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A covariant formulation for the Newton-Hooke particle is presented by following an algorithm
developed by us R. Banerjee et al. [Phys. Lett. B 737, 369 (2014); Classical Quantum Gravity 32, 045010
(2015); Phys. Rev. D 91, 084021 (2015)]. It naturally leads to a coupling with the Newton-Cartan
geometry. From this result we provide an understanding of gravitation in a Newtonian geometric
background. Using Dirac’s constrained analysis a canonical formulation for the Newton-Hooke covariant
action is done in both gauge independent and gauge fixed approaches. While the former helps in identifying
the various symmetries of the model, the latter is able to define the physical variables. From this analysis a
path to canonical quantization is traced and the Schroedinger equation is derived which is shown to satisfy
various consistency checks. Some consequences of this equation are briefly mentioned.
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I. INTRODUCTION

The possibility of nonrelativistic symmetries in a gravi-
tational background was perhaps first noticed by Cartan
[1,2], who developed a covariant geometrical theory of
Newtonian gravitation some time after Einstein formulated
his general theory of relativity. The corresponding Newton-
Cartan (NC) manifold has a degenerate metric structure and
the elements of NC geometry are used to couple the matter
sector, be it particles [3—7], extended objects or fields [8,9],
with nonrelativistic (NR) gravity. This geometrical
approach has brought a resurgence in this field of research
leading to various applications in condensed matter sys-
tems, hydrodynamics, particle physics, and cosmology.

Due to the presence of degenerate metric structures, there
is no straightforward method, contrary to the relativistic
case, of coupling NR matter with gravity. In this context we
have developed a structured algorithm in a set of papers
[10-13]. It is based on localizing the nonrelativistic
(Galilean) symmetry and naturally leads to a covariant
formulation with a geometric interpretation involving the
NC structures [11]. Named as Galilean gauge theory [14], it
has found applications in different contexts, reproducing
familiar results and also yielding new findings and insights
[14-18].

In this paper we apply our methodology to the Newton-
Hooke theory. It is different from the previous examples
since it is a NR theory in nonflat spacetime. As such, this
theory is useful for studying nonrelativistic cosmological
models with a cosmological constant [19-22] and has
interesting connections with other branches of physics
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[23,24]. It is physically equivalent to the harmonic oscil-
lator (or its inverted version) depending on whether the
cosmological constant is positive or negative. A covariant
formulation of this theory is desirable. We find that
localizing the symmetry of the usual Newton-Hooke
theory, a covariant form for the action is obtained where
the coupling with the Newton- Cartan geometry is naturally
revealed. Several aspects of this theory are investigated,
including an obtention of the Schroedinger equation.

In Sec. II, we discuss the basics of Newton-Hooke
groups. The algebra of these groups is obtained as a
contraction of the de Sitter groups. While this is known
[19,21], we have shown this in a simple way that includes
central extension. Also, some of this material is used in
later sections. The representations for the group generators
are given in both kinematic (purely algebraic) and dynami-
cal terms. Then, in Sec. III, the action for the Newton-
Hooke theory is derived as a nonrelativistic limit of the
relativistic free particle moving in the de Sitter background.
The limiting prescription is identified with that of the
contraction process carried out in Sec. II. A detailed study
of the Newton-Hooke symmetries is done and a represen-
tation of the generators, with or without central extension,
is derived. Here we also show that, by an appropriate
interpretation, the Newton-Hooke theory admits the
Galilean symmetry, besides the usual Newton-Hooke
symmetry. Section IV briefly introduces the elements of
our methodology, called Galilean gauge theory. Its
application to the Newton-Hooke theory is done in
Sec. V where the model in curved background is seen to
involve a coupling with Newton-Cartan geometry. In
Sec. VI a Lagrangian analysis is presented which helps
in establishing a connection of the geometric formulation of

© 2021 American Physical Society
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Newtonian gravity with the present work. A Hamiltonian
formulation of the covariant Newton-Hooke theory is given
in Sec. VII employing both gauge independent and gauge
fixed (Sec. VII A) approaches. The Schroedinger equation
is derived in Sec. VII B which also includes certain
consistency checks. Finally, our conclusions are presented
in Sec. VIIL

II. BASICS OF NEWTON-HOOKE GROUPS

There are two Newton-Hooke groups which presumably
appeared originally in the paper [25]. These were further
explored in [26] and have an important role in formulating
nonrelativistic cosmological models [19-22]. They are
connected to the two de Sitter groups SO(3,2) and
S(4,1) in the same way as the Galilean group is connected
to the Poincaré group. Likewise, the de Sitter and Poincaré
groups are related just as their nonrelativistic counterparts,
Newton-Hooke and Galilean groups, are. The various
connections are usually studied by means of contraction
or deformation processes. In the case of contraction, the
resulting algebra is the one where some nonvanishing
structure constants of the original group algebra vanish.
For deformations, it is the other way round. Thus, the
passage from the Poincaré to the Galilean or from the de
Sitter to the Newton-Hooke is a contraction. On the other
hand, the passage from the Galilean to the Poincaré or to
the Newton-Hooke are deformations. Incidentally, these are
the two deformations of the Galilean group.

