll k-inflation by the local conformal symmetry and
slightly broken global symmetry [specifically, SO(1,1)]
in the metric-affine geometry. We show that predictions of
our minimal setup, the spectral index ng ~ 0.96, the tensor-
to-scalar ratio r ~ 0.005, and the sound speed ¢, ~ 0.03, are
not only consistent with current observational data but also
testable by future cosmological observations such as CMB,
large-scale structures, and also stochastic gravitational
waves. We adopt the natural unit ¢ = 7 = 1 and the sign of
the Minkowski metric is defined by 7, = diag(—1,1,1,1)
throughout.

II. CONFORMAL METRIC-AFFINE
GEOMETRY AND ITS COMPATIBILITY
WITH HIGHER DERIVATIVES

The metric-affine geometry treats both the metric and the
affine connection as independent variables. In this geom-
etry, the local conformal transformation is defined by the
change of the metric, while the affine connection is left
unaffected in contrast to the Riemannian one:

G = G =€2Wg,,.  Th > =TL. (3)

"The nonmetricity is nondynamical in our case. Inflation with
the dynamical nonmetricity known as the Weyl gauge field is
discussed in Refs. [9,17,62-70].

Since the Ricci tensor R, is a function only of the affine
connection, it is obvious that the Ricci scalar transforms
covariantly under the conformal transformation as

R(g.T) = ¢“R,,(I) = R(3.T") = *WR(g.T). (4)

This covariant feature of the Ricci scalar points out
that the nonminimal coupling term /=gS?R(g.T’) is con-
formally invariant by itself without any help of
the scalar kinetic term. The conformal invariance of
the scalar kinetic term can be also accomplished with the
help of the naturally introduced vector field, i.e., the
nonmetricity [24]

Qy = ga/}Q;m/} = _gaﬂvyg(l/}' (5)

Because it behaves as a gauge field associated with the
conformal transformation,

0, 0,=0,+80,0. (6)

the covariant derivative for scalar fields can be defined
as [71]

1
bs=(o-lo)s o

and one can easily show that the scalar kinetic term defined
by D, transforms covariantly under the conformal trans-
formation:

. 1 .
X(S) = ~59"DySD,S — e X(S). (8)

This independency makes it possible to contain higher
derivatives in the Lagrangian easily in a conformal-invariant
way. A higher derivative term can be kept invariant if it is
properly divided by the scalar as

Ch on
LD \/—g{mx :|, (9)

where C, (n=1,2,...) is a dimensionless coupling
constant.

Although higher derivatives can be easily compatible
with the local conformal symmetry in the metric-affine
geometry, such a scalar cannot be employed yet for, e.g.,
the inflation mechanism because it is removed from the
theory by fixing the gauge symmetry. Hence one often
introduces another scalar which plays a role in exhibiting
the inflaton’s dynamical degree of freedom. Upon adding
another scalar, we can control their interactions with use of
some global symmetry groups. For example, an SO(1,1)
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symmetry [10] between two scalars y and ¢ allows us the
following conformal Lagrangian up to X? terms™:

L ¢——g[’f P R@.T) + PR - X(@)

where f# and y are positive and dimensionless coupling
constants. Thanks to the conformal symmetry, two scalars
can be unified into one canonically normalized scalar ¢ by
gauge fixing. As a simple choice, it is convenient to take the
so-called rapidity gauge [10,12] defined through

X = \/EMPI cosh

@
\/gMpl ’

¢ = V6Mp, sinh———
f Mp

(11)

Mp, is the reduced Planck mass. In this gauge, the non-
minimal coupling term is fixed as the Einstein-Hilbert term
and the Lagrangian is reduced to

2 2
c=Mop_ BX(p) - BMP‘/fQ”Q,,

2
r* 2 3MI2’1
t it (X0 + 50 0x(0)

9M§l
* 6464

(0°0,) ) (12)

where X(¢) = —0,p0"@/2 is the kinetic term constructed
with a usual derivative. We note that the Ricci scalar is free
from the nonmetricity Q,, (see, e.g., Refs. [33,71]), and then
its stationary solutions are determined only by explicit O,

terms in the action. One trivial solution is found as
Q,= 0,® which leads to

L= ]V;%”R X (@) +

trE e 1)

This is nothing but a minimal realization of the so-called k-
inflation [73,74]. The inflaton ¢ realizes the kinetically
driven de Sitter universe with the stationary momentum of

*The potential term 4 (x* — ¢*)? investigated in our previous
work [72] is also allowed by this symmetry, but we neglect it for
simplicity in this work.

