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At one loop, quantum kinks are described by a sum of quantum harmonic oscillator Hamiltonians, and
the ground state is just the product of the oscillator ground states. Two-loop kink masses are only known in
integrable and supersymmetric cases and two-loop states have never been found. We find the two-loop kink
mass and explicitly construct the two-loop kink ground state in a scalar field theory with an arbitrary
nonderivative potential. We use a coherent state operator that maps the vacuum sector to the kink sector,
allowing all states to be treated with a single Hamiltonian that needs to be renormalized only once,
eliminating the need for regulator matching conditions. Our calculation is greatly simplified by a recently
introduced alternative to collective coordinates, in which the kink momentum is fixed perturbatively.
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I. INTRODUCTION

Quantum solitons at strong coupling are poorly under-
stood, and yet are widely believed to be somehow responsible
for confinement in Yang-Mills and QCD. Understanding
them is therefore of critical importance. However we would
like to suggest that this is premature as solitons at weak
coupling are also not understood.

Early papers on quantum solitons produced consistent
results. Beginning with the pioneering paper [1], one-loop
corrections to kink masses were calculated by introducing a
vacuum sector and a kink sector Hamiltonian, regularizing
them both, identifying the regulators and renormalizing. In
the 1970s, the regulator was a cutoff in the number of
modes. In the 1980s, authors instead calculated one-loop
corrections to the masses of supersymmetric kinks, regu-
larizing with an energy cutoff. It was only in the following
decade that Ref. [2] reported that, when applied to the same
kink, these two methods yielded different masses.

The basic problem is as follows. A theory is defined by
its Hamitonian together with a regulator and renormaliza-
tion scheme. One thus expects masses to depend on these
three choices. However, once these are fixed, the theory is
fixed as are all observables. In particular, nothing may
depend on an arbitrary choice of matching conditions for
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regulators. At most one such inequivalent choice may be
correct, but which?

Many responses to this question have since appeared in
the literature. The most common interpretation is that some
regulator matching conditions give answers which are
“bad” [3], and so either different regulators should be used
such as in Ref. [1] or different methods, such as that of
Ref. [4], which yields the correct soliton mass at one loop.
Another response is that the problem is caused by linear
divergences, but these may be made logarithmic by taking a
derivative with respect to a mass scale and then integrating
using a physical principle to fix the constant of integration
[5]. This strategy has been successfully employed to
reproduce the two-loop mass of the Sine-Gordon soliton.
However, as noted by an overlapping collection of authors
in [6], this strategy fails with some choices of boundary
conditions and, more importantly, it does not shed light on
which matching conditions should be allowed. Perhaps the
most interesting suggestion, proposed in Ref. [6], is that an
ultraviolet cutoff may only be imposed if the nontrivial
background itself has no effect above that cutoff. It is an
appealing physical principle; however, in practice it does
not entirely determine how the density of states is to be
corrected. Ultimately the authors chose this correction to
reproduce the known answer, leading one to wonder just
what prescription works when the answer is not already
known. Later it was proposed [7] that instead the matching
condition should keep the same mode density in every
sector. However the authors note that this proposal is only
expected to work at one loop.

This state of affairs has motivated our program to
systematically study perturbation theory about quantum
solitons in a formalism with no matching conditions.
Instead, following [8], we introduce a nonlocal operator
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TABLE I. Summary of notation.

Operator Description

gb(x), n(x) The real scalar field and its conjugate momentum

at p, a, A A, Creation and annihilation operators in plane wave basis
bk’ bk, B i Bk Creation and annihilation operators in normal mode basis
o, o Zero mode of ¢(x) and z(x) in normal mode basis

e tip Normal ordering with respect to a or b operators, respectively
Hamiltonian Description

H The original Hamiltonian

H' H with ¢(x) shifted by kink solution f(x)

H, The ¢" term in H'

Symbol Description

f(x) The classical kink solution

Dy Operator that translates ¢(x) by the classical kink solution
gp(x) The kink linearized translation mode

gr(x) Continuum normal mode or breather

ymm Coefficient of ¢'B™|0), in order i ground state

rn Coefficient of ¢'B™|0), in order i Schrodinger equation
Viik Derivative of the potential contracted with various functions
Yii Vjx divided by a sum of frequencies

Z(x) Contraction factor from Wick’s theorem

p Momentum

ki The analog of momentum for normal modes

Wy, The frequency corresponding to k or p

Q; Sum of frequencies w;

g Inverse Fourier transform of /2

0, n-loop correction to kink energy

State Description

|K), |Q) Kink and vacuum sector ground states

0|Q) Translation of |K) by D,

0,|9Q) Translation of |K) by Df‘l at order n

which maps the vacuum sector to the one soliton sector.'
This allows all computations involving both sectors to be
performed using the original Hamiltonian, with no need to
introduce another Hamiltonian for the soliton sector. We thus
need to renormalize only once, obviating the need for
regulator matching. In Refs. [10,11] this was carried out
atone loopin the 1 + 1d ¢* and Sine-Gordon models. At one
loop these results were known as the theory is free. The first
correction to the states was reported in Ref. [12]. The present
paper continues to two loops, for a general scalar kink in
1 4 1 dimensions. The kink ground state and mass are found.

We begin in Sec. II with a review of our formalism. Then
we calculate the two-loop quantum ground states in two
steps. Our states are decomposed in a power series in the
zero mode ¢, of the scalar field. We refer to the constant
terms in this decomposition as ¢ primaries and others as
¢y descendants. In Sec. III we use translation invariance to
fix all ¢, descendants in terms of ¢, primaries. Next, in

'For a computationally similar approach without the nonlocal
operator, see Ref. [9].

Sec. 1V, we use Schrodinger’s equation to find the ¢,
primaries. As an application, in Sec. V we present a
formula for the two-loop mass correction to kinks in
(1 + 1)-dimensional scalar theories with an arbitrary poten-
tial. In Appendix A we show that the states that we have
constructed indeed solve Schrodinger’s equation.

II. REVIEW

In this section we will review the formalism for treating
quantum kinks presented in Refs. [10,13,14]. Table I
summarizes some of our notation.

Let ¢(x) and 7(x) be a Schrodinger picture real scalar
field and its conjugate in 1 4 1 dimensions, whose dynam-
ics are described by the Hamiltonian

H = /dxH
H(x) = 3 (0r(x) 14 + 5 DDA

alx
+ V) 1)
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Here M and \/Z have dimensions of mass and action™!/2,

respectively. We expand in A% and set 4 = 1. Also we will
define the dimensionful potential

V= M2V. (2.2)

The normal ordering : :, is defined below. We remind the
reader that in 141 dimensions, normal ordering is
sufficient to render scalar field theories UV finite.

If V has degenerate minima, then there will be a classical
kink solution

P(x, 1) = f(x).

We normalize M such that V" evaluated at both minima
appearing at the end of the kink is equal to unity, which
requires the simplifying assumption that these are equal. In
the Schrodinger picture, where we will always work, the
displacement operator

(2.3)

H/ = Df_lHDf — QO + H2 ‘I‘ H[a

H, :%/dx[:ﬂz(x):a +

Here Q, is the classical mass of the solution f(x) and H,
contains all higher order terms in \//_1

The free Hamiltonian H, leads to classical linear
equations of motion whose constant frequency solutions
are the normal modes g(x) of the kink

p(x.)=e"g(x),  V'[Vif(x)]g(x) = 0?g(x) + g (x).
(2.8)

There will be continuum solutions g,(x) labeled by an

index k such that” @, = VM2 + k2, breathers, and a single
Goldstone mode gp(x)

1 /

x) =——==1"(x),
with wp = 0. For brevity of notation, we will not distin-
guish between continuum solutions and breathers, and so it
will be implicit that integrals over the continuous variable k
include a sum over the breathers.

We adopt the normalization conditions

(2.9)

/ dxgy, (x)g, (x) = 228(k; — ky). / dxlgp(x)P = 1,

(2.10)

*The sign of k is chosen to agree with the momentum of the
corresponding plane wave at |x| > 0.

