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Vacuum radiation in z=2 Lifshitz QED
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We discuss in this paper the vacuum Cherenkov radiation in the z = 2 Lifshitz electrodynamics. The
improved ultraviolet behavior, in terms of higher spatial derivatives, and the renormalizable couplings, due
to the time-space anisotropic scaling, present in the Lifshitz setting are extremely important in fulfilling the
physical constraints in order to this vacuum process to happen. We evaluate in details the instantaneous rate
of energy loss for a charge, and also analyze the emission of very soft photons in this framework.
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I. INTRODUCTION

In the past decade we have witnessed an important era of
precision experiments in both particle physics and astro-
physics, which has deepened our understanding of the
Standard Model of particle physics (SM) In addition to the
experimental verification of several theoretical mechanisms
and predictions of SM, physical phenomena that are not
adequately explained by SM, the so-called physics beyond
the Standard Model, have received attention and been
scrutinized to great accuracy [1]. From the many possibil-
ities to make contact with phenomena related to physics
beyond the standard model, the most compelling ones are
those proposals of violation of exact symmetries in field
theories, that aim to make contact with Planck-scale
physics. In particular, models involving Lorentz violation
have reached an important milestone in recent years due
to systematic development and subjection to precision
tests [2,3].

Anomalous decay processes are valuable probes in the
study of departures from Lorentz symmetry. The main
interest in decay processes is that they are affected in
unexpected ways by Lorentz violation, meaning that
forbidden processes can occur in certain regions of the
parameter space [2,4]. In the context of anomalous decays,
highly energetic particles are the most interesting candi-
dates to examine Lorentz violation because they are usually
subject to instabilities; in particular, instabilities involving
photons in vacuum have caught interest in recent years
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because sufficiently energetic photon (usually from
gamma-ray bursts) may decay as a manifestation of
Lorentz violation [5-7]. A widely explored anomalous
process in the framework of Lorentz violating photons
is the emission of vacuum Cherenkov radiation, an
extremely important energy loss process for high-energy
particles [8—10].

It is well known that ordinary Cherenkov radiation
can only occur for particles propagating in a medium,
since a Lorentz-invariant vacuum prevents it by energy-
momentum conservation [11,12]. However, some
Lorentz violating scenarios provide sufficient instabil-
ities so that particles can radiate through the Cherenkov
process even in vacuum [8,13]. Many aspects about the
possibility of vacuum Cherenkov radiation by Lorentz
violating effects have been discussed in the framework
of the Standard Model extension (SME), within the
classical approach to electromagnetic particle radiation
[14-18], as well as in the field theory [9,10,19,20]. In
general, the TeV photons data used to constraint Lorentz
violation from the vacuum Cherenkov radiation come
from extremely energetic astronomical sources, and
therefore even tiny changes in electromagnetic wave
propagation can be scrutinized.

In this paper we examine the problem of energy loss for a
charged particle in vacuum through the Cherenkov effect in
the Lifshitz field theory framework [21], establishing an
alternative point of view for previous Lorentz symmetry
violation studies. This proposal is mainly motivated by the
fact that Lifshitz field theories have a better ultraviolet
behavior at the expenses of breaking Lorentz invariance.
This improved behavior is achieved by means of higher
spatial derivative terms that are introduced in such a way to
avoid the appearance of ghosts (negative energy modes),
resulting in a theory that exhibits an anisotropic scaling of
space and time, i.e., the scaling x’ — Ax’ whereas t — A°t.
Therefore, this setting is a highly fascinating scenario to
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examine Lorentz violating effects in phenomenological
analyses [22-27].

The interest of this approach in the description of the
problem of computing the rate of radiated energy by a
charged particle is threefold: (i) the theory is constructed in
such a way to have an improved ultraviolet behavior, then we
can show that the z = 2 Lifshitz electrodynamics satisfies the
vacuum Cherenkov effect kinematical constraint: the fer-
mion group velocity exceeds the photon velocity for a given
value of the three-momentum; (ii) this theory also establish
physical region in the phase space for this anomalous decay
to happen; and (iii) this theory admit by construction the
definition of only renormalizable interactions, this point will
be very important in the computation of the rate of energy
loss by a charge in the field theory approach.

