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We study the relations of the positive frequency mode functions of Dirac field in 4-dimensional
Minkowski spacetime covered with Rindler and Kasner coordinates, and describe the explicit form of the
Minkowski vacuum state with the quantum states in Kasner and Rindler regions, and analytically continue
the solutions. As a result, we obtain the correspondence of the positive frequency mode functions in Kasner
region and Rindler region in a unified manner which derives vacuum entanglement.
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I. INTRODUCTION

Quantum entanglement is one of the most important
features of quantum physics, which is a concept essential
to quantum information theory, technology, and related
topics. Quantum entanglement plays an important role not
only in discussions of quantum optics but also in dis-
cussions of quantum field theory in curved spacetime, as
exemplified by the Unruh effect and the Hawking effect.
The research into these effects of quantum fields in curved
spacetime might give us a hint for unifying the gravity
theory and quantum mechanics. The Unruh effect is the
well-known theoretical prediction that a uniformly accel-
erated observer (Rindler observer) sees the vacuum state in
an inertial frame (Minkowski vacuum state) as a thermally
excited state characterized by the temperature proportional
to the acceleration a of the Rindler observer [1,2]. Topics
related to the Unruh effect have been studied well due to its
importance and simplicity (see, e.g., [3] for a review).
To demonstrate the Unruh effect, various experiments

have been proposed [4–12]. One of the big questions in
these topics is whether a uniformly accelerated object
coupled to a quantum field (the Unruh-de Witt detector)
would emit radiation or not [13–15]. This point is carefully
discussed in many works (see, e.g., Refs. [16–18]). Authors
of Ref. [17] showed that the radiation would be canceled in
the 1þ 1 dimensional case. This result would appear to
agree with our intuition that there is no radiation when the
detector is in a thermal equilibrium state. However, the
analysis of the 1þ 3 dimensional case [16,19,20] gives a
counter-intuitive result: there is some quantum radiation
induced by a nonlocal correlation of the quantum field
in the Minkowski vacuum state due to the vacuum

entanglement between the left (L) and right (R) Rindler
wedges. The Minkowski vacuum state of a scalar field is
described by an entangled state between the quantum states
on the left (L) and right (R) Rindler wedges [1,2]
heuristically expressed as follows:

j0;Mi ∝
Y
j

�X∞
nj¼0

e−πnjωj=ajnjiR ⊗ jnjiL
�
: ð1Þ

Here jnjiRðLÞ is the nj-th excited state on the R(L) Rindler
region (see Fig. 1) with an acceleration a, and j ¼ ðω; k⊥Þ
schematically denotes a mode specified by energy ω and
momentum k⊥ perpendicular to the direction of acceler-
ation. The roman letters “R” and “L” denote the right
Rindler region and the left Rindler region, respectively.
This expression is often used to describe the Unruh effect.
Because a uniformly accelerated observer in the R region is
causally disconnected to the events in the L region, we take
the partial trace of the density operator with respect to the
Hilbert space of the L region to obtain the reduced density
operator in the R region. This leads to a reduced density
operator representing the thermal state at the Unruh
temperature TU ¼ a=2π.
Some of the authors of the present paper examined the

description of the Minkowski vacuum state of a scalar field
to extend the expression Eq. (1) to the future (expanding)
Kasner spacetime (F region) and the past (shrinking)
Kasner spacetime (P region). This is done by analytic
continuation of the mode functions in the F(P) region into
the R region and the L region [19]. This work yielded a
result generalizing the work by Olson and Ralph [21],
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which claimed a timelike entanglement in the F region and
the P region in the case of the two-dimensional massless
scalar field to that in the general four-dimensional case.
Furthermore, the authors of Refs. [19,20] analyzed the
quantum radiation produced by a uniformly accelerated
Unruh-de Witt detector coupled to a scalar field. The
property of the quantum radiation is entirely different from
the usual radiation locally generated: the quantum radiation
is interpreted to be induced by the quantum entanglement,
which is behind the Unruh effect. The entanglement-based
description of the Minkowski vacuum state is important for
analyzing the theoretical predictions for the quantum
radiation associated with the Unruh effect. It is important
to extend the analysis of the Minkowski vacuum entangle-
ment to the whole region, including the F and P regions
since the observer in the F region will receive information
from the R region where the uniformly accelerated object
is. When we consider experimental models related to
quantum radiation, the relation between the modes in the
four quadrants of the field needs to be taken into account.
In the present paper, we consider the entanglement-based

description of the Minkowski vacuum state of a Dirac field.
Some papers in the literature investigate a Dirac field in
Rindler spacetime [3,10,22,23]; Ref. [22] treats this field in
Kasner spacetime. These papers discussed the entangle-
ment-based description of the Minkowski vacuum state of
the Dirac field with the use of the quantum states in Rindler
spacetime. Alsing et al. found that the entanglement
between two Rindler modes of a free Dirac field is
degraded by the Unruh effect [23], from the viewpoint
of quantum information theory. In the present paper, we
extend the previous work in Ref. [19], which investigated
the entanglement-based description of the Minkowski
vacuum state for a scalar field in a unified manner by
connecting the quantum states in the Rindler spacetime and
the Kasner spacetime to the Dirac field. Our results show
that modes associated with the Minkowski vacuum entan-
glement between the R and L regions are analytically
connected to those in the F region and the P region. The

results also indicate the timelike entanglement between
the F region and the P region. In particular, we show these
relations in an explicit manner, and it enables us to obtain
fundamental quantities such as the thermal spectrum in all
(F,P,R,L) regions covering the entire Minkowski spacetime.
As far as we know, such an explicit demonstration of the
analytic continuation-property of the general 4-dimensional
spinor field has not been achieved so far.
The rest of the paper is organized as follows. In Sec. II

the massive Dirac field is quantized in the R region, the L
region, the F region and the P region, where the explicit
forms of the mode functions are given. In Sec. III it is
demonstrated that the solutions to the Dirac equation in the
F region in terms of the Hankel function of the second kind
are indeed the positive-frequency modes for the Minkowski
vacuum state. The analytic continuation of the mode
functions from the F region to the R and L regions is
presented, together with that from the P region to the R and
L regions. Subsequently, the relations of the mode func-
tions between the F region, the R region, the L region and
the P region are obtained. In Sec. IV, using the Bogoliubov
transformation between the two sets of the modes in the F
region, we find the entanglement-based description of the
Minkowski vacuum state. Combining the results of Sec. III,
we find the entanglement-based description of the
Minkowski vacuum state in the R region, the L region,
the F region and the P region in a unified manner. Section V
is devoted to a summary and conclusions. In Appendix A,
we present the matrices to transform the spinor between
local Lorentz frames. In Appendix B verification of an
ansatz for the Minkowski vacuum state adopted in Sec. IV
is presented. In Appendix C, a summary of equivalent
mode functions is presented.

II. ANALYSIS OF SOLUTIONS OF MASSIVE
DIRAC FIELDS IN THE R,L,F,P REGIONS

In this section, we derive the Dirac spinors from the
Dirac equation defined in each region with the spin
connection coefficient. We consider a four-dimensional
massive Dirac field in the four coordinate systems covering
the entire Minkowski spacetime. The action of the massive
Dirac field with a mass m is given by

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p
ψ̄ðiγμ∇μ −mÞψ ; ð2Þ

where γμ are the gamma matrices in the curved spacetime.
Here ψ is a Dirac 4-spinor written in Dirac representation,
which satisfies

�
iγμ
� ∂
∂xμ þ Γμ

�
−m

�
ψ ¼ 0; ð3Þ

where the spin connection coefficient is written as

FIG. 1. Minkowski spacetime and the coordinates for the R
region, the L region, the F region, and the P region.
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Γμ ¼
1

4
γν

�∂γν
∂xμ þ Γν

λμγ
λ

�
; ð4Þ

and Dirac gamma matrices satisfy the Clifford algebra
fγμ; γνg ¼ 2gμν. In this section, we follow the basic
procedure to derive Dirac spinors in curved spacetimes
that can be found in many literatures (see Refs. [10,24] for
the derivation of the spinors). In Sec. III A, we show a
different way to derive Dirac spinor in each region from
Minkowski mode. Minkowski spacetime is described by
the global coordinate ðt; x; y; zÞ with the line element

ds2 ¼ dt2 − dx2 − dy2 − dz2: ð5Þ

The right Rindler region (R region) is described by the
coordinates (τR; ξR), which are related to the Minkowski
coordinates ðt; zÞ by

t ¼ 1

a
eaξR sinh aτR; z ¼ 1

a
eaξR cosh aτR: ð6Þ

The left Rindler region (L region) is described by the
coordinates (τL; ξL) defined as

t ¼ 1

a
eaξL sinh aτL; z ¼ −

1

a
eaξL cosh aτL: ð7Þ

The future Kasner region (F region) is described by the
expanding-Kasner spacetime (ηF; ζF) defined as

t ¼ 1

a
eaηF cosh aζF; z ¼ 1

a
eaηF sinh aζF: ð8Þ

The past Kasner region (P region) is described by the
shrinking-Kasner spacetime (ηP; ζP) defined as

t ¼ −
1

a
e−aηP cosh aζP; z ¼ 1

a
e−aηP sinh aζP: ð9Þ

Each coordinate system covers a quarter of the Minkowski
spacetime, as shown in Fig. 1.
The coordinate variables in each region are related by the

analytic continuation summarized in Table I. The analytic
continuation is unique in the following meaning (see also
Appendix in [19]). We first note that, because positive-

frequency solutions behave like e−i
ffiffiffiffiffiffiffiffiffiffiffiffi
jkj2þm2

p
t, it is implicit

that upon analytic continuation, we must treat t as t − iε,
ε > 0, so that any k-integration involving them converges
for large jkj. Then, the analytic continuation of the
coordinate variables are determined in such a way that
the Minkowski time coordinate t has an infinitesimal
negative imaginary part because we perform the analytic
continuation of the positive frequency mode solutions in
each region.

A. Dirac field in R,L-Rindler region

We start from a brief review of the solution of the Dirac
equation in the R,L region where the line element is

ds2 ¼ e2aξΛdτ2Λ − dx2 − dy2 − e2aξΛdξ2Λ; ðΛ ¼ R or LÞ:
ð10Þ

Here, ðτR; ξRÞ are the right Rindler coordinates, while
ðτL; ξLÞ is the left Rindler coordinate, defined in Eqs. (6)
and (7). Also, note that we use Greek letter Lambda
Λ ¼ R;L to denote R region or L region. We use it to
denote the expression which is valid for both of R and L
region. Also, we use the notation γμΛ to denote the Dirac
matrices in R, L Rindler region, and γμ for Dirac matrices in
flat spacetime, respectively. Using the property of the
gamma matrix in Minkowski spacetime, ðγ0Þ2 ¼ 1 and
ðγ1Þ2 ¼ ðγ2Þ2 ¼ ðγ3Þ2 ¼ −1, we have the relation between
γμΛ and γμ:

γ0Λ¼e−aξΛγ0; γ1Λ¼ γ1; γ2Λ¼ γ2; γ3Λ¼e−aξΛγ3:

The spin connection coefficient Eq. (4) in R,L region is
derived as

Γμ ¼ diag

�
a
2
γ0γ3; 0; 0; 0

�
: ð11Þ

By adopting the notation γ0γj ¼ αj; γ0 ¼ β, the Dirac
equation on the R,L region reduces to

�
i
∂
∂τΛ þ ieaξΛ

�
α1

∂
∂xþ α2

∂
∂y
�
þ iα3

∂
∂ξΛ

þ i
a
2
α3 − eaξΛβm

�
ψΛ;n
ω;k⊥ ¼ 0: ð12Þ

Explicit forms of the matrices in Dirac equation with Dirac
representation take following forms:

TABLE I. Analytic continuation of variables.

Region Variable 1 Variable 2

R ↔ F τR ¼ ζF − πi
2a ξR ¼ ηF þ πi

2a
R ↔ P τR ¼ −ζP − πi

2a ξR ¼ −ηP − πi
2a

R ↔ L τR ¼ −τL − πi
a

ξR ¼ ξL
F ↔ L ζF ¼ −τL − πi

2a ξL ¼ ηF þ πi
2a

P ↔ L ζP ¼ τL þ πi
2a ηP ¼ −ξL − πi

2a
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α1 ¼

0
BBB@

0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0

1
CCCA; α2 ¼

0
BBB@

0 0 0 −i
0 0 i 0

0 −i 0 0

i 0 0 0

1
CCCA;

α3 ¼

0
BBB@

0 0 1 0

0 0 0 −1
1 0 0 0

0 −1 0 0

1
CCCA; β ¼

0
BBB@

1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 −1

1
CCCA:

We set up the ansatz for four spinors of the Dirac equation
in Rindler spacetime as

ψΛ;n
ω;k⊥ðτΛ; ξΛ; x⊥Þ≡ fΛ;nω;k⊥ðξΛÞeik⊥·x⊥e−iωτΛ ; ð13Þ

where n ¼ u denotes the up spin while n ¼ d denotes down
spin. The mode expansion of the Dirac field in the R,L
region is written as

Ψ̂ðτΛ; ξΛ; x⊥Þ ¼
X
n¼u;d

Z
∞

0

dω
Z

∞

−∞
d2k⊥ðĉΛ;nω;k⊥ψ

Λ;n
ω;k⊥ðτΛ; ξΛ; x⊥Þ þ d̂Λ;n†ω;k⊥ðψ

Λ;n
ω;k⊥ðτΛ; ξΛ; x⊥ÞÞCÞ; ð14Þ

where ψC is the spinor which is corresponding to the
antiparticle, obtained by charge conjugation of ψ defined
by ψC ¼ iγ2ψ�. We integrate the positive range of ω, since
ω is energy in the Rindler region as is shown by the ansatz
(13) apparently; i.e., we focus on the positive frequency
mode. We require the creation and annihilation operators of
the Dirac fermion and antifermion to satisfy the following
anticommutation relations:

fΩ̂Λ;n
ω;k⊥ ;Ω̂

†Λ;n0
ω0;k0⊥g¼δðω−ω0Þδðk⊥−k0⊥Þδnn0 ; ð15Þ

with all other anticommutators vanishing. Here, Ω̂Λ;n
ω;k⊥ is

operators like ĉΛ;nω;k⊥ or d̂Λ;nω;k⊥ in Eq. (14). The normalization
condition of mode functions takes the following form with
the Dirac inner product,