(2.4)

Dy = exp (—i / dxf(x);z(x))

satisfies [10]

Pl (x),¢(x)] 1Dy =Dy Fla(x),p(x) + f(¥)] 10, (25)
where F is an arbitrary functional. This operator takes the
vacuum sector to the kink sector. In particular one may
relate the ground states |Q) and |K) of the two respective
sectors

IK) = D;0|Q) (2.6)
using the perturbative operator O. The kink ground state

|K) is an eigenstate of the Hamiltonian H and so O|Q) must
be an eigenstate of the Hamiltonian

HO:p(0) 10 + VI [VAF(0)) 14 (x) 1 ). (2.7)
|
and we choose the phases such that
gk(=x) = gi(x) = g (x). (2.11)
We also define inverse Fourier transforms
i(p) = [ drgoer (212)
satisfying the completeness relations
=\ dk _
98(P)38(a) + | 5 9(P)3-+(q) = 225(p +q).  (2.13)

The same quantum field and its conjugate may be
expanded in terms of plane waves

dp 1

a)p = \/ M2 + p29
dp | ; :
n(x) = l/% %(a}, —a_p,)e'?

or normal modes

(aj +a_,)e ",

(2.14)
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$(x) = dp(x) + dc(x),  #lx) = 7p(x) + 7 (),

Do) = bogn(). delx) = / e (bl + b,

7 (x) = 7095 (%), =i [ 45 201t (2.15)

We define the plane wave normal ordering : :, by placing the a' to the left of the a and normal mode normal ordering : :,
by placing b and ¢, to the left of b and x.
Using the canonical algebra satisfied by ¢(x) and z(x) together with the completeness of the solutions [12]

95(x)gp(y) + / %gk(x)g_k(y) =d(x-y), (2.16)

one finds

lay ay) =228(p—q). o) =i  [by.b}) =218k —ky).

These allow the plane wave normal ordered H, to be rewritten in terms of a normal mode normal ordered free Hamiltonian
plus a constant Q,, which is the one-loop correction to the kink mass. This can be achieved one term a time

(0 = A3+ gs i), ) = — / P iy @0 5 ()

2r 2
R =m0+ [ Saia. b= [ (M5 )ap)
G50 = R0 0000, () = [ SEe ()
G0, = W+ [ S, = [ (G Jue). e
Applying the classical equations of motion (2.8) one finds
VIVEF] 30050 = VIVAFR):03(3) 4+ 3 (0m().
VIVAWJ:0) = VIVEF G20 + [ 57 @) + )04 .19

The ¢’ terms cancel :9¢(x)0p(x):, — :0p(x)0p(x):, after an integration by parts, leaving

2 dk .
H, =0, +@+ /2—wkb,'{bk,

2
. 1 fdp
b [ A ) ) [ ), (219
We perform a semiclassical expansion of the kink ground state® in powers of /A
olQ) = > [0),. (2.20)

i=0

The one-loop kink ground state |0), is a product of free vacua

The n-loop ground state is the sum up to i = 2n — 2. Note that there is no tree-level term in our expansion. In a sense made precise in
Ref. [12], the tree-level ground state |Q) is automatically included in the one-loop |0), by the condition (2.21). Beginning the expansion
with a tree-level ground state at a fixed center of mass would lead to an infinite first correction [15].
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ﬂ0|0>0 = bk|0>0 =0.

(2.21)

In Ref. [16] we found a general Wick’s formula for the conversion of plane wave to normal mode normal ordering. For

powers of ¢(x) it reads

LE n!

PN (x)i, = — _T"(x):" 2" (X) 2.22
V)= T ) 22)
where
. dk .
Z(x) = g5(0)78(x) + | 5 g-x(x)Gu(x).
. dp ;.. 98(p) R /dp iprn 1 1
=— [ TP = | —e'P¥ — . 2.23
) == [ e Bl aw = [ e a5 5 2.23)
Using the completeness relations (2.13) one can show [12,16] that Z(x) is determined by
|
_ [dk 1 ) bt
9, Z(x) = Zz—wkaﬁgk(xﬂ (2.24) B,t:\/z%c, B, = \/2w;by, (3.2)

together with the condition that it vanish at spatial
infinity.

III. TRANSLATION INVARIANCE

In this section we will calculate the translation operator
that acts on our states O|Q) and will use it to fix all ¢,
descendants (components of states that include opera-

tors ¢).

A. The translation operator
Let us define the shorthand

Aij = /dxyi(x)dj(x) = i/;l—ipéi(P)Qj(—P), (3-1)

where i and j may be a bound state or a momentum k. Note
that A is antisymmetric. We will use reweighted creation
and annihilation operators

Let us write the translation operator as

P=— / dxz(x)0,p(x),

which satisfy the same Heisenberg commutation relations
as b' and b.
The identity

PDf = Df(P —\/ Qoﬂ'o) (33)
implies that the translation invariance
P|K) = PD;) |0); =0 (3.4)
is equivalent to
Pl0); = \/ Qomo[0); ;- (3.5)

Our strategy will be to solve this equation by inverting 7.
Thus translation invariance fixes our states entirely up to an
element of the kernel of z;. We then only use the
Schrodinger equation to fix the element of the kernel of
7o, thus greatly simplifying the problem. Note that the
kernel of 7z consists precisely of the ¢-primary states.

2

:—/dx [EOQB(X)/%¢I<9;<(X>+ </Z_§ﬂkgk<x)>¢Og;‘3<x)+/%”kl¢kzgkl (x)gzz(x)},

dk
= [ZA
[t

. B_; v, B .
[14)0 <_kaZ+T) + 1 <Bk+2—wk)] —|—l/

d*k

B_, B_ 1 0]
t pt Bk ki pt
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and expand the ith order kink ground state as

—i/2
0y = 05"

= oy,

m,n=0

/

d"k
m (ke

mpt
(27[)" Vi kn>¢0 ky

Bj |0). (3.7)

We will refer to m = 0 states or matrix elements y?" as ¢, primary and m > 0 states as ¢, descendants. Then the translation

invariance (3.5) yields the recursion relation

},?-Tl(kl "kn—l)+

Dk, m—2n-1
—y: (kl
m

ki K ke

)

kn> B y;;;—Z,rH—l (kl e kj’ k/, kj+1 o

dk/ n y;nn+1(k .
o f G (P

2Cl)k/

n+2

d2k/ A K K, n+1 . 1n+2
i = DD O

2 ji=1ja=j1+1

This recursion relation determines all ¢, descendants in
terms of ¢o-primary states plus the free state corresponding
to the one-loop initial condition y,. It does not determine
the ¢y primaries, as it corresponds to a particular solution of
Eq. (3.5) and the addition of any element of the kernel of
7y, in other words any ¢-primary state, is another solution.

In general this recursion relation leads to infrared (IR)
divergences. In Ref. [17], two kinds of IR divergences are
identified. The first results from singularities in Ay ; as
k| + k, tends to zero [see for example Eq. (5.18)] and, in
that case, describes the recoil momentum of a kink when a
normal mode is excited in the center of mass frame. The
second results from divergences in the initial conditions y,,
for example if one begins with an excited isolated con-
tinuum normal mode. These divergences correspond to
interactions that do not involve the excited mode. In both
cases the divergences must in general be kept to arrive at the
correct final answer. Realistic initial conditions for excited
states are wave packets that depend smoothly on the
continuum k and we do not know whether such IR
divergences are avoided at all orders in that case. In the
present paper, we are interested in the ground state and so
7o 1s independent of k and we have no recoil. In this case no
IR divergences appear to the order calculated below,
although there are terms of the form (wy, — wy,)d(k; —
k,) in which divergences are avoided by the structure of the
coefficients.

B. Constructing translation-invariant states

At one loop, the quantum kink is described by a series of
harmonic oscillators and so its spectrum is known precisely
[1]. To find a Hamiltonian eigenstate at higher but finite

<1+wk>yf" M2 (ky - -
w

ok

2m

kn))
kn 1

@ — Akn— kn m—1,n—
'kj—l’k/’kj"'kn—l)+71h : z(kl"'kn—Z)

TRRT 00 SRR SN Y SERREY B

order, one need only start the recursion (3.8) at i = 0 with
the one-loop avatar of the state of interest.

In this note we will apply this strategy to the ground
state, corresponding to the initial condition

mn - 6n105n070 (39)
The first recursion is depicted in the left panel of Fig. 1,
where it determines the squares in terms of the star, which
corresponds to the initial condition. More precisely, it
yields

0 Bk g
2 0
(3.10)

i (k) =

r12 (ki ky) = @, Ag i, 70

We are not interested in calculating the ¢ primaries (m = 0
terms) because these are in the kernel of 7z, and so they are

m
m 4 o
2 0O 3 \& o
2 O O
1 O
1 OO O
T A
0 . / o - > /
0O 1 2 n 0 1 2 3 4 5n
FIG. 1. The y/" generated by the recursion relation at i = 1

(left) and i = 2 (right). Green stars, blue squares and red circles
represent elements at i = 0, i = 1, and i = 2, respectively. As ¢
primaries (m = 0 elements) are in the kernel of 7, they are not
fixed by (3.5) and so arrows to such elements are not shown.
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not determined by translation invariance. These will be
calculated using Schrodinger’s equation in Sec. IV.

