PHYSICAL REVIEW D 103, 128501 (2021)

Comment on “Massive electrodynamics and the magnetic monopoles”

Michael Dunia,” Timothy J. Evans,” and Douglas Singleton

P

Department of Physics, California State University Fresno, Fresno, California 93740-8031, USA

® (Received 28 August 2020; accepted 28 April 2021; published 25 June 2021)

In this paper we correct previous work on magnetic charge plus a photon mass. We show that contrary to
previous claims this system has a very simple, closed form solution which is the Dirac string potential
multiplied by a exponential decaying part. Interesting features of this solution are discussed, namely, (i) the
Dirac string becomes a real feature of the solution, (ii) the breaking of gauge symmetry via the photon mass
leads to a breaking of the rotational symmetry of the monopole’s magnetic field, (iii) the Dirac quantization

condition is potentially altered.
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I. MAXWELL’S EQUATIONS WITH MAGNETIC
CHARGE AND PHOTON MASS

Two common extensions of electrodynamics are to add a
magnetic charge or a photon mass into Maxwell’s equa-
tions. The former extension was considered by Dirac [1,2]
through the introduction of a singular 3-vector potential,
which led to quantization conditions between electric and
magnetic charge. The latter extension was proposed by
Proca [3]. Reference [4] considers both extensions together.
The aim of this work is to correct the analysis presented in
Ref. [4] and remark on some of the unusual features that
arise from the simple solution to this system that we
find here.

Maxwell’s equations with both magnetic charge and
photon mass can be written in 4-vector forms as [4]

0,F" + m2Ar = 4n )t (1)

0,FH = 4ﬂJ’(’m), (2)
where J’(‘e) = (p..J.) and J’;m) = (pm»Jm) are the electric
and magnetic 4-vector currents. The field strength tensor
and its dual are defined via the 4-vector potential A# =
(p,A) as F* =9FlAY — "A* and FHM = %e"”“/’Faﬁ.
Finally, m2AH* is the Proca photon mass term, with m
being the photon mass. In general, due to symmetry, the
divergence of the dual field strength tensor is zero
0,F" = 0. Below we will discuss in what sense one

can have a magnetic charge source term in the right-hand
side of (2).
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We use Gaussian units and set ¢ = 1. Since we are using
Gaussian units, we mostly use the 2nd edition of Ref. [5] since
this also uses Gaussian units.
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Following Ref. [4] we carry out our analysis of this
system in 3-vector form. Writing out the 4-vector form of
Maxwell’s equations from (1) and (2) in 3-vector notation
we have

V-E +m’¢p = 4np,, (3)
VXB—%—}f+m2A:4ﬂJ€, 4)
V.-B=4np,, (5)

OB

We start with the system of a magnetic charge, g, in the
presence of a nonzero photon mass, m. The magnetic
charge density is p,, = g&>(r). We first assume there is no
electric charge (later we will consider both electric and
magnetic charge together) we have p, = 0 and J, = 0. We
fix the magnetic charge to be at rest so J,, = 0. For this
setup the fields are time independent, O,E = 9,B = 0.
Since p, = 0 the scalar potential is zero, ¢ = 0, which
implies a zero electric field E = 0. Using all these con-
ditions the Egs. (3), (4), (5), and 6 reduce to

Vx B+ m?A =0, (7)
V.B =dnp,, = 4ngs*(r). (8)

We first review the solution to (7) and (8) for the massless
case when m = 0. In this case Eq. (8) is solved by the Dirac

string potentials Af)(r, 0) = ¢ (£=¢50)5 The unit vector
1

in the ¢ direction can be expanded as ¢ = 542 x I with
F =T being the unit vector in the radial direction. This
vector potential is valid everywhere except at r = 0 and

along @ = = or 8 = 0 for the + and — signs, respectively.
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It is also possible (and useful) to write the Dirac string

AL (p2) =
/%(jzl - \//’TZ> ¢, where the relationship of the p and z

potential in cylindrical coordinates as

cylindrical coordinates to the spherical polar coordinates is
given via p = rsin@ and z = rcos 6

Recent work [6-8] has emphasized the presence of an
explicit string piece to the magnetic field, in addition to the
Coulomb part of the magnetic field. In Ref. [8] a regular-
ized version of the Dirac string potential in cylindrical
coordinates was considered:

0 98 —¢ z .
A =P (- e ©

In (9) ©(x) is the step function which equals 1 when the
argument is positive and equals 0 when the argument is
negative, and € is an infinitesimal quantity which is taken to
zero at the end. Taking the curl of (9) and taking the limit
€ — 0 at the end yields [8]

B —11mVxAi€ =93 :I:47rg§( )8(y)O(F 2)2. (10)

Usually, only the first, Coulombic term, g% is written
down, but a careful analysis (see Refs. [6,7] and also
Ref. [8] for a recent, pedagogical, and thorough exposition)
shows the existence of the second, string term, which is
required to make sure that the divergence of a curl is zero.
In detail one can see that V - (g —) = 476> (r) and also that
V. (:|:4ﬂg¢3(x) (y)O(F 2)2) = —4xg5°(r), so that in total
V.-BO = hme_mV (V x Aie)) = 0. Thus it is only the
first term in BO (e., fz) that gives the o- function
magnetic point source. The second term in B [ie.,

+4795(x)6(y)O(F z)Z)] does not have a zero curl
but rather gives V x B = 4+47¢0(F z)[6(x)d (v)%—
& (x)8(y)y], where the primes indicate differentiation with
|

respect to the argument, x or y. Thus V x B© #£0 in
apparent violation of (7) with m = 0, but this nonzero curl
for B represents an effective current density associated with
the Dirac string. By imposing the Dirac quantization
condition of gg = n the string is made “invisible” for
the most part. Usually the effect of the string on the
divergence and curl of B(? is not discussed in detail. The
recent works [7,8] have pointed out these subtle issues
connected with the Dirac string.