ðψΛ;n
ω;k⊥ ;ψ

Λ;n0
ω0;k0⊥

ÞD ¼
Z
Σ
dΣμψ

Λ;n
ω;k⊥γ

μ
Λψ

Λ;n0
ω0;k0⊥

¼ δðω − ω0Þδðk⊥ − k0⊥Þδnn0 ; ð16Þ

where we use the overline to denote Dirac conjugate,

ψΛ;n
ω;k⊥ ≡ ðψΛ;n

ω;k⊥Þ†γ0. Here ð·; ·ÞD denotes the Dirac inner
product. We define dΣμ ¼ dΣnμ, where dΣ denotes the 3D
spatial volume element on the Cauchy hypersurface Σ to
determine the time slice where the normalization condition
of the spinor is defined, and nμ is the normal vector vertical
to Σ. Plugging the ansatz Eq. (13) into the Dirac equation
yields

ωfΛ;nω;k⊥ðξΛÞ ¼
h
γ0meaξΛ − i

a
2
α3 − iα3

∂
∂ξΛ

þ eaξΛðα1k1 þ α2k2Þ
i
fΛ;nω;k⊥ðξΛÞ: ð17Þ

In order to describe Dirac equation in more detail, we
define the solution as two spinors which takes the form

fΛ;nω;k⊥ðξΛÞ ¼
�
χΛ;n1 ðξΛÞ
χΛ;n2 ðξΛÞ

�
: ð18Þ

In terms of the two spinors, the Dirac equation is described
as the following two equations:

ωχΛ;n1 ¼ meaξΛχΛ;n1 − i
a
2
σ3χΛ2;n − iσ3

∂χΛ;n2

∂ξΛ
þ eaξk1σ1χ

Λ;n
2 þ eaξΛk2σ2χ

Λ;n
2 ;

ωχΛ;n2 ¼ −meaξΛχΛ;n2 − i
a
2
σ3χΛ;n1 − iσ3

∂χΛ;n1

∂ξΛ
þ eaξΛk1σ1χ

Λ;n
1 þ eaξΛk2σ2χ

Λ;n
1 :

These equations reduce to the same equation when we take
the massless limit of the Dirac equation, resulting in the
Weyl equation. After combining these equations, we obtain
the following second order differential equations:

1

a2
∂2

∂ξ2Λ χ
Λ;n
1f2g ¼

�
κ2

a2
e2aξΛ þ 1

4
−
ω2

a2

�
χΛ;n
1f2g −

iω
a
σ3χΛ;n

2f1g;

ð19Þ

where κ is the effective mass: κ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ k2⊥

p
. Note that

this corresponds to Eqs. (3.92) and (3.93) in Ref. [3]. The
brackets fg after the suffix imply that the form of Eq. (19) is
unchanged under the swap of suffix 1 and 2, but χ1 and χ2
are still mixed. In order to obtain independent equations,
we define

ϕΛ;n
� ðξΛÞ ¼ χΛ;n1 ðξΛÞ ∓ χΛ;n2 ðξΛÞ ¼

�
ϱΛ;n� ðξΛÞ
ςΛ;n� ðξΛÞ

�
: ð20Þ

The spinors ϕΛ;n
� ðξΛÞ correspond to those in the Weyl

representation. This reflects the general relation between
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the Dirac matrices in the Dirac and Weyl representations:
ψWeyl ¼ UψDirac, where

U ¼ 1ffiffiffi
2

p
�
1 1

1 −1

�
:

We can reproduce the form of Dirac spinor in the Dirac
representation as

fΛ;nω;k⊥ ¼ 1

2

0
BBBBB@

ϱΛ;nþ ðξΛÞ þ ϱΛ;n− ðξΛÞ
ςΛ;nþ ðξΛÞ þ ςΛ;n− ðξΛÞ
−ϱΛ;nþ ðξΛÞ þ ϱΛ;n− ðξΛÞ
−ςΛ;nþ ðξΛÞ þ ςΛ;n− ðξΛÞ

1
CCCCCA; ð21Þ

by plugging definitions Eq. (20) and Eq. (18). Equation (19)
written in terms of ϕΛ;n

� ðξΛÞ is

1

a2
∂2

∂ξ2Λ ϕ
Λ;n
� ðξΛÞ ¼

�
κ2

a2
e2aξΛ þ 1

4
−
ω2

a2

�
ϕΛ;n
� ðξΛÞ

� iω
a
σ3ϕΛ;n

� ðξΛÞ: ð22Þ

Thus, we obtain the following Bessel-type differential
equations:

1

a2
∂2

∂ξ2Λ ϱ
Λ;n
� ðξΛÞ ¼

�
κ2

a2
e2aξΛ þ

�
iω
a
� 1

2

�
2
�
ϱΛ;n� ðξΛÞ;

1

a2
∂2

∂ξ2Λ ς
Λ;n
� ðξΛÞ ¼

�
κ2

a2
e2aξΛ þ

�
iω
a

∓ 1

2

�
2
�
ςΛ;n� ðξΛÞ:

Solutions of these differential equations are written in
terms of modified Bessel functions Kiω=a�1=2ðκa eaξΛÞ,
Iiω=a�1=2ðκa eaξΛÞ. The solution written in terms of
Iiω=a�1=2ðκa eaξΛÞ cannot be normalized since diverges in
the limit ξΛ → ∞. Therefore, we need to choose the
following solutions:

ϱΛ;nþ ðξΛÞ ¼ cnðΛÞ1 Kiω=aþ1=2ðqΛÞ;
ϱΛ;n− ðξΛÞ ¼ cnðΛÞ2 Kiω=a−1=2ðqΛÞ;
ςΛ;nþ ðξΛÞ ¼ cnðΛÞ3 Kiω=a−1=2ðqΛÞ;
ςΛ;n− ðξΛÞ ¼ cnðΛÞ4 Kiω=aþ1=2ðqΛÞ; ð23Þ

where

qR ¼ κ

a
eaξR ; qL ¼ κ

a
eaξL ; ð24Þ

as solutions of quantum field theory. Here, we add the
coefficients to each solutions since Bessel differential
equations after Eq. (22) are independent. These coefficients

have information of the spin direction and are also con-
strained by the normalization condition. By plugging
Eq. (21) with the four solutions defined by Eq. (23) into
the Dirac equation (17), one finds

−cnðΛÞ1 m − cnðΛÞ2 iκ − cnðΛÞ4 ðk1 − ik2Þ ¼ 0;

cnðΛÞ1 ðk1 þ ik2Þ − cnðΛÞ3 iκ − cnðΛÞ4 m ¼ 0;

cnðΛÞ1 iκ − cnðΛÞ2 mþ cnðΛÞ3 ðk1 − ik2Þ ¼ 0;

−cnðΛÞ2 ðk1 þ ik2Þ − cnðΛÞ3 mþ cnðΛÞ4 iκ ¼ 0:

If k⊥ ≠ 0, then the first two equations are equivalent to the
last two. Thus, there are two linearly independent solutions

for the vector ðcnðΛÞ1 ; cnðΛÞ2 ; cnðΛÞ3 ; cnðΛÞ4 Þ. Two linearly in-
dependent solutions can be chosen as

ðcuðΛÞ1 ; cuðΛÞ2 ; cuðΛÞ3 ; cuðΛÞ4 Þ ¼ ð1; im=κ;−iðk1 þ ik2Þ=κ; 0Þ
ð25Þ

and

ðcdðΛÞ1 ; cdðΛÞ2 ; cdðΛÞ3 ; cdðΛÞ4 Þ ¼ ð0; ðk1 − ik2Þ=κ; m=κ;−iÞ:
ð26Þ

This choice gives the solutions in Eq. (30), which are
confirmed to be orthogonal. One can also choose

ðcuðΛÞ1 ; cuðΛÞ2 ; cuðΛÞ3 ; cuðΛÞ4 Þ ¼ ðm=κ; i; 0; ðk1 þ ik2Þ=κÞ ð27Þ

and

ðcdðΛÞ1 ; cdðΛÞ2 ; cdðΛÞ3 ; cdðΛÞ4 Þ ¼ ð−ðk1 − ik2Þ=κ; 0; i; m=κÞ:
ð28Þ

This choice gives the solutions in Eq. (33), which are
orthogonal. These solutions are valid also for k⊥ ¼ 0.
The other solutions can be obtained in a similar manner.

The coefficients fcnðΛÞ1 ; cnðΛÞ2 ; cnðΛÞ3 ; cnðΛÞ4 g are not arbitrary
since the functions in Eq. (21) have to satisfy the Dirac
equation (12) though each of solutions in Eq. (23) are
derived from four independent Bessel-type differential
equations. In addition, when we have the coefficients

fcnðΛÞ1 ; cnðΛÞ2 ; cnðΛÞ3 ; cnðΛÞ4 g, the other set of coefficients

fcn̄ðΛÞ1 ; cn̄ðΛÞ2 ; cn̄ðΛÞ3 ; cn̄ðΛÞ4 g can be obtained after taking
the charge conjugation of the spinor, here the overline
on the index n denotes the swap of the spin up and down.
Solutions of the Dirac equation in four-dimensional

Rindler region have been found previously, and was given
in other paper (see, e.g., Refs. [25,26]). They can be
reproduced with certain choices of the coefficients in
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Eq. (21). Here, we further simplify the solutions in R region
by the following form:

fR;nω;k⊥ðξΛÞ ¼ Aω;k⊥S
R;n
ω;k⊥ðξΛÞ: ð29Þ

Here Aω;k⊥ are the real and positive normalization constants
determined by the orthonormal condition (16), and
SR;nω;k⊥ðξΛÞ are linearly independent spinors which have
internal degrees of freedom corresponding to the spin
direction.
Two linearly independent and orthogonal spinors can be

chosen as follows:

SR;nω;k⊥ðξRÞ ¼ sðþ;nÞ
k⊥ Kiω=aþ1=2ðqRÞ þ sð−;nÞk⊥ Kiω=a−1=2ðqRÞ;

ð30Þ

where we define

sðþ;uÞ
k⊥ ¼

0
BBB@

1

0

−1
0

1
CCCA; sð−;uÞk⊥ ¼ i

κ

0
BBB@

m

−ðk1 þ ik2Þ
m

k1 þ ik2

1
CCCA;

sðþ;dÞ
k⊥ ¼ −i

0
BBB@

0

1

0

1

1
CCCA; sð−;dÞk⊥ ¼ 1

κ

0
BBB@

k1 − ik2
m

k1 − ik2
−m

1
CCCA: ð31Þ

Then, the normalization constant is

Aω;k⊥ ¼ 1

2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ cosh πω=a

2π2a

r
: ð32Þ

The choice of the base of mode expansion Eq. (14) is
arbitrary, though we here assign spinors (30) as the solution
of the R region for simplicity. On the other hand, we assign
the other choice of two linearly independent and orthogonal
spinors

SL;nω;k⊥ðξLÞ ¼ s̃ðþ;nÞ
k⊥ Kiω=aþ1=2ðqLÞ þ s̃ð−;nÞk⊥ Kiω=a−1=2ðqLÞ

ð33Þ

for the solution in L region. Here, we define

s̃ðþ;uÞ
k⊥ ¼ 1

κ

0
BBB@

m

k1 þ ik2
−m

k1 þ ik2

1
CCCA; s̃ð−;uÞk⊥ ¼ i

0
BBB@

1

0

1

0

1
CCCA;

s̃ðþ;dÞ
k⊥ ¼ 1

κ

0
BBB@

−ðk1 − ik2Þ
m

k1 − ik2
m

1
CCCA; s̃ð−;dÞk⊥ ¼ i

0
BBB@

0

1

0

−1

1
CCCA: ð34Þ

We write the corresponding spinor mode functions as

ψL;n
ω;k⊥ðτL; ξL; x⊥Þ≡ fL;nω;k⊥ðξLÞeik⊥·x⊥e−iωτL ; ð35Þ

fL;nω;k⊥ðξLÞ ¼ Aω;k⊥S
L;n
ω;k⊥ðξLÞ: ð36Þ

The normalization constant is the same as before Eq. (32),
and sets of the spinor are orthogonal, ðSR;nω;k⊥ ; S

R;n̄
ω;k⊥ÞD ¼

ðSL;nω;k⊥ ; S
L;n̄
ω;k⊥ÞD ¼ 0. The form of the spinor are related by

the following linear equations:

SL;uω;k⊥ðξΛÞ ¼
m
κ
SR;uω;k⊥ðξΛÞ þ i

k1 þ ik2
κ

SR;dω;k⊥ðξΛÞ; ð37Þ

SL;dω;k⊥ðξΛÞ ¼ −
k1 − ik2

κ
SR;uω;k⊥ðξΛÞ þ i

m
κ
SR;dω;k⊥ðξΛÞ; ð38Þ

thus, we can use the spinor form ψL as an base of
the solution in R region actually. We can describe any
solutions in 4 dimensional Rindler region with the combi-
nation of bases of the mode, and we can realize any 2 or 3
dimensional solution by setting kj ¼ 0 (j ¼ 1, 2)
appropriately.