Here we study the contraction of the de Sitter groups to
the two Newton-Hooke groups. The explicit forms for the
generators will be obtained. Representations in specific
coordinates will be given. These will be subsequently used
to define the Newton-Hooke particle in a NR curved
background that naturally yields the coupling with the
Newton-Cartan geometry.

The de Sitter spacetime can be defined as a hyperboloid
of radius R embedded in five dimensional flat (pseudo-
Euclidean) spacetime whose coordinates satisfy the con-
dition,

x% = nupx’xB = eR?;
nap = diag(—1. +1,+1. +1,€);
AB=0,1,234=pu4 (1)

where ¢ = +1(—1) correspond, respectively, to the de
Sitter (anti—de Sitter) cases. The de Sitter group of trans-
formations of the five dimensional spacetime, leaving the
hyperboloid invariant, can be identified with the five
dimensional Lorentz group whose ten generators Jup
satisfy the algebra,

Jas:Jcpl = nacdsp = Napdsc + 1spdac —sctap  (2)

The interpretation of these generators as the generators of
the de Sitter group is effected by splitting them into the six
generators of the four dimensional Lorentz group J,,,
satisfying an algebra identical to (2), plus four translation
generators defined as, P, = #] 4u» Where ¢ is the velocity
of light. The complete de Sitter algebra is then obtained
from (2) as,

[J/,w’ Jﬂ/)} = 77”1']1//) - ’7/,1/)‘]1//1 + ’71//1"/,[1 - ’711,1]”,)
[Jﬂw Pﬂj = 77;MPD - ”ylPﬂ

1
[PWP/J = ﬁ[']@uJM] = AJ/w (3)

where A = 5% is the cosmological constant which is
positive (negative) for de Sitter (anti—de Sitter) spcetimes
depending on the signature of ¢. The passage to the flat
limit is obtained by setting the cosmological radius to
infinity when the de Sitter four momentum no longer exists
and we recover the usual Lorentz symmetry.

In order to get the Newton-Hooke algebra it is useful to
express the de Sitter algebra in terms of the translation
generators P;, redefined angular momentum generators J;,
boosts K; and the Hamiltonian H,

1
Ji:§€ijkfjk§ K; = Jo H =P (4)
where the Latin indices run from 1 to 3. Then the de Sitter
algebra has the structure,

Uidjl = etk Ui K] = €Ki i Pjl = €ijPy
[Pi.Pj] = Aejydi  [Ki K| = =€y [Ki Pj| = —n;;H
[H,P])=AK; [H,J]=0 [HK]=P (5)

To contract the above algebra to the Newton-Hooke, the
following generators, which involve the O-components,
have to be scaled,

DS
K-

c

Py: HNH = cHPS; Joit KN = (6)
The Newton-Hooke algebra follows from (5) with the
above substitution followed by the limit ¢ - c0, A — 0

keeping c?A fixed leading to the brackets,

Ui Jjl = eipdi i, K] = €Ky [Jis Pj] = €ijPr
P;.,Pj]=0 [K.K;]=0 [K;,P;j]=0

€
[H’Pi]:EKi [H,J]=0 [H.K]|=P (7)

If the zero point term is included by redefining the
Hamiltonian as HVM? = ¢HPS — mc? and then the contrac-
tion is performed, we obtain the centrally extended
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Newton-Hooke algebra, where the K — P bracket gets
replaced by,

[Kth] = —mn;; (8)

If the flat limit R — oo is taken, then the Newton-Hooke
algebra contracts to the Galilean algebra, with or without
central extension,

Uidjl=eiidi Vi Kjl=€ijuKi [Ji Pl =€ Py

[P;,Pj]=0 [K;,K;]=0 [K;,P;]=0 or [K;P;|=-mn;

[HvPi]:O [H’Ji]:() [H’KJ:PI' (9)

A. Representations

A suitable representation for the de Sitter groups may be
obtained by noting that the translation generators do not
commute due to the presence of a curvature, characterized
by the cosmological constant A. Thus its canonical form
has to be appropriately modified to include such a term.
One such choice is given by,

P, = —(8, + Ax,x*0,) (10)

which is inspired from the Beltrami coordinates used to
define the de Sitter space [27], reproducing the expected
noncanonical form for the algebra,

[x/qu] :’7W+A~x;4xu (11)
Taking the usual form of the Lorentz generators,

Ju

y =X, P, —x,P, = —x,0, + x,0, (12)
with P, defined as (10) it is easy to verify the complete de
Sitter algebra (3).

In this representation the boosts and angular momentum
retain their usual (flat background) expressions,

Ji = €ixi 03 K; = x;0y — x00; (13)

while the translation generators (10) are modified.

