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We write the field equations of torsion gravity theories and the Noether identity they obey directly in
terms of metric and contorsion tensor components expressed with respect to natural coordinates,
i.e., without using vierbien but Lagrange multipliers. Then we obtain explicit solutions of these
equations, under specific ansétze for the contorsion field, by assuming the metric to be respectively of
the Bertotti-Robinson, pp-wave, Friedmann-Lemaitre-Robertson-Walker or static spherically symmetric
type. Among these various solutions we obtain some of them have their contorsion tensor depending
on arbitrary functions that did not influence their geometry. This raises questions about the predictability

of the theory.
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I. INTRODUCTION

Recently there has been renewed attention to modified
gravity theories. The main motivations for these endeavors
are on the one hand purely theoretical (the quest of an
unification of all forms of interactions and matter and of a
deeper understanding of the peculiarities of Einstein gravity
theory) and on the other hand dictated by the desire to offer
alternative explanations for the recent cosmological obser-
vations that have led to the introduction of hypothetical
dark matter and energy. There are in fact several versions of
modified gravity [1-4]. Of the many of these theories,
torsion gravity looks particularly interesting. It is a geo-
metrical theory, based on a dynamical metric and a
dynamical independent metric preserving connection, thus
generalizing general relativity. In their simplest expression
they are obtained by adding to the metric and connection
scalar curvature terms quadratic in the torsion and curvature
tensor that for appropriate values of the coupling constants
of these extra terms provides physically sane models i.e.,
without ghost and tachyon (see Refs. [5—10]).

Compared to the usual Einstein-Hilbert gravity, torsion
gravity theories extend the usual gravity framework by
modifying the infrared sector of the theory via the intro-
duction, in addition to the massless gauge spin 2 excita-
tions, of positive and negative parity massive spin 2, 1, and
zero modes. Such a theory was first considered by Cartan
[11-13] (for a historical perspective of the matter and its
developments see for instance [14,15]). Contrary to Palatini
approach [16] where the field variables are the metric
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components and a torsionless connection, the variables
used in Einstein-Cartan-(Weyl [17]-Sciama [18]-Kibble
[19]) are the coframe and spin-rotation coefficient compo-
nents. In Cartan’s works the Lagrangian was restricted to
the scalar curvature defined by the metric and an affine (but
metric preserving) connection. As a consequence the
torsion degrees of freedom did not propagate but were
determined by an algebraic equation coupling them to the
matter spin content. Accordingly the torsion variables could
be eliminated by the introduction of spin-spin matter
interactions.

To obtain a propagating torsion, we have to introduce
nonlinear terms in the torsion tensor. Of course this opens
the Pandora’s box of ghosts and tachyonic modes.
Remarkably, in a set of seminal works, Sezgin and van
Nieuwenhuizen [5,6] and Hayashi and Shirofuji [7-10]
have studied the most general invariant Lagrangian, at most
quadratic in the torsion and curvature. They have analyzed
the perturbation spectrum around flat space and showed
that there exists two classes (each ones depending on five
parameters) of models without pathologies (i.e., without
ghosts and tachyons once expanded around the empty
space configuration) that describe in addition to the usual
massless spin 2 graviton, massive spin 2, spin 1 and spin 0
excitations. The main difference between these two classes
is the parity of their fluctuation field: 0" and 2~ for the class
I models, and 0~ and 2" for the class I/ models.

Usually these theories are formulated in terms of a
coframe (vierbein) and the curvature tensor built on a
metric preserving affine connection. It is the latter that
introduces the torsion. This choice of variables is unavoid-
able when spinorial matter sources are taken into account.

© 2021 American Physical Society


https://orcid.org/0000-0003-0637-8517
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.103.124054&domain=pdf&date_stamp=2021-06-24
https://doi.org/10.1103/PhysRevD.103.124054
https://doi.org/10.1103/PhysRevD.103.124054
https://doi.org/10.1103/PhysRevD.103.124054
https://doi.org/10.1103/PhysRevD.103.124054

PHILIPPE SPINDEL

PHYS. REV. D 103, 124054 (2021)

It offers the advantage that the metric-preserving property of
the connection is simply implemented by the requirement
that the connection 1-form is antisymmetric in its Lorentz
indices, but requires additional gauge fixing conditions to
specify the a priori arbitrary 16 coframe components. It also
requires, for consistency at a classical level when fermionic
fields are present, the use of Grassmannian variables which
leads to a triangular hierarchy of the field equations.
Nevertheless at Grassmann degree zero the fermionic
variables did not play any role in the field equations.
They may be ignored and in the absence of bosonic matter
the system is only driven by the geometrical variables. It is
such configuration that we will consider in this work: purely
geometrical torsion gravity theories in a vacuum scheme
(with a cosmological constant) obtained from ghost- and
tachyon-free Lagrangians [5-10].

A glance on the Net, using the keyword “modified
gravity” in the title of papers provides around a thousand of
entries. During the years a huge number of exact solutions
of modified gravity theories have been produced (see for
instance Refs. [2,20-25]). Also exact solutions have been
considered, in the framework of the perfect fluid or the
electromagnetic schemes; see for example [26,27] and the
references therein. Moreover it is important to recall the so-
called double duality method (see Refs. [21,28-32]), which
reduces some dynamical equations to Bianchi identities and
allows to obtain solutions analogous to the instantons of
Yang-Mills theories. The purpose of this work is to provide
some new solutions, whose behavior of some may be the
indication of a weakness of (some sectors of) these theories:
they are not predictable in the sense of the uniqueness of the
Cauchy problem. We postpone for a future work a detailed
analysis of this crucial point. To build the solutions we
present we formulate directly the field equations as Euler-
Lagrange equations obtained from variation with respect to
the metric (instead of the vierbein) and the connection
expressed in natural coordinates (instead of spin coeffi-
cients). Of course we will have to manage the metric
preserving character of the connection, but as we shall
discuss later this can be done quite easily by introducing
Lagrange multipliers, whose constraint equations are trivi-
ally solved.

The paper is organized as follows. In Sec. II we establish
the field equations using this last approach and show their
equivalence with those obtained from more common
Cartan variables (i.e., coframe and spin connection). We
also briefly discuss the Noether identities satisfied by the
field equations, mainly because they constitute a useful
check of their correctness and are a key to establish, in
some cases, the equivalence between the full set of
equations of motion and those obtained from a reduced
Lagrangian obtained after the substitution of an ansatz in
the original one. In Sec. Il we particularize the general
field equations to those resulting from a Lagrangian
quadratic in the torsion field components. Then we present

some (new) solutions of the field equations, obtained under
different simplifying assumptions.

The solutions we present hereafter offer miscellaneous
interesting aspects. The first we discuss are torsionless. It is
known from a long time [33] that among the conformally
flat geometry only de Sitter or anti—de Sitter spaces are
solutions of the field equations, unless a special combina-
tion of the parameters of the models are related to the
cosmological constant. We obtain a particular solution in
the framework of class / models under this constraint. Then
we turn to torsionful solutions. To solve the field equations
we make specific ansitze by restricting the expression of
the metric (choosing a form that solves the field equation in
absence of torsion) and by fixing the a priori nonvanishing
components of the contorsion tensor that are chosen in
accordance with the metric symmetries. By considering a
Bertotti-Robinson geometry [34,35], which is a symmetric
space [36], we obtain solutions whose contorsion tensors
involve arbitrary functions. Next we turn to plane-fronted
wave spacetimes [37] and deform them by adding con-
torsion. In the case of class / solutions we obtain that the
metric continues to define an Einstein space. For class 11 it
is no more the case, illustrating the gravitational nature of
the positive parity massive spin two. Next we turn to the
simplest Friedmann-Lemaitre-Robertson-Walker geom-
etries and obtain various cosmological solutions. First
we consider de Sitter solution in the framework of class
I models, under the same assumptions [25] that have led to
exclude time depending contorsion field configurations in
the framework of class /7 models. Here again the difference
between the two classes is illustrated. We obtain a time
dependent contorsion configuration over a de Sitter geom-
etry. Then we turn to class /I models. To go ahead we
freeze out the scalar modes and obtain more general
solutions that those of de Sitter. Some describe spaces
evolving between an initial and a final singularity. But more
interesting we also obtain a solution offering a metric
everywhere regular, not de Sitter but interpolating between
two de Sitter geometries. The metric of this solution is
everywhere well defined but nevertheless its domain of
validity is restricted by a singularity in the contorsion field.
To make an end we display, in the framework of class
models a black hole configuration whose contorsion field
depends on an arbitrary function, and show that such
configuration may not appear in the framework of class
I1 models. In the Appendix A, we recall the construction of
the Euler topological invariant (an higher dimensional
generalization of the Gauss-Bonnet invariant) and from it
sketch a proof of a quadratic identity (immediately
extended to higher even dimensions), discovered by
Bach [38] and Lanczos [39], that is satisfied by
Riemann curvature tensor and that we use during our
work. Finally, for the readers convenience we summarize
the conventions used by various authors that have inspired
this work.
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II. TORSION GRAVITY FIELD EQUATIONS