B. Dirac field in the F(P)-Kasner region

In this subsection, we derive Dirac spinors in F and P
region covered by Kasner coordinates. The line element of
the F(P) region is

F region∶ ds2 ¼ e2aηFdη2F − dx2 − dy2 − e2aηFdζ2F; ð39Þ

P region ∶ ds2 ¼ e−2aηPdη2P − dx2 − dy2 − e−2aηPdζ2P;

ð40Þ

with local coordinates defined by Eqs. (8) and (9). Using
the property of the gamma matrices in Minkowski space-
time, ðγ0Þ2 ¼ 1 and ðγ1Þ2 ¼ ðγ2Þ2 ¼ ðγ3Þ2 ¼ −1, we have
the gamma matrices in the F(P) region γμFðPÞ as

F region∶ γ0F ¼ e−aηFγ0; γ1F ¼ γ1; γ2F ¼ γ2;

γ3F ¼ e−aηFγ3; ð41Þ
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P region ∶ γ0P ¼ eaηPγ0; γ1P ¼ γ1; γ2P ¼ γ2; γ3P ¼ eaηPγ3: ð42Þ

The spin connection is given as

F region∶ Γμ ¼ diag

�
0; 0; 0;

a
2
γ0γ3

�
; ð43Þ

P region∶ Γμ ¼ diag

�
0; 0; 0;−

a
2
γ0γ3

�
: ð44Þ

The Dirac equation takes the following form:

F region∶
�
i
∂
∂ηF þ ieaηF

�
α1

∂
∂xþ α2

∂
∂y
�
þ iα3

∂
∂ζF þ i

a
2
− eaηFβm

�
ψΞ;nðFÞ
ω;k⊥ ¼ 0; ð45Þ

P region ∶
�
i
∂
∂ηP þ ie−aηP

�
α1

∂
∂xþ α2

∂
∂y
�
þ iα3

∂
∂ζP − i

a
2
− e−aηPβm

�
ψΞ;nðPÞ
ω;k⊥ ¼ 0: ð46Þ

We describe the ansatz for four spinors of the Dirac equation in Kasner spacetime as

ψΞ;nðΘÞ
ω;k⊥ ðηΘ; ζΘ; x⊥Þ≡ fΞ;nðΘÞω;k⊥ ðηΘÞeik⊥·x⊥e−iωζΘ ; ð47Þ

where Θ means “F” or “P”. We distinguish two different orthonormal bases of the solution by the label “Ξ” which denote

“M” or “K”. The label “M” denotes the Minkowski mode, which is clearly expressed with Hankel functions Hð1Þ
ν ; Hð2Þ

ν . In
contrast, the label “K” denotes Kasner modes which is actually connected to the Rindler mode later, both of them certainly
satisfy the Dirac equation in each region. We clarify the correspondence of modes in four regions in the latter part of this
paper. Also, “Θ” denotes F region or P region just as K denoted R and L region in previous subsection. Later in this

subsection, one can find that ψK;nðΘÞ
ω;k⊥ is certainly written with Bessel function JνðxÞ, while ψM;nðΘÞ

ω;k⊥ is written with Hankel
functions. Then the Dirac field is expanded in this region as

Ψ̂ðηΘ; ζΘ; x⊥Þ ¼
X
n¼u;d

Z
∞

−∞
dω
Z

∞

−∞
d2k⊥ðâM;nðΘÞ

ω;k⊥ ψM;nðΘÞ
ω;k⊥ þ b̂M;nðΘÞ†

ω;k⊥ ðψM;nðΘÞ
ω;k⊥ ÞCÞ

¼
X
n¼u;d

Z
∞

−∞
dω
Z

∞

−∞
d2k⊥ðĉK;nðΘÞω;k⊥ ψK;nðΘÞ

ω;k⊥ þ d̂K;nðΘÞ†ω;k⊥ ðψK;nðΘÞ
ω;k⊥ ÞCÞ: ð48Þ

We require the creation and annihilation operators of the Dirac fermion and antifermion to satisfy the following
anticommutation relations:

fΩ̂Ξ;nðΘÞ
ω;k⊥ ; Ω̂Ξ;n0ðΘÞ†

ω0;k0⊥ g ¼ δðω − ω0Þδðk⊥ − k0⊥Þδnn0 ; ð49Þ

where Ω̂Ξ;nðΘÞ
ω;k⊥ ¼ âM;nðΘÞ

ω;k⊥ ; b̂M;nðΘÞ
ω;k⊥ ; ĉK;nðΘÞω;k⊥ or d̂K;nðΘÞω;k⊥ , with all other anticommutators between operators in same mode

expansion, i.e., either in the first or second line of (48), vanishing. This requirement leads to the following normalization
conditions:

ðψΞ;nðΘÞ
ω;k⊥ ;ψΞ;n0ðΘÞ

ω0;k0⊥ ÞD ¼
Z
Σ
dΣμψ

Ξ;nðΘÞ
ω;k⊥ γμFðPÞψ

Ξ;n0ðΘÞ
ω0;k0⊥

¼ δðω − ω0Þδðk⊥ − k0⊥Þδnn0 : ð50Þ

By substituting Eq. (47) into Dirac equation, we obtain

F region∶ i
∂
∂ηF f

Ξ;nðFÞ
ω;k⊥ ðηFÞ ¼

�
γ0meaηF − i

a
2
− α3ωþ eaηFðα1k1 þ α2k2Þ

�
fΞ;nðFÞω;k⊥ ðηFÞ; ð51Þ
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P region ∶ i
∂
∂ηP f

Ξ;nðPÞ
ω;k⊥ ðηPÞ ¼

�
γ0me−aηP þ i

a
2
− α3ωþ e−aηPðα1k1 þ α2k2Þ

�
fΞ;nðPÞω;k⊥ ðηPÞ: ð52Þ

We express the solution in the Dirac representation in the following form:

fΞ;nðΘÞω;k⊥ ðηΘÞ ¼
 
χΞ;nðΘÞ1;ω;k⊥ ðηΘÞ
χΞ;nðΘÞ2;ω;k⊥ ðηΘÞ

!
: ð53Þ

Then the Dirac equation gives the following two simultaneous equations:

F region∶

8<
:

i ∂
∂ηF χ

Ξ;nðFÞ
1;ω;k⊥ ¼ meaηFχΞ;nðFÞ1;ω;k⊥ − i a

2
χΞ;nðFÞ1;ω;k⊥ − ωσ3χΞ;nðFÞ2;ω;k⊥ þ eaηFðk1σ1 þ k2σ2ÞχΞ;nðFÞ2;ω;k⊥

i ∂
∂ηF χ

Ξ;nðFÞ
2;ω;k⊥ ¼ −meaηFχΞ;nðFÞ2;ω;k⊥ − i a

2
χΞ;nðFÞ2;ω;k⊥ − ωσ3χΞ;nðFÞ1;ω;k⊥ þ eaηFðk1σ1 þ k2σ2ÞχΞ;nðFÞ1;ω;k⊥

;

P region ∶

8<
:

i ∂
∂ηP χ

Ξ;nðPÞ
1;ω;k⊥ ¼ me−aηPχΞ;nðPÞ1;ω;k⊥ þ i a

2
χΞ;nðPÞ1;ω;k⊥ − ωσ3χΞ;nðPÞ2;ω;k⊥ þ e−aηPðk1σ1 þ k2σ2ÞχΞ;nðPÞ2;ω;k⊥

i ∂
∂ηP χ

Ξ;nðPÞ
2;ω;k⊥ ¼ −me−aηPχΞ;nðPÞ2;ω;k⊥ þ i a

2
χΞ;nðPÞ2;ω;k⊥ − ωσ3χΞ;nðPÞ1;ω;k⊥ þ e−aηPðk1σ1 þ k2σ2ÞχΞ;nðPÞ1;ω;k⊥

:

By combining these simultaneous equations, we obtain the following second order equations:

F region∶
1

a2
∂2

∂η2F χ
Ξ;nðFÞ
1f2g;ω;k⊥ ¼ −

�
κ2

a2
e2aηF −

1

4
þ ω2

a2

�
χΞ;nðFÞ
1f2g;ω;k⊥ −

iω
a
σ3χΞ;nðFÞ

2f1g;ω;k⊥ ; ð54Þ

P region ∶
1

a2
∂2

∂η2P χ
Ξ;nðPÞ
1f2g;ω;k⊥ ¼ −

�
κ2

a2
e−2aηP −

1

4
þ ω2

a2

�
χΞ;nðPÞ
1f2g;ω;k⊥ þ iω

a
σ3χΞ;nðPÞ

2f1g;ω;k⊥ : ð55Þ

In order to obtain two independent equations from simultaneous equations (54), we define:

ϕΞ;nðΘÞ
�;ω;k⊥ðηΘÞ ¼ χΞ;nðΘÞ1;ω;k⊥ ∓ χΞ;nðΘÞ2;ω;k⊥ ¼

 
ϱΞ;nðΘÞ�;ω;k⊥ðηΘÞ
ςΞ;nðΘÞ�;ω;k⊥ðηΘÞ

!
: ð56Þ

The signature� influences the auxiliary variable in the Bessel function, which construct the solutions, as is shown later. By
using this equation in Eq. (53) we find

fΞ;nðΘÞω;k⊥ ¼ 1

2

0
BBBBBB@

ϱΞ;nðΘÞþ;ω;k⊥ þ ϱΞ;nðΘÞ−;ω;k⊥

ςΞ;nðΘÞþ;ω;k⊥ þ ςΞ;nðΘÞ−;ω;k⊥

−ϱΞ;nðΘÞþ;ω;k⊥ þ ϱΞ;nðΘÞ−;ω;k⊥

−ςΞ;nðΘÞþ;ω;k⊥ þ ςΞ;nðΘÞ−;ω;k⊥

1
CCCCCCA
: ð57Þ

Equation (54) written in terms of ϕΞ;nðΘÞ
�;ω;k⊥ðηΘÞ is

F region∶
1

a2
∂2

∂η2F ϕ
Ξ;nðFÞ
�;ω;k⊥ ¼ −

�
κ2

a2
e2aηF −

1

4
þ ω2

a2

�
ϕΞ;nðFÞ
�;ω;k⊥ � iω

a
σ3ϕΞ;nðFÞ

�;ω;k⊥ ; ð58Þ

P region ∶
1

a2
∂2

∂η2P ϕ
Ξ;nðPÞ
�;ω;k⊥ ¼ −

�
κ2

a2
e−2aηP −

1

4
þ ω2

a2

�
ϕΞ;nðPÞ
�;ω;k⊥ ∓ iω

a
σ3ϕΞ;nðPÞ

�;ω;k⊥ : ð59Þ

Then, we obtain the differential equations,
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F region∶

8>><
>>:

1
a2

∂2
∂η2F ϱ

Ξ;nðFÞ
�;ω;k⊥ðηFÞ ¼

h
− κ2

a2 e
2aηF þ

�
iω
a � 1

2

�
2
i
ϱΞ;nðFÞ�;ω;k⊥ðηFÞ;

1
a2

∂2
∂η2F ς

Ξ;nðFÞ
�;ω;k⊥ðηFÞ ¼

h
− κ

a2 e
2aηF þ

�
iω
a ∓ 1

2

�
2
i
ςΞ;nðFÞ�;ω;k⊥ðηFÞ;

ð60Þ

P region ∶

8>><
>>:

1
a2

∂2
∂η2P ϱ

Ξ;nðPÞ
�;ω;k⊥ðηPÞ ¼

h
− κ2

a2 e
−2aηP þ

�
iω
a ∓ 1

2

�
2
i
ϱΞ;nðPÞ�;ω;k⊥ðηPÞ;

1
a2

∂2
∂η2P ς

Ξ;nðPÞ
�;ω;k⊥ðηPÞ ¼

h
− κ2

a2 e
−2aηP þ

�
iω
a � 1

2

�
2
i
ςΞ;nðPÞ�;ω;k⊥ðηPÞ;

ð61Þ

which can be solved in terms of the Bessel and related functions. The solutions of these equations can be written in terms of
the Bessel functions as

F region :

8<
:

ϱK;nðFÞþ;ω;k⊥ ¼ cnðFÞ5 Jϖ½−iω=a−1=2�ðqFÞ; ϱK;nðFÞ−;ω;k⊥ ¼ cnðFÞ6 Jϖ½−iω=aþ1=2�ðqFÞ;
ςK;nðFÞþ;ω;k⊥ ¼ cnðFÞ7 Jϖ½−iω=a−1=2�ðqFÞ; ςK;nðFÞ−;ω;k⊥ ¼ cnðFÞ8 Jϖ½−iω=aþ1=2�ðqFÞ;

ð62Þ

P region ∶

8<
:

ϱK;nðPÞþ;ω;k⊥ ¼ cnðPÞ5 Jϖ½iω=aþ1=2�ðqPÞ; ϱK;nðPÞ−;ω;k⊥ ¼ cnðPÞ6 Jϖ½iω=a−1=2�ðqPÞ;
ςK;nðPÞþ;ω;k⊥ ¼ cnðPÞ7 Jϖ½iω=aþ1=2�ðqPÞ; ςK;nðPÞ−;ω;k⊥ ¼ cnðPÞ8 Jϖ½iω=a−1=2�ðqPÞ;

ð63Þ

or the Hankel function of the second/first kind as

F region∶

8<
:

ϱM;nðFÞ
þ;ω;k⊥ ¼ cnðFÞ

50 Hð2Þ
ϖ½iω=aþ1=2�ðqFÞ; ϱM;nðFÞ

−;ω;k⊥ ¼ cnðFÞ
60 Hð2Þ

ϖ½iω=a−1=2�ðqFÞ;
ςM;nðFÞ
þ;ω;k⊥ ¼ cnðFÞ

70 Hð2Þ
ϖ½iω=aþ1=2�ðqFÞ; ςM;nðFÞ

−;ω;k⊥ ¼ cnðFÞ
80 Hð2Þ

ϖ½iω=a−1=2�ðqFÞ;
ð64Þ

P region :

8<
:

ϱM;nðPÞ
þ;ω;k⊥ ¼ cnðPÞ

50 Hð1Þ
ϖ½−iω=a−1=2�ðqPÞ; ϱM;nðPÞ

−;ω;k⊥ ¼ cnðPÞ
60 Hð1Þ

ϖ½−iω=aþ1=2�ðqPÞ;
ςM;nðPÞ
þ;ω;k⊥ ¼ cnðPÞ

70 Hð1Þ
ϖ½−iω=a−1=2�ðqPÞ; ςM;nðPÞ

−;ω;k⊥ ¼ cnðPÞ
80 Hð1Þ

ϖ½−iω=aþ1=2�ðqPÞ;
ð65Þ

where

qF ¼ κ

a
eaηF ; qP ¼ κ

a
e−aηP : ð66Þ

Here, we have defined ϖ ¼ sgnðωÞ ¼ ω
jωj. Each of these two sets of solutions form the “positive frequency” subspace of

solutions. (See, e.g., Ref. [27] for an explanation of the “positive frequency” subspace of solutions.) Again, the set of
coefficients are not arbitrary, and there are only two linearly independent spinors. We use the following formula to derive the
relations between the coefficients in Eq. (63) and (65) from the Dirac equation (51):

x
d
dx

ZνðxÞ ¼ �xZν∓1ðxÞ ∓ νZνðxÞ; ð67Þ

where ZνðxÞ ¼ JνðxÞ, Hð1Þ
ν ðxÞ or Hð2Þ

ν ðxÞ.
Similarly to the case of the R(L) region, we express the solutions in the following form:

fΞ;nðΘÞω;k⊥ ðηΘÞ ¼ AΞðΘÞ
ω;k⊥S

Ξ;nðΘÞ
ω;k⊥ ðηΘÞ: ð68Þ

We note that AΞðΘÞ
ω;k⊥ is a real and positive constant which is determined by orthonormality condition (50), and SΞ;nðΘÞω;k⊥ ðηΘÞ is

the spinor which specify the spin state. With Bessel function JνðxÞ, we can describe linearly independent and orthogonal
spinors as follows:
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F region∶ SK;nðFÞω;k⊥ ðηFÞ ¼ sðþ;nÞ
k⊥ Jϖ½−iω=a−1=2�ðqFÞ −ϖsð−;nÞk⊥ Jϖ½−iω=aþ1=2�ðqFÞ; ð69Þ