We may continue by simply plugging in to our recursion
relation (3.8). But we can simplify things somewhat by
noticing that (3.7) does not completely determine the
functions y""(k, - - - k,). For example, one may add any
function that is antisymmetric under the exchange of any k;

Dk, m—-2.n-1
o) + 2

ky)

J’ﬁ"l(kr“ —Ak3<7,m” l(k

mn+1(k1 .

and k; without affecting |0). Therefore we are free to
symmetrize each function. As this will simplify our answer,
that will be our convention: it will be understood that after
calculating each y using (3.8) it should be symmetrized
before the next recursion. This convention allows one to
perform all of the sums in our recursion relation (3.8),
leaving

(ky "'kn—1)>

2a)k!

dk’'
of el

2

A kn’ k/) 7:n_2'n+1(k1 . kn’ k/)
m

Dy, Ak_k m—1,n—2 n /dk/ Wy, m—1,n /
n—1 n=1Kn , m—1, ki -k — A, 1 —n A k~~~k_,k
+—m Yi (k1 n 2)+2m 27 Sk +60k' vi "k n-1-K')
DD [ D
— M= ey -k, K KS). 3.11

In summary, the recursion relation (3.8) always yields a
correct y;, | whereas the simpler (3.11) is also correct if one
first symmetrizes each y”"(k; ---k,) with respect to its
arguments ky - - - k,,. Thus to apply (3.11) to derive y, we
must first symmetrize all y{"" with n > 2. We only found
one such element, which, after symmetrizing using the
antisymmetry of A, becomes

(a)kl - wkz)Ak1k2 yoo

12 (ky k) = > 0 - (3.12)

What about the ¢, primaries 7’(1)"? These are not fixed by
translation invariance as they are in the kernel of 7. Rather
they are determined using the Schrodinger equation. In a
scalar theory with a canonical kinetic term, ¢ will have

At m = 1 we find

dK’ kl,k’) 3 [ d*K Ay,
3 (k) = —A kB
y 4 (271') G)k/2
| [dK (o PN
L B (TR VNN
2/2]‘[ (a)k/ ) ki SKBT0 /(2ﬂ)2 a)k/2

and

/ /
(klvkhk) 2/

dimensions of [action]'/2. As each |0); is suppressed by
h'/? with respect to |0),_,, it may only depend on terms in
the potential up to ¢**. Therefore |0), and so y; only
depend on ¢? terms. As a result the only nonzero entries
resulting from the Schrodinger equation can be !
and y9.

Finally we are ready to apply (3.11) to calculate y,.
Remember that the recursion relations only determine ¢,
descendants (m > 0) so over all we expect 3, 4, 5, and 6
contributions from 3’1 ,71 ’71 I and y}z,respectively. These
are the circles in the right panel of Fig. 1. The y}"
corresponding to a circle at (m,n) is a sum of terms,
one for each arrow ending on that circle, which are each
proportional to the y’{"”/ found at the beginning of the
corresponding arrow.

dk’ ()%
A, 1 k11,01 K ,
27 S, k( +a)k/)71 (k')

dk’ w
B (ky KL K + 2/ Ay, _k/(l +i>y?l(k/),
a)k!

2
(3.13)
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3 dk’ Ut)k3
vy (ki ko k3) = o, A, 77 (k1) + Agpyi* (ki ko) + E/ZAI@—I{’ <1 a)k;>7(1)3(k1,k2, k'),

1 3 [dk Wy,
= a)szkzk37(])1<k1) + EAIQB(wkl - wkz)Ak,kZVSO + E/EAIQ,—/(' (1 + w—lj> Y3 (ky ko, k),

r3(ky - ks) = @, Agr Y (ki ko ks). (3.14)

Next at m =2

K k/ 01 K 2k/ A -
/d_A kB( )_yl( )) d k k Q(k/pklz)’

2(Dk/ 4 (2]7,') wk’z
dk’ 1 2K @y
= A_vp(Ay —Olk/ - 1- A//A/_/ 5 3.15
4/2 k(kBVo 71()) 8/(2)( wk2> Kk, Bk k7() ( )

and

ay, dK 1 [k o,
v (ki ky) = Mg | 71 (k) + =270 ——/—A wpr P (ky ko k) + /_Akz,—k’ 1+ —= 712 (ks &),
2 ! 2) 27 o

Ay dk’
= —(wklAle}’o + o1y (k) ——/—A—k’37?3(k1»kz’k/)
2 2w
1 dkl ()%
+ 4_1/ 2 TAVEY <1 + (u_;:> (wkl - wk’)Aklk’Vgo’

O, Agyi, wy,
v3t(ky - - - ky) IT% ri*(ki ko) + Agp 74}’(1)3(/( - k3),

W, O, A 1, A wy, A
_ Pk P zklkz k3k4}’80+ k42k43yt1>3(k1...k3). (3.16)

Continuing to m = 3 we find

1 [dk dk’' Wy
:—g —A gyt (ki k) + 6/2 Akl—k’( +w—kl/>7%1<k'),

dk’

1
= ? P |:(wk’ o, ) A e A_pp + EAkl,—k’(a)k, + wk’)wk’Ak’B] ,

k' (wy o
=00 [ (X MOYAL v A
70 /2ﬂ<4 12> kK Sk

e Ak @, Ak
ke ks) = TR R0 k) + TR R ),
80
= (wk3Ak3B(wkl - wkz)Aklkz + wszk2k3wk] Ale) ?- (3-17)

Note that, since y3° is defined by its symmetric contraction with B}:l BLBZ}, one is free to add any term that is annihilated by
the symmetrization of k;, k,, and k5. Thus one may freely redefine

Oty BBk Bsks o0 (3.18)

}’33(k1»k2’k3) = 2 0
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In other words, different paths from y{° to y3° lead to contributions that are proportional. This suggests that to some extent it
may be possible to explicitly solve our recursion formula. Finally the m = 4 terms are

dr’
/ ——A_y B

42](,/(
J’z(l 2) 4

wy
=App—=1it(ky) =

/ dk/
) 16/ o AprA_yp,

IV. SCHRODINGER’S EQUATION

Let us define the symbol I" by any solution of

Z (Hi+2—j - Q%+l> |0); =

=0

Then the Schrodinger equation

(H-0)0)=0 (4.2)

is solved if

rmm=0. (4.3)
Note that I" is not uniquely defined by (4.1). A necessary
and sufficient condition for a solution to Schrodinger’s
equations is that I'/"" vanishes when summed over all
permutations of the k;. The number of loops can be defined
by counting powers of # and is equal to i/2 + 1. Note that
only integral numbers of loops correct the energy, and so Q
vanishes if its subscript is a half-integer. Here Q is defined
to be the energy of the ground state. For applications to
other states, O should be replaced with their respective
energies.

Let us begin with the one-loop approximation, i = 0.

Using
/ -— a)kBkBk

one finds that the Schrodinger equation is satisfied if

(4.4)

79|0)o = Bk[0)g = 0 (4.5)

These are both satisfied by the initial condition y§" =
0,000 Of our recursion.

A. Leading corrections

At i = 1 the Schrodinger equation is

H3|0)o + (Hy — 04)|0); = 0. (4.6)

2z
A A
PLSLERLTE (3.19)
d"k
CE k) By, -+ B}, |0),. (4.1)

|
Using

H, = é/dxv WVAF)]: () o
:é / dxVOVAf(x)]: 3 (x) 1,
1/dxv WAF@IOI(R),  (47)

where we have defined V" [V/if(x)] to be the nth

derivative of A~V [v/1¢(x)] with respect to ¢(x), evaluated
at ¢(x) = f(x), one finds that the leading correction to the
states (3.10) yields

2
l—%l = \/Qi()VBszl +a)k1 ?le ’

\% — + A
F}ZZ\/QT) 821<1k2+(wk1 wkz)(wzkl wkz) klkz’ (4.8)

where we have introduced the notation

VIf.”-I.,ap-an - / dXV<2m+n) [\/Ef(x)]zm (x)g(ll (X) T g(1n<x)’
(4.9)

where a; can be B or k;.
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Substituting the identities [12]

Vi = | dxv@Mf(xng (x >];'(Q_>gk
- VOV ()](d,

\/M

- / dxd, (VOVAf (x)]) g5 () ge (%),

(X)9k(x) + 95(x) g1 (x)),

- / dx (g (x) 0201 (x) + 5 ()9} (x) + g4 (x) g (x))

_ wk A
\/.Q_(; kB>

Viik, =

1

) %Q—/ dxVOVAF () (g, (6)n, () + o, (¥)f, ().