A. Metric and connection formalism

The models are expressed in terms of two sets of
variables. The metric components ¢ and the affine
connection components A%, , defining a covariant deriva-

tive, denoted by V, that is assumed to be metric preserving:

Vg7 = 0,07 + g°A”,, + g”A%,, =0.  (2.1)
In what follows we will distinguished between the Levi-
Civita connection (denoted as usual, with respect to a
natural basis/coordinate system by I'”;)), V denoting the

covariant differential associated to it and ng = Qll““ﬂy

its curvature tensor. The latter will be called Rlemann—
tensor in order to be distinguished from the curvature tensor
obtained from the affine connection whose components in a
natural basis reads:

F(?ﬁ/w = 6ﬂA(fﬁu (22)

+ ANy = DA%+ AN

+V,K%, -V, K% +K% K\ —K% K,

(2.3)

ﬂlw

To be complete, we recall the definitions of the contorsion
and torsion tensors components in natural coordinates.
The first is obtained as the difference between the affine
connection and the Levi-Civita connection:

Ky = A%, =TT

“py- (2.4)

The second is related to the antisymmetric part of the affine
connection:
T, =A% ;- A% = - K%, (2.5)

These two objects being obtained from differences of
connections are tensors. The flip of the indices in the
torsion with respect to those of the connection is a
reminiscence of the natural formalism to discuss these
objects: Cartan’s exterior differential calculus.

The Lagrangian we shall consider consists of two pieces.
The usual Einstein-Hilbert Lagrangian' (including a bare
cosmological constant) with a coupling constant cp:

L.:E—H = \/—g(cRR - 2/\), (26)
and the “connection matter Lagrangian’:
Lr(g”, Fl.lﬂyé) = V/—9Lp(g", F?ﬂy&) (2.7)

'See Appendix B for some specific conventions used in this
work.

that we assume only to depend on the metric (but not on its
derivative) and on the curvature tensor. The introduction of
a cosmological constant is disputable. One primary aim of
torsion gravity models is to provide a dynamical origin
of the acceleration of the Universe. Moreover we also have
to remind the reader that some conditions leading to the
absence of tachyons or ghosts have to be reconsidered on
curved backgrounds, in particular on an anti—de Sitter
background [40,41]. Nevertheless the consistency of the
models around these backgrounds has been established in
Ref. [42] and extended in Ref. [43] to weakly curved
torsionless Einstein backgrounds.

Thus the total Lagrangian is given by the sum
CE o+ EF The field equations are obtained by varying
this Lagranglan with respect to ¢* and A“ﬁ , taking into

account the metric preserving assumption Eq. (2.1). This
condition is implemented with the help of Lagrange
multipliers: A, = jf(/fr)' Thus the complete Lagrangian,
that depends on the metric and connection components and
their derivatives, read as:

41) =V _Q(LE—H + LF) + ’j’?ﬂyvagﬁy- (28)
Let us define auxiliary quantities:
1 OLp
A ~guLlr+——— =A (2.9)
Hy Hv (uv)
2 99" |re,,
oL
z. = —aF =z (2.10)
OF o
| 6oL
Adﬁy _ °F
2,/—g6A7%,
v 1 oo Y
— <vﬁzd/’”’ + EZJ”’ T o — Z"* T/,> (2.11)
=VsZl"— K’ 52"+ K 77 (2.12)

The variational derivative (taking into account the
Lagrangian multipliers) are

o, .

sge = Fhw - 3 9 Vad" = Valtu + Tadu,
(2.13)

oLy

ey —24; Br + p _,_/17/)’ (2.14)

The Lagrange multiplier Euler equations imply the anti-
symmetry of the contorsion tensor K%,
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Aa

o =g + K,

with Kaﬂﬂ = g“?’K}-/ﬁM = K[aﬂ]/t (215)

while the connection Euler equation fix the Lagrange
multiplier expression 1%,

/1}/(1/)’ — A((lﬂ)y. (216)
The remaining field equations are
&7 = (a7 - 4% =0, (2.17)
(i.e. AlPlr = V,70ePlrd _ K(?péz[ﬁp]ya + Kéﬂéz[ap]rﬁ =0).
(2.18)

1
‘?/w =v—g (CR (R;uz _EgﬂDR) +Ag;u/> _7,—!41/ =0. (219)

with:
T = =B+ (Vad ;2 = Tab ). (2:20)
Let us notice that on-shell:
- 1
V, A% T, A% — 3 (2o FP  + 2P F,,).  (2.21)
Accordingly, defining the symmetric part as
Sabuw — z(ap)m (2.22)

we obtain the symmetric contorsion energy-momentum
tensor:

Top=—(Agp + F(':""Sﬂ)ﬂ,,p). (2.23)

This last expression shows that the Einstein equations

involve only polynomials of the curvature, but no

|

derivatives of it (contrary to the connection equations that
involve first derivatives of the curvature tensor). Thus in
general the field equations will involves at most third order
derivatives of the metric components and second order
derivatives of the contorsion components.

To end to this section let us mention that for a Lagrangian
having the structure given by Egs. (2.6), (2.7) the same
field equations [Egs. (2.17), (2.19)] are obtained if the metric
and the contorsion are taken as independent field variables.

B. Noether identities (A reminder)

Let us briefly recall the essence of Noether identity
applied to an invariant Lagrangian density £. There are two

relevant such identities. We restrict
Lagrangians like those here considered, i.e.,

ourselves to
such that £

depends at most on the second derivative of fields
Q,, whose variations are tensors and whose Lie derivatives
involve at most the second derivative of the generator £* of
the infinitesimal coordinate change:

8.0, = 80,0, + iy, 0,8 + i3, & (224)
Let us define:
oL oL oL
P =50, Pole = — Polo = 9000 (2.25)
The fundamental Noether identity [44,45] reads:
oL
50, 2:0, + 0, (Pl — aﬂP“"“ﬁ)ﬁ‘:Qw
+ P2l 94(R:0,) — E°L) =0 (2.26)

Expanding it with respect to the arbitrary field & and its
derivatives we obtain from the invariance of the
Lagrangian:

oL
50 Qo + 0u(P"0,Q0 = 8iL) + P10, 0, = 9P 5,0, = 0
w
oL
5é e+ 0u(PPch ) + P10,0, = 8 L+ 2P 02,0, + PAPR2 chy — 2 Polabcl =0
. 1 A ,1 p) ) 2 i )
Al 23) A2k
2poleti 9 chh) - poltiah) - polth h)
Pw\(/l A izlﬂu =0
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Let us notice that the first identity says that L cannot
depends explicitly on the coordinates. The second exhibits
the link between the symmetric and the canonical energy-
momentum tensors. The next ones express symmetry
properties. By combining all these identities we obtain
Nee ther’s famous second theorem:

oL oL
50, 000 =0 <5Q W)

oL )
+ 97, (5Q Cole > =0.

To apply Noether theorem in the framework of this work
we have to make use of the expression of the Lie derivative
of the metric:

(2.27)

gggaﬂ — fﬂaﬂgﬂlﬂ _ guﬂaﬂga — gaﬂaﬂfﬂ

—(Vagh + VPem), (2.28)
and of the connection [46]:
QgAgy = &0, A“ + A ﬁ” 0,8 — A” 8,,5“
+ Af, 058 + 0 75“. (2.29)

Note that this Lie derivative (2.29) also defines a tensor
since the difference of two connections is a tensor. Indeed it
can be written as:
[£ Z— a a
QéAﬂy = le“ﬁy + ﬂgKﬁy,

&% =V,V,& + R%, &0 (2.30)

or in a more cumbersome expression (that we shall not
display) using the V operator and the torsion tensor.
In the context of this work we obtain from Eq. (2.27):

lz:aﬂa;tgaﬂ + 28/17,7;
N7 .aff
= ST OA oy~ 0,(S;™ (Ao + AT 55 = A 80)

+ 02,8, (2.31)

that can be rewritten, using the Levi-Civita connection, in
an explicitly covariant form:

1 v N N
V,T:= 5 (VV, 8 = SR ja — V(S5 K,)

-V (S m/Ko—;m) + VU(SO.!MDK{.;;M/)

+ S,V K ). (2.32)
Accordingly, as expected, on any background, the

connection energy momentum tensor 74 becomes

divergenceless when the connection field equations:
S." = 0 are satisfied.

