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String theory on AdS; with NS-NS fluxes admits a solvable irrelevant deformation which is close to the
TT deformation of the dual conformal field theory (CFT,). This consists of deforming the world sheet
action, namely the action of the SL(2, R) Wess-Zumino-Witten model, by adding to it the operator J -J,
constructed with two Kac-Moody currents. The geometrical interpretation of the resulting theory is that of
strings on a conformally flat background that interpolate between anti—de Sitter (AdS;) in the IR and a flat
linear dilaton spacetime with its Hagedorn spectrum in the UV, having passed through a transition region of

positive curvature. Here, we study the properties of this string background both from the point of view of
the low-energy effective theory and of the world sheet CFT. We first study the geometrical properties of the
semiclassical geometry, then we revise the computation of correlation functions and of the spectrum of the

J=J~ deformed world sheet theory, and finally we discuss how to extend this type of current-current

deformation to other conformal models.

DOI: 10.1103/PhysRevD.103.126010

I. INTRODUCTION

In the context of AdS;/CFT, correspondence, it was
shown in [1] that certain type of TT-deformation of the
boundary dual conformal field theory (CFT,), which can be
regarded as a single trace version of the one originally
introduced in [2—4], gives rise in the bulk to a string theory
background that interpolates between anti—de Sitter (AdS;)
in the infrared limit and a flat linear dilaton background in
the ultraviolet. This construction was argued in [1] to
provide a family of holographic pairs, including a large
class of string theory vacua with asymptotically linear
dilaton. The solvable irrelevant deformation of AdS;/CFT,
correspondence studied in [1] was further studied in [5],
where in particular its spectrum was studied. It was
observed that this type of deformation leads in the ultra-
violet to a theory with Hagedorn spectrum. This has been
studied in [6-11] and references therein and thereof; see
also [12-14].

In [15,16], the correlation functions in the deformed
theory were studied, and it provided an alternative way of
studying the spectrum; the insertion of an operator that
realizes the deformation produces a logarithmic divergence
in the correlation functions, leading to the renormalization
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of the primary operators. This yields an anomalous dimen-
sion that can be computed explicitly. From this, one may
determine the spectrum of the theory from the world sheet
computation. The form of the correlation functions, on the
other hand, permits us to investigate the properties of the
dual theory [15].

The model studied in [1] was later investigated in many
different contexts. The entanglement entropy was first
studied in [17]; in [18,19] the theory was studied in
presence of boundaries and the JT analog of it has also
been studied [20-23]. Here, we study the properties of
this string background both from the point of view of
the low-energy effective theory and of the world sheet
CFT. In Sec. II, we study the geometrical properties of the
semiclassical geometry. We study the geometry as a
solution to the low-energy effective field theory, its
T-dual background, the main properties of this specific
deformation of AdS;, and the field probes in such an
spacetime. In Sec. IIl, we revise the computation of
correlation functions of [15,16] and how it provides a
direct way of studying the spectrum. Finally, in Sec. IV we
discuss how to extend this type of deformation to other
conformal models.

II. LOW ENERGY THEORY
A. Interpolating background

Let us start by considering the effective theory describing
the low-energy limit of bosonic string theory. This is given
by the field equations
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1 v
Ryp + 2V, V@ — ZH(’””HZ’ =0, (1)
V(e 2*H™) = 0, (2)

1
VeV, ® -2V, 0V 0 +2d + 5 Hy H =0, (3)

where H,,,, = 0,B,, is the field strengh associated to the
Kalb-Ramond B-field, and @ is the dilaton. These equa-

tions admit locally AdS; solutions [24],

2 fZ
ds® = — %dﬂ + 5 dr + e, (4)

provided the other backgrounds fields take the form

2r
O =D, H,,= 76//”//" (5)

The dilaton receives quantum (i.e., finite-«’) corrections.
Here, we will consider the convention o = 1, so that the
semiclassical limit corresponds to large k = £2/a’ = £>.