=0 dx (g, (X)ax, g, (x) + g, ()9, (x) + @} i, (X)gi, () + g5, (x) g, (x)).

2 2
C()kz - a)kl

=——Ay

VQo

into (4.8) one finds I' = 0, and so these matrix elements of
Schrodinger’s equation are satisfied by the states (3.10),
which were derived from translation invariance alone. This
is consistent with our claim that all ¢, descendants (7 > 0
components of states) are determined in terms of ¢,
primaries by imposing the eigenvalue of the momentum,
in this case zero.

Actually the derivation of the second identity in (4.10) is
not quite correct. As the kink is localized by definition,
gg(x) tends to zero at large x, while V) [/Af(x)] tends to a
constant. As the remaining terms tend to e~(hitk)¥ the
integral over x defining the left-hand side converges at large
x. The problem is that the integration by parts, used to

convert VG [\/_f( )]gs to VA[V/2f(x)], leads to a boun-
dary term V@ [v/Af (x)]gy, (x) g, (x), which does not vanish

at large x. Instead, it becomes me~!(Ki+%2)% where x,, is the
upper limit of integration. As one takes the limit x,, — oo,
this vanishes by the Riemann-Lebesgue lemma when
integrated over any kernel continuous in k; + k,. As the
left-hand side is finite at k; + k, = 0 and the dropped
boundary term vanishes in the sense of a distribution, the
final expression must also vanish in the sense of a
distribution. Let us check this for the term
Aklkz D lﬂ'(kz - kl)ﬁ(kl + kz), (411)
which appears for any potential V. This term indeed does
not contribute to the last line of (4.10) as it vanishes in the
sense of a distribution when multiplied by wf — @} .
Similarly, in our main result (5.9), the A is multiplied by
(wp, — @y,). The 8(k; + k,) term in A therefore does not
contribute to the two-loop energy of the ground state.

(4.10)

It does, however, contribute to the two-loop energy of a
kink with an excited normal mode [17] where it leads to the
recoil kinetic energy of the bulk motion of the kink. We also
note that one cannot simply divide (4.10) through by
(0, — w;) to obtain Ay, as a function of Vg, as this
quantity vanishes on the support of the delta function (4.11).

The other components of the Schrodinger equation at
i=1 are

VO, O Bus
5 VK >

1—‘()3_\/Q()
6

01 __ 01
= + oy

Vi, + (@, + @y, + @ )7 (4.12)

and so the state at order i =1 is given by the ¢,
descendants in Egs. (3.10) and (3.12) together with the
¢o primaries

Ayp VO Vo
}’(1)1:—'——0Y1k|, 7(1)3:__0Yk,k2k37 (4.13)
2 2 6
where we have defined the reduced potential
Vi, VT kk,
Yk,-“kj = s YI,k]-ukj =1 .
a)kl—i—--'—l-a)kj Cl)k]‘f'""f'a)kj
(4.14)

This is depicted in the top-left panel of Fig. 2. Here one sees
that the leading order y)° contribution corresponding to the
star contributes to four elements y;, shown as squares. Two
of these are descendants and so were already fixed by
translation invariance.
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m
2
1
0

FIG. 2. Terms in the Schrddinger equation: H3|0) in black and
(Hy — Q1)]0), in red (top left), (H4 — Q0,)]0), in blue and (H, —
01)|0), in green (top right), and H3|0), in black (bottom).

Note that in models like the ¢* double well, in which the
third derivative of the potential is nonzero at the minima,
Vi, kok; Will have a divergence of the form 6(3 ; k;). When
integrated over k to determine the state, this divergence
leads to finite coefficients. However at two loops it leads to
an infrared divergence in the energy of the kink state. As we
will see in Sec. V B, this infrared divergence also appears in
the vacuum energy and so the kink mass, which is the
difference between the energies of the two states, is finite.

B. The kink ground state at two loops

Translation invariance fixes all ¢y-descendant compo-
nents /" in any Hamiltonian eigenstate. The ¢q-primary
terms ", at each order i are fixed by the Schrodinger

equatiOIll. Interaction terms relate these coefficients to those
at lower orders. Thus the other y”"" are only related to ¥ by
the free Hamiltonian (4.4). More specifically, y9" is related
to y?" by the z3/2 term and to y?" by the oscillator term.
This allows each ¢, primary y?" to be determined from y2"
and the state at orders less than i. In theories, like those
considered here, with nonderivative interactions the sit-
uation is even simpler because interactions never decrease
m. Thus Schrodinger’s equation determines ¢b, primaries
Y in terms of y?" and ¢, primaries y?”/ with j < i. In other
words, only the ¢, descendants at m =2 are needed.
Similarly the energy at each order i is determined by y2°
together with the ¢, primaries y?” at lower orders j < i.
This observation in practice leads to a dramatic reduction
in the complexity of calculations of states and energies. For
example, to compute the two-loop energy of the kink
ground state, one only needs to know y3, 9!, and ¥,

which themselves are determined from y3! and y}2. In this
subsection we will complete the calculation of the

kink ground state at two loops, corresponding to
i =2(2—-1) =2, by finding the ¢, primaries.
At i =2 the Schrodinger equation is
(Hy = 02)|0)o + H3(0), + (Hy — 01)[0); = 0. (4.15)
The H, term and H; term are, respectively, shown in the
top-right and bottom panels of Fig. 2. In both cases, the
goal is to compute the red circles, corresponding to y5",
which lie at the ends of the arrows. Again there is one

contribution from each arrow, proportional to the y at the
beginning of the arrow.

1. (Im=0,n=6)

Let us begin with the simplest element, ['9°. The previous
argument agrees with Fig. 2 showing that there are two
contributions, arising from y9, which was found at the
previous order, and from y3° which is to be found now.
Defining the total energy

n
Qn: E a)kj,
=

(4.16)

these contributions are

H;3|0)% > —% %Yklkﬂq Vk4k5kﬁBltl - 'BJT%|0>0’
0 = o [ S 0aen] B0 @
and so one finds the matrix element

7y = % Yok Vké—]:kb- (4.18)

2. (m=0.n=4)

To organize the calculations of the other matrix elements,
we note that I' may be decomposed into contributions that
do not mix with one another. In particular contributions
with different numbers of dummy momenta k' and with
different numbers of powers of the undifferentiated* con-
traction factor Z(x) together with V©®) do not mix. We will
include this decomposition in the subscript of I'. Of course
each T'Y" determines y?" whose form is not known before
I is calculated, so terms resulting from 7" will not be
included in this decomposition.

If multiplied by V*) g5 (x) then an integration by parts leads to
a differentiated Z(x), which can be evaluated using (2.24) and
this argument does not apply. This situation does not arise in the
calculation of 3" but does arise when verifying that the
Schrodinger equation is satisfied in Appendix A.
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Let us begin with all contributions Fg% containing a single power of the contraction factor Z (x). These contributions arise

from two terms

d*k

H3’O>(1)3 12 ( )4 VIk4Yk1k2k3Bk B]t4|0>0’

o1 L [ d'k t 1
H;3|0) >4 WYIMV/CI/Q@B/(] -+ By, 10)o,

whose sum yields

Qo
Yy = B Y7i, Yk ko k€24

Next let us consider the contributions with one contracted momentum k’. There is only one

d*k [ dk Vika—1 T
HAO 5~ [ 555 [ G Yo 8] B o,

8) (2n)* /) 2z
yielding
2k 8 20T kiky—k wy .

Finally there are three contributions with no &’

d*k

H3|0)}' > Ay kzk;k4B "BZ4|0>07

> o

72 d4k

20 0)3* = 120, / (=605, @, Ay i, Ay, + v/ QoY ko @k, Aty B 1B}
[ d% S

H,4|0)y = ﬁ/WVk,kzk3k4Bkl -+ By, 10)o,

which sum to

F04 _\/Q—

Wpy
% =15 Yok Ar,2% —

The final contribution to I'9* arises from

dk d*k
2—kakB—k|0 04 Q / 94}/0431. s B£4|0>0

and is

F04

0;
2f = 94}’24.

The Schrodinger equation
=9 =190 + 19 + 190 + 5,

then yields the matrix element

125011-12
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1—‘(2)% + sz/ + Fokro
Q, ’
_ D V9o W,

Qo Qo [dK Vigk—k
=12 Y71, Yiyioks — B Y koks A, B + 29 A i Dk, — 2 Yikoksky T 89, | 2r Y- ;)Z/ . (4.28)

04 _
V2 =

Note that in models like the Sine-Gordon model, in which the fourth derivative of the potential is nonzero at the minima,
Y4 k,ksk, Will have a divergence of the form 6(} _; k;). When integrated over k to determine the state, this divergence leads to
finite coefficients. However at three loops it leads to an infrared divergence in the energy of the kink state. As in the two-
loop divergence in the ¢* kink energy, this divergence also appears in the vacuum energy and so the kink mass remains
finite. We expect such cancellations at all loops, as the infrared divergences arise from a regime in x where f(x) is equal to a
vacuum value, and so the energy contribution from the kink and vacuum sector should agree.