C. Coframe and spin-connection formalism

Usually, authors prefer to use Cartan formalism to
discuss torsion gravity models. Their starting point is a
coframe {¢? = eldx*} defining the metric as:

G = Ngieiel, (2.33)

where 7, ; are (constant) components of a Minkowskian
metric and A,;, the coframe components of a metrical
connection:

(2.34)

Obviously the main advantage of this approach rests in this
relation which encodes algebraically the metrical consis-
tency of the connection.

The Einstein-Hilbert Lagrangian depends on the coframe
components and their first and second derivative. The
matter Lagrangian density depends on the coframe and
connection components and the first derivative of the
latter:

@c:eL(n“be”e el eﬂF“ ) (e :=det[e?])  (2.35)
via the curvature tensor components:
Fy = 0uA%, = OAY + AT ATy — AT AT, . (2.36)

The variational derivatives with respect to them read:

6L
ﬁ = ed(=20G+ ZSF7, s~ ZOF ) =0 (2.37)
"
oL R
(Wf = edeb (A — AVY) = edeh S (2.38)
.bu
Accordingly, by denoting:
O = e&”@g (2.39)
we remark that [see Eqs (2.23), (2.21)]:
Q) = T (2.40)
(:)[w] = (Z[Gv]répffdyé — Z[gﬂ]yéFlfgy(s) (2.41)
= _?y§[Vﬂ]r + Ty‘.g‘[wly (2.42)
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which explicits the equivalence of the metric and coframe
formulations of the torsion gravity field equations. In this
framework, Noether identities for a special type of quad-
ratic Lagrangian (class I/ theories, see next section) has
been worked out by Nikiforova [47].

III. QUADRATIC LAGRANGIAN
The invariant Lagrangian we shall consider is polyno-
mial, at most of degree two in the curvature, but without
terms explicitly depending only on the torsion:
1 f p 1 fré
LF = CFF+§(f1Fa/3Fa +f2F(lﬁF (1) +8(lea/)'y5Fa 4
(3.1)

and coupled to the usual Einstein-Hilbert Lagrangian
(including a bare cosmological constant):

+ d2Irar/)’yﬁl?a,y/}(S + d3F(1[)’}'5Fy5aﬁ)

The corresponding tensors needed to write the equations of
motion [Egs (2.9)—(2.23)] are

1
2" = cpifV + [0S + Fo80F + Sy il

1 1
—§@ENW+§@F@ﬁ, (3.3)

1
Aa[j = CFF<0,/3) + Efl (Fa”Fbﬂ + FﬂaFlf/})

1 1
+ 5 F2(Fou Py + Fua ) + 3 diFrupaF

1
+ e da(Fuap Py + Fypp F "

+F

ﬂupaF/iﬁ.";i —-F F.Wp)

auvpt B

1
+—ds(F

1
6 ﬂava?ﬂﬁ + FﬂﬂvaI-/-el:l) - EgaﬂLF' (34)

Sezgin and van Nieuwenheuizen [5,6], and Hayashi and
Shirafuji [7-10] have analyzed a more general nine-
parameter Lagrangian obtained by adding to Lgp
[Eq. (3.1)] an arbitrary combination of invariant terms
quadratic in the torsion tensor components (See
Appendix B, Table I). They have computed the spectrum
of the fluctuations their Lagrangian allows around a
torsionless flat configuration and established conditions
on the parameters that ensure absence of ghosts and
tachyonic modes. In general the excitations consist in
0=, 0, 17, 17, 2= and 2" fields. In the framework of
the models we consider, the 1* modes are frozen out and
only two classes of field survive. To describe them more
precisely let us express the five parameters of the terms
quadratic in the curvature tensor occurring in Lagrangian
Ly [Eqg. (3.1)] in terms of the inverse squared mass of the

field fluctuations (labeled by their spin and parity J&):
oy =2/ mii. These parameters are such that the freeze-
out condition of the mode of spin—parity J* is simply
obtained by putting ¢,+ = 0. From Ref. [10] we obtain:

d, = %F(Uz- —00-). (3.5)
dy = cp(0y- + 200-), (3.6)
4y = L (o2
3= Eg(ﬂ’fe( (62+ = 065-) + (60+ — 00-))
+CF(262+ +Go+)), (37)
fi= —Z—Z@@'ﬁ + 200+) + ¢, (3.8)
ﬁ:—x@ﬁ?”wﬁ+%m—¢ (3.9)

where ¢) remains an arbitrary parameter. Of course to avoid
tachyons all the ¢+ have to be non-negative. The fact that
all decoupling constants appear to be proportional to cp
results from the expressions of mass fluctuations (see
Eqgs (4.11) in Ref. [10]) that are all proportional to cp
when the Lagrangian has the form given in Eq. (3.2). In the
limit ¢ = 0 all the masses of the fluctuations vanish and
only the 27 modes still contribute to the energy at the
quadratic weak field approximation. Of course we may
renormalize the o, in order to maintain all the other
coupling constants nonzero while the coupling to F is
erased, but we prefer to make the assumption that:
cr #0. (3.10)
The absence of ghosts restricts much more the possible
configurations, leading to two classes of physically accept-
able Lagrangian of the type Eq. (3.2). The first one, usually
discarded, contains in addition to the massless spin 2
modes, only massive 0" and 2~ modes. It is characterized
by the parameter restrictions:
ClassI: cp >0,

CF<O, 0'07202+:O,

oo+ ZO, 0)- ZO (311)

The second one contains as massive modes only 0~ and 2"
fields. It requires that:

ClassIl: cp >0,

op- >0,

cr >0, oo+ = 0p- =0,

0o+ Z 0. (312)

Let us recall that in order to recover in the usual coupling of
the massless spin 2 field we have to impose:
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1

—_ = .1
162G N (3.13)

CR+CF:

where G is Newton’s constant.

These relations ensure that Eq. (3.2) provide the most
general invariant Lagrangian depending only on the cur-
vature tensor, at most quadratic in it, and physically
acceptable (i.e., without ghost or tachyon at the level of
quadratic fluctuations around flat space, in absence of
background torsion).

IV. SPECIAL SOLUTIONS

From now we assume the Lagrangian given by Eq. (3.2),
possibly restricted by constraints on the coupling para-
meters: f1,...,dsz but with ¢y #0 and ¢y # 0. Various
aspects of exact or numerical solutions of the class /I to-
rsion gravity field equations it provides have been discussed
in the literature (see for instance Refs. [24,25,42,47-49]).
Here after we shall display some exact solutions of models of
classes I and /7, mainly in order to illustrate the differences
between the two. We start by briefly considering torsionless
solutions then turn to torsionful solutions.

A. Torsionless solutions

First let us assume that the contorsion vanishes. In order
to simplify notations, we denote:

1 CrK _
SUf1412) ==LZ (200 + 02 )=2f, (41)
2 cp 6

1 1 CrK -

g (dl + Edz + d3) = iFN(GOJr -+ 20'2+) =:d. (42)

The quadratic Lagrangian and the various tensors appearing
in the field equations reduce to:

- 1-
Lr = cpgR —I—fRWR’“’ + EdR#W,l,R”W’”, (4.3)
7018 — ¢ g?lr PV 4 2 f g2V ROV 4 gRPYS, (4.4)
F (aW,S/'}ﬁwﬂ = /( auppR" — RaR,p), (4.5)

1 - 1
A(lﬂ =CF <Raﬂ - EgaﬁR) + 2f <RZR;4/3 - Zga/}leRm’>

1
R ﬁ‘p - 9apRunpsR*° (4.6)

4

1 - 1
= Cf <R(I[)’ - EgaﬂR> + 2f <RZ¢R”/)' - Zg(l/}RﬂDle>

+d (RWD

+ EI(ZR(W,,R”” + 2Ry, R, — Ry

— gl R Rﬂ”—1R2 )
af Hv 4

(4.7)

As in Ref. [10], the writing of the last equation is simplified
by wuse of the Bach-Lanczos [38,39] identity (see
Appendix A for a topology based proof of it).