P region ∶ SK;nðPÞω;k⊥ ðηPÞ ¼ sðþ;nÞ
k⊥ Jϖ½iω=a−1=2�ðqPÞ þϖsð−;nÞk⊥ Jϖ½iω=aþ1=2�ðqPÞ: ð70Þ

We note that sð�;uÞ
k⊥ and sð�;dÞ

k⊥ are already defined by
Eq. (31) in the previous subsection II A. The normalization
constant is

AKðFÞ
ω;k⊥ ¼ AKðPÞ

ω;k⊥ ¼ 1

2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ

8a cosh πω=a

r
: ð71Þ

We used the formula JνðzÞJ−νþ1ðzÞ þ Jν−1ðzÞJ−νðzÞ ¼
2 sin ðνπÞ=ðπzÞ to determine the normalization constant.
These spinors may be called the Kasner mode in the F(P)

region since it is derived as the solution of Kasner regions,
and they construct an orthonormal basis. We can say that
these are Rindler modes since we verify that these spinors
are virtually connected to Rindler modes in the R and L
regions later. We note that ω is the energy in the R(L)
region satisfying ω > 0, while ω is a momentumlike
variable in the F(P) region, which can take all real values.
A linearly independent and orthogonal set of two solutions
in the F(P) region, given in terms of the Hankel function of
the second kind can be described as

F region∶ SM;nðFÞ
ω;k⊥ ðηFÞ ¼ −isðþ;nÞ

k⊥ Hð2Þ
ϖ½iω=aþ1=2�ðqFÞ − iϖsð−;nÞk⊥ Hð2Þ

ϖ½iω=a−1=2�ðqFÞ; ð72Þ

P region ∶ SM;nðPÞ
ω;k⊥ ðηPÞ ¼ isðþ;nÞ

k⊥ Hð1Þ
ϖ½−iω=aþ1=2�ðqPÞ − iϖsð−;nÞk⊥ Hð1Þ

ϖ½−iω=a−1=2�ðqPÞ; ð73Þ

where the normalization constant is

AMðFÞ
ω;k⊥ ¼ AMðPÞ

ω;k⊥ ¼ 1

8π
e
πjωj
2a

ffiffiffi
κ

a

r
; ð74Þ

which is determined from the normalization condition

and using the mathematical formula Hð1Þ
ν ðzÞHð2Þ

νþ1ðzÞ−
Hð1Þ

νþ1ðzÞHð2Þ
ν ðzÞ ¼ 4i=ðπzÞ. Mode functions which con-

struct the normal base with the Hankel functions are called
the Minkowski modes [one can find that spinors like
Eq. (72) and (73) are certainly the Minkowski mode by
the discussion in Sec. III A]. Therefore, annihilation oper-
ators associated with the mode functions written with the
Hankel functions give the Minkowski vacuum state. We
may call them Minkowski mode in the F(P) region. Mode
expansions by the orthonormal base written with Hankel
functions and Bessel function JνðxÞ describe the
same Dirac field. After using the formula J−νðzÞ ¼
1
2
½eνπiHð1Þ

ν ðzÞ þ e−νπiHð2Þ
ν ðzÞ�, Hð1Þ

−ν ðzÞ ¼ eνπiHð1Þ
ν ðzÞ,

Hð2Þ
−ν ðzÞ ¼ e−νπiHð2Þ

ν ðzÞ and defining

Bω ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2 cosh πω=a

s
; ð75Þ

one obtain the relations of basis of solutions in
terms of the Bessel functions and Hankel functions as
follows:

SK;nðΘÞω;k⊥ ðηΘÞ ¼
ϖ

2
e
πjωj
a SM;nðΘÞ

ω;k⊥ ðηΘÞ

−
1

2

�
SM;n̄ðΘÞ
−ω;−k⊥

�
CðηΘÞ; ð76Þ

i.e.,

ψK;nðΘÞ
ω;k⊥ ¼ Bω

h
ϖe

πjωj
2a ψM;nðΘÞ

ω;k⊥ − e−
πjωj
2a

�
ψM;n̄ðΘÞ
−ω;−k⊥

�
C
i
; ð77Þ

for −∞ < ω < ∞. These relations are nothing but the
Bogoliubov transformation because the spinor is associated
with the annihilation operator in the mode expansion, and
the annihilation operator defines the vacuum state. Thus,
we can express the Bogoliubov transformation in terms of
the spinors, operators, and quantum states with the brief
deformation. After plugging Eq. (77) into the second line of
Eq. (48), we find
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X
n¼u;d

Z
∞

−∞
dω
Z

∞

−∞
d2k⊥

�
âM;nðΘÞ
ω;k⊥ ψM;nðΘÞ

ω;k⊥ þ b̂M;nðΘÞ†
ω;k⊥

�
ψM;nðΘÞ
ω;k⊥

�
C
�

¼
X
n¼u;d

Z
∞

−∞
dω
Z

∞

−∞
d2k⊥Bω

h�
ϖe

πjωj
2a ĉK;nðΘÞω;k⊥ − e−

πjωj
2a d̂K;n̄ðΘÞ†−ω;−k⊥;

�
ψM;nðΘÞ
ω;k⊥ þ

�
ϖe

πjωj
2a d̂K;nðΘÞ†ω;k⊥ − e−

πjωj
2a ĉK;n̄ðΘÞ−ω;−k⊥

��
ψM;nðΘÞ
ω;k⊥

�
C
i
:

The comparison between coefficients of mode functions in
the first line and the second line indicates the following
relation of operators:

âM;nðΘÞ
ω;k⊥ ¼ Bωðϖe

πjωj
2a ĉK;nðΘÞω;k⊥ − e−

πjωj
2a d̂K;n̄ðΘÞ†−ω;−k⊥ Þ; ð78Þ

b̂M;nðΘÞ†
ω;k⊥ ¼ Bωðϖe

πjωj
2a d̂K;nðΘÞ†ω;k⊥ − e−

πjωj
2a ĉK;n̄ðΘÞ−ω;−k⊥Þ: ð79Þ

These formulas can be derived by using the orthonormality
of spinors defined with Dirac inner product as following.
We note that there is another way to derive the Bogoliubov
transformation, which uses the orthonormality of spinors in
the mode expansion. This procedure can be found in other
literature (see, e.g., [23,26]). Here, we briefly review the
derivation of the Bogoliubov transformation of operator
with orthonormality condition (50) and confirm the con-
sistency:

âM;nðΘÞ
ω;k⊥ ¼

�
ψM;nðΘÞ
ω;k⊥ ; Ψ̂

�
D

¼
Z

∞

−∞
dω0

Z
∞

−∞
d2k0⊥

X
n0

h
ĉK;n

0ðΘÞ
ω0;k0⊥

�
ψM;nðΘÞ
ω;k⊥ ;ψK;n0ðΘÞ

ω0;k0⊥

�
D
þ d̂K;n

0ðΘÞ†
ω0;k0⊥

�
ψM;nðΘÞ
ω;k⊥ ;

�
ψK;n0ðΘÞ
ω0;k0⊥

�
C
�
D

i
; ð80Þ

b̂M;nðΘÞ†
ω;k⊥ ¼

��
ψM;nðΘÞ
ω;k⊥

�
C
; Ψ̂
�
D

¼
Z

∞

−∞
dω0

Z
∞

−∞
d2k0⊥

X
n0

h
ĉK;n

0ðΘÞ
ω0;k0⊥

��
ψM;nðΘÞ
ω;k⊥

�
C
;ψK;n0ðΘÞ

ω0;k0⊥

�
D
þ d̂K;n

0ðΘÞ†
ω0;k0⊥

��
ψM;nðΘÞ
ω;k⊥

�
C
;
�
ψK;n0ðΘÞ
ω0;k0⊥

�
CÞD
i
: ð81Þ

Thus, Bogoliubov coefficients are derived as the following Dirac inner product:�
ψM;nðΘÞ
ω;k⊥ ;ψK;n0ðΘÞ

ω0;k0⊥

�
D
¼ ϖBωe

πjωj
2a δðω − ω0Þδðk⊥ − k0⊥Þδn;n0 ð82Þ

�
ψM;nðΘÞ
ω;k⊥ ;

�
ψK;n0ðΘÞ
ω0;k0⊥

�
C
�
D
¼ −Bωe−

πjωj
2a δðωþ ω0Þδðk⊥ þ k0⊥Þδn;n̄0 ð83Þ

��
ψM;nðΘÞ
ω;k⊥

�
C
;ψK;n0ðΘÞ

ω0;k0⊥

�
D
¼ −Bωe−

πjωj
2a δðωþ ω0Þδðk⊥ þ k0⊥Þδn;n̄0 ð84Þ

��
ψM;nðΘÞ
ω;k⊥

�
C
;
�
ψK;n0ðΘÞ
ω0;k0⊥

�
C
�
D
¼ ϖBωe

πjωj
2a δðω − ω0Þδðk⊥ − k0⊥Þδn;n0 ; ð85Þ

whereBω¼½2coshðπω=aÞ�−1=2. In the calculus of these inner
product, the formulas: JνðzÞHð1Þ

νþ1ðzÞ−Jνþ1ðzÞHð1Þ
ν ðzÞ¼

−2i=πz;JνðzÞHð2Þ
νþ1ðzÞ−Jνþ1ðzÞHð2Þ

ν ðzÞ¼2i=πz, may be
helpful. Byplugging these inner products into theprevious re-
lations Eqs. (80), (81), we obtain the Bogoliubov transfor-
mation which are exactly the same form as Eqs. (78)
and (79).

III. ANALYTIC CONTINUATION OF THE
SPINORS

In this section, we demonstrate the procedure of analytic
continuation of the spinor solutions. Namely, we clarify

how the solutions in the four regions of Minkowski
spacetime are related to one another. The procedure is
almost the same as that for a scalar field, as demonstrated in
Ref. [19]. An additional process is necessary to the spinor
field as demonstrated in Appendix A.

A. Positive frequency modes for the Minkowski vacuum
in the Kasner regions

We first demonstrate that the solutions for the Dirac
equation in the F region in terms of the Hankel function of
the second kind are indeed the positive-frequency modes
for the Minkowski vacuum state. We start from the
following positive-frequency solutions in the standard
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coordinate system in the Dirac representation with
momentum k:

ψM;n
k ¼ uðnÞk e−ik0tþik·x; n ¼ u; d; ð86Þ

where

uðuÞk ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðk0 − k3Þ

p
0
BBB@

mþ k0 − k3
−ðk1 þ ik2Þ
m − k0 þ k3
k1 þ ik2

1
CCCA;

uðdÞk ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðk0 − k3Þ

p
0
BBB@

k1 − ik2
mþ k0 − k3
k1 − ik2

−mþ k0 − k3

1
CCCA: ð87Þ

Here, k0, k1, k2, k3 are the contravariant components, i.e.,
they are the 4-momentum components with the upper
indices. These solutions satisfy the following normalization
conditions:

�
ψM;n
k ;ψM;n0

k0

�
D
¼
Z

d3xψM;n†
k ψM;n0

k0

¼ 2k0ð2πÞ3δnn0δðk − k0Þ: ð88Þ

Next we define the global-defined solutions

ΨM;n
ω;k⊥ ¼ i1=2ffiffiffiffiffiffi

2a
p ð2πÞ2

Z
∞

−∞

dk3
k0

�
k0 þ k3
k0 − k3

�
−iω=2a

uðnÞk e−ik0tþik·x:

ð89Þ

Here the parameter ω takes any real value. We change the
integration variable from k3 to the rapidity,

θ ¼ 1

2
log

k0 þ k3
k0 − k3

: ð90Þ

Then these solutions can be written as

ΨM;n
ω;k⊥ðt;z;x⊥Þ¼

h
vðþ;nÞ
k⊥ FðþÞ

ω;k⊥ðt;zÞþvð−;nÞk⊥ Fð−Þ
ω;k⊥ðt;zÞ

i
eik⊥·x⊥ ;

ð91Þ
where

vðþ;uÞ
k⊥ ¼ 1

8π2
ffiffiffiffiffi
aκ

p ðκ; 0;−κ; 0ÞT ¼ 1

8π2

ffiffiffi
κ

a

r
sðþ;uÞ
k⊥ ; ð92Þ

vð−;uÞk⊥ ¼ 1

8π2
ffiffiffiffiffi
aκ

p ðm;−ðk1 þ ik2Þ; m; k1 þ ik2ÞT

¼ −
i

8π2

ffiffiffi
κ

a

r
sð−;uÞk⊥ ; ð93Þ

vðþ;dÞ
k⊥ ¼ 1

8π2
ffiffiffiffiffi
aκ

p ð0; κ; 0; κÞT ¼ i
8π2

ffiffiffi
κ

a

r
sðþ;dÞ
k⊥ ; ð94Þ

vð−;dÞk⊥ ¼ 1

8π2
ffiffiffiffiffi
aκ

p ðk1 − ik2; m; k1 − ik2;−mÞT

¼ 1

8π2

ffiffiffi
κ

a

r
sð−;dÞk⊥ ; ð95Þ

and

Fð�Þ
ω;k⊥ðt; zÞ ¼ i1=2

Z
∞

−∞
dθe−ðiω=a�1=2Þθ

× exp ð−iðκ cosh θÞtþ iðκ sinh θÞzÞ: ð96Þ

The solutions ΨM;n
ω;k⊥ are normalized as

�
ΨM;n

ω;k⊥ ;Ψ
M;n0
ω0;k0⊥

�
D
¼ δnn

0
δðω − ω0Þδðk⊥ − k0⊥Þ: ð97Þ

We note that the charge conjugation of the spinor Ψ is
defined by ΨC ¼ iγ2Ψ�.
It is useful for later purposes to discuss some properties

of the constant spinors vð�;nÞ
k⊥ . By defining ū ¼ d and d̄ ¼ u,

we find

vðþ;nÞC
−k⊥ ¼ vðþ;n̄Þ

k⊥ ; ð98Þ

vð−;nÞC−k⊥ ¼ −vð−;n̄Þk⊥ : ð99Þ

We also note that α3v
ð�;nÞ
k⊥ ¼∓ vð�;nÞ

k⊥ . Hence

expðbα3Þvð�;nÞ
k⊥ ¼ expð∓ bÞvð�;nÞ

k⊥ ; ð100Þ

for any number b. It is also useful to note that the
multiplication by expðbα3Þ and the charge conjugation
commute because ½α3; γ2M� ¼ 0 and because α3 is a real
matrix.
It is now straightforward to express the solutionsΨM;n