As (4) describes the universal covering of AdS;, we have
t € R. The radial coordinate is r € R, with the boundary
of the space being located at r — oo. If we take 0 to be
periodic with a period 27, the metric above corresponds to
that of the massless Bafiados-Teitelboim-Zanelli geometry
[25,26]. It will be convenient to consider coordinates r =
Ze? and x = £6. In these variables, the metric and the field
strength take the form

ds* = & (—di* + dx?) + 2dg?,
H/u//) = (’9LMB ] = 262(/)6‘/“//), (6)

vp
where we now consider the covering x € R. That is, the
nonvanishing component of the Kalb-Ramond field is
B,, = ¢* and grows when approaching the boundary
at ¢ - 0.

Now, let us consider a deformation of (6), given by

e

d? = — S
ST

(=dt? + dx*) + £*d¢?, (7)
with 4 being a real parameter. This metric solves the field

equations (1) for arbitrary A provided the Kalb-Ramond
field and the dilaton are given by

2%

th:lez(/)+17

1
(D:q)0—¢—§10g(/1+€_2¢), (8)
respectively. Near the boundary, the dilaton becomes linear
in ¢p. We are mostly interested in the case 1 > 0, as for
A < 0 the geometry exhibits a singularity at ¢ = —1log 4.

In terms of the double null coordinates u = (x + ¢)/# and
i = (x—1)/¢, the fields take the following form

*dudit

du A din
2 2342 _
ds= = ¢d¢ +,1+e_2¢’

C Ate ®)

This solution has recently attracted much attention
[1,5,8-11,15-23] as it appears as an exact string back-
ground that corresponds to a marginal deformation of the
world sheet theory on AdS; x N which is closely related to
the TT-deformation of the dual CFT.

Let us go back for a moment to the more familiar
coordinates r = £e?, namely

1"2 fz
- dP + 5 ar
e TRt

1”2

ds? = —_—
s 2L+ 2

dx*,  (10)

in which it becomes evident that the geometry interpolates
between AdS; and Minkowski space; while in the limit
r<t/ V2 one recovers the metric (4), in the limit r >
£/\/% one gets ds? = —di* + di* + d§? where T = t/\/4,
% =x/V4, § = £¢. The local isometry group of spacetime
(10) for arbitrary value of 1is ISO(1, 1) and is generated by
the Killing vectors d;, 0, and x0, + 10,. It gets enhanced
to the full SL(2,R) x SL(2,R) for A =0 and to ISO(2, 1)
in the limit A — oo

The interpolating geometry (9) has very interesting
properties. Apart from being fascinating in that it describes
the transition between AdS; and the type of linear dilaton
background that appears in little string theory, its geometry
(9) exhibits peculiar features; it admits a supersymmetric
embedding in type IIB SUGRA, since it appears in the
S-dual frame of the D1/D5 system [27]. Besides, it is
solvable in different limits: On the one hand, despite being
a geometry of nonconstant curvature, it turns out that the
probe fields are integrable on it, and thus enables us to gain
intuition from the semiclassical analysis. On the other hand,
the string world sheet 6-model is an exact string solution,
being a marginal deformation of a WZW (Wess-Zumino-
Witten) model, and can be solved explicitly in the sense that
analytic expressions for the correlation functions can be
obtained and the spectrum can be written down.

B. T-duality

Let us study some of the properties of (9), starting by
noticing that it is dual to p p-waves on AdS;. Spacetime (6)
happens to be invariant under ¢ and x translations, and so
we can apply T-duality transformations along the direction
generated by 0, and 0, in order to obtain new solutions
> Buw ® to the field equations (1)—(3). At the level of the
low-energy effective action, this amounts to applying the
Buscher rules [28,29]. For the r-direction, these trans-
formation rules are
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. 1 By
I9u=" Gi=—">
it i

gij:gij_M_—rj’ (11)

together with

(12)

where i, j correspond to the coordinates other than 7. After
performing these transformations and renaming the varia-
bles as u = x, v = t, and y = £¢, one obtains

d3? = —F(y)dv? +2dudv +dy?*, with F(y)=A+e 2/,
(13)

together with BW =0, and ® = @, — ¢. Analogously, by
applying similar transformations to (7) in the x direction,
one gets

d3* = F(y)du® + 2dudv + dy*. (14)

