PHYSICAL REVIEW D 103, 125018 (2021)

Phase analyses for compact, charged boson stars and shells harboring
black holes in the CPY nonlinear sigma model
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Phase diagrams of the boson stars and shells of the U(1) gauged CP" nonlinear sigma model are
studied. The solutions of the model exhibit both the ball- and the shell-shaped charge density depending on
N. There appear four independent regions of the solutions which are essentially caused from the
coexistence of electromagnetism and gravity. We examine several phase diagrams of the boson stars and the
shells and discuss what and how the regions are emerged. A coupling with gravity allows for harboring of
the charged black holes for the Q-shell solutions. Some solutions are strongly affected by the presence of
the black holes and they allow to be smoothly connected. As a result, the regions are integrated by the

harboring black holes.

DOI: 10.1103/PhysRevD.103.125018

I. INTRODUCTION

A complex scalar field theory with some self-interactions
has stationary soliton solutions called Q-balls [1-4]. O-
balls have attracted much attention in the studies of
evolution of the early Universe [5,6]. In supersymmetric
extensions of the standard model, Q-balls appear as the
scalar superpartners of baryons or leptons forming coherent
states with baryon or lepton number. They may survive as a
major ingredient of dark matter [7-9].

Analysis in this paper is based on the Q-ball solutions of
the CP" nonlinear sigma model which is defined by the
Lagrangian density [10]

M2
L= _TTr(x—laﬂx)2 - 1*V(X), (1)
where the “V-shaped” potential
1 1/2
V(X) = 3 [Te(1 = X))V 2)

is employed in order to obtain the compact solutions. The
behavior of fields at the outer border of compacton implies
X — I. The coupling constants M and p have dimensions
of (length)~! and (length)~2, respectively. The principal
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variable X successfully parametrizes the coset space
SU(N +1)/U(N) ~CP¥. 1t is parametrized by complex
fields u; in the following way:

Iney 0 2 (—u®u' iu
X(g) = = E
@) ( 0 —1)+192( iu’ 1) ®)

where 9 := /1 + u" - u. Thus, the CP" Lagrangian of the
model (6) takes the form

‘CCPN = _Mzgﬂy%yﬂ - ﬂ2V7 (4)

where

T, = —%@Lﬂ' -A?-0,u, A%j = 925, — wiu;.  (5)
The model possesses the compactons [10]. Compactons are
field configurations that exist on finite size supports and
outside this support, the field is identically zero. For
example, the signum-Gordon model, i.e., the scalar field
model with standard kinetic terms and V-shaped potential
gives rise to such solutions [11,12].

In last few years, we made some efforts in the study
of compact boson stars corresponding to the model (1)
[13—15]. The boson stars are the gravitating objects of such
Q-balls. There are a large number of papers concerning the
boson stars [5,16-23]. The gravitating boson shells can
harbor a Schwarzschild and a Reissner-Nordstrém type
black hole. The harbor is a solution that is as follows. When
in the center of shell is a localized massive body, such as the
Schwarzschild-like black hole, we set the event horizon in
the interior part of the shell and solve the equations from
the event horizon to the outer region. Such solutions are
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called harbor [20]. Since the black hole is surrounded by a
shell of scalar fields, such fields outside of the event
horizon may be interpreted as a scalar hair. The excited
boson stars are very important not only from theoretical
interest but also for astrophysical observations [24-28].
The multistate boson stars, which are superposed ground
and excited state boson star solutions, are considered for
obtaining realistic rotation curves of spiral galaxies [25].
In [28,29], the stability analysis for their multistate sol-
utions is extensively studied. Our model is a different
type of the multistate boson stars on target space CP" . For
the U(1) gauged model [15], we observed the signal of the
bifurcation and the domain structure in the solutions. These
boson shells also harbor a Schwarzschild and a Reissner-
Nordstrom black hole. In this paper, we discuss several
novel results for the phase structure of our U(1) gauged
gravitating boson stars and shells. The extensive analysis of
a single scalar model has already been done in many
literatures [19-23,30]. In our model, we observe several
bifurcations of the solutions which previously were not
known and give us deeper insights for the interactions
forming the boson stars/shells and also for the property of
the harbor of the black holes.

