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What makes a particle detector click
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We highlight fundamental differences in the models of light-matter interaction between the behavior of
Fock state detection in free space versus optical cavities. To do so, we study the phenomenon of the resonance
of detectors with Fock wave packets as a function of their degree of monochromaticity, the number of spatial
dimensions, the linear or quadratic nature of the light-matter coupling, and the presence (or absence) of cavity
walls in space. In doing so we show that intuition coming from quantum optics in cavities does not
straightforwardly carry to the free-space case. For example, in (3 + 1) dimensions the detector response to a
Fock wave packet will go to zero as the wave packet is made more and more monochromatic and in
coincidence with the detector’s resonant frequency. This is so even though the energy of the free-space wave
packet goes to the expected finite value of 7L in the monochromatic limit. This is in contrast to the behavior
of the light-matter interaction in a cavity (even a large one) where the probability of absorbing a Fock
quantum is maximized when the quantum is more monochromatic at the detector’s resonance frequency.
We trace this crucial difference to the fact that monochromatic Fock states are not normalizable in the
continuum; thus physical Fock states need to be constructed out of normalizable wave packets whose energy
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density goes to zero in the monochromatic limit as they get spatially delocalized.

DOI: 10.1103/PhysRevD.103.125021

I. INTRODUCTION

Particle detector models may be thought of as non-
relativistic, controllable quantum systems that couple
locally in space and time to quantum fields. They provide
a way to extract localized spatiotemporal information
from the fields while avoiding some of the problems with
causality that may appear with the use of projective
measurements [1-3]. Furthermore, as the name “particle
detectors” suggests, the very definition of the notion of the
particle operationally has been given in recent times through
these particle detector models [4,5], in light of the drawbacks
of the more traditional, “particle physics” inspired, notion of
particle (see, e.g., [6]). One of the best-known results using
particle detector models is the operational formulation of the
Hawking and Unruh effects (see, e.g., [7-9]), and they are
ubiquitous as models for experimental setups in quantum
optics [10,11] and in superconducting circuits [12].

A particularly simple particle detector model is the so-
called Unruh-DeWitt (UDW) model [7,13]. It consists of a
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two-level quantum system linearly coupled to a scalar field.
UDW detectors have been proven to be good models for the
light-matter interaction in quantum optics for processes not
involving an exchange of orbital angular momentum (see,
e.g., [14,15]). Although most of the studies involving the
UDW model thus far have considered a linear coupling
between the detector and field, models that couple them
quadratically have also been used [16-22]. Quadratic
couplings are not only useful to model nonlinear processes
in optics but also quadratic couplings are fundamental to
modeling the coupling of a detector to a charged bosonic
field or a fermionic field without violating the U(1)
symmetry of the theory [19].

Perhaps surprisingly, the possible fundamental distinc-
tion between quantum field theory in a cavity and in free
space has not been investigated much within the particle
detector framework. The standard folklore is that one
should be able to think of free space as being an extremely
large cavity. Indeed, this is how one can avoid certain
infrared (IR) difficulties associated with an infinite extent
of free space when performing canonical quantization of
the field. However, the Hilbert spaces in these two cases
can be really different, and this manifests, for instance, in
the normalizability of one-particle Fock states a;|0). It is
therefore not obviously clear whether in the presence of an

© 2021 American Physical Society


https://orcid.org/0000-0003-0784-2190
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.103.125021&domain=pdf&date_stamp=2021-06-22
https://doi.org/10.1103/PhysRevD.103.125021
https://doi.org/10.1103/PhysRevD.103.125021
https://doi.org/10.1103/PhysRevD.103.125021
https://doi.org/10.1103/PhysRevD.103.125021

ERICKSON TIOA et al.

PHYS. REV. D 103, 125021 (2021)

external probe (detector), the distinction between them can
always be swept under the rug so long as “the cavity is large
enough.”

Furthermore, nonlinear coupling between the probe and
the field has also been mostly investigated only for vacuum
states; see, e.g., [17,21-23]. However, in addition to trying
to understand the cavity vs free space problem, it is already
known that even in nonrelativistic quantum optics a
plethora of interesting phenomena can emerge when non-
linear medium and nonvacuum states are involved. Two
such examples are sum-frequency generation (SFG) and
difference-frequency generation (DFG) [11,24,25]. As
such, the possibility of modeling these nonlinear phenom-
ena using a relativistic, nonlinear variant of the Unruh-
DeWitt model merits further study.

The above considerations naturally lead us to investigate
in this paper the behavior of an UDW detector interacting
with two kinds of nonvacuum state of massless scalar field,
namely one-particle and two-particle Fock wave packets.
First, although the UDW model is a monopole-scalar
approximation of the usual light-matter interactions given
by the atom-electromagnetic dipole interaction d-E [26],
the two physical questions we would like to address are
likely to be present regardless of the multipoles of the
detector and the spin of the field. Indeed, for the response
functions of the model it has been repeatedly established
that the UDW model captures the fundamental features of
the light-matter interaction [14,15], to the point that the
models typically used in quantum optics such as spin-
boson, Rabi, and Jaynes-Cummings models can be seen as
further approximations performed on the UDW model. The
UDW paradigm will therefore provide the same insights
without having to deal with subtleties involving gauge
choices and the exchange of angular momentum. Second,
one-particle and two-particle Fock wave packets have a
very clear physical interpretation in terms of resonances
with the detector’s energy gap, and they are naturally suited
to see if nonlinear phenomena such as multiple harmonic
generation can arise in the scalar UDW model. Finally, as
we will see, the fact that Fock wave packets in a cavity and
in free space are fundamentally different in the “mono-
chromatic limit” (when the wave packet is very peaked
around some frequencies) is the root cause of the funda-
mental distinction between free space and a very large
cavity, a fact that is present for both the scalar and the
electromagnetic fields.

More specifically, in this paper we will study the
response of linearly and quadratically coupled detectors
to one-particle and two-particle Fock wave packet excita-
tions with a frequency spread, paying special attention to
the limits when the wave packet becomes monochromatic
and the interaction time becomes very long. We will see
that intuition that can be extracted from quantum optics in
cavities will not carry straightforwardly to the free-space
case: in free space, if we make the wave packet narrower so

that most of its energy is concentrated in the modes near
resonance with the detector, the response of the detector for
long times actually decreases. Furthermore, the detector
becomes fully transparent to a monochromatic Fock state
with energy exactly equal to its energy gap. This phe-
nomenon occurs for linearly coupled detectors in (3 + 1)
dimensions and higher, while in lower dimensions the
behavior is remarkably different. For quadratic coupling
this phenomenon occurs in (24 1) dimensions and
higher. This result reveals that there are fundamental
differences between a very large cavity and the continuum
in the context of the light-matter interaction when reso-
nance is involved. We also show that indeed the standard
nonlinear optical phenomena—sum-frequency generation
and difference-frequency generation—arise naturally in the
fully relativistic detector model when the detector-field
coupling is quadratic, thus effectively mimicking the
presence of a nonlinear medium.

Throughout our analysis we will study several other
interesting aspects of the light-matter interaction comparing
linear with quadratic coupling and cavity with free-space
scenarios. In particular, we will analyze the spacetime
dimension dependence of the energy content of a finite-
width wave packet and whether it is possible to take the
monochromatic limit keeping the energy expectation of the
Fock state constant.

We will also study the complementary view: if a detector
starts in the excited state and we let it spontaneously decay,
in what modes of the field is the energy of the detector
deposited? We discuss in detail the differences and simi-
larities between the linear and quadratic models and build
intuition about spontaneous decay processes with the
quadratic detector. We will see that during spontaneous
decay, a quadratically coupled detector preferentially
imparts the energy to the field mode with frequency equal
to half the energy gap of the detector, thus effectively
splitting the excitation into two parts. This is in contrast to
the linearly coupled detector, where the detector’s energy
excitation is deposited to the field modes that have
frequency matching the energy gap of the detector.

This paper is organized as follows. In Sec. II we review
the UDW model and find the expression for the Wightman
two-point function for an arbitrary state of the field in both
linear and quadratic couplings. In Sec. III we analyze both
couplings for the field prepared in a one-particle Fock wave
packet peaked at a given frequency. We also analyze the
energy content of the wave packet and discuss our results in
concert with the standard intuition from optical cavities.
In Sec. IV we analyze the two-particle case, whose
excitations are possibly peaked at distinct frequencies. In
Sec. V we discuss how the excited detector deposits energy
in a quantum field initialized to the vacuum state.
Throughout this paper we adopt natural units c = A =1,
and use the notation X = (¢,x) to remove clutter when
necessary. We present our conclusions in Sec. VI.
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II. SETUP

In this section we introduce the particle detector models
that we will analyze in the paper. We will then provide the
general expression for the excitation probability of a
detector starting in its ground state for both linear and
quadratic detector-field couplings.

A. Linear interaction: The Unruh-DeWitt model

For convenience, let us consider as our detector model a
two-level system comoving with the quantization frame
(t,x) and energy gap Q, whose center of mass is at the
origin x = 0 of this frame. For the linear model in (n 4 1)-
dimensional flat spacetime, the interaction Hamiltonian
that describes the system is given in the interaction picture
as [14,27]

A

Hy (1) = I (Do) / e FOdx). (1)

where n is the number of spatial dimensions; A is the
coupling strength of the detector with the field which has
dimension [Length]"=3)/2; »(¢) is the switching function
controlling when the interaction takes place and how its
intensity varies in time; F(x) is the spatial smearing of the
detector that in the light-matter interaction would be
determined by the wave functions of the excited and the
ground states [14,15,28]; and j(¢) is the monopole moment
operator of the detector which plays the role in a scalar
model that the dipole moment plays in the vector version of
light-matter interaction. It is given by

/Al(l) _ O_+elQl + 6 A —1Qt7 (2)

where 6% are the 8u(2) algebra ladder operators. In the
basis {|g), |e)}, we can write 6T = |e)(g| and 6~ = |g)(e|.
The massless scalar field operator ¢(z,x) can be expanded
in terms of plane-wave modes as

—i|k|r+ik-x +a 1|k\t 1kx] (3)

Zx/m

where @; and &,t are ladder operators satisfying canonical
commutation relations

[k ay] = 6 (k — k)1, (4)

The Hamiltonian in Eq. (1) is known as the (spatially
smeared) Unruh-DeWitt model, and has been shown to
capture the fundamental features of the light-matter inter-
action when angular momentum exchange does not play a
fundamental role in the detector dynamics [14,15].

The interaction Hamiltonian (1) generates the time
evolution operator

0 =Texp [—i /_ : dtf{,(t)] , (5)

where 7" denotes time ordering. For small enough 4, we can
use the perturbative Dyson series expansion up to second
order:

_/_: dt/_; de'H, (0 H, (1), (8)

where V) is of order 4/ in the Dyson series. If the full
density matrix is initially given by p,, then the time-evolved
density matrix reads

p=UpU". )

The time-evolved density matrix of the detector py can be
obtained from tracing out the field’s degrees of freedom,

pa = try(UpoUY). (10)

Substituting the Dyson expansion into Eq. (10), we obtain
P = e, (UDp OU)),  (11)

where the terms of order A* are those with i + j = k.