This geometry describes a 3-dimensional version of a
pp-wave solution in Brinkmann type coordinates with a
wave profile F. The nonvanishing component of the
Riemann tensor for this geometry is

2

RYY —ﬁe-ZW. (15)

My:

This solution represents an exact string background. In
order to apply the T-duality transformation to (7) along the
& = x0, + 10, direction, we perform the change of coor-
dinates = /v sinh(«) and x = /v cosh(u) which maps
x0, + td, — 0,. Using this new coordinate system, the
metric of the interpolating background is

2

ds? = ——
ST e

1
<—Udu2 + 4—d1jz) +2d¢?*,  (16)
v

while the Kalb-Ramond field changes as B,, — B,, =
B,./2, and the dilaton remains as in (8). By applying the
Busher’s rules in the 0, we get

F 1
ds* = —ﬂdu2 — —dudv + d¢?, (17)
v v

which under the change of coordinates v = ¢" takes the
form

ds> = —e™F(y)du® — dudw + d¢*. (18)

This spacetime also admits the interpretation of a p p-wave.

r/l

FIG. 1. Ricci scalar for different values of A.

C. Geometric properties of the
interpolating spacetime

As said, spacetime (9) interpolates between AdS; in the
limit ¢p - —oo and a flat linear dilaton background in the
opposite limit. The geometry thus has nonconstant curva-
ture. In fact, it can be shown to have an infinite region of
positive curvature. To see this, we can compute the scalar
curvature

2(44r* = 3£7)
T (19)

which, indeed, happens to be positive for r > 7

3/(4),
all the way to infinity. R has a global maximum at r,, =

£+/5/(22) with a maximum value R, = 8/(7¢%) that
does not depend on the deformation parameter A. Figure 1
depicts the function R as a function of the radial coordinate
r for different values of A.

Other curvature invariants of (9) are

4(622r% — 82412 + 3¢%)
a2+ A

R*R,, = (20)
—8(—1043/5 4 18£242r% — 12£%22 + 3¢£9)

(A + £2)6 ’

(21)

R R R, =

and we see from these, and from (19), that the geometry is
actually singular at r = #/+/—A when 4 < 0. It is important
noticing that it is sufficient to give the three curvature
invariant R, Tr(R2,), and Tr(R}},) to characterize them all,
since any higher curvature scalar can be obtained as a
combination of powers of the latter three quantities by
virtue of the three-dimensional identities

SR, R, =00 >3, (22)
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where R": 4, 1s the traceless part of the Ricci tensor. Despite
being of nonconstant curvature, geometry (9) yields van-
ishing Cotton tensor

1
C/“/ = €Ma’{jva (Rl/ﬁ - Zngﬂ> = O, (23)

which implies that it is locally conformally flat. This
property makes Weyl invariant probes integrable on this
background, as we will show below. This permits us to gain
a semiclassical intuition. The conformal factor that allows
to write the interpolating background (10) in a manifestly
conformally flat form, defines an improper Weyl trans-
formations and, therefore, imposing boundary conditions
and asymptotic behaviors on probe fields is nontrivially
related to their flat counterpart.

D. Probes on the deformed geometry

1. Conformally coupled scalar field

Consider a conformally coupled scalar field on the
geometry (9). The corresponding equation is

1
0,(\/=94"0,®) — 3 /—gR® = 0. (24)
We consider the separable ansatz
O(t,r,x) = e e p(r). (25)

This problem is exactly solvable. However, we can first
gain intuition from the well-known small and large r
regimes, where it reduces to the AdS; and to the flat space
computation, respectively. This does not mean that the
solution to the complete problem will be a simple junction
of the two constant curvature problems. The transmission
coefficients may actually change due to the different
boundary conditions that have to be satisfied in the A-
deformed background.