ω;k⊥ in
each four regions. We start with the F and P regions. We

first find the functions Fð�Þ
ω;k⊥ defined by Eq. (96) by

substituting ðt; zÞ ¼ ða−1eaηF cosh aζF; a−1eaηF sinh aζFÞ
in the F region and ðt; zÞ ¼ ða−1e−aηP coshaζP;
a−1e−aηP sinh aηPÞ in the P region and by using the
following formulas (8.421 of Ref. [28]):Z

∞

−∞
e−ix cosh θ−νθdθ ¼ −πie−νπi=2Hð2Þ

ν ðxÞ; ð101Þ
Z

∞

−∞
eix cosh θ−νθdθ ¼ πie−νπi=2Hð1Þ

−ν ðxÞ; ð102Þ
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for jReνj < 1 and x real. We also used the fact that

e−νπi=2Hð1Þ
ν ðxÞ is even in ν in Eq. (102). Let the function

Fð�Þ
ω;k⊥ in the F and P regions be denoted by FðF;�Þ

ω;k⊥ and

FðP;�Þ
ω;k⊥ , respectively. Then, we find

FðF;þÞ
ω;k⊥ ¼ −iπeπω=2ae−iωζFe−aζF=2Hð2Þ

iω=aþ1=2ðqFÞ; ð103Þ

FðF;−Þ
ω;k⊥ ¼ πeπω=2ae−iωζFeaζF=2Hð2Þ

iω=a−1=2ðqFÞ; ð104Þ

FðP;þÞ
ω;k⊥ ¼ iπeπω=2aeiωζPeaζP=2Hð1Þ

−iω=a−1=2ðqPÞ; ð105Þ

FðP;−Þ
ω;k⊥ ¼ −πeπω=2aeiωζPe−aζP=2Hð1Þ

−iω=aþ1=2ðqPÞ: ð106Þ

The γ-matrices for the spinor components obtained by
substituting Eqs. (103)–(106) into Eq. (91) correspond to the
Cartesian coordinates. As discussed in Appendix A, these
spinors expressed in the coordinate systems used for the F and

P regions, denoted by ΨM;nðFÞ
ω;k⊥ and ΨM;nðPÞ

ω;k⊥ , respectively, are

ΨM;nðFÞ
ω;k⊥ ¼ e−aζFα3=2ΨM;n

ω;k⊥

¼
h
vðþ;nÞ
k⊥ eaζF=2FðF;þÞ

ω;k⊥ ðt; zÞ þ vð−;nÞk⊥ e−aζF=2FðF−Þ
ω;k⊥

i
eik⊥·x⊥ ; ð107Þ

ΨM;nðPÞ
ω;k⊥ ¼ eaζFα3=2ΨM;n

ω;k⊥

¼
h
vðþ;nÞ
k⊥ e−aζF=2FðP;þÞ

ω;k⊥ þ vð−;nÞk⊥ eaζF=2FðP;−Þ
ω;k⊥

i
eik⊥·x⊥ ; ð108Þ

where we have used Eq. (100). Here, by using the formulas, Hð2Þ
ν ðxÞ ¼ eνπi=2Hð2Þ

−ν ðxÞ and Hð1Þ
ν ðxÞ ¼ e−νπi=2Hð1Þ

−ν ðxÞ, we
obtain

ΨM;nðFÞ
ω;k⊥ ¼ πeπω=2ae−iωζF

h
−ivðþ;nÞ

k⊥ Hð2Þ
iω=aþ1=2ðqFÞ þ vð−;nÞk⊥ Hð2Þ

iω=a−1=2ðqFÞ
i
eik⊥·x⊥

¼ πe−πω=2ae−iωζF
h
vðþ;nÞ
k⊥ Hð2Þ

−ðiω=aþ1=2ÞðqFÞ − ivð−;nÞk⊥ Hð2Þ
−ðiω=a−1=2ÞðqFÞ

i
eik⊥·x⊥ ; ð109Þ

ΨM;nðPÞ
ω;k⊥ ¼ −πeπω=2aeiωζP

h
−ivðþ;nÞ

k⊥ Hð1Þ
−iω=a−1=2ðqPÞ þ vð−;nÞk⊥ Hð1Þ

−iω=aþ1=2ðqPÞ
i
eik⊥·x⊥

¼ −πe−πω=2aeiωζP
h
vðþ;nÞ
k⊥ Hð1Þ

iω=aþ1=2ðqPÞ − ivð−;nÞk⊥ Hð1Þ
iω=a−1=2ðqPÞ

i
eik⊥·x⊥ : ð110Þ

Hence the charge conjugation is

ΨM;nðFÞC
−ω;−k⊥ ¼ −πe−πω=2ae−iωζF

h
−ivðþ;n̄Þ

k Hð1Þ
iω=aþ1=2ðqFÞ þ vð−;n̄Þk Hð1Þ

iω=a−1=2ðqFÞ
i
eik⊥·x⊥

¼ πeπω=2ae−iωζF
h
vðþ;n̄Þ
k Hð1Þ

−ðiω=aþ1=2ÞðqFÞ − ivð−;n̄Þk Hð1Þ
−ðiω=a−1=2ÞðqFÞ

i
eik⊥·x⊥ ; ð111Þ

ΨM;nðPÞC
−ω;−k⊥ ¼ πe−πω=2aeiωζP

h
−ivðþ;n̄Þ

k Hð2Þ
−iω=a−1=2ðqPÞ þ vð−;n̄Þk Hð2Þ

−iω=aþ1=2ðqPÞ
i
eik⊥·x⊥

¼ −πeπω=2aeiωζP
h
vðþ;n̄Þ
k Hð2Þ

iω=aþ1=2ðqPÞ − ivð−;n̄Þk Hð2Þ
iω=a−1=2ðqPÞ

i
eik⊥·x⊥ : ð112Þ

We note that these results give similar forms as the spinors in Sec. II B, i.e., they are related by

ΨM;uðFÞ
ω;k⊥ ¼ ψM;uðFÞ

ω;k⊥ ðω > 0Þ; ΨM;dðFÞ
ω;k⊥ ¼ iψM;dðFÞ

ω;k⊥ ðω > 0Þ; ð113Þ

ΨM;uðFÞ
ω;k⊥ ¼ iψM;uðFÞ

ω;k⊥ ðω < 0Þ; ΨM;dðFÞ
ω;k⊥ ¼ −ψM;dðFÞ

ω;k⊥ ðω < 0Þ; ð114Þ

ΨM;uðPÞ
ω;k⊥ ¼ ψM;uðPÞ

−ω;k⊥ ðω > 0Þ; ΨM;dðPÞ
ω;k⊥ ¼ −ψM;dðPÞ

−ω;k⊥ ðω > 0Þ; ð115Þ

ΨM;uðPÞ
ω;k⊥ ¼ iψM;uðPÞ

−ω;k⊥ ðω < 0Þ; ΨM;dðPÞ
ω;k⊥ ¼ −ψM;dðPÞ

−ω;k⊥ ðω < 0Þ: ð116Þ
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B. Analytic continuation

Subsequently, we consider the analytic continuation of
the spinors in the F region and the P region into those in the
R region and the L region. The coordinate variables of the
four regions are related by the analytic continuation in
Table I. This table is applicable only for the positive-
frequency solutions in Minkowski spacetime. As is shown
in the case of the scalar field, one needs to take into account
the difference in the analytic properties between the
positive frequency and negative frequency modes at the
boundaries of the four regions where they are singular [19].
In addition, the components of the spinors analytically
continued from one region to another do not satisfy the
Dirac equation in the latter region. The reason is that the
components of the spinors depend on the tetrads, which are
chosen differently in the four regions. We have to consider
the continuation of the spinor solutions taking the direction
of the tetrads into account, which is explained in
Appendix A. This gives an additional complication to
make the relation between the spinor solutions in the four
regions compared with the case of a scalar field.
Let us express the spinor solutions ΨM;n

ω;k⊥ in the R

and L regions. We substitute ðt; zÞ ¼ ða−1eaξR sinh aτR;
a−1eaξR cosh aτR) in the R region and ðt; zÞ ¼
ða−1eaξL sinh aτL;−a−1eaξL cosh aτLÞ in the L region into

Eq. (96) to find Fð�Þ
ω;k⊥ using 8.432.1 in Ref. [28]:

Z
∞

−∞
e−νθe−x cosh θdθ ¼ 2KνðxÞ: ð117Þ

Let the functions Fð�Þ
ω;k⊥ in the R and L regions be denoted

by FðR;�Þ
ω;k⊥ and FðL;�Þ

ω;k⊥ , respectively. Then

FðR;þÞ
ω;k⊥ ¼ 2eπω=2ae−iωτRe−aτR=2Kiω=aþ1=2ðqRÞ; ð118Þ

FðR;−Þ
ω;k⊥ ¼ 2ieπω=2ae−iωτReaτR=2Kiω=a−1=2ðqRÞ; ð119Þ

FðL;þÞ
ω;k⊥ ¼ 2ie−πω=2aeiωτLeaτL=2Kiω=aþ1=2ðqLÞ; ð120Þ

FðL;−Þ
ω;k⊥ ¼ 2e−πω=2aeiωτLe−aτL=2Kiω=a−1=2ðqLÞ: ð121Þ

Then the spinorsΨM;n
ω;k⊥ can readily be found using Eq. (91).

We need to make corrections due to different choices of the
γ-matrices, which depends on the tetrad, before comparing
them to the solutions found in Sec. II. Thus, we define
spinors that can be compared to those found in the R and L
regions (see Appendix A) as

ΨM;nðRÞ
ω;k⊥ ¼ expð−aτRα3=2ÞΨM;n

ω;k⊥ ; ð122Þ

ΨM;nðLÞ
ω;k⊥ ¼ γ3γ5 expðaτLα3=2ÞΨM;n

ω;k⊥

¼ expð−aτLα3=2Þγ3γ5ΨM;n
ω;k⊥ ; ð123Þ

respectively. The second expression in Eq. (123) follows
because the matrices γ3γ5 ¼ diagð1;−1;−1; 1Þ and α3
anticommute. Thus, we obtain

ΨM;nðRÞ
ω;k⊥ ¼ 2eπω=2ae−iωτR

h
vðþ;nÞ
k⊥ Kiω=aþ1=2ðqRÞ þ ivð−;nÞk⊥ Kiω=a−1=2ðqRÞ

i
eik⊥·x⊥ ; ð124Þ

ΨM;nðLÞ
ω;k⊥ ¼ 2e−πω=2aeiωτLγ3γ5

h
ivðþ;nÞ

k⊥ Kiω=aþ1=2ðqLÞ þ vð−;nÞk⊥ Kiω=a−1=2ðqLÞ
i
eik⊥·x⊥ : ð125Þ

We note that the following relation is useful to find relations to the solutions in Sec. II:

γ3γ5v
ðþ;uÞ
k⊥ ¼ 1

8π2
ffiffiffiffiffi
aκ

p ðκ; 0; κ; 0ÞT ¼ −i
8π2

ffiffiffi
κ

a

r
s̃ð−;uÞk⊥ ; ð126Þ

γ3γ5v
ð−;uÞ
k⊥ ¼ 1

8π2
ffiffiffiffiffi
aκ

p ðm; k1 þ ik2;−m; k1 þ ik2ÞT ¼ 1

8π2

ffiffiffi
κ

a

r
s̃ðþ;uÞ
k⊥ ; ð127Þ

γ3γ5v
ðþ;dÞ
k⊥ ¼ 1

8π2
ffiffiffiffiffi
aκ

p ð0;−κ; 0; κÞT ¼ i
8π2

ffiffiffi
κ

a

r
s̃ð−;dÞk⊥ ; ð128Þ

γ3γ5v
ð−;dÞ
k⊥ ¼ 1

8π2
ffiffiffiffiffi
aκ

p ðk1 − ik2;−m;−ðk1 − ik2Þ;−mÞT ¼ −
1

8π2

ffiffiffi
κ

a

r
s̃ðþ;dÞ
k⊥ : ð129Þ

By using Eqs. (98) and (99) we find

ΨM;nðRÞ
−ω;k⊥ ¼ e−πω=aðΨM;n̄ðRÞ

ω;−k⊥ ÞC; ð130Þ
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ΨM;nðLÞ
−ω;k⊥ ¼ −eπω=aðΨM;n̄ðLÞ

ω;−k⊥ ÞC: ð131Þ

Thus, we find that globally defined solutions ΨM;n
ω;k⊥ given

by Eq. (89) become in the R and L regions

ΨM;nðΛÞ
ω;k⊥ →

(
ΨM;nðRÞ

ω;k⊥ ðR regionÞ
−e−πω=aðΨM;n̄ðLÞ

−ω;−k⊥ÞC ¼ ΨM;nðLÞ
ω;k⊥ ðL regionÞ

;

ð132Þ

ΨM;nðΛÞ
−ω;k⊥ →

(
e−πω=aðΨM;n̄ðRÞ

ω;−k⊥ ÞC ¼ ΨM;nðRÞ
−ω;k⊥ ðR regionÞ

ΨM;nðLÞ
−ω;k⊥ ðL regionÞ

:

ð133Þ

We define the global modes, which are defined in all the
regions by analytic continuation and by making the
correction due to the difference of the tetrad, by

ΨI;nðXÞ
jωj;k⊥ ¼ Bωðeπjωj=2aΨM;nðXÞ

jωj;k⊥ þ e−πjωj=2aðΨM;n̄ðXÞ
−jωj;−k⊥ÞCÞ;