In this paper we are working up to second order in
perturbation theory and hence k < 2. In particular, if we
assume that the full density matrix is initially a product
state pg = |g)(g| ® Py then the excitation probability P?
of the detector from its ground state is encoded in the

matrix element (e|[)((jl’l)|e>, which reads

P‘/’—/lz/dt/dt/d” /d"x;( )F(x)F(x')

x e =W (1, x, 7, %), (12)

where W%(¢,x,#,x') denotes the Wightman two-point
function for the arbitrary field state p:

W (tx,£,%) = try[p,d(t.0)p(0 X)) (13)

B. Quadratic interaction

The quadratic coupling is a modification of the
Hamiltonian Eq. (1) where the monopole moment of the
detector couples to the field quadratically,
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A

By = iy (0p(r) / EeFE)(:d(ex)). (14)

where :O: denotes normal ordering of an operator O to
remove tadpole divergences [19]. This model is useful
because (1) it represents the simplest U(1)-invariant way to
couple a charged scalar field to a particle detector; (2) it
algebraically mimics the coupling of a detector to a fermion
field as described in [17,19]; (3) it has commonly been
employed as a particle detector model in different scenarios
[16,21,29,30]; and (4) it is a scalar analog of models in
which light couples to the square of the electric field
amplitude in nonlinear media [11].

Repeating the calculation analogous to the one in
Sec. 1T A, the excitation probability of the detector P
is given by

—Az/dt/dt/d" /d”x;( VF(x)F(x")

x e RU=W (1. x. 1 x'), (15)

where W¢2(t,x, t',x’) denotes a Wightman-like two-point
function for quadratic coupling and for the arbitrary field
state Py
W (1,x,1,x) = tr(/,m,/,:g?ﬁ(t,x)z: p( X)), (16)
In this paper we will make a convenient abuse of
terminology and call Eqs. (13) and (16), respectively,
linear and quadratic Wightman two-point functions. Note
that rigorously speaking only the linear one is a proper
Wightman function [31]. In order to distinguish the
Wightman two-point functions for linear and quadratic
interactions, we have used the superscript ¢ for the linear

case in Eq. (13) and superscript ¢ for the quadratic case
in Eq. (16).

III. ONE-PARTICLE DETECTION

In this section we will investigate how a detector
responds to a one-particle excitation of the field. We will
first define what we mean by one-particle Fock state in free
space, and then we will consider how the detector response
depends on the properties of the field state. We will see that
the ability of detectors to resonate with field quanta
strongly depends on both the choice of detector-field
coupling and the spacetime dimensions.

A. One-particle Fock state

It is well-known that in free space, the naive one-particle
Fock state |1;) with momentum k is not normalizable since
(1x]1x) = 6" (k — k). Therefore, we cannot take |1;) as a
physical one-particle excitation state. We can rectify this by
considering instead a Fock wave packet of the form

1)) = / &k f ()a]]0), (17)

where f prescribes a weight on each momentum k.
For convenience we will call f the spectrum of |1). For
this state to be physically reasonable, it must be normal-
izable to unity, and this implies that the L-norm of f is also
unity:

(1) = / RFRPR =[P =1.  (18)

where we have denoted the L?-norm of f by || f]|. This state
can be regarded as a normalizable version of the one-
particle Fock state: it is an eigenstate of the total number

operator N := f d”k&,t&k with eigenvalue 1:
Nty = /d"kd”k’f(k’)& aap|0)y = [1,).  (19)

Note that we have not chosen the specific form of f apart
from demanding that its Z?-norm is unity.

We can determine how much energy is contained in this
one-particle wave packet. The energy expectation value will
depend on the profile of the spectrum f, since the weight of
each frequency influences the total energy of the state.
Furthermore, in general f can have a highly complicated
profile.! However, we can obtain an intuitive picture by
focusing on a specific class of one-particle Fock states,
namely those whose spectrum f is real and has a single
peak at k = k, with some frequency width (bandwidth) ¢
around the peak. We denote this choice of spectrum by
Sky.0» SO that the state now reads

1) = / akfy, ,(K)aL0). (20)

We can then think of a highly monochromatic one-particle
state |1,) as a normalizable version of monochromatic

excitation |1y ) = &,T{O|O) when we take the limit ¢ — 0.

In order for this monochromatic limit to work, we require
|fxsl> to be a family of nascent delta functions; i.e., the
following distributional limit holds:

tim| i, o = ) (k = k). (1)

Given the free Hamiltonian of the scalar field
Hyy= / d"k|k|ag ay, (22)

'In particular, f need not have a single peak in order to
describe a one-particle excitation: Eqgs. (18) and (19) only
demand the L’-norm of f be unity.
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the energy expectation for [1,) with spectrum f = f , is
then given by

(1 ogl1) = / Sk f LK) (23)

In the monochromatic limit ¢ — O where f; , becomes
very sharply peaked around k), the distributional limit gives

tim (1o ]1) = [ QI3 = ko) = [kol. (24

This agrees with the energy expectation value formally
evaluated for the non-normalizable monochromatic state
|14,)- For example, if we set fj, , to be an L?-normalized
Gaussian’ [3,35,36]

IRy
frpolk) = (M;WCXP (‘ %) (25)

the energy expectation value can be calculated explicitly in
terms of hypergeometric functions (see Appendix B) which
indeed yields lim, (1 /|H4|1) = |ko.

In the following subsections we will analyze the
response of linearly and quadratically coupled detectors
to a one-particle state with a general single-peaked spec-
trum [y, -

B. Linear coupling: Transition probability
in arbitrary dimensions

Let us obtain the explicit expression for the transition
probability when the detector is linearly coupled to the
field. We begin by substituting our definition of one-
particle Fock state (20) into the Wightman two-point
function (13), then apply the field expansion (3) and the
canonical commutation relations (4). The Wightman two-
point function reads

W (x,X') = Whe(x.X) + (K (X)Kg, (X) +cc.).  (26)

where “c.c.” denotes complex conjugation and we define

Ky,

= | T

which depends on the shape of the spectrum f; ,(k).

Whe (,X'):= (0]¢(2,.x)d(7 .x')|0) is the vacuum Wightman
two-point function which has the form

Sigo(R) IR0 (27)

*The problem of defining localized one-particle states has a
long history (see, e.g., [32-34] for related discussions).

N
Wl (x.x) = [ =252 ilkol—t) 4k =) (g
)= [ st . (28)

where this expression is understood as a (bi)distribution.

After substituting the explicit expression for the
Wightman two-point function in Eq. (26) into the general
expression for the excitation probability P? in Eq. (12), it is
useful to express P? as

P? = Pl + P%. (29)
The first term is the vacuum contribution,

2 [dk,

P?/)ac =
227)" ) kel

|F (ko) *7(2 + |ka)

2 (30)

where 7 and F are the Fourier transforms of the switching
and smearing functions, respectively:

7@ = [ e,
Fk) = / dKF(x)e, (31)

In order to simplify subsequent calculations, we assume that
both y and f arereal, and further that the switching function is
even, i.e., y(f) = y(—1), and the smearing function is rota-
tionally invariant, i.e., F(x) = F(|x|). These restrictions still
capture the fundamental phenomenology we will analyze
and guarantee that 7(Q) = 7*(Q) and F(k) = F* (k). These
are satisfied for commonly used switching and smearing
functions such as Gaussian switching/smearing and also for
pointlike detectors [F(x) = 6" (x)].
The second term P} reads

d"k, d"k
P(ﬁ_ 2” [/\/Wl-ﬂé'fkoa( 1) koo (k2)
F(ky ) F(ky) (7(2 — ket )7(2 = [kea)
+)?(Q+|k DI(Q+ [ka))
(T (0,ko, F.7) + T2 (0. ko, F. 7)), (32)

where we defined (to alleviate notation)

(6 kO’F }?)

/\/————|k—fkoa

In order to proceed with the explicit calculation of the
transition probability, we will need to make explicit choices
for the switching function y (), the smearing function F'(x),
and the spectrum fy (k).

VF(O7(Q+ k). (33)
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First we will choose a spatial profile F(x). Pointlike
detectors are particularly simple to work with and, fur-
thermore, will be necessary for finding closed form
expressions for the nonlinear (quadratic) model. For this
reason, we set the spatial profile to F(x) = 5(")(x) so that
F(k) = 1. This choice corresponds to a pointlike detector
located at the origin of the lab coordinate x = 0.

Next, let us look at the choice of the switching function
x(t). For the discussion on the switching it is relevant to
note that in quantum optics we often have intuition that
comes from applying single-mode and rotating-wave
approximations. Together, these approximations are con-
sistent with taking the limit of long-interaction times (for a
more nuanced discussion check, e.g., [37]). It is therefore
convenient and useful to compare both linear and quadratic
models within this long-interaction regime. In our model,
the long-interaction limit can be achieved by setting () to
be constant, and without loss of generality we can set
x(t)=1. The Fourier transform is therefore 7(Q) =275(Q).
We will call this the “long time” limit.

In the pointlike and long time limit, we can obtain vast
simplifications to P? in Eq. (29). First, by inspecting
Eq. (32), we see that for the nonvacuum contribution
(i.e., P?;) the long time limit commutes with the integral.
Therefore, in the long time and pointlike limits we get

Pl = (1% (0,ko, 1,278) + T2 (0, ko, 1,278)).  (34)

Since we have fixed the smearing and switching functions,
we will drop the last two arguments of 7, and simply
write Z 4 (0,ky) = Z.(0,ko, 1,276).

Second, let us suppose that the detector is in the ground
state. In this case, it can be shown that taking the adiabatic
limif® of long-interaction times, Pfac vanishes. Furthermore,
the “counterrotating” term Z_ (o,ky) in Eq. (34) also
vanishes. Namely, since Q > 0, Z_ (o,ky) = 0 since the
argument of the delta 6(Q + |k|) never vanishes in the
integration domain of (33), so all that remains is Z_. Thus,
the full transition probability in Eq. (29) only consists of a
single “corotating” term

P? = 2212 (0, ky). (35)

This can be evaluated in closed form in arbitrary dimen-
sions for the following judicious choice for the spectrum f.

Let us now set the particle excitation spectrum f to be the
L?-normalized isotropic Gaussian spectrum given in

The way to compute P?ac in the infinitely long time limit
requires us to consider a switching function y;(z) = y(z/T)
whose Fourier transform decays faster than any polynomial and
then take the limit 7 — oo at the end. This is known as the
adiabatic limit. This distributional limit does not commute with
the integral. The adiabatic limit represents the physical (UV-safe)
way to compute the long time limit [38,39].

Eq. (25). In order to analyze phenomena such as resonance,
we need a quasimonochromatic particle spectrum (i.e., a
rapidly decaying spectrum peaking at k, with some
bandwidth o). Substituting the spectrum in Eq. (25) into
T_, we get

1_= |k0|n—2 04—n

277 QP (i |Q
T2 ¢ 02‘; In_2<| 0|2 >’ (36)
2 o

where /,,(z) is the modified Bessel function of the first kind
of order a [40]. Therefore, the expression for the transition
probability (35) in the long time and pointlike limits now
reads (see derivation in Appendix A)

27 Qe ko|Q
pr =2 ez 1@(' : > (37)
2

- |k0 |n—2 64—)1 62

Note that for n = 1 in Eq. (37) we require that
Q, kol > A >0, (38)

where A is an IR cutoff to regulate the well-known IR
divergence in (1 + 1)-dimensional massless scalar field
(see, e.g., [41,42]). Expression (37) is only valid for n = 1
when the IR cutoff is below all relevant scales (see
Appendix A for details).

Let us now plot and interpret Eq. (37). We will look at
how the resonant peak of the transition probability behaves
as a function of spectral width ¢ and detector gap Q,
keeping the wave packet peak frequency constant (the
detector gap is tuned to sweep across the spectral band-
width of the wave packet including the “resonance” case
Q = |ky|). The results are shown in Fig. 1.

There are three preliminary observations that we can
make based on Eq. (37) and Fig. 1. The first observation is
that for large spectral width ¢lky|~! > 1 corresponding to
the wave packet assigning equal weight to every momen-
tum k, Eq. (37) vanishes as fast as ¢" in all spatial
dimensions. This is in spite of the fact that an infinitely
wide spectrum Fock wave packet also has an infinite total
energy expectation [as per Eq. (B4) in Appendix B, the
energy of the wave packet diverges as ¢ — oo].