Let us consider first the case k> — w? < 0. In this case,
the solution for ¢(r) takes the form

2

214 1\ /4 , .

(26)

where

x(r) = Valog </1r +1/ (P2 + 1)/1) —#, (27)

and where A; and B, are two constants to be determined
by requiring appropriate boundary conditions. In order to
impose conditions at infinity, it is convenient to solve (24)
on the nearly flat metric

1 o1
dszz—zdt2+dr—2+1dx2 (28)
which is the large r limit of (10) (here, we set £ = 1 for
short). The radial dependence of the conformal scalar on this
metric is (p(r) OcAleiﬂ\/aTKZIOg(r) _’_Bze—iﬁ\/mlog(r)'
We want to impose outgoing boundary conditions at infinity.
Since for 1 # 0 we have'

d>(t, r, x) NAle—iw(t—ﬂlog(r)) + Ble—iw(t+\/zlog(r))’ (29)

by expanding at infinity we find that imposing outgoing
boundary conditions corresponds to B; = 0. This is con-
firmed by considering the flux of particles defined by the
U(1) current, j# = —i(®*O#® — ®O*D*). Thus,

2 1/4 -~
o(r) = A, (r ’1; 1> / iVar = (Valog (ar+/(Par 1)A) Y221
(30)

Now, let us study the behavior near » = 0. To do so, we
expand the expression around the origin, where we find that
the dominant part goes like ¢(r) ~ r=1/2e= V@’ =</ _ At this
point, we are interested in making connection between this
result and the well-known result for AdS; (i.e., 4 = 0) when

? > k%; namely

P1=0(2) = A2 (V 0* =k%2) + ByzJ_y(V @’ —x’z),  (31)

where z = 1/r and where J,, are Bessel functions.” In

order to relate (31) with the complex exponentials in (26)
one can use

f%<x>=\@“j§‘), f-%(x)zﬁc"jﬂ_j“) (32)

and, therefore, in terms of r this becomes

e _ l-\/ w? k2

7

e r e
Pa=o(r) = (Ay + Bz)W —(Ay = Bz)T- (33)

We see that the asymptotic behavior of (30) is a particular
linear combination of the solutions in (33), namely with
B, = —A,. This is equivalent to setting very special mixing

'As for analyzing the ingoing or outgoing behavior, it is
necessary to inspect the solution in its form ¢ + f(r). To do so, it
is sufficient to look at the case xk = 0.

These Bessel functions actually reduce to elementary func-
tions, due to the fact that on AdS our problem reduces to that of a
scalar with the conformal mass m?>/? = mzonffz = —3/4. For
arbitrary values of the mass the Bessel functions are replaced by

J., with v = V1 4+ m?.
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boundary conditions in the AdS; region r < 1/+/4. This
makes a difference with respect to the AdS; case 1 = 0.

Now, let us see what happens in the case x> — »* > 0,
where the solution is

2 1/4

(/)(r) _ (V j.;‘ 1> (Cle—\/mx(r) + Dlem)((r))‘
I

(34)

As the wave function is now confined, we want the solution

to vanish at infinity; therefore, we set D; = 0. As before,

one can first take a look at the solution in the case A = 0,
namely

ao(r) = 22K, (@) +% (ﬂ) (35)

r

and then rewrite the modified Bessel functions K /5, 1/, as

K =35 @<x>:\/§mj§) (36)

to make contact with the solution for A = 0,

C2 2 —o? D2

2 —
o(r) === 7 4+ —5sinh|——— ). (37
(p/l—O( ) r1/2 rl/g ( r > ( )

Expanding the 4 # O solution near r = 0, one obtains
¢(r) _ C] e—VKZr_wz (r—l/Ze—%\/ KZ_wZ\/}:log(/l) + O(’,]/Z)) , (38)

so we see that (38) corresponds to the linear combination
C, = D, above. Notice that, while (30) diverges as ~r~1/2
when r tends to zero, (38) is exponentially divergent in that
limit. Condition C, = D, also looks from the AdS; view-
point (r < 1/+/2) as mixed boundary conditions which are
induced by the presence of the unusual asymptotic of the
deformed theory.

