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We provide evidence that gravitational radiation in a 4D radiation dominated universe, with equation of
state w = 1/3, consists of two components: helicity-2 gravitons and massless scalar acoustic waves. On
physical grounds, we would expect the homogeneous solution of the Weyl tensor components to be a good
approximation to its inhomogeneous counterparts, whenever the observer is located well in the far zone of
an isolated astrophysical source of cosmological gravitational radiation. We show explicitly that these
homogeneous and inhomogeneous solutions both receive contributions from the gauge-invariant tensor
and the two Bardeen (acoustic) scalars. Comparison of these Weyl tensor computations thus allows us to
not only identify, in the high frequency limit, the corresponding gravitational tensor and scalar radiation;

but also their oscillatory polarization patterns.
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I. MOTIVATION

What is gravitational radiation? This question is well
studied in the asymptotically flat case, where the metric
takes the form g,, — n,, + h,,. The asymptotically cos-
mological case is much less studied at a fundamental
theoretical level, however. For instance, basic questions
such as “What is the gravitational-wave energy produced
by an isolated source in a cosmological background?” have
only begun to be answered in the specific case of de Sitter—
cosmological constant dominated universe in the very
recent works of [1-4], although the generic Jeffreys-
Wentzel-Kramers-Brillouin (JWKB) results are known in
the high frequency limit [5,6].

In this paper, we wish to initiate an investigation into
whether there are additional radiative degrees of freedom
associated with the metric when the cosmology is driven by
a perfect fluid—as opposed to, say, the vacuum spacetimes
of Minkowski and de Sitter—and if so, what the corre-

specifically, we place a hypothetical isolated astrophysical
system in an even (d > 4)-dimensional universe, which in
turn is assumed to be driven by a single perfect fluid of
constant equation-of-state w; and we inquire what sort of
o . 1

gravitational waves it engenders. Hence, our perturbed
cosmological geometry, containing this gravitational radi-
ation, takes the form

Guln. %] = aln* M + 2w, X1); (1)

aln] = <},7—0>q_

gp=(d=3)+(d-Dw, w=-1.0<w<1. (2)

For the discussion at hand, it is advantageous to work in the

<o) = 0 because the proper geodesic

synchronous gauge j
spatial distance between two co-moving freely falling test

masses at ¥ =Y, and ¥=Z, may then be readily

sponding oscillatory polarization patterns are. More  expressed as

'Our primary goal here is to obtain the concrete cosmological GW signals received from a remote isolated source. For a rigorous
formal treatment of nonlinear GWs, we refer the reader to the book [7]. The weak cosmological GWs were also studied by Grischuk [8];
however, he only considered source-free metric perturbations and not the fluid equations themselves. After imposing a gauge condition
and specializing to the cosmological background, he was essentially dealing with the spin-2 portion of the metric perturbations, in
contrast to our attempt to solve for the full metric perturbations in the Einstein-fluid system [note that his Eq. (8) corresponds to the
homogeneous version of our Eq. (19)]. On the other hand, the focus of his work is on the low-frequency regime where the GWs would be
amplified as long as the universe is not in its radiation-dominated phase, whereas we are interested in the high-frequency GWs produced
by the distant astrophysical sources (see § III below for the far-zone JWKB analysis).

>The “mostly plus” sign convention is used for the metric, namely, N = diag[-1,+1, ..., +1]; Greek indices u, v, ..., run from 0
(time) to d — 1, while Latin ones i, j, ..., run over only the spatial values 1 to d — 1. The symmetrization—antisymmetrization of tensor
indices are denoted by round (...)/square |...] brackets, e.g., T(,,, =3 (T, + T,,) and Ty = T =T,).
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We see the fractional distortion of space is, at leading order
in L(a/a),

SL\ . - -
L—[W;Yoezo]

0
1. [ (. = .- .
=i / 257 In Yo+ A(Zy=Y)lad+ Ol ). (5)

Now, gravitational radiation itself may be characterized by
its ability to do work on a hypothetical Weber bar immersed
in a curved spacetime, due to tidal forces induced by the
finite-frequencies content of geometric curvature—namely,
the time dependent portion of the geodesic deviation
equation tells us the relative acceleration a’ between
infinitesimally nearby test masses is

ai = VUVUfi == _Bljfj (6)

Here, V; denotes the covariant derivative along the comov-
ing family of timelike observers in cosmology, with tangent
vector U¥ = a~'8} in the synchronous gauge. Moreover,
within the same gauge, the exact distortion tensor is

B, =R, ;U U’ = a™?Rly. (7)

We shall focus on the traceless part of this tidal tensor—i.e.,
the Weyl components C' .

a' = —((trace — terms)’y ;o + a=28,Clyjo + O[()(Ezsb))z])fj‘
(8)