The second observation is that the maximum of the
detector response does not happen at the resonance
frequency with the peak of the wave packet Q = |kg|.
Only as the wave packet becomes more and more mono-
chromatic (o decreases) and the resonant peak becomes
sharper, the maximum of P? moves toward |ko| = Q. In
other words, only in the limit ¢ — 0 does the largest
detector response happen exactly at |ky| = Q. For n =1
this shift is not resolvable in Fig. 1. However, it can be seen
by solving for the particular value of |ky| that satis-
fies OP? /Ok,| = 0.
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FIG. 1. Plots of transition probability P? /4> as a function of detector energy gap for linear coupling and one-particle state in various
spatial dimensions n, for various spectral bandwidths 6. We vary Q as we search for resonant peaks while keeping |k,| fixed. Here
4 = Ako|"=¥/? is the adimensionalized coupling constant. The vertical lines denote the resonant frequency. Note that in the
monochromatic limit ¢ — 0, the peak amplitude diminishes for n > 3, and it approaches a constant value for n = 2, while it increases

for n = 1.

The third and perhaps the most important observation is
that the amplitude of the resonant peak behaves differently
in different dimensions as we take olky|~' — 0 keeping |k;|
constant. In particular, as the wave packet becomes more
and more monochromatic, for n =1 the peak of P?
increases in amplitude, for n = 2 the peak approaches a
constant value, and for n >3 the peak decreases in
amplitude. In the limit o|ky|™! — 0, when Q = |ky| we
obtain that

P = il) = (721 otttk 9

for all n>1 and 1= Alky|"?/? is a dimensionless
coupling constant.

Note that although the peak vanishes in the monochro-
matic limit for n > 3, there is always a resonant peak for
finite o because the off-resonant frequencies decay faster
than the resonant frequency. Mathematically, it means that
in all dimensions we have

&
L PR E ko))

——==0.
6—>OP¢(Q = |k0|)

(40)

We point out that this diminishing probability has
nothing to do with the fact that our detector is pointlike.
For instance, let us consider a Gaussian smearing function

BN A IS

Flx) = (mA?):

(41)

where A controls the effective size of the detector.
Substituting this into Eq. (33), we can show that the
new excitation probability (denoted Pﬁ) is related to the
pointlike one by the relation

P} = ple e, (42)
We recover the pointlike result when A — 0.

Observe that if we increase the size of the detector in
proportion to decreasing the wave packet width (by setting
A = ¢71), the probability actually decreases faster than if
we were in the pointlike regime. Therefore, one cannot
argue that the diminishing resonant probability for n > 3 is
due to the fact that the field quanta are simply large in
comparison to the detector and increasing the detector size
would help counter this effect.

Instead, we point to our analysis of the energy density of
the wave packet (see Appendix B), which approaches k
(i.e., a finite value) in the monochromatic limit, yet the
spread in position space becomes uniform. Thus, the
energy density approaches O [as we show in Eq. (B15)
in Appendix B]. In principle one would think that a detector
large enough (A = 6~!) would have a nonzero excitation
probability, since integrating the energy density over the
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whole of space does give a finite value. However, that is not
the case. As a detector is delocalized it has to become more
weakly coupled to the field at each point. In the limit of
infinite delocalization the response of a detector approaches
zero for any state of the field. This is because, in this limit,
the coupling of the detector to the field is essentially zero at
all points.

Furthermore, since the units of the coupling strength 4
depend on the dimensions of spacetime, one may wonder if
the vanishing response of the detector in the monochro-
matic limit (even though the energy content of the mono-
chromatic wave packet is finite) is a consequence of failing
to capture the scaling behavior of the coupling strength. To
see that this is not the case, suppose that we allow the

coupling strength A, which has units of [Length]% for linear
coupling, to run with the wave packet width ¢. That is, we
define a dimensionless coupling constant y := 26'T, so that
we can rewrite P? in (37) as

4—n

2 Qe (k|
Pt =y P 13_2<| o ) (43)
2

Tkl e o’

This corresponds to having the coupling weaken (for
n > 3) or strengthen (for n < 3) as we decrease the wave
packet width. As it turns out, letting the coupling constant y
run yields the universal result

HmP?(Q = |ko|) = 0 (44)

c—0

for all n > 1, which is that the detector becomes transparent
when the wave packet is strictly monochromatic. This can
be understood from the fact that in (3 + 1) dimensions the
coupling constant 4 is dimensionless; thus the variation of
the probability as o is varied will be qualitatively similar to
the (3 + 1)-dimensional case. As such, the cancellation of
the response of the detector when driven by a quasimo-
nochromatic wave packet at resonance is not due to the
scaling of the coupling strength in different dimensions.

1. Comparison with the standard intuition
Jrom optical cavities

The result above is (in the authors’ opinion) an intuition-
defying one: in the monochromatic limit the detector will
not be excited despite the exact frequency match between
the energy gap and energy of the field quantum. To
understand this better, we will now discuss how these
results compare with the (perhaps) more common expect-
ation coming from the light-matter interaction in optical
cavities. Namely, the fact that for detector-field resonance
the monochromatic resonant limit (c|ko|™' — 0, Q = |ko|)
should have the largest chance of exciting the detector.

The main difference between the free space (with no
cavity walls imposing boundary conditions) and the cavity
case is that the exact monochromatic states of the form

a4|0) are not normalizable in free space as (0]a;a,,|0) =
8" (k —K'). This is unlike the situation in cavities,
where the field has discrete momenta and the exact
monochromatic Fock state @,|0) is normalizable since
<0|&k&2,|0> = >, Where Sy is equal to 1 when k =Kk
and zero otherwise.

We will now see how and why fields in cavities do not
suffer from the probability decrease in the monochromatic
resonant limit when the energy gap matches the peak
frequency of the wave packet: instead, as intuition suggests,
the excitation probability is maximized when we take the
monochromatic limit for any number of spatial dimensions
in cavities.

Let us consider a massless scalar field in (n+1)
dimensions confined to an n-dimensional Dirichlet cavity
of dimension L x --- x L. The field ¢ satisfies Dirichlet
boundary conditions whenever x' = 0 and x’ = L for all
i=1,....n, ie, ¢p(t.x' =0)=¢(t.x' =L) =0. 1t fol-
lows that the mode decomposition of the field is given by

A

P(1.x) =Y _ayuy(t,x) + ajui(t.x), (45)

where a; = dy, and [ is a multi-index which labels discrete
momenta,

T . .
kp = (koo k) = = (1o oo ) (46)
L

The summation over / in the mode decomposition (45) is
shorthand for n-dimensional summation over each j; € N.
Each mode with momentum k; is given by

u(t,x) = Ul(x)e_”k"’, (47)

where

vy (x) = ﬁ (%) Hl sin (j "le). (48)

Now consider the cavity-field state analogous to the one-
particle Fock wave packet we considered in the continuum

17) = > Fyolks)aj|o), (49)

where fj , is a single-peaked real-valued function with
dominant momentum k, (such as Gaussian) satisfying that

(1) = 1= ) | faolk)? = 1. (50)
1

This is the discrete version of L2 normalization in Sec. III.
The Wightman two-point function (26) is given by
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W (x,X') = Whe(x.X) + (K (K, (X') +c.c.),  (51)

where
Wihe(x.X') = “uy (x)u; (), (52)

I

K, (X) = kao,a(kl)”7 (x), (53)

which are analogous to the free-space counterparts W
and Ky, respectively.

The excitation probability can be calculated using
Eq. (12) and the Wightman function defined in Eq. (51).
In the adiabatic long time regime, the vacuum contribution
and the counterrotating term can be neglected. Therefore,
the excitation probability of a static detector located at
x = x, is dominated by the nonvacuum corotating con-
tribution, which reads

S Frank)Z(@ — ol orxa)|

PP =2 (54)

Let us study concretely the monochromatic limit
olky|™' = 0 (keeping k, fixed). For the Gaussian spectrum,
we have

_ ko ?

fko,a(kl) = Nzre 2,

(55)

with A/, the normalization constant to be determined.
Using (50), and writing k; = (z/L)(j1, ja,..-,Jj,) and
ko = (z/L)(j}. ... Ja), We get

Piu/ X

3.0f Llko| =1, Q = |ko| (@

2.5t

Il
w

20 n
1.5
1.0f
05

P R x
1 2 3

— Tlko| =5

okl

Tlko| =10 — Tl|ko| =15

01 -3

<ﬁ [jz: emn’ +%(83(0, ) - I)D . (56)

i=1 Ltm=0

N, =

where a =7x/(cL) and 9,(u,q) is the Jacobi theta
function [40].

We remark that the crucial property of the wave packet in
the cavity scenario is that (unlike in free space) we have

kg =ko?
2 —
= Oy

limA, =1,

o—0

lime

7
o—0 (5 )
Consequently, so long as |ky| matches one of the frequen-
cies of the field modes, we will have

lim[1;) = & [0). (58)

which is a physically well-defined (i.e., normalizable) exact
monochromatic Fock state. In this monochromatic limit,
the detector excitation probability reduces to

lir%P¢ = 2|7(Q — |kol)vg, (x4) | (59)

for any number of spatial dimensions.

We can now see that for the cavity scenario Eq. (59)
shows that the probability is strongly enhanced when the
energy gap matches the Fock state frequency (Q ~ |ko|) and
is highly suppressed when it is far from resonance. The fact
that the excitation probability at resonance converges to a
maximum value is shown in Fig. 2, where we consider

Po /N
] Tlko| = 5, Q = ko (b)
k|
0 1 2 3
— Llko| =5 Llko| =10 — Llko| = 15

FIG. 2. Excitation probability when Q = |ky| as a function of the wave packet width ¢ in a (3 + 1)-dimensional Dirichlet cavity.
(a) Different curves refer to different interaction times 7 (in units of |ky|™"). The excitation probability increases with longer interaction
times. (b) Different curves refer to different cavity sizes L (in units of |ky|~"), and the detector is always at the center of the cavity. Note
that the size of the plateau as ¢ — 0 increases with cavity size, while the excitation probability decreases with size. In both cases,
however, unlike the free-space setting the probability is always maximized in the monochromatic limit. We have chosen T to be large

enough so that the result is within the long time regime: the total probability P?,, is dominated by the corotating contribution, while the

counterrotating and vacuum contributions are negligible.
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e /T and set

a Gaussian switching given by y(t) =
Tlko| > 1.

In short, unlike the continuum case, the detector in a
cavity can resonate with the field’s quantum and the
excitation probability is maximized when the quantum
frequency matches exactly with the detector gap in the
monochromatic limit. Notice that in a cavity, a peaked
momentum wave packet cannot be infinitely delocalized
since the cavity length is finite, and thus the energy density
of the wave packet is nonzero in the monochromatic limit.
This is in stark contrast to the continuum case and can
explain why the wave packet does not become transparent
for the detector in this case.

C. Quadratic coupling: Transition probability
in arbitrary dimensions

We move now to the nonlinear coupling between the
detector and the field. Here we calculate the excitation
probability of a detector interacting quadratically with a
massless scalar field in analogous fashion as the previous
subsection on linear coupling.

We begin by substituting our definition of a Fock state
(17) into the Wightman two-point function (16), and then
apply the field expansion (3) and the canonical commu-
tation relations (4). The Wightman two-point function reads
WP (x,X') = (1,]:9%(x): 17 (X): 1)
= 2W/e (X, X')?

+ AWl (X X') (Kf, (X) Ky, (X) +c.c.). (60)
where Ky (X) is defined in Eq. (27). Notice that the first
term 2W$5ac(x, X')? is the vacuum Wightman two-point

function for a quadratic interaction [21]. This means that, as
before, the response function can be split into two parts, i.e.,

)2 )2
P¥ = Pl + PY. (61)

The first term is the vacuum contribution

d'k, [d"k,
Pvac = ” /
( kil J ksl
)?[Q + k1| + ko [P Flky + ko2 (62)

The nonvacuum contribution P‘;}z can be written in compact
form by defining [cf. Eq. (33)]

J (ks 0, ko,Fﬂ?)