The paper is organized as follows. In Sec. II, we shall
describe the model coupled to the gravity. Ansatz for the
parametrization of the CP" field is given in this section.
Section I1I is the phase diagrams for the CP' boson star and
shell. We give the boson shell solutions of N =11 in
Sec. IV. Further discussion for the interpretation of the
phase diagram as well as the property of the harbor is
discussed in Sec. V. Conclusions and remarks are presented
in the last section.

II. THE MODEL

In [13-15], we described formalism of the CPY model in
flat space-time and also the model of gravitating Q-balls
and -shells in detail. Here, we briefly review the formalism.
The action of self-gravitating complex fields u; coupled to
Einstein gravity has the form

4 __ uh 1/0
/d W {16 G 49” Fiutie
- Mzg”yru;l - /’LZV:| ’ (6)

4
_ 2 2 . g2 *
o T g D,u’ - A*-D,u, Af =870 —wus,  (7)

where G is Newton’s gravitational constant, F,, is the
standard electromagnetic field tensor, and the complex
fields u; also are minimally coupled to the Abelian gauge
fields A, through D, = 0, —ieA,. The variation of the
action with respect to the metric leads to FEinstein’s
equations

1
- _g;va (8)

G,, = 81GT,,, 5

where G, =R,

where the stress-energy tensor reads

1
Tﬂv = gm/ <M29/101.61 + Zg}m—gnaFlnFmS + luzv>
- gAGF;MFDG' (9)

2
-2M-z,,

The field equations of the complex fields are obtained by
variation of the Lagrangian with respect to u;,

- D*u)D,u

2
\/_Dﬂ(\/_D ) = o (u

ov
2 _
4 219 E [ i o auk] 0. (10)

The Maxwell’s equations read

i —4£ 2(u" - Dty — D*ut - u 11
\/—(\/**F) M*(u' - D'u—D ). (11)

It is convenient to introduce the dimensionless
coordinates
U
Xy = % (12)

and also A, — u/MA,. We also restrict N to be odd, i.e.,
N :=2n + 1. For solutions with vanishing magnetic field,
the ansatz has the form

4 )
n(1.7.0.9) = \[ 2 ()Y (0.9)€™. (13)

At r.0,9)dx" = A,(r)dt, (14)

and it allows for the reduction of the partial differential
equations to the system of radial ordinary differential
equations. Y,,,,—n <m <n are the standard spherical
harmonics and f(r) is the matter profile function. Each
2n + 1 field u = (u,,) = (U_py, U_piys s Uy_y, Uy,) 1S 8SSO-
ciated with one of 2n + 1 spherical harmonics for given n.
The relation Y7 Y3, (0,9)Y (0. 0) =225 is very
useful for obtaining an explicit form of many inner
products. We introduce a new gauge field concerning the
gauge field for convenience,

b(r):==w—eA,(r). (15)

Using the ansatz, we find the dimensionless Lagrangian of
the CPY model in the form

125018-2
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Z: _ Kﬂ/l o vu
CPN__Zg gDF;wFlzr_g Tw_v

B K‘b/z 4b2f2 4C 12
T 0A2e2 A2C(1 +f2)2 - (1 +f2)2
dn(n+1)f2
_7;1}(’; £ J}z) v, (16)

where we introduced the dimensionless constant x :=
u?/M* for convenience.

For the ansatz (13)—(15), a suitable form of line element
is the standard spherically symmetric Schwarzschild-like
coordinates defined by

ds* = g, dx"dx"

1
= A%(r)C(r)dt* - dr* — r*(d6? + sin? 0dg?).
C(r)
(17)
The equations of motion of A(r), C(r) read
b2f2 f/2
A =4 18
e s e
e
r
4p* f? N ACf?  dn(n+1)f?
,
APC(L+ 22 (1422 (1+ )
Kb/Z f
) 19
z¥é+vﬁi74 )

where @ := 87Gu? is a dimensionless coupling constant
concerning to the gravity. Plugging the ansatz (13)—(15)
into the matter field equation (10) and the Maxwell’s
equations (11), we have

Cf// _|_ C/f/ /jfl _"_ f/ (I’l:— 1>f
(1= f 2Cff’2 L/ )
+A2C(1+f2)_(1+f2)_§ 1+f7=0, (20)

/ ! 2 2
a4 2PATAT B B o o
Ar C (1+f%)?

