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We write the field equations of torsion gravity theories and the Noether identity they obey directly in
terms of metric and contorsion tensor components expressed with respect to natural coordinates,
i.e., without using vierbien but Lagrange multipliers. Then we obtain explicit solutions of these
equations, under specific ansätze for the contorsion field, by assuming the metric to be respectively of
the Bertotti-Robinson, pp-wave, Friedmann-Lemaître-Robertson-Walker or static spherically symmetric
type. Among these various solutions we obtain some of them have their contorsion tensor depending
on arbitrary functions that did not influence their geometry. This raises questions about the predictability
of the theory.
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I. INTRODUCTION

Recently there has been renewed attention to modified
gravity theories. The main motivations for these endeavors
are on the one hand purely theoretical (the quest of an
unification of all forms of interactions and matter and of a
deeper understanding of the peculiarities of Einstein gravity
theory) and on the other hand dictated by the desire to offer
alternative explanations for the recent cosmological obser-
vations that have led to the introduction of hypothetical
dark matter and energy. There are in fact several versions of
modified gravity [1–4]. Of the many of these theories,
torsion gravity looks particularly interesting. It is a geo-
metrical theory, based on a dynamical metric and a
dynamical independent metric preserving connection, thus
generalizing general relativity. In their simplest expression
they are obtained by adding to the metric and connection
scalar curvature terms quadratic in the torsion and curvature
tensor that for appropriate values of the coupling constants
of these extra terms provides physically sane models i.e.,
without ghost and tachyon (see Refs. [5–10]).
Compared to the usual Einstein-Hilbert gravity, torsion

gravity theories extend the usual gravity framework by
modifying the infrared sector of the theory via the intro-
duction, in addition to the massless gauge spin 2 excita-
tions, of positive and negative parity massive spin 2, 1, and
zero modes. Such a theory was first considered by Cartan
[11–13] (for a historical perspective of the matter and its
developments see for instance [14,15]). Contrary to Palatini
approach [16] where the field variables are the metric

components and a torsionless connection, the variables
used in Einstein-Cartan-(Weyl [17]-Sciama [18]-Kibble
[19]) are the coframe and spin-rotation coefficient compo-
nents. In Cartan’s works the Lagrangian was restricted to
the scalar curvature defined by the metric and an affine (but
metric preserving) connection. As a consequence the
torsion degrees of freedom did not propagate but were
determined by an algebraic equation coupling them to the
matter spin content. Accordingly the torsion variables could
be eliminated by the introduction of spin-spin matter
interactions.
To obtain a propagating torsion, we have to introduce

nonlinear terms in the torsion tensor. Of course this opens
the Pandora’s box of ghosts and tachyonic modes.
Remarkably, in a set of seminal works, Sezgin and van
Nieuwenhuizen [5,6] and Hayashi and Shirofuji [7–10]
have studied the most general invariant Lagrangian, at most
quadratic in the torsion and curvature. They have analyzed
the perturbation spectrum around flat space and showed
that there exists two classes (each ones depending on five
parameters) of models without pathologies (i.e., without
ghosts and tachyons once expanded around the empty
space configuration) that describe in addition to the usual
massless spin 2 graviton, massive spin 2, spin 1 and spin 0
excitations. The main difference between these two classes
is the parity of their fluctuation field: 0þ and 2− for the class
I models, and 0− and 2þ for the class II models.
Usually these theories are formulated in terms of a

coframe (vierbein) and the curvature tensor built on a
metric preserving affine connection. It is the latter that
introduces the torsion. This choice of variables is unavoid-
able when spinorial matter sources are taken into account.*philippe.spindel@umons.ac.be
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It offers the advantage that themetric-preserving property of
the connection is simply implemented by the requirement
that the connection 1-form is antisymmetric in its Lorentz
indices, but requires additional gauge fixing conditions to
specify the a priori arbitrary 16 coframe components. It also
requires, for consistency at a classical level when fermionic
fields are present, the use of Grassmannian variables which
leads to a triangular hierarchy of the field equations.
Nevertheless at Grassmann degree zero the fermionic
variables did not play any role in the field equations.
They may be ignored and in the absence of bosonic matter
the system is only driven by the geometrical variables. It is
such configuration that wewill consider in this work: purely
geometrical torsion gravity theories in a vacuum scheme
(with a cosmological constant) obtained from ghost- and
tachyon-free Lagrangians [5–10].
A glance on the Net, using the keyword “modified

gravity” in the title of papers provides around a thousand of
entries. During the years a huge number of exact solutions
of modified gravity theories have been produced (see for
instance Refs. [2,20–25]). Also exact solutions have been
considered, in the framework of the perfect fluid or the
electromagnetic schemes; see for example [26,27] and the
references therein. Moreover it is important to recall the so-
called double duality method (see Refs. [21,28–32]), which
reduces some dynamical equations to Bianchi identities and
allows to obtain solutions analogous to the instantons of
Yang-Mills theories. The purpose of this work is to provide
some new solutions, whose behavior of some may be the
indication of a weakness of (some sectors of) these theories:
they are not predictable in the sense of the uniqueness of the
Cauchy problem. We postpone for a future work a detailed
analysis of this crucial point. To build the solutions we
present we formulate directly the field equations as Euler-
Lagrange equations obtained from variation with respect to
the metric (instead of the vierbein) and the connection
expressed in natural coordinates (instead of spin coeffi-
cients). Of course we will have to manage the metric
preserving character of the connection, but as we shall
discuss later this can be done quite easily by introducing
Lagrange multipliers, whose constraint equations are trivi-
ally solved.
The paper is organized as follows. In Sec. II we establish

the field equations using this last approach and show their
equivalence with those obtained from more common
Cartan variables (i.e., coframe and spin connection). We
also briefly discuss the Noether identities satisfied by the
field equations, mainly because they constitute a useful
check of their correctness and are a key to establish, in
some cases, the equivalence between the full set of
equations of motion and those obtained from a reduced
Lagrangian obtained after the substitution of an ansatz in
the original one. In Sec. III we particularize the general
field equations to those resulting from a Lagrangian
quadratic in the torsion field components. Then we present

some (new) solutions of the field equations, obtained under
different simplifying assumptions.
The solutions we present hereafter offer miscellaneous

interesting aspects. The first we discuss are torsionless. It is
known from a long time [33] that among the conformally
flat geometry only de Sitter or anti–de Sitter spaces are
solutions of the field equations, unless a special combina-
tion of the parameters of the models are related to the
cosmological constant. We obtain a particular solution in
the framework of class I models under this constraint. Then
we turn to torsionful solutions. To solve the field equations
we make specific ansätze by restricting the expression of
the metric (choosing a form that solves the field equation in
absence of torsion) and by fixing the a priori nonvanishing
components of the contorsion tensor that are chosen in
accordance with the metric symmetries. By considering a
Bertotti-Robinson geometry [34,35], which is a symmetric
space [36], we obtain solutions whose contorsion tensors
involve arbitrary functions. Next we turn to plane-fronted
wave spacetimes [37] and deform them by adding con-
torsion. In the case of class I solutions we obtain that the
metric continues to define an Einstein space. For class II it
is no more the case, illustrating the gravitational nature of
the positive parity massive spin two. Next we turn to the
simplest Friedmann-Lemaître-Robertson-Walker geom-
etries and obtain various cosmological solutions. First
we consider de Sitter solution in the framework of class
I models, under the same assumptions [25] that have led to
exclude time depending contorsion field configurations in
the framework of class II models. Here again the difference
between the two classes is illustrated. We obtain a time
dependent contorsion configuration over a de Sitter geom-
etry. Then we turn to class II models. To go ahead we
freeze out the scalar modes and obtain more general
solutions that those of de Sitter. Some describe spaces
evolving between an initial and a final singularity. But more
interesting we also obtain a solution offering a metric
everywhere regular, not de Sitter but interpolating between
two de Sitter geometries. The metric of this solution is
everywhere well defined but nevertheless its domain of
validity is restricted by a singularity in the contorsion field.
To make an end we display, in the framework of class I
models a black hole configuration whose contorsion field
depends on an arbitrary function, and show that such
configuration may not appear in the framework of class
II models. In the Appendix A, we recall the construction of
the Euler topological invariant (an higher dimensional
generalization of the Gauss-Bonnet invariant) and from it
sketch a proof of a quadratic identity (immediately
extended to higher even dimensions), discovered by
Bach [38] and Lanczos [39], that is satisfied by
Riemann curvature tensor and that we use during our
work. Finally, for the readers convenience we summarize
the conventions used by various authors that have inspired
this work.
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II. TORSION GRAVITY FIELD EQUATIONS

A. Metric and connection formalism

The models are expressed in terms of two sets of
variables. The metric components gμν and the affine
connection components Aα

: βμ, defining a covariant deriva-

tive, denoted by ∇̄, that is assumed to be metric preserving:

∇̄μgρσ ≔ ∂μgρσ þ gλσAρ
: λμ þ gρλAσ

: λμ ¼ 0: ð2:1Þ

In what follows we will distinguished between the Levi-
Civita connection (denoted as usual, with respect to a
natural basis/coordinate system by Γα

: βμ), ∇ denoting the
covariant differential associated to it and Rα

βμν¼∂μΓα
:βνþ…

its curvature tensor. The latter will be called Riemann-
tensor in order to be distinguished from the curvature tensor
obtained from the affine connection whose components in a
natural basis reads:

Fα
: βμν ¼ ∂μAα

: βν þ Aα
: ρμA

ρ
: βν − ∂νAα

: βμ þ Aα
: ρνA

ρ
: βμ; ð2:2Þ

¼ Rα
:βμν þ∇μKα

:βν −∇νKα
:βμ þKα

:ρμK
ρ
:βν −Kα

:ρνK
ρ
:βμ:

ð2:3Þ

To be complete, we recall the definitions of the contorsion
and torsion tensors components in natural coordinates.
The first is obtained as the difference between the affine
connection and the Levi-Civita connection:

Kα
: βγ ≔ Aα

: βγ − Γα
: βγ: ð2:4Þ

The second is related to the antisymmetric part of the affine
connection:

Tα
: βγ ¼ Aα

: γβ − Aα
: βγ ¼ Kα

: γβ − Kα
: βγ: ð2:5Þ

These two objects being obtained from differences of
connections are tensors. The flip of the indices in the
torsion with respect to those of the connection is a
reminiscence of the natural formalism to discuss these
objects: Cartan’s exterior differential calculus.
The Lagrangian we shall consider consists of two pieces.