-/ Wfkog

Fk —k)7(Q + [k | & |k|).

(63)

The nonvacuum contribution now reads

42 d'k -
Py = / (T2 (k0 ko, F
K 2(271_)” |k1| (jJr( 1,0, Ko )()

+‘.7%(k1;0-7k0’F7)?>)' (64)

We now consider the effect on P%Z of the same two limits
considered in the previous case: the long switching time
and pointlike regimes. In these limits, the vacuum con-
tribution and the counterrotating term 7, will vanish for a
ground state detector for similar reasons as the ones
described in the linear coupling setup [21]. With these
assumptions, the full transition probability is given only in
terms of the corotating term [cf. Eq. (35)]:

. 4227 [ dky

pr ==
2(2z)" J [kl

T*(ky;0.k), (65)

where we short J_(k;0,ky) = J_(ky;0,kg, 1,275).

In order to perform explicit calculations, we need to
specify the spectrum of the one-particle wave packet
frook). We will use the Gaussian distribution in
Eq. (25), and we consider two cases: n > 2 and n = 1.
For n > 2, we can simplify the expression for 7 _ using the
method outlined in Appendix A and obtain

272 (Jkey | + Q)"—%

V2(2r)"(n6?) ”/4
- (n ko) (Jk,| + Q)?
XOF1(5;| 0| (| 1| )>7 (66)

46*

kol +(ky [+0)?
2

j (kl’o kO)

where oF 1 is the regularized, generalized hypergeometric
function [40]. For n = 1, we introduce an IR cutoff A and
| we have by direct

integration

T _(kys 0, ko)
(6?)~1/4

=" ¢

(@K [+1ko )
252 + e 252

(Q+ky |=lko)?
} . (67)

Analogous to the linear results in Eq. (37), we can show
that the cutoff-free expression in Eq. (67) can be obtained
by taking the limit n — 1 of 7_ in Eq. (66). Therefore, the
expression for J_ in Eq. (66) is valid in arbitrary
dimensions. Unfortunately, substituting either Eq. (66) or
Eq. (67) into Eq. (65) does not give us useful closed-form
expressions, so we must proceed numerically.

We show the excitation probability for quadratic cou-
pling for various dimensions in Fig. 3. From these plots and
Eq. (65), we can make two general observations. First,
similar to the linear case, we see that the qualitative
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FIG. 3. Plots of transition probability P# /3> as a function of frequency for quadratic coupling and one-particle state in various spatial
dimensions 7, as the spectral bandwidth o. We vary Q as we search for resonant peaks while keeping |k | fixed. Here 4 = A|ko|"~2) is the
nondimensionalized coupling constant. The vertical lines denote the resonant frequency |ky| = Q.

behavior of detector-field resonances varies greatly for
different spacetime dimensions, with similarities only for
n>4. Only in n =1 do we observe a larger transition
probability as we make the wave packet with |ky| = Q
more monochromatic; for n > 2, the transition probability
decreases as o — 0. Therefore, for quadratic coupling
detectors are increasingly more transparent to the field
excitation as the wave packet becomes narrower. The
second observation is that unlike the linear coupling where
resonance peaks (a maximum in the transition probability
when the Gaussian peak matches the energy gap) are
always visible in any dimensions, for quadratic coupling
this only occurs for n =1. In two or more spatial
dimensions there is no resonance phenomenon for quad-
ratic coupling when the field is a one-particle Fock state,
and the detector’s response is maximized when Q << |k|.
In some sense this result, together with the results in the
linearly coupled case, highlights that the behavior of
(14 1)D detector models for massless scalar field are
the exception rather than the rule.

IV. TWO-PARTICLE DETECTION

In this section we will investigate how a detector
responds to two-particle excitations of the field. We will
first define what we mean by two-particle Fock state in free
space, and then we will consider how the detector response
depends on the properties of the state. Again we will see
that the ability of detectors to resonate with the field quanta

strongly depends on both the choice of detector-field
coupling and spacetime dimensions.

A. Two-particle Fock state

Recall from Sec. IIT A that a one-particle Fock state is
defined as the eigenstate of the number operator N with
eigenvalue 1, subject to the requirement that the spectrum/
wave packet profile f is L? normalizable to unity so that the
state has norm 1. An important takeaway from that section
is that there is no requirement on the shape of the profile
itself: in particular, it need not have, for instance, a single
peak in the momentum distribution. Consequently, in
general a multiparticle Fock wave packet can also have
very complicated momentum or frequency distributions.
An m-particle Fock state need not be described by a
spectrum that has m peaks. The only requirement for a
state to be an m-particle physical Fock state is that it is
a unit-norm eigenstate of the number operator N with
eigenvalue m.

Analogous to the analysis in Sec. III A we would like to
consider a relatively simple subclass of two-particle Fock
states. For instance, we would like to consider two-particle
states that have two peaks in its frequency distributions
(possibly equal). Such a choice would help in the physical
interpretation of our results as the resonant peaks can be
easily identified whenever they appear, and a notion
analogous to monochromaticity—i.e., dichromaticity—
can be defined.
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Inspired by the definition in Eq. (20), we can construct
the following candidate for a two-particle Fock state by
adding one more excitation on the one-particle Fock state
|17) in Eq. (17), i.e.,

2,6) =N / d"kg(k)ag|1 )

=N / d"kd"K (k) f(K)aga,|0),  (68)

where f and g have L>-norm ||f|| = ||g|| = 1. The prefactor
N, which is necessary to enforce (2,/[2,,) =1, is a
positive normalization constant to be determined later.
Applying the number operator to this wave packet state,
we get

N2, = / d"payay|2,) = 2[245); (69)

hence it is a genuine two-particle Fock state [cf. Eq. (19)].
The state |2,,) is a physical (normalizable) version of the
naive two-particle Fock state ay, aj, |0).

The two-particle Fock state defined in Eq. (68) is
particularly useful because it allows us to introduce two
peaks in the momentum distribution in a natural way. For
example, we can take g and f to be single-peaked Gaussian
functions centered at different momenta #; and #,, respec-
tively. For simplicity, we will assume that both f and g are
given by the same single-peaked function with the same
width ¢ and which differ by a simple translation, namely

gk) = fyok),  fk) = fy0k).  (70)
Since we use the same single-peaked function f, , for both

f and g which only differ by the location of their peaks at
n;, we will alleviate notation by rewriting the state as
follows:

247) = 12¢). (71)

We will also assume that f,,/__z, are real-valued functions as
we will be focusing on a Gaussian spectrum later.

Let us now work out the normalization constant /. We
first compute (2[2;):
(2/]24) = N2 / d"le; d"keyd"ke3d"ke (O], e, @, |0)
X fnl,rf(kl )fnz,ﬁ(k2)fn] ,ﬂ(k3)f;12.(r(k4)' (72)

Using the canonical commutation relations and demanding
that (24|2;) = 1, the expression reduces to

1= A2 / WA 2 () £ )

+ fn],a(kl)fnz,a(kl )fnl,a(k2)fn2,6<k2)]' (73)

Using the fact that ||f;, || = [|fy, 6/ = 1, the normaliza-
tion \ is given by

N=—— (74)

Cpp = / @k, o (k) fp o (). (75)

Let us check that when the wave packet is dichromatic,
then the energy expectation will be #(|n;| + |n,|). The
general expression reads

2410 gl27) = N / ] (f 30 ) P+ f o )2

+2N2C’11’12 /dnk|k|ffllf7(k)f'lz”(k) (76)

Since, as discussed around Eq. (24), | f,,j’(,|2 gives rise to a
family of nascent-delta functions, in the dichromatic limit
o — 0 we have that [f, ,[* — 8" (k—mn,),

im (2| Ho 4127) = || + o). (77)

where the limit is understood in the distributional sense.
When ¢ — 0, the lastterm of Eq. (76) vanishes. Furthermore,

the normalization A" — 1 because C,, — 0: any nascent

delta functions centered at different points are L?-orthogonal
in that limit.

B. Linear coupling: Transition probability
in arbitrary dimensions

We will now evaluate the linearly coupled detector
excitation probability, Eq. (12), and see how the detector
responds to two-particle excitations in the field.

First, the Wightman two-point function we need to
calculate is

Wi, (%.X') = (2,|p(x)p(X)[2;), (78)

where the subscripts #7; and 77, denote the peak momenta of
the two field excitations in |2 ). Direct computation yields
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W’?] m (X’ X/)
= W?a(:(X’ Xl)
+ N2Cy o, [Ky, () K, (X) + Ky, (XK, (X)) 4 c.c ]
+ N2[K, (X)K; (X) + K,,(X)K;; (X) +c.c],  (79)
where K,,/_(X) (j = 1, 2) is defined according to Eq. (27).
Now we can calculate the detector response to a two-
particle excitation: substituting Eq. (79) into Eq. (12), we

can write the full transition probability as the sum of four
contributions:
P’?lﬂz P"ac + PKmm + Panrlz + 2PKmnz (80)

The first term ngbac is the vacuum contribution, which
vanishes in the adiabatic limit. We can simplify the non-
vacuum contribution by defining the following integral:

M (0 ﬂ],F)?)

=0 | e ®

The expression M. (o, nj,F ,¥) enables all nonvacuum
contributions in Eq. (80) to be written concisely:

Flilz(Q £ |k[).  (81)

Pl = RIME (o F.7) + Mo F.7) (82)
Pzr/mz = ’Izcmnz[M+(0”7hFJ?)MJr(”s ﬂz»FJ?)

+M—(G’ ’717FJ~()M—(6”12’F’)~()]- (83)

Following Sec. III, we will focus on the long time and
pointlike limits, which simplify (82) and (83) to

Krm = PM_(o.m)M_(o.m;). (84)
Pim’lz /12C,1],’2/\/l (G’UI)M—(O'Jh), (85)

where M_(o,1;) = M_(0,1,276,n;). The full transition
probability in Eq. (80) is therefore given by only the
corotating term:

PY. = 2[M2(o,my) + M2(0.1p)
+ zcﬂlfle—(o-7 ”I)M—(G’ '72)] (86)

In order to make progress beyond this point, let us now
particularize to the case when f,,jy,, is a Gaussian centered at

nj, i.e.,

(k=n)?

1 -
fuy.0 (k) = )R o

With this choice, it follows that C,,m2

ji=12.  (87)

is given by

[ =l
Cyy, = €XP (— gy , (88)
and the normalization constant N for [2,) reads
N = : el (89)
n e V2 )
l1+e 22

This range for N' makes sense from an intuitive point of
view: the two extremes correspond to the fully monochro-
matic limit in which (in the case of a discrete number of
modes) the creation operators yield a factor of 1 when
creating excitations of different frequencies and a factor v/2
when exciting the same mode, i.e.,

A1 AI |0> {'1'11 1112> m ;é’h

. 90
\/§|2n,> m=1mnm 0

We can evaluate Eq. (86) in closed form. Notice that M _
has the same form as Z_ in Eq. (33) except with the
replacement fj , — N f,,jﬁg. Therefore, it follows that for

n > 2, we have

M_(T]j, (7) =N

2 _ﬂ Qn_l ‘,’_‘2+92 . Q
| ﬂ|n 3 A e 7 I%<|m|2 ) (91)
n; o

Substituting this into Eq. (86) gives the required closed

form expression for Pﬁl,,z for n > 2. For n = 1, we need to
evaluate M_ with an IR cutoff A, which gives

_(@-n)? _(@4))?
e 2 +e 22
M-(”j’ 6) = Nﬂ1/4 \/Q—o' ’ (92)

where we implicitly demand that Q, |5;| > A > 0. This
expression can also be obtained by taking the limit n — 1
of M_ in Eq. (91); thus M_ in Eq. (91) is valid for all
n > 1 as long as all relevant frequencies are above the IR
cutoff.