The reasons are twofold. The first is geometric: the traceless
part of the tensor B"J- produces an independent distortion
pattern from its trace part; see [9] for a pedagogical
discussion. The second is technical: because the Weyl tensor
C?p,, is conformally invariant, it is zero when there are no
perturbations, and hence its linear-in-y,, piece §,C'yj is
gauge invariant. We may therefore use the gauge-invariant
content of y,,, obtained in [10] to construct the solution for
81C'yjo; and in turn, the high-frequency synchronous gauge

perturbation ;(1(;) . Note that the computation of §;C, jo has

already been partially undertaken in [11]; but in this work we
will not only provide somewhat simpler final results but also
explicit solutions in the physically important case of the four-
dimensional (4D) radiation dominated universe (i.e., d = 4

and w = 1/3). The 4D solutions for ;(l(]” during radiation

I
domination will teach us; at least in the short wavelength
limit, isolated gravitational-wave (GW) sources engender 2
independent sets of oscillatory polarization degrees of free-
dom. These two sets of polarizations survive even when the
gravitational-wave source is removed; that is, both the
inhomogeneous and homogeneous solutions of &,C 0
contain them. Since the latter may be viewed as an
approximation to the situation where the observer is located
in the distant far zone of the source, our results therefore
suggest that gravitational radiation in a 4D radiation universe
indeed does not consist solely of the usual massless spin-2
modes but also of the Bardeen scalars, because both the
tensor and scalar gauge invariant variables appear in the
homogeneous solutions of 61Ci0j0.3

In Sec. II, we will gather and improve upon the results
from [10,11]. We delineate both the gauge-invariant content
of y,, and the general construction of the Weyl tensor that
was begun in [11]. In Sec. III, we specialize to the primary
cosmology of physical interest, the d =4 and w = 1/3
case. Then in Sec. IV we summarize the results and sketch
future directions. In Appendix, we tie up some loose ends
from [11]; and describe the linearized Weyl tensor &, C'y o
results in de Sitter w = —1 and matter dominated w =0
universes.

II. LINEARIZED GRAVITATION IN
SPATIALLY FLAT COSMOLOGIES
WITH RELATIVISTIC FLUID

A. Gauge-invariant variables

In [10,11], the following scalar-vector-tensor decompo-
sition was performed for the metric perturbation y,, of
Eq. (1) as well as the stress-energy tensor (a)TW of the
hypothetical isolated astrophysical system.

Yo=E. yo,=0F+F,

D 5 =
@To=p, OTu=Z;+0.Z,
S =
Wy =0i;+00)) +%5’7" i (&-3; “i1 VZ) T 19)

By construction, these modes are subject to the following
constraints:

3The primary goal of this paper is to study the propagation of
cosmological GWs in the position space, in contrast to the Fourier
space analysis that cosmologists usually perform to compute the
large-scale structure correlation functions.
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aiFl' ZB,D,:0:5”D”:8,DU, (11)
(9i2i = 8i6i =0= 5ij0ij = 3,-0',»]». (12)
From Eq. (9), the gauge-invariant content of y,, takes the
form of 2 Bardeen scalars ® and ¥; 1 vector V;; and 1 spin-

2 tensor D;;; the following definitions ensure they are not
altered under an infinitesimal change in coordinates.*

oe-Eulafu(r- B

D-V’K K
p=_—""""_Z(p_= 14
2(d—1) ( 2)’ (14)
__ Dl — ,,IT
Vl =Fi__ and Dl] —){U (15)

B. Linearized Einstein equations

In [10], the gauge invariant variables were shown to obey
— Y — (g, +d-2)HY + wV ¥

B Dy (a®%x) wp
= S#CN <(d0— 2)at2 " (d-2)

+HT), (16)

- N
D;;[n. %] = 162Gy / 417 / dn'e|T] (“["]> ’ {C<19>
R4-! 0 a[n] ’

d=2

— 2al )T 0, (aln T 0 CY)) OT o, 7

d=2 d=2

(d-3)¥ - ® = 82Gy Y, (17)
V'V, = —162GxZ;. (18)

where H = a/a = 2/(q,,n) denotes the conformal Hubble
parameter. These field equations were first solved analyti-
cally in [10], written in terms of their associated scalar
Green’s functions convolved against the nonlocal compo-
nents of the matter stress-energy tensor,” namely, the right-
hand side of Egs. (16)—(19). Then, with the help of the
Fourier-space projection and the “time-integral” method
developed in [11], these solutions can be further re-cast into
the convolutions of their effective Green’s functions with
the local components of the astrophysical (”)T,w.