Besides the dynamic representation discussed above

there is a simple kinematic representation which uses the
elements of a Clifford algebra y, defined as,

{YA, 73} = —2nup (14)

where the metric was introduced in (1). Then the Lorentz
and translation generators for the de Sitter groups are given
by,

1 1
Jﬂv:Z[yvaU]; PM:ZC—RY”J/“. (15)
For the two Newton-Hooke groups following from the
two de Sitter groups by contraction, a representation for the
generators is given in terms of circular functions for the
case (¢ =—1) and hyperbolic functions for the case
(e = +1). Specializing to the former, one finds [20],

t
H: 6 ) Pl - - . 6[7
' COS(R)
t
Kiz—RSin<R>8,~, Jizeijkxkaj (16)

Subsequently, in Sec. III, we provide a systematic deriva-
tion of these expressions which also generalizes to the case
of central extension. By replacing ¢ — it the results for the
€ = +1 case are obtained. Setting the cosmological radius
R — oo yields the usual Galilean generators,

H= 8t ’ P i _ai s

_ _ k
K[——tai, J,-—eijkx (':)j

(17)

The difference in the structures (16) and (17) is inti-
mately connected with translation and boost invariances.
The fact that, in the Galilean case, the boosts have an
explicit time dependence while the translations do not is
due to the different algebra for the H — P and H — K
brackets (9)that enforce the conservation of the respective
generators,

dP; OP;
L ! P,H =0
dt Ot +1Pi ]
dK; OK;
i i K. ,H =P, — P, =0. 18
dt ot 1K H] = Pi = P (12)

The fundamental difference of the Newton-Hooke alge-
bra (7) from the Galilean is the nontrivial H — P bracket.
This is necessary to ensure the conservation of the trans-
lations,

1 K;

dP; 9P,

dt ot

Similarly the boosts K; are also conserved.

As we shall show there are other representations.
Specifically we elaborate on an example that is physically
motivated. To do this we first derive an action for the
Newton-Hooke particle.

III. ACTION FOR NEWTON-HOOKE PARTICLE
AND ITS SYMMETRIES

Just as the de Sitter groups could be contracted to the
Newton-Hooke groups using a specific prescription it is
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possible to obtain the action for the Newton-Hooke particle
by taking an appropriate nonrelativistic limit of the rela-
tivistic point particle in the de Sitter background. This
action is given by,

S = —mc/dn [ =G XX (20)

where m is the mass of the particle and the overdot denotes
a derivative with respect to the parameter 7. Here g, is the
de Sitter metric in global coordinates, defined as,

1

goo = —f(r), er:ﬁ

flr)=1=Ar* (> =x'xi). (21)
Expanding the square root and retaining the terms that
survive the limit ¢ — oo, A = 0 keeping ¢*A constant
(which is the limit in which the de Sitter groups contracted
to the Newton-Hooke groups), one obtains,

m Xixt o etxixt 5 .
- _ , - 22
S 2/dr<t+R2) mc/drt (22)

where the cosmological constant has been expressed in
terms of the cosmological radius. Thus, apart from a zero
point energy term which is dropped from now onwards, the
Newton-Hooke action is the action for a simple harmonic
oscillator. The potential will be repulsive (de Sitter) or
attractive (anti—de Sitter) depending on the sign of e.

The fact that the Newton-Hooke action is just the
harmonic oscillator action allows us to find the symmetries
in a simple manner. It is useful to recall that the space of
motions of the harmonic oscillator is identical to the free
particle [28]. The symmetries of the free particle are well
known with the relevant generators, in the coordinate
representation, given by,

p2

i Pi=p;

S 2m’

K;=tp;—mx; (p;i=—0)) (23)
which satisfy the Galilean algebra (9) with a central
extension. The usual algebra without central extension is
obtained by taking the boost generator as K; = tp;.

An identical result for the Galilean algebra, with or
without the central extension, is obtained by taking the
Hamiltonian as H = 3,, instead of that given in (23). In the
case of the harmonic oscillator, discussed below, this leads
to important differences.

The Hamiltonian of the oscillator corresponding to the
Lagrangian defined by the action in (22) [where we set the
coordinate time equal to the parameter (¢ = 7)] is given by,

2 2
p; mxs

— b 24

2m  2R? 24)

where we have taken the anti—de Sitter case (¢ = —1)

and p; is the momenta conjugate to x;. The classical
trajectories are

x,(1) = a; cos (é) + <%> b, sin (%) (25)

where a; and b; parametrize the space of motions in (R?")
if we consider an n-dimensional oscillator. Now these
parameters are expressed in terms of the phase space
variables,

() ()
o A ROEA R

It can be checked that the space of motions is identical to
the symplectic vector space of a free particle,
anb=xAp; [a, b] = [x, p] (27)
and hence carries a Galilean symmetry.'
With this exercise it is possible to read off the relevant

generators for the Newton-Hooke theory by comparison
with the free particle expressions. The results are,

Ji=e€ijpajby = €;jx;pi

it () e )
2 (B 2) +ne(2))
=== () = (B (7))

which yields the centrally extended Galilean algebra.

It is possible to give a representation where the role of H
as a generator of time translation becomes manifest. In that
case it is represented by,

1 /.t m? t om . 2t
H =0, ~3 <sm2§32 —l—ﬁxz 0052§+Esm§x,~8,~>

(29)

'In fact the harmonic oscillator has the complete symmetry of
the free particle, namely, the Schroedinger symmetry, that
includes the conformal sector [28]. Here, however, we are
interested only in the Galilean sector.
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while the other generators are simply obtained by replacing
pi by (—09;) in (28).