Figure 4 shows the transition probability of the detector
for the choice |1,| = 2|n7;|. As we vary Q, we can search for
the values of the detector gap for which the detector will
resonate with the two-particle excitations. We can make
three observations here. First, as expected the resonance
occurs around Q = |n;| and Q = |n,|, with the peak
aligning more closely to Q as the wave packet becomes
more monochromatic (¢ — 0). Second, the peaks are not at
equal height: the higher frequency peak is smaller than the
lower frequency one, and thus it is less likely for a detector
to respond to higher frequency excitation of the field even
in resonance. Third, we again see the dimension depend-
ence of the resonance peaks: for n = 1, the peak is greater
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FIG. 4. Plots of transition probability P? /4> as a function of frequency for linear coupling and two-particle state forn = 1 and n = 3,
where 7 is the number of spatial dimensions. We vary Q as we search for resonant peaks while keeping |k, | fixed. Here 1= /1|k0|<"‘3)/ 2
is the dimensionless coupling constant. The vertical lines denote the resonant frequencies corresponding to peak frequencies Q = ||
and Q = [i1,| = 2|#,]|. As in the one-particle case, in the monochromatic limit 6 — 0 for n = 3 the peak diminishes in amplitude, while

for n =1 the peak increases as ¢ — 0.

(higher transition probability) when the wave packet is
narrower, while for n = 2 they approach constant values.
For n > 3, the transition probability near resonance dimin-
ishes with more monochromaticity, thus a detector is
becoming more transparent to sharper wave packets,
similar to what happened with the one-particle case.

Up to this point, the phenomenology of two-particle
detection is not very different from the one-particle
scenario, with the exception that there are two frequencies
around which the detector can resonate. We will see in the
next subsection that in addition to these phenomena,
detector-field resonance for a two-particle Fock state has
much richer physics when nonlinear coupling is consid-
ered. Some of the nonlinear optical phenomena known
collectively as harmonic generation naturally arise within
the quadratically coupled detector model.

C. Quadratic coupling: Transition probability
in arbitrary dimensions

Let us now study how a quadratically coupled detector
responds to a two-particle Fock wave packet. The two-
point function reads

W (X, X) = (212 (X) 1 12 (X): |2 93

s (6 X) 5= (212 () 117 (X)) 1[2), (93)

where #7; and 7, denote the peaks of the momentum
distribution for the two-particle Fock wave packet.

The details of this evaluation are given in Appendix D,
and the resulting closed-form expression is

W?;lz'lz (X,x')

- 4N2[W$a° (x.X) (Ky, K:;/l + Ky, Kfllz +ec.)
AW (X X) Cyp, (K Ky + Ky Ky +c.0.)
+4(K; K; Ky K, + K, K;, Ky K, +c.c.)

+4|K,, |*|K}, > +4|K. |2\K;,2|2]+2W$ac(x,x’)2, (94)

'12| m

where K, = K, (X) is defined in Eq. (32) and we have
used the shorthand K; = K, (x’) and K;;; = K;, (X).

Substituting the Wightman function (94) into Eq. (15),
the transition probability can be written as

2 K2 42 K2 2 K242 K4 42
P¢2:P$HC+ P$1ﬂ1+ P;};z'lz_‘_z( P’q;l’lz)—i_ P;ﬁ;mz? (95)

where, for clarity, we added the left-superindex [K?] as a
shorthand notation referring to terms that depend on only
products of two K, ’s in the Wightman function, and the

[K*] left superindex is notation for terms that depend on
products of four Ky ’s in the Wightman two-point function.

In order to express the transition probability (95) in a
notationally manageable manner, we will define some
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functions analogous to Z,, J., and M_ in the previous
subsections, namely

Q;t(k’ 67’1}" F )?)
d"k’

T KoK+ K=

):
(96)

Rj:(o-’ni"]ijJ?)
dkd"k’ -
:=N/—Fk Kfy (k) fy (K
N T

X 7(Q = |k[ £ [K']), (97)
Si(om;, 1, F)?)

d"kd"k’' .
= - Flk-K k v
./\//2(27[)” |k||k/|F[ ]f"iﬁ( )fﬂja”( )
x 7(Q F k| £ |K']). o)

These are defined based on the signs that appear in the
argument of 7 and F. They, along with the symmetry
exhibited by S, under the exchange of 7; and #,, allow us
to express the different terms in Eq. (95) as

Kp d'k -
=4 2 - . F. 2
’11”1 /1 /2(2ﬂ)n|k| [Q+(k7 69’119 ’X)

+Q (kso.mi F. 7)), (99)

K hg? o [ kG,
Py, =4 — 1 k;
mmn A /2(2ﬂ)n|k| [Q+< o.M, ’)()

X Q+(k;6an21ﬁ‘vj) + Q_(k,G,”],F,Z)

x Q_(kio.m. F.p)l. (100)

K4 2 ~ =~
Py, = 42 [R2 (.m0, F. 7) + R (om0, FL 7)
+S%(07771”12’F’)~() +S%(O-’11211117F’/?)

+25—(5’771,711’F’)?)S—(G’ﬂz,ﬂzﬁﬁ,)?)]- (101)

Finally, by considering the detector to be in its ground
state (€2 > 0) and taking the long time and pointlike limit as
per previous sections, we can simplify the transition
probability (95) to some extent. The vacuum contribution

Pz’;c and the “fully counterrotating” terms Q, and R, will

then vanish. Dropping the F, 7 from the arguments, the
nonvanishing terms in Egs. (96)—(98) can then be written as

MLER )

n=3 n_q

27[4 0'2

- (k| + Q)?
U )
O

e
252

Q_(kso.my) =N

(102)

R_(o,1m.1m)
:% ® Ak (K (@~ k)t 2
<o (2 |mi LkP)OFl (2 W) (103)
S_(o.m1,1m2)
zzL—l " dlk| (el @+ )t

I ||k |* n_ip*(Q+ |k|)?
°F1<2 46t oF ZT - (104)

where OF | is the regularized hypergeometric function.
These expressions are valid for all n > 1, noting that for
n =1 all the energy scales have to be larger than the IR
cutoff [analogous to the situation in Egs. (91)].

Due to the 51mp11ﬁcat10ns above, we can write the full
transition probability as PP = P¢ + P¢ + P , where"

dk
pg —4/12/ Q_(k;o.m)* + Q_(k;o.m,)?

2(27)" k|
d"kC
+8’12/ ( )m|’;§| Q (kQUJh)Q—(k;GJh), (105)
P = 42R2 (0.n1. 1), (106)
PY = 422(S2 (0., 1) + S2 (0. 1.m))
+28_(o.11.11)S_(0.12. 1)) (107)

Before we study the dependence of the transition
probability on the number of spacetime dimensions, we
first plot in Fig. 5 the separate components of the transition
probability in (105)—(107) to better understand each of the
terms that make up the total probability. Let us choose as a
particular case study n = 3. In this case, there are three
interesting observations we can make from Fig. 5.

First, the dominant contribution comes from the “non-
resonant” piece [Eq. (105)] which does not peak around
resonance. Furthermore, from Fig. 5(a) we see that the peak
frequencies w; = ;| and w, = || of the two-particle
Fock wave packet delineate the different regimes where the
slope of this dominant contribution changes. Second, from
Fig. 5(b) we observe that the term in Eq. (106) contributes
to a resonant peak at the sum of the peak frequencies w; +
w, of the two-particle Fock wave packet. This is a nonlinear
optical effect which would correspond to SFG in quantum
optics literature [11]. Third, in Fig. 5(c) we see that the
contribution from the term in Eq. (107) accounts for two

*Note that for n = 1 we need to include the IR cutoff A for the
2
computation of P'g .
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FIG. 5. Various components of transition probability P? for detector interacting with two-particle Fock state in (3 + 1) dimensions.
Here we fix [i,| = 3|n|. We vary Q as we search for resonant peaks. (a) The dominant part exhibits no resonant peaks.

(b) SFG. (c) DFG.

maxima, one not associated with resonance (near zero gap),
and another one corresponding to a resonant peak at the
difference of the two frequencies |@; — ,|. This is another
nonlinear optical effect which would correspond to DFG in
quantum optics literature [11]. The authors find it satisfying
that a relativistic particle detector model is able to repro-
duce two well-known nonlinear optical phenomena (SFG
and DFG) in a unified manner. ,
In Fig. 6 we consider the separate contributions from P,

P;”;, Pf’;z for different numbers of spatial dimensions. The
results for n = 4 are qualitatively similar to n > 5, so we

(a) P§ /X (b) PE/3

take n =4 to represent the higher-dimensional cases.
We can make three important observations regarding
the dimension dependence of the transition probability
for the quadratic model interacting with the two-particle
Fock state.

First, note that in all dimensions, the Q-dependent
contribution [Eq. (105)] dominates compared to the
‘R-dependent contribution from Eq. (106) associated with
SFG and the S-dependent contribution from Eq. (107)
associated with DFG. However, when n > 2, there is no
resonant peak at the Fock wave packet peak frequencies
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FIG. 6. Various components of transition probability P? for a detector interacting with a two-particle Fock state in various
dimensions. The case for n = 4 is qualitatively representative of the higher-dimensional counterparts (n > 5). Here we set || = 3|, |

for concreteness, and we vary Q in order to search for resonantlike phenomena. In all plots, we see that Pg exhibits no resonant peaks

for n > 2, P% contains SFG and P"/’S2 contains DFG.
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= |n;| and @, = |1p,]. Only in n =1 do the detectors
have significant resonance aligned with the peak frequen-
cies of the wave packet. Similar to the results in the
previous subsections, only for n = 1 do we see that (105)
increases in the “dichromatic” limit (decreasing bandwidth
o), while for n >2 we see that (105) decreases as o
decreases. We also see that the only contribution which is
qualitatively different in different dimensions is the
OQ-dependent one.

The second observation is that in all dimensions, the
nonlinear optical phenomena (SFG and DFQG) persist, but
the rate at which the magnitude of the peaks diminishes in
the dichromatic limit 6 — 0 differs for different #. In higher
dimensions the SFG and DFG peaks decrease as ¢ — 0,
and they appear to decrease faster the larger the spatial
dimensions. The third observation is that—similar to the
one-particle scenario—the transition probability for quad-
ratic coupling decreases for all n > 2 when ¢ — 0: this is in
contrast to the linear coupling model, where the transition
probability only decreases when n >3, approaches a
constant value as n = 2 and increases when n = 1.

V. ENERGY DEPOSITED IN THE FIELD

In this section we compare the converse scenario, where
an excited detector interacts with the vacuum state of the
field. This will provide a complementary picture on the
light-matter interaction by studying how energy is trans-
ferred from an excited detector to the field’s vacuum
depending on how the detector is coupled to the field.

We are interested in the expectation values of the number
of excitations in each frequency mode of the cavity after the
interaction with an excited detector and how it varies with
the duration of the interaction. More specifically, we
consider the global initial state

Po = 10){(0] ® [e){el. (108)
where |0) is the field’s vacuum state and |e) is the detector’s
excited state, which after interaction yields the final global
state p = Up,U". In order to know the energy distribution
of the field on each of the field modes, we can compute the
number expectation value N; on each mode labeled by the
positive integer j, defined by

N; = tw[pN ], (109)

j aj
mode j. Slnce the field is initially in its vacuum state and
we are interested in how a detector deposits its energy in it,
we only need to consider the contribution coming from

pD e,

where N = a:a; is the number operator associated with

(110)

~(L1) ¢
N; = ulpy N+ 0(2),

AL M)A 7
P = g (0P OY), (111)
) denotes the leading order reduced density

matrix of the field after interactions that account for the
detector’s deexcitation to its ground state. Therefore, it

where p (/)

suffices to find the expression for the first-order term /(")
in the Dyson expansion of the full time evolution operator

U. The form of OV depends on the choice of detector-field
coupling (linear vs quadratic) and is given as an integral
over the interaction Hamiltonian:

o = —i/dtﬁ],(t), (112)

where H,(t) is given by either (1) or (14).