Thus, we solve a system of four coupled equations (18)—(21)
varying the parameters a with fixed «, e (in this paper, we
simply set k = e = 1).

The dimensionless Hamiltonian of the model is easily
obtained,

oo — 4b* f? kb"” 4Cf”?
cpy TAXC(1+ 22 2428 T (14 £2)2
dn(n+1)f?
————+V. 22
A7) >
The total energy is thus given by
b/2 b2f2
E=4 2d
o FLA2+AC(+f%
4ACS?  4A 2
4 A nnt D L ay| 23

(14 f2)? - (14 f%)

The action (6) with the covariant derivative is invariant
under the following local U(1)N symmetry:

A, (x) = A,(x) +e7'9,A(x)
u; = expligih(x)|u;, i=1,....N, (24)

where ¢; are some real numbers. The following Noether
current is associated with the invariance of the action (6)
under transformations (24):

4MPi X
- > [ A2D,u; — DAy (25)

(i) _
J/‘ - 194 ijoutj

Jj=1

Using the ansatz (13) and (14), we find the following form
of the Noether currents:

" —m)! 8bf?
S (n—m) f

"(cos 6))?
(n+ m) (1 +f2)2 (Pn( 9)) s (26)

Jom _ (n—m)! 8mf?

[ (I’l + m), (1 +f2)2 (PZ”(COSB))Z, (27)

and J\") = J\" = 0form = —n.—n+1,....n— 1,n. The
conservation of currents is explicit after writing the con-
tinuity equation in the form

! o gy _ L 5 y0m) (m)
\/—__g@,,( _ggll J,/ ):Az—CG,J, +}"2728(/)qu =0.

Therefore, the corresponding Noether charge is

1 1 m
0 = [ =g e )

167 [, b
f— d —_——5 . 2
2n+1/r "AC(l + 22 (29)
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Owing to our ansatz, the charge does not depend on
index m, which means the symmetry of the solutions is
reduced to U(1). However, we shall keep the index for
completeness.

The boundary conditions at the border(s) of the com-
pacton are examined in terms of expansions. At the origin,
the solutions are represented by series

Fy=3"fuks ()= bk,
k=0 k=0

A(r) = ZAkrk,
=0

After substituting these expressions into equations (18)—(21),
one requires vanishing of equations in all orders of expan-
sion. It allows us to determinate the coefficients of expan-
sion. The form is given for each value of parameter n. For
n = 0, it reads

_ . 8fo(1 = f3)b5
f(r)—f0—|—48< 1+f(2)—A(2)(1_|_f(2))>r2+0(7”4)y

C(r)= Z Cir*. (30)

k=—2

B 462b(2)f(2)

b(r) = by + 73(1 o r? 4+ 0(r%), (31)
AL 2afibg

A(r) = AO +AO(1 +f(2))2 r2 + 0(}’4)’
_4_ @ Jo 4f(2)b(2)

e =1-5 (e ) O

(32)

where f(, by, and A, are free parameters. For n = 1, we
obtain

2
f(r) :f]H—%rz +% <2f?(1 +6a) —f/l‘—go> P+ 0(r),
b(r) = by + 2 fhr* + O(7), (33)

1
A(r) = Ay + aAofir? + gaA0f1r3 +0(r%),
C(r) =1-4dafir’ —%flr3 +0(r*), (34)

with free parameters f;, by, and A,.