We now move on to the massive case when m # 0 in (7).
Reference [4] gave a complex, not analytic form for the
solution to Egs. (7) and (8). Here we show that the proposed
solution of Ref. [4] is not correct; that in fact these
equations have a simple, closed form solution which is
simply the Dirac string potential multiplied by a Yukawa
factor e™™". This mirrors the Yukawa potential for electric
charge which is just a Coulomb scalar potential multiplied
by e,

Our ¢ guess at a solution to equations (7) and (8) is
to take Ai_L and multiply it by e™" giving [9]

Zmra (0 e (+1 —cos@
Ar = AP (r) =g . ( o )(ﬂ- (11)

To obtain the magnetic field from (11) requires that we take
the curl of the vector potential in (11). This takes some care
due to the singularity along the 4z axis. Following
Appendix D of Ref. [8] we convert the vector potential
in (11) into cylindrical coordinates and regularize it via an
infinitesimal € to give

9O(p—¢

><i1_z
p \/p2+Z2+€2

A= )e Ve,
(12)

In the end we will take € — 0. The magnetic field coming
from (12) is B = V x (AL.(r)) which yields

B, — eV ey « [—99(” —e) <i1 . S > ]
p

Q@
\/pz-i—zz-l-ez

F V(e {@ (ﬂ —;)} (13)

74
VPP +é

The first line of (13) is simply the result given in Appendix D of Ref. [8] multiplied by a Yukawa exponential term. After
taking the curl of the first line in (13), taking the limit ¢ — 0 and converting back to spherical polar coordinates the first line

becomes g~

converting back to spherical polar coordinates, is mg<—
gives the total B field as

“f + 4wge " 5(x)5(y)O(F z)2. The term in the second line of (13), again after taking the limit ¢ — 0 and

ilqmcgsg]H with § = — 15 (2 — cos OF). Combining this result

0
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e~ (A {:I:l —cosd
B, =g t4mr|————

2 sin @

}9) + 4rge"15(x)6(y)O(F 2)z

™

72

e mr (A {il —cosé
=g r+ mr

sin @

The # and & components in B_. come simply taking the curl
of (11) naively, while the last, Z term is the contribution of
the string and arises from the regularization procedure of
Appendix D of Ref. [8]. In the second line of (14) we have

used 8(x)8(y) =52

to convert the string part of the
magnetic field into cylindrical coordinates. For this last
term we have used e™""8(x)d(y) — e~"<5(x)5(y) through
the action of the two d-functions. It is straightforward to see
that (11) and (14) are exact solutions to the two magnetic
equations (7) and (8) if the +4zge™"1l5(x)8(y)O(F 2)2
piece of the magnetic field is neglected.

Next we want to verify the V-B, = 0. Due to the
singularities in B from (14) it is easier to do this via the
integral form of the divergence theorem (i.e.,
JV-B.d’x = [B. -da=0) rather than directly calcu-
lating V - B_.. Taking our surface to be a sphere of radius R
the surface integral of the first term in (14) is

e~mr e—mR
/g 3 lA"a'a:g/ 7 £ PR?dQ = 47ge "k,
r

(15)

where the integration of the solid angle is [ dQ = 4x. The
second term in (14) gives zero since 0-dacx0-F=0.
Next we look at the string contribution, i.e., the last term in
(14). Let us look at the case when the string is along the -z
axis for which the string part of the magnetic field in (14) is

+2ge~"Fl5(p)
— C)
sphere along the negative z axis at z = —R and due to the

5(p) part we only need to worry about a small area patch,
7(Ap)?, located at z = —R and parallel to the xy plane so
that da ~ —Zpdpdp. Since the normal to the sphere is in the
t direction along the negative z axis one has f = —Z at this
location. With this background the surface integral of the
string part of the magnetic field along the negative z axis,
B,,is

/ 20¢500) o

p
A 2z §
= de‘mR/ p/ ﬂi - (=Zpdpdey)
0 0 P

mR

(—z)Z. This magnetic field will puncture the

-da

= —4nge” (16)

Combining (15) and (16) shows that [B, -da =0
which by the divergence theorem gives f V-B dx=0

O(F z)z.

) | 29¢7"15(p) (14)

P

|
and thus implies V-B, = 0. When the string term is
neglected one has V- (B, — Byy,,) = 4798 (r), ie., a
magnetic monopole. The same type of calculation carries
through similarly for the case when the string is along the
positive z axis, ie., for —4zge "FI5(x)5(y)@(+2)z =

el A

~ ) @ (1),
Next we move to the curl of the magnetic field which is

e ™ (+1 —cosl
Vx B, =—-m? 7
X B g r ( sin @ )(p

+ 4790 (F z)e"H[5(x)8 ()& — &' (x)5(y)3]
— e (:I:l — cos 9)@

r sin @
& R
(p)} o
P

L 200(F 2)e [‘52—”) - (17)

In the second line we have written the string contribution in
cylindrical coordinates. Combining the first ¢ term in (17)
with A, from (11) multiplied by m? we see that these terms
cancel and thus (7) is satisfied, except for the string term.
As in the massless case, we are left with the current density
of the string

Joring = £gO(F 2)e™"FI[5(x)8 ()% = & (x)5(»)3]

o) _s),

_ .9 —mlz| [O\P)
i2”®(:|: 7)e [ e g (18)

This current density is generally not discussed directly,
with the exception of works like Refs. [6-8].