2. Free fermion

As the conformally coupled scalar, the Dirac action is
also Weyl invariant; therefore, it is natural to study a spin-
1/2 probe on the deformed, conformally flat background
(10). Explicitly, the Dirac equation is

1
<y“eﬁaﬂ + Ea)/‘jb}/"e’jlab>‘l‘ =0. (39)

The spinor ¥ will split in two components ¥7 = (¥, ¥,).
The defomed metric (10) is of the form

ds* = —f2(r)dt* + ¢*(r)dr* + f*(r)dx?, (40)

for which we can choose dreibein and compute the spin
connections, leading respectively to

e’ = fdt, e' =gdr and €= fdx, (41)

/ !
o' = Ldt and w'> = —de. (42)
g g

It is useful to use the explicit, real representation of the
Dirac matrices y° = ic?,y' = ¢!, and y*> = ¢°. With these
expressions at hand, the Dirac equation leads to the coupled
system

1 1 1 f
—OYy+-0,¥, +-0W, +W, =0, (43
f t 12 q 2 f 1 fg 2 ( )
1 1 1 f
—OW, =0, + -0 W, — W, =0. (44
f t 11 q 1 f 2 fg 1 ( )

Defining W;(t, r, x) = e~ @*icy,.(r) with i = 1, 2, we can
integrate the radial profiles for the spinor as

2 1/4
()= (Z5) ol
i1 d
;m;(f(r)v/l(”))’ (45)

wo(r) :%Wl(r) -

where ¢(r) is given by (26) or (34) depending on the sign
of k> — w?, as before. Consequently, the asymptotic behav-
ior for the fermion is inherited by that of the scalar. When
the momentum along the direction x vanishes, namely
when k = 0 the integration for the Dirac field is simpler and
leads to

1 2}1 1/2 —iw iV 1+r
() = (F2) T a e Vi e

(46)

1 2}1 ]/2 iw i\ 1+r
wa(r) = C2< t; ) (a4 VT4 P2 e 5,
(47)

The two independent solutions C; = 0 or C, = 0, respec-
tively describe an ingoing or outgoing flux of particles.
Again, from the perspective of AdS;, these would corre-
spond to mixed boundary conditions.

III. STRING THEORY

Now, let us study the string world sheet theory. The
world sheet action on the background (9) takes the form

126010-5
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s— L / P (1 000 + -0 du(i + e—wz/w«—w)—l) ,
27 2 2
(48)

together ~with an extra linear dilaton term
—(1/2x) [ d?z\/2/(k — 2)R¢ with R being here the world
sheet curvature. We see here that, provided A # 0, in the
limit ¢p - oo one recovers the free theory with a back-
ground charge term. In the case of 1 = 0, in contrast, the
theory at ¢» — oo exhibits a nontrivial coupling between ¢
and the u,# dependence. This can be regarded as an
effective potential in the ¢-direction. This potential van-
ishes for holomorphic configurations such that 9it 0 u = 0.
These configurations are closely related to the so-called
long strings, which form a continuum in the spectrum
in AdS;.

A. Strings on AdS; x N

Let us begin by reviewing the undeformed theory
(A =0), namely bosonic string theory on AdS; x N.
This theory corresponds to the level-k WZW model on
SL(2,R), and so it has sAl(2) « affine Kac-Moody symmetry,
which is generated by local currents whose modes are
usually denoted J;, J3, along with their anti-holomorphic
counterparts. Virasoro symmetry follows from the
Sugawara construction. We consider primary operators
of the form