For n = 2, we have no nontrivial solutions at the vicinity
of the origin r = 0, and the solution has to be identically
zero. In order to get nontrivial solution, we consider a
possibility that the solution does not vanish only inside
the shell having radial support r € (R;,, Ry )- Solutions of
this kind are called Q-shells. We study expansion at the
sphere with an inner or outer radius. Expansions at both
borders of the compacton are very similar. We impose the

following boundary conditions at the compacton radius
r= R(ERin’ Rout):

f(R) =0,

The functions f(r), b(r), A(r), and C(r) are represented by
series

AR)=1. (35

o0 (5]

f(r) =Y FuR=r)*  b(r) = Bi(R-r),
k=2 k=0
A(r) =Y AR=r)* C(r)=>_ C(R-rF. (36)
k=0 k=-2
First few terms have the form
70) = o, (R =17+ 53 (R =11+ O((R 1))
b(r) =By + Bj(R—r) —%(R— r)? +%(R— r)?
+O((R-r)"),
A(P) = Ao = e (R =1 + O((R =)
C(r) = Cot (R =)
a 2
+O((R-r)3). (37)

IIIl. THE CP! BALL AND SHELL

We first study the case of n =0 (N = 1), in which
the globally regular Q-ball and also the shell emerge.
Figure 1(a) represents the phase diagram of the Q-ball for
the values of the fields, i.e., the scalar profile £(0) and the
gauge function »(0) by changing the gravitating coupling
constant a. The behavior shares the basic feature with
results of a single complex scalar field model [19-23].
There appear four regions of the solutions and according
to the previous studies, we call them as I, Ia, II, and Ila.
Here we show the results for our CP' model. For a = 0, the
Q-ball solutions are represented by a blue line in the lower
part of the figure. The solutions are characterized via a
maximum of f(0) (dots) and a minimum of »(0) (trian-
gles). After the minimum, for increasing the frequency w,
the solutions move to f(0) = 0 (the crosses), where the
solutions are maximally delocalized from the origin. Here,
the points (the crosses) are the bifurcation points with shell-
like solutions.

When we switch on the gravitating coupling constant
a, the solutions tend to move inside, where the maximum
of f(0) grows and the minimum of b(0) reduces. Just
above a critical value a ~ 0.7, the solutions do not reach

125018-4



PHASE ANALYSES FOR COMPACT, CHARGED BOSON STARS, ... PHYS. REV. D 103, 125018 (2021)

@=0.0000 | L
a=0.1000 | s
a=0.3000 | ¥ 1
a=05000 | 120 F ]
a=0.7000 | ' ]
=0.8000 - ]
a=0.8094 | 100 - ]
a=0.8500 1 - ]
=0.9000

08K

06F N\,

S \ o O ]
~ o4l !, [
L 60 4
; a0l ]
0.2 F 1
i 20F ]
Y A . ‘ e e e N i B A et N N s SO
0.0 05 1.0 15 2.0 25 0 10 20 30 40 50
b(0) 0
(a) (b)

b(0) b(0)
© (d
1000
a=0.0000
—— a=0.1000 ]
a=0.3000
——  =0.5000
a=0.7000
5 ]
&
F K
54 B
‘ ‘115‘ - ‘2.‘0‘ - ‘215‘ - ‘3.0
b(Rin) Q
(e ()

FIG. 1. The CP! boson star and shell. For the boson stars: (a) the phase diagram with the shooting parameters f(0), b(0), the value of
the matter profile function f(r), and the gauge field function b(r) at the origin, (b) the relation between E and Q, (c) the relation between
the »(0) and frequency w, (d) the same as (c) but the plots 0.0 < 5(0) < 1.0, 1.3 < w < 1.8 are enlarged. For the boson shells: (e) the
phase diagram with the ratio of inner and outer shell radii R;,/R,, and the gauge field at the inner radius b(R;,) and (f) the relation
between E and Q. The dashed lines are the corresponding ball solutions of region I.
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f(0) =0 any longer but take some finite values at the
center. Apparently, it reflects the fact that the gravita-
tional force has an attractive nature. All these solutions
form region I.

As the further evolution continues, the solutions reach to
the next bifurcation with a second set of solutions, the
boundary of region Ia, at the critical value a.; = 0.8094.
The solutions of Ia exist for the coupling constant @ < a;
and the minimum of f(0) (the diamonds) increases with
decreasing a.