On the other hand if, instead of (29), we take the usual
Schroedinger representation for the Hamiltonian H = 0,
keeping the other generators unchanged, then we obtain
the centrally extended Newton-Hooke algebra (7) along
with (8). The generators of the centrally extended Newton-
Hooke symmetry are now given by,

Ji = —€iijjak

H=0,

o (2o =20
K. = —m (xi cos (;) n (51) sin <;> ai> (30)

The above representation for the centrally extended
Newton-Hooke generators complements the usual (non-
centrally extended) representation given in (16). By retain-
ing only the derivative terms we reproduce (16). Thus,
depending on the representation for the Hamiltonian, the
Newton-Hooke theory conforms to either the Galilean
symmetry or the Newton-Hooke symmetry. This is an
important distinction from the free particle theory. It is
simple to check that, in the flat limit R — oo, the centrally
extended Galilean representation (23) is reproduced.

The fact that the Newton-Hooke particle carries both the
Galilean and Newton-Hooke symmetries is useful for the
curved space generalization of this model. The point is that
we have a definite prescription for obtaining the curved
space result for any nonrelativistic theory on a flat back-
ground that is Galilean invariant. This is called Galilean
gauge theory which is briefly introduced in the next
section. Thus we can safely extend our formalism to the
Newton-Hooke particle by appropriately modifying our
earlier analysis for the nonrelativistic free particle.

We now construct the covariant action of the Newton-
Hooke particle in a curved background. This will be done
by exploiting the method of Galilean gauge theory, advo-
cated by us in a set of papers [10—13]. As we shall see, this
covariantization naturally leads to a coupling with a
background Newton-Cartan geometry. The elements of
Galilean gauge theory are now introduced.

IV. BASICS OF GALILEAN GAUGE THEORY

Galilean gauge theory (GGT) is a technique that, given a
nonrelativistic theory in a flat background, is able to
construct the corresponding theory in a curved background,
following a structured algorithm.

The idea is to localize (or gauge) the original global
nonrelativistic symmetry by making the parameters of the
transformation local (i.e., spacetime dependent). Obviously
the invariance of the action is lost on gauging due to the

presence of derivatives in the action. To recover the
invariance under the local symmetry, ordinary derivatives
are replaced by covariant derivatives, introducing new
fields. The transformations of the new fields are fixed by
demanding that, under local transformations, the covariant
derivatives change in the same way as the ordinary ones did
under the global transformations. This will naturally ensure
the invariance of the new action now written by replacing,
in the old action, the ordinary derivatives by their covariant
expressions.

Once the modified theory invariant under the local
transformations has been obtained, it is possible to provide
a geometrical interpretation. We can show that the new
fields act as vielbeins (and their inverses) that connect the
global coordinate basis with the local basis. Composites
constructed from these vielbeins are seen to define the
elements of the Newton-Cartan geometry.

In earlier examples global Galilean symmetry was
gauged. Now we consider the Newton-Hooke symmetry,
which is more involved than the Galilean since it contains
time dependent circular functions [see, for instance, (30)].
Nevertheless, the basic algorithm goes through and a
covariant form for the action is derived having similar
geometrical interpretations. This is the purpose of the next
section.

V. COVARIANTIZED ACTION FOR
NEWTON-HOOKE PARTICLE

The action (22) for the Newton-Hooke particle is quasi-
invariant under the transformations,

t—>1t+gq

i i i d ipein(t i _

x' — x' 4 s' cos 7 + b'Rsin ? to'ix; w;j=e€jry
(31)

where ¢ is the time translation parameter while s;, b;, r;
respectively, are the space translation, boost and rotation
parameters. These were obtained from the representation
(16) corresponding to the noncentrally extended Newton-
Hooke algebra. We could have also worked with the
centrally extended version (30) but the results would
remain unchanged.

The parameters of the transformation are global, i.e.,
spacetime independent. We now gauge the symmetry by
making these parameters spacetime dependent. Keeping in
view the universal role of time, the time translation
parameter ¢ becomes a function of only # while the others
are functions of both x and ¢, so that,

q— q(1); sibiri = f(x,1). (32)

Due to the presence of derivatives the action (22) is no
longer invariant under the localized transformations.
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Galilean gauge theory spells out the method of obtaining
the invariance. Under the global transformation (31), the
derivatives transforms as,

dt d
| — ) =—(61)=0;
<d7> d’r( )=0
dx' st t\dr . t\dt . dx
S = _Zgin( = | =+ b R e il
dr RSln<R> d’r+ COS(R) d1+w/dr (33)

Here 7 is the parameter that appears in the integrand (22). In
order to achieve invariance under the local transformations,
the ordinary derivatives have to be first replaced by
covariant derivatives. These covariant derivatives, under
local transformations, are required to transform in the same
way as ordinary derivatives did under global transforma-
tions. Then the new theory obtained by replacing ordinary
derivatives in (22) by their covariant generalizations will be
locally invariant. This is the principle of gauging. From
(33) the requisite transformations of the covariant deriva-
tives are spelled out as,

Dt
ol— ) =0;
(@)

5Dx" st sin( V2 4 picos(E) 2 4 o Dx/
dr R R) dt R) dr ! dr

(34)

where the parameters are spacetime dependent according to
(32). The next point is to define the covariant derivatives.
Galilean gauge theory tells us the method. Following its
tenets, we first observe that once the Newton-Hooke
symmetry is localized, it is necessary to introduce local
coordinates at every point of spacetime that are connected
with the global coordinates by,2

e” = et (35)

which is trivial at this point. Subsequently this will become
nontrivial. The simplest possibility of defining the covar-
iant derivative is a straightforward generalization of (35),

Dx* dx*

= Aaﬂﬁ; (x"=1) (36)
The meaning of the new variable A will soon be clear. It is
pointed out that the covariant derivative reduces to the
ordinary derivative for the choice A%, = §%,, mimicking
the relation (35). Using (34) the transformation property of
the new field is spelled out completely,

Indices from the beginning of the alphabet (a,f, ...a, b, ...)
denote local coordinates while global ones are denoted from the
middle of the alphabet (p, v...i, j...). Here Greek indices indicate
spacetime while Latin ones denote only space.