Hence, since the time-space asymmetry is a phenom-
enologically appealing feature to be studied in high energy
physics, we will examine the possibility of the vacuum
Cherenkov radiation within the z =2 Lifshitz quantum
electrodynamics (QED) [28-31]. We start Sec. II by
reviewing the main aspects of the dynamics for the fermion
and gauge fields within the z = 2 Lifshitz QED. Moreover,
we discuss the general plane wave solutions and coupling
for the fields, establishing the modified dispersion relations,
fermionic energy projection operators, and the photon
polarization tensor. We discuss in Sec. III the features of
the vacuum process e~ — y + ¢~ in the Lifshitz framework.
First, we examine the vacuum Cherenkov kinematical
constraint, and show that for a certain a given value of the
three-momentum the fermion group velocity exceeds the
photon velocity. Furthermore, we compute the rate of
radiated energy for the z = 2 Lifshitz QED, and discuss
the behavior of the instantaneous energy loss and also the
emission of soft photons of this decay process. In Sec. IV we
summarize the results, and present our final remarks.

II. z=2 LIFSHITZ ELECTRODYNAMICS

We start this section by reviewing and discussing the
main points regarding the z = 2 Lifshitz electrodynamics,
more importantly the free field solutions, fermion and
gauge fields dispersion relations, and completeness rela-
tions [29,30]. In particular, the analysis of the dispersion
relations is very important since the first constraint upon the
vacuum Cherenkov radiation is kinematical, where the
fermion group velocity must exceed the photon phase
velocity for a certain range of the three-momentum for this
anomalous decay to happen. We define a gauge and z = 2
Lifshitz-invariant QED Lagrangian density as

1 1

L =—F.F ——F. (u?
D) 0i4 0i 4 lj(/’t

+ @ (iyoDo — ipy Dy — DDy — m* )y,

— A)F

(2.1)

where the covariant derivative is D, = 0, +igA,, and
the field strength is defined as usual F,, = 0,4, — 0,A,.

The model (2.1) is invariant under the U(1) gauge
symmetry

. 1
W — ey, A, — A+ 58,46. (2.2)

This theory (2.1) is known to be superrenormalizable [29].
From the Lagrangian density (2.1) we may observe that the
length dimensions are, in 3 + 1 dimensions,

3 1

[Ao =] =L, [A] =L

g =L%  [m=[=L". (2.3)
Since we are interested in evaluate the matrix element
related to the e~ — y + e~ process, corresponding to the
Cherenkov radiation, we need to establish the free field
solutions for the fermionic and gauge field equations.
Hence, in order to construct the solutions for the Dirac
fields, we shall consider the following modified free field
equation, obtained from (2.1), which reads
(iv000 — iuy O — 03Ok — mz)‘// =0, (2.4)
the coefficients of the differential equation are constants,
thus w(x) = eP*y(p), will be a solution. Hence, we
obtain

(voro — uyxpy + p* — m*)x(p) =0, (2.5)

where p?> = p;p,. For the energy eigenvalues, we have

po==+E, = i\/ﬂ2p2 + (PP -m*)? (2.6)

For each value of pg, the solution (2.5) has a two-dimen-
sional solution space. Thus, for the explicit calculation, we

choose
=)

and we also consider the following representation for the
y-matrices,

o (1 0 . (0 &
y’ = 7= 4 )
0 -1 -5 0

where 1 is a two-dimensional identity matrix, and & are the
set of Pauli matrices. All these considerations lead to the
expressions

(2.7)

(po + p* —m*)uy(p) = u(.p)vy(p). (2.8

(po — P>+ m*)vg(p) = u(e.p)u,(p).  (2.9)
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Nevertheless, it is not difficult to show that u(p) corre-
sponds to those solutions with positive energy, py = +&,,,
whereas v(p) are solutions with negative energy, py = —&,,.
The next step involves the definition of the energy projection
operators, so that the following relations hold

T (p)us(p) = us(p). (2.10)
™ (p)vs(p) = vs(p). (2.11)

and also
7(p)us(p) = ¥ (p)vs(p) = 0. (2.12)

2

H%(P) = Z uy(p. s)ig(p,s) =

s=1

2

-3 s

I,(p) =
s=1

After some algebraic construction, we can show that the
operators

F vopo + uripi + p*
2(p* —m?) ’

satisfy the above relations, as well as the following identities

% (p) = (2.13)
" (p) + I~ (p) = 1,

I (p)?