The connection field equations reduce to:

v,z = 0, (4.8)

1.e., to:

CF((200+ + 762+)V[{1R/}]}, —+ (260+ + 0y+ )gy[,,Vﬁ]R) =0;
(4.9)

and the Einstein equations become:
1 A
Cr| Rop _zgaﬁ’R +agaﬂ
1
+ep <‘% Cop R —J%R <Raﬁ -3 gaﬁR> ) =0 (4.10)

where C,5 are the components of the Weyl tensor. Unless
oo+ and o,+ vanish (but recall that the absence of ghosts and
tachyons imply that both cannot be simultaneously nonzero
and that ¢y is assumed to be nonzero), Egs. (4.9) implies
that the scalar curvature is constant:

4
R=—A (4.11)
Ky

and the field equations (4.9), (4.10) are equivalent to:

YRy, =0, (4.12)
2 A A
CR+ 3 ¢ro0* P R — agaﬁ
= 5 crox Coyp R, (4.13)

We now note the following:

(1) In case op+ =0 and o,+ =0, ie., for models
including only odd-parity fields (of spin two in
the framework of class / models, of spin zero for
those of class I7), if we assume a vanishing torsion,
the field equations reduce to the usual standard
Einstein equations.

(i) More generally, based on the method developed in
the seminal work of Debney et al. [50], Obukhov
et al. [33] have proved that this conclusion remains
valid in the generic case: Only Einstein spaces
metrics are solutions of the Eqs (4.11)—(4.13) when
Ky cr/(cp A) # _%{UO+750+ +%02+700+ — 0.}

(iii) If we assume that the metric is conformally flat,
Eq. (4.13) implies, when 1—36¢+ (¢ /cg) (A/ky)#0,
that the space is a conformally flat Einstein space, 1.e.
a flat, de Sitter or anti—de Sitter space.
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(iv) To explore the special case A = 3kycg/(crog+) let
us assume the (conformally flat) metric to be

2

d
ds* = —dr* + Y(t)< r

o2 +r2do* + rzsinz(H)d(p2>

(4.14)

with k =0 or k = +L~2, L being a constant and
Y () a positive function.
Then we obtain:

2cp

1
CFo,
—k Lo +5 Y <e oot

Y(1) =
—ki—ZG(ﬁ +7Y cos(

Y, being an integration constant whose sign must be
chosen to insure (at least for some values of ) the
positivity of Y(¢). Inserting the expression of the
metric (4.14) obtained from Eq. (4.16) in the remain-
ing field equations we see that they are all satisfied for
the special value of A here considered. The compo-
nents of the Ricci tensor of the corresponding met-
rics are

(CFGOJCZ — ecyY?)
CRYZ( 1)

>, (4.17)

Rl = RI = RY = 3cg (1 N (ctot k* — ecRY2)>‘

o 2CF00+ 3CRY2( )
(4.18)
In particular, for € = 41, when:
k) 2
Y2 = (CF"O ) . (4.19)
Cr

the geometries are those of anti—de Sitter or de Sitter
spaces.

If this condition is not fulfilled, the behavior of the
trace of the square of the Ricci tensor:

9c% (cpaoJc2 —ecyY3)?

ctoy crob R Y (1)

RARY = (4.20)

shows that the vanishing of Y (¢) corresponds to a true
curvature singularity and the solution describes a space
evolving between two cosmological singularities.

It is interesting to note that all these solutions are
independent of the coupling constant o,-.

— For class I models [Eqs (3.11)] the trace of the
Einstein equations leads to the second order differ-
ential equation:

P (1) = 2CK

Y(t) = 2k (4.15)

CpOo+

whose solution reads after having fixed appropriately
the origin of the r coordinate (and assuming cy # 0):

— ‘zth
+ ¢ee LFO*), e=4+1 if A>0,
(4.16)
2 .
- 2ay), e=+1 if A<0,

(v) Notice that the Lagrangian of Yang’s theory [51]
only involves a term proportional to F g sF%r°.
Accordingly, torsionless connections have to be
solutions of Eq. (4.12) and to satisfy the condition:

Regpy RV — —5ﬁRM,,RWﬂ6 =0

(4.21)
instead of Eq. (4.13). Some examples of such
solutions are displayed in Refs. [52-54], but in
the framework of dynamical torsion gravity, even
with an Einstein-Hilbert piece added to it, we have to
emphasize that this Lagrangian is not gosht-free or
tachyon-free.

B. Torsionful solutions

In this section we will integrate the field equations under
appropriate simplifying ansatzes. We start from a pre-
scribed form of the metric which solves the field in absence
of torsion and deform it by introducing a minimal con-
torsion that maintains the equations tractable. We shall
consider four different kinds of metrics: Bertotti-Robinson,
pp-wave, Friedmann-Lemaitre-Robertson-Walker, black
hole. Each of them constitutes a solution of the field
equation in the absence of torsion. The first one constitute
the most surprising one: the resulting torsion depends on
arbitrary functions that are completely ignored by the
metric. A similar property also appears for the black-hole
configuration.

1. Bertotti-Robinson geometry

Equation (4.12) shows that the metric of symmetric
spaces are solutions of the contorsion equations when it
vanishes. Among such symmetric spaces [36], let us first
consider the Bertotti-Robinson space [34,35]. This space is
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the Riemannian product of an Euclidian and a Lorentzian
space: the product of a sphere or a hyperbolic plane2 and a
Lorentzian factor: a de Sitter or anti—de Sitter bidimen-
sionnal space. In local coordinates {r,0,&,7} the metric
tensor reads:

1
ds* = —(1 o) (dr? + r*d6?)

1

+ m (dfz - éfzdfz).

(4.22)

It is an Einstein space when Q;
space when Q; = —0,.

To pursue we made the following ansatz for the
expression of the contorsion tensor components:

= O, a conformally flat

1
Krﬁr = _Kﬁrr = (1 + er2) kﬁ(r)7
1”2
Korg (110,97 () = =K g0,
1
== 0,e) Ke(®) = ~Kae
N __
Krfr = (1 + ngz) kr(é) - K&rrv (423)

all the other components being assumed to be zero.
The ten nonvanishing contorsion field equations depend
only on two terms:

ulr) = (14 00 (KA + 24,0,
() = (14 02 (KA + ;hel@) ). (4.24)
They read as:

NS
ST.HT - 8495

— o0) (er + 2701 + 02 = 3T(ws(r) +(6)

—0, (4.25)
86,‘1—9 - errr
- 1-
— le) (e + 27001 + 02) =3 o) + (6 )
—0, (4.26)

*We will not discuss possible compactification obtained by
quotienting by a Fushian group, nor other global aspects of the
geometry.

S, = —(%Zi +f> Ke(r) =0, (4.27)
So=-(Garr)@-o @
S = Sé_rg
1-
=—5/xg(r)

~k,0) (e + 27001+ @) = ) +6)

~0, (4.29)
S}jér - Sf.)afﬂ
1 /
= _EfKL(é:)
_ 1-
k@) (er + 27001 + €)= 3T (ee(r) +52(6) )
_o. (4.30)

Their solutions are given by:

ke(r) =2(0) + 0») +%+ﬂ’

€18 =201 +00) + - (4:31)
where f is a constant. From them we obtain:
_ cr/f +2(01 + Qo) +8
ki) = r 20ir(1+017%) 7 (432)

< 20,6(1 + 0,8)

with @, and a; two integration constants.

Using these expression of k,.(r) and k:(&), the four
nontrivial remaining Einstein equations reduce to two
algebraic equations:

27
£ = &)= A—4cgQy - 43cjfzd+4CF<ﬁ 439;)( +1/)
=0, (4.34)
gif gr
4ci(d+3]) 4cr(B-400)(d+37)
= A—4cpQ; +—L e 2 £ 3; +3
=0, (4.35)
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that fix the value of the curvatures of the two factors of the
product geometry:

o @ 1)+ T + ) = Seaf(6h T
! 16cgf(cp(d+3f) —3crf
(4.36)
o, _ 4erl@+ 1)k = Ffcn = W) = 3eaF(ch + )

16¢f(cp(d + %J_C) - %CRJ_C
(4.37)

The solution here above involves two arbitrary functions of
one variable: ky(r), k.(£) and three integration constants:
a,, az and .