At a;, the solutions of I and Ia bifurcate and, for
a > a; they split into a right II and left IIa regions. The
solutions of II correspond to larger »(0) and that of Ila to
smaller b(0). With increasing a, the solutions of Ila move to
smaller values of »(0) and disappear at some critical a. The
solution of II move toward larger b(0).

After passing the bifurcation points (the crosses), the
shell-like solutions emerge. Inside the hollow region of
the shell 0 <r < R;,, the gauge field b(r) is constant
and the profile f(r) vanishes. Correspondingly, the

T
a=0.0000
a=0.0500
a=0.1000 1
a=0.3000 B
a=0.4000 1
a=0.4200

a=0.41625
a=0.4500
a=0.5000

Rin/ Rout

space-time is Minkowski-like, i.e., A(r)= const,
C(r)=1 in 0<r <Rj,. Outside the shell R,,, the
space-time becomes a Reissner-Nordstrom. Figure 1(b)
is the plot of the relation between E and Q, and Fig. 1(c) is
the relation between b(0) and the frequency w. We present
the enlarged plot of (c) in Fig. 1(d). Figure 1(e) presents the
phase diagram of the shell-like solution: the ratio of inner
and outer shell radii R,/ R, as a value of the gauge field at
the inner radius b(R;,). As @ increases, the solutions
delocalize from the origin and also b(R;,) grows. For finite
gravitational coupling constant, a throat is formed at the
outer radius R, and the value of b(R;,) = b(0) reaches
zero. In Fig. 1(f), we plot the relation between E and Q for
both the shell (the bold line) and the ball (the dashed line)
in region L.

IV. THE BOSON SHELLS

The solution of n = 1 has almost similar properties with
n = 0. Therefore, we next consider the boson shell

(©)

E/Q

FIG.2. The CP'! boson shells. (a) The phase diagram of the ratio of inner and outer shell radii R;, /R, and value of the gauge field at
the inner radius b(R;,). (c) The relation between E and Q. (d) The relation between E/Q and Q.
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FIG. 3. The CP!' boson shells. (a) The relation between the h(0) and frequency w. Same as Fig. 2(b), but the plots at 0.0 <
b(R;,) <2.0,1.8 < w < 2.7 are enlarged. (b) The relation between E and Q. Same as Fig. 2(c), but the plots at 0.0 < Q < 15,0 <
E < 100 are enlarged. The character and color of curves in this plot are consistent with Fig. 2(a).
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FIG. 4. The CP"' boson shell solutions from region I, @ = 0.1. (a): The scalar profile f(r). (b) The gauge field b(r). (c) The metric
function A(r). (d) The metric function C(r). Solutions of the first branch are plotted with bold lines and those of the second branch are
plotted with dot-dashed lines. Solutions of the equations where the scalar fields take the vacuum value are depicted with dashed lines.
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configurations in n>2. We show the case of
n=>5(N =11). In Fig. 2(a), we plot the phase diagram
of the ratio of inner and outer shell radii R;,/R,,, as a value
of the gauge field at the inner radius b(R;,). There are four
distinct regions labeled by I, Ia, II, and Ila. Figure 2(b)
presents the relation between the frequency w and b(Ry,).
Figure 2(c) is the relation between the energy E versus
the charge Q. Also, we plot the ratio E/Q versus the
charge Q, which is shown in Fig. 2(d). These are useful
to demonstrate the notable difference of the behavior
of the weak gravity (small a) and the strong gravity
(large «a). For small a, the energy E monotonically
increases with Q and the ratio E/Q monotonically
decreases with Q. For large «a, some remarkable
differences appear on the plots. In Fig. 3, we show
the enlarged plots of (b) and (c) of Fig. 2. The solutions
form closed loops or knots for a > ag;.