The usual Einstein-Hilbert Lagrangian1 (including a bare
cosmological constant) with a coupling constant cR:

L
• E−H ≔

ffiffiffiffiffiffi
−g

p ðcRR − 2ΛÞ; ð2:6Þ

and the “connection matter Lagrangian”:

L
• F
ðgμν; Fα

: βγδÞ ¼
ffiffiffiffiffiffi
−g

p
LFðgμν; Fα

: βγδÞ ð2:7Þ

that we assume only to depend on the metric (but not on its
derivative) and on the curvature tensor. The introduction of
a cosmological constant is disputable. One primary aim of
torsion gravity models is to provide a dynamical origin
of the acceleration of the Universe. Moreover we also have
to remind the reader that some conditions leading to the
absence of tachyons or ghosts have to be reconsidered on
curved backgrounds, in particular on an anti–de Sitter
background [40,41]. Nevertheless the consistency of the
models around these backgrounds has been established in
Ref. [42] and extended in Ref. [43] to weakly curved
torsionless Einstein backgrounds.
Thus the total Lagrangian is given by the sum

L
•
E−H þ L

•
F. The field equations are obtained by varying

this Lagrangian with respect to gμν and Aα
: βμ, taking into

account the metric preserving assumption Eq. (2.1). This
condition is implemented with the help of Lagrange
multipliers: λ

•

α
: βγ ¼ λ

•

α
: ðβγÞ. Thus the complete Lagrangian,

that depends on the metric and connection components and
their derivatives, read as:

L
• P

¼ ffiffiffiffiffiffi
−g

p ðLE−H þ LFÞ þ λ
•
α
: βγ∇̄αgβγ: ð2:8Þ

Let us define auxiliary quantities:

Δμν ≔ −
1

2
gμνLF þ ∂LF

∂gμν
����
Fα

: βγδ

¼ ΔðμνÞ; ð2:9Þ

Z : βγδ
α ≔

∂LF

∂Fα
:βγδ

����
gμν

¼ Z : β½γδ�
α ; ð2:10Þ

Δ : βγ
α ¼ 1

2
ffiffiffiffiffiffi−gp

δL
•F

δAα
:βγ

¼
�
∇̄δZ

: βγδ
α þ 1

2
Z : βρσ
α Tγ

: ρσ − Z : βγρ
α Tρ

�
ð2:11Þ

¼∇δZ
:βγδ
α −Kρ

:αδZ
:βγδ
ρ þKβ

:ρδZ
:ργδ
α : ð2:12Þ

The variational derivative (taking into account the
Lagrangian multipliers) are

δL
•P

δgμν
¼ þΔ

• μν
−
1

2
gμνλ•

α
: βγ∇̄αgβγ − ∇̄αλ•

α
: μν þ Tαλ•

α
: μν;

ð2:13Þ

δL
•P

δAα
:βγ

¼ 2Δ
•
: βγ
α þ λ

•
γ : β
: α þ λ

•
γβ
: : α; ð2:14Þ

The Lagrange multiplier Euler equations imply the anti-
symmetry of the contorsion tensor Kα

: βμ:
1See Appendix B for some specific conventions used in this

work.
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Aα
:βμ ¼Γα

:βμþKα
:βμ with Kαβμ ≔ gαγK

γ
:βμ ¼K½αβ�μ ð2:15Þ

while the connection Euler equation fix the Lagrange
multiplier expression λα: μν:

λγαβ ¼ ΔðαβÞγ: ð2:16Þ

The remaining field equations are

S
•

: αβ
γ ≡ ðΔ

•
: αβ
γ − Δ

•
α : β
: γ : Þ ¼ 0; ð2:17Þ

ði:e: Δ½αβ�γ ¼ ∇δZ½αβ�γδ − Kα
: ρδZ

½βρ�γδ þ Kβ
: ρδZ

½αρ�γδ ¼ 0Þ;
ð2:18Þ

E
• μν

≡ ffiffiffiffiffiffi
−g

p �
cR

�
Rμν−

1

2
gμνR

�
þΛgμν

�
−T

• μν¼0: ð2:19Þ

with:

T
• μν ¼ −ðΔ

• μν
þ ð∇̄αΔ•

: :α
ðμνÞ − TαΔ•

: :α
ðμνÞÞÞ: ð2:20Þ

Let us notice that on-shell:

∇̄ρΔαβρ − TρΔαβρ ¼ 1

2
ðZαρμνFβ

: ρμν þ ZρβμνFα
: ρμνÞ: ð2:21Þ

Accordingly, defining the symmetric part as

Sαβμν ¼ ZðαβÞμν; ð2:22Þ

we obtain the symmetric contorsion energy-momentum
tensor:

T αβ ¼ −ðΔαβ þ F : μνρ
ðα SβÞμνρÞ: ð2:23Þ

This last expression shows that the Einstein equations
involve only polynomials of the curvature, but no

derivatives of it (contrary to the connection equations that
involve first derivatives of the curvature tensor). Thus in
general the field equations will involves at most third order
derivatives of the metric components and second order
derivatives of the contorsion components.
To end to this section let us mention that for a Lagrangian

having the structure given by Eqs. (2.6), (2.7) the same
field equations [Eqs. (2.17), (2.19)] are obtained if themetric
and the contorsion are taken as independent field variables.

B. Noether identities (A reminder)

Let us briefly recall the essence of Noether identity
applied to an invariant Lagrangian density L

•
. There are two

relevant such identities. We restrict ourselves to
Lagrangians like those here considered, i.e., such that L

•
depends at most on the second derivative of fields
Qω whose variations are tensors and whose Lie derivatives
involve at most the second derivative of the generator ξα of
the infinitesimal coordinate change:

LξQω ≕ ξλ∂λQω þ cλ1ωjμ∂λ1ξ
μ þ cðλ1λ2Þωjμ ∂2

λ1λ2
ξμ: ð2:24Þ

Let us define:

Pω≔
∂L

•

∂Qω
; Pωjα ≔

∂L
•

∂Qω;α
; Pωjαβ ≔

∂L
•

∂Qω;αβ
: ð2:25Þ

The fundamental Noether identity [44,45] reads:

δL
•

δQω
LξQω þ ∂αððPωjα − ∂βPωjαβÞLξQω

þ Pωjαβ∂βðLξQωÞ − ξαL
•
Þ≡ 0: ð2:26Þ

Expanding it with respect to the arbitrary field ξμ and its
derivatives we obtain from the invariance of the
Lagrangian:

δL
•

δQω
∂μQω þ ∂αðPωjα∂μQω − δαμL• Þ þ Pωjαβ∂3

αβμQω − ∂2
αβP

ωjαβ∂μQω ≡ 0

δL
•

δQω
cλ1ωjμ þ ∂αðPωjαcλ1ωjμÞ þ Pωjλ1∂μQω − δλ1μ L• þ 2Pωjαλ1∂2

αμQω þ Pωjαβ∂2
αβc

λ1
ωjμ − ∂2

αβP
ωjαβcλ1ωjμ ≡ 0

δL
•

δQω
cλ1λ2ωjμ þ ∂αðPωjαcλ1λ2ωjμ Þ þ Pωjðλ1cλ2Þωjμ þ 2Pωjαðλ1∂αc

λ2Þ
ωjμ þ Pωjλ1λ2∂μQω − ∂2

αβP
ωjαβcλ1λ2ωjμ þ Pωjαβ∂2

αβc
λ1λ2
ωjμ ≡ 0

2Pωjαðλ1∂αc
λ2λ3Þ
ωjμ þ Pωjðλ1λ2cλ3Þωjμ þ Pωjðλ1cλ2λ3Þωjμ ≡ 0

Pωjðλ1λ2cλ2λ4Þωjμ ≡ 0
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Let us notice that the first identity says that L
•
cannot

depends explicitly on the coordinates. The second exhibits
the link between the symmetric and the canonical energy-
momentum tensors. The next ones express symmetry
properties. By combining all these identities we obtain
Nœ ther’s famous second theorem:

δL
•

δQω
∂μQω − ∂λ1

� δL
•

δQω
cλ1ωjμ

�

þ ∂2
λ1λ2

� δL
•

δQω
cðλ1λ2Þωjμ

�
≡ 0: ð2:27Þ

To apply Noether theorem in the framework of this work
we have to make use of the expression of the Lie derivative
of the metric:

Lξgαβ ¼ ξμ∂μgαβ − gμβ∂μξ
α − gαμ∂μξ

β

¼ −ð∇αξβ þ∇βξαÞ: ð2:28Þ

and of the connection [46]:

LξAα
βγ ¼ ξμ∂μAα

βγ þ Aα
βμ∂γξ

μ − Aμ
βγ∂μξ

α

þ Aα
μγ∂βξ

μ þ ∂2
βγξ

α: ð2:29Þ

Note that this Lie derivative (2.29) also defines a tensor
since the difference of two connections is a tensor. Indeed it
can be written as:

LξAα
βγ ¼ LξΓα

βγ þ LξKα
βγ;

LξΓα
βγ ¼ ∇β∇γξ

α þ Rα
: γσβξ

σ ð2:30Þ

or in a more cumbersome expression (that we shall not
display) using the ∇̄ operator and the torsion tensor.
In the context of this work we obtain from Eq. (2.27):

T
• αβ∂μgαβ þ 2∂λT•

λ
μ

≡ S
•

: αβ
γ ∂μA

γ
: αβ − ∂λðS

_

: αβ
γ ðAγ

: αμδλβ þ Aγ
: μβδ

λ
α − Aλ

: αβδ
γ
μÞÞ

þ ∂2
αβS•

: αβ
μ ð2:31Þ

that can be rewritten, using the Levi-Civita connection, in
an explicitly covariant form:

∇μT
μ
α ≡ 1

2
ð∇μ∇νS

: μν
α − S : μν

ρ Rρ
: μνα −∇μðS : μν

σ Kσ
: ανÞ

−∇νðS : μν
σ Kσ

: μαÞ þ∇σðS : μν
α Kσ

: μνÞ
þ S : μν

ρ ∇αK
ρ
: μνÞ: ð2:32Þ

Accordingly, as expected, on any background, the
connection energy momentum tensor T β

α becomes

divergenceless when the connection field equations:
S : βγ
α ¼ 0 are satisfied.

C. Coframe and spin-connection formalism

Usually, authors prefer to use Cartan formalism to
discuss torsion gravity models. Their starting point is a
coframe feâ ¼ eâμdxμg defining the metric as:

gμν ¼ ηâ b̂e
â
μeb̂ν ; ð2:33Þ

where ηâ b̂ are (constant) components of a Minkowskian
metric and Aâ b̂ μ the coframe components of a metrical
connection:

Aâ b̂ μ ¼ A½â b̂�μ: ð2:34Þ

Obviously the main advantage of this approach rests in this
relation which encodes algebraically the metrical consis-
tency of the connection.
The Einstein-Hilbert Lagrangian depends on the coframe

components and their first and second derivative. The
matter Lagrangian density depends on the coframe and
connection components and the first derivative of the
latter:

L
• C

¼ eLðηâ b̂eμâeνb̂;eαâeb̂βFâ
:b̂μν

Þ; ðe≔ det½eâμ�Þ ð2:35Þ

via the curvature tensor components:

Fâ
: b̂μν

¼ ∂μAâ
: b̂ν

− ∂νAâ
: b̂ν

þ Aâ
: ĉμA

ĉ
: b̂ν

− Aâ
: ĉνA

ĉ
: b̂μ

: ð2:36Þ

The variational derivatives with respect to them read:

δL
•C

δeâμ
¼ eαâð−2Δ•

μ
αþZ:μγδ

σ Fσ
:αγδ−Z:σγδ

α Fμ
:σγδÞ¼Θ

•
μ
â ð2:37Þ

δL
•C

δAâ
:b̂μ

¼ eαâe
b̂
βðΔ•

: βμ
α − Δ

•
β : μ
: α : Þ ¼ eαâe

b̂
βS•

: βμ
α ð2:38Þ

Accordingly, by denoting:

Θ
•
νμ ≔ eâνΘ

•

μ
â ð2:39Þ

we remark that [see Eqs (2.23), (2.21)]:

Θ
•
ðνμÞ ¼ T

•
ðνμÞ ð2:40Þ

Θ
•
½νμ� ¼ ðZ

•
½σν�γδFμ

: σγδ − Z
•
½σμ�γδFν

: σγδÞ ð2:41Þ

¼ −∇̄γS•
½νμ�γ þ TγS•

½νμ�γ ð2:42Þ
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which explicits the equivalence of the metric and coframe
formulations of the torsion gravity field equations. In this
framework, Noether identities for a special type of quad-
ratic Lagrangian (class II theories, see next section) has
been worked out by Nikiforova [47].