Vh(p|Z) _ Zo|p|2—2heipu(z)+ipu(z)e 2/(k=2)(h—1)¢(z,2) X ..
(49)

where the ellipsis stand for the contributions of internal part
N . These are the vertex operators of the theory. p and p are
the momenta conjugate to directions u# and #, while £ is
related to the radial momentum. The factor Z| p|>~%" stands
for a normalization. The world sheet conformal dimension
of these operators are

h(1 = h)
Bm0=" Ty

+ Ay +N. (50)
An analogous expression holds for A, , with A, and N.
A, stand for the conformal dimension of the operators
of the CFT on the internal space A, and N is the string
excitation number. As just said, p and p represent the
momentum in the boundary, and they relate to the
momentum in (25) as follows:

p+p pP—p
==, =—. 51
In the Euclidean theory, ¢ — it and p is the complex
conjugate of p. The index A labels the representations of

SL(2,R). We focus on the long string states, which belong
to the continuous series representations, having

1
h= > +is, with seR. (52)

These long strings can reach the boundary due to the
coupling to the B-field. They have a continuous energy
spectrum, which depends on the spectral flow variable w €
Z that accounts for the winding number of the string
around the boundary. To analyze the spectrum of the theory

on AdS; x N in the momentum space, it is convenient to
consider the operator basis

['(h+m)

Vh,m,ﬁl (Z) 1 _ h m

/ CErrVipl). (53)

Performing spectral flow transformation on the states
created by these operators, one obtains the states of the
sector w, whose conformal dimensions are

h(1 - h)

k 2

A}L:O =

where the energy is given by m + m + kw and the angular
momentum by m — m.

The 2-point function in the theory on AdS; x N is
well-known. For long strings in the basis V,(p|z), this
takes the form

<Vl+is1 (P1lz1 :0>V%+is2(1?2|22 =1)),-0
%:k] Z3u(k)¥1 | py[#5163) (py + p2)3(s) —s2)e?®,  (55)
where
e?? =T/T*, with T =T(=2is)[(=2is/(k—=2)) (56)
and

T

)
(o) (57)

The subscript 1 =0 in (55) refers to the fact that the
quantity corresponds to the undeformed AdS; x N back-
ground. In the deformed theory, the 2-point function has
been computed in [15,16], yielding

(Vi (P1lzi = 0)Vy,(palzo = 1)),
=33 (p; + P2)0n,—n, | P1 4" =2B(h,) (58)

with
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B(h,) = y(k)2m=1T(1 = 2h)0(1 = 251  59)

T T(2h - 1)IESY

and where the spectrum of the theory is given by

il 1 2 2
h_iii\/S(k NP - 52 (60)

This reduces to the 2-point function of the SL(2, R), WZW
model in the limit 4 = 0. Equation (60) follows from
imposing the Virasoro constraint A,_y = 1 on (50).

Equation (60) for the expression can be regarded as a
string theory analog of the mode mixing discussed when
we analyzed the scalar probes in the deformed background.
Of course, spectrum (60) exhibits purely stringy phenom-
ena; in particular, for 2 = 0 it reduces to the long string
theory spectrum (52). The long string states form the
continuous part of the spectrum and, being states that
escape to the asymptotic region, permit to define a
scattering matrix in AdS;. This is due to the coupling to
the B-field, and so have no particle analog. Still, we see in
(60) that a value 4 > 0 change the spectrum of such states,
introducing, on the one hand, a p-dependence on the world
sheet dimension /, and, on the other hand, a 1-dependent
threshold for the continuous part of the spectrum. This is
the string theory analog to the mode mixing discussed
in Sec. II.

B. Turning on the deformation

To see in detail how to obtain the correlator (58)—(59)
and (60), we may first rewrite action (48) by adding
auxiliary fields v, 7, yielding the equivalent action

1 1. - _
S, = —/ d*z <—8¢8¢ — v0u — 0
2r 2

—2upe”VH (k=2 _ 2@@) , (61)

where now the pair (v, ) forms a commuting, dimension-
(1,0) (B,y) ghost system. As we work in the conformal
gauge, we are omitting here a background charge that
represents the dilaton term. For 1 = 0, equation (61) is,
indeed, the WZW model written in Wakimoto variables
[30]. Nevertheless, we prefer to keep the notation v, u
to make contact with the spacetime interpretation (9).
The action of the A-deformed theory is thus given by
SsLrywzw — 24 f dz?vv. This corresponds to a current-
current deformation of the WZW model, with the defor-
mation being realized by the operator Avv. This is
consistent with the fact that the specific Kac-Moody current
in these variables reads J~(z) = v(z).