3. (m=0,n=2)

The last matrix element needed to fix the ground state at two loops is (m = 0, n = 2). There is one contribution with two
powers of the contraction factor 7

d*k
H3|0>(1)1 o - Z/ (2 ) YIkl VIszlek7|O> (429)
which, after adding an antisymmetric term which does not affect the sum, yields

F02 o QO

272 3 YIkl YIkZQ2 (430)

There are four contributions with a single power of 7

b7 d*k
= |0 22 szlwszszBleT |0)o.

575, oy
Pk (1 L fdl . Vi
H3|0>(1)1 D /( )2 <vQ_OVIk2AkIB —g/ZYIk/ o >BT BT |0>

d2
Hl0 >3 [ 5 VaneBlLBL O

27)*
1 [ &k [dk
H5|0)% > _§/(27)2/ 5 Yru¥ih, - kBle;2\0> (4.31)
which together contribute
v/ 1% dk Q,
r =Yy a0+ LoV, Qo [k Yo ¥ ppi | 2+ (4.32)
4 4 8 ) 2x oy

Now we will organize the terms with no powers of Z by the number of contracted momenta k’. There is one term with two
contracted momenta

d*k 2K Vi-k -k,
H;|0)% > — / /—Y ', ———2Bj B} |0 4.33
3| >1 8 (271') (271_)2 k]k]kz a)k/la)k’z | > ( )
yielding
Qo [ d*K Vi -k,
02 _ _ %0
e = A (2 )2 Yy KK, o, ) (4.34)

There are two sources of terms with no Z and a single &’
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/ d’k d_klvklkzk’A
8\/ 27 wy

2 2 /
b d°k [dk 1
7|O>%23/(2ﬂ)2/2” 8\/_ Yikow A k’B+4Q Ap wA_pp, | 1

which contribute

H;|0)}! _vsB}, By, |0)o,

W, T
+ w,é) (wy, = wk’):| BleiT¢2|0>0’ (4.35)

dk/ vV Q 1 a)kla)k
ry —/2” { 8 wkz N k,k2< ” 2 _a)k,>]. (4.36)

Finally the terms with neither Z nor k' are

D075 - g0 [ s Ot o8] B 00 (437)
and so
ro, — —gnghBAsz. (4.38)
As in the previous cases,
% = QY (4.39)

and so the Schrodinger equation

— 1702 _ 102 02 02 02 02 02
0=TP =09 +T0, + 1% + 1%, + 1% +T

2, (4.40)

fixes the last matrix element

T+ TR+ 190 + 15 + T

_ D % OV, 3 Qo / d’K Vi-k -k,
Y. Y Y Ay g ————2 Ay gA — 2
R Tk Tk T YTk BB 40, +3 g N8R kaB +too 30, | (2n)? koK K, op oy,

+/dk/{ VO |

1 Q Wy, W
- Y A _p Y Y 1 AL vA_p -2 . 4.41
o 8 wp koK BB +4 <Q0 Tk Y ke ky—k ( +2 k/) RERAV AN <60k o >>} ( )

V. THE KINK MASS
A. The energy of the kink ground state

The last Schrodinger equation is I')° = 0. This does not fix y3° because I'Y° does not depend on y°. This is reasonable
because any value of y)° can be absorbed into the normalization of the state. Thus one may normalize the ground state
so that

7?0 = djp- (5-1)
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Let us now solve this last Schrodinger equation. There
are two terms with two powers of the contraction factor 7

VII
H4]0)9 D —=10)0.
1 dk’'
H;|0)9" > —3 | 25 Ve Y- —#[0)o, (5.2)
yielding
dk’
Y, o= <VII - /_YIk’YI k’> (53)
There are also two terms with a single factor of 7
dk
H O Y A_150)y,
310) 8 \/— / 10 A_kp|0)o
7 dk’
=2(0)3° YIk’A—k’B|O>Ov (5.4)

w—

which precisely cancel. The terms with no factors of Z can
be organized by the number of contracted momenta k'.
There is one term with 3, 2, and 1 momenta, respectively,
which for brevity we summarize together

dk 1 dk
/ZAkBA—kB —_/dx/dy/_gk(x

Q/dx/dy xX—y)—

37,/ \%
H3]0)* > —— x .
o 9
: 48 <2ﬂ:)3 17273 a)k/ a)kl a)k/
1 RS
27,/ - 2
ﬂO | 2() d k a)k/l wk’2> A A
K kB —kK =k
16Q wk’lwk’z 1%2 17 %2

72 1 dk'
?0|0>§0 _8—Q0/2 AppAp_y (5.5)
As

Gi(x) = g_x(x) (5.6)

the symbols A, V, and Y are all complex conjugated when
all of their k arguments are negated. Therefore these
contributions can each be rewritten as norms squared
and so are real. The corresponding I' can therefore be
written

2
o, — 2 / &K Vi
X048 | (20) o g g (g + g, + )
ro — i/ K N = o)l
w16 ) (27)? Wy o, '

1 [dk
1% =5 [ 5 18wl

The last term may be written in a more convenient form
using the completeness relation (2.16)

(5.7)

)91 ()" ()" (v),

where the gg(x)f”(x) integrals vanish because they are proportional to the total derivative of g%(x).

The Schrodinger equation then gives the two-loop energy

1
Q2 =5 (Fggz + Fgg’3 + FO 12 + F2k’>

Qo

@__/dk/| |2 - /
8 8 WET4g8 ) (2n

160,/ (2np

To our knowledge, this is the first time that the two-loop
energy has been calculated for kinks that need be neither
integrable nor supersymmetric. The explicit calculation of
Refs. [18,19], in the case of the Sine-Gordon model, did not

1 / K oy — o)A 1
a)k/]a)k/z

95195 () Q/mﬂ (5.8)
&K Viewe|?
) o o @y (w0 + @ + o)
dx|f" 5.9
s | @ (59

require integrability and so could be repeated in this general
setting. However in that case we stress that the energy was
found by summing 13 divergent Feynman diagrams, and
carefully regulating and subtracting the divergences. Here
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instead we find five terms, each of which is already UV
finite. Let us identify each of these terms.

When changing from plane wave to normal mode normal
ordering, so that H, annihilates the one-loop kink ground
state, the interaction Hamiltonian acquired constant and
tadpole terms. The first two terms in (5.9) are just the
corresponding leading shifts to the energy, equal to the
constant V7 plus the first perturbative contribution from
the tadpole V7p. The next term is the usual one-loop
perturbation theory correction to an energy arising from a
cubic interaction, and is given by the same expression as in
the vacuum sector (5.16) with plane waves replaced by
normal modes. The fourth term is a correction to the third
term arising from the fact that derivative operators mix the
normal modes, which is not the case for plane waves. The
last term was found long ago [18,20] using the collective
coordinate approach, where it appeared as the leading term
in an expansion of the denominator of an effective
Hamiltonian, which came from a canonical transformation
that separated a nonlinear extension of ¢ (x). The manip-
ulations that led to its appearance here are very different
from those in the collective coordinate approach, but it is
reassuring to see this agreement in the result.

The only trace of renormalization can be found in the
first two terms, in the function Z(x) which is the expected
difference between two divergent sums weighted by 1/w;
and 1/w,, respectively. In models such as the ¢* double
well, in which the potential has a nonvanishing third
derivative at the minima, the third term will be IR divergent.
This divergence arises from the region far from the kink,
and so its contribution to the kink mass will be canceled by
the same IR divergence in the vacuum energy, which we
will now calculate.