III. QUADRATIC LAGRANGIAN

The invariant Lagrangian we shall consider is polyno-
mial, at most of degree two in the curvature, but without
terms explicitly depending only on the torsion:

LF ¼ cFF þ 1

2
ðf1FαβFαβ þ f2FαβFβαÞ þ 1

6
ðd1FαβγδFαβγδ

þ d2FαβγδFαγβδ þ d3FαβγδFγδαβÞ ð3:1Þ

and coupled to the usual Einstein-Hilbert Lagrangian
(including a bare cosmological constant):

L ¼ cRR − 2Λþ LF ð3:2Þ

The corresponding tensors needed to write the equations of
motion [Eqs (2.9)–(2.23)] are

Z : βγδ
α ¼ cFδ

½γ
α gδ�β þ f1Fβ½δδγ�α þ f2δ

½γ
αFδ�β þ 1

3
d1F

: βγδ
α

−
1

3
d2F

: ½γδ�β
α þ 1

3
d3F

½γδ� : β
: :α ; ð3:3Þ

Δαβ ¼ cFFðαβÞ þ
1

2
f1ðFαμF

: μ
β þ FμαF

μ
: βÞ

þ 1

2
f2ðFαμF

μ
: β þ FμαF

: μ
β Þ þ 1

3
d1FμνραF

μνρ
…β

þ 1

6
d2ðFμανρF

μν : ρ
β̈

þ FμβνρF
μν : ρ
α̈

þ FμνραF
μρν
… β − FαμνρF

: νμρ
β Þ

þ 1

6
d3ðFμανρF

νρμ
… β þ FμβνρF

νρμ
… αÞ − 1

2
gαβLF: ð3:4Þ

Sezgin and van Nieuwenheuizen [5,6], and Hayashi and
Shirafuji [7–10] have analyzed a more general nine-
parameter Lagrangian obtained by adding to LF
[Eq. (3.1)] an arbitrary combination of invariant terms
quadratic in the torsion tensor components (See
Appendix B, Table I). They have computed the spectrum
of the fluctuations their Lagrangian allows around a
torsionless flat configuration and established conditions
on the parameters that ensure absence of ghosts and
tachyonic modes. In general the excitations consist in
0−, 0þ, 1−, 1þ, 2− and 2þ fields. In the framework of
the models we consider, the 1� modes are frozen out and
only two classes of field survive. To describe them more
precisely let us express the five parameters of the terms
quadratic in the curvature tensor occurring in Lagrangian
LF [Eq. (3.1)] in terms of the inverse squared mass of the

field fluctuations (labeled by their spin and parity J�):
σJ� ≔ 2=m2

J� . These parameters are such that the freeze-
out condition of the mode of spin–parity J� is simply
obtained by putting σJ� ¼ 0. From Ref. [10] we obtain:

d1 ¼
cF
2
ðσ2− − σ0−Þ; ð3:5Þ

d2 ¼ cFðσ2− þ 2σ0−Þ; ð3:6Þ

d3 ¼
1

2

cF
cR

ðcRð2ðσ2þ − σ2−Þ þ ðσ0þ − σ0−ÞÞ

þ cFð2σ2þ þ σ0þÞÞ; ð3:7Þ

f1 ¼ −
cF
cR

ðcR þ cFÞ
6

ðσ2þ þ 2σ0þÞ þ ϕ; ð3:8Þ

f2 ¼ −
cF
cR

ðcR þ cFÞ
6

ðσ2þ þ 2σ0þÞ − ϕ; ð3:9Þ

where ϕ remains an arbitrary parameter. Of course to avoid
tachyons all the σJ� have to be non-negative. The fact that
all decoupling constants appear to be proportional to cF
results from the expressions of mass fluctuations (see
Eqs (4.11) in Ref. [10]) that are all proportional to cF
when the Lagrangian has the form given in Eq. (3.2). In the
limit cF ¼ 0 all the masses of the fluctuations vanish and
only the 2− modes still contribute to the energy at the
quadratic weak field approximation. Of course we may
renormalize the σJ� in order to maintain all the other
coupling constants nonzero while the coupling to F is
erased, but we prefer to make the assumption that:

cF ≠ 0: ð3:10Þ

The absence of ghosts restricts much more the possible
configurations, leading to two classes of physically accept-
able Lagrangian of the type Eq. (3.2). The first one, usually
discarded, contains in addition to the massless spin 2
modes, only massive 0þ and 2− modes. It is characterized
by the parameter restrictions:

Class I∶ cR ≥ 0; cF < 0; σ0− ¼ σ2þ ¼ 0;

σ0þ ≥ 0; σ2− ≥ 0: ð3:11Þ

The second one contains as massive modes only 0− and 2þ
fields. It requires that:

Class II∶ cR ≥ 0; cF > 0; σ0þ ¼ σ2− ¼ 0;

σ0− ≥ 0; σ2þ ≥ 0: ð3:12Þ

Let us recall that in order to recover in the usual coupling of
the massless spin 2 field we have to impose:
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cR þ cF ¼ 1

16πG
≕ κN ð3:13Þ

where G is Newton’s constant.
These relations ensure that Eq. (3.2) provide the most

general invariant Lagrangian depending only on the cur-
vature tensor, at most quadratic in it, and physically
acceptable (i.e., without ghost or tachyon at the level of
quadratic fluctuations around flat space, in absence of
background torsion).

IV. SPECIAL SOLUTIONS

From now we assume the Lagrangian given by Eq. (3.2),
possibly restricted by constraints on the coupling para-
meters: f1;…; d3 but with cR ≠ 0 and cF ≠ 0. Various
aspects of exact or numerical solutions of the class II to-
rsion gravity field equations it provides have been discussed
in the literature (see for instance Refs. [24,25,42,47–49]).
Here afterwe shall display some exact solutions ofmodels of
classes I and II, mainly in order to illustrate the differences
between the two. We start by briefly considering torsionless
solutions then turn to torsionful solutions.

A. Torsionless solutions

First let us assume that the contorsion vanishes. In order
to simplify notations, we denote:

1

2
ðf1 þ f2Þ ¼ −

cF
cR

κN
6
ð2σ0þ þ σ2þÞ≕ f̄; ð4:1Þ

1

3

�
d1 þ

1

2
d2 þ d3

�
¼ cF

cR

κN
6
ðσ0þ þ 2σ2þÞ≕ d̄: ð4:2Þ

The quadratic Lagrangian and the various tensors appearing
in the field equations reduce to:

LF ¼ cFRþ f̄RμνRμν þ 1

2
d̄RμνρσRμνρσ; ð4:3Þ

Zαβγδ ¼ cFgα½γgδ�β þ 2f̄gα½γRδ�β þ d̄Rαβγδ; ð4:4Þ

FðαμνρS
: μνρ
βÞ ¼ f̄ðRαμβνRμν − Rμ

αRμβÞ; ð4:5Þ

Δαβ ¼ cF

�
Rαβ −

1

2
gαβR

�
þ 2f̄

�
Rμ
αRμβ −

1

4
gαβRμνRμν

�

þ d̄

�
RαρμνR

: ρμν
β −

1

4
gαβRμνρσRμνρσ

�
ð4:6Þ

¼ cF

�
Rαβ −

1

2
gαβR

�
þ 2f̄

�
Rμ
αRμβ −

1

4
gαβRμνRμν

�

þ d̄

�
2RαμβνRμν þ 2RαμR

μ
β − RRαβ

− gαβ

�
RμνRμν −

1

4
R2

��
: ð4:7Þ

As in Ref. [10], the writing of the last equation is simplified
by use of the Bach-Lanczos [38,39] identity (see
Appendix A for a topology based proof of it).
The connection field equations reduce to:

∇νZ½αβ�γν ¼ 0; ð4:8Þ

i.e., to:

cFðð2σ0þ þ 7σ2þÞ∇½αRβ�γ þ ð2σ0þ þ σ2þÞgγ½α∇β�RÞ ¼ 0;

ð4:9Þ

and the Einstein equations become:

cR

�
Rαβ−

1

2
gαβRþ Λ

κN
gαβ

�

þcF

�
σ2þ

2
CαμβνRμν−

σ0þ

6
R

�
Rαβ−

1

4
gαβR

��
¼0 ð4:10Þ

where Cαβγδ are the components of the Weyl tensor. Unless
σ0þ and σ2þ vanish (but recall that the absence of ghosts and
tachyons imply that both cannot be simultaneously nonzero
and that cF is assumed to be nonzero), Eqs. (4.9) implies
that the scalar curvature is constant:

R ¼ 4

κN
Λ ð4:11Þ

and the field equations (4.9), (4.10) are equivalent to:

∇½αRβ�γ ¼ 0; ð4:12Þ
�
cR þ 2

3
cFσ0þ

Λ
κN

��
Rαβ −

Λ
κN

gαβ

�

¼ 1

2
cFσ2þCαμβνRμν: ð4:13Þ

We now note the following:
(i) In case σ0þ ¼ 0 and σ2þ ¼ 0, i.e., for models

including only odd-parity fields (of spin two in
the framework of class I models, of spin zero for
those of class II), if we assume a vanishing torsion,
the field equations reduce to the usual standard
Einstein equations.

(ii) More generally, based on the method developed in
the seminal work of Debney et al. [50], Obukhov
et al. [33] have proved that this conclusion remains
valid in the generic case: Only Einstein spaces
metrics are solutions of the Eqs (4.11)–(4.13) when
κN cR=ðcFΛÞ ≠ − 3

2
fσ0þ;σ0þ þ 1

2
σ2þ;σ0þ − σ2þg.