In this section, we will also focus on the scenario where
we have a massless scalar field confined to a (1 4 1)-
dimensional Dirichlet cavity. While a (1 + 1)-dimensional
cavity is very different from (and certainly not a good
model for) a “thin” (3 4+ 1)-dimensional cavity (see, e.g.,
[43]), it is a good enough test bed to understand the
differences in resonant behavior between linear and quad-
ratic couplings. Indeed, the resonant behavior for a field in
an (n + 1)-dimensional cavity is qualitatively similar to the
(1 + 1)-dimensional case, as we discussed in Sec. III B.

We consider a Dirichlet cavity of length L in the field’s
quantization frame with coordinates (¢, x). We impose the
Dirichlet boundary condition

$(1,0) = (¢, L) = 0. (113)
It follows that the mode decomposition of the massless
scalar field in the (1 4 1)-dimensional cavity takes the form

i’: 1

n=1

sin @, x[@, e + ape™ ), (114)

el

where w,, = nz/L and n € N.

In what follows, we will restrict our attention to the
special case where the detector is pointlike and comoving in
the quantization frame, ie., F(x) = §(x —xq), where
x4 € (0,L). This will simplify the calculations consider-
ably, especially for the quadratic coupling, and it corre-
sponds to the regime where the cavity is much larger than
the size of the detector. We set the switching function to be
a Gaussian,

2

x(t)=er,

where T prescribes the effective duration of the interaction.
This allows us to study how the energy distribution changes
with the duration of interaction between the short time and
long time regimes.
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FIG. 7. Number expectation value for the nth harmonics as a function of n for a linearly coupled detector-field system.

A. Linear coupling

In this subsection we consider the energy distribution left
by an excited detector in the Dirichlet cavity when the
detector is linearly coupled to the field. The relevant (1,1)
component of the leading order reduced density matrix of
the field reads

ﬁf/}w :/12/dtdt’eig(t—f);((t))((t’) > ufugl1;)(1], (115)
ij=1

where u; = u;(t, x4) is the eigenmode of the scalar field
evaluated along the detector’s trajectory,

u; = u;(t,x4) = —==sin(w;xq)e /",

- (116)
Nt
and u; = u;(t', xq).

We are now ready to compute the number expectation
N;. Substituting pfﬁl’l) into the expression for the number

expectation (110) it follows that

At a N | 2
N; = <aj’-aj> =27(Q - w;) —==sin(w,xy)

j N (117)

For a Gaussian switching function, this expression reads

72

N; = %e‘%ﬂ(g‘“’ﬂz sin?(w;xq), (118)
where we pull out the factor 72 from the Fourier transform
of the switching function to make the dimensionless
coupling constant’ 1 = AT.

We plot N; as a function of j to aid visualization in
Fig. 7. We can make several observations on the behavior
of the number expectation N; based on the expression in
Eq. (118). We choose Q to be an integer multiple of z/L in
order to make the resonance with field modes exact so that
Qis equal to w;. We consider how N ; varies as a function of

n=3

’Recall that in natural units [7] = [L] and [1] = [L]'T for the
linear coupling where n is the number of spatial dimensions.
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the duration of the interaction 7 and the detector’s position
x4, keeping the cavity size fixed.

First, in the short time regime (say, TQ2 < 1) N; is
large for small j and decreases with increasing j. In this
regime the Gaussian does not impose any effective fre-

quency cutoff on the interaction since e™ ~ 1+ O(x2).
From Figs. 7(a), 7(c), and 7(e), we see that most of
the energy is deposited into the field mode with largest
wavelength j =1, and decreases as 1/j. Note that
because x, appears as an argument of sin(w;x,), when
x; = L/2, there is no energy deposited when j is an even
number, as we show in Figs. 7(a) and 7(c). In particular,
which modes are accessible for the detector to dump its
energy depends on the zeros of sin(w;x,). For generic
x4 € (0, L) the behavior is closer to that in Fig. 7 where all
the modes are accessible (because wjx; #0 for all j
when x; = /7).

Second, in the long time regime (7Q2 > 1), most of the
energy is dumped in a single resonant mode w; = Q, as
shown clearly in Figs. 7(b) and 7(f). If the resonant mode
cannot be exactly obtained, the energy will be dumped
mainly on the nearest-neighboring modes. An example of
this is shown in Fig. 7(d): when x; = L /2, the detector is in
a node of the resonant mode w,. When this happens, the
energy is deposited in the nearest neighbor modes w3 and
ws. It also follows that in this long time regime, N5 < N3
because N; scales with 1/. In the case when every mode is
accessible, such as when x; = rzL/7 [Fig. 7(f)], the
dominant mode where most of the energy is deposited
will be the resonant mode w; = Q.

We summarize our results as follows: we see that for
the linearly coupled detector, the detector preferentially
deposits energy to the mode(s) closest to the energy gap Q
when the interaction time is large due to the resonant
effect. Conversely, in the short interaction regime the
detector preferentially deposits its energy to the lowest
cavity mode due to the 1/j modulation in N;. The results
of this subsection are indeed not very surprising in the
context of quantum optical intuition, but it is nice to have
as a consistency check for the model as well as for
completeness.

B. Quadratic interaction

In this subsection we consider the energy distribution
when the detector is quadratically coupled to the field. The
relevant (1,1) contribution to the leading order reduced
density matrix of the field after interaction reads

oy =23 /dtdt;(

Jokdm

th t), % %
( )uj uy ugt,,

x (148, (vV2 -
x [1;1) (1,1,

D)(1+8,(V2-1))

(119)

where u; = u;(t,x4) is the eigenmode of the scalar field
evaluated along the detector’s trajectory given in Eq. (116).

In obtaining (119) we have used the fact that

110) = (14 8;(V2—1))[1;1).

We are now ready to compute the number expectation
(L1)

(120)

N;. Substituting the reduced density matrix p," into the
definition of N; in (110), we get
N~ |4 5
N =23 ‘jk—ﬂx(g —20,)7(Q — 2;)
k=1
x sin? (w;xq)sin® (wxg). (121)
For Gaussian switching, this reads
i L(Q-20,) L (Q-2m,)?
k=1
X sin? (a)jxd)sm2 (@rxq), (122)

where 4 = AT is dimensionless.’ Note that we can write
20 = wy;.

Let us analyze the results for N; with the aid of Fig. 8.
First, analogous to the linear coupling case, in the short
time regime 7Q < 1 the lower cavity modes are preferred
due to the factor j~!' in the expression of N j- Second,
Eq. (122) shows that for quadratic coupling, the detector
preferentially deposits its energy to modes whose fre-
quency is half the frequency of the energy gap Q = 2w; =
@,; in the long time regime 72 > 1. Since N is modulated
by sin(@;x4) sin(wyx,), the zeros of the sine functions may
render certain modes to be inaccessible: for example, by
choosing x4 = L/2, N; is only nonzero for odd j. When
this occurs, the energy will be deposited in the nearest
neighboring mode. We show this in Fig. 8(b), where in this
case given Q = 5x/L the detector will deposit most of its
energy to w; because it is closest to /2 = 2.5z/L (note
that w, is inaccessible). Similar to the linearly coupled case
in Fig. 7, if we choose x4 such that every mode is accessible
(wjxq is not a zero of the sine function for all j), then
the detector will always dump its energy on the mode
w; = Q/2 in the long time regime.

We summarize our results as follows. We see that a
quadratically coupled detector preferentially deposits
energy to the mode(s) closest to half the energy gap
Q/2 when the interaction time is large due to resonance
effects. In the short-interaction regime the detector prefer-
entially deposits its energy to the lower cavity mode due to
the 1/j modulation in N;. Finally, we note that this splitting

SFor quadratic coupling, in natural units A has dimension
[A] = [L]"? in (n + 1) spacetime dimensions.
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FIG. 8. Number expectation value for the nth harmonics as a function of n for a quadratically coupled detector-field system.

of energy into two parts in the long time regime has a
correspondence in standard quantum optics, an effect
known as half-harmonic generation.

VI. CONCLUSION

In this paper we focused on understanding the
differences between linear and quadratic couplings between
light (modeled by a scalar field) and matter (modeled by a
particle detector) and how to interpret the phenomenology
of detector excitations in both scenarios.

More specifically, we study how a linearly coupled
Unruh-DeWitt detector resonates with one-particle and
two-particle Fock states of the field and how they differ
from the quadratically coupled variant of the detector
model. We explore the effects of spacetime dimension
and the width of the Fock wave packet (bandwidth) on the
detector’s responses to the field’s excitations. We also
complement our study with the converse scenario where an
excited detector deposits its energy to the field in its
vacuum state through their interaction and explore how
linearly and quadratically coupled detectors differ in this
regard.

We present three main results. First, we show that
generically in free space (in absence of boundary con-
ditions) where the field has a continuous spectrum, the
detector becomes more transparent to a Fock wave packet
as it becomes more monochromatic, even if it is in
resonance with the detector. This happens despite the fact
that the energy of the wave packet in the monochromatic
resonant limit is the expected A€Q. In other words, shining
more monochromatic light on a detector in free space will
make the detector click less and not more, contradicting
intuition from results in optical cavities. Indeed, in the
cavity scenario the excitation probability near resonance is
always amplified when the field’s state has a tighter
frequency range around the energy gap of the detector.
More specifically, for a linearly coupled detector, this
transparency at resonance for detectors in free space hap-
pens for (n + 1)-dimensional spacetimes with n > 3. For a
quadratically coupled detector this happens for n > 2. Only
in the (1 + 1)-dimensional setting do we have a larger
transition probability as the wave packet bandwidth more
closely matches the resonant frequency in free space.
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Second, we show that for quadratically coupled detec-
tors, nonlinear optical phenomena known as SFG and DFG
naturally arise within a relativistic particle-detector model
formalism. Finally, we show that an excited linearly
coupled detector deposits its energy in the field differently
from the quadratically coupled detector. The quadratically
coupled detector preferentially deposits its energy in the
field modes with a frequency of half the detector’s energy
gap, while a linearly coupled detector preferentially depos-
its its energy in field modes with a frequency equal to the
detector’s energy gap.

The main takeaway of our study is that when it comes to
light-matter interactions and Fock states, there are distinc-
tions between free space and a very large cavity. This is
particularly relevant because a very large cavity is often
used to extrapolate arguments about the physics of quan-
tum fields in free space. Our results emphasize the point
that coupling the detector and then taking the large cavity
limit is not the same as coupling detectors to a field in free
space. The reason is fundamentally tied to the discrete vs
continuous spectrum of the field (cavity vs free space) and
how this affects the definition of physically meaningful
Fock states.

Since a peaked wave packet in momentum corresponds
to a very delocalized wave packet in space, these results
could be read as the detector becoming insensitive to a very
delocalized wave packet in free space due to the fact it
couples locally to the field. This means that even when the
energy of the wave packet is localized around its resonance
frequency, the spatial spread of the state makes the detector
insensitive to it. This reasoning does not apply in cavity
settings since the energy of the wave packet cannot be
infinitely spread in space.