Let us discuss the solutions of each region in detail. We
begin with the solutions of region I. In Figs. 4 and 5, we
plot the region I solutions of the scalar profile f(r) and the
gauge field b(r) and also the metric functions A(r) and
C(r) for a = 0.1 and o = 0.41625. Figure 4 indicates that
for smaller w the solutions of the first branch move outward
and join the second branch, i.e., for larger @ the solutions
accelerate to go outward with decreasing b(R;,). Finally,
the ratio R;,/R., achieves unity because the size of the
solutions rapidly expands while keeping the thickness.
Similar to the case of n = 0, the throat forms and the
value of b(Ry,) goes to zero. However, after a critical point
of the coupling constant, the ratio R;,/R,, remains with
some fractional values. In Fig. 5, we show a peculiar
example, where the coupling constant is a critical value
Qe = 0.41625. For large  [or b(R;,)], the solutions move
outward for reducing b(R;,) but after a critical point

— T B e ———
0.14[—— b(Rin)=5.00 :
F—— b(Rin)=3.00 »
[—— b(Rin)=1.00 w=215 ] [
012} b(Rin)=0.75 ] af ]
F— Zgg?nzfg.gg w=2.09 ] [
0A0F  hiR)=0.10 1 [
¥ w=2.04 ] ] ]
o 1 21
< ot w=2.01 1 =
0.06 r ] 2+ 4
0.04 w=311 I
r ] Ll e I
0.02| j [ ---ZC =
Fwson— —~ 47/ N | 1 SOOUSE
0.00L— ‘_/ 7. L obs=—c=- S —ep— T T T
0 1 3 5 6 0 1 2 3 4 5 6
r r
(@) (b)
N T ———— ————
iiiiiiiiii _/ F/
08l i
06l ]
Ol 1 E
A 1 ©
04 i
Ozr: 7777777777777 :
ool ]
0 1 2 3 4 5 6
r r
() (d)
FIG.5. The CP"! boson shell solutions from region I, & = 0.41625. (a) The scalar profile f(r). (b) The gauge field b(r). (c) The metric

function A(r). (d) The metric function C(r). Solutions of the first branch are plotted with bold lines and those of the second branch are
plotted with dot-dashed lines. Solutions of the equations where the scalar fields take the vacuum value are depicted with dashed lines.
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b(R;,) = 1.0, the solutions almost are stuck and the ratios
hold a definite value.

As the further evolution continues, the solutions reach a
bifurcation with a second set of solutions, the boundary of
region la, at the critical value a.; = 0.41625. The solutions
of Ia exist for the coupling constant a < a.; and are the
shell with a finite thickness. The solutions are shown
in Fig. 6.

At a., the solutions of I and Ia bifurcate, and
for a > a.; they split into right II and left Ila
regions. They are novel solutions that exist in our
CP" model. The solution of II for @ = 0.42 is Fig. 7
and that of Ila is Fig. 8. On the first branch, the
solutions of II move outward with reducing b(R;,) for
decreasing @ (the bold line) and after passing a

minimum of b(R;,) = 0.60, the second branch (the
dot-dashed line) inverts to go inside. The solutions
tend to shrink then and the ratio R;,/R,, becomes
smaller. The behavior of the solutions of Ila is
opposite. The first branch is almost stacked and the
second branch moves outward.

For larger n(>5), the behavior is almost similar.
The only difference is that in the phase diagram of
R,/ R versus b(R;,), especially the area of the region
Ia grows as n increases. To be specific, the solutions of
CP5! show that the border line between the areas I, Ila
and Ta, II [in the case of CP!! the bold line of a =
0.41625 of Fig. 2(a)] rises the position and the line of
I, I and Ia, Ila (the dot-dashed line of a = 0.41625)
moves to the right.
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FIG. 6. The CP!! boson shell solutions of region Ia, & = 0.41625. (a) The scalar profile f(r). (b): The gauge field b(r). (c) The metric
function A(r). (d) The metric function C(r). Solutions of the first branch are plotted with bold lines and those of the second branch are
plotted with dot-dashed lines. Solutions of the equations where the scalar fields take the vacuum value are depicted with dashed lines.
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FIG.7. The CP'! boson shell solutions from region II, & = 0.42. (a) The scalar profile f(r). (b) The gauge field b(r). (c) The metric
function A(r). (d) The metric function C(r). Solutions of the first branch are plotted with bold lines and those of the second branch are
plotted with dot-dashed lines. Solutions of the equations where the scalar fields take the vacuum value are depicted with dashed lines.