(iii) If we assume that the metric is conformally flat,
Eq. (4.13) implies, when 1−2

3
σ0þðcF=cRÞðΛ=κNÞ≠0,

that the space is a conformally flat Einstein space, ı.e.
a flat, de Sitter or anti–de Sitter space.
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(iv) To explore the special case Λ ¼ 3
2
κNcR=ðcFσ0þÞ let

us assume the (conformally flat) metric to be

ds2 ¼−dt2þYðtÞ
�

dr2

1þkr2
þ r2dθ2þ r2sin2ðθÞdφ2

�
ð4:14Þ

with k ¼ 0 or k ¼ �L−2, L being a constant and
YðtÞ a positive function.
Then we obtain:

– For class I models [Eqs (3.11)] the trace of the
Einstein equations leads to the second order differ-
ential equation:

ŸðtÞ − 2cR
cFσ0þ

YðtÞ ¼ 2k ð4:15Þ

whose solution reads after having fixed appropriately
the origin of the t coordinate (and assuming cR ≠ 0):

YðtÞ ¼

8>>><
>>>:

−k cF
cR
σ0þ þ 1

2
Y0

 
e

ffiffiffiffiffiffiffiffi
2cR

cFσ
0þ

q
t þ εe

−
ffiffiffiffiffiffiffiffi
2cR

cFσ
0þ

q
t
!
; ε ¼ �1 if Λ > 0;

−k cF
cR
σ0þ þ Y0 cos

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
− 2cR

cFσ0þ

q
t
�
; ε ¼ þ1 if Λ < 0;

ð4:16Þ

Y0 being an integration constant whose sign must be
chosen to insure (at least for some values of t) the
positivity of YðtÞ. Inserting the expression of the
metric (4.14) obtained from Eq. (4.16) in the remain-
ing field equations we see that they are all satisfied for
the special value of Λ here considered. The compo-
nents of the Ricci tensor of the corresponding met-
rics are

Rt
t ¼

3cR
2cFσ0þ

�
1 −

ðc2Fσ20þk2 − εc2RY
2
0Þ

c2RY
2ðtÞ

�
; ð4:17Þ

Rr
r ¼ Rθ

θ ¼ Rφ
φ ¼ 3cR

2cFσ0þ

�
1þ ðc2Fσ20þk2 − εc2RY

2
0Þ

3c2RY
2ðtÞ

�
:

ð4:18Þ

In particular, for ε ¼ þ1, when:

Y2
0 ¼

�
cFσ0þk
cR

�
2

: ð4:19Þ

the geometries are those of anti–de Sitter or de Sitter
spaces.
If this condition is not fulfilled, the behavior of the

trace of the square of the Ricci tensor:

Rα
βR

β
α ¼ 9c2R

c2Fσ0þ
þ 3

ðc2Fσ20þk2 − εc2RY
2
0Þ2

c2Fσ
2
0þc

2
RY

4ðtÞ ð4:20Þ

shows that the vanishing of YðtÞ corresponds to a true
curvature singularity and the solution describes a space
evolving between two cosmological singularities.
It is interesting to note that all these solutions are

independent of the coupling constant σ2− .

(v) Notice that the Lagrangian of Yang’s theory [51]
only involves a term proportional to FαβγδFαβγδ.
Accordingly, torsionless connections have to be
solutions of Eq. (4.12) and to satisfy the condition:

RαμνρRβμνρ −
1

4
δβαRμνρσRμνρσ ¼ 0 ð4:21Þ

instead of Eq. (4.13). Some examples of such
solutions are displayed in Refs. [52–54], but in
the framework of dynamical torsion gravity, even
with an Einstein-Hilbert piece added to it, we have to
emphasize that this Lagrangian is not gosht-free or
tachyon-free.

B. Torsionful solutions

In this section we will integrate the field equations under
appropriate simplifying ansatzes. We start from a pre-
scribed form of the metric which solves the field in absence
of torsion and deform it by introducing a minimal con-
torsion that maintains the equations tractable. We shall
consider four different kinds of metrics: Bertotti-Robinson,
pp-wave, Friedmann-Lemaître-Robertson-Walker, black
hole. Each of them constitutes a solution of the field
equation in the absence of torsion. The first one constitute
the most surprising one: the resulting torsion depends on
arbitrary functions that are completely ignored by the
metric. A similar property also appears for the black-hole
configuration.

1. Bertotti-Robinson geometry

Equation (4.12) shows that the metric of symmetric
spaces are solutions of the contorsion equations when it
vanishes. Among such symmetric spaces [36], let us first
consider the Bertotti-Robinson space [34,35]. This space is
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the Riemannian product of an Euclidian and a Lorentzian
space: the product of a sphere or a hyperbolic plane2 and a
Lorentzian factor: a de Sitter or anti–de Sitter bidimen-
sionnal space. In local coordinates fr; θ; ξ; τg the metric
tensor reads:

ds2 ¼ 1

ð1þQ1r2Þ2
ðdr2 þ r2dθ2Þ

þ 1

ð1þQ2ξ
2Þ2 ðdξ

2 − ξ2dτ2Þ: ð4:22Þ

It is an Einstein space when Q1 ¼ Q2, a conformally flat
space when Q1 ¼ −Q2.
To pursue we made the following ansatz for the

expression of the contorsion tensor components:

Krθr ¼ −Kθrr ≔
1

ð1þQ1r2Þ
kθðrÞ;

Kθrθ ≔
r2

ð1þQ1r2Þ
krðrÞ ¼ −Krθθ;

Kξτξ ≔
1

ð1þQ2ξ
2Þ kξðξÞ ¼ −Kτξξ;

Kτξτ ≔ −
ξ2

ð1þQ2ξ
2Þ kτðξÞ ¼ −Kξττ; ð4:23Þ

all the other components being assumed to be zero.
The ten nonvanishing contorsion field equations depend

only on two terms:

κEðrÞ ≔ ð1þQ1r2Þ2
�
k0rðrÞ þ

1

r
krðrÞ

�
;

κLðξÞ ¼ ð1þQ2ξ
2Þ2
�
k0ξðξÞ þ

1

ξ
kξðξÞ

�
: ð4:24Þ

They read as:

Sτ
: θτ ¼ Sξ

: θξ

¼ kθðrÞ
�
cF þ 2f̄ðQ1 þQ2Þ −

1

2
f̄ðκEðrÞ þ κLðξÞÞ

�
¼ 0; ð4:25Þ

Sθ
: τθ ¼ Sr

: τr

¼ kτðξÞ
�
cF þ 2f̄ðQ1 þQ2Þ −

1

2
f̄ðκEðrÞ þ κLðξÞ

�
¼ 0; ð4:26Þ

Sθ
: rθ ¼ −

�
2

3
d̄þ f̄

�
κ0EðrÞ ¼ 0; ð4:27Þ

Sξ
: ττ ¼ −

�
2

3
d̄þ f̄

�
κ0LðξÞ ¼ 0; ð4:28Þ

Sτ
: rτ ¼ Sξ

: rξ

¼ −
1

2
f̄κ0EðrÞ

− krðrÞ
�
cF þ 2f̄ðQ1 þQ2Þ−

1

2
f̄ðκEðrÞ þ κLðξÞÞ

�
¼ 0; ð4:29Þ

Sr
: ξr ¼ Sθ

: ξθ

¼ −
1

2
f̄κ0LðξÞ

− kξðξÞ
�
cF þ 2f̄ðQ1 þQ2Þ−

1

2
f̄ðκEðrÞ þ κLðξÞÞ

�
¼ 0: ð4:30Þ

Their solutions are given by:

κEðrÞ ¼ 2ðQ1 þQ2Þ þ
cF
f̄

þ β;

κLðξÞ ¼ 2ðQ1 þQ2Þ þ
cF
f̄

− β ð4:31Þ

where β is a constant. From them we obtain:

krðrÞ ¼
αr
r
−
cF=f̄ þ 2ðQ1 þQ2Þ þ β

2Q1rð1þQ1r2Þ
; ð4:32Þ

kξðξÞ ¼
αξ
ξ
−
cF=f̄ þ 2ðQ1 þQ2Þ − β

2Q2ξð1þQ2ξ
2Þ ð4:33Þ

with αr and αξ two integration constants.
Using these expression of krðrÞ and kξðξÞ, the four

nontrivial remaining Einstein equations reduce to two
algebraic equations:

Er
r ¼ Eθ

θ ¼ Λ − 4cRQ2 −
4c2Fd̄
3f̄2

þ 4cFðβ − 4Q1Þðd̄þ 3
4
f̄Þ

3f̄

¼ 0; ð4:34Þ

Eξ
ξ ¼ Eτ

τ

¼ Λ − 4cRQ1 þ
4c2Fðd̄þ 3

2
f̄Þ

3f̄2
−
4cFðβ − 4Q1Þðd̄þ 3

4
f̄Þ

3f̄

¼ 0; ð4:35Þ
2We will not discuss possible compactification obtained by

quotienting by a Fushian group, nor other global aspects of the
geometry.
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that fix the value of the curvatures of the two factors of the
product geometry:

Q1 ¼
4cFðd̄þ 3

4
f̄Þðc2F þ f̄ðβcR þ ΛÞÞ − 3cRf̄ðc2F þ f̄ΛÞ
16cRf̄ðcFðd̄þ 3

4
f̄Þ − 3

4
cRf̄

ð4:36Þ

Q2 ¼
4cFðd̄þ 3

4
f̄Þðc2F − f̄ðβcR − ΛÞÞ − 3cRf̄ðc2F þ f̄ΛÞ
16cRf̄ðcFðd̄þ 3

4
f̄Þ − 3

4
cRf̄

ð4:37Þ

The solution here above involves two arbitrary functions of
one variable: kθðrÞ, kτðξÞ and three integration constants:
αr, αξ and β.
The previous solutions could be slightly generalized.

The coordinate θ used to write the metric Eq. (4.22) is an
angle. Accordingly functions depending on it have to be
periodic. But the time coordinate τ varies from −∞ to þ∞
and functions depending on it have no a priori restriction.
This suggests to consider the arbitrary functions appearing
in the Krθr and Kθrθ components of the contorsion to
depend also on τ. Written as:

Krθr ¼ −Kθrr ≔
1

ð1þQ1r2Þ
k̃θðr; τÞ;

Kξτξ ¼ −Kτξξ ≔
1

ð1þQ2ξ
2Þ k̃ξðξ; τÞ; ð4:38Þ

the ðξ; θ; τÞ contorsion equation

Sξ
: θτ ¼

f1ðQ2
2ξ

4 − 1Þ
2ξ

∂τk̃θðr; τÞ ¼ 0 ð4:39Þ

implies, assuming to be in a generic case, that Krθr cannot
depends on τ, but is an arbitrary function of r:

k̃θðr; τÞ ¼ kθðrÞ: ð4:40Þ

On the other hand the ðξ; τ; ξÞ equation

Sξ
: τξ ¼ −

ðd̄þ 3
2
f̄Þð1þQ2ξ

2Þ6
3ξ4

∂2
ττk̃τðξ; τÞ ¼ 0 ð4:41Þ

implies that kτðξ; τÞ is linear in the τ coordinate. Under
these assumptions we obtain a solution with krðrÞ still
given by Eq. (4.32), depending on two integration constants
but with kξðξÞ an arbitrary function and kτðξ; τÞ given by

k̃τðξ; τÞ ¼ kτðξÞ þ
�
ξkξðξÞ þ ξ2

�
k0ξðξÞ −

ð2cF=f̄ þ 2ðQ1 þQ2Þ − βÞ
ð1þQ2ξ

2Þ2
��

τ ð4:42Þ

where kτðξÞ is another arbitrary function.
More involved solution may be obtained by performing a

coordinate transformation from polar coordinates to planar
coordinates. For illustrative purpose let us suppose Q2 ¼
4L2 > 0 and the metric given by:

ds2 ¼ 1

ð1þQ1r2Þ2
ðdr2 þ r2dθ2Þ

þ 1

4Q2t2
ðdz2 − dt2Þ: ð4:43Þ

The new planar coordinates ðt; zÞ are related to the polar
coordinates by:

t ¼ Lð4L2 þ ξ2Þ
4L2 − ξ2 − 4L sinhðτÞ ;

z ¼ 4L2ξ coshðτÞ
4L2 − ξ2 − 4L sinhðτÞ : ð4:44Þ

On this new coordinate patch the non-vanishing contorsion
components are, in accordance with the ansatz (4.23):

Krθr ¼ −Kθrr ≔
1

ð1þQ1r2Þ
kθðrÞ;