SN = =0, TP Nj + wiA) — b*AY;
SAJ=0:A) =0;  (T°=4q.T*=5s") (37)

It is now possible to provide a geometrical interpretation for
the A variables. From the above relations we observe that
while its local indices (a) are Lorentz rotated, the global
indices (v) are coordinate transformed. The local Newton-
Hooke transformation is thus interpreted as a nonrelativistic
general coordinate transformation with A playing the
role of the inverse vielbein connecting local and global
basis in a curved background. It is also noted that the same
transformations were earlier found when gauging the
Galilean symmetry. The veilbein X is defined as the inverse
of A. These findings are now algebraically expressed as,

J— a .
e, = Njey;

ATy = 8

o =Xhe™s AL =67

ele, = ee, (38)

The gauging of the Newton-Hooke symmetry has led to a
curved space generalization of the flat background. The flat
space results are trivially obtained from (38) by replacing
the vielbeins by Kronecker deltas as the global and local
bases become identical.

The following composites are now constructed from the
vielbeins,

W = Sy
hy, = NEAS;

7, = A) = 05);

=3 (39)

which, as shown earlier [11], are the basic elements of the
Newton-Cartan geometry that satisfy the Newton-Cartan
algebra,

v — — . — .
W, = h,t =0; ', = 1;

v I
u W hy, =&, — 't

(40)

The obtention of the Newton-Hooke theory in a curved
background now follows the standard algorithm. We first
replace the ordinary derivatives in the action (22) by the
covariant derivatives. Then the first term in (22) simplifies
to,

Dx“ Dx* dx* Ac dx? B dxt dx¥

dr dr  "Fdr Vde M dr dr
DxY dx* dx*
=N = 41
dr " dr T dr (41)

where we have used the relations (36) and (39).
Similarly the quadratic piece in the second term in the
action will be replaced by,

x4x4 = (Axt) (AxY) = hy,x#x (42)
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Hence, after these modifications, the original Newton-
Hooke action (22) (without the zero point term) takes
the form,

m dxH dx? dxt\ ~! dxt (h, xtx"
s=2 [ ar|n, S (0, 25) -, S (D
2/ T["” dr de <T" dT> i dr( R’ )}

(43)

According to our formalism this action will be (quasi)
invariant under the gauged (local) Newton-Hooke trans-
formations. As expected, this covariant action, defined in a
NR curved background, yields a geometrical interpre-
tation. We find that the Newton-Hooke particle now moves
in a background Newton-Cartan spacetime. The coupl-
ing with the Newton-Cartan elements has come about
naturally. The original action (22) (without the zero point
term) is easily recovered by passing to the flat limit
h()”:(),l’lij:(s Tozl,Ti:().

ij>
VI. LAGRANGIAN ANALYSIS AND CONNECTION
WITH NEWTONIAN GRAVITY

An analysis of the action (43) will be done from which
an insight into the geometric formulation of Newtonian
gravity can be gleaned. First, a quick review of Cartan’s
geometric formulation of Newton’s theory is given. The
laws of Newton are contained in the trajectory of neutral
test particles,

d’xt 0D
—+—=0 44
dr? * Ox! (44)
where x' (i = 1, 2, 3) are the spatial coordinates and the
source equation for the potential ® is given by,

V2D = 47pG (45)

where the mass density is denoted by p.

In the conventional interpretation of Newton, the above
equations describe a curved trajectory in three dimensional
flat space. Cartan’s covariantization consists in interpreting
the trajectories as geodesics (“straight lines") in four
dimensional curved spacetime,

d*x* dx” dx?
SIS 46
ar v dr (46)
This is valid if one takes x* = (x° = ¢, x’) and also imposes
the ansatz,

. [
Ty = e all other I, = 0 (47)
so that (44) is reproduced. Also, inserting the ansatz in the
usual expression for the Riemann tensor,

Rjs = 0,15 — 051, + Fﬁ‘y% - FZ(SFZ;/ (48)

one finds the only nonvanishing component to be given by,
R6j0 = 0,0,® (49)
so that Poisson’s equation (45) is expressed as,
Rog = 4npG (50)

The geometric formulation of Newton’s gravity is summa-
rized in the above set of equations (46) to (50).

In order to make a contact with our work, we now derive
the Lagrange’s equations of motion to put it in the form
of the geodesic equation (46) from which the nonrelati-
vistic connection can be identified. The Euler-Lagrange
equations,

d [ OL OL
d—(aT) “ow 0 (1)

are computed from the Lagrangian defined in (43), where a
prime indicates derivative with respect to z. The basic
equation obtained from (51) is contracted by A" and
relations (40) are used which considerably simplify the
algebra leading to the result,

(r.x')

h,px"? X (t), = (D47,)X)

x//;/ + (T/.x/),[y _ 1y
hya

2T.x
ya

+ 7 (8(;/1,,/,» + aﬁha(, - 0ah6/;)x"’x'ﬂ

/

r.x

2R?