When trying to compute a correlation function such
as (Vy, (p1|21) Vi, (P2l22)), in the path integral approach,
namely

(Vi (P1121)Viy (P2122)),

- / DID D ve5V,, (pi]e)Vi (pal2).  (62)

the presence of the operator A [d*zvv induces a UV
divergent term in the effective action after integrating the
fields u,u (see [16] for more details). This makes the
contribution of the correlators coming from the undeformed
theory to factorize, and the deformation ends up contrib-
uting with an exponential that contains the conformal
integral

Io=/JZZIZ—Z1|‘2IZ—Zz‘2- (63)

This divergent integral appears frequently in quantum field
theory calculations. For instance, it appears in the one-loop
computation of the anomalous dimension of the composite
operator yy in the Thirring model. The result of it is
logarithmically divergent and it can be regularized using
different methods. By introducing a regulator e, this can be
resolved as’

I. = (1+2¢elog|z; — 2| + O(e?)) <2§ + (’)(60)>, (64)

and, after renormalizing the vertex operators by choosing
Z, = e 24’/ one obtains

Vi, (P1]21) Vi, (P2]22))7 ~ |21 = zp| o= HInl (65)

From this, it is possible to read the anomalous dimension
induced by the deformation; namely

Ao = Ay = A, +Ap|- (66)

Finally, imposing the Virasoro constraint A; =1 and
writing it in terms of the quantities of the undeformed
theory that satisfied A,_, = 1, one gets (60), which reduces
to (52) in the case 4 = 0. We observe that & € R provided
—4|p|Vki > s > +4|p|Vki; and h€l+iR provided
|s| > 4|p|v/kAo. The overall factor |p,|*"1=2 in the 2-point
function and the dependence of /; on 4 has been studied in
detail in [15] to investigate the properties of the dual theory,
especially its nonlocality encoded in a branch cut that the
2-point function of the A-deformed theory exhibits.

IV. GENERALIZATIONS

The advantage of the computation of the anomalous
dimension described above is that it admits a

*Here O(€%) stands for all constant terms that are independent
of the insertion points, as we can eliminate such terms by the
normalization of the vertex operators.
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straightforward generalization to other models, such as the
SL(N,R) WZW models or their supersymmetric exten-
sions. Despite not in all such cases one has a string o-model
interpretation of the CFT, this is still interesting from the
CFT point of view as it provides a set of solvable nonra-
tional models. The simplest extension of this sort is the
SL(N,R) WZW model. In that case, the action can in
principle be written as a sum of a Gaussian piece and an
interaction piece S;; namely

SSL(VRWZW
q ) NN-1)/2
_2”/5121((643,841’))— Z (vaaua+5a8ﬁa)> +S;.

a=1

(67)

This involves a set of N — 1 scalars and N(N — 1) copies
of B, y systems, which here we keep denoting by v,, u,
with a = 1,2,...N(N —1)/2. The scalars, ¢;, with i =
1,2,...N — 1 form a vector in the space of roots of s/(N).
We denote (.,.) the product in this space of roots, which is
defined in terms of the Cartan matrix K;; = (e;, e;) with
ey, e,,...,en_1 being the simple roots, with the N —1
fundamental weights w; satisfying (w;,e;) =d;;. p is
the Weyl vector, i.e., the half-sum of all positive roots.
The Lagrangian also includes a background charge
term [ d*z(p.$)R/Vk — N.