Kθrθ ¼ −Krθθ ≔
r2

ð1þQ1r2Þ
krðrÞ;

Kztz ¼ −Ktzz ≔
1

ð4Q2t2Þ
ktðt; zÞ;

Ktzt ¼ −Kztt ≔ −
1

ð4Q2t2Þ
kzðt; zÞ: ð4:45Þ

Again the contorsion equations depend only on two terms:
κEðrÞ already defined in Eq. (4.24) and

κ̃Lðt; zÞ ≔ 4Q2t2ð∂zkzðt; zÞ − ∂tktðt; zÞÞ: ð4:46Þ
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The structure of the system of equations remains the same.
The equations that κEðrÞ and κ̃Lðt; zÞ have to satisfy are
similar to Eqs. (4.31):

κEðrÞ ¼ 2ðQ1 þQ2Þ þ
cF
f̄
þ β;

κ̃Lðt; zÞ ¼ 2ðQ1 þQ2Þ þ
cF
f̄
− β: ð4:47Þ

Accordingly, the function kθðrÞ remains an arbitrary
function of one variable, krðrÞ is still given by Eq. (4.32)
but:

kzðt; zÞ ¼ Azðt; zÞ

ktðt; zÞ ¼
Z

∂zAzðt; zÞdtþ btðzÞ

þ cF=f̄ þ 2ðQ1 þQ2Þ − β

4Q2t2
: ð4:48Þ

Using the Jacobian defined by the coordinate transforma-
tion (kz, kt transforms as a covector components), we easily
obtain a solution in polar coordinate that generalize the
previous one.
To take into account the conditions that ensure the health

of the theory around flat space we rewrite the solution using
the parametrization [Eqs. (3.5)–(3.9)]:

Q1¼
1

4

�
Λ
cR

þ 3cFσ2þβ
3cFσ2þ þ2cRσ0þ þcRσ2þ

−
3cF

κNð2σ0þ þσ2þÞ
�
;

ð4:49Þ

Q2¼
1

4

�
Λ
cR

−
3cFσ2þβ

3cFσ2þ þ2cRσ0þ þcRσ2þ
−

3cF
κNð2σ0þ þσ2þÞ

�
:

ð4:50Þ

Notice that

f̄ ¼ −
κN
6

cF
cR

ðσ2þ þ 2σ0þÞ: ð4:51Þ

Thus the Bertotti-Robinson geometry, for the contorsion
ansatz here assumed, is only compatible, in the framework
of a class I model with a 0þ field, and for a class II model
with a 2þ field. It is easy to check that if σ0þ and σ2þ vanish
no torsionfull solutions are possible in the framework here
considered. Notice that, on the contrary to what is done in
Ref. [26] we didn’t assume the metric to be conformally flat
and the contorsion field we obtain as solution of the field
equations depends on arbitrary functions instead of arbi-
trary constants.

2. Plane-fronted wave spacetimes

This family of spaces has been known for a long time
[37] and has been extensively studied, in particular their
physical interest being put into evidence in numerous
works (See for instance Refs. [55–58]). Among them there
also is a subset of symmetric Lorentzian spaces [36],
making them exact torsionless solutions of the torsion
gravity equations.
The general expression of their metric is

ds2 ¼ 2dudvþHðu; x; yÞdu2 þ dx2 þ dy2: ð4:52Þ

In absence of contorsion it solves the field equations (both
for classes I and II models) if and only if Hðu; x; yÞ is an
harmonic function with respect to the x and y coordinates
and the bare cosmological constant vanishes:

Λ ¼ 0; ΔHðu; x; yÞ ¼ 0: ð4:53Þ

Here Δ denotes the two dimensionnal Laplacian
(Δ ≔ ∂2

x þ ∂2
y).

Extension of this solution to torsionful configurations
has been discussed with great generality in Ref. [20]. To
display some explicit solutions we assume as a priori
nonvanishing components of the contorsion:

Kxuu ¼ −Kuxu ≕Xðu; x; yÞ;
Kyuu ¼ −Kuyu ≕Yðu; x; yÞ: ð4:54Þ

We will now briefly discuss the resolution of the field
equations under this ansatz:

(i) Class I models: Einstein equations continue to
impose to put Λ ¼ 0. Nevertheless let us mention
that solutions representing pp-wave propagating on
(anti-) de Sitter spaces are described in Ref. [22]).
Two independents contorsion equations (Sx

: vv ¼ 0,
Sy

: vv ¼ 0) and two independent Einstein equations
(Eu

v ¼ 0, Eu
u ¼ 0) remain to be solved. We obtain

from the contorsion equations:

cF

�
∂2
xYðu; x; yÞ − ∂2

xyXðu; x; yÞ −
2

σ2−
Yðu; x; yÞ

�
¼ 0 ð4:55Þ

cF

�
∂2
yXðu; x; yÞ − ∂2

xyYðu; x; yÞ −
2

σ2−
Xðu; x; yÞ

�
¼ 0 ð4:56Þ

from which we deduce that (let us recall that we
assume cF ≠ 0):

∂xXðu; x; yÞ þ ∂yYðu; x; yÞ ¼ 0 ð4:57Þ

DYNAMICAL TORSION GRAVITY BACKGROUNDS PHYS. REV. D 103, 124054 (2021)

124054-11



i.e., the contorsion components Kxuu and Kyuu have
to verify a two dimensional Helmholtz equation:

ΔXðu; x; yÞ − 2

σ2−
Xðu; x; yÞ

¼ 0

¼ ΔYðu; x; yÞ − 2

σ2−
Yðu; x; yÞ: ð4:58Þ

Accordingly Xðu; x; yÞ (resp: Yðu; x; yÞ) may be
written as a superposition of exponential modes
ξIðu; x; yÞ (resp:ηIðu; x; yÞ):

ξIðu; x; yÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

2

σ2−
− p2ðuÞ

�s
kðuÞ

× e
−pðuÞx�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

σ2−
−p2ðuÞ

p
y
; ð4:59Þ

ηIðu; x; yÞ ¼ pðuÞkðuÞe−pðuÞx�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

σ2−
�p2ðuÞ

p
y; ð4:60Þ

pðuÞ and kðuÞ being arbitrary functions of u, only
limited by the condition that the contorsion compo-
nents have to be real.
The diagonal Einstein equations impose that the

bare cosmological constant Λ vanishes. Then, taking
this into account and the relation Eq. (4.57), we
obtain from the remaining equation:

ΔHðu; x; yÞ ¼ 0 ð4:61Þ

i.e., the geometry is still Ricci flat. Notice that as x
and y varies from −∞ to þ∞ we are confronted by
an exponential blowup of the contorsion (the metric
blowing up only polynomially).

(ii) Class II models: In this case the equations appa-
rently look a little bit more complicated but lead to a
similar solution. We have still to impose Λ ¼ 0. The
contorsion equations read

cF

�
∂2
xXðu; x; yÞ þ ∂2

xyYðu; x; yÞ −
2cR
κNσ2þ

Xðu; x; yÞ

−
1

2
∂xΔHðu; x; yÞ

�
¼ 0; ð4:62Þ

cF

�
∂2
yYðu; x; yÞ þ ∂2

xyXðu; x; yÞ −
2cR
κNσ2þ

Yðu; x; yÞ

−
1

2
∂yΔHðu; x; yÞ

�
¼ 0; ð4:63Þ

from which we obtain:

∂yXðu; x; yÞ ¼ ∂xYðu; x; yÞ: ð4:64Þ

The diagonal Einstein equations still imply the
vanishing of the bare cosmological constant. The
remaining non trivial equation is

ΔHðu; x; yÞ ¼ 2
cF
κN

ð∂yYðu; x; yÞ þ ∂xXðu; v; yÞÞ

ð4:65Þ
which inserted in Eqs (4.62), (4.63) leads again to
Helmholtz equations:

ΔXðu; x; yÞ − 2

σ2þ
Xðu; x; yÞ

¼ 0

¼ ΔYðu; x; yÞ − 2

σ2þ
Yðu; x; yÞ: ð4:66Þ

From these last two we deduce that the solution of
Eq. (4.65) is given by:

Hðu; x; yÞ ¼ H0ðu; x; yÞ
þ cFσ2þ

κN
ð∂yYðu; x; yÞ þ ∂xXðu; x; yÞÞ

ð4:67Þ

H0ðu; x; yÞ being an harmonic function and the
contorsion components Xðu; x; yÞ and Yðu; x; yÞ
by superpositions of modes:

ξIIðu; x; yÞ ¼ pðuÞkðuÞe−pðuÞx�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

σ2−
−p2ðuÞ

p
y
; ð4:68Þ

ηIIðu; x; yÞ ¼ ∓
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

σ2−
− p2ðuÞ

s
kðuÞ

× e
−pðuÞx�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

σ2−
−p2ðuÞ

p
y
; ð4:69Þ

pðuÞ and kðuÞ being arbitrary functions of u,
satisfying the same conditions as those encountered
for class I pp-wave solutions. Let us emphasize that
the function Hðu; x; yÞ being no more an harmonic
function (in x and y), on the contrary to the metric
obtain in the framework of class I pp-wave, the
metric no longer constitutes a solution of a vacuum
Einstein space.

3. Friedmann-Lemaître-Robertson-Walker
spatially flat geometry

The simplest cosmological geometry is

ds2 ¼ −dt2 þ e2AðtÞðdx2 þ dy2 þ dz2Þ ð4:70Þ

describing a spatially flat homogeneous and isotropic
space. In this section we discuss some solutions of torsion
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gravity theories under the assumptions that the metric is
such one and that the contorsion tensor is of the special
form:

Kαβγ ¼ ηαβγδaδ þ
1

3
ðgαγkβ − gβγkαÞ ð4:71Þ

with

aα ¼ ð0; 0; 0;−gðtÞÞ; kα ¼ ð0; 0; 0;−3fðtÞÞ: ð4:72Þ

This assumption results from the requirement that the
contorsion tensor is invariant with respect to the isometry
(sub)group of the metric: R3 ⋊ SOð3Þ. It extends the
framework considered in Ref. [59] by taking into account
parity breaking terms.
Using this ansatz, there remains only four algebraically

distinct field equations. One of them is a consequence of
the other three, as expected from the Bianchi identities
Eq. (2.32). The three relevant equations (see Ref. [25])
S1

: 01 ¼ 0, S1
: 23 ¼ 0, E0

0 ¼ 0 lead to:

cRgðtÞ þ κNσ0þgðtÞðgðtÞ2 − fðtÞ2 − ÄðtÞ − 2 _AðtÞ2 þ 3fðtÞ _AðtÞ þ _fðtÞÞ
þ ðcRσ2− − κNσ2þÞgðtÞðÄðtÞ þ _AðtÞ2 − fðtÞ _AðtÞ − _fðtÞÞ