The other nontrivial solution is Q" Qﬂ—644(6M]%1/)’ 3 M7 “<=X(p))

and leads to £ = "‘ R — 9M}, /;4 We leave this nontrivial branch

for a future issue. At least the attractor stability of the trivial
branch (13) is confirmed [73,74].

X2, ie, X=¢?/2=

4 18pM?
P(X> = _ﬂX + 36};\4; _54 Poat the

background level.
Inflation cannot end if both f and y are constant. Then
we explicitly break the SO(1,1) symmetry by replacing f

with SF(¢/y), some function of ¢/y = tanh \/6"’ which
Mp,

uniquely preserves the local conformal symmetry. The
SO(1, 1) symmetry is beneficial because it is restored in
the large field limit ¢ — F-oo0. On the other hand, its explicit
breaking naturally introduces the end of inflation.
Assuming F(x) is odd, P(X) has a nontrivial minimum
X = % for F > 0 corresponding to the de Sitter phase,
while such a minimum is not realized for F < O because
X = ¢?/2 must be non-negative. Thus, the graceful exit
can be dynamically realized around the symmetry breaking
point ¢ ~ 0.

III. MINIMAL SLOW-ROLL k-INFLATION

Thanks to the local conformal and broken global SO(1,1)
symmetries, a flipping kinetic term of a hyperbolic-tangent
form is naturally introduced.® Such a Lagrangian is
summarized as

1
L= /—[ PLR — K(®)X(®) + WXZ((D)
Pl
6 0]
K(®) = —fF(tanh <—>>, (14)
4 yMp
by field redefinition @ := LG @. Now the gravitational sector

is reduced to the ordinary Einstein-Hilbert one and there
remains no difference between the Riemannian and metric-
affine approaches. Thus it is a minimal realization of the
original slow-roll k-inflation model [73,74] with a hyper-
bolic-tangent kinetic term. Here we investigate its phe-
nomenology as inflation, following Ref. [73].

At the background level, inflaton’s pressure and energy
density, P and p, are given by

1
P =-K(®)X +—1X>,
My,

p=2XPy—P, (15

where Py = 0P/0X. The master equation of evolution is
obtained as

p(p+ P) « Py. (16)

If K(®) is positive and its ® dependence can be neglected,
as we have mentioned, then we have a stationary solution

“The graceful exit making use of the hyperbolic-tangent
switching of X term itself is mentioned in Ref. [78] in the
context of G inflation and its gravitational reheating is discussed
in Ref. [80].
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Py = Py|y_x = O with X = ®’/2 = KM%, /2 which gives
the de Sitter universe (p = 0). Here and hereafter barred
quantities denote this de Sitter limit solution.

In realistic dynamics, X however deviates from X due to
the @ dependence of K (®). Corresponding to the slow-roll
expansion in ordinary inflation models, one can expand the
dynamics with respect to this deviation X := X — X
[73,74]. In fact, the master equation (16) indicates that
the time dependence of the energy density dictating the
slow-roll parameter ¢ = —H/H? is an O(6X) quantity as

V3

My plp+P)|,

p= o —V3K2MpsX, (17)
at linear order in 6X. On the other hand, one can express it
in terms of K’s time derivative via the leading form

p = K>M3,/4 as

KK o®M3,

T, (18)

P
where Ko = 0K/0®. Hence, as expected, K’s time deriva-
tive representing the deviation from the exact de Sitter
universe is also an O(5X) quantity as

Kq,MP]

243K

In order not to violate the null energy condition, i.e.,
p + P > 0, 60X should be positive. Once 6X is expressed in
K’s derivatives, slow-roll parameters ¢, 1, and s, and the
sound speed ¢, can be obtained as

85X ~ —sign(d) —2H (19)

— _H 6Mp Ko

€=—1ox ~ —sign(® ) AR
= &~ gjon(d Koo _ 3 Ko

n = He = s1gn(d))2\/§Mpl (K]/ZK 2 K32 ) (20)
2. __ Py 1

Cs = prioXPry — 126

— C N_
8= 277

The primary cosmological observables, the spectral index
n, and the tensor-to-scalar ratio r, are expressed with use of
these parameters as [74,81]

dlog P, P
= ~—De—n—s, i=—n~16¢¢, 21
ng =1 ~—2e—n—s, 1 P Cs€ (21)

where P, and P, denote the dimensionless power spectra
of curvature and tensor perturbations, respectively. In
addition, in such a kinetically driven inflation, ¢, < 1
can be achieved and it predicts the large non-Gaussianity
which can be observed as the so-called equilateral shape in
the bispectrum of the primordial curvature perturbations:

N~ 1/ c? (see, e.g., Ref. [81]). Through the identity

d®/dN = —®/H, the backward e-folds N from the end of
inflation can be also obtained as

= o e“") —sign(®) / VKA, (22
g< a 2\/_MP1 end ( )

where ®,,; denotes the field value at the end of inflation,
1e., € = 1.