There are two points worth commenting on in relation to
the above closed form Yukawa-Dirac string solution:

1. The potential for a magnetic charge with a massive
photon is obtained in exactly the same way as in the
case of electric charge where one takes the Coulomb
potential, ¢ = %, and multiplies it by e~ to obtain
the Yukawa potential, ¢ = g <.

2. The string singularity along the negative/positive

(0)

axis of A}, for the massless photon case, is a gauge

artifact, since A(f) and A are related by a gauge
transformation. For the massive case A, and A_ are
no longer related to one another by a gauge trans-
formation.
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Point number 2 has major consequences for the Dirac
quantization condition [1,2] between a magnetic charge g
and electric charge g which is

h

q9=nz. (19)
One way of arriving at the condition in (19) is by requiring
that the Aharonov-Bohm (AB) phase [10] associated with a
charge g moving in the background vector potential A(io) be
undetectable, i.e., that the AB phase be some integer
multiple of 2z [8,11]. However, now the string singularity
is not only a feature of the 3-vector potential, but is also a
feature of the magnetic field. Thus one cannot require that
the effect of the AB phase vanish, since now one has a
physical string/solenoid.

There is another way of obtaining the quantization
condition of (19)—the fiber bundle approach of Wu and
Yang [12] where one defines the vector potential in a way
that it is nonsingular in the region that it covers, e.g., the
vector potential is defined as A<+0) over the northern
hemisphere (0 < @ <7/2) and A over the southern
hemisphere (7/2 < 6 < x). The two vector potentials are

related by the gauge transformation A(®) = A(f) -V(1)
with 4 = 2g@. This implies that the wave functions over
these two hemispheres are related by ¥, = ¢¥W_ —
¥, = ¢%497¥_. Since the wave function must be single
value as ¢ — 2z this means the phase should be some
integer multiple of 2z, i.e., 4nqgg = 22n which immediately
yields the quantization condition from (19). This Wu-Yang
fiber bundle approach also fails in the case of a massive

photon since, unlike A(f) and A the Yukawa-Dirac
vector potentials, A | and A_ from (11), are not related by a
gauge transformation.

II. MODIFIED DIRAC
QUANTIZATION CONDITION

One of the most interesting outcomes of Dirac’s formu-
lation of magnetic charge in terms of the string potential,

A?, is the existence of a quantization condition between
electric and magnetic charges given in (19) for the massless
photon case. As shown in the preceding section, when the
photon is massive the Dirac quantization condition (19),
cannot be obtained using the method of hiding the AB phase
associated with the Dirac string or the Wu-Yang fiber bundle
method. There is a third approach to the Dirac quantization
condition [13—15] which involves requiring the quantization
of the field angular momentum between a magnetic charge
+¢g and an electric charge +¢. This method might work. In
the massless photon case the field angular momentum of an
electric charge-magnetic charge system is [5]

o _ 1

LY o | TX (ExB)dx=—qgR.  (20)

where R is the unit vector from the magnetic charge to the
electric charge. We have reserved the relative locations of the
magnetic and electric charges from that used in Ref. [5] since
we place the magnetic charge at the origin (this is because in
the massive photon case the magnetic field is more complex
and thus the calculations are easier with the magnetic charge
at the origin). Requiring that the magnitude of the angular

momentum, Lg\),[, be some integer multiple of % immediately

gives (19).

The field angular momentum method of obtaining (19)
has been used to study the Dirac quantization condition in
the case of a massive photon [4]. In addition to Ref. [4]
there are a host of other works [16-20] which look at the
quantization condition when the photon is massive. These
works come to different and contradictory conclusions, and
in fact as noted in Ref. [19] sometimes the same author
came to differing conclusions about the possibility of the
viability of the Dirac quantization condition in the presence
of a photon mass (compare the conclusions of Refs. [19,20]
on this point). One of the reasons for this is that the string
potential and associated magnetic field have, up until now,
been incorrectly given. In the section above we have
corrected this problem and given the correct string potential
(11) and magnetic field (14). We can use the corrected
potential and field to investigate the question of what
happens to the Dirac quantization condition when the
photon is massive.

With a massive photon the electric charge-magnetic
charge system still carries a field angular momentum,
but with some changes. First, the momentum density
(the time-space component of the energy-momentum
tensor, T%) is altered. For the massless photon case
T% = (E x B), while for the massive photon case 7% =
(E x B)' + m?¢A’ (see chapter 12 of Jackson’s 3rd edition
[21], in particular problem 12.16). Thus the angular
momentum  density  becomes - (rx (E x By)+

m?¢r x A.). To take account of the electric field and
potential of the electric charge ¢ we again assume that the
charges are fixed so that p, = ¢&°(r — R) and p,, = g&°(r),
where R is the location of ¢ and we have assumed the
magnetic charge is at the origin. Since the charges are at rest
the current densities are zero J, = J,, = 0. This implies the
fields are time independent, O,E = 0,B = 0. Thus Egs. (7)
and (8) for B and A are supplemented by V - E + m?¢ =
4rp, = 47q5°(r —R) and Vx E =0 for E and ¢. The
solution to these two additional equations is

—mr’ -mr'

E=-V¢=¢q(1 +mr’)erf2

P.(21)

where for convenience we have defined r’ = r — R. Note
that ¢ is of the usual Yukawa form.