V3
H3|Q); D - ¢0

e~ ix(Pi+p5+ps)

276(py + ph + p3)

B. Vacuum sector energy

The kink mass is generally not Q,. It is O, — E; where
E is the one-loop correction to the vacuum sector energy,
as this contributes at the same order. It is easily computed in
perturbation theory. Decompose the field in terms of plane

waves as
dp [+ A ‘
— A P —ipx
¢(x) /_2”< p+2w,, e

and the free and interaction Hamiltonians can be written

(5.10)

dp -
H, = /prA;Ap,

Hyo = [ V000 (501

where ¢, is the minimum of V corresponding to the
vacuum. Then the first order of perturbation theory

H3|Q)y + H>|Q), =0 (5.12)

yields the first order correction |[Q), to the vacuum state |Q)

Q) = - <3)[¢0]/(d3p 2726(p1 + p2 + p3)

6 2r)? w, + 0, +o,

XA;1A22A23|Q>0' (513)

Acting again with Hs, the |Q), term yields the one loop
correction to the energy

275(py + pa + p3)
@y wp;a’pg(wp; t oy + wpg)

2o,

(VO [ho))? d3p’
BT L/

where L is the length of the spatial direction,5 which serves
as an infrared cutoff.
The subleading correction to the Schrédinger equation is

(Hy — E))|Q)g + H3|Q), + H|Q), = 0. (5.15)

*Here we are cavalier with boundary conditions, as the theory
contains only scalar fields. In practice, we simply subtract the
kink and vacuum energy densities before performing the x
integration, in which case the integral converges. In a theory
with fermions a more careful approach may be warranted, for
example adding a distant antikink to each kink to allow identical
boundary conditions in each sector.

(277:)3 O @ D! (Cl)p/1 + @, + a)pg)

|2), (5.14)

As H, is normal ordered, H,|Q), is orthogonal to |Q), and
so does not contribute to E;. We will chose |Q), to be
orthogonal to |2), so that the last term does not contribute
to E;. Then E; can be read off of (5.14). Evaluating the
delta function, this is

(V& [do))?

E =—
: 48

d 1
XL/ p2
(2”) ’wp wp’+p2(w’ +w’ +a”+p)
(5.16)
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The dependence on the infrared cutoff L implies that we
have calculated an energy density, and not an energy.
When this energy density is nonvanishing, it must be
subtracted from the kink ground state energy to obtain the
kink mass. The kink mass will be finite only if these
divergences cancel. This procedure depends on the
matching of the infrared divergences, which can be
achieved for example if the energy densities are subtracted
before they are integrated. If the potential is symmetric
about the minimum ¢, as it is in the case of the Sine-
Gordon model but not the ¢* double well, V©)[g]
vanishes, and so £; = 0 and this complication is avoided.

Using the well-known Sine-Gordon normal modes [12]

This procedure is performed in the case of the ¢* model
in Ref. [21].

C. The Sine-Gordon model

In the case of the Sine-Gordon model, the two-loop mass
has been conjectured in [22] and calculated in [5,18,19,23]. It
is of course dependent upon the renormalization scheme [22]
although in some schemes there is a renormalization group
flow invariant coupling that provides a universal relation
between the kink and meson mass. No such relation may be
expected to hold in general as there are other schemes in which
the coupling may be shifted by any finite amount at any scale.

gr(x) = #I{gn(k) (k — im tanh(mx)), gp(x) = \/%sech(mx), (5.17)
a contour integration yields
A = %sech <2k >51gn(k),
A, = —ilky — kp)m(ky + k) + %” ('; k;g’? esch (”("12; k2)> sign(k, ky). (5.18)
Using
VO [Vaf(x)] = 2M?gtanh(Mx)sech(Mx), (5.19)
we obtain

4

i
Viiok, = —gsign(k, k2k3)sech< o

We have evaluated the energy (5.9) term by term.

In the first two terms, Z (x) appears. It was calculated in
Ref. [12] by integrating the general identity (2.24). Using
the present conventions

Z(x) = —sedi#x) (5.21)
and so
Vi = %ga)zsign(k)sech <ﬂk> . (5.22)
&M 2M
Using

7(ky + ky + k3)> {_( y,

a)kza)k3

i wi n Zz )+2<(‘)klwk2 CUk,CUk;_kaza)k2 }
Cokla)k3 a)klwkz a)k3 Ct)k2 a)kl
(5.20)
|
VW[VAf(x)] = M2A(=1 + 2sech?(Mx)) (5.23)

one finds MA/(40z*) and —M2/(120%?) for the first and
second terms of (5.9). In the fourth term, the delta function
in (5.18) is multiplied by a zero, which leads to a vanishing
contribution, as can be checked directly by considering the
case k; = k, separately from the beginning. Fixing the
mass M and coupling ﬂ to unity, the third, fourth, and fifth
terms are equal to terms which may be found in Ref. [18]
and they were evaluated analytically by Verwaest who
found that the sum of the third and fourth is —M1/(6072)
while the fifth is —MA1/192. Altogether we find that the
two-loop correction to the kink mass is
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M2

BTy (5.24)

0, =

in agreement with the literature. As shown in Appendix B
our normal ordering prescription yields the same meson
mass as Ref. [18] and so the soliton to meson mass ratio
agrees, in accordance with Refs. [22,23].

VI. REMARKS

Calculations of masses of quantum kinks have been an
industry from Ref. [1] to Refs. [24,25]. So far these
calculations have been largely at one loop, where they
are described by a free theory, with the exception of
integrable and supersymmetric models. In this paper, we
have calculated the two-loop masses of scalar kinks in
theories with arbitrary potentials. We have also explicitly
constructed their states, with the ¢, descendants calculated
in Sec. III using translation invariance and the ¢,-primary
components in Sec. IV using the Schrodinger equation.
These constructions we feel are even more interesting than
the masses, as they allow one to compute matrix elements
and so open the door to understanding the phenomenology
[26], such as scattering [27-29] and acceleration [30,31] of
quantum kinks beyond the harmonic oscillator approxima-
tion. For example, one may calculate form factors [32,33].

While we only calculated the ground state, starting our
recursion with a superposition of normal modes would
have allowed us to apply the same strategy to an arbitrary
state in the one-kink sector.

The key step in our calculation was perturbatively
imposing the translation invariance conditions, which fixed
most matrix elements of the state, the ¢, descendants, in
terms of a few coefficients, the ¢, primaries. The ¢-
primary components needed to be fixed using ordinary
perturbation theory. More generally, in the case of any
translation-invariant Hamiltonian, as the Hamiltonian and
momentum operators commute, a basis of all Hamiltonian
eigenstates may be obtained by first fixing the momentum
to obtain the ¢, descendant matrix elements in terms of ¢-
primary matrix elements y?" and then using the Schrodinger
equation to fix the ¢y-primary matrix elements.

In the case of a BPS® state in a supersymmetric model
one may first impose both translation invariance and also
that the state be invariant under the preserved super-
symmetries. Presumably this will strongly constrain the
state. The big question is whether, in a sufficiently

supersymmetric model, this may constrain the state suffi-
ciently that perturbation theory is no longer required. In this
case, one would have finally opened the door to a truly
quantum understanding of nonperturbative solitons. More
precisely, one could understand the physical mechanisms at
work behind the nonrenormalization theorems. This of
course is a prerequisite for applying lessons from super-
symmetric theories to Yang-Mills.
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APPENDIX A: CHECKING SCHRODINGER’S
EQUATION

We have derived the two-loop ground state using trans-
lation invariance together with Schrodinger’s equation. We
restricted Schrodinger’s equation to the ¢, primaries, the
subspace of the Fock space with no ¢, acting on |0),,, but
we argued that, since the Hamiltonian and momentum
operators commute, we expect our solutions to solve the
Schrodinger equation in the full Fock space. By imposing a
condition on the momentum it is not possible that we lose
the ground state solution, since it indeed must have zero
momentum. Furthermore, since the solution that we find,
given the one-loop contribution, is unique, it must be the
ground state.

In this appendix we explicitly check this claim by
inserting our two-loop state into the Schrédinger equation
and showing that it vanishes on the full Fock space. More
precisely, we compute the various ¢,-descendant compo-
nents I} at m > 0 and show that they each vanish as
claimed. Recall that in Sec. IV B we found the ¢, primaries
yY" by imposing that ['9" vanishes, and so we already know
that the m = 0 Schrodinger equation is satisfied.

1.m=5n=1

The only contribution
1
HJ07 5 [ @O VIOl @a0F =0 (a1

vanishes because

Vs = / VO WIF()gh(x) = %Q_O / dx(0,VOWIF )G ).

VQo

is a total derivative.