IV. LARGE g LIMIT

As we want to see the deviation from the exact de Sitter
universe in this model, let us focus on the small field
dynamics ® < yMp; where tanh(®/yMp,) can be approxi-
mated by ®/yMp,. This is actually accomplished in the
large f limit and we will see that the corresponding
inflationary predictions are currently consistent with and
testable in the future by cosmological observations.

Adopting the simplest form F(x) = x for the symmetry
breaking part, we hence approximate K(®) as

6f @

With this simple assumption, the backward e-folds (22) and
slow-roll parameters (20) are easily obtained as

F 2\ 1/3
O _ (ﬂ) , (24)
yMp 2p
and
1 1 1 1
no—1m—2l 6v2 L s

oN° T M2 STV TN

Here we ignore @, . The relation (24) in fact indicates that
the small field assumption ® <« yMp, is equivalent to the
condition on f as > %N 2. Note that the remained
parameter y appears as a combination /> in the power
spectrum of the curvature perturbation given by

1 H\? 81-33 [p\4/3
_ (=) =" _([Z) N6 (26
PC 2csdw%’l (27[) < > ( )

16 - 217672 \ 53
Thus, for each value of 3, y should be fixed to be consistent
with the CMB observation P, ~2.1 x 107 [8].

The energy and pressure density after the end of inflation
in our model can be well approximated as p ~ P ~ —KX
since the square of the kinetic term becomes negligibly
small, and the effective equation-of-state parameter
becomes w := P/p ~ 1, which phase is called “kination.”
The energy density and the Hubble scale in the kination
epoch evolve as poxa™® and H™' «a’, respectively,
whereas these evolve as p x a=> and H™' « ¢*/? in the
ordinary inflaton oscillation phase (matter domination).
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Left: predictions for the spectral index n, and the tensor-to-scalar ratio r with varying the kinetic coefficient # and reheating

temperature 7g. The black dotted, thick, and dashed lines correspond with T = 10%, 10°, and 108 GeV, respectively, while the black
points represent 3’s value of 10000, 20000, 50000, and the large f# limit (25) from left to right. We also plot the 16 and 26 constraints on
the pivot scale k = 0.002 Mpc‘1 from Planck TT, TE, EE + lowE + lensing + BK15 (red lines) and Planck TT, TE, EE + lowE +
lensing + BK15 + BAO (blue lines) [8]. Right: the current density parameter of stochastic gravitational waves with respect to the
reheating temperature Tg. Similarly to the left panel, the black dotted, thick, and dashed lines correspond with T = 10, 10°, and
108 GeV. The red dotted line indicates the BBN upper bound [88], while the blue and orange lines exhibit the future sensitivity
prospects by DECIGO and Einstein Telescope observational projects (taken from Ref. [89]).

Therefore the correspondence between the perturbation
scale k, and the backward e-folds from the end of inflation
is altered from the ordinary case, and assuming the instant
transition at each phase of the Universe, one finds the
following formula:

k, | Tr
N=66—In(—t" ) _Zin([—-B
n<o.002 Mpc—1> 3 n(106 GeV)

1, (9.(TR) 1. [(H, 1 T,
—-1 ! ! . (@7
6 I1<106.75 3% ) 736005 )0 @7

Here the reheating temperature 7y denotes the radiation
temperature at the time when the radiation energy density
becomes comparable to the inflaton’s one. g, stands for the
effective degrees of freedom for energy density and we
approximate it to be almost equal to ones for entropy density
at T =Tg. H, and r, are the Hubble parameter and the
tensor-to-scalar ratio corresponding to the considered
scale k., respectively. H; is the Hubble parameter at the
end of inflation. We adopt the standard values for g, at the
matter-radiation equality and the current matter density
parameter Q,, as g.(Te,) = 3.38 and Q4> = 0.143 with
the normalized Hubble constant h=H/(100km/s/Mpc),
respectively [82].