We have not been able to work out the general case of the
field angular momentum with a massive photon, since the
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presence of the physical string greatly complicates the
calculation. There are two special cases where the field
angular momentum can be worked out exactly: (i) when the
electric charge and magnetic charge are both at the origin;
(i) when the displacement vector between the electric
charge and magnetic charge is lined up with the physical
Dirac string, e.g., if both the displacement vector between
the charges and the physical string lie along the z axis. In
this work we make this assumption simply for ease of
calculation (i.e., we have not been able to work out the
general case analytically). However, there may be some
argument to constrain the electric charge to be inside the
current density Jgyin,. To investigate this possibility one
would need to not put the various electric and magnetic
source terms in by hand, but would need to make them
dynamical by associating them with some field coupled to
the electromagnetic gauge field. We are investigating this
possibility, but finding such field interacting solutions is
difficult.

We begin with the first special case when both the
electric charge and magnetic charge are located at r =0
and we take the string to be along either the +z or —z axis.
Using the fields and potentials from (21), (14), and (11) the
field angular momentum density is

1
E(rx (E x B.) +m?prx A,)

= —qg—m(l + 2mr)
47 r

e 2 [+1 — cos O] A
0. (22
2 { sin @ } (22)

Recalling that & = cos 6 cos pX + cos §sin g§ — sin 62 the
dg integration of the volume integral of r x (E x B) +
m?¢p,r x A, will give zero for the %, § components and 27
for the z. Performing the dr and dO integrals (we change
df — dx via the substitution x = cos 6) gives

1
E/ (rx (E x By) +m?¢r x A, )d’x

) 1
= % (1+ 2mr)e‘2m’dr/ (£1 — x)dxz
0 -1

= +qgi. (23)

On the surface this result is exactly the same as in the
massless photon case. However, in the usual massless
photon case if the electric and magnetic charge are both
placed at r =0 one gets zero field angular momentum
when the charges are placed at the same location. First, for
the radial parts of the electric and magnetic fields one has
E"” x B «# x # = 0 which gives rx (E” x BY)) =
0. Second, there is also a contribution from the radial
electric field and the string part of the magnetic field as
given by the +47¢6(x)5(y)O(F z)Z in (10). In this case the
radial part of the electric field and this string piece give

E\Y x BY) ., o 6(x)3(y)E x 2 = —6(x)5(y) sin 6, where

we have used the fact that 2 = #cos@ — fsind, £ x £ =0
and # x @ = {. Finally, using all this one finds that rx
EY xBY ) o —8(x)8(y) sin 6F x ¢ = 5(x)8(y) sin 6.

+string

Since sin 6 = —szrﬂ, then the two delta functions, 6(x)5(y)
will make sin@ — 0 and thus the entire integrand and
integral go to zero. Thus the string piece of the magnetic
field will not contribute to the field angular momentum if
the electric charge sits on the same axis at the string.

Returning now to the massive photon case for the special
case when both the electric charge and magnetic charge are
at the origin, we see that the field angular momentum in
(23) comes from the vector potential piece m*¢r x A, and
from the & part of the magnetic field in r x (E x B,.). This
field angular momentum in (23) points along +2 if the
singularity is along the —z axis, and points along —2 if the
singularity is along the +z axis. In this special case one
recovers the standard quantization condition of (19) in
agreement with Refs. [17-19] and in disagreement with
Refs. [4,16,20].

We now move to the second special case—having the
string direction align with the displacement between the
charges. We will take the magnetic charge to be located at
r = 0 and we will first consider the case when the physical
string lies along the —z axis, i.e., we willuse the B, and A ,
fields from (14) and (11) respectively. The magnetic charge
is placed at the origin since it is the more complicated field.
Next we place the electric charge on the +z axis a distance
R from the origin so that its position is given by +RZ. For
—R1 the string will run through the charge ¢, while for +RZ
the charge g will be located outside the string. The electric
potential and electric field for g for these locations is given
by (21) with ¥’ = r F RZ depending if the electric charge is
at +RZ or —RZ. The magnitude of the position vector from
the electric charge is r' = \/ r> + R?> F 2rRcos 0. We
present the details of the calculation of the field angular
momentum in the Appendix. The summary of these
calculations from the Appendix is

(i) String along —z axis, electric charge at r =

—RZ: Ly = LB + LA = 2qge*2

(ii) String along —z axis, electric charge at r =
+R%: Ly = LI+ LA =0

(ii1) String along 4z axis, electric charge at r =
—R2: Ly = L + Liy" =0

(iv) String along -z axis, electric charge at r =
+R2: Lgy = LI + Lt = —2qge 2

The usual result for the field angular momentum in the
case of a massless photon is given in (20) as Lg\),[ = qgR.
The results above—minus the factor e™R—seem to
indicate either twice this value [for cases (i) and (iv)] or
0 [for cases (ii) and (iii)]. Cases (i) and (iv) may be
understood as the addition of the point and string
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contributions to give twice the result of the massless case,
2qg, with a multiplicative e”® factor to account for the
photon mass. Cases (ii) and (iii) may be understood as a
cancellation of the point and string contributions. Note that
in the above summary of the results for Lgy; we have
included the contribution of the magnetic field coming
from the point/Yukawa part, the vector potential part and

the 6 component, but we have apparently neglected the
contribution coming from the string part of the magnetic
field [e.g., the Z term in (14)]. As explained in the Appendix
the contribution from the string part of the magnetic field
vanishes when the electric charge sits on the same axis as
the string.