ð134Þ

ΨII;nðXÞ
jωj;k⊥ ¼ Bωðeπjωj=2aΨM;nðXÞ

−jωj;k⊥ − e−πjωj=2aðΨM;n̄ðXÞ
jωj;−k⊥ÞCÞ;

ð135Þ

with X ¼ F, P, (R=L) to denote different expressions in
each region.
In the R and L region, we find that the functions (134)

and (135) reduce to

ΨI;nðR=LÞ
jωj;k⊥ ¼

8>><
>>:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þe−2πjωj=a

p
ΨM;nðRÞ

jωj;k⊥ ðR regionÞ

0 ðL regionÞ
ð136Þ

and

ΨII;nðR=LÞ
jωj;k⊥ ¼

8>><
>>:
0 ðR regionÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þe−2πjωj=a

p
ΨM;nðLÞ

−jωj;k⊥ ðL regionÞ
: ð137Þ

In the F region, from Eqs. (134) and (135), we find that
these modes yield

ΨI;nðFÞ
jωj;k⊥ ¼ 2πBωe−ijωjζF

h
vðþ;nÞ
k⊥ J−ðijωj=aþ1=2ÞðqFÞ − ivð−;nÞk⊥ J−ðijωj=a−1=2ÞðqFÞ

i
eik⊥·x⊥ ; ð138Þ

ΨII;nðFÞ
jωj;k⊥ ¼ 2πBωeijωjζF

h
−ivðþ;nÞ

k⊥ J−ijωj=aþ1=2ðqFÞ þ vð−;nÞk⊥ J−ijωj=a−1=2ðqFÞ
i
eik⊥·x⊥ : ð139Þ

for ω > 0 and ω < 0, respectively. In the P region, Eqs. (134) and (135) give

ΨI;nðPÞ
jωj;k⊥ ¼ −2πBωe−ijωjζP

h
−ivðþ;nÞ

k⊥ Jijωj=a−1=2ðqPÞ þ vð−;nÞk⊥ Jijωj=aþ1=2ðqPÞ
i
eik⊥·x⊥ ; ð140Þ

ΨII;nðPÞ
jωj;k⊥ ¼ −2πBωeijωjζP

h
vðþ;nÞ
k⊥ Jijωj=aþ1=2ðqPÞ − ivð−;nÞk⊥ Jijωj=a−1=2ðqPÞ

i
eik⊥·x⊥ ; ð141Þ

for ω < 0 and ω > 0, respectively.

C. Summary of the analytic continuation

In the previous subsection, we introduced the global modes by Eqs. (134) and (135), whose explicit expressions are given
by (136)–(141). The global modes are the solutions analytically continued in the entire region of Minkowski spacetime and
corrected the difference due to the tetrad. We find the relations to the solutions found in Sec. II, which are summarized as
follows:

ψ I;u
ω;k⊥ ≡

8>>>>>><
>>>>>>:

ΨI;uðFÞ
ω;k⊥ ¼ ψK;uðFÞ

ω;k⊥ ðω > 0Þ F

ΨI;uðR=LÞ
ω;k⊥ ¼

	
ψR;u
ω;k⊥ ðω > 0Þ R

0 ðω > 0Þ L

ΨI;uðPÞ
ω;k⊥ ¼ iψK;uðPÞ

ω;k⊥ ðω > 0Þ P

; ψ I;d
ω;k⊥ ≡

8>>>>>><
>>>>>>:

ΨI;dðFÞ
ω;k⊥ ¼ iψK;dðFÞ

ω;k⊥ ðω > 0Þ F

ΨI;dðR=LÞ
ω;k⊥ ¼

	
iψR;d

ω;k⊥ ðω > 0Þ R

0 ðω > 0Þ L

ΨI;dðPÞ
ω;k⊥ ¼ −ψK;dðPÞ

ω;k⊥ ðω > 0Þ P

; ð142Þ

and
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ψ II;u
jωj;k⊥ ≡

8>>>>>><
>>>>>>:

ΨII;uðFÞ
−ω;−k⊥ ¼ −iψK;uðFÞ

ω;−k⊥ ðω < 0Þ F

ΨII;uðR=LÞ
−ω;−k⊥ ¼

	
0 ðω < 0Þ R

ψL;u
−ω;−k⊥ ðω < 0Þ L

ΨII;uðPÞ
−ω;−k⊥ ¼ −ψK;uðPÞ

ω;−k⊥ ðω < 0Þ P

; ψ II;d
jωj;k⊥ ≡

8>>>>>><
>>>>>>:

ΨII;dðFÞ
−ω;−k⊥ ¼ ψK;dðFÞ

ω;−k⊥ ðω < 0Þ F

ΨII;dðR=LÞ
−ω;−k⊥ ¼

	
0 ðω < 0Þ R

−ψL;d
−ω;−k⊥ ðω < 0Þ L

ΨII;dðPÞ
−ω;−k⊥ ¼ −iψK;dðPÞ

ω;−k⊥ ðω < 0Þ P

; ð143Þ

or, equivalently,

ψ II;u
ω;k⊥ ≡

8>>>>>><
>>>>>>:

ΨII;uðFÞ
ω;−k⊥ ¼ −iψK;uðFÞ

−ω;−k⊥ ðω > 0Þ F

ΨII;uðR=LÞ
ω;−k⊥ ¼

	
0 ðω > 0Þ R

ψL;u
ω;−k⊥ ðω > 0Þ L

ΨII;uðPÞ
ω;−k⊥ ¼ −ψK;uðPÞ

−ω;−k⊥ ðω > 0Þ P

; ψ II;d
ω;k⊥ ≡

8>>>>>><
>>>>>>:

ΨII;dðFÞ
ω;−k⊥ ¼ ψK;dðFÞ

−ω;−k⊥ ðω > 0Þ F

ΨII;dðR=LÞ
ω;−k⊥ ¼

	
0 ðω > 0Þ R

−ψL;d
ω;−k⊥ ðω > 0Þ L

ΨII;dðPÞ
ω;−k⊥ ¼ −iψK;dðPÞ

−ω;−k⊥ ðω > 0Þ P

: ð144Þ

See also Fig. 2. We note again thatΨϑ;nðXÞ
ω;k⊥ is constructed by

the function ΨM;n
ω;k⊥ in Eq. (89), which is globally defined by

a linear combination of the positive-frequency modes of the
Minkowski coordinates, and by applying the local Lorentz
transformation from the local Lorentz frame of the Min-
kowski coordinates to that in each local coordinate of the

regions F, P, L, R, to take the difference of the tetrad into
account. Therefore, ψϑ;n

ω;k⊥ represents the solutions analyti-
cally continued across different regions whose explicit
expressions are summarized in Appendix C.
The Dirac field operator in the F region is written as

ψ̂ðxÞ ¼
X
n¼u;d

Z
∞

−∞
dω
Z

∞

−∞
d2k⊥ðĉK;nðFÞω;k⊥ ψK;nðFÞ

ω;k⊥ ðxÞ þ d̂K;nðFÞ†ω;k⊥ ðψK;nðFÞ
ω;k⊥ ðxÞÞCÞ ð145Þ

¼
X
n¼u;d

Z
∞

0

dω
Z

∞

−∞
d2k⊥ðĉK;nðFÞω;k⊥ ψK;nðFÞ

ω;k⊥ ðxÞ þ d̂K;nðFÞ†ω;k⊥ ðψK;nðFÞ
ω;k⊥ ðxÞÞCÞ

þ
X
n¼u;d

Z
∞

0

dω
Z

∞

−∞
d2k⊥ðĉK;nðFÞ−ω;−k⊥ψ

K;nðFÞ
−ω;−k⊥ðxÞ þ d̂K;nðFÞ†−ω;−k⊥ðψ

K;nðFÞ
−ω;−k⊥ðxÞÞCÞ: ð146Þ

Here, x denotes the coordinate ðt; xÞ in the Minkowski
spacetime. From the behavior of the solution near the

Rindler horizon in the F region, we refer ψK;nðFÞ
ω;k⊥ ðxÞ with

ω > 0 and ψK;nðFÞ
ω;k⊥ ðxÞ with ω < 0 the left-moving wave

modes and the right-moving wave modes, respectively.

Similarly, we refer ψK;nðPÞ
ω;k⊥ ðxÞ with ω > 0 and ψK;nðPÞ

ω;k⊥ ðxÞ
with ω < 0, the right-moving wave modes and the left-
moving wave modes from the behavior near the Rindler
horizon in the P region. The results of the analytic
continuation show that the left-moving wave modes in
the F region and the right-moving wave modes in the P
region are analytically continued to the Rindler modes in
the R region and to zero in the L region, which are
represented by ψ I;n

ω;k⊥. Furthermore, the right-moving wave
modes in the F region and the left-moving wave modes in
the P region are analytically continued to the Rindler modes
in the L region and to zero in the R region, which are
represented by ψ II;n

ω;k⊥. Thus, the expression of the Dirac

FIG. 2. Relations of the mode functions in each region. This
figure shows the equivalence of ΨI;nðFÞ

ω;k⊥ (left-moving wave modes
in the F region),ΨI;nðR=LÞ

ω;k⊥ (right Rindler modes), andΨI;nðPÞ
ω;k⊥ (right-

moving wave modes in the P region). Similarly, ΨII;nðFÞ
ω;−k⊥ (right-

moving wave modes in the F region), ΨII;nðR=LÞ
ω;−k⊥ (left Rindler

modes), ΨII;nðPÞ
ω;−k⊥ (left-moving wave modes in the P region) are

equivalent.
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field operator (146) can be extended to the entire region of
Minkowski spacetime as

ψ̂ðxÞ ¼
X
ϑ¼I;II

X
n¼u;d

Z
∞

0

dω
Z

∞

−∞
d2k⊥ðĉϑ;nω;k⊥ψ

ϑ;n
ω;k⊥ðxÞ

þ d̂ϑ;n†ω;k⊥ðψ
ϑ;n
ω;k⊥ðxÞÞCÞ; ð147Þ

where the mode functions characterized by the index “I”
and “II” are defined by Eqs. (142) and (144), and the

creation and the annihilation operator satisfy the anticom-
mutation relations

fĉϑ;nω;k⊥ ; ĉ
ϑ0;n0†
ω0;k0⊥

g ¼ fd̂ϑ;nω;k⊥ ; d̂
ϑ0;n0†
ω0;k0⊥

g
¼ δðω − ω0Þδðk⊥ − k0⊥Þδnn0δϑϑ0 ; ð148Þ

with all other anticommutators vanishing. Comparing the
expressions of the Dirac field operator, Eqs. (146) and
(147) with the use of the expressions (142) and (144), we
have the following relations in the F region

ĉK;uðFÞω;k⊥ ¼ ĉI;uω;k⊥

d̂K;uðFÞ†ω;k⊥ ¼ d̂I;u†ω;k⊥

;
ĉK;dðFÞω;k⊥ ¼ iĉI;dω;k⊥

d̂K;dðFÞ†ω;k⊥ ¼ −id̂I;d†ω;k⊥

;
ĉK;uðFÞ−ω;−k⊥ ¼ −iĉII;uω;k⊥

d̂K;uðFÞ†−ω;−k⊥ ¼ id̂II;u†ω;k⊥

;
ĉK;dðFÞ−ω;−k⊥ ¼ ĉII;dω;k⊥

d̂K;dðFÞ†−ω;−k⊥ ¼ d̂II;d†ω;k⊥

; ð149Þ

and in the P region

ĉK;uðPÞω;k⊥ ¼ iĉI;uω;k⊥

d̂K;uðPÞ†ω;k⊥ ¼ −id̂I;u†ω;k⊥

;
ĉK;dðPÞω;k⊥ ¼ −ĉI;dω;k⊥
d̂K;dðPÞ†ω;k⊥ ¼ −d̂I;d†ω;k⊥

;
ĉK;uðPÞ−ω;−k⊥ ¼ −ĉII;uω;k⊥

d̂K;uðPÞ†−ω;−k⊥ ¼ −d̂II;u†ω;k⊥

;
ĉK;dðPÞ−ω;−k⊥ ¼ −iĉII;dω;k⊥

d̂K;dðPÞ†−ω;−k⊥ ¼ id̂II;d†ω;k⊥

: ð150Þ

IV. EXPRESSION OF THE MINKOWSKI VACUUM
STATE AND THE UNRUH EFFECT

The Minkowski vacuum state of a scalar field is described
by an entangled state (see e.g., [19], cf. [29] for the
gravitational wave). We focus on the Minkowski vacuum
sate of a Dirac field using the analytic continuation-property
of the general 4-dimensional Dirac spinor developed in the
previous section. We first focus on the vacuum structure in
Kasner regions, which can be extended to the entire region of
the Minkowski spacetime. We also discuss the Unruh effect
of the Dirac field after discussing the description of the
Minkowski vacuum.
In order to derive the Minkowski vacuum state for the

Dirac field as an entangled state, we start with adopting the
ansatz for the Minkowski vacuum state

j0Mi ¼
Y
ω≷0

Y
k⊥

Y
n

j0M;n
ω;k⊥i ð151Þ

in Kasner regions with

j0M;n
ω;k⊥i ¼

X1
l¼0

CljlK;nðΘÞ
ω;k⊥ icjlK;n̄ðΘÞ

−ω;−k⊥id; ð152Þ

where jlK;nðΘÞ
ω;k⊥ ic and jlK;n̄ðΘÞ

−ω;−k⊥id denote the ground state
(l ¼ 0) or the one particle state (l ¼ 1) for a particle of the
index “c” with the momentum ðω; k⊥Þ and for an anti-
particle of the index “d” with the momentum ð−ω;−k⊥Þ.
Namely, we may define the ground state by

ĉK;nðΘÞω;k⊥ j0K;nðΘÞω;k⊥ ic ¼ 0; d̂K;nðΘÞω;k⊥ j0K;nðΘÞω;k⊥ id ¼ 0; ð153Þ

and we write the one particle excited particle state (l ¼ 1)
for particle and antiparticle

j1K;nðΘÞω;k⊥ ic ¼ ĉK;nðΘÞ†ω;k⊥ j0K;nðΘÞω;k⊥ ic;
j1K;nðΘÞω;k⊥ id ¼ d̂K;nðΘÞ†ω;k⊥ j0K;nðΘÞω;k⊥ id: ð154Þ

The ansatz Eq. (151) comes from the anticommutation
relation to obtain the maximally entangled state (see
Appendix B).
Now we find the relation of the states, which are related

by the Bogoliubov transformation (78) and (79). To find the
coefficient Cl in the ansatz Eq. (152), we substitute the
ansatz and the Bogoliubov transformation into the relation

âM;nðΘÞ
ω;k⊥ j0M;n

ω;k⊥i ¼ 0, which leads to

âM;nðΘÞ
ω;k⊥ j0M;n

ω;k⊥i ¼ Bωðϖeπjωj=2aĉK;nðΘÞω;k⊥ − e−πjωj=2ad̂K;n̄ðΘÞ†−ω;−k⊥ Þ
X1
l¼0

CljlK;nðΘÞ
ω;k⊥ icjlK;n̄ðΘÞ

−ω;−k⊥id

¼ Bωðϖeπjωj=2aC1 − e−πjωj=2aC0Þj0K;nðΘÞω;k⊥ icj1K;n̄ðΘÞ−ω;−k⊥id ¼ 0: ð155Þ
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The result gives the following relation for the coefficients:

C1 ¼ ϖe−πjωj=aC0: ð156Þ

Therefore we find that the Minkowski vacuum state is written in the form (151) with

j0M;n
ω;k⊥i ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e−2πjωj=a þ 1

p �
j0K;nðΘÞω;k⊥ icj0K;n̄ðΘÞ−ω;−k⊥id þϖe−πjωj=aj1K;nðΘÞω;k⊥ icj1K;n̄ðΘÞ−ω;−k⊥id

�
; ð157Þ

where the constant C0 was determined by the normalization condition, h0M;n
ω;k⊥ j0

M;n
ω;k⊥i ¼ 1, as jC0j2 ¼ ½e−2πjωj=a þ 1�−1.