Furthermore, from the definitions (2.13), we can also show
that these solutions satisfy the completeness relations

I (p)-(p) =0,

=11 (p).

(2.14)

(2.15)

Finally, taking into account all of these results, we can write the free solutions as the following

—YoPo + HykPi + p° —m’
e 216

— 2 _ m2
(o) = [P Lﬁ- 2.17)
Z/ o) <p e ) [b,(p)u,(p)e™P* + d}(p)v,(p)e'?]. (2.18)
(2.19)

Z/ 2ﬂ%<p _mz) (b (p)at(p)e”™ + d,(p)o,(p)e~P],

where, the operators’ anticommutation algebra is given as
usual,

{b,(p).bi(q)} ={d,(p).di(q)} = 6,,6(p —G). (2.20)

From such construction one can easily show that the equal-
time anti-commutation relations is satisfied
o) w0}, _, =800 =5). (221

Xo=Yo
Besides, we can also determine the fermion propagator
;70Po = Hyipi + p? = m?

po—w'p* = (p* —m?)*’

S(po.p) = (2.22)

which is in accordance with the free field solutions and
operator algebra. The development for the gauge field
follows closely of the fermionic part. First we find the
energy eigenvalues,

ko :I:Qk i\/ﬂzkz + k4.

(2.23)

|
In the case of the gauge field, the free field solution is

simply
Z/ Czl:;z (2@1(),() [a;(K)e, (k, 2) e~k

+a; (k)e;t(_k’ ﬂ)elkx]'

(2.24)

where the polarization tensor satisfies the normalization
condition

nve,(k,Ae,(k 1) = -1 (2.25)
and also the completeness relation
Ze (k, De, (k1) = g, (2.26)

where g, is a metric with well defined components (the
difference with the Lorentzian metric 7,, is due to the
different scaling between time and spatial components).
Moreover, in order to define the photon propagator and
determine the polarization tensor, we must impose a gauge
condition, which is a Lorentz-like condition
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QA] = 0pAg — (A +4?)0 A, =0,  (2.27)

this leads to a nonlocal gauge-fixing term in the Lagrangian
density which, in the Feynman gauge (a = 1), reads

1
2(=A +4?)
X (0oAg = (=A + p?)0,4;),

L =—(00A)— (-A+ 1) 0rAr)
(2.28)

Finally, we see that the nonvanishing components of the
gauge field propagator have a well-behaved expression:

2., 2
) w+k

Do (ko. k) = 2 — 12—k (2.29)
. by
lDij(kO9 k) = —m s (230)

with no off-diagonal components. At last, we can determine
the metric components g,4, present in modified complete-
ness relation (2.26), so that they are in agreement with the
Feynman propagators (2.29) and (2.30) computed in the
gauge (2.27). This identification yields

&5 (k. Deo(k, 1) = u? + k2, (2.31)
&5 (k. D)en(k, 1) = 0, (2.32)
Eivk(k’ l)&‘l(k, /1) = Gs1 = _5s1- (233)

These results for the completeness relations of the
polarization tensor &,(k, ), Eq. (2.26), as well as for the
spinor components u and v, Egs. (2.16) and (2.17), will be
very important in the evaluation of the amplitude related to
the decay e — e + 7.

The last part we need to discuss is about the couplings
present in the Lagrangian density (2.1) and their contri-
bution to the decay process of interest. One can observe in
(2.1) that the z = 2 QED presents three vertices: two three-
point vertices,

(WAW) — —iglnu+2pY + p),

(2.34)

(WAW) = igyo.

which can be conveniently rewritten in a compact form,

(WAW). (WAW)) = Na(q) = ig(ro. —vist — qi), (2.35)
where we have introduced, by means of notation, the index

a =0, ..., 3, which should not be confused with spacetime

index, and ¢, = 2p,(;"> + p,(CA); and one four-point vertex,

<1/71//AiAj) — —2igd;;. But since we are interested in the

decay e — ¢ +y, we shall consider only the three-point
vertices (2.35).

In the next section we shall analyze the Cherenkov
radiation in the Lorentz violating framework of the Lifshitz
electrodynamics. The interest in this kind of radiation is
due its unique signature of Lorentz violation. We start by
discussing the kinematical constraint related with the
fermionic group velocity and the photon phase velocity;
this analysis establishes the threshold of the three-
momentum where the radiation can occur.