If we now apply the requirement that Ly, from above
must be some integer multiple of #/2 we would get
conditions from cases (i) and (iv) like

2gge™"k = ng. (24)
This quantization condition involves not only the charges,
g, g, but also involves mass and position, m and R. To
check more carefully whether the heuristic arguments
leading to (24) are correct, one should calculate the
commutators of the total angular momentum operators2
to see if these work out and, if so, under what conditions.
The calculation of the commutators for the total angular
momentum (particle angular momentum plus field angular
momentum) of the electric charge-magnetic charge system
for the massless photon case was carried out in Refs.
[22-24]. If the particle carrying either the electric charge or
the magnetic charge has an intrinsic spin then this should be
included in the total angular momentum as L =
L pin + Lot + Ligiera- It is this L, which should satisfy
the angular momentum commutation relationship.

A system with a field angular momentum that is closer to
the present case of electric charge-magnetic charge plus
photon mass is the field angular momentum of an electric
charge, g, plus a magnetic dipole, m, with a massless
photon. Such a system of electric charge-magnetic dipole
was investigated in Ref. [25] as a way of addressing the
nucleon-spin puzzle. In Ref. [26] it was shown that the total
angular momentum of the electric charge-magnetic dipole
system exactly satisfied the standard commutator for
angular momentum. We are currently studying the general
case of the field angular momentum of the electric charge-
magnetic charge system with a massive photon and the
viability (or not) of the Dirac quantization condition. One
similarity between the electric-charge magnetic dipole
system with the electric-charge magnetic-charge plus
massive photon system is that both have a special direc-
tion—in the first case it is the direction of the magnetic

*One should check that [L;L;]= ihe; Ly where

. & j
__ 7 particle field
L; = LY 4 Lfild,

dipole, m, and in the second case it is the direction of the
magnetic string.

III. SUMMARY AND CONCLUSION

In this work we have given the Dirac string potential and
magnetic field, Egs. (11) and (14), for a electromagnetism
with a magnetic charge plus massive photon. This corrects
the previous results for this system given in Ref. [4]. The
vector potential in (11) is similar to what occurs for the
Yukawa scalar potential for electric charge given in (21)—
one takes the m = (0 potential (either Coulomb scalar
potential or Dirac string potential) and multiplies it by
the Yukawa factor e™”’. This was shown by explicit
calculations using the Maxwell equations with magnetic
charge and photon mass given by (3), (4), (5), and (6).

Combining photon mass and magnetic charge turned the
Dirac string from a gauge artifact into a real, physical string,
and spoiled the spherical symmetry of the magnetic field
associated with the magnetic charge due to the addition of the
6 dependentstring partin (14). Thus adding a photon mass not
only spoils the gauge symmetry but also spoils the radial
symmetry of the magnetic field. This connection between
gauge and spatial symmetries warrants further investigation.

In Sec. II we investigated the fate of the Dirac quantiza-
tion condition in the presence of a photon mass. Since the
string singularity went from a gauge artifact, in the
massless photon case, to a real, physical feature in the
massive photon case, the approach to the Dirac quantiza-
tion condition which required the vanishing of the
Aharonov-Bohm phase of the string [11] no longer worked.
Also the fiber bundle approach [12] to the Dirac quantiza-
tion condition was no longer viable. However the method
of obtaining the Dirac quantization condition through the
quantization of the field angular momentum of the electric
charge—magnetic charge system [13—15] still gave a poten-
tial path toward finding some form of the Dirac quantiza-
tion condition when m # 0. We were not able to obtain a
closed form expression for Ly, in the general case, but we
were able to investigate two special cases: (i) when the
electric charge and magnetic charge were at the same
location and (ii) when the displacement vector between the
charges was aligned along the direction of the string. In the
first case we did recover the original Dirac quantization
condition (19), and in the second case we obtained a
modified variant of the Dirac condition given in Eq. (24)
which involved both m and R. We are currently working on
using the correct vector potential and magnetic fields from
(11) and (14) to perform an analysis similar to Refs. [22—
24] by looking at how the commutation relationship for the
full angular momenta, (i.e., [L;, L;] = ihe;; L) plays out
for a massive photon; to see if this is possible or not, and if
so what kind of condition needs to be imposed on the
electric charges, magnetic charges, and potentially the
photon mass and displacement between the charges.
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In this work we have also included the magnetic field and
current density source connected with the Dirac string—see
Egs. (14) and (17). These fields and sources for the Dirac
string are not generally emphasized, but recent works [6—8]
have pointed out the subtle, but crucial importance of these
quantities. In particular one may ask about the nature
of the source of the effective string current in (17),
Jsuing = £9O(F 2)[6(x)'(v)& — &'(x)5(y)§].  Note  that
this current density has a rotational character and thus
might be expected to contribute to the angular momentum
of the system. Within the context of the present work we
can not address this question since we have put the sources
in by hand, e.g., we had taken the magnetic point source to
have the form p,, = ¢&°(r) without saying what fields give
rise to this source. To properly and consistently take into
account the sources, we should include an additional field
interacting with the gauge field in the manner of the
t'Hooft-Polyakov monopole [27,28] or the Prasad-
Sommerfield solution [29]. We are currently looking into
this possibility of modeling the inserted-by-hand magnetic
sources with field sources.