The previous solutions could be slightly generalized.
The coordinate € used to write the metric Eq. (4.22) is an
angle. Accordingly functions depending on it have to be
periodic. But the time coordinate 7 varies from —oo to +oco
and functions depending on it have no a priori restriction.
This suggests to consider the arbitrary functions appearing
in the K,y and Ky, components of the contorsion to
depend also on 7. Written as:

1 -
Ko, = =Koy, ( 1O, )kg(r’ T)’
1
Kgf.»: —ng.»: ( i ngz) z:(‘f, T) (4-38)

banld

where k(&) is another arbitrary function.

More involved solution may be obtained by performing a
coordinate transformation from polar coordinates to planar
coordinates. For illustrative purpose let us suppose Q, =
4L% > 0 and the metric given by:

1
ds? = EaE (dr? + r*d6?)
1
+7 0.7 (dz? — di?). (4.43)

The new planar coordinates (t,z) are related to the polar
coordinates by:

L(4L* + &)
— & —4Lsinh(7)’
4L%& cosh(t)

~ 4L? — &2 —4Lsinh(7)

(4.44)

T@n—h@+(&&mf{%@—

the (&, 6, 7) contorsion equation

f1(038 - 1)

&
S.HT_ 25

Doko(r,7) =0 (4.39)

implies, assuming to be in a generic case, that K, cannot
depends on 7, but is an arbitrary function of r:

ko(r.7) = ko(r). (4.40)
On the other hand the (£, 7, &) equation
437 216
Sé.ff = _( 2f)§§4+ Qzé ) 812'1]{1(5’ T) =0 (441)

implies that k. (&, 7) is linear in the 7 coordinate. Under
these assumptions we obtain a solution with k,.(r) still
given by Eq. (4.32), depending on two integration constants
but with k(&) an arbitrary function and k,(&,7) given by

)

On this new coordinate patch the non-vanishing contorsion
components are, in accordance with the ansatz (4.23):

(2¢cp/f +2(01 + 02)
(1+ 0,8)?

(4.42)

1
K =—K, . =—k ,
ror Orr (1 —I—Q1r2) G(F)
2
Kgrg = —K, g9 = mkr("),
1
Ky, =—K. = mkt(t’ Z)’
1
Ky =—-Ky = —mkz(l, z). (4.45)

Again the contorsion equations depend only on two terms:
kg (r) already defined in Eq. (4.24) and

Rp(1.2) = 40s% 0.k (1.2) = Oyki(1.2)).  (4.46)
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The structure of the system of equations remains the same.
The equations that xz(r) and K, (t,z) have to satisfy are
similar to Egs. (4.31):

kp(r) = 2(Q) + 05) +""7F+ﬂ,

R.(1,2) = 2(0 + Qy) +7 ~B. (4.47)

Accordingly, the function ky(r) remains an arbitrary
function of one variable, k,(r) is still given by Eq. (4.32)
but:

kz(t7 Z) = Az(t7 Z)
k,(t,z) = /azAZ(t,z)dter,(z)

n cr/f+2(01+0y) -
40,1 '

(4.48)

Using the Jacobian defined by the coordinate transforma-
tion (k,, k, transforms as a covector components), we easily
obtain a solution in polar coordinate that generalize the
previous one.

To take into account the conditions that ensure the health
of the theory around flat space we rewrite the solution using
the parametrization [Egs. (3.5)—(3.9)]:

Q _1<A+ 3C]:62+ﬁ 3CF >
1_4 CRr 3CF02+ +2CRO'0+ +CR02+ KN(200-+02+) ’
(4.49)
Q _1 <A 3CF62+ﬂ 3CF >
2_4 CRr 3CF02+ +2CR00+ +CR02+ KN(200+ +02+) )
(4.50)
Notice that
- Ky C
f=-2LE(6, +204). (4.51)
6 Cr

Thus the Bertotti-Robinson geometry, for the contorsion
ansatz here assumed, is only compatible, in the framework
of a class I model with a 0" field, and for a class 1 model
with a 27 field. It is easy to check that if 64+ and o,+ vanish
no torsionfull solutions are possible in the framework here
considered. Notice that, on the contrary to what is done in
Ref. [26] we didn’t assume the metric to be conformally flat
and the contorsion field we obtain as solution of the field
equations depends on arbitrary functions instead of arbi-
trary constants.

2. Plane-fronted wave spacetimes

This family of spaces has been known for a long time
[37] and has been extensively studied, in particular their
physical interest being put into evidence in numerous
works (See for instance Refs. [55-58]). Among them there
also is a subset of symmetric Lorentzian spaces [36],
making them exact torsionless solutions of the torsion
gravity equations.

The general expression of their metric is

ds* = 2dudv + H(u,x,y)du® + dx* + dy*>.  (4.52)
In absence of contorsion it solves the field equations (both
for classes I and I models) if and only if H(u, x,y) is an
harmonic function with respect to the x and y coordinates
and the bare cosmological constant vanishes:
A =0, AH(u,x,y) =0. (4.53)
Here A denotes the
(A = 0%+ 02).

Extension of this solution to torsionful configurations
has been discussed with great generality in Ref. [20]. To
display some explicit solutions we assume as a priori
nonvanishing components of the contorsion:

two dimensionnal Laplacian

Kxuu =
K

yuu

_Kuxu :ZX(M,X,y),
==K, =Y (u,x,y). (4.54)
We will now briefly discuss the resolution of the field
equations under this ansatz:

(i) Class I models: Einstein equations continue to
impose to put A = 0. Nevertheless let us mention
that solutions representing pp-wave propagating on
(anti-) de Sitter spaces are described in Ref. [22]).
Two independents contorsion equations (S*,, = 0,
&’ ,» = 0) and two independent Einstein equations
(&% =0, & =0) remain to be solved. We obtain
from the contorsion equations:

2
r (8§Y<u,x, ¥) = X (. x.y) = —¥(u,x, y>)

(o

=0 (4.55)

crp <8§X(u, x,y) — 0%, Y (u,x,y) — i_X(u, X, y))

(20}

=0 (4.56)

from which we deduce that (let us recall that we
assume cp # 0):

0. X(u,x,y) +0,Y(u,x,y) =0 (4.57)
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(i)

i.e., the contorsion components K, and K, have
to verify a two dimensional Helmholtz equation:

2
AX(u,x,y) — UT_X(M’X,)’)

=0

2
= AY(u,x,y) — . Y(u,x,y). (4.58)

Accordingly X(u,x,y) (resp.Y(u,x,y)) may be
written as a superposition of exponential modes
&i(u, x,y) (resp.n;(u, x,y))

(u,x,y) — = )k
6,

Vs (4.59)
ENEEY(460)

p(u) and k(u) being arbitrary functions of u, only
limited by the condition that the contorsion compo-
nents have to be real.

The diagonal Einstein equations impose that the
bare cosmological constant A vanishes. Then, taking
this into account and the relation Eq. (4.57), we
obtain from the remaining equation:

ni(u,x,y) = p(u)k(

AH(u,x,y) =0 (4.61)

i.e., the geometry is still Ricci flat. Notice that as x
and y varies from —oo to oo we are confronted by
an exponential blowup of the contorsion (the metric
blowing up only polynomially).

Class 11 models: In this case the equations appa-
rently look a little bit more complicated but lead to a
similar solution. We have still to impose A = 0. The
contorsion equations read

2CR

CF <8§X(u,x,y) + ('ﬁyY(u,x,y) — X(u,x,y)

KnOp+

1
- EBXAH(M,X,))>> =0, (4.62)

2
cr (agy(u, x,y) + 05X (u,x,y) - R Y(u, x,y)
KNOo+
1
- 28YAH(u,x,y)> =0, (4.63)

from which we obtain:

The diagonal Einstein equations still imply the
vanishing of the bare cosmological constant. The
remaining non trivial equation is

AH(u,x,y) = ZE—F (0,Y(u,x,y) 4+ 0. X(u,v,y))
N
(4.65)

which inserted in Eqs (4.62), (4.63) leads again to
Helmholtz equations:

2
AX(u,x,y) ——X(u,x,y)
0o+
=0
2
=AY (u,x,y) ——Y(u, x,y). (4.66)

O+

From these last two we deduce that the solution of
Eq. (4.65) is given by:
H(u,x,y) = Ho(u, x,y)

CpO)+
+

(0, Y (u, x,y) + 0, X(u,x,y))
KN -

(4.67)

Hy(u,x,y) being an harmonic function and the
contorsion components X(u,x,y) and Y(u,x,y)
by superpositions of modes:

£, x,y) = p(u)k(u)e " HVETY (4 68)

=\ [ k()

- ( )xi\/az%—pz(u)y (469)

p(u) and k(u) being arbitrary functions of u,
satisfying the same conditions as those encountered
for class I pp-wave solutions. Let us emphasize that
the function H(u, x, y) being no more an harmonic
function (in x and y), on the contrary to the metric
obtain in the framework of class I pp-wave, the
metric no longer constitutes a solution of a vacuum
Einstein space.