Furthermore, after verifying that the Cherenkov kin-
ematical constraint is satisfied by the z =2 Lifshitz
electrodynamics, we proceed to the evaluation of the rate
of energy loss through vacuum Cherenkov radiation. The
rate of radiated energy is strongly dependent on the cutoff
due to energy-momentum conservation [15], meaning that
two types of processes can occur based on the energies of
the photons involved: (i) the instantaneous rate of emission,
in which the charge emits a single energetic photon, drops
below the Cherenkov threshold, and stops emitting, and
(ii) the emission of very soft photons, where the particle’s
energy is not lowered below the threshold, and so the
charge will continue to radiate afterwards the emission. We
shall mainly discuss the instantaneous emission of photons,
but will present some general remarks about the emission of
very soft photons in the Lifshitz framework.

III. VACUUM CHERENKOYV RADIATION IN z=2
LIFSHITZ ELECTRODYNAMICS

A. Kinematical constraint

Before we start our analysis on the rate of radiated
energy of the Cherenkov process in the Lifshitz electro-
dynamics, we must be sure that the kinematical constraint
upon this decay is fulfilled, allowing this to occur in this
Lorentz violating framework. First, we can recast the
dispersion relations by a rescaling (pg, ko) = u(po. ko),

yielding
k4
Qk — k2 + - (31)
/i
1
€= \//7194+(1—11)p2+m%, (3.2)

2m
"
that the usual relativistic dispersion relations are recovered

asn = 0 and u — oo. The free parameter x> can be chosen
as: the electron mass m, ~0,5 MeV and the GUT scale
u=~10'® GeV, which results into 5 ~ 107'°; these values
are within the Lorentz symmetry violation bounds [29].
It is well known that Cherenkov radiation is possible
only if there is a range of three-momentum for which the
fermion group velocity exceeds the photon phase velocity

with the mass m? = /% m* and n =

t. In this form, we see
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in medium materials [11], but also for Lorentz-violating
vacua [14-16]. In our model we have that

dE, Zp+(L=n)p 53)
Vg =—— = .
dp \/,%p4+ (1 =n)p* +m?
and
Q [k
=% — /1 +—=. 34
Uph k +ﬂ2 ( )

By a simple numerical analysis, we can check that for
values above p > p.i, = 3,16228 x 10> TeV we have
v, > vp,. Hence, as long as we are in the region
P > Pmin» Vacuum Cherenkov radiation can occur in the
z =2 Lifshitz QED. Actually, in our discussion of the
phase space related to this decay, we will find a tighter
bound upon the charge three-momentum by demanding
the reality of the physical region. Now that we have
established the momentum threshold, and consequently
the physical region of interest, we can proceed to the
computation of the instantaneous rate of radiate energy for
the e = e + y in the z = 2 Lifshitz QED.

B. Rate of radiated energy

Since we are interested in computing the energy loss
associated with the vacuum Cherenkov scattering in the
z =2 Lifshitz electrodynamics scenario, consisting in a
decay process 1 — 243, let us review some general
results necessary for the development of this analysis
[9,10]. The energy-momentum loss of a Lorentz invariant
charged particle per unit of time is equal to the photon four-
momentum k weighted by the scattering amplitude squared
and integrated over phase space,

dp" B

= | D 2fen )
o /k|M|k (3.5)

where Dk is the phase-space invariant measure. The rate of
total radiated energy is obtained from the time component
of the above expression.

In the presence of Lorentz violating effects, however,
the above expression is generally no longer valid, because
such effects also modify the energy-momentum tensor for
the particle, and hence the energy of the particle is not
necessarily equal to the time component of its four-vector
momentum. On the other hand, since the emission rate is
identically zero without the Lorentz violation, only the
desired term survives at leading ? order. Thus, the rate of
radiated energy, in the first-order in x4, can be expressed as

WN—j?O:/kOdT, (36)

% k, (4) p k, (4))
+
p-k p-k
FIG. 1. Tree-level Feynman graphs for vacuum Cherenkov

radiation in the z = 2 Lifshitz electrodynamics, the left panel
corresponds to the coupling (wAyy) while the right one to the

coupling (pA yr).

where dI is the differential decay rate for the given process
[32]. The contributions to the Cherenkov radiation process
at tree-level are represented by the Feynman diagrams
in Fig. 1.