+ =5 (W0, hapx®xP + 2x7 =277 (z.x)) =0 (52)

where the notation,

7.X = T, %" (53)

has been used. Moreover, using the identity,’
Tl — (0,75)X7 = (0,74 — 0yT5)X"7 =0 (54)

the fourth term in (52) can be dropped. The Dautcourt
connection is next introduced,

7 hre

Fzﬂ = 5 (aafﬂ + aﬂfa) + 7 <8ahaﬂ + 8ﬂh0’0 - aah"ﬂ)
1

+ 5 h]/(l(K{mT/} + K{I[)’T(f) (55)

*The second equality in (54) follows since we are dealing with
torsionless Newton-Cartan theory and the factor appearing in the
parentheses is just the temporal component of the torsion.
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where K,z is an arbitrary two form. Then (52) can be
written in terms of the Dautcourt connection as,

z.x')
z.x

X" + FZﬂ Sod x/ﬂ — ( X7 + hre Kaa T/} Sd xlﬂ

z.x

2R?

(R0, hopxxP 4 2x1 — 277 (7.x)).
(56)

While the left side has the expected terms of the geodesic
equation, the other one does not. This is to be expected due
to the presence of the potential (cosmological) term. For
free motion this has to be set to zero which is achieved by
taking the large cosmological radius limit (R — o).
Further, we observe that there are no suitable terms that
can be absorbed in the arbitrary two form. Thus we take
K5 = 0. This yields the geodesic equation for free motion,

(z.x')

"y YV oI
X +F6ﬁx X’ = o

X7, (57)

To obtain the standard (affine) form of the geodesic
equation (46), we have to identify the affine parameter. The
affine properties of Newton-Cartan geometry are deter-
mined by the direction of flow of time. The Galilean frame
assumed here orients the time axis along the direction of
absolute time. Substituting 7 = ¢ in the above equation
yields,

d*x7 v dx® dxP - O dx’

— —_—— = 58
ar e ar dr @ dr (58)
where an overdot denotes time (f) differentiation. The
affine parameter fixing the scale of time is now defined as,

dT = Odt (59)
which leads to the usual affine geodesic equation,

dxr . dx® dxP
arr e ardr (60)
and reproduces (46).

It is now possible to exactly map the Newtonian potential
with the elements of Newton-Cartan geometry defined in
(40). The independent components of these elements are
first computed. The two vectors (z,,7") together have 8
components. Similarly, the two symmetric tensors
(hy, W) have 20 components. This amounts to 28
components. Now the relations (40) imply 25 conditions
so that there are 3 independent elements. In the adapted
(Galilean) coordinates where a three dimensional slicing is
done at each instant of time, the Newton-Cartan elements
are given by,

hOO = TiTi, h()i = —Ti

(61)

It is easy to see that the three independent components
are 7' and the parametrization satisfies the algebra (40). The
components of the connection, defined in (55) (with

K,, = 0) are now evaluated. These are

. . 1 .
M =Ty =0, Tj =20 =),

iy = -1 —7/0;7. (62)

Following the ansatz (47), Ij, =0 so that ¢ may be
expressed as the gradient of a scalar,’

= 0'¢p. (63)

With this choice,

i, = — (ai <¢ + % (af¢)2> > . (64)

From the ansatz (47) and (64), the relation between the
Newtonian potential and the Newton-Cartan element
follows immediately,

@ (i+5007) (65)

and Newton’s law of gravity is expressed with the help of
the above equations and (50) as,

This shows how Newton’s formulation and the geometric
formulation of Cartan are related, using our results.

The Hamiltonian formulation is next developed as a
sequel to the Lagrangian analysis.

VII. HAMILTONIAN FORMULATION

A detailed canonical analysis of the action (43) will be
performed eventually leading to the form of the
Schroedinger equation. The canonical momenta are
defined by,

*While the other connection components vanish on their own,
I}, does not. This is related to the well known fact that the
covariant formulation of Newton’s gravity introduces additional
structure, proportional to a coriolis force type term. Since such a
term does not exist in Newton’s gravity, this term must be
dropped. In this sense Newton-Cartan gravity is more general
than Newton’s gravity.
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/v /p IV
oL hy,,x B hy X" x

B . h, X x*
2(z.x')?

2R?

m (67)

T

= =m
Pu = B 7.x K

where the prime denotes a differentiation with respect to the
parameter 7 and a shorthand notation is introduced,

7.xX = 7, X% (68)

From (67) and the Newton-Cartan algebra (40) it follows,

oy = m hy, X"Px" N By XP x*
s 2\ (z.x)? R?

X% — 1% x'
h*p, =m———
Pu 7.x
h x/ax//)’
_ 2ap
h*p,ps =m W (69)

Using these relations we find the existence of a con-
straint,

haﬂpﬂpa + m hpyxﬂxl/ N

q)l = Tﬂp” + m 2R2 ~0 (70)

which is implemented weakly in the sense of Dirac’s
approach [29]. To check whether there are more constraints
we have to verify its time conservation. This is done by first
finding the canonical Hamiltonian,

H, =px*-L=0 (71)

which, expectedly, vanishes on account of the reparamet-
rization symmetry of the model. The entire dynamics is
therefore governed by the constraint which enters into the
picture through the total Hamiltonian,

Ht:Hc+)(¢)1 (72)

where y is a Lagrange multiplier enforcing the constraint.
Since @, is strongly involutive,

{q)laq)l} =0 (73)
it is the only constraint. Also, it is first class and acts as the
generator of the reparametrization symmetry, as will soon
be shown.