UII(U,X,Y)

3. Friedmann-Lemaitre-Robertson-Walker
spatially flat geometry

The simplest cosmological geometry is

ds? = —di* + ) (dx? + dy* + dz?)  (4.70)

describing a spatially flat homogeneous and isotropic

9y X (u, x, y) space. In this section we discuss some solutions of torsion

=0,Y(u,x,y). (4.64)
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gravity theories under the assumptions that the metric is
such one and that the contorsion tensor is of the special
form:

1
Kaﬂy = ﬂaﬁ75a5 + g (gaykﬂ — gﬁyka) (471)

with

a® = (0,0,0,—g(1)). ko, =(0,0,0,=3f(r)). (4.72)

This assumption results from the requirement that the
contorsion tensor is invariant with respect to the isometry
(sub)group of the metric: R? x SO(3). It extends the
framework considered in Ref. [59] by taking into account
parity breaking terms.

Using this ansatz, there remains only four algebraically
distinct field equations. One of them is a consequence of
the other three, as expected from the Bianchi identities
Eq. (2.32). The three relevant equations (see Ref. [25])
Sy =0,8, =0, & =0 lead to:

crg(t) + kyoo-g(1)(g(1)? = £(1)* = A(t) = 24(1)* + 3f()A(1) + f (1))
+ (cror- — knop)g(D) (A1) + A1)* = f(DA(r) - (1))

- ena (90) (340) + 370AG) - 1) - 220)) + 5400300 + 5900 ) =0

(4.73)

crf (1) +croo-g(1) (9(1) (2f (1) = 3A(1)) = (1)) +Kkno-9(1) (9(A(1) + (1)

s (((£0(@0)=P0) + 540 -2820)+ 37040 ) +9030)) + 37040 ~24 040+ 3F 0 - 340

—croy-g(1)(9(A(1) + (1)) =0

(4.74)

A 36 (P0) = P+ 20DAD) = 3638200 + cpo (3 GaDAWD = 50 = 272(0) + 67 0P ~24(0)

3 Cr

=Sk (f(0)(f(1) = 4f (NA(1) + 5A% =26 (1)) + 2 (D A(1) (A(r) = A%(1) = J (1) + 24 (1))

2 Cp

— (A1) +24%(1) = J(1) = (D)) (A(1) = (1) + (1)) = 0

We emphasize that the trace of the Einstein equations leads
to a remarkably simple equation, independent of the o=
parameters:

3

A3 erl (1) = F20)) + 5 erf(DAG) +3 e ()

—3kA(1) — %KA([) =0. (4.76)

In Ref. [25] cosmological solutions of class /I torsion
gravity equations, build on de Sitter geometry

ds* = —dt* + ¥ (dx* + dy* + dz?)  (4.77)
were studied, under the assumption that the contorsion
tensor was of the special form Eqgs. (4.72). It was demon-
strated that this ansatz implies that the functions f(r) and
g(t) are constants. The same proof remains valid when a
nonzero bare cosmological constant is included. This was
analyzed in Ref. [24]. which provides torsionful solutions.

For class I Lagrangian, the consequences differ. Let us
briefly summarize how the field equations are solved in this

(4.75)

[

framework. The equation S!,; = 0 provides (assuming that
KnOo+ # C,0,-) the expression off(t) in terms of f (1), g(t)
and the parameters A, oyp+ and o,-. From the equation
S'y; = 0 we obtain the expression of ¢(7) in terms of the
same variables. Inserting them in the trace of the Einstein
equations [Eq. (4.76)] we obtain ¢?(¢) as a function of f(z)
and the various parameters. The time derivative of this last
relation, once the previously obtained expressions of the
time derivatives of f(7) and ¢(¢) are inserted in, gives a
second relation linking f(7) and g(7). Its compatibility with
the first ones fixes the bare cosmological constant to be:

A =3eq <— " ﬁ) (478)
2KNOg+ — CRO2-

and leads to:

2 CR
I —
() 2KNOo+ — CROS-

+ (f(r) = 2)% (4.79)

Finally an elementary integration gives:
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_ CR
t) = M) — .
f( ) f()e + /1(2KN00+ - CRGZ_)

(4.80)
Its worthwhile to notice thatif ¢z / (2ky0¢+ — cgo,-) > Othe
positivity of the righthand side of Eq. (4.79) restrict the range
of the time variable ¢ by requiring that fye™ is outside
the interval bounded by: (cg/A)/(2ky0o+ — croy-) £
\/CR/(ZK'NGO+ — CRroy-).

More general exact solutions are less obvious to build.
We obtain one, in class /I theory, by restricting the
Lagrangian only to the spin 2 massive degrees of freedom,
i.e., by putting 6p- =0 [in addition to the constraints
Egs. (3.12)]. Denoting by Y (z) := f(r) — A(¢), and assum-
ing ¢(¢) non identically zero, we obtain from Eq. (4.74) and
Eq. (4.76):

Vo) = = (YO -0, (481)
F) = A=+ ) =2
=3f(0)Y () = 2f2(1). (4.82)

The trace of the Einstein equations (4.75) gives us the
function g(7):

1

g (1) = 7~ Ber(f (1) + Y (1))* + 3cpY?(1) — A).

- 4.83
3, (4.83)

Substituting it in the sum of the two equations (4.81) and
(4.82), we obtain:

Alt) = -

an appropriate coordinate choice):

A Cp
Casea: — — = —a? <0,
3CR KnOp+

A(t) = In[cos(at)],
£(1) = m ( o — sin(ar) <a2 + K;§2+> ) .
(4.852)

A Cp
Caseb: —— =a2>0,
3cr  KyOp+

A(t) =In[cosh(ar)],

0= m (fo sinh(@r) (‘7‘2 ‘K;§2+) ) '
(4.85b)

These metrics look like those of a spatially curved anti—
de Sitter or de Sitter spaces, excepted that here we have
Euclidean flat space sections instead of hyperbolic planes.
When A <0, g?(¢) > 0 and there is no restriction on the
domain of 7 resulting from Eq. (4.83).

In case of solutions of the type (a) -Eq. (4.85a)] if
3cper/(kyoy)>A>0and f3>A(3cg—0,+A)/ (9crcpoys)
then 7 €] — z/(2a), +x/(2a)[. But on the contrary to what
occurs for anti—de Sitter space the boundaries t = +7/(2a)
constitute cosmological curvature singularity surfaces.

In case of solutions of type (b) the function ¢*(¢) is given
by a ratio of two quadratic polynomials in the variable
sinh(ar). To discuss it let us express it using the three
parameters:

g (1) =

The denominator is always positive.

A .
- L1 (4.84)
KnOo+ 3CR c
Log>o, oy =( >0,  foor =v; (4.86)
According to the sign of A/(3cg) — ¢/ (kyoy+) different  €R
solutions emerge (two integration constants being fixed by
we obtain
|
_ q(1 = (1 +g)¢))sinh®(at) — 2¢(1 + g)vsinh(ar) + (1 + g)(q(1 + q)v* — {(g + (1 + 4))) (4.87)
q(1 + q)*¢oy+cosh?(at) ' '
If { < 1/(q+ 1) the function g*(¢) is positive near ¢ = 0o but vanishes at ¢ = ¢, where:
v+ 1 1)%? — 1) -1 1

These two values ¢, of the 7 coordinate define an interval
where the contorsion is not defined, ¢(#) being imaginary.
Accordingly the solution cannot be considered for these
values of the time coordinate, even if the metric remains
without singularity.

q(1-¢(g+1))

On the contrary if { > 1/(g + 1), the function g(¢) is not
defined at t = d-co. But if:

2 ((g+1)=1)((g+1){+q)
q(q+1)?

(4.89)
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the values of ¢, obtained from Eq. (4.88) define a closed
interval of time on which ¢(7) is well defined (being real).
Let us emphasize that independently of the restriction on
the contorsion the metric is well behaved. The space is
everywhere regular. Its geometry interpolates between two
asymptotic de Sitter geometries. The curvature remains
bounded and the chart {x,y,z,t} € R* cover the all
manifold in the sense that it is geodesically complete.