_ 2 VOO0 (0 e (0 = — 2 [ dxd (1) () =
/de[ﬂf()}gB( )y (x) @/d93<>93<> 0

(A2)

®A state is BPS if it is annihilated by any nonzero element of the supersymmetry algebra. In this case, the operator is annihilated by

half of the fermionic generators.
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2.m=4,n=2

H3|0)2! 4\/_—/ 7 o1, At 5V i,5s00 B, BLL|0)o

exactly cancels

dK' 1 ko

as a result of (4.10).
3. m=4,n=0
H;3|0)3' D — —/ dlkY Y O
3191 8] (22) kBB Y —kBBP0

exactly cancels

VesBE
H,l0)o D 24 #410)o

as

Vassn = [ Vi = [ asve M el
r/dxa VA ()G () = - F dxVOVaf ()] (x) g (x).
— _\/% dxVOVAf (x))g3 (x )/dyrS(x—y)gig(y)’
_ _\/iQ_o dxVO [Vaf(x))g5(x )/dy {gg(x)gB(y) +/§—§gk(X)g_k(y)]gﬁe(y)’
— —i % VkBBA—kB =3 %YkBBY—kBB'
V0o ) 2r 2m
4. m=3,n=3
The two terms in
/ 3
/(;k G)k’Bk/Bk’|0> - 4r/ . k k szwkgAsz + szBB(wkl - wkz)Aklk2]¢(3)B}:|BZszs|0>0

are, respectively, canceled by H3|0)3' and H;|0)12
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5.m=3,n=1
We will need the identity

vm:/dxv WVar ())gs(0)Z( F/d’“ (OO (I ().
dxV 2 [\/_f( )]/%Qk(x)g/—k(x)’

2w @y

1 !
- dxVOVIf(x)T'(x) = \/—

= 1 dk/dx<wk Gre\X (k)>g k(x)

ot i)

(A9)

Note that although this is the integral of a total derivative, the differentiated function does not vanish at infinity. The integral
vanishes because the differentiated function is even in x. This is true at each k if the potential is symmetric under an
inversion that exchanges the two minima responsible for the kink, as it is in the Sine-Gordon model and the ¢* model. More
generally, in the large x region which fixes this integral by the fundamental theorem of calculus, the functions g, (x) are
plane waves and their norm is constant and independent of the potential. In the case of a reflectionless potential, the norm is
equal in both asymptotic regimes and so this integral vanishes for each value of k. More generally, the integral vanishes

when summed over k and —k as the summed norms squared are equal in the two asymptotic regions.
Using this identity, one evaluates the contribution of |0)3! to be

dk/
4\/— VBk k’Ak’B¢oBk|O>

H,|0)?!

Similarly

dk' 3 pt
H,|0)12 > ——1 Vi A B [0)o,

dk/
/wk’Bk/Bk’|0 )3 = / / (Bww — o)A _yp A diB}[0),.
12Q0

The final contribution is

dk
HAO) = [ 5 Vo500

The Vs may all be traded for Asusing (4.10) and, as may be derived similarly to (A7),

Vasr = \/_/dxc’) \/_f( )])gB(x)zgk(x),

/

_ r dxVOVIf (x ﬂ[ng(x)gk(x) / dy(93<x>93<y>+ / 5

+5(x) / dy <93(X)93(y)+ / Zigkf(X)g_kf(y)>g§<(y)}

g (¥)g_i <y>)gg<y>

1 [dk dk’ )
= ~Vo.) (2VpwA_pp + VeprA_yy) = Q_o (Zwk 30y ) A A_yp.
0

Combining these contributions
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> _ o o 2 2
I3k /d_k’AkklA B <wk, —wp Wy (wk B 1> N Bopwy — w? N 207 — 3“)1(’)’

4 4 a)k/ 12 6
(A14)
6.m=2,n=4
The contributions are
H;|0)2! ﬁ AtV ik, #2B}, B}, BL B} [0
30)1' D 12\/— 460k, kB Y kyksky 10)os
d4k 25 i pt
H3(0)? 4\/— 7 (w1, = 01,) D, Vi, #3B1, BL,BJ B, 10),
0 1 d“k N
H;3|0)7° D 12 @of + Vs, Yok, #3B), BL,BL,BJ. |0)o. (A15)
and
dK’ ¥ o4 d*k (Ve Vi O A BY ks \ 10 pt ot Bt ot
/ S ouBBl0) = / Gy (R -, P ) g38) B B B 10 (A16)
Therefore
A 2
]"%4(](1 e k4) — QOAlevk2k3k4 |:wk + Wy, _ wk|94 :|
12 ! C()kz + Cl)k3 + a)k4 C()kz + Cl)k3 + C()k4
VOoA k, YV Bisk, o}, = a’%l
_ B M)l —p Al7
# RS y —a) B (A17)
as the terms in each square bracket vanish.
7.m=2,n=2

From here on there will be many more contributions to each I}, and so we will decompose them into pieces that are not
expected to mix as was done in Sec. IV B. First let us consider contributions that depend on Z(x) and so on our
renormalization scheme. As we have seen that V75 vanishes, there are three contributions

H3|0)7' D 4\/— (20 Iklwszsz¢OB B] ,10)o,
d2k
H5|0)! 4\/— [5G Y1i,03 Ar,s$3BL By, [0)o,
K. 1 dzk _
/zﬂwk’Bk/Bk’|O>%2 ) _4\/Q_0/ (2 (g, + wkz)YIklwkzw%ZAsz¢%B;¢lBL|0>Ov (A18)
whose sum is easily seen to vanish.
Similarly to (A13) one may derive
1 ) ) dk’ )
Vesik, = 04 —(0F, + oy, ) A, pAs5 + ~V Q0 Vi kA s + (@0F, + 0, = 200) A A g |- (A19)

There are four terms that contain V. .
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1 &k [ dK
H,|0 Vi Ay BTB 0
10002 =375 [ G [ 55 Vet BoendBL B 00
&k [ dK
H3|0 0% 8\/_/ / Yy kzk’wk’A k’B‘f’oBT BT ‘O>

dr’
H;|0)3! o3 _/ / Vikow A k’B‘ﬁoBT BZ 10)0,

dK’ dzk dk’
/—(l)k/Bk/Bkl|0 22 8\/_/ / (a)kl + (Uk,)Yk kzk’A k’B¢%BT Bk2|0> (A20)

which again sum to zero, as the second plus the fourth and also the third are equal to minus one half of the first. The four
terms with no &’ integral are

d’k
H,4|0) D 30 2+ o)A s A pd3 B B) [0).
0
1 d*k
[_I3|0>(l)1 ) _@ ( )2 (w%l + wzz)AleAszgb(z)Bltleg >0’
0
72 3 d*k
70| )3t = 4Q (27 =5 O, 01, At 5 A5 BBy, B 10)o,
dk’ d*k
Z—Cl)k/Bk/Bk |0 22 8Q / AleAszﬁb(%leBiJ(»Ov (A21)

which sum easily to zero as well. Finally the three terms with &’ but no V; ., are

W, .
H4[0)o 4Q / 27r)2/ 2+ of, = 200) Ay v Ay, $3B) By [0)o,

dk' (o, 2pt gt
H;|0)? 2Q 27 \ap ~ wp | (@, — @) Ay A, # By, By, 10)os
1 de dk/ @y Wy -
/_a’k’Bk/Bk 0)3* > _4—@)/@/592 <ﬁ— wy Aklk’A—k’k2¢(2)B}<lBIL2|0>o- (A22)

Notice that in the second term, all factors are symmetric with respect to k; <> k, except for the factors of w. Therefore these
may be symmetrized to

1 Wy Wy Qz
3 (P22 0f - 0 ) + ok, (323)

which exactly cancels the corresponding contributions from the first and third terms. We thus conclude that F%z =0.

8. m=2,n=0

We will see that this is the most interesting case so far, because it is the first that strongly depends on the form of Z(x). To
see this, let us try to proceed as above. The terms that depend on Z(x) are

1
Hl0)p 2 1 VIBB¢%|0>0,

dk’
VIk’A—k’k2¢(2)|0>0’

dk’
57 Vb d5l0)o- (A24)

H;|0)?

H;|0)9
%| 8/
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As above, we may eliminate V(*) using integration by parts and then inserting the completeness relation (2.16)

Vg = / VO VAf (x)]T <>Bx>=%Q_O / dx(0,VOWVIF (DI (x)g5 ().