In summary, for a small coupling constant, both the
solutions of I (the ground state) and Ia (the excited state)
move outward as @ increases. In the ground state,
thickness of the shells goes to a definite constant by
increasing the inner radius, and then they finally become
a shell with vanishing thickness. On the other hand, for
the excited state, the shell tends to become thicker. For a
large coupling constant @ > a4, the solutions shrink
after passing a critical point. The reason why such a
complicated behavior and bifurcation are present is the
interplay between the electric force and the gravity. We
shall give a detailed discussion in the next section.

V. FURTHER DISCUSSIONS

As it was seen in the previous section, our boson shells
exhibit distinctive behavior depending on the value of
the coupling constant a. In order to see qualitatively the
mechanism, we examine the energy density and the

charge density of our solutions. Thanks to the compact-
ness of the solutions, we can directly compute the
volume of the Q-shells in terms of the compacton radius
r = R;,, Ry In Fig. 9, we present the behavior of the
charge density and the energy density versus the charge
Q or the energy E. Figure 9(a) shows the charge density
versus the charge. For region I solutions (small @), the
density is small and the change is moderate. The density
grows as a increases which reflects the attractive nature
of the gravity.

When the solutions reach a bifurcation with region II,
they exhibit a distinct characteristic feature; now the
density suddenly grows while the charge decreases,
which is originated from the fact that the solution
quickly shrinks as a increases. The compactons become
quite small objects—the so-called mini Q-shells. In
Fig. 9(b), we show the energy density versus the charge,
which looks similar to the charge density case. For the
energy density as a function of the energy, the effect of
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FIG. 8.

The CP'! boson shell solutions of region Ila, a = 0.42. (a) The scalar profile f(r). (b) The gauge field b(r). (c) The metric

function A(r). (d) The metric function C(r). Solutions of the first branch are plotted with bold lines and those of the second branch are
plotted with dot-dashed lines. Solutions of the equations where the scalar fields take the vacuum value are depicted with dashed lines.

the gravity is more apparent. Figure 9(c) presents the
energy density versus the energy. For small coupling
constants, the change of the density is more moderate.
After some critical points, the solution begins to fold,
i.e., both the energy and the energy density go to a
smaller value. The behavior of the critical solution
(it = 0.41625) is particularly interesting; it indi-
cates that the volume is nearly constant which clearly
shows a balance between the electric force and the
gravity. Since the energy density tends to be a singular
function for higher a, it indicates that the shell shrinks
due to the dominating character of the gravity.

When we replace the inner empty Minkowski space
of the shell by a charged black hole, the solutions
become the harbor. Some characteristics of the harbor
solutions are presented in Fig. 10. In Fig. 10(a), we
show the ratio of the horizon radius ry and the inner
radius R;, as a function of the ry, and Fig. 10(b)
presents the same ratio but for the outer radius R,,. For

finding these solutions, we compute the equations for
the fixed black hole charge Qy with changing ry. As it
was expected, the ratio ryg/R;, is close to 1 but not
exact, which means the solutions are just the harbor, not
the hair. Though the solutions of I and Ia had been
independent, now the black holes smoothly connect
them. For a small b(R;,), i.e., b(R;,) = 1.00, 1.50,
the solutions I and Ia become continuous at some
critical rg .. As a result, regions I, Ia are integrated
by the harboring black holes. Above some critical point
of b(Ry,), they separate off and never touch each other.
For these solutions, there are forbidden values of ry
where ry/R;, is beyond the unity. As a result, regions I,
Ia become isolated in these cases. A similar mechanism
exists for region II where two independent solutions
with same a at some value of b(R;,) exist. When we
introduce an event horizon r = 7y, they are merged
with each other. Similarly, as above, for large b(R;,)
they remain isolated.
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VI. CONCLUSIONS