APPENDIX: FIELD ANGULAR MOMENTUM FOR
DISPLACED ELECTRIC CHARGE

In this Appendix we present the details of the calculation
of the field angular momentum in the special case where the
magnetic charge and electric charge are at different points,
but with the displacement vector between the charges
aligned with physical string. We start with the magnetic
field and vector potential with the string along the —z axis
given by (14) and (11) as

e [ 1 —cos@| .
B+:g r2 <r+mr{W]9>,

e ™ (1 —cos@
A, = — .
+=9 < sinf )(,0

(A1)

We take the electric field and potential for a charge located
on the z axis at —R (inside the string) given by

e—mr/ —mr’
E:q(1+mr’)(/)3r’; b=q—,

r r

(A2)

where ¥ =1+ RZ and ¥ = V> + R? +2rRcosf. The
case when the charge sits at +RZ (outside the string) has a
parallel calculation but with the changes r' = r — RZ and

¥ =12+ R*—2rRcosf. We find that for the former
case the field angular momentum of the string part adds to
that of the point part, while in the latter case the string part
cancels that of the point part. In the next two subsections
we calculate the contribution to the field angular momen-
tum of the point part and string part of the fields in (A1)
and (A2).

1. Point part

Here we calculate the point-part contribution to the field
angular momentum density from the radial part of the
magnetic field BP*™ = g5 t. The double cross product

from rx (E x B‘f'm) works out as rx (I xf)=

Rsinfr x ¢ = —rRsin 60. The field angular momentum
for this point part is now

_Rqg [sin0(1+mr')e —mr’ _mr@’d3x

Lpomt

EM 4y rr’3 (A3)

We can perform the integration over dg since the only ¢
dependence is in 6. This yields o Odp = 27 sin 7.
Collecting terms and making the standard change of
variables x = cos @ we obtain

R 1_ 1 —mr —mr
E(l)\znt_ qg / / —|—mr) dxr d

(A4)

Using Mathematica the dx integration yields (taking into

account ¥ = Vr? + R> + 2rRx)

i

e~ nr
Lpomt q9 A/
R2 0 r2

+e R (1 4+ m?rR+m(r +R)))dr.

(e7™=Rl(=14-m?*rR—m|r—R)|)
(AS)

Due to the presence of the |r — R| term, the dr integration
has to be broken up into the range 0 <r <R (when
|r—R|=R-r)and R <r < oo (when |[r—R| =r—R).
Using Mathematica the dr integration yields

Lot _ 9967 e (1 4+ mR In(2mR
EM —z—Rz(_m + (1 +mR)(y +In(2mR))

+ e?™R(—1 4+ mR)Ei(—2mR))2. (A6)
In (A6) y =~ 0. 577216 is the Euler-Mascheroni constant and
=— [®e dt is the exponential integral function.

2. A and B? parts

Here we calculate the contribution to the field angular
momentum density from those parts of the vector potential
and magnetic field that are proportional to (:=25¢). From

(A1) one can see that there are two contributions: B? =

emr

gm < [1=es01) and A, = g (1=%59)). We will calcu-
late the latter term ﬁrst
The contributlon to the field angular momentum density
from A, is {4”— (rxA,). The cross product yields
Ex Q= —0. As previously the d¢ integration gives
37 0dp = —2zsin 0. Using ¢ and A, from (A2) and
(A1) respectively we find
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mqg
Liy ="3

I 1 —mr ,—mr’ 1—
/ Pdr / de,(x). (A7)
0 -1 r

We have made the change of variables x = cosd. Using
Mathematica to carry out the dx integration yields

49 o [ 5 —mr
LI]%M = 2WLR2ZA dre
x (—e™"I=RI(1 4+ m|r — R| — 2m*rR)

+ e R (1 + m(r + R))). (A8)

Due to the |r— R| term one again needs to split the dr
integration up into two ranges—0 < r < Rand R < r < o0.
Using Mathematica to do the dr integration yields

1
Ly = 1 qge™"R(1 + 2mR)2. (A9)

Now we move on to BY. We first compute the double
cross product rx (¥ x 0) =r x (r+ rcos ) = —r(r+
R cos 9)9 As before the only ¢ dependence comes from
® so we can perform the dg integration |& Odp =

—2xsin@z. Collecting terms and making the change of
variable x = cos @ we find

0 mqg
0

5 /1 dxe‘”"e""”(l —x()r(/)l3+ mr’)(r+ Rx) .

Carrying out the dx integration via Mathematica yields

" 2dr

(A10)

“mr=Rl[2m|r — R|

” ag . [* , e~ mr
Liy= oy 2Rzz/0 r=dr 3 (—e
+2+m?r(r—3R) £2mr’R|

+ e "R 2m(r +R) + 24+ m?r(r+R)]). (All)
The +2m3r’R term in the first line is for the case when
r < R and the —2m>7’R term in the first line is for the case
when r > R. As previously the dr integration has to be split
into » < R and r > R ranges. Using Mathematica the dr
integration of (A1l) gives

qge—mR

4m*R?
—4(1 + mR)(y +In(2mR))

— 4>™R(=1 + mR)Ei(-2mR))z.

L, = (mR(8 + TmR — 2m*R?)

(A12)

As before y is the Euler-Mascheroni constant and Ei(x) is
the exponential integral function. Adding together the two
parts from (A12) and (A9) gives the total string contribu-
tion from the case when the string is along the —z axis and
the electric charge is embedded in the string at r = —RZ as

A+B? _ 1 A B
LEM _LEM+LEM

—mR
:%(sz(l +mR) -

—e?"R(—1 + mR)Ei(-2mR))3.