The Lagrange multiplier y may be determined by
demanding consistency with the equation of motion,

/ X
X = {x" H,}pp _)((ﬁ) (74)
so that,

y=1tx (75)

and the total Hamiltonian [29] takes the form,

If we take the R — oo limit so that the original model is
just the nonrelativistic free particle in a curved background,
then the above Hamiltonian reduces to the super-
Hamiltonian given in [3]. We may thus interpret (76) as
the super-Hamiltonian for the Newton-Hooke particle in a
curved background.

It is now possible to relate the reparametrization sym-
metry with the gauge symmetry. Since there is only one first
class constraint ®; the gauge generator is written as,

h* pupa By Xl x*
77
om g2 (77)

G:€1q)1 = €] (Tﬂpﬂ+

where €; denotes the gauge parameter.
Then the gauge variation of the coordinates is given by,

Sxt = e {x*, @} = €—1,x’”. (78)
T.X

Now the action (43) has a manifest invariance under the
finite reparametrization,

T -7 X (7) = x"(7) (79)
whose infinitesimal version is given by,

dx*
Sx(7) = &di. (80)

T

7 =1+ 61

Comparing with (78) we find the relation connecting the
reparametrization symmetry parameter with the gauge
parameter,

57 =L (81)

r.x'

One may obtain the Hamiltonian equations of motion by
Poisson bracketing the variables with the total Hamiltonian.
These are given as,

1
X =A{x* H,} = (z.xX) <T” + —h"“p,,) (82)
m

p//l - {pwa}

1
=—(r.x) <8”7"pa + %aﬂh/"’ppp,, + ;hﬂ,,x’“> (83)

and agree with the Lagrangian equations of motion.
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A. Gauge fixing

The above gauge independent analysis was useful for a
study of the various symmetries and their connections. To
identify the physical variables and develop the canonical
quantization, it iS necessary to choose an appropriate
gauge. A useful and, as seen later, physically viable gauge
choice is to take the parameter 7 identical to the universal
time x° (or 7),

D, =x"-720 (84)
The constraints ®; and @, are now second class and the

matrix formed by the Poisson brackets of these constraints
is given by,

C,’j = {q)[, q)j} == _G)_leij; €12 = 1 <l7.] = 1’2)
(85)
while its inverse is,
Ci_jl = ®€ij (86)

The second class pair of constraints is now strongly
implemented by working with the Dirac brackets (DB)
instead of the Poisson. These brackets (denoted by a star)
between any two variables are given in terms of the Poisson
brackets by,

Then it is seen that the only relevant brackets, used to
identify the canonical pair, are given by,

(o) =at-on (@ o p, ) (88)

The physical variables are now abstracted. Of the eight
phase space variables, two are eliminated by the pair of
constraints which are now strongly imposed. The remain-
ing six physical degrees of freedom are given by the pair
(x', p;). Indeed their DB are identical to their Poisson
brackets, as seen from (88),

{x'.p;j} =9 (89)

and hence these are the requisite canonical set that will be
subsequently used for quantization.

Once the physical set has been identified as (x', p;), the
interpretation of the remaining pair (x°, p,) becomes clear.
The variable x° is just the time parameter and has vanishing
DB with all variables since the constraint (84) is now
strongly imposed. The remaining variable p, is expressed
in favor of the physical set by solving the constraint (70),

1

m hpip; +

Py = -0 <Tipi - Zh x”x’“) (90)

2R>

The last point is to define an appropriate Hamiltonian
since, after gauge fixing, the erstwhile total Hamiltonian
(76), proportional to the constraint, vanishes. The new
(gauge fixed) Hamiltonian is given by,

H = —p, (o1)

This Hamiltonian reproduces the equations of motion of
the physical variables by appropriate Dirac bracketing,

i ={x H}" pi=A{pi.H}" (92)

agreeing with the ith components of the respective

equations (82) and (83), once the gauge condition (84)
is explicitly imposed.

B. Schroedinger equation from canonical quantization

Since the canonical variables have been found and,
moreover, their Dirac brackets are identical to the
Poisson brackets, it is straightforward to lift the Dirac
algebra to commutators, replacing x’, p; by operators, so
that,

[, pj] = ié; (93)

These operators have the standard forms in the coordinate
representation,

.0
Pi= —lﬁ- (94)

Using (90), (91), and (94) we obtain,

Oy .0 1 i m by
5= ®<T <_l(9x") +5—h"(=0,0;) +2R2 hy, XP x|y

2m

(95)

This is the Schroedinger equation for the Newton-Hooke
particle in a curved background where the coupling with
the Newton-Cartan geometry has appeared naturally.