The left panel of Fig. 1 shows our numerical predictions
on ng, and r without the linear approximation of
tanh(®/yMp) in terms of the reheating temperature,
varying f (and y for a proper P;). In the large limit of
., which well satisfies a condition > 3 N2, one confirms
that predictions converge to the analytic formula (25).
Predictions with large f can be consistent with the

Planck 2018’s 20 constraints [8,83]. In particular, the
tensor-to-scalar ratio r ~ 0.005 is sizable enough for a
future test by CMB observations such as LiteBIRD [84]
and CMB-S4 [85,86]. One also finds, from the analytic
formula (25), the predicted sound speed ¢y~ 0.03 is
consistently large with the 2¢ allowed value ¢, > 0.021
[83] from the non-Gaussianity on CMB, but characteristi-
cally small enough to be tested by, e.g., future galaxy
observations [87].

V. REHEATING AND
GRAVITATIONAL WAVES

As can be seen in the left panel of Fig. 1, the lower
reheating temperature makes the (g, r) prediction more
consistent with the CMB observations. As a possible
reheating scenario in the kination phase, the so-called
gravitational reheating [90,91] has been widely discussed,
in which a part of the inflaton’s energy is transferred into
the radiation through the sudden change of the Universe’s
expansion law between the inflation and kination eras.
Contrary to the ordinary reheating scenario [92], the
inflaton need not completely decay into the radiation
because the inflaton’s energy decreases as p,, o a° ie.,

faster than radiational one p, « a~*. Thus the radiation can
dominate the Universe sooner or later. Consequently, the
reheating temperature tends to be low in this scenario, and it
is roughly given by Tg ~ H?/Mp, (see, e.g., Ref. [93]). In
our model, it corresponds with T ~ 10° GeV and we treat
it as a fiducial value, though we keep allowing lower or
higher reheating temperatures as a free parameter because it
may depend on what kind of particles were produced and
also how the transition from the inflationary phase to the

L101303-5
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kination proceeds [80,94]. It also includes the other
possibilities of reheating mechanisms [95].°

The reheating temperature could be revealed by the
stochastic gravitational waves [96]. Some random gravi-
tational waves are produced as tensor perturbations on
superhorizon scales during inflation as well as scalar
perturbations. After their horizon reentry, they behave as
freely propagating radiation, and their relative energy
density compared to the background inflaton can then
grow as pgw/p, a® during the kination era. Therefore,
for a lower reheating temperature or a longer kination
phase, our inflation model predicts a larger stochastic
gravitational wave amplitude [95,97-102]. In the right
panel of Fig. 1, we show the prediction on the current
density parameter Qg in terms of Ty as well as sensitivity
prospects of DECIGO [103,104] and Einstein Telescope
projects [105]. We also note that the gravitational wave
amplitude is constrained from above not to spoil the
successful big bang nucleosynthesis (BBN) [88,106],
whose bound is exhibited by the red dotted line. One
finds, for 10° GeV < Ty < 10° GeV, the predicted gravi-
tational waves can evade the BBN constraint and can be
tested by DECIGO.

VI. CONCLUSIONS

In this paper, we investigated a minimal realization of
slow-roll k-inflation (14) that arose from the Lagrangian up

Our inflaton is a pseudo Nambu-Goldstone boson of the
SO(1,1) symmetry, so basically it only has derivative couplings to
matter fields. The efficiency of reheating is hence expected not to
be large anyway.

to quadratic kinetic terms with the slightly broken global
SO(1,1) symmetry in the conformal metric-affine geometry.
The left panel of Fig. 1 shows the numerical predictions of
the spectral index ng and the tensor-to-scalar ratio r with
varying the coefficient . We found that the observational
predictions on the spectral index ng, the tensor-to-scalar
ratio r, and the sound speed ¢, converge in the large f limit
[i.e.,, K(®)~68®D/(y?Mp) as shown in Eq. (23)] and
become consistent with current observational data, particu-
larly for lower reheating temperature. The intriguing aspect
of our model is its testability by the forthcoming advance-
ment of cosmological observations. The predicted tensor-
to-scalar ratio » ~ 0.005 is sizable enough to be checked by
future CMB observation plans such as LiteBIRD [84] and
CMB-S4 [85,86]. In addition to the tensor-to-scalar ratio,
the relatively small sound speed ¢, ~0.03 will leave a
characteristic non-Gaussianity on primordial perturbations,
which is particularly beneficial to distinguish among infla-
tionary models. The detailed study on the non-Gaussianity
by using galaxies [87] can potentially test our model as
constraints on the sound speed get tighter. Furthermore, our
model has also a prospect to be tested by future space-based
gravitational wave detectors represented by DECIGO as
depicted in the right panel of Fig. 1 since the kination epoch
intensifies the amplitude of stochastic gravitational waves
at high frequency.
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