Our results can also be interpreted as the detector
becoming insensitive to a wave packet whose energy
density approaches zero in the monochromatic limit. A
localized wave packet in momentum space corresponds to a
delocalized wave packet in position space. However,
the energy content of the wave packet approaches a finite
value in the monochromatic limit (see Sec. III) and its
energy density approaches zero (see Appendix B), and
the wave packet becomes completely transparent to a
detector. This contrasts to the cavity setting, where the
wave packet is spread over a finite volume and the energy
density converges to a finite value in the monochro-
matic limit.
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APPENDIX A: EXACT TRANSITION
PROBABILITY FOR ONE-PARTICLE STATES

Here we compute the exact expression for the transition
probability of a detector reacting to one-particle Fock states
when the detector-field coupling is linear. First, using the
Gaussian spectrum in (25) let us rewrite Eq. (35) into a
more useful form:

ko2

PQ2n)? e 7
b |G, |? Al
(7‘[62)”/2 2(271')"| nl o> ( )

where we define

d'k B2 Hikgleose
G, = g
")V
" 3 2 [kolklcoso
- d|k|dQn—1|k|n_ie Wle o2
0

(82 — [Kf)

5(Q—[kl).  (A2)

We would like to obtain closed-form expressions for G,.
We consider two distinct cases, namely n > 2 and n = 1.
This is because for n = 1 the integral over the momentum
has no angular part and we require an IR cutoff. For
convenience, in this appendix we will write the transition

probability as P? with the subscript n labeling the number
of spatial dimensions.

Case 1: Suppose n > 2. The trick is to recognize that we
can write

kg ||| cos & V1 |k |[K|cos O
0

where dQ,_; is the area element of the unit sphere S"~!,

n—=2
dQ,_; = do(sin9)"2 H dei(sin @;)"=271,
i=1

(A4)

and du,_, is the area element without the (sin@)"2dé.
First, let us deal with the du,_, part. Note that

2 n/2
/ dQ,_, = rﬂ(") , (AS)
2
b (2=l
df(sin0)"~* = Ve ) ( . ), (A6)
2
0 INC)
and hence we can write
dQ, 2T
/dﬂn—z— " / — 1n—2: Z—zl : (A7)
J&do(sin6) st

Next, the integral over @ can be solved analytically and
reads
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k| lk| cos &

/ " 40(sin )2 2

0

() ()

46*

where pF ¢ 1s the regularized generalized hypergeometric
function [40].

Putting everything together into G,, and integrating over
|k|, we obtain after some algebraic manipulation and
simplification the expression of P? for n > 2:

2 2-1 Qn—l K 22 kO 2
Ph=r e ’%C : ) (A9)

’kO |n—2 64—)1 0.2

where 1,(z) is the modified Bessel function of the first kind
of order a. Note that from this expression, we can read off
7Z_(o0,k) that appear in Eq. (35).

Case 2: Suppose n = 1. Since there is no angular part,
we have

dk  _IK2 kg
7 (A10)

G, = \/_e we 5(Q — |k|).

This integral is divergent at k = 0, so we need an IR cutoff
A > 0 for the integral. In other words, we should replace
G, with an IR-regulated version, namely

-A o dk k2 kko
G o= / + / e d5(Q — |K]),
—00 A/ |k|

and we require that Q, |ky| > A. Under this constraint, the
integral over k can be performed, and we get

(A11)

_? |k lko|@
N e wle & +e )
G = Al2
1 |Q.|ko\2A \/ﬁ ( )

Putting everything together, we obtain for the transition
probability for n =1

(kol+2)? / 2lkgl@ 2
e e

7 (e~ Al3
e e (A13)

We emphasize that although this expression does not
explicitly depend on A, it has an implicit dependence on
the IR cutoff, since the Dirac delta function that appears in
G’l\ must be evaluated for Q > A, and we also need for
consistency that all length scales in the problem (such
as |ko|) are larger than A. However, once these are
satisfied, the final expression is free from any IR cutoff
dependence.

Finally, we note a remarkable fact: we can also obtain
the result for n = 1 (after the IR cutoff requirement has

been implemented) by taking the limit n — 1 of P? in
Eq. (A9):
lin%Pf =P (A14)
n—
Therefore, the result obtained by manipulating the angular
part of the integral for n > 2 can be “analytically con-
tinued” to n = 1, but only after the IR cutoff constraint is

satisfied (€2,
the outset.

k0| > A) since P;/[ does not depend on A from

APPENDIX B: ENERGY EXPECTATION
VALUE OF ONE-PARTICLE STATE

Here we compute the energy expectation value for the
one-particle Fock wave packet. Although, as discussed in
the main text, the limit is the same for any spectrum whose
modulus squared is a nascent delta in the monochromatic
limit, here we show the explicit evaluation for a Gaussian
spectral function. Using the Hamiltonian (22) we get

(o)1) = / SR f g, ()2

(k—kg)?

1 / _
=——— | d%lkle ~#
Ve | R

_lkg?

e

Vro*"

We can use the same trick in Appendix A: the most
important step is to first write

k]2 2lk[lkg|coso

dlk|dQ,_, [k]"e e # . (Bl)

dQ,_, = du,_,d6(sin0)"2, (B2)

and the only nontriviality is the integral over the angular
variable 6 [cf. Eq. (A8)]:

.4 . 2lkg|[k| cos &
df(sin@)"2e 2
0

n—1\ . [(n |k]*k|?
:\/EF< 2 >OF1<2;| |6|40|>7 (B3)

where ,,F p is the regularized generalized hypergeometric

function [40]. This is precisely the same as Eq. (A8) except
we replace |ko| — 2|ko|. Substituting this into Eq. (B1), we
get the energy expectation value for n > 2:

A n+1\ - 1 n J|kol?
<1f|Ho.¢|1f>:UF< 5 >1F1(—§;§;—G—02 . (B4)

In the monochromatic limit, we have for n > 2
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l%<1f|ﬁ0,¢|1f> = |ko, (B5)

as expected.

For n = 1 we can simply perform direct integration, and
we obtain

(| Hogl1),_,

(229 22

(A-lkg)? (A+lko))?
—l—a(e < +e 7 )

(B6)

At this point, the reader would likely be less surprised by
the still remarkable existence of the exact monochromatic
limit 6 — O at the same time that we lift the IR cutoft:

B7
lim | (B7)
Equivalently, analogous to Appendix A, we can obtain this
result by taking the limit n — 1 for the energy expectation
value (B4):

tim (1o gl 1) = im (1 Flogl1 ), (BS)

n=1"
Therefore, we showed explicitly how the Gaussian
wave packet indeed goes to the expected energy expect-
ation 7k in the monochromatic limit in all dimensions,
as we expected from the nascent delta argument in the
main text.

For completeness, we include here the energy density of
the field which can be obtained from the ## component
from the renormalized stress-energy tensor for the massless
scalar field. The renormalized ¢t component of the stress-
energy tensor is precisely the Hamiltonian density, which
reads

(1T (x): (1),
d"kd "k’
= [ —————(|k||K'| + k- &) fr, (k) fr, (K
| Sty I K)o )
x cos [(k, — k,)x*], (B9)
—|k|t +k-x and :T,(x):
ordered T',,(x) operator. It is straightforward to check that
we recover the energy expectation (23) by performing the
spatial integral:

where k”x” = is the normal

<1f|HO,¢|1f>:/d"x<1f|:Tt,(x):|1f>. (B10)

Note that f; ,(k) does not define a nascent delta function
because fy, , is L? normalized to unity. We can make it into
a nascent delta function by multiplying it by the right power

of o. For example, in the case of a Gaussian spectrum (25)
we can write

fko,a(k) = (4ﬂ62)n/4fk0,6(k>7 (Bll)
where
1 kg
iy 0 (K) —We R (B12)

fk, - defines a family of nascent delta function since

JECSCE (B13)
even in the limit as ¢ — 0. We can then write
lim — (1| T (x):]1) = "23'2 (B14)
00"
From this, it follows that
(11: T (x):|15) ~ lholo™, (B15)

and hence, in the monochromatic limit, the energy density
of the wave packet goes to zero with ¢" (which is the
inverse of the spatial volume scale of the wave packet).

Note that this will be true for any choice of L?-normalizable
spectrum f, since it can always be made into a nascent delta
function multiplied by some geometric factor and ¢"/2. This
proves that for any choice of spectrum the energy density goes
to zero as the wave packet becomes infinitely delocalized in
the monochromatic limit.

APPENDIX C: COMPUTATION OF THE
TWO-POINT FUNCTION FOR THE
QUADRATIC MODEL AND THE
ONE-PARTICLE FOCK WAVE PACKET

Here we prove that the two-point function for a one-
particle Fock state W* (x,X') := (1:¢*(x): :¢*(X'):|1,)
is given by Eq. (60). First, we split W¥’(x, ') into two parts
using properties of normal ordering [21]:

W (x,X) = W;/’Z(x, xX) + Wi’}z (x,X'), (C1)
where
W (x,X) = (LB ) F (X)), (C2)
Wi (%,X) = —(1,]d?(x)|1,)(0]¢* (x)[0)
— (017 (x)[0) (11> (X)|1,)
+ (017 (x)[0) (OIF>(X)[0) (1,]1,).  (C3)
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2
By Wick’s theorem, only terms with an equal number of annihilation and creation operators can contribute; thus W? yields

the following integral:

/H

+ (Ola, g, g, a3y, |0) e

dnk]fk(J a(kl)fko ri(kﬁ)

+ (Olay, ay, . ax, e, |0)e

+(0lay, a};z a, a;{4 a, a};ﬁ |0Ye

In the above expression we have used the shorthand
= |k;|t —k; - x to reduce notational clutter.
For brevity, we write W¢ as a sum of six integrals
Wibz :A1+A2 +A3 +A4 +A5 +A67 (CS)
where each A; corresponds to each vacuum expectation
value of the ladder operators in (C4). It will be very
convenient for us to construct a compact notation for the
vacuum expectation values over these ladder operators.
First, we define
5([abe][def]) = 8(k, — k,)(k, — k, )5k, — k7). (C6)
where the index [def] in the second square bracket will be
fixed and we will only vary the indices in the first bracket to
avoid double counting. We also use the shorthand §(k) =
81 (k) for the right-hand side of (C6). Next, we define

5(labe + d'b''|[def])

= 6([abc][def]) + 8([a'b'¢|[def)).  (CT)
Finally, we define z[abcd...] to mean summation over
permutation of strings abcd... but excluding all permuta-
tions involving b on that specific position. For example,
#[123] means we exclude cases when 2 is in the second
position (namely [123] and [321]). We will list the
permutation explicitly when this notation is not useful.
Let us illustrate our convention with three examples.
First, we have
5([123][456]) = 8(k, — ky)8(ks — ks)B(ks — kg).  (C8)
Second, when we have z[123], we sum over all possible
combinations coming from permutations of [123]:

8(n[123][456]) = 6(ky —k4)5(ky — ks )6(ks — ke)

+ 6(ky —ky)d(k3 —ks)5(ky — k¢) +

+ 6(ks —ky)d(ky — ks)5(ky —kg),  (C9)

UK x,, Ak x, =i x, =ik x, + <0‘

ik x, =ik x,, +1k’2x#—1k{;xﬂ] .

AT AT AT |0>e—ik’z‘xﬂ—ikf;xﬂJrikﬁx;Hk‘s’xL

O|ay, ay,ax a; a;_a
e e

_ah b BT T
ik x, kG x, —ik X, Hikgx), +<

§ oo

n~ A A ~ A il g kg i
O|ak1 ay, ak_,, ak4 i, a;; |0>€ kb, ik x, ik g, —ikS ),

i x, =S x, =ikl ), ik X
aklakzakxak‘taksak |O> T A s

(C4)

|
where we recall that in this convention the positions of ky,
ks, kg are held fixed while k, k,, k5 are permuted and
summed over. Finally, we have, for instance,
8(z[412][356]) = 5(k,
+6(k,—k

—k3)5(ky — k) (ks — ko) +
3)(ky —ks)3(ky — k).

where terms involving &(k, — k3) are excluded because we
exclude all cases when index “4” is in the first position.