The differential decay rate of our interest can readily be
obtained by identifying it with the time derivative of the
probability for the decay 1 — 2+ 3, ie., dI' = dP/dt,

{10)2
(1A
differential decay rate is explicitly written as

where P = Hence, for the process e~ — y + ¢~ the

m, d3kf m,d3pf

dF p—
£, (2729, (27)°E,,

(2”)454(Pi —Pr— kf)|m|2
(3.7)

where the normalization factors are chosen accordingly for
bosonic and fermionic fields, whereas ; and €, are the
dispersion relations (3.1) and (3.2), respectively, and m? =
m*/u? is the fermionic mass. Thus, substituting the result
(3.7) into the expression (3.6), we can write the rate of
radiated energy as the following

,Ll2 / d3 kfd3pf

8”2 EPi EP,/

54(Pi —Pr— kf)|3m|2 (3-8)

Furthermore, by calculation purposes and to make the
reaction kinematics visible, it is convenient to express the
integration over the variables p; as

dp;
[522= [ e -8 (o)
2E,

which allow us to rewrite Eq. (3.8) in a convenient form for
the remaining analysis

m;

- 4”2817,-

/ PRE((p — B2 = M2_)0(E, — ) [
(3.10)

where we have defined the notation

, 1 i,
p?-& =p"- (/ﬂp4—np2+m3> =p*-M;

(3.11)
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as matter of simplification, since we are using the bar
notation p for a “four-dimensional” momentum, also we
have rewritten the momenta as k; = k and p; = p.

Once we have concluded the formal development of
our analysis, by establishing an expression for the rate of
radiated energy (3.10), we should proceed now to the
computation of the scattering matrix 9 in (3.10) due to the
z = 2 Lifshitz couplings (2.35). Hence, the corresponding
element of the matrix I for the e — y + e~ process,
depicted in Fig. 1, reads

M = igu(py,sp)Nks, Du(pi.si) (3.12)

spin

X (=yopo + py;p; + p* — m*)A(k, 2)]

where we have defined the dependence with the polariza-
tion tensor components as

A = igyoeo — igep(yip — 2(pi)i + (kf),) (3.13)

Since the electrons are not polarized, in order to com-
pute the squared scattering matrix in Eq. (3.10), we average
over initial spins and sum over final spins states, that
is [M* = 3> i [M>. Hence, we can make use of the
completeness relations Eqs. (2.16) and (2.17), so that it
yields

%mez = 8((p _ k)z _9;2)(p2 _ mz) Tr[(_y0<p0 - kO) +ﬂyk(pk - kk) + (p - k)2 - mz)A<k’ /1*)

(3.14)

Furthermore, we can compute the trace over the Dirac matrices in (3.14), use the polarization states (2.31)—(2.33), and then
work the algebraic part of the process kinematics, to find the expression

2

1
EZIWYV = 2¢°[~p* + pkcos 6] + 7

spin

(p* = 2pkcos @ + k* — um, ) (p* — um,)

{(€, — Q)E, [ +2p* — 2pkcos 6]

— 1?[8p* — 16p3k cos 0 + 4p?k*cos’d + 3k*p? — k3 p cos 0]

— p?[—pum,(8p* — 8pkcos @ + k) + 2u*m?]}. (3.15)

where @ is chosen as the opening angle between the incoming electron and the outgoing photon, and it is determined from the
energy-momentum conservation given by the delta function in (3.10). The analysis of the kinematics of the decay is also crucial
to establish the physical phase space where the decay can happen, which corresponds to the allowed integration interval in the

momentum integral in (3.10). Under these considerations, we shall work with the variables d*k = 2xd cos 6?|1_<' |?d |1_<' |. Hence,

the energy-momentum conservation for the decay process (p — k)?> = M

2 1
2E,Q; — 2{(1 —n)pk +;(p3k— prk* + pk3)} COSQ-F/?szkZ —nk* =0,

where k = |1_<'| This energy balance equation can be used to
arrive at the radiation condition for the e~ — e™ 4y
process within the Lifshitz framework [11]. After some
algebraic manipulations, we find that the opening angle 6,
in the regime u® > (p?,k?), is cast as

n(p — k)

3 (p—k)*
cosOr 1+ 2 — p—k2+(’)<— .
2p 2/42( ) '

(3.17)

It is straightforward to recognize that the removal of the
Lorentz violating effects through u?> — oo, implies that
cos@ = 1, which reflects the fact that the process e~ —
e~ +y has a vanishing radiation rate in the Lorentz
invariant QED. On the other hand, for finite values of

2

P implies the following relation

(3.16)

[

the parameters u> # 0 and 5 # 0, one can realize that
there is a region in the phase space where cosf < 1,
even in vacuum. This is a very interesting result, since
this radiation condition corresponds to the availability of
a physical phase space for the anomalous decay, and it
also corroborates the kinetic condition discussed above,
where we have established the existence of a physical
region for the decay corresponding to p > p.., (for
smaller momentum values, the radiation rate is strictly
Zero).