We presented several phase diagrams for the U(1)
gauged CPV nonlinear sigma model coupled with gravity.
We obtained the compact Q-ball and Q-shell solutions
in the standard shooting method. The resulting self-
gravitating regular solutions form boson stars and boson
shells. For the compact Q-shell solutions, we put black
holes in the interior and the exterior of the shell that became
the Reissner-Nordstrom space-time, which is called the
harbor of the black holes. For several quantities of the
solutions, characteristic phase diagrams were investigated.
We observed four distinct regions, i.e., regions I, Ia, II, and
ITa. For the weak gravity, all the solutions belonged to
region I. After some critical point, the solutions for the
strong gravity formed region II. They had quite different
shapes: the solutions of II were more compact and denser.
We claimed that there are four regions for the solutions, but
when one considers the black hole harbor, some of them get
merged with each other. In fact, the solutions of I and Ia
merged at 7y . below some critical value of b(R;,). Also,
independent solutions in II merged at a 7 ..

So far, we studied the empty Minkowski-like interior, or
the Schwarzschild-like black holes or the Reissner-
Nordstrom solutions in the normal boson shells. It became
apparent that the study of the harbor solutions brings us
several new insights for such gravity mediated solitonlike
configurations. It is worth to investigate the harboring for
several variants of the Q-balls. There is a large variety of
the configurations for gauged Q-ball. It has been pointed
out in [20] that there may exist a configuration of compact
boson stars inside the boson shells. This would lead to a
funny space-time: a compact boson star surrounded by a
Reissner-Nordstrom solution surrounded by a boson shell
surrounded by a Reissner-Nordstrom solution. Though the
numerical analysis will be cumbersome, certainly it should
exist. Recently, some chain configurations of the U(1)
gauged Q-ball [31] and the boson stars [32] were found.
Also, radially excited, multinode solutions of the gauged
Q-ball model are studied in [33,34]. These solutions are
promising for the existence of a new harbor-type solutions.
In our CP" model, thanks to the periodicity of the compact
condition, we are able to construct a multinode shell which
also could be a harbor: the Schwarzschild or the Reissner-
Nordstrom black holes are inside the shell. The study of the
construction of the multinode solutions is almost finished
and it will be reported in our next paper.

In this paper, we restrict the analysis for the solutions
within the ansatz (13) and (14), i.e., the solutions are
composed by a spherically symmetric matter profile func-
tion f(r) or the gauge function A,(r) and the standard
spherical harmonics. Since the stress-energy tensor (9)
becomes spherically symmetric within the ansatz, the line

element can be written as the standard Schwarzschild form
(17). As aresult, the boson stars are spherically symmetric.
In [35], the authors studied the Skyrme crystal coupled with
the gravitation as a model of neutron stars. They found that
the solutions deform both isotropically and anisotropically
for the strong gravity regime which allows the neutron star
to exist with ~1.90 solar masses. We believe that such a
solution in our model should exist, regardless of whether it
is a ground state or not. We have to proceed our analysis in
this direction.

The stability analysis for a classical solution is important
for checking the validity of the symmetry imposed for
finding them. Stability and time evolution of boson stars,
the so-called study of dynamical boson stars, have been
done in many literatures [18,28,29,36-38]. Noticeable is
the study for the Z-boson stars, because they share some
features with our model. For the stability of a solution, one
considers small fluctuation for the field around the equi-
librium. In [28,29], the authors found that for the single-
field boson stars (£ = 0), both stable and unstable branches
of solutions exist for spherical perturbations. For multifield
solutions (¢ > 0), the solutions remain spherically sym-
metric; however, the evidence of zero modes for the
nonspherical perturbation was found; it allows the solutions
to deform with no energy loss. Unfortunately, the naive
linear perturbation cannot apply to the compacton. As it
was shown in [39], there is no linear regime for the
compacton in terms of property of the V-shaped potential.
That is, for the linear perturbation of the equation, one
obtains a nonlinear differential equation even in the limit of
small amplitude, which is generally not tractable. Further,
the resulting equation possesses the scaling symmetry
which spoils the naive stability discussion. At the moment,
we just conclude that the symmetry of the compactons in
the CPY model freeze-out from the phase transitions in
effect of the V-shaped potential. It would be a big challenge
to explore a new method of perturbation satisfying the
constraint of the compact support.
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