4. A black hole solution

Spherically symmetric and black holes solutions in
torsion gravity are discussed intensively in Refs. [48,49].
They rest on a static spherically symmetric geometry
written in Schwarzschild coordinates:

ds? = —eA 042 + 20 dy2 4 r2q0?

+ 2 sin(0)%d¢? (4.90)
and a contorsion tensor invariant to the complete isometry
group of the metric, including time-reversal and parity. This
restricts the nonzero contorsion components to two inde-
pendent ones, parametrized as follows:

Koy =Ky = 200 (0(r) —e™80)  (4.91)
and
K90 = CSCZ(Q)K"M, = Kgrg = —cscz(Q)KW{/,

= (r2eBUw(r) + r). (4.92)

We will assume that in addition to the previous components
there is also a non-time reversal invariant term:

K, = A2 Pp(y), (4.93)
Such a term is similar to the electric field of the Reissner-
Nordstrom solution. Again the two possible classes of
models lead to completely different solutions. Let us first
consider class I models, those where 6,- and o5+ are set

equal to zero.
Equation §™" = 0 reads:

2
0230 (o = 2L kg =26 ) PR
3CR
=0. (4.94)
Among the two solutions of this equation:
w(r)=0 (4.95)
is the simpler. It constitutes also a solution of the Einstein

equation L = 0. Inserted in the other equations, we obtain
from the difference £ — £7 = 0:

A(r) = —B(r) + A,. (4.96)

The integration constant A, can, as usual, be eliminated by
a rescaling of the time coordinate. Then, from the con-
nection equation 8? ;, = 0 and the Einstein equation & = 0
we obtain the first order differential system:

1 KNOo+ .
1)’(7')24.CRKN60+<4CR< r2 —3CR>eB[]

((cr(2kyo0+ + 3cpr?)

1
+ — (2cgkyog —
,

- 21<N00+Ar2)623(’)))v(r)>, (4.97)
A 3Cr 1 1
B(r)=(=—- —— |0 — (498
(r) ((ZCR 4KNJO+> ' 2r> ¢ + 2r (4.98)
whose solution is
2 A
e = - FE (L 22 (499)
r 2KN00+ 3CR
3 1
v(r) = <v0 S S —> eBU) (4.100)
KnOo+ r

The functions A(r), B(r), v(r) given by Eqgs (4.96), (4.99),
(4.100) with w(r) =0 and P(r) that remain arbitrary
constitute a solution of the complete system of Einstein
and connection field equations. Note that the contorsion
component v(r) only depends on one arbitrary constant v
that allows to make it regular on the black hole horizon but,
in general, not also on a cosmological horizon.
In case we fix the coupling constant

Cr

¢ =Cpoy- ——KNO(+

4.101
2 3CR ( )

in order to solve Eq. (4.94), the Lagrangian on shell
becomes independent of o,:. The functions P(r) and
w(r) remain arbitrary. The metric components are given by

—A> 2, (4.102)

2KN60+ 3CR

Q2A(r) — p=2B(r) — | _2%4_ < CF

w1 being an integration constant, while another is fixed by a
rescaling of the ¢ coordinate. The last unknown function
v(r) has to be the solution of the first order differential
equation
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1
v'(r) = (250 + B'(r)o(r) + (—2 —3_ R )eB(’)
r KnNOo+

n <2w(r) 2w (r) — eB(r)Wz(r)>. (4.103)

r

In the framework of models of class /I, the coupling
constant o(- do not appear in the field equations. We first
obtain

e A28 (24» - ;—waz+> P(w?(r) =0.  (4.104)
CR

A strategy similar as the previous leads also to Eq. (4.96)
and

e-280) — SR 3er_ L (6creg +Kyoa:A) P2

,  (4.105
CRr r SKNCR02+ ( )
6 1
o(r) = (1}0 - ( Ryt —))eB(’) (4.106)
KnOo+ r
but from the equation §™" = 0 we obtain:
eo
cp—=20 (4.107)
r

Thus, for consistency, we have to put the coupling constant
cr equal to zero, which constitutes a physically unaccept-
able condition. The same conclusion occurs if instead of
fixing w(r) = 0 to solve Eq. (4.104) we fix the coupling
constant ¢p = —cp/(6¢g)ky0o+.

A lot of endeavour have been devoted to the study of
Birkhoff’s theorem in the framework of quadratic torsion
gravity (see for instance Refs. [60,61] and especially [62] and
references therein). To summarize the result of this section,
for class I models we obtain a spherically symmetric
configuration which is not the torsionless Schwarzschild
solution. The geometry is the Schwarzschild—de Sitter metric
but the torsion involves arbitrary functions. Accordingly
Birkhoff’s theorem is not satisfied in this framework.
However for class /1 theories everything seems to fall into
place (see Ref. [49]). To conclude, we also want to mention
Ref. [21] devoted to the Hamiltonian approach of the theory.
This works obtains several very interesting examples of
torsionful spherically symmetric solutions, but the one
presented here above seems to have escaped.

To conclude, let us mention that on-shell the Lagrangian
reduces to its Einstein part, the contorsion term Ly vanishes
and the effective cosmological constant appearing in the
metric reduces to its bare value. Thus there is no one-loop
quantum contribution from the contorsion expected for this
black-hole configuration.

V. CONCLUSION

We studied pure torsion gravity theories without matter
sources. This simplification has allowed us to write the field
equations in terms of the metric and contorsion components
expressed with respect to a natural (coordinate) frame
instead of vielbiens and spin coefficients. Of course both
approaches are equivalent, but the former is simpler than
the latter (and well adapted for symbolic calculations on the
computer). We also wrote a general expression of the
Noether identities resulting from the diffeomorphism
invariance of the theory. These identities, established, in
a general framework, look more useful in this context than
the Bianchi ones.

To obtain specific solution of the theory we restricted
ourself to quadratic models. Two classes of physically
acceptable models are known. They mainly differ by the
parity of their respective spin zero and spin two massive
fields. We have obtained analytical solutions of the field
equations in various contexts. Some of them present an
unexpected aspect that make the theory questionable. The
contorsion field (which is not a gauge field) sometime
involves arbitrary functions, that may even be time depen-
dent, see Eq. (4.48) but do not play any role in the
expression of the spacetime metric. The occurrence of
arbitrary functions in the expression of some of the
solutions presented here above raises the question of the
predictability of the theory and thus the possibility of a
possible confrontation of the models with observations.
This point has already been raised by various authors. For
instance, predictability is discussed in reference [63] where
sufficient conditions of uniqueness of the solution of the
Cauchy problem are established,” but some Lagrangians
with well-posed initial value problems, that escape these
sufficient conditions are described in Ref. [64]. Moreover,
various authors have also obtained solutions containing
arbitrary functions: in the framework of an analysis of
asymptotic solutions [65] or in the ones of solutions built
using the double duality ansatz [32,66]. In particular, this
last work proposes an interesting conjecture. The appear-
ance of arbitrary functions would reflect a hidden gauge
symmetry that could be revealed by a Hamiltonian analysis,
as the symmetry could emerge through a bifurcation
phenomenon of the constraint algebra for certain configu-
rations. However, none of the arbitrary functions encoun-
tered (that are not reflecting the diffeomorphism invariance)
are unrestricted. They do not depend on all the coordinates,
which makes the previous interpretation unlikely. In any
case, the question of their physical and mathematical
meaning remains open and requires a further (certainly
difficult) work to be elucidated.

We also met obstruction to the existence of the con-
torsion field despite the fact that the metric remains

3As noticed in Ref. [64], models of class 7 and /7 do not verify
them.
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perfectly regular (see the solution Eq. (4.85b), in
Sec. IV B 3). The specific solutions we obtain also empha-
size differences between the two classes of quadratic
gravity theories. For instance we obtain, under specific
assumption, a black hole solution for the class 7 theory that
cannot exits in the framework of the class /1.
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APPENDIX A: EULER INVARIANT AND
BACH-LANCZOS IDENTITY

In the main text we made use of a topological
invariance of the Euler class to obtain Eq. (B4) and a
quadratic identity satisfied by the Riemann curvature
tensor to pass from Eq. (4.6) to Eq. (4.7). In this appendix,
for the reader convenience, we sketch a proof of these
properties.