Furthermore, since the energy conservation requires that
the allowed values for k are such that the relation (3.16) is
satisfied for a given value of 6, thus the integration over 6
restricts the region of integration over k. To determine this
constraint upon k, it is worth to rewrite the integration in k
as the following

125016-6
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Zwmz

T = /k2dk9 (&, Qk)/ dcos 05((p — k)* = M3 _

spm
1
= [ 12dko(E, — @)
/ PT{(U=n)pk + 2 (pPk - PR + pi)}
1 27,2 2
x/ dcoseé(cose— po T TR ) S P (3.18)
-1 2{(1 =n)pk + 5 (p’k — p°k* + pk°)} ) 2 4=

Finally, from the expression (3.18) we can conclude that the condition cos 6 € [—1, 1] restricts the magnitude of the photon
momentum k to the values'

—8nE2 +6E2 +n*—n)—p (3.19)

B yu ru 4
ky = 6452 \[ \/102454 82 T 2566"/p <5+64§2> +2§f (2=

(128* = 8n&® + 68 + 1 —n) = (3.20)

6
YH ru U
k_= - o+—%
64§2 \/ﬁ \/102454 8£2 25654\/ﬁ ( * 6452) 2!;\/_
where we have introduced the factors a, 3, y and o for simplicity of notation, and define them in the Appendix. Moreover,
we have also introduced the parameter & = ;Ba which will work as the perturbative parameter in the analysis of the
approximated expression for the radiation rate.

Hence, the above discussion about availability of the physical phase space for the electron decay, displayed by Egs. (3.19)
and (3.20), permit us to rewrite (3.10) as the instantaneous rate

w /m K2dk
" anE, Jio (1=n)pk+ & (pk = p*k + ph®)
1 212 2
+1 —Zpk —nk” +2E,Q 1
x/ dcos95<cos9— S ) > mp (3.21)
- 2{(1 =m)pk + % (P’k = p°k* + pk)}) 2

spin

Finally, substituting the expression for the scattering matrix (3.15) into (3.21), we can perform the integrations over 6 and
over the momentum k with the use of Mathematica. However, the complete result is not enlightening, but we can discuss
some asymptotic regions of interest, in particular £ < 1 and & > 1. It is straightforward to conclude that the case of £ > 1
corresponds to a region where this effective theory stops working, hence it is not of interest. Hence, we can conclude that the
only region of physical interest for the Cherenkov decay is for £ < 1, more precisely this anomalous decay can happen in the
Lifshitz QED only in the region p.;, < p < u. This discussion implies that the instantaneous rate read

Wint = 0,

P < Pmin (322)

2 6 23,6
g 3 my g md
Winst & m \/;[1546 + 2391’7] 259 ( 257 )a Pmin <P <H

(3.23)

We observe that at large energies the instantaneous rate
Winst 1s a rapidly decreasing function of £&. Moreover, as we
would expect, the limit 4 — oo of Eq. (3.23) gives a
vanishing result to the Cherenkov radiation.

As previously discussed, in addition to the instantaneous
energy loss, there is the possibility of the emission of

'In fact, Eq. (3.16) gives four nonvanishing roots, two of them
are imaginary for any value of p, while the remaining two result
into in Egs. (3.19) and (3.20).

lower-energy photons with energies k < k™. In this regime,
the charged particle continue to radiate after the emission of
one of these photons because its energy is still above the
threshold, which makes it reasonable to approximate the
energy losses for these photons as a continuous process
[15]. Actually, the instantaneous rate W,y = k W (k)dk
can be understood as the rate of photon emission per unit
energy W(k) = P(k)/, i.e., the charged particle radiates
a single high-energy photon. Within this interpretation, the
continuous rate of radiating power related with soft photons
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can be written as Py = f(f - P(k)dk and we can use the
previous results derived for the evaluation of the instanta-
neous rate, in particular Eq. (3.21), to compute this
expression. Hence, in the region p.;, < p < u, we find
that the radiating power related with the emission of soft
photons is