= F/dxv Af(0)](Z'(x)gp (x) + Z(x)gp(x)).
= _V% (VI’B +/Cé /VIk’A KB ) (A25)

The second term cancels the contributions from H3|0)?' and H;|0){!, leaving

vQ

i =-

Vg, (A26)

Let us rewrite V75 in terms of quantities that we expect to find in other contributions.
Writing the identity (2.24) as

0.T(3) = [ 50 ()0 + gk (3)g-4(0) (A27)

one finds

Vin= [ Grzer [ VO VAl (- (3) + (),

dk 1 dK’
/2—— <VBBkABk+/_VBkk’A Kk >

dzk’ wk’ wy, 1 dk’'
= \/_/ / zAk’k’ A_k/l_k/z —\/—Q_O/Ea)krABk/A_k/B. (A28)

Inserting this into (A26) and symmetrizing dummy indices one finds

1 [ &K / Dy, dk'
20 _
N7 = 3 W (—G)k; — Wy, + ¢ -+ wk’>Ak’ KA K-k, T / S OpBprA_pp (A29)

Schrodinger’s equation will only be satisfied if these terms are canceled by contributions with no Z (x).
There is only one contribution with no Z(x) that has two contracted momenta k’

2 2

dA2K a)k/ w0y 5
2
H3|O 8 / (a)k + w a)k/ a)k/l> Akllk/zA_kll_k/2¢0|0>0, (ASO)

which indeed cancels the first term in (A29). There are two contributions with no Z(x) and a single k'

H;|0)0"! 8Q / wp Dy A_ppdi|0),,

3

2
70 1v40 _
2O = g5

dk’'
/ wpApgp A k’B¢o |0> (A3 1)

which are equal to 1/2 and —3/2 of the second term in (A29), and so altogether they cancel, leaving 1“%0 =0.
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9.m=1,n=5
There are only three contributions to this term
03 o dsk 2 T il
H;3|0)]° 5 12\/— i~ 95 )Y kikok Bk Po By, - By [0)o,
2 dsk 1 1
H3|0>1 12\/— wks)vklkzkgAk4k5¢OBkl "'Bk5|0>0’

2

dk’ d5k 0} —w? .
/ 5 wy B}, By|0))® = 12\/_/ (C% — +#> Vk1k2k3Ak4k5¢OBZI -+ By, |0)o,

whose sum is readily seen to vanish.

10. m=1,n=3

(A32)

Again let us divide the 11 contributions to F? into three subsets that are expected to cancel separately. First, terms

involving Z(x) are

d3k .
H3’O 41 / a)kB)VIkl Ak2k3¢ole Bltsz3|O>()’
d3k o, - i gl gt
3|0 4,/ 601(3)YII‘|AkzksgboBk]Bszk3|0>07
3 : d3k i gt gl
_C()k/Bk/Bk |0> 4\/Q_ (27[)3 (C()kz wk3)Q3YIk]Ak2k3¢OB B k3 |0>0’

which sum to zero.
We will now need

1
Qo

1 dk’
- \/—Q_O/ % [Vk2k3k/A_k/kl + Vk1k3k’A—k’k2 + Vklkzk/A—k’kJ'

VBkioky, = [(wiz - wé)ABkl Apiy + (wil - 60%3)ABI<2A1¢,1¢3 + (w%] - wiz)ABk3Aklk2]

The terms which have a contracted index k' are

Hil0)y > 2} éﬂ’; Vet B B8 0
H3|0)$ > 4\/_. dk/wk/Tk/k}Yk,kzk’A—k’k3¢OBz,BltzBlt3|0>0’
Hy[0)12 4\/_ d3k dk’a’k’w;kla’ksVklkzk,A_k,k3¢oB;[]B;L'ZBZSlO)O,
/—wk/B By|0)13 5 4\/_/ d3k /dk/Q3%}dwksyklkzk,A_k,kngoBZlBZzBL|0>o,

whose sum also vanishes. Finally the terms with neither Z(x) nor k' are
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&k .
Hy|0)o 2Q / 5 (0f, = w%3)ABk1Ak2k3¢OBLBLBZB|O>0,

H3|0 4Q / ky wig)ABklAkzk3¢OBltlBltzB1;|O>0’
0)3° > dg i pt pt
02" 3 75 / = @) A, A, b0 By, By, By, 0o,
dK 3 d3k
/ 5 OB Brl0))’ D =30, a0 @~ @) + @, — 0L, Au,doB) BLBL|0)0.  (A36)

which again trivially cancel, leaving I'}* = 0.
11. m=1,n=1

Finally we turn our attention to '}!. Like I'3° we will see that it only vanishes if Z (x) satisfies (2.24). The terms involving
Z(x) are

dk
H,|0), 2/ VIBk¢oB 10},

2r
dk/
4\/—/ / (or — @) Y7 Ao By 0),,

dk' (@% — @ .
4\/—/ / < 5 k) YIk'A—k'k¢0Bk|0>0’
dK’ dr’ oy +o
L T o e R C e PN (A37)

Again, as in the case of F%O integration by parts allows us to remove the fourth derivative

H|0)12

H;|0)9!

Vig = —%Q_O / VO VL ()T (1) g (x) + Z(x)g) (x). (A38)

and the two terms can be simplified using completeness (2.16) and the formula (2.24) for Z(x)

2
W) — Wi

- [ VOV 0 = 5 / S () s v

21,/ Wy — @y
- /dk <k1 k2>vkk,k, N
/ 1% 1752
a)k/la)klz

VOV WTRRG) = ~—=Vrebo (A%)

\/_

The second equation in (A39) substituted into the first term in (A37) cancels the second, third, and fourth terms. This leaves
only the first equation in (A39), which when substituted into (A37) yields

1 [dK (0% —w VO &K (o —wy
D=3 / < £ k) AwA_yp— / ( )ka;k;A—kg—k;- (A40)

2 2r (% wk/l C()k/z
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Summing the three contributions with integrals over k| and k%

2 2
dzk/ a)k, — a)k, .
sr/ ] G o, )Vt
1 2
d2k/ wk/ —_ a)k/ .
H3|0 8 v / / < C()lk/ a)k/ 2> ka/lk/ZA_k/l_k,zd)OBk|0>0’
1 2

dK dzk’ Wy — Oy :
/2 wy B}, By|0)}! 8\/_—/ / k|< a;k’wk’ 2) Yiw i, At i, 0B [0)o,
1 2

H3|0)%3

one obtains

11
1—‘2 2k T

V0 / d’K (a)k’ — Wy,

wk/l a)k/

>ka/k/A K-k, (A41)

which cancels the second term in I'}!;
Finally the terms with no Z(x) and one k' are

l'd
H;|0)%"! 4Q / / ( Ja—>Akk’A vs%0B}|0).

2 dk’
*0 |0 31 4QO/ / a)k - 361)k/)Akk/A—k’B(lSOBIt|O>O7

dk dk
/2 wk’Bk/Bk’|0 11 4Q0/ / ( wk+3_>Akk’A k’B¢OBk|O> (A42)

which sum to

dk' (@0? — o>
e :5/271( k k)Akk,A_k,B, (A43)

(l)kl
canceling the first term in I'}';. Summarizing, we have verified that
11 _ il 11 11
0 =D+ + 15y =0, (A44)
and so the state |0), that we have found indeed solves Schrodinger’s equation at two loops.

APPENDIX B: THE MESON MASS IN THE SINE-GORDON MODEL

In this appendix we briefly review the Schrodinger picture derivation of the two-loop meson mass in the normal-ordered
Sine-Gordon model. First one expands the scalar field in terms of Heisenberg operators

_ dp T A_P —ipx
P(x) = /Z (A,, +E e 'Px, (B1)
The Sine-Gordon potential
MZ
V() =—-(1-: cos (Vag(x)):,) (B2)
at fourth order is the interaction
M?2 s
Ho= =51 [ dvidt s, (B3)
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while the free Hamiltonian is

d
H, — / 2” w,AbA,. (B4)

Let the meson state |p) be an eigenstate of the full
Hamiltonian. Expand it in powers of ﬂ

=3 o) (B5)
n=0
where
P)o = AplQ). (B6)

The tree-level Schrodinger equation

Hy|p)o = Eolp)o (B7)

is solved by Ej, = w,. At one loop

0<P|P>i = Op; (B9)

are solved by E; =0 and

M / / dq e—l‘XZ‘“b-AT
; (27)* Z]

M2/1 X(=pty lay)
S
2z w

»(—0, + Zj a)qj)
XAII] ’ AII%|Q

(B10)
At two loops, the Schrodinger equation is

0= (He — E>)|p)o + (Hs — Ey)|p)y + (Hy = Ep)|p),-

(B11)

Let us left multiply ,(p| and use the orthogonality con-
dition (B9). As Hg is normal ordered, its matrix element
vanishes and one finds

0= (Hy—E)|p)o + (Hy— Ep)|p), (B8) E, = o(p|H4lp), = A+ B, (B12)
together with the convention’ where
|
_ M2 [ & Wy, + Wg, + Bp_g,—,
A= "4, ] 2y (g, + oy, + Fowll’
@p )" Wg, W, W pp—g,—gq, \Dg, T g, T Dp_g,—g, @y

M2 [ dPq 1

B—-— / : N (B13)
384 (2”) Wg,Wg,Wq, Dy, +g,+q5 (a)ql+Q2+513 + Zl a)ﬂl,‘)

The infrared divergent term B is equal to the two-loop energy of the vacuum state |Q2) and so it does not contribute to the
meson mass. Therefore the two-loop meson mass correction M, is equal to A evaluated at p =0

M2:—

in agreement with the pole mass in Ref. [18].
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