To start we notice that the Pfaffian (exterior products of
connection one-forms A%, = A* ﬁﬂdx”, and curvature two-
forms F¥ =1F%  dx* A dx’ are implied):

1 ) P
94:_ﬂrlﬁy5€a1}€75:Eeab“j}jab€c£[ (Al)

2

is an invariant polynomial, such that dQ4 = 0 (as there is
no 5-forms in four dimensions). Accordingly it can be
written, locally, as an exact differential. Using the well-
known variation trick (homotopy operator [67,68]) we
obtain:

94 :d93 (AZ)
with
Q. = adeA IA AIAc
3 2€ ab 5621_5—612—,}
1 afyd 1 P
= 5’7 4 Aaﬁ ij&‘géy é/)& (A3)

For a direct check of Eq. (A2) we use the lemma:

api i . . .
Lemma.—If A;’ = —A7]"" then, in dimension n,

Bﬂl...ﬁ” = Af[lllﬂl .. .A?:ﬂnerl--.fnealman — 0 (A4)

which implies in particular in four dimensions that (d*x
denotes the affine-volume 4 form)

. aky ADky Atk Adky . &i{l I;]ACZ e]A(3 2”24 Hvpo J4
€apeaATATRATAT = €450 04 AV AT AGT M d X
~0. (AS)

Proof—First let us notice the symmetry of Bi™/n =

BWi+F.) But on the other hand writing A;’l‘/}‘ as

6(11/}1K3~-lmTKT,,K”,T] we obtain:

BPv P = 571"'TnSm"-a”€a1ﬂ1K3“'K”T AL 'A?:ﬁ” (A6)

K3k, 714172

ST A%P

B
= e O B Ty A AT (A7)

n

= erll‘fnTaz“-&k'“an.Tl ( (_)kA%Qﬁz o A{:I\lﬁk o A?Xﬁn>
k=2

(A8)

But as B/"/» is completely symmetric in the indices
By - B, while APPr = —APP1 we deduce that B#r = 0.
Accordingly:

) B .
Q4 = Eeumd(dé;l l}dAg[i + ZdA[, ;;Ag f{Aka) (A9)

whereas

(A10)

s 2 .4 .
ehed (déaédéezz + §déa ;;A@;;A’_‘a - géaédéeicé]f»
(A11)
Schouten’s lemma implies that:

eizbéd(é[al;dééicélfa]) =0= 4€abad(é[&,;déa/2]élfa)- (A12)

Accordingly

€ai}&a(éa pdA; kékd —4; edéicaéif;i
+ A 1dA, EAI_CQ + Aléadéiyaé]f;j) =0 (A13)

1.€.,
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€ageaéai;déefcéi_{[1 = —eﬁgeaée,;déaj,éi_{a

= —etPtddA A AR, (AL4)

|
The topological invariant obtained by integration of Q4
reads:

1
/94 :E/Ffl./}paF.y‘(sa)rnaﬁyénfmwr\/ _gd4x

1
:E (F?ﬁyéF?,.&aﬂ_“'F?ﬁF'.ﬂa+F2)\/—gd4x. (AIS)
The Bach-Lanczos identity [38,39], that is used in the main
text, can obtained by computing, assuming the connection
torsionless (Levi-Civita connection), the variation of the
J Q4 with respect to the metric. Using OR%y,, = V,or* by~
V,éI";, and the Bianchi identity V,R%; n"7* =0 we
deduce that:

RoyupR"™ = 2Ry R™ + 2R, R — RR 5

1
+ i 9ap(RupsR*P° — 4R, R* + R*) (Al6)

This identity generalizes straightforwardly to 2n dimen-
sions. Restricting ourselves to Riemann-curvature €,
generalizes to

_Ralﬂl

- Hap T Ryt

_g n n nPn

@, =2 ou 8 S sy R, (A17)
which is a divergence in 2n dimensions and whose Euler-
Lagrange variation leads to the identity:

A S
1
= 5 oo O S RO, - RYL. (AIB)

For n = 1 it reduces to the well-known relation between the
Ricci tensor and the scalar curvature: Rg = %5€R In
dimensions different from 2n all of these “invariants”
constitute the building blocks of the Lovelock gravity
theory [69].

APPENDIX B: CONVENTIONS

For the readers convenience we have emphasized the
density nature of some objects by underlying their symbol
with a dot. Our conventions for the contractions of the
Riemann and of the curvature tensors are

Raﬂ = lea/lﬁ =-R}/}

a.up <B1)

= _Rl.la/fﬂ = Rﬂa’

R:= gaﬂRaﬂv <B2)

Fop = F" F

Laup T (B3)

o'zl.luﬂ - _F;.laﬂu 7 Fﬂa
as, on the contrary to the Riemann tensor who verifies the
relation: R 5,5 = R, 54, In general g(wF’f y6 = Faprs  Froap.
We summarize in the next table the relationships between
ours notations and those used by some authors to denote the
coupling constants used in the quadratic Lagrangian they
consider. We indicate some of the restrictions they impose on
their parameters in the caption of the table. To establish these
correspondences we have made use the Euler class discussed
in the previous Appendix (~ meaning an equality up to a
divergence):

F2 ~ AF (g FP* — F s F7%0 (B4)
and the expression of the scalar Riemann-curvature obtained
from a double contraction of Eq. (2.3) followed by the
substitution in it of the contorsion in terms of the torsion

[Eq. (2.5)]:

F=R+2V,K”, + K’ 0K, — K/ 0:K*, (B5)
Thus we obtain:
1 1 p
F~RL ZTaﬁyTaﬁy + 5 TaﬁyTy/a -T,7° (B6)

and

1 1
crR+cpF ~kyF —cp (ZTaﬂyTaﬂy + ETaﬁyTyﬁa _ TaT“> _

(B7)

Using the torsion decomposition into irreducible parts:

Ta = Téﬂa (BS)
1 1 1
[aﬂy = 5 (Ta[}y + Tﬁay) + 6 (gayTﬁ + g/}yTa) - ggaﬁTy <B9)
5 __ 1 5(1/}]/T B10
a = 6’7 afly ( )

we obtain
afy 1 afy yap 1 a
taﬂ}/t - §<T0{ﬂ}/T + Taﬂ}/T ) —ETaT (Bll)

1
(15615 = — (2Taﬂ},Ty‘Ba - Taﬂ},Taﬁy)

= (B12)

1.€.,
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TABLE I. [ this text (ky = 1/16xG); II: Sezgin [6]; III: Hayashi and Shirafuji [10]; IV: Nair et al. [42] (f = —a, y = %a, b=0,
¢s = —3(c3 + ¢4)3), Nikiforova et al. [25] (c5 = —%(c3 + ¢4), ¢5 + 16¢4 < 0); V: Damour and Nikiforova [24] (c5 = —% (¢3 + ¢4));

VI: Damour and Nikiforova [48],

1 11 ur v |4 VI
F Cr+ cp=iky 2 a ¢y Ja+a) =«ky Cr+Cp=ky
Lo 1P —2cg -2(A+a) a a —a —2cg
a,a” —%CR —%(ﬁ—b) 4 4 —%5{ —%CR
T,T¢ +3cp HUEYS p p a +3cp
Fo3F 3 (s+01 by 3 3 3 (cp + c3)
FopFPe 1t (s—1) by + 4bs ¢y +4cs ¢y + 4es —(Ge+icp)
Fop,5F7° td, 12p+q) by —4bs b —4cg —dcq 0
F o5 FP° td, 2(p-q) 16b 16¢6 16¢¢ 0
F o5 F %% td; L2p+q-6r) by — bs — 4bg —(cs5 +4cq) —(cs +4c) jcp

*The parameter bs is redundant. It can be eliminated by the redefinitions by > by — 4bs, by + b, + bs.

2 3 2
CRR+CFFNKNF—CR gtaﬁytaﬁ7+§aaaa_§TaTa .

(B13)

In other words we fix the coupling constants of the terms
quadratic in the torsion field instead of leaving them arbitrary
as its is the case in Refs. [5-10]. Let us mention that

some authors use the square of xF := %naﬁ’“’F apuv 10 the

expression of the Lagrangians they consider. To make contact
with ours, we recall that:

(*F)z = - (Faﬁ}'ﬁFaﬂy(s - 4'Fu:/)’y(§F()’yﬂ{s + Fa/}yﬁFy&aﬂ)'

4
(41)?
(B14)

Models IV, V and VI are all of class I1.
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