þ cRσ0−
�
gðtÞ
�
3

2
ÄðtÞ þ 3fðtÞ _AðtÞ − _fðtÞ − 2f2ðtÞ

�
þ 3

2
_AðtÞ_gðtÞ þ 1

2
g̈ðtÞ
�

¼ 0 ð4:73Þ

cRfðtÞþcRσ0−gðtÞðgðtÞð2fðtÞ−3 _AðtÞÞ− _gðtÞÞþκNσ2þgðtÞðgðtÞ _AðtÞþ _gðtÞÞ

þκNσ0þ

��
fðtÞ

�
ðg2ðtÞ−f2ðtÞÞþ1

2
ÄðtÞ−2 _A2ðtÞþ3fðtÞ _AðtÞ

�
þgðtÞ_gðtÞ

�
þ3

2
_fðtÞ _AðtÞ−2 _AðtÞÄðtÞþ1

2
f̈ðtÞ−1

2
⃛AðtÞ

�

−cRσ2−gðtÞðgðtÞ _AðtÞþ _gðtÞÞ¼0 ð4:74Þ

Λþ 3cFðg2ðtÞ − f2ðtÞ þ 2fðtÞ _AðtÞÞ − 3κN _A2ðtÞ þ cFσ0−
�
1

2
ð3gðtÞ _AðtÞ − _gðtÞÞ2 − 2_g2ðtÞ þ 6fðtÞg2ðtÞðfðtÞ − 2 _AðtÞÞ

�

−
3

2
κN

cF
cR

ðf2ðtÞðf2ðtÞ − 4fðtÞ _AðtÞ þ 5 _A2 − 2g2ðtÞÞ þ 2fðtÞ _AðtÞðÄðtÞ − _A2ðtÞ − _fðtÞ þ 2g2ðtÞÞ

− ðÄðtÞ þ 2 _A2ðtÞ − _fðtÞ − g2ðtÞÞðÄðtÞ − _fðtÞ þ g2ðtÞÞÞ ¼ 0 ð4:75Þ

We emphasize that the trace of the Einstein equations leads
to a remarkably simple equation, independent of the σJ�
parameters:

Λþ 3

2
cFðg2ðtÞ − f2ðtÞÞ þ 9

2
cFfðtÞ _AðtÞ þ

3

2
cF _fðtÞ

− 3κ _A2ðtÞ − 3

2
κÄðtÞ ¼ 0: ð4:76Þ

In Ref. [25] cosmological solutions of class II torsion
gravity equations, build on de Sitter geometry

ds2 ¼ −dt2 þ e2λtðdx2 þ dy2 þ dz2Þ ð4:77Þ

were studied, under the assumption that the contorsion
tensor was of the special form Eqs. (4.72). It was demon-
strated that this ansatz implies that the functions fðtÞ and
gðtÞ are constants. The same proof remains valid when a
nonzero bare cosmological constant is included. This was
analyzed in Ref. [24]. which provides torsionful solutions.
For class I Lagrangian, the consequences differ. Let us
briefly summarize how the field equations are solved in this

framework. The equation S1
: 23 ¼ 0 provides (assuming that

κNσ0þ ≠ crσ2−) the expression of _fðtÞ in terms of fðtÞ, gðtÞ
and the parameters Λ, σ0þ and σ2− . From the equation
S1

: 01 ¼ 0 we obtain the expression of _gðtÞ in terms of the
same variables. Inserting them in the trace of the Einstein
equations [Eq. (4.76)] we obtain g2ðtÞ as a function of fðtÞ
and the various parameters. The time derivative of this last
relation, once the previously obtained expressions of the
time derivatives of fðtÞ and gðtÞ are inserted in, gives a
second relation linking fðtÞ and gðtÞ. Its compatibility with
the first ones fixes the bare cosmological constant to be:

Λ ¼ 3cR

�
cF

2κNσ0þ − cRσ2−
þ λ2

�
ð4:78Þ

and leads to:

g2ðtÞ ¼ −
cR

2κNσ0þ − cRσ2−
þ ðfðtÞ − λÞ2: ð4:79Þ

Finally an elementary integration gives:
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fðtÞ ¼ f0e−λt þ λ −
cR

λð2κNσ0þ − cRσ2−Þ
: ð4:80Þ

Itsworthwhile to notice that if cR=ð2κNσ0þ − cRσ2−Þ > 0 the
positivity of the righthand side of Eq. (4.79) restrict the range
of the time variable t by requiring that f0e−λt is outside
the interval bounded by: ðcR=λÞ=ð2κNσ0þ − cRσ2−Þ �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cR=ð2κNσ0þ − cRσ2−Þ

p
.

More general exact solutions are less obvious to build.
We obtain one, in class II theory, by restricting the
Lagrangian only to the spin 2 massive degrees of freedom,
i.e., by putting σ0− ¼ 0 [in addition to the constraints
Eqs. (3.12)]. Denoting by YðtÞ ≔ fðtÞ − _AðtÞ, and assum-
ing gðtÞ non identically zero, we obtain from Eq. (4.74) and
Eq. (4.76):

_YðtÞ ¼ cF
κNσ

2þ − fðtÞYðtÞ − Y2ðtÞ; ð4:81Þ

_fðtÞ ¼ 2

3cR
Λ −

1

σ2þ
þ cF
cR

g2ðtÞ − κN
cF

Y2ðtÞ

− 3fðtÞYðtÞ − 2f2ðtÞ: ð4:82Þ

The trace of the Einstein equations (4.75) gives us the
function gðtÞ:

g2ðtÞ ¼ 1

3cF
ð3cRðfðtÞ þ YðtÞÞ2 þ 3cFY2ðtÞ − ΛÞ: ð4:83Þ

Substituting it in the sum of the two equations (4.81) and
(4.82), we obtain:

ÄðtÞ ¼ −
cF

κNσ2þ
þ Λ
3cR

− _A2ðtÞ: ð4:84Þ

According to the sign of Λ=ð3cRÞ − cF=ðκNσ2þÞ different
solutions emerge (two integration constants being fixed by
an appropriate coordinate choice):

Case a∶
Λ
3cR

−
cF

κNσ2þ
≕ − α2 < 0;

AðtÞ ¼ ln½cosðαtÞ�;

fðtÞ ¼ 1

α cosðαtÞ
�
f0 − sinðαtÞ

�
α2 þ cR

κNσ2þ

��
:

ð4:85aÞ

Caseb∶
Λ
3cR

−
cF

κNσ2þ
≕ ᾱ2 > 0;

AðtÞ¼ ln½coshðᾱtÞ�;

fðtÞ¼ 1

ᾱcoshðᾱtÞ
�
f0þ sinhðᾱtÞ

�
ᾱ2−

cR
κNσ2þ

��
:

ð4:85bÞ

These metrics look like those of a spatially curved anti–
de Sitter or de Sitter spaces, excepted that here we have
Euclidean flat space sections instead of hyperbolic planes.
When Λ ≤ 0, g2ðtÞ ≥ 0 and there is no restriction on the
domain of t resulting from Eq. (4.83).
In case of solutions of the type (a) -Eq. (4.85a)] if

3cFcR=ðκNσ2þÞ>Λ>0 andf20>Λð3cR−σ2þΛÞ=ð9cRcFσ2þÞ
then t ∈� − π=ð2αÞ;þπ=ð2αÞ½. But on the contrary to what
occurs for anti–de Sitter space the boundaries t ¼ �π=ð2αÞ
constitute cosmological curvature singularity surfaces.
In case of solutions of type (b) the function g2ðtÞ is given

by a ratio of two quadratic polynomials in the variable
sinhðαtÞ. To discuss it let us express it using the three
parameters:

cF
cR

≕ q > 0; ᾱ2σ2þ ≕ ζ > 0; f0σ2þ ≕ ν; ð4:86Þ

we obtain

g2ðtÞ ¼ qð1 − ð1þ qÞζÞÞsinh2ðαtÞ − 2qð1þ qÞν sinhðαtÞ þ ð1þ qÞðqð1þ qÞν2 − ζðqþ ð1þ qÞζÞÞ
qð1þ qÞ2ζσ2þcosh2ðαtÞ

: ð4:87Þ

The denominator is always positive.
If ζ < 1=ðqþ 1Þ the function g2ðtÞ is positive near t ¼ �∞ but vanishes at t ¼ t� where:

sinhðαt�Þ ¼
qðqþ 1Þν�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qðqþ 1Þζðqðqþ 1Þ2ν2 − ððqþ 1Þζ − 1Þððqþ 1Þζ þ qÞÞ

p
qð1 − ζðqþ 1ÞÞ : ð4:88Þ

These two values t� of the t coordinate define an interval
where the contorsion is not defined, gðtÞ being imaginary.
Accordingly the solution cannot be considered for these
values of the time coordinate, even if the metric remains
without singularity.

On the contrary if ζ > 1=ðqþ 1Þ, the function gðtÞ is not
defined at t ¼ �∞. But if:

ν2 >
ððqþ 1Þζ − 1Þððqþ 1Þζ þ qÞ

qðqþ 1Þ2 ð4:89Þ
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the values of t� obtained from Eq. (4.88) define a closed
interval of time on which gðtÞ is well defined (being real).
Let us emphasize that independently of the restriction on

the contorsion the metric is well behaved. The space is
everywhere regular. Its geometry interpolates between two
asymptotic de Sitter geometries. The curvature remains
bounded and the chart fx; y; z; tg ∈ R4 cover the all
manifold in the sense that it is geodesically complete.

4. A black hole solution

Spherically symmetric and black holes solutions in
torsion gravity are discussed intensively in Refs. [48,49].
They rest on a static spherically symmetric geometry
written in Schwarzschild coordinates:

ds2 ¼ −e2AðrÞdt2 þ e2BðrÞdr2 þ r2dθ2

þ r2 sinðθÞ2dφ2 ð4:90Þ

and a contorsion tensor invariant to the complete isometry
group of the metric, including time-reversal and parity. This
restricts the nonzero contorsion components to two inde-
pendent ones, parametrized as follows:

Krtt ¼ −Ktrt ¼ e2AðrÞ−BðrÞðvðrÞ − e−BðrÞÞ ð4:91Þ

and

Krθθ ¼ csc2ðθÞKrφφ ¼ Kθrθ ¼ −csc2ðθÞKφrφ

¼ ðr2eBðrÞwðrÞ þ rÞ: ð4:92Þ

Wewill assume that in addition to the previous components
there is also a non-time reversal invariant term:

Ktrr ¼ eAðrÞþ2BðrÞPðrÞ: ð4:93Þ

Such a term is similar to the electric field of the Reissner-
Nordstrom solution. Again the two possible classes of
models lead to completely different solutions. Let us first
consider class I models, those where σ0− and σ2þ are set
equal to zero.
Equation Srtr ¼ 0 reads:

e−AðrÞ−2BðrÞ
�
cFσ2− −

2cF
3cR

κNσ0þ − 2ϕ

�
PðrÞw2ðrÞ

¼ 0: ð4:94Þ

Among the two solutions of this equation:

wðrÞ ¼ 0 ð4:95Þ

is the simpler. It constitutes also a solution of the Einstein
equation Et

r ¼ 0. Inserted in the other equations, we obtain
from the difference Et

t − Er
r ¼ 0:

AðrÞ ¼ −BðrÞ þ A0: ð4:96Þ

The integration constant A0 can, as usual, be eliminated by
a rescaling of the time coordinate. Then, from the con-
nection equation Sθ