(1+mR)(y+1In(2mR))
(A13)

3. Total field angular momentum

In this subsection we obtain the total field angular
momentum by combining the results from the previous
two subsections for the four different cases: (i) string along
the —z axis and electric charge located at r = —RZ;
(i1) string along the —z axis and electric charge located
at r = +RZ; (iii) string along the +z axis and electric
charge located at r = —RZ; (iv) string along the +z axis and
electric charge located at r = +RZ. Now in the above
calculations we have apparently not included the contri-
bution coming from the string part of the magnetic field
lie, the +dzge™5(x)5(y)O(F z)2 term in (14)].
However, it is straightforward to check that the field
angular momentum from this part of the magnetic field
is zero when the electric charge is on the same axis as the
string, as is the case when the photon is massless [see the
calculation after equation (23)].

Case (i) is the case that we explicitly calculated in the
above two subsections. Adding together the point part from
(A6) and string part from (A13) gives

Lpy = LIS L LASE — 24ge~mR3 (A14)

Case (iv) can be obtained from case (i) by simply
exchanging the positive and negative z axis. This switch
changes the signs of (A6) and (A13). Adding these sign

changed terms together the total field angular momentum

becomes Lpy = LR + LA — —2gge k3, ie., the

same magnitude but opposite dlrectlon from case (i).

Case (ii) requires that one repeat the calculations of the
above two subsections that lead to (A6), (A9), and (A12)
but with ¥ =r — RZ and #' = V/r> + R> — 2rR cos 6. We
do not give the details explicitly but the results are

Lpoint — qg

(2 R—(1+mR)(y +1n(2mR))
- esz(—l +mR)Ei(-2mR))Z,

mR’\

1
LA Z,
EM — 4qge

—mR
L, :%(—mR(S +mR)+4(1+mR)(y+In(2mR))

+4e?R(—1+mR)Ei(-2mR))z. (A15)

Adding up all the terms in (A15) gives
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Lgy = LR + Ly + LEy = 0. (A16)
In this case the different contributions to the field angular
momentum cancel.

Case (iii) can be obtained from case (ii) simply by
flipping the z axis around exchanging the positive and
negative z axis. This changes the overall sign in front of
each term in (A15). When adding these together one again
obtains the result that the field angular momentum is

oint 0
zero, Lgy = Ly + Ly + LEy = 0.

4. Limits and checks of the field
angular momentum results

We now want to check the above result, and come to a
physical understanding of the field angular momentum by
taking the m — 0 and/or R — 0 limits. In looking at the

expression for the point contribution, LIS [see (A6) and

(A15)], and the two string contributions, LStnng A and

LSmng B [see (A9), (A12), and (A15)] one sees that all of
these terms depend on mR. Thus the two limits m — 0 and
R — 0 are intertwined with one another. Defining the new
variable x = mR we can write the point contribution as

ppoint _ 4 99 B
EM —

(=2x + (1 +x)(y +1n(2x))

+ e¥ (=1 + x)Ei(-2x))2, (A17)
where the + sign is for (A6) and the — sign is for (A15).
Using Mathematica and taking x — 0 one finds

ML =+gg2  Limit x,m—0 but R#0.  (AI8)
One must be careful since the above limit only applies for
m — 0, but not R — 0. For R — 0 the vector direction of
both the electric and magnetic field are solely in the
direction. Thus limg_ EP™ x BP" o« § x # =0 and

L2 — 0. This is in agreement with the massless case
(0)

where Ly, = 0 when the electric and magnetic charges sit
on top of one another. In summary the limit in (A18) does
agree with the m =0 case if the electric charge and
magnetic charge are displaced from one another. When
R = 0 from the outset, going back to the beginning of the
calculation in the Appendix and using the fact that & x & =
0 leads to the consistent result LAy = 0.

Next we look at the contribution from the vector
potential for cases (i) and (ii) when the string is along
the —z axis. When the charge lies at —RZ equation (A9)
gives Ly, = 1qge™(1 + 2x)Z; when the charge lies at
+R2 equation (A15) gives L, = 4qge‘xi. In either case
(i) or (i) one finds that lim,_ L&, = ;ﬁqgi, i.e., this piece
of the field angular momentum is along the +z direction.
For cases (ii1) and (iv) when the string is placed along the

+z axis the limit x — 0 will simply have the opposite sign
from cases (i) and (ii). In summary

1
lir%LéM = izqgi Limit x,R—>0 but m#0,
X—

(A19)

with the + sign being for the string along the —z-axis and
the — sign being for the string along the +z axis. For x — 0
but m = 0 one finds L, = 0, since this term is missing
from the outset—see (A7).

Finally, we tackle the limit of the 6 part of the magnetic
field, Lg;,l. For cases (i) and (ii) [given in (A12) and (A15)]
taking the limit x -0 but m#0 one finds that

lim,_oLE# =2 ggZ. Running through cases (iii) and

Lpomt B

x—0
(iv) one finds that lim,_,
this contribution in the hm1t gives

qu Summarizing

1in(1)LSEt§4“g‘B =+7qg2  Limit x.R—0 but m#0.

(A20)

As with the contribution L, the + sign is for the string
along the —z axis and the — sign is for the string along the
+z axis. Forx = O but m =0 Lgi/l = 0 since this term is
missing from the outset—see (A10).

These limits confirm previous results. If m = 0 to begin
with and then L, = L&, = o while from (A18) L2 —
+¢gZ which agrees with L M = qu from (20). f R =0
but m#0 then LEW =0 while Ly = +1gg2 and
L& = +3gg2 from (A19) and (A20). Adding these
together gives L’é;,’lB = *£qgZ which agrees with the result
in (23). In this case all the field angular momentum comes
from the A and B parts.