It is possible to make some consistency checks on
the above result. If we take the flat limit in which

case, ® = 1,7/ = 0, h"/ = 8§, hy, = 0, h;; = 5;;, the above
equation simplifies to,
oy 1 m
— = ——V? —x? 96
or T Tam ) VTR (%6)

which reproduces the Newton-Hooke Schroedinger equa-
tion in flat background or, alternatively, the equation for the
harmonic oscillator (with @? = %). If, further, the cosmo-
logical radius R is set to infinity, we obtain the free particle
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Schroedinger equation. Likewise, the Hamiltonian (90), in
the same limits, first reduces to the result for the oscillator,

2
p m- 5

H = o + SRt (97)
and then to the expression for the free particle.

We now make some comments and observations related
to the Schroedinger equation (95). This equation is written
in the Newton-Cartan background. But, as discussed ear-
lier, this has extra structure than is necessary for a covariant
formulation of Newton’s gravity. To write the Schroedinger
equation in the background of Newtonian gravity, we make
the identifications (61) leading to the result,

Oy (. .0 | .
Yor ~ (T <_18xi) _2mv
+ % (=2tr'x’ + 77 + xixi)> w o (98)

which naturally yields the same flat space limit (96).

The coupling of the Newton-Hooke particle to other
interactions, besides gravitation, is possible. To see this
note that the Schroedinger equation (98) is invariant under
the global U(1) gauge transformations y — ey. To
preserve this invariance under local transformations y —
ey a gauge field is introduced transforming as A, -
A, +1i0,0(u = t,i) and, as usual, ordinary derivatives in
(98) are replaced by covariant derivatives, d, — 9, — A,
The resulting Schroedinger equation describes the Newton-
Hooke particle minimally coupled to a background electro-
magnetic field.

It is also possible to check the self-adjointness of the
operators. Since the above equation represents the
Hamiltonian, it is self-adjoint. Self-consistency is attained
by interpreting 7 as self-adjoint. From (63) this implies that
the scalar ¢ is real.

An interesting issue in classical dynamics is to include
the effects of a variable mass. This is a practical problem
and occurs in as simple and delightful a situation as the
falling of raindrops or the much undesirable example of
ballistic missiles and rockets. Traditionally, the effects of
variable mass are included by suitably modifying Newton’s
second (force) law. In the present exercise, unfortunately,
inclusion of variable mass poses severe problems. The
point is that the constraint (70) now has an explicit time
dependence that enters through the mass term which is
written as m(7) to show that it is no longer a constant. Its
Poisson bracket with some other quantity is not known
since we are working in the usual Hamiltonian framework
where Poisson brackets are defined at equal time and their
quantization leads to corresponding equal time commuta-
tors. Thus Poisson brackets of such explicitly time depen-
dent objects are meaningless and we cannot proceed.

Neither can we find the generator of gauge transformations
(Gauss law) and hence gauge fixing cannot even be
discussed. This is not to imply that the problem is undoable,
rather it requires mathematical arsenal well beyond the
scope of the present paper.5

VIII. CONCLUSIONS

We have derived an action for the Newton-Hooke
particle in a curved background using our method of
localising symmetries [10—13]. This method, briefly
reviewed here in Sec. IV, was fruitfully applied earlier in
different contexts. The final outcome was the coupling of
the usual Newton-Hooke particle to a Newton-Cartan
background, leading to a covariant form of the action.

The successful application of our method in this paper
shows its generality and robustness since, in all previous
examples, the relevant global symmetry was Galilean. In
this case we localized the Newton-Hooke symmetries
which involve either circular or hyperbolic functions.
Nevertheless the basic elements of Newton Cartan geom-
etry were given by exactly the same composites of the
veilbeins (and their inverses) as was found earlier [11] for
the Galilean invariant models. Thus our method is general
enough to discuss the coupling of gravity to nonrelativistic
symmetries that go beyond the usual Galilean case.

An ab initio derivation of the representations for the
generators of the Newton-Hooke group, with or without
central extension, was given. Since the Newton-Hooke
action was physically equivalent to that of the harmonic
oscillator (or the inverse oscillator), it was possible to use
the mapping of the symmetries of the oscillator with those
of the free particle, to get these representations. The
Newton-Hooke symmetries have a pivotal role in the
subsequent analysis, which is based on localizing them.

A lagrangian analysis was carried out. Specifically, the
equations of motion in the zero torsion case were given and
the Dautcourt connection was identified. The three inde-
pendent elements of the Newton Cartan geometry were
found that could be expressed as the gradient of a scalar. A
direct connection of the equations of motion was estab-
lished with Newton’s equations, recast in a geometric form,
by showing a map between this scalar and the gravitational
potential.

A detailed canonical analysis of the curved space
covariant Newton-Hooke action was performed. The first
class constraint was identified which was shown to gen-
erate the reparametrization (or the diffeomorphism) sym-
metry. It was possible to isolate the canonical (physical)
variables of the theory by eliminating this freedom with an
appropriate choice of gauge. This result was exploited to
outline a quantization program leading to the obtention of

>For a Hamiltonian treatment of time varying constraints, see
[30]. A Lagrangian version is discussed in [31].
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the Schroedinger equation. Some implications of this
equation were briefly discussed.

As a final remark we mention that the covariant action
found here involves only the elements of Newton Cartan
geometry and there are no extraneous fields or variables. It
could find applications in discussing nonrelativistic

cosmology, including possible effects of quantization, in
a covariant form.
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