3¢
Puott ¥ J5060n 2(796v/6 — 1155) + (2072v/6 — 3585)7]

7 2.7
Hé pé
Moreover, we observe that the ratio of instantaneous by
the soft emission is greater than unity for a finite value of
the parameters, that is, we have W, /(Psné/m,)~
6184,/

796V/6-1155
of losses are comparable in this energy regime (since the

ratio is only slightly greater than the unit), the instantaneous
emission still is more important over the emission of very
soft photons in the z = 2 Lifshitz framework.

(3.24)

> 1. This shows that although the two types

IV. FINAL REMARKS

In this paper, we have studied vacuum effects of a
Lorentz violating quantum electrodynamics in the context
of z = 2 Lifshitz field theory. Anomalous decay processes
are a suitable scenario to study due its unique signature of
Lorentz violation. In particular, we analyzed the rate of
radiated energy from a charged particle through vacuum
Cherenkov radiation.

We started our analysis of vacuum Cherenkov radiation
described in the z = 2 Lifshitz framework by considering
the instantaneous rate of radiated energy for the process
e~ — y+ e, where the charge emits a single energetic
photon, drops below the Cherenkov threshold, and stops
emitting. In the instantaneous case we observed that it only
occurs in the regime p,;, < p < u, and the emission rate at
large energies behaves as a decreasing function of ¢
(Wi ~ £79). In addition to the instantaneous emission,
emission of very soft photons may also occur, where the

|

charge’s energy is not lowered below the threshold, and
thus the charge continue to radiate afterwards. However,
after computing these radiation rates, we found that
Winst/ Weoit > 1 in the high-energy regime, revealing the
importance of instantaneous emission face to the soft
emission of soft photons in the case of z =2 Lifshitz
electrodynamics.

It is necessary to remark that the z =2 Lifshitz con-
tributions to the vacuum processes are highly nontrivial. We
emphasize that the nonvanishing radiated energy rate has
two underlying causes: it is the severe departure of the
dispersion relations of the electron and photon fields in the
z =2 Lifshitz electrodynamics in relation to the usual
QED, with higher spatial derivative contributions, that
causes this theory to fulfill the kinematical constraint,
allowing this anomalous decay to happen, but also the
unique couplings contributions in the evaluation of the
decay amplitude.

Based on the interesting outcome that the z = 2 Lifshitz
effects have in the vacuum decay processes, in particular in
the emission of soft photons, we believe that the signatures
of Lorentz violation in the Bremmstrahlung contributions
to the tree level Coulomb scattering deserve further analysis
and discussion, analysing whether the Bremmstrahlung
cancels the radiate corrections, as it happens in usual QED.
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APPENDIX: COMPLEMENTARY EXPRESSIONS

In this Appendix we present by complementarity some
auxiliary lengthy coefficient expressions, @, f, y and &,
present in the photon momentum roots, Egs. (3.19)
and (3.20),

m; 2PN2ml | pPqmi Pm?Io @Ptmlo P @t
= 242238 3a 20y 4Py 482 Ee | 4 2 T asd
m: o 5P a 2utEt uMiE et uty 3
62 12 392 T T3a T g T 2q 305 2277 | 827
4.3 4.2 4.4
* 822‘/;7(:2(1 B 16325/;15205 + 384@2735405 (A1)
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mé  3uPmt Pqmt  135u%m?

3u~nm;

22mt ST Em?

ay =

T 3080 T 222 16+ 3284

1280 4

135 ym? 207utm2  69u*n*m?  45utnm?  405utm2  27utn*mZ 3utntm?
8 8 1622 42 3£ 642" 512¢5
Lo Iulnet N Ouost  SluSnPe  Asutng®  27u°&  33u°y*
2 2 16 8 8 6422
ASuSp? 1350 4sutr? @W%_an2M69W¢_NW¢+H%6 (A2)
322 T2 | 32 32 16 | 32 2568 5128 | 204860
3ut 6 4 4 242 s 5, oo, 8m]
4 2\ 2
H 4 2 2o 4y
- —64E 1 24nE — 1282 — i 4 A3
e (43)
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y =— (65 —n) (A4)
U
4m?
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