As before, in the appropriate basis a solvable family of
current-current deformation of the theory is given by the
addition of the marginal operator

N-l
d / dzv;7;, (68)
— T

i=1

where the field J; (z) = v;(z) with i=1,2,...N—1 corre-
spond to the Abelian subalgebra formed by N — 1 lowering
operators. If we denote H = (J3, J3, ...J3_, ) the generators
of the Cartan subalgebra, and E = (J],J5, ”'J;\?(N—l)/z)
and F = (J7.J3...0yy_1)) the raising and lowering
operators, respectively, then there exists an ordering such
that the first N — 1 elements F D (J1,J5,...Jy_,) form an
Abelian subalgebra. More importantly, there exists a free
field representation such that these N — 1 fields are given by
J; =wv; with i =1,2,...N — 1. For the case Ay_, with
N =2, 3,4, 5 these representations have been explicitly
constructed in the literature [31-33], and the generic case
has been extensively discussed [34-36]. Let us first show
how the argument goes for generic N and then consider an
illustrating particular case.

Consider the operators

V(. 2) = ZyeV2 b 0d(2) i 3 00 (0o +57(2)

(69)

where h = (hy, hy,...hy_;) is the vector of the space of
roots, and p = (p', p?,...pNV=1)/2) are the momentum
associated to the directions u,; and consider the correlation
functions

(Vi(pilz)Va(palz2))a,

N-1 N(N=1)/2
T penan
i=1 a=1
XV, (pilz1)Va(palza). (70)

After integrating in u; for some i (those that correspond to
the fields u; that do not appear other than in the kinetic
term) the action (67)-(68) being linear in these fields, one
obtains

Ov; =27i(pi&*(z — 21) + P (z—22)).  (71)

The solution is

ipy _ _ip}

n(e) = - P (72
where we have used that, on the sphere, p; + p, =0 in
virtue of the Riemann-Roch theorem. This can now be
inserted back in (68). When doing so, one observes that a
logarithmically divergent integral similar to (63) appears,
yielding an anomalous correction to the conformal dimen-
sion of operators (69). To see this in detail, let us consider
the case N = 3, in which the undeformed theory is given by
the WZW model on SL(3,R), whose action reads

1 _ I
SSL(&,R)WZW_%/JZZ<(8¢18¢)_Z(Uaaua+1_]aaﬁa)
T

a
+ |1]2 + ’Ull/t3|2€V 2/(k=3)(e2.0)

03By VYD) _y 5o 2/(k—3)(p,¢)>’
(73)

together with a background charge term [d’z(p,$)R/
vVk—=3. As before, this action can be written in terms
of the Wakimoto variables in such a way that two
commuting currents take a simple form Jy(z) = v,(z)
and J5(z) = v,(z). Therefore, in the spirit of the defor-
mation for SL(2,R), we deform the SL(3,R) WZW
model by adding to it two quadratic operators, for v
and v,; namely

A _ A _
Sl,,/lz = SSL(3,IR)WZW _;l/dzzvlvl —;Z/szzvz-

(74)
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We consider operators (69) with N = 3, h = (hy, h,)
and p=(p;,p2,p3), and the correlation function
(Vi(p.21)Vi(=p.22));, ., After integrating on u;, one
finds the solutions for »; and v, to be

ip*(z1 - 2)
(Z_Zl)(Z_ZZ).

n(@ = Plaz) 75)

z=2)(z2=2)

which, when replaced in the action, yields

%/dZZ((adﬂéqﬁ)—7)38143—1]_3817!3

— 3Dy VIRIVESS | p2 oy plug 2ol V3 VRm3

Sl]./lz =

—|p' P9I VE3) 1= (24| p' P 4 A | PP ) |21 = 22 Lo

!
(76)

with [, given by (63). Regularizing as in (64) and
renormalizing the vertices accordingly, one obtains the
corrected conformal dimension

D) 0, =By 0 + AP+ AP (77)

This follows from the last line in (76), which contains
the logarithmic dependence in (64). This manifestly
shows that the method of [16] can be straightforwardly
adapted to higher rank.
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