Finally, these limits also support the four cases when the
electric charge is displaced from the magnetic charge, as
enumerated below equation (23). For case (i) both the point
and A plus BY contributions point in the +z direction and
have magnitudes gg so that the results add for the two parts
to give 2g g2 times an e~"® factor. For case (ii) one changes
the location of the electric charge which reverses the
direction of LEY" but not the direction of L, or L&,
so that now the point and A plus B? contributions cancel
giving Lgy = 0. Case (iii) is simply case (ii) but with both
the string and electric charge flipped along the z axis
relative to case (ii). Thus for case (iii) the string and point
charges again cancel giving Ly = 0. Finally, case (iv) is
the same as case (i) but with both the string and point
contributions flipped relative to the z axis. The string and
point charges again add giving Lgy = —2¢gZ times an
e~™R factor.

128501-9



DUNIA, EVANS, and SINGLETON

PHYS. REV. D 103, 128501 (2021)

[1] P. A. M. Dirac, Proc. R. Soc. A 133, 60 (1931).
[2] P. A. M. Dirac, Phys. Rev. 74, 817 (1948).
[3] A. Proca, J. Phys. Radium 7, 347 (1936).
[4] A. Yu. Ignatiev and G.C. Joshi, Phys. Rev. D 53, 984
(1996).
[5] J.D. Jackson, Classical Electrodynamics, 2nd ed. (John
Wiley & Sons, New York, 1975).
[6] Y. M. Shnir, Magnetic Monopoles (Springer, Berlin, 2005).
[7] T.C. Adorno, D.M. Gitman, and A.E. Shabad, Proc
Steklov Inst Math / Trudy Matematicheskogo instituta imeni
VA Steklova 309, 1 (2020).
[8] R. Heras, Contemp. Phys. 59, 331 (2018).
[9] T. Evans and D. Singleton, Int. J. Mod. Phys. A 33, 1850064
(2018).

[10] Y. Aharonov and D. Bohm, Phys. Rev. 115, 485 (1959).
[11] L. H. Ryder, Quantum Theory of Fields, 2nd ed. (Cam-
bridge University Press, Cambridge, England, 1996).

[12] T.T. Wu and C. N. Yang, Phys. Rev. D 12, 3845 (1975).
[13] M. N. Saha, Ind. J. Phys. 10, 145 (1936).
[14] M. N. Saha, Phys. Rev. 75, 1968 (1949).
[15] H. A. Wilson, Phys. Rev. 75, 309 (1949).

[16] A. Yu.Ignatiev and G. C. Joshi, Mod. Phys. Lett. A 11, 2735
(1996).

[17] C. Cafaro, S. Capozziello, Ch. Corda, and S. A. Ali, Adv.
High Energy Phys. 2007, 69835 (2007).

[18] M. S. Guimaraes, R. Rougemont, C. Wotzasek, and C. A. D.
Zarro, Phys. Lett. B 723, 422 (2013).

[19] A.S. Goldhaber and R. Heras, arXiv:1710.03321.

[20] A.S. Goldhaber and M. M. Nieto, Rev. Mod. Phys. 43, 277
(1971).

[21] J. D. Jackson, Classical Electrodynamics, 3rd ed. (John
Wiley & Sons, New York, 1999).

[22] M. Fierz, Helv. Phys. Acta 17, 27 (1944).

[23] H.J. Lipkin, W. I. Weisberger, and M. Peshkin, Ann. Phys.
(N.Y.) 53, 203 (1969).

[24] C.N. Yang, Ann. N.Y. Acad. Sci. 294, 86 (1977).

[25] D. Singleton, Phys. Lett. B 427, 155 (1998).

[26] D. Singleton, Am. J. Phys. 66, 697 (1998).

[27] G.’t Hooft, Nucl. Phys. B79, 276 (1974).

[28] A.M. Polyakov, JETP Lett. 20, 194 (1974).

[29] M. K. Prasad and C. M. Sommerfield, Phys. Rev. Lett. 35,
760 (1975).

128501-10


https://doi.org/10.1103/PhysRev.74.817
https://doi.org/10.1051/jphysrad:0193600708034700
https://doi.org/10.1103/PhysRevD.53.984
https://doi.org/10.1103/PhysRevD.53.984
https://doi.org/10.4213/tm4150
https://doi.org/10.4213/tm4150
https://doi.org/10.4213/tm4150
https://doi.org/10.1080/00107514.2018.1527974
https://doi.org/10.1142/S0217751X18500641
https://doi.org/10.1142/S0217751X18500641
https://doi.org/10.1103/PhysRev.115.485
https://doi.org/10.1103/PhysRevD.12.3845
https://doi.org/10.1103/PhysRev.75.1968
https://doi.org/10.1103/PhysRev.75.309
https://doi.org/10.1142/S0217732396002733
https://doi.org/10.1142/S0217732396002733
https://doi.org/10.1155/2007/69835
https://doi.org/10.1155/2007/69835
https://doi.org/10.1016/j.physletb.2013.05.032
https://arXiv.org/abs/1710.03321
https://doi.org/10.1103/RevModPhys.43.277
https://doi.org/10.1103/RevModPhys.43.277
https://doi.org/10.1016/0003-4916(69)90279-6
https://doi.org/10.1016/0003-4916(69)90279-6
https://doi.org/10.1111/j.1749-6632.1977.tb26477.x
https://doi.org/10.1016/S0370-2693(98)00328-1
https://doi.org/10.1119/1.18935
https://doi.org/10.1016/0550-3213(74)90486-6
https://doi.org/10.1103/PhysRevLett.35.760
https://doi.org/10.1103/PhysRevLett.35.760