: tθ ¼ 0 and the Einstein equation Er
r ¼ 0

we obtain the first order differential system:

v0ðrÞ ¼ 1

4cRκNσ0þ

�
4cR

�
κNσ0þ

r2
− 3cR

�
eB½r�

þ 1

r
ð2cRκNσ0þ − ððcRð2κNσ0þ þ 3cFr2Þ

− 2κNσ0þΛr2Þe2BðrÞÞÞvðrÞ
�
; ð4:97Þ

B0ðrÞ ¼
��

Λ
2cR

−
3CF

4κNσ0þ

�
r −

1

2r

�
e2BðrÞ þ 1

2r
; ð4:98Þ

whose solution is

e−2BðrÞ ¼ 1 −
2μ

r
þ
�

cF
2κNσ0þ

−
Λ
3cR

�
r2; ð4:99Þ

vðrÞ ¼
�
v0 −

3cR
κNσ0þ

rþ 1

r

�
eBðrÞ: ð4:100Þ

The functions AðrÞ, BðrÞ, vðrÞ given by Eqs (4.96), (4.99),
(4.100) with wðrÞ ¼ 0 and PðrÞ that remain arbitrary
constitute a solution of the complete system of Einstein
and connection field equations. Note that the contorsion
component vðrÞ only depends on one arbitrary constant v0
that allows to make it regular on the black hole horizon but,
in general, not also on a cosmological horizon.
In case we fix the coupling constant

ϕ¼ 1

2
cFσ2− −

cF
3cR

κNσ0þ ð4:101Þ

in order to solve Eq. (4.94), the Lagrangian on shell
becomes independent of σ2þ . The functions PðrÞ and
wðrÞ remain arbitrary. The metric components are given by

e2AðrÞ ¼ e−2BðrÞ ¼ 1−2
μ

r
þ
�

cF
2κNσ0þ

−
Λ
3cR

�
r2; ð4:102Þ

μ being an integration constant, while another is fixed by a
rescaling of the t coordinate. The last unknown function
vðrÞ has to be the solution of the first order differential
equation
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v0ðrÞ ¼ ð2eBðrÞ þ B0ðrÞÞvðrÞ þ
�
1

r2
− 3

cR
κNσ0þ

�
eBðrÞ

þ
�
2wðrÞ
r

þ 2w0ðrÞ − eBðrÞw2ðrÞ
�
: ð4:103Þ

In the framework of models of class II, the coupling
constant σ0− do not appear in the field equations. We first
obtain

e−AðrÞ−2BðrÞ
�
2ϕþ cF

3cR
κNσ2þ

�
PðrÞw2ðrÞ ¼ 0: ð4:104Þ

A strategy similar as the previous leads also to Eq. (4.96)
and

e−2BðrÞ ¼ cRþ3cF
cR

−2
μ

r
−
ð6cFcRþ κNσ2þΛÞ

3κNcRσ2þ
r2; ð4:105Þ

vðrÞ ¼
�
v0 −

�
6cR
κNσ2þ

rþ 1

r

��
eBðrÞ ð4:106Þ

but from the equation Srtt ¼ 0 we obtain:

cF
eA0

r
¼ 0: ð4:107Þ

Thus, for consistency, we have to put the coupling constant
cF equal to zero, which constitutes a physically unaccept-
able condition. The same conclusion occurs if instead of
fixing wðrÞ ¼ 0 to solve Eq. (4.104) we fix the coupling
constant ϕ ¼ −cF=ð6cRÞκNσ2þ .
A lot of endeavour have been devoted to the study of

Birkhoff’s theorem in the framework of quadratic torsion
gravity (see for instanceRefs. [60,61] and especially [62] and
references therein). To summarize the result of this section,
for class I models we obtain a spherically symmetric
configuration which is not the torsionless Schwarzschild
solution. The geometry is the Schwarzschild–de Sittermetric
but the torsion involves arbitrary functions. Accordingly
Birkhoff’s theorem is not satisfied in this framework.
However for class II theories everything seems to fall into
place (see Ref. [49]). To conclude, we also want to mention
Ref. [21] devoted to the Hamiltonian approach of the theory.
This works obtains several very interesting examples of
torsionful spherically symmetric solutions, but the one
presented here above seems to have escaped.
To conclude, let us mention that on-shell the Lagrangian

reduces to its Einstein part, the contorsion term LF vanishes
and the effective cosmological constant appearing in the
metric reduces to its bare value. Thus there is no one-loop
quantum contribution from the contorsion expected for this
black-hole configuration.

V. CONCLUSION

We studied pure torsion gravity theories without matter
sources. This simplification has allowed us to write the field
equations in terms of the metric and contorsion components
expressed with respect to a natural (coordinate) frame
instead of vielbiens and spin coefficients. Of course both
approaches are equivalent, but the former is simpler than
the latter (and well adapted for symbolic calculations on the
computer). We also wrote a general expression of the
Noether identities resulting from the diffeomorphism
invariance of the theory. These identities, established, in
a general framework, look more useful in this context than
the Bianchi ones.
To obtain specific solution of the theory we restricted

ourself to quadratic models. Two classes of physically
acceptable models are known. They mainly differ by the
parity of their respective spin zero and spin two massive
fields. We have obtained analytical solutions of the field
equations in various contexts. Some of them present an
unexpected aspect that make the theory questionable. The
contorsion field (which is not a gauge field) sometime
involves arbitrary functions, that may even be time depen-
dent, see Eq. (4.48) but do not play any role in the
expression of the spacetime metric. The occurrence of
arbitrary functions in the expression of some of the
solutions presented here above raises the question of the
predictability of the theory and thus the possibility of a
possible confrontation of the models with observations.
This point has already been raised by various authors. For
instance, predictability is discussed in reference [63] where
sufficient conditions of uniqueness of the solution of the
Cauchy problem are established,3 but some Lagrangians
with well-posed initial value problems, that escape these
sufficient conditions are described in Ref. [64]. Moreover,
various authors have also obtained solutions containing
arbitrary functions: in the framework of an analysis of
asymptotic solutions [65] or in the ones of solutions built
using the double duality ansatz [32,66]. In particular, this
last work proposes an interesting conjecture. The appear-
ance of arbitrary functions would reflect a hidden gauge
symmetry that could be revealed by a Hamiltonian analysis,
as the symmetry could emerge through a bifurcation
phenomenon of the constraint algebra for certain configu-
rations. However, none of the arbitrary functions encoun-
tered (that are not reflecting the diffeomorphism invariance)
are unrestricted. They do not depend on all the coordinates,
which makes the previous interpretation unlikely. In any
case, the question of their physical and mathematical
meaning remains open and requires a further (certainly
difficult) work to be elucidated.
We also met obstruction to the existence of the con-

torsion field despite the fact that the metric remains

3As noticed in Ref. [64], models of class I and II do not verify
them.
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perfectly regular (see the solution Eq. (4.85b), in
Sec. IV B 3). The specific solutions we obtain also empha-
size differences between the two classes of quadratic
gravity theories. For instance we obtain, under specific
assumption, a black hole solution for the class I theory that
cannot exits in the framework of the class II.
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APPENDIX A: EULER INVARIANT AND
BACH-LANCZOS IDENTITY

In the main text we made use of a topological
invariance of the Euler class to obtain Eq. (B4) and a
quadratic identity satisfied by the Riemann curvature
tensor to pass from Eq. (4.6) to Eq. (4.7). In this appendix,
for the reader convenience, we sketch a proof of these
properties.
To start we notice that the Pfaffian (exterior products of

connection one-forms Aα
: β ¼ Aα

: βμdx
μ, and curvature two-

forms F¼
αβ ¼ 1

2
Fαβ
. . μνdxμ ∧ dxν are implied):

Ω4 ¼
1

2
ηαβγδF¼

αβF¼
γδ ¼ 1

2
ϵâ b̂ ĉ d̂F¼

â b̂F¼
ĉ d̂ ðA1Þ

is an invariant polynomial, such that dΩ4 ¼ 0 (as there is
no 5-forms in four dimensions). Accordingly it can be
written, locally, as an exact differential. Using the well-
known variation trick (homotopy operator [67,68]) we
obtain:

Ω4 ¼ dΩ3 ðA2Þ

with

Ω3 ¼
1

2
ϵâ b̂ ĉ d̂Aâ b̂

�
F¼ ĉ d̂ −

1

3
Aĉ k̂A

k̂
: d̂

�

¼ 1

2
ηαβγδAαβ

�
F¼γδ −

1

3
A: ρ
γ Aρδ

�
ðA3Þ

For a direct check of Eq. (A2) we use the lemma:
Lemma.—If A

αiβj
τk ¼ −Aβjαi

τk then, in dimension n,

Bβ1���βn ≔ Aα1β1
τ1 � � �Aαnβn

τn ϵτ1���τnϵα1���αn ¼ 0 ðA4Þ

which implies in particular in four dimensions that (d4x
denotes the affine-volume 4 form)

ϵâ b̂ ĉ d̂A
âk̂1Ab̂k̂2Aĉk̂3Ad̂k̂4 ¼ ϵâ b̂ ĉ d̂A

âk̂1
μ Ab̂k̂2

ν Aĉk̂3
ρ Ad̂k̂4

σ ϵμνρσd4x

¼ 0: ðA5Þ

Proof.—First let us notice the symmetry of Bβ1���βn ¼
Bðβ1���βnÞ. But on the other hand writing Aα1β1

τ1 as
ϵα1β1κ3���κnTκ3���κn;τ1 we obtain:

Bβ1���βn ¼ ϵτ1���τnϵα1���αnϵ
α1β1κ3���κnTκ3���κn;τ1A

α2β2
τ2 � ��Aαnβn

τn ðA6Þ

¼ ϵτ1���τnδβ1½α2δ
κ3
α3 � � � δκnαn�Tκ3���κn;τ1A

α2β2
τ2 � � �Aαnβn

τn ðA7Þ

¼ ϵτ1���τnTα2���α̂k���αn;τ1

�Xn
k¼2

ð−ÞkAα2β2
τ2 � � �Aβ1βk

τk � � �Aαnβn
τn

�

ðA8Þ

But as Bβ1���βn is completely symmetric in the indices
β1 � � � βn while Aβ1βk ¼ −Aβkβ1 we deduce that Bβ1���βn ¼ 0.
Accordingly:

Ω4 ¼
1

2
ϵâ b̂ ĉ d̂ðdAâ b̂dAĉ d̂ þ 2dAâ b̂Aĉ k̂A

k̂
: d̂
Þ ðA9Þ

whereas

1

2
ϵâ b̂ ĉ d̂d

�
Aâ b̂

�
F¼ ĉ d̂ −

1

3
Aĉ k̂A

k̂
: d̂

��

¼ 1

2
ϵâ b̂ ĉ d̂d

�
Aâ b̂

�
dAĉ d̂ þ

2

3
Aĉ k̂A

k̂
: d̂

��
ðA10Þ

¼ 1

2
ϵâ b̂ ĉ d̂

�
dAâb̂dAĉd̂þ

2

3
dAâb̂Aĉk̂A

k̂
: d̂
−
4

3
Aâb̂dAĉk̂A

k̂
: d̂

�

ðA11Þ

Schouten’s lemma implies that:

ϵâ b̂ ĉ d̂ðA½â b̂dAĉk̂A
k̂
: d̂�Þ ¼ 0¼ 4ϵâ b̂ ĉ d̂ðA½â b̂dAĉk̂�A

k̂
:d̂
Þ: ðA12Þ

Accordingly

ϵâ b̂ ĉ d̂ðAâ b̂dAĉ k̂A
k̂
: d̂
− Ab̂ ĉdAk̂ âA

k̂
: d̂

þ Aĉ k̂dAâ b̂A
k̂
: d̂
þ Ak̂ âdAb̂ ĉA

k̂
: d̂
Þ ¼ 0 ðA13Þ

i.e.,
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ϵâ b̂ ĉ d̂Aâ b̂dAĉ k̂A
k̂
: d̂