Furthermore, with the fact

b̂M;nðΘÞ
ω;k⊥ j0M;n̄

−ω;−k⊥i ¼
Bωffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e−2πjωj=a þ 1
p �

ϖeπjωj=2ad̂K;nðΘÞω;k⊥ − e−πjωj=2aĉK;nðΘÞ†ω;k⊥

�

×
�
j0K;n̄ðΘÞ−ω;−k⊥icj0

K;nðΘÞ
ω;k⊥ id −ϖe−πjωj=aj1K;n̄ðΘÞ−ω;−k⊥icj1

K;nðΘÞ
ω;k⊥ id

�
¼ 0; ð158Þ

where we used the anticommutation relation between

d̂K;nðΘÞω;k⊥ and ĉK;n̄ðΘÞ−ω;−k⊥ to derive the second equality, we
conclude that Eq. (151) with (157) is indeed the Minkowski
vacuum state for antifermions too. It is important to note
that the expression of the vacuum state is valid in both of F
region and P region. Thus the Minkowski vacuum of a
Dirac field is described by the entangled state between
particle labeled by “c” and antiparticle labeled by “d” with

momenta opposite to each other in the F region as well as in
the P region.
Using the equivalence of the mode functions presented in

the last part of the previous section, i.e., the equivalence
between the left-moving (right-moving) wave mode in the
F region and the right (left) Rindler mode and the right-
moving (left-moving) wave mode in the P region, we can
extend the expression to the modes labeled by the indices I
and II. Because Eq. (151) is rewritten as

j0Mi ¼
Y
ω≷0

Y
k⊥

Y
n

j0M;n
ω;k⊥i

¼
Y
ω>0

Y
k⊥

Y
n

1

e−2πω=a þ 1

�
j0K;nðΘÞω;k⊥ icj0K;n̄ðΘÞ−ω;−k⊥id þ e−πω=aj1K;nðΘÞω;k⊥ icj1K;n̄ðΘÞ−ω;−k⊥id

�

⊗
�
j0K;nðΘÞ−ω;k⊥ icj0

K;n̄ðΘÞ
ω;−k⊥ id − e−πω=aj1K;nðΘÞ−ω;k⊥ icj1

K;n̄ðΘÞ
ω;−k⊥ id

�
; ð159Þ

therefore we can rewrite the Minkowski vacuum state of the Dirac field (151) as

j0Mi ¼
Y
ω>0

Y
k⊥

Y
n

1

e−2πω=a þ 1

�
j0I;nω;k⊥icj0

II;n̄
ω;−k⊥id þ e−πω=aj1I;nω;k⊥icj1

II;n̄
ω;−k⊥id

�

⊗
�
j0II;nω;k⊥icj0

I;n̄
ω;−k⊥id − e−πω=aj1II;nω;k⊥icj1

I;n̄
ω;−k⊥id

�
; ð160Þ

where we defined the ground state by

ĉϑ;nω;k⊥ j0
ϑ;n
ω;k⊥ic ¼ 0; d̂ϑ;nω;k⊥ j0

ϑ;n
ω;k⊥id ¼ 0; ð161Þ

and the one particle excited state by

j1ϑ;nω;k⊥ic ¼ ĉϑ;n†ω;k⊥ j0
ϑ;n
ω;k⊥ic; j1ϑ;nω;k⊥id ¼ d̂ϑ;n†ω;k⊥ j0

ϑ;n
ω;k⊥id:

ð162Þ
In the derivation of Eq. (160) from Eq. (159), we used the
fact that the modes labeled by ð−ω > 0; k⊥Þ in the F region
correspond to the modes II with ðω > 0; k⊥Þ, which comes

from the relations (144), as well as the relations (149). The
modes I and II are defined in the entire Minkowski
spacetime, and that the modes labeled by I vanish in the
L region, while other modes labeled by II vanish in the R
region. This is the important property of the four-dimen-
sional case even for the massless case. This is the contrasting
property to the two-dimensional massless case [23]. These
properties are common to those of a scalar field [19].
Using the above results, let us discuss the Unruh effect of

a Dirac field. An observer in the R region is disconnected to
the L region, thus we take the partial trace over the density
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matrix of the Minkowski vacuum with respect to the modes
in the L region specified by II

ρ̂I ¼ TrII½j0Mih0Mj�
≡ X

p¼c;d

X
l¼0;1

Y
ω>0

Y
k⊥

Y
n

phlII;n
ω;k⊥ j0Mih0Mjl

II;n
ω;k⊥ip; ð163Þ

which reduces to

ρ̂I ¼
Y
ω>0

Y
k⊥

Y
n

ρ̂Iω;k⊥;n ð164Þ

with

ρ̂Iω;k⊥;n ¼
1

e−2πω=a þ 1

�
j0I;nω;k⊥icch0

I;n
ω;k⊥ j

þ e−2πω=aj1I;nω;k⊥icch1
I;n
ω;k⊥ j

�
⊗
�
j0I;nω;k⊥iddh0

I;n
ω;k⊥ j þ e−2πω=aj1I;nω;k⊥iddh1

I;n
ω;k⊥ j

�
:

ð165Þ

The Fermi-Dirac distribution function is derived as an
expectation value of the number operator corresponding to
particles as follows:

Trd½ĉI;n†ω;k⊥ ĉ
I;n
ω;k⊥ ρ̂

I� ¼ 1

e2πω=a þ 1
: ð166Þ

This is the result of the Unruh effect. Thus, we have
explicitly demonstrated the relations for the vacuum state of
a quantized Dirac field in 4-dimensional Minkowski
spacetime covered with Rindler and Kasner coordinates.

V. SUMMARY AND CONCLUSION

We investigated the solutions of a Dirac field in the
four-dimensional Minkowski spacetime covered with the
Rindler and Kasner coordinates. We demonstrated
the construction of the mode functions in the F region,
the R region, the L region, and the P region, and the
properties of the analytic continuation of the positive
frequency solutions are explicitly demonstrated. The
Bogoliubov transformation between the different two sets
of the mode functions is also demonstrated in the Kasner
region in an explicit manner. The Bogoliubov transforma-
tion in the Kasner region is extended to the entire region of
Minkowski spacetime, using the analytic continuation of
the positive frequency solutions. The relation between the
quantum states constructed in association with the mode
functions is developed, which led to the entanglement-
based description of the Minkowski vacuum state. This
description is useful to formulate the Unruh effect of the
Dirac field. This is an extension of the previous work for a
scalar field in Minkowski spacetime [19] to the case of the

Dirac field. A unified analysis of the four-dimensional
Dirac field including the correct analytic continuation is
presented for the first time.
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APPENDIX A: MATRICES TO RELATE
SPINOR COMPONENTS IN CURVED AND

MINKOWSKI COORDINATES

The spinor components are tied to the local Lorentz
frame or the tetrad used to define them (see Fig. 3). To
relate the spinor solutions in the four regions found in
Sec. II to one another, it is necessary to express them in a
common local Lorentz frame. We choose it to be the
standard one, with the basis vectors pointing along with the
coordinate directions in Cartesian coordinates. The tetrad in
a spacetime point in each region is related to this standard
tetrad by a boost in the z-direction. Therefore, it is useful to
recall how spinor components transform under such a local
Lorentz transformation. If the local Lorentz frame of the
spinor components ψ curved is obtained from those in the
standard frame, ψM, by the boost with velocity tanhb in the
z-direction, then

ψM ¼ expðbΞÞψ curved or ψ curved ¼ expð−bΞÞψM;

ðA1Þ
where

FIG. 3. Local Lorentz frame in each region which indicates the
deviation of direction.
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Ξ ¼ 1

4
½γ0M; γ3M� ¼

1

2
α3: ðA2Þ

The velocity in the four regions can be found from Eqs. (6),
(7), (8) and (9) as dz=dt on the timelike world line
parametrized by the time variable in each region. They
are ð∂z=∂τRÞ=ð∂t=∂τRÞ ¼ tanhaτR (R region), ð∂z=∂τLÞ=
ð∂t=∂τLÞ ¼ − tanh aτL (L region), ð∂z=∂ηFÞ=ð∂t=∂ηFÞ ¼
tanhaζF (F region) and ð∂z=∂ηPÞ=ð∂t=∂ηPÞ ¼ − tanhaζP
(P region). Thus, by writing the spinor solutions we found
in Sec. II as ψR, ψL, ψF and ψP, and the corresponding ones
with the standard tetrad as ψMðRÞ, ψMðLÞ, ψMðFÞ and ψMðPÞ,
respectively, we find

ψR ¼ exp

�
−
aτR
2

α3

�
ψMðRÞ; ðA3Þ

ψL ¼ γ3γ5 exp

�
aτL
2

α3

�
ψMðLÞ; ðA4Þ

ψF ¼ exp

�
−
aζF
2

α3

�
ψMðFÞ; ðA5Þ

ψP ¼ exp

�
aζP
2

α3

�
ψMðPÞ: ðA6Þ

For the spinors in the L region, we further need to include
the matrix γ3γ5 to take into account the fact that the

direction of the coordinate ξL in the L region is opposite to
the one of the standard Minkowski coordinate.

APPENDIX B: ANSATZ OF THE MINKOWSKI
VACUUM STATE FOR FERMION AND
ANTIFERMION IN KASNER REGION

In this Appendix, we verify the validity of the ansatz for
the Minkowski vacuum state Eq. (151) with (152). In
general, we may assume the form

j0M;n
ω;k⊥i ¼

X1
l;m¼0

ClmjlK;nðΘÞ
ω;k⊥ icjmK;n̄ðΘÞ

−ω;−k⊥id: ðB1Þ

Then, the Bogoliubov transformation for the operator is
expressed in the form

âM;nðΘÞ
ω;k⊥ ¼ αĉK;nðΘÞω;k⊥ þ βd̂K;n̄ðΘÞ†−ω;−k⊥ ; ðB2Þ

where α and β are the nonzero Bogoliubov coefficients
depending on ω, k⊥ and n. When we substitute the
Bogoliubov transformation into the following relation,
definition of the Minkowski vacuum,

âM;nðΘÞ
ω;k⊥ j0M;n

ω;k⊥i ¼ 0; ðB3Þ

with the above assumption (B1), we get the following form:

âM;nðΘÞ
ω;k⊥ j0M;n

ω;k⊥i ¼ αC10j0K;nðΘÞω;k⊥ icj0K;n̄ðΘÞ−ω;−k⊥id þ ðαA11 þ βC00Þj0K;nðΘÞω;k⊥ icj1K;n̄ðΘÞ−ω;−k⊥id − βC10j1K;nðΘÞω;k⊥ icj1K;n̄ðΘÞ−ω;−k⊥id ¼ 0:

Here we note that we have used the anticommutation relation between ĉK;nðΘÞ†ω;k⊥ and d̂†K;n̄ðΘÞ−ω;−k⊥ . Each term is expressed as an
independent vector in the Fock space, therefore, each coefficient must be zero, and we obtain

C10 ¼ 0; C11 ¼ −
β

α
C00: ðB4Þ

From the property of the state of fermion,

âM;nðΘÞ†
ω;k⊥ j1M;n

ω;k⊥i ¼ 2α�β�C01j1K;nðΘÞω;k⊥ icj0K;n̄ðΘÞ−ω;−k⊥id ¼ 0;

which yields

C01 ¼ 0: ðB5Þ

Here, we used the definition of the one particle excited state and Eq. (B1)

j1M;n
ω;k⊥i ¼ â†M;nðΘÞ

ω;k⊥ j0M;n
ω;k⊥i

¼ ðα�C00 − β�C11Þj1K;nðΘÞω;k⊥ icj0K;n̄ðΘÞ−ω;−k⊥id þ α�C01j1K;nðΘÞω;k⊥ icj1K;n̄ðΘÞ−ω;−k⊥id þ β�C01j0K;nðΘÞω;k⊥ icj0K;n̄ðΘÞ−ω;−k⊥id:

We again used the anticommutation relation between ĉK;nðΘÞω;k⊥ and d̂K;n̄ðΘÞ−ω;−k⊥ to derive the second equality. Then, we obtain the
ansatz for the Minkowski vacuum state, Eq. (152).
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APPENDIX C: EXPLICIT FORM OF SPINORS IN EACH REGION

We here summarize the explicit form of the mode functions defined by Eqs. (142) and (144). The left moving wave
modes in the F region are analytically continued as

ψ I;u
ω;k⊥ ≡

8>>><
>>>:

ΨI;uðFÞ
ω;k⊥ F

ΨI;uðR=LÞ
ω;k⊥ R

ΨI;uðPÞ
ω;k⊥ P

; ψ I;d
ω;k⊥ ≡

8>>><
>>>:

ΨI;dðFÞ
ω;k⊥ F

ΨI;dðR=LÞ
ω;k⊥ R

ΨI;dðPÞ
ω;k⊥ P

; ðC1Þ

where these modes are zero in the L region. Their explicit forms are described as follows:

ΨI;uðFÞ
ω;k⊥ ðxFÞ ¼

1

4π

ffiffiffi
κ

a

r
Bωe−iωζFeik⊥·x⊥

0
BBBBB@

J−iω=a−1=2ðqFÞ − i mκ J−iω=aþ1=2ðqFÞ
i k1þik2

κ J−iω=aþ1=2ðqFÞ
−J−iω=a−1=2ðqFÞ − i mκ J−iω=aþ1=2ðqFÞ

−i k1þik2
κ J−iω=aþ1=2ðqFÞ

1
CCCCCA; ðC2Þ

ΨI;uðR=LÞ
ω;k⊥ ðxRÞ ¼

1

4π2

ffiffiffi
κ

a

r
B−1
ω e−iωτReik⊥·x⊥

0
BBBBB@

Kiω=aþ1=2ðqRÞ þ i mκ Kiω=a−1=2ðqRÞ
−i k1þik2

κ Kiω=a−1=2ðqRÞ
−Kiω=aþ1=2ðqRÞ þ i mκ Kiω=a−1=2ðqRÞ

i k1þik2
κ Kiω=a−1=2ðqRÞ

1
CCCCCA; ðC3Þ

ΨI;uðPÞ
ω;k⊥ ðxPÞ ¼ −

1

4π

ffiffiffi
κ

a

r
Bωe−iωζPeik⊥·x⊥

0
BBBBB@

−iJiω=a−1=2ðqPÞ þ m
κ Jiω=aþ1=2ðqPÞ

− k1þik2
κ Jiω=aþ1=2ðqPÞ

iJiω=a−1=2ðqPÞ þ m
κ Jiω=aþ1=2ðqPÞ

k1þik2
κ Jiω=aþ1=2ðqPÞ

1
CCCCCA; ðC4Þ

and

ΨI;dðFÞ
ω;k⊥ ðxFÞ ¼

1

4π

ffiffiffi
κ

a

r
Bωe−iωζFeik⊥·x⊥

0
BBBBB@

−i k1−ik2κ J−iω=aþ1=2ðqFÞ
J−iω=a−1=2ðqFÞ − i mκ J−iω=aþ1=2ðqFÞ

−i k1−ik2κ J−iω=aþ1=2ðqFÞ
J−iω=a−1=2ðqFÞ þ i mκ J−iω=aþ1=2ðqFÞ

1
CCCCCA; ðC5Þ

ΨI;dðR=LÞ
ω;k⊥ ðxRÞ ¼

1

4π2

ffiffiffi
κ

a

r
B−1
ω e−iωτReik⊥·x⊥

0
BBBBB@

i k1−ik2κ Kiω=a−1=2ðqRÞ
Kiω=aþ1=2ðqRÞ þ i mκ Kiω=a−1=2ðqRÞ

i k1−ik2κ Kiω=a−1=2ðqRÞ
Kiω=aþ1=2ðqRÞ − i mκ Kiω=a−1=2ðqRÞ

1
CCCCCA; ðC6Þ

ΨI;dðPÞ
ω;k⊥ ðxPÞ ¼ −

1

4π

ffiffiffi
κ

a

r
Bωe−iωζPeik⊥·x⊥

0
BBBBB@

k1−ik2
κ Jiω=aþ1=2ðqPÞ

−iJiω=a−1=2ðqPÞ þ m
κ Jiω=aþ1=2ðqPÞ

k1−ik2
κ Jiω=aþ1=2ðqPÞ

−iJiω=a−1=2ðqPÞ − m
κ Jiω=aþ1=2ðqPÞ

1
CCCCCA; ðC7Þ
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where qF, qR and qP are defined by Eqs. (24) and (66), Bω is defined by Eq. (75), and κ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ k2⊥

p
. The right moving

wave modes in the F region are analytically continued as follows:

ψ II;u
ω;k⊥ ≡

8>>><
>>>:

ΨII;uðFÞ
ω;−k⊥ F

ΨII;uðR=LÞ
ω;−k⊥ L

ΨII;uðPÞ
ω;−k⊥ P

; ψ II;d
ω;k⊥ ≡

8>>><
>>>:

ΨII;dðFÞ
ω;−k⊥ F

ΨII;dðR=LÞ
ω;−k⊥ L

ΨII;dðPÞ
ω;−k⊥ P

; ðC8Þ

where these modes are zero in the R region. The explicit expressions are given as follows:

ΨII;uðFÞ
ω;−k⊥ðxFÞ ¼

1

4π

ffiffiffi
κ

a

r
BωeiωζFe−ik⊥·x⊥

0
BBBBB@

−iJ−iω=aþ1=2ðqFÞ þ m
κ J−iω=a−1=2ðqFÞ

k1þik2
κ J−iω=a−1=2ðqFÞ

iκJ−iω=aþ1=2ðqFÞ þ m
κ J−iω=a−1=2ðqFÞ

− k1þik2
κ J−iω=a−1=2ðqFÞ

1
CCCCCA; ðC9Þ

ΨII;uðR=LÞ
ω;−k⊥ ðxLÞ ¼

1

4π2

ffiffiffi
κ

a

r
B−1
ω e−iωτLe−ik⊥·x⊥

0
BBBBB@

iKiω=a−1=2ðqLÞ þ m
κ Kiω=aþ1=2ðqLÞ

− k1þik2
κ Kiω=aþ1=2ðqLÞ

iKiω=a−1=2ðqLÞ − m
κ Kiω=aþ1=2ðqLÞ

− k1þik2
κ Kiω=aþ1=2ðqLÞ

1
CCCCCA; ðC10Þ

ΨII;uðPÞ
ω;−k⊥ðxPÞ ¼ −

1

4π

ffiffiffi
κ

a

r
BωeiωζPe−ik⊥·x⊥

0
BBBBB@

Jiω=aþ1=2ðqPÞ − i mκ Jiω=a−1=2ðqPÞ
−i k1þik2

κ Jiω=a−1=2ðqPÞ
−Jiω=aþ1=2ðqPÞ − i mκ Jiω=a−1=2ðqPÞ

i k1þik2
κ Jiω=a−1=2ðqPÞ

1
CCCCCA; ðC11Þ

and

ΨII;dðFÞ
ω;−k⊥ðxFÞ ¼

1

4π

ffiffiffi
κ

a

r
BωeiωζFe−ik⊥·x⊥

0
BBBBB@

− k1−ik2
κ J−iω=a−1=2ðqFÞ

−iJ−iω=aþ1=2ðqFÞ þ m
κ J−iω=a−1=2ðqFÞ

− k1−ik2
κ J−iω=a−1=2ðqFÞ

−iJ−iω=aþ1=2ðqFÞ − m
κ J−iω=a−1=2ðqFÞ

1
CCCCCA; ðC12Þ

ΨII;dðR=LÞ
ω;−k⊥ ðxLÞ ¼

1

4π2

ffiffiffi
κ

a

r
B−1
ω e−iωτLe−ik⊥·x⊥

0
BBBBB@

− k1−ik2
κ Kiω=aþ1=2ðqLÞ

−iKiω=a−1=2ðqLÞ − m
κ Kiω=aþ1=2ðqLÞ

k1−ik2
κ Kiω=aþ1=2ðqLÞ

iKiω=a−1=2ðqLÞ − m
κ Kiω=aþ1=2ðqLÞ

1
CCCCCA; ðC13Þ

ΨII;dðPÞ
ω;−k⊥ðxPÞ ¼ −

1

4π

ffiffiffi
κ

a

r
BωeiωζPe−ik⊥·x⊥

0
BBBBB@

i k1−ik2κ Jiω=a−1=2ðqPÞ
Jiω=aþ1=2ðqPÞ − i mκ Jiω=a−1=2ðqPÞ

i k1−ik2κ Jiω=a−1=2ðqPÞ
Jiω=aþ1=2ðqPÞ þ i mκ Jiω=a−1=2ðqPÞ

1
CCCCCA; ðC14Þ

where qL is defined by Eq. (24).

UEDA, HIGUCHI, YAMAMOTO, ROHIM, and NAN PHYS. REV. D 103, 125005 (2021)

125005-22



[1] W. G. Unruh, Phys. Rev. D 14, 870 (1976).
[2] W. G. Unruh and R. M.Wald, Phys. Rev. D 29, 1047 (1984).
[3] L. C. B. Crispino, A. Higuchi, and G. E. A. Matsas, Rev.

Mod. Phys. 80, 787 (2008).
[4] J. S. Bell and J. M. Leinaas, Nucl. Phys. B212, 131 (1983).
[5] J. S. Bell and J. M. Leinaas, Nucl. Phys. B284, 488

(1987).
[6] E. T. Akhmedov and D. Singleton, Int. J. Mod. Phys. A 22,

4797 (2007).
[7] E. T. Akhmedov and D. Singleton, JETP Lett. 86, 615

(2008).
[8] W. G. Unruh, Phys. Rep. 307, 163 (1998).
[9] R. Müller, Phys. Rev. D 56, 953 (1997).

[10] D. A. T. Vanzella and G. E. A. Matsas, Phys. Rev. Lett. 87,
151301 (2001).

[11] D. A. T. Vanzella and G. E. A. Matsas, Phys. Rev. D 63,
014010 (2000).

[12] A. G. S. Landulfo, S. A. Fulling, and G. E. A. Matsas, Phys.
Rev. D 100, 045020 (2019).

[13] P. Chen and T. Tajima, Phys. Rev. Lett. 83, 256 (1999).
[14] R. Schutzhold, G. Schaller, and D. Habs, Phys. Rev. Lett.

97, 121302 (2006).
[15] R. Schutzhold, G. Schaller, and D. Habs, Phys. Rev. Lett.

100, 091301 (2008).
[16] S. Iso, N. Oshita, R. Tatsukawa, K. Yamamoto, and S.

Zhang, Phys. Rev. D 95, 023512 (2017).

[17] B. L. Hu and A. Raval, arXiv:quant-ph/0012134.
[18] S.-Y. Lin and B. L. Hu, Phys. Rev. D 73, 124018 (2006).
[19] A. Higuchi, S. Iso, K. Ueda, and K. Yamamoto, Phys. Rev.

D 96, 083531 (2017).
[20] S. Iso, R. Tatsukawa, K. Ueda, and K. Yamamoto, Phys.

Rev. D 96, 045001 (2017).
[21] S. J. Olson and T. C. Ralph, Phys. Rev. Lett. 106, 110404

(2011).
[22] D. McMahon, P. M. Alsing, and P. Embid, arXiv:gr-qc/

0601010.
[23] P. M. Alsing, I. Fuentes-Schuller, R. B. Mann, and T. E.

Tessier, Phys. Rev. A 74, 032326 (2006).
[24] D. Roy, Phys. Lett. B 681, 185 (2009).
[25] H. Suzuki and K. Yamada, Phys. Rev. D 67, 065002

(2003).
[26] D. Oriti, Nuovo Cimento B 115, 1005 (2000), https://www

.sif.it/riviste/sif/ncb/econtents/2000/115/07-09/article/9.
[27] R. M. Wald, Quantum Field Theory in Curved Spacetime

and Black Hole Thermodynamics, Chicago Lectures in
Physics (University Chicago Press, Chicago and London,
1994).

[28] I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals,
Series, and Products (Academic Press, Burlington, 2007).

[29] Y. Sugiyama, K. Yamamoto, and T. Kobayashi, Phys. Rev.
D 103, 083503 (2021).

ENTANGLEMENT OF THE VACUUM BETWEEN LEFT, RIGHT, … PHYS. REV. D 103, 125005 (2021)

125005-23

https://doi.org/10.1103/PhysRevD.14.870
https://doi.org/10.1103/PhysRevD.29.1047
https://doi.org/10.1103/RevModPhys.80.787
https://doi.org/10.1103/RevModPhys.80.787
https://doi.org/10.1016/0550-3213(83)90601-6
https://doi.org/10.1016/0550-3213(87)90047-2
https://doi.org/10.1016/0550-3213(87)90047-2
https://doi.org/10.1142/S0217751X07037081
https://doi.org/10.1142/S0217751X07037081
https://doi.org/10.1134/S0021364007210138
https://doi.org/10.1134/S0021364007210138
https://doi.org/10.1016/S0370-1573(98)00068-4
https://doi.org/10.1103/PhysRevD.56.953
https://doi.org/10.1103/PhysRevLett.87.151301
https://doi.org/10.1103/PhysRevLett.87.151301
https://doi.org/10.1103/PhysRevD.63.014010
https://doi.org/10.1103/PhysRevD.63.014010
https://doi.org/10.1103/PhysRevD.100.045020
https://doi.org/10.1103/PhysRevD.100.045020
https://doi.org/10.1103/PhysRevLett.83.256
https://doi.org/10.1103/PhysRevLett.97.121302
https://doi.org/10.1103/PhysRevLett.97.121302
https://doi.org/10.1103/PhysRevLett.100.091301
https://doi.org/10.1103/PhysRevLett.100.091301
https://doi.org/10.1103/PhysRevD.95.023512
https://arXiv.org/abs/quant-ph/0012134
https://doi.org/10.1103/PhysRevD.73.124018
https://doi.org/10.1103/PhysRevD.96.083531
https://doi.org/10.1103/PhysRevD.96.083531
https://doi.org/10.1103/PhysRevD.96.045001
https://doi.org/10.1103/PhysRevD.96.045001
https://doi.org/10.1103/PhysRevLett.106.110404
https://doi.org/10.1103/PhysRevLett.106.110404
https://arXiv.org/abs/gr-qc/0601010
https://arXiv.org/abs/gr-qc/0601010
https://doi.org/10.1103/PhysRevA.74.032326
https://doi.org/10.1016/j.physletb.2009.09.066
https://doi.org/10.1103/PhysRevD.67.065002
https://doi.org/10.1103/PhysRevD.67.065002
https://www.sif.it/riviste/sif/ncb/econtents/2000/115/07-09/article/9
https://www.sif.it/riviste/sif/ncb/econtents/2000/115/07-09/article/9
https://www.sif.it/riviste/sif/ncb/econtents/2000/115/07-09/article/9
https://doi.org/10.1103/PhysRevD.103.083503
https://doi.org/10.1103/PhysRevD.103.083503