Using this notation, the vacuum expectation values now
read

(C10)

<0|aklak2ak3ak4ak5ak |0) = &(=([123][456]),

(0l 1,0, 0,31, 0) = 3(x{H12]356)).
<0|ak1ak2ak3ak4ak5ak |0) = 5([125 + 215][346)),
<O|ak1ak ak ak4ak5ak |0) =0,

<O|ak1ak aksak“ak ak |0) = 5([134 + 143][256)),

(01, &, 4,2, 04,01, 0) = ([135][246)) (i)

Substituting Eq. (C11) into Eq. (C4), we can readily obtain
the expressions for each A;:

Ay = 2Whe(X.X')? + 4Wle (X X') K (X)K, (X)), (C12)
Ay = Whe (%, X)| K, (X) 2 4+ Wl (X, X) [ K, (X)

+ Wae (X, X) Wi (X', X'), (C13)
Ay = Whhe(x.X') Ky, (X)K; (X)

+anc(x, X)| K, (X') |2, (C14)
Ay =0, (C15)
As = Wi (X, X) Ky, () K (X)

+ W (X, X)| K, (002, (Cl6)
Ag = anc(x x)KkU(x)K*( ", (C17)
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where K (x) and w?. (x,X') are defined in Sec. III. Note
that A,, Az, As are singular because they involve the
coincidence limit of the vacuum two-point function.
Putting all the expressions for A; together, we obtain
2
WI = 4Wle (%, X) (K, () K (X)) + c.c.)
+ 2We (X X) | Kigy ()2 + 2W e (X', X') [ K, (%) 2
+ 2Whe (%, X)? + Wi (X, X) Wi (X, X').  (C18)
The Wﬁz can readily be obtained by taking the coincidence

limit of the linearly coupled Wightman two-point functions
W¢, which gives

(102 [17) (0lb(x')[0)

= Wi (X' X)W (X, X) + 2Ky, (¥)[2],  (C19)
(171p(x')2[1,)(0lgh(x)2(0)

= Whe (X, X) [Whe (X, X) + 2|Ki, (X)), (C20)

(0[h(x)2(0){0]p(X')2[0) = Wi (X, X)Wl (X' X).  (C21)

Adding these together gives us
W = —Whe (X, X) Whhe (X, X') = 2Wie (%, X) | K, (X')
— 2Whe (X, X')| Ky, (X) 2. (C22)

Putting all these together, the full two-point function

W = W?z + Wﬁz for the one-particle Fock state now
reads

W (x.X') = 4Wle(x. X' ) (K (X) Ky, (X') + c.c.)
+ ZWWC(X xX')?, (C23)

which is precisely Eq. (60).

APPENDIX D: COMPUTATION OF THE TWO-
POINT FUNCTION FOR THE QUADRATIC
MODEL AND THE TWO-PARTICLE
FOCK WAVE PACKET

We will now prove that the following two- p012nt function
for the two- pamcle Fock wave packet Wi, (x,X) :=

24]:¢*(X): :¢*(X'):2;) (where i, and 17, are the domi-
nant momenta of the two-particle Fock state) is given by
Eq. (94). First, let us define a shorthand

'1112,%28 fm (kl )fnz.zr (kZ)fm,a(k7 )fnz,a(kS)' (Dl)

2
We can split Wﬁmz into two parts using the properties of
normal ordering:

@ @
W'11 mn =W

mm.l + W

mn,. 1D (D2)

where [dropping the (X,X
brevity]

') from the left-hand side for

WP =2 R X)FX)[2). (D3)
WP = (2102 (X)[2,)(0]¢2(x))[0)

— (0[¢*(X)[0) (2712 (X)[2,)

+ (0lg2(x)[0) (02 (X)0)(2,[2,).  (D4)

Again by Wick’s theorem, only terms with equal numbers
of annihilation and creation operators can contribute; thus

W’/’,, 1 yields the following integral:

AT AT AT ‘0>€—ik§x},e—ikﬁxﬂe Kix,, elk"x

Wi =N [ e a0
e = . k kak aka a, d, d
2(27) 12\/|k3|\k4\|k5||k6| R T Tl Ty

NI
+ (Ol g, Qn, G, Oy, O, Gy Oy,

—ikx, Hiklx, ,—ikix, ,ikix, Aoa A AT AT A AT AT —1k‘x ik x
ak |0) e et e ™M s + (Ody,, A, an, Gy, Ay, Qrg Oy, Oy, [0) €™ eMene

ik
ik{x, we ik x)

T T ikx, ,—ikx, ,—ikix!, jikix] Aoa AT oA AT A AT AT ik x, ,—ikx, ,ikix] —ikix]
<0|ak1akzaksak‘taksakﬁahaks|O>e e ne T st 4 (0| g, d, Oy, g, Oy gy Oy Oy |0) €50 @7 @5 o1

”oa AT AT A A AT oAt oy
—I—(O|ak1akzaksak4ak5ak6ak7ak8|0>e e

For brevity, we will express the above integral as

Wz)lz,h’l = B] + Bz + B3 + B4 + BS + B6v

(D6)

where B; corresponds to the integral over each vacuum
expectation value of the ladder operators in Eq. (D5).

ik x, ik’gx;, g_ikng]_

(D5)

We need to work out the vacuum expectation values of
the six terms in the eightfold nested n-dimensional integral.
We will employ the permutation notation defined in
Appendix C but generalized to eight ladder operators, so
we will have the delta functions over eight indices
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5([abed][ef gh]) instead of six indices &([abc|[def]) in the
previous section. In addition to the convention used there,
we will have one more rule: we define 11234 to mean that
we are excluding cases labc and albc (i.e., when the index
“1” is in either the first or the second position).

We illustrate these conventions using two examples.
First, 8(#[1234][5678]) means summing over all permuta-
tions of [1234] while holding the last four indices fixed:

5(x[1234][5678))
= 0k —ks)d(ky — k¢)o (k3 — k7)o (ky — kg) +

+ 8(ky — ks)o(ks — ke)S(ky — k7)5(k; —kg). (D7)

Second, our new rule applied to 8(r[66123][4578]) leads to
the following expression:

5(r[66123][4578))
= 6(ky —ky)6(ky — ks)6(ks — k7)5(ks — kg) +

+ 6(k3 — ky)5(ky — ks)o(ke — k7)5(k; —kg),  (D8)

where we sum over all permutations of [6123] but exclud-
ing the cases containing &(ks — k,) and 5(kg — ks).

With these conventions, we can express the vacuum
expectation values in compact form as

<O|ak1akzakﬂkﬂzsa;ﬁakﬁz 0) = 6(=[1234][5678]),
(Oa, ax, g, i, O, iy, 0, |0) = 8(w[5123][4678]),
(Ol g, ey 1 2 i, 2, 1y |0) = S [66123][4578]),
(O], ug, . ag, ey 1y, 2 1y |0)

= 5([1245 + 1254 4 2145 + 2154 + 2415 + 2451
+ 2514 + 2541][3678]),
(O, ug, ay, i, Oy, iy, 1, 1y |O)
= 5([1246 + 1264 + 1426 + 1462 + 2146 + 2164
+ 2416 + 2461][3578]),
(Ola, g, ay, af ey iy, 2, 3y |0)
= 5([1256 + 1265 + 2156 + 2165][3478]).

Let us now solve the six integrals over each vacuum
expectation value. The first integral comes from the
24 permutations of [1234], which reads
By = 2W{i(x.X)? + 4N?K}, K}, K;; K3,

+ 4N2W?ac(x’ X/)Cﬂﬂh(K;h Ki‘lz + K;lzK:;l )

AN W (X, X)) (K Ky, + K K, (D9)

where we have used the shorthand K to denote K, (X') to
simplify notation, where K, (X) is defined by Eq. (27). The
second integral comes from 18 permutations after removing
the [Sabc] terms, which reads

By = N2[|K,, PIKy 1> + | Ky, 2K, >+ Ky K K KLy, K Koy, Ky Ko+ Woae (%, X) (K, Ky + Ky K )

m=rm

+anc(x x)Cle(K K* + K K*)+W‘v/’ac(x x)(|Km|2+ |K,h\ )+anc(x xX')C,

=M

+ W (%, X) (K, [2 + K,

1)+ W (X, X)Cypo (K Ko + Ky K )] + Whhe (X, X)W (X, X).

mmn: (Kﬂl K:;Z + K’IzK;;l )

(D10)

Notice that this second integral contains distributional divergences due to the coincidence limit of the vacuum two-point
function, and even products of two divergent two-point functions. These divergences will be canceled exactly by normal

ordering as we will see.

The third integral comes from 12 terms involving permutations of [1236] but excluding [6abc| and [a6bc]:

= N2[|K, |Kp |> + |Ky, 2K} |* + K,y K Ky Koy, + Ky Ky Ky Ko+ W (X, X) (K, K; + K, K)

m=m
+ Wi (X, X) Cyop, (K K + Ko K ) 4 Wi (%, X)(

The fourth integral also comes from 12 permutations,

B4:N2[|KW1|2|K;12|2+|K’12|2|K/ " m

+ Woae (X X)Cyp . (K Ky, + K Ky )+ Whe(X, X)(IKy, |+ Ky, I? )+ Whe(X, X)Cyon, (K Ky, 4+ Ky K3 )]

mm

The fifth integral comes from 8 permutations,

111|2+‘

m=rm

)+ Wi (X, )Gy, (K K + Ky K )] (D11)

P+ Ky K K K+ Koy K Kl K+ W (X X) (K Ky + Ky K )

= m

(D12)

125021-26



WHAT MAKES A PARTICLE DETECTOR CLICK

PHYS. REV. D 103, 125021 (2021)

BS = NZHK’h |2|K;h|2 + |K712|2|K;11 |2
+ K;;1 KﬂzK;h K;;; + K’IIK;;ZK;I*I K;h
+ Wg/sac(X, X/) (Km K;l*l + K’IzK;;;)

+ W?’,ac(x’ Xl)C’ll'lz <KTI1K;1*2 + K"ZK;;I >] <D13)

Finally, the sixth integral comes from 4 permutations,

B6 = 4N2K711 K”ZK;;; K;;; (D14)
Overall, only B,, Bs, B4, Bs contain divergent terms
coming from the coincidence limit of the vacuum

2

Wightman two-point function W'é’ac. Next, the Wzlmﬂl term

in Eq. (D4) contains three summands which are made of the
products of the following quantities:

(02 (%)|0) = Wl (x.X). (D15)
(0] (x')]0) = Wi (X', X'), (D16)

(212 (0)127) = Wl (X, X) + N22|K,, > + 2/K,,,
+ Cﬂl'lz (ZKTIJ K’?z + ZKUZK:M )]’ (D17)

(24182 (X)127) = Whie (X, X) + N2[21K;, P+ 21K, |2
+ Cyy (2K3, K3, + 2K, K3,)]. - (DI18)

Putting these together, we get

2

W 1= —N2Whe(X. X)[2]Ky, [ + 2| Ky, [2
+ Gy (2K, K, + 2K, K1)
— N2Wee (X, X) 2K, [2 + 2| K, [2
+ C,,l,,2(2K,,1 K;;2 + 2K,th;1 )]
— W (X, X) Wi (X', X). (D19)

Finally, by comparing the six integrals B, to B¢ coming
from W/, | and W/, . it can be readily checked that

when adding the two terms in Eq. (D2) the divergent parts
are exactly canceled, yielding Eq. (94):

W7¢7712’12 (x.X)

= N2[4Wle (X X) (K, Ky, + Ko, K, +-c.c.)
AW (X, X) Cyp, (Ko Ko+ Ky K +c.C.)
+4(K;, K3, Ko, Ky, + Ky K3, K K, +c.c)

+4|K,, P | >+ 41K, 21K, +2Wle(x.X)2. (D20)
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