¼ −ϵâ b̂ ĉ d̂Aĉ k̂dAâ b̂A
k̂
: d̂

¼ −ϵâ b̂ ĉ d̂dAâ b̂Aĉ k̂A
k̂
: d̂

ðA14Þ
▪

The topological invariant obtained by integration of Ω4
reads:Z

Ω4¼
1

2

Z
Fαβ
. . ρσFγδ

. . ωτηαβγδη
ρσωτ ffiffiffiffiffiffi

−g
p

d4x

¼ 1

12

Z
ðFαβ

. . γδFγδ
. . αβ−4Fα

:βF
β
:αþF2Þ ffiffiffiffiffiffi

−g
p

d4x: ðA15Þ

The Bach-Lanczos identity [38,39], that is used in the main
text, can obtained by computing, assuming the connection
torsionless (Levi-Civita connection), the variation of theR
Ω4 with respect to the metric. Using δRα

: βμν ¼ ∇μδΓα
: βν −

∇νδΓα
: βμ and the Bianchi identity ∇ρRα

: βμνη
μνρσ ≡ 0 we

deduce that:

RαμνρR
: μνρ
β ¼ 2RαμβνRμν þ 2RαμR

μ
β − RRαβ

þ 1

4
gαβðRμνρσRμνρσ − 4RμνRμν þ R2Þ ðA16Þ

This identity generalizes straightforwardly to 2n dimen-
sions. Restricting ourselves to Riemann-curvature Ω4
generalizes to

Ω2n ¼
ffiffiffiffiffiffi−gp
n

δ½μ1α1 δ
ν1���
β1���δ

μn
αnδ

νn�
βn
Rαnβn
. . μnνn � � �Rα1β1

. . μ1ν1 ðA17Þ

which is a divergence in 2n dimensions and whose Euler-
Lagrange variation leads to the identity:

δ½μ1α1 δ
ν1���
β1���δ

μn
αnδ

νn�
ðρ R

αn
: σÞμnνn � � �R

α1β1
. . μ1ν1

¼ 1

2n
gρσδ

½μ1
α1 δ

ν1���
β1���δ

μn
αnδ

νn�
βn
Rαnβn

. . μnνn � � �Rα1β1
. . μnνn : ðA18Þ

For n ¼ 1 it reduces to the well-known relation between the
Ricci tensor and the scalar curvature: Rβ

α ¼ 1
2
δβαR. In

dimensions different from 2n all of these “invariants”
constitute the building blocks of the Lovelock gravity
theory [69].

APPENDIX B: CONVENTIONS

For the readers convenience we have emphasized the
density nature of some objects by underlying their symbol
with a dot. Our conventions for the contractions of the
Riemann and of the curvature tensors are

Rαβ ≔ Rμ
: αμβ ¼ −R: μ

α : μβ ¼ −Rμ
: αβμ ¼ Rβα; ðB1Þ

R ≔ gαβRαβ; ðB2Þ

Fαβ ≔ Fμ
:αμβ ¼ −F : μ

α : μβ ¼ −Fμ
:αβμ ≠ Fβα ðB3Þ

as, on the contrary to the Riemann tensor who verifies the
relation:Rαβγδ¼Rγδαβ, in general gαμF

μ
: βγδ ≔ Fαβγδ ≠ Fγδαβ.

We summarize in the next table the relationships between
ours notations and those used by some authors to denote the
coupling constants used in the quadratic Lagrangian they
consider.We indicate some of the restrictions they impose on
their parameters in the caption of the table. To establish these
correspondences we havemade use the Euler class discussed
in the previous Appendix (∼ meaning an equality up to a
divergence):

F2 ∼ 4FαβFβα − FαβγδFγδαβ; ðB4Þ

and the expression of the scalar Riemann-curvature obtained
from a double contraction of Eq. (2.3) followed by the
substitution in it of the contorsion in terms of the torsion
[Eq. (2.5)]:

F ¼ Rþ 2∇ρKρσ
. . σ þ Kρ

: σρKστ
. . τ − Kρ

: στKτσ
. . ρ ðB5Þ

Thus we obtain:

F ∼ Rþ 1

4
TαβγTαβγ þ 1

2
TαβγTγβα − TαTα ðB6Þ

and

cRRþ cFF∼ κNF− cR

�
1

4
TαβγTαβγ þ 1

2
TαβγTγβα −TαTα

�
:

ðB7Þ

Using the torsion decomposition into irreducible parts:

Tα ¼ Tβ
: βα ðB8Þ

tαβγ ¼
1

2
ðTαβγþTβαγÞþ

1

6
ðgαγTβþgβγTαÞ−

1

3
gαβTγ ðB9Þ

aδ ¼ 1

6
ηδαβγTαβγ ðB10Þ

we obtain

tαβγtαβγ ¼
1

2
ðTαβγTαβγ þ TαβγTγαβÞ − 1

2
TαTα ðB11Þ

aδaδ ¼
1

18
ð2TαβγTγβα − TαβγTαβγÞ ðB12Þ

i.e.,
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cRRþ cFF ∼ κNF − cR

�
2

3
tαβγtαβγ þ

3

2
aαaα −

2

3
TαTα

�
:

ðB13Þ

In other words we fix the coupling constants of the terms
quadratic in the torsion field instead of leaving them arbitrary
as its is the case in Refs. [5–10]. Let us mention that
some authors use the square of ⋆F ≔ 1

4!
ηαβμνFαβμν in the

expressionof theLagrangians they consider. Tomake contact
with ours, we recall that:

ð⋆FÞ2 ¼ −
4

ð4!Þ2 ðFαβγδFαβγδ − 4FαβγδFαγβδ þ FαβγδFγδαβÞ:

ðB14Þ

Models IV, V and VI are all of class II.
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Poincaré gauge theory and separation of non-dynamical
variables in exact torsion solutions, Fortschr. Phys./Prog.
Phys. 36, 549 (1988).

[22] M. Blagojević, B. Cvetković, and Y. N. Obukhov,
Generalized plane waves in Poincaré gauge theory of
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taires, Masson, 1955.

[47] V. Nikiforova, The stability of self-accelerating universe in
modified gravity with dynamical torsion, Int. J. Mod. Phys.
A 32, 1750137 (2017).

[48] T. Damour and V. Nikiforova, Spherically symmetric
solutions in torsion bigravity, Phys. Rev. D 100, 024065
(2019).

[49] V. Nikiforova and T. Damour, Black holes in torsion
bigravity, Phys. Rev. D 102, 084027 (2020).

[50] G. Debney, E. E. Fairchild, and S. T. Siklos, Equivalence of
vacuum Yang-Mills gravitation and vacuum Einstein gravi-
tation, Gen. Relativ. Gravit. 9, 879 (1978).

[51] C. N. Yang, Integral Formalism for Gauge Fields, Phys. Rev.
Lett. 33, 445 (1974).

[52] W.-T. Ni, Yang’s Gravitational Field Equations, Phys. Rev.
Lett. 35, 319 (1975).

[53] R. Pavelle, Unphysical solutions of Yang’s gravitational-
field equations, Phys. Rev. Lett. 34, 1114 (1975).

[54] R. Pavelle, Unphysical Characteristics of Yang’s Pure-Space
Equations, Phys. Rev. Lett. 37, 961 (1976).

[55] J. Ehlers and W. Kundt, Exact solutions of the gravitational
field equations, in The Theory of Gravitation (John Wiley &
Sons, Inc., New York, 1962),, pp. 49–101.

[56] R. Penrose, A remarkable property of plane waves in
general relativity, Rev. Mod. Phys. 37, 215 (1965).

[57] R. Penrose, Any space-time has a plane wave as a limit, in
Differential geometry and relativity, edited by M. Cahen
and M. Flato (Dordrecht, Netherlands; Boston, U.S.A.),
pp. 271–275, D. Reidel Pub. Cie,, 1976.

PHILIPPE SPINDEL PHYS. REV. D 103, 124054 (2021)

124054-20

https://doi.org/10.1103/PhysRev.77.699
https://doi.org/10.1063/1.1703702
https://doi.org/10.1007/BF00771860
https://doi.org/10.1002/prop.2190360704
https://doi.org/10.1002/prop.2190360704
https://doi.org/10.1103/PhysRevD.96.064031
https://doi.org/10.1142/S0219887818400054
https://doi.org/10.1142/S0219887818400054
https://doi.org/10.1103/PhysRevD.97.124014
https://doi.org/10.1103/PhysRevD.95.024013
https://doi.org/10.1142/S0217751X93002058
https://doi.org/10.1142/S0217751X93002058
https://doi.org/10.1142/S0217751X16410116
https://doi.org/10.1142/S0217751X16410116
https://doi.org/10.1063/1.526172
https://doi.org/10.1063/1.526172
https://doi.org/10.1007/BF00756769
https://doi.org/10.1007/BF00756769
https://doi.org/10.1007/BF02105420
https://doi.org/10.1007/BF02105420
https://doi.org/10.1007/BF00763457
https://doi.org/10.1007/BF00763457
https://doi.org/10.1103/PhysRev.116.1331
https://doi.org/10.1007/BF01208647
https://doi.org/10.1007/BF01378338
https://doi.org/10.2307/1968467
https://doi.org/10.2307/1968467
https://doi.org/10.1016/0370-2693(82)90643-8
https://doi.org/10.1016/0003-4916(82)90116-6
https://doi.org/10.1016/0003-4916(82)90116-6
https://doi.org/10.1103/PhysRevD.80.104031
https://doi.org/10.1103/PhysRevD.80.104031
https://doi.org/10.1103/PhysRevD.80.124050
https://doi.org/10.1103/PhysRevD.80.124050
https://doi.org/10.1142/S0217751X17501378
https://doi.org/10.1142/S0217751X17501378
https://doi.org/10.1103/PhysRevD.100.024065
https://doi.org/10.1103/PhysRevD.100.024065
https://doi.org/10.1103/PhysRevD.102.084027
https://doi.org/10.1007/BF00759647
https://doi.org/10.1103/PhysRevLett.33.445
https://doi.org/10.1103/PhysRevLett.33.445
https://doi.org/10.1103/PhysRevLett.35.319
https://doi.org/10.1103/PhysRevLett.35.319
https://doi.org/10.1103/PhysRevLett.34.1114
https://doi.org/10.1103/PhysRevLett.37.961
https://doi.org/10.1103/RevModPhys.37.215


[58] S. Deser, Plane waves do not polarize the vacuum,
J. Phys. A 8, 1972 (1975).

[59] A. Minkevich, Generalised cosmological Friedmann
equations without gravitational singularity, Phys. Lett. A
80, 232 (1980).

[60] S. Ramaswamy and P. B. Yasskin, Birkhoff theorem for an
Rþ R2 theory of gravity with torsion, Phys. Rev. D 19,
2264 (1979).

[61] R. Rauch, J. C. Shaw, and H.-T. Nieh, Birkhoff’s theorem
for ghost-free, tachyon-free Rþ R2 þQ2 theories with
torsion, Gen. Relativ. Gravit. 14, 331 (1982).

[62] Y. N. Obukhov, Generalized Birkhoff theorem in the
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