1. Spin-2

The solution to Eq. (19), governing the spin-2 graviton

D;:, can be found in Eq. (247) of [11]:

ijs

2 Tl )= T 7))

5;; . .
+ L H)aly [T 0, (aln )T CY) (d = 3) DT ool ¥] + T [, 7))

d-2
1
Td-2
167Gy
d-2

where T=n—y', R=|¥-%|, and WT,;=6YT;;. The

scalar function CE({; itself, obeying a homogeneous wave

equation, is the advanced minus retarded scalar Green’s
function,

*The notations defined here are the same ones used in [11]. To
convert them into those defined in [10], we follow the replace-
ments:  ®lhere] —» P[10]/2, Plhere] - ®[10]/2, V;[here] —
-V,[10], and D;;[here] — —D;;[10].

3Other than the energy density p and the spatial trace o, the rest
of the components in Eq. (10) are the non-local functions of the
original stress-energy tensor (a)TW. This non-locality arises from
the local projections implemented in Fourier space that leads up
to the weighted smearing of (a)T,,,, all over the space.

(2:0,CY) = (d = 3)Hly'aly/ )T, (aln/)50,0,C)((d = 3) T ool ] + “T z’])}

A A (6,6 o[, ¥] + (d = 3)9:0;0, oo [n. X)), (20)

[
Ol R = G s R) = G s R (21)

Equivalently, G(dg‘ﬂ = —G)[T]C(f")i. For the even dimen-
sional case,

(9+) , 1 9\%
Gevend24[’7’7] ;R] = —G[T] ——

g=d "M = (22)

where P, is the Legendre function. [See also Egs. (112) and
(113) of [10].] Note that all the scalar Green’s functions
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introduced in this paper, generally denoted by G 7, obey the
following type of wave equation:

5 (K+ N v o k(k+ 1)\ .

= dln — '8\ V[E - ¥, (23)

2

C¥\ln s R) = —aln)'T

N4
C¥)ln.n';R] = aln)'? / dngalns)” ("‘2)/ dﬂsa[ﬂ3]d_2/ dialn,)”

n n

n
/dnza[nz] ”‘”/ dmalm )7 C g ' R) - <
'7 n

where 0? =n"0,0,. Here, GEig’H solves Eq. (23) with
—(d-2)/q,. Additionally, C) and CY; are both

related to the known C% through the “time-integral
method” developed in [11]:

)_/ an () e

//d’ha’]ld22 [)1[771,77/;13]
7

+aPiw () [ anain e [ o [ an (500)7

+ Dalf] (Z[[Z}J)% [Jon (o)

with the Euclidean Green’s function GEiE) and D, respec-

tively, defined as the inverse Fourier transforms of —1/ K
and 1/ il

®) e
GysalR] = T AR (26)

re R
D[R = —¢ . (27)

(reg) 1 (1

5+25[ ] = 1622 ——V—IH[ ] =2In[uR] ). (28)

F[d—S]
Dys6[R] = W' (29)

note that D, and Ds of the latter have been dimensionally
regularized, in which an arbitrary mass scale y, as well as
the Euler-Mascheroni constant y, were introduced, but
those constants present in the regularization scheme will
not show up in the final results because they will be
removed by the spatial derivatives 0;0; of the tensor
structure in Eq. (20). Note that the expression (20) here
is a bit different from Eq. (247) of [11], where the double-

time derivatives of C(Z{I; and Cgf'z, with respect to 5/ have
|

(25)

|
been replaced with the lower-derivative terms via the

homogeneous wave equation for CEQZZ which also holds

for both C(z‘(,]c)z and CY).

2. Vector potential

As long as all the gravitational perturbations y,,, become
negligible in the far past, [10] has argued that [cf. Eq. (178)
of [11]]

d=1%(9;0,D VT o[ ¥

Viln.xX] = 167TGN/

Rd—l
— GP@TY [, 7). (30)

3. Bardeen scalar potentials for 0 <w <1

The inhomogeneous W solution that solves the
scalar wave equation (16) was originally found in
Eq. (264) of [11] to involve all the three scalar functions

C%) c"), and nggg defined similarly to their spin-2
counterparts C(9)’s above. However, that expression can

actually be further reduced to a more concise form

involving just Cgﬁ alone,

1+ - G
w7 = - 7O L) [ @ [ aerr (4 odirancia - 31, 7)
d-—2 w7 Jre 0 aln]
2/ SEG —1 3 a 2/ a 2/
+@T, [, %)) + d_g/wl d=1R(GP OT o[, ] + (d = V)H[yd;D 4T 5[, %) (31)
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The C gw; is the advanced minus retarded Green’s function,

Clolnn's R = Gy s R = G s Ry (32)

while, in a similar manner to Eq. (24), CSLI) is expressible in

terms of CEV_Vd):

C)in'sR) =

L [N
—a[ﬂ]_%/l dippaln,]4?
n

m =2 _(w
X/ dma[m}'%c(ld)[m,n R]
n

(33)

and the solutions of the retarded scalar Green’s function
GY"") for d > 4, obeying Eq. (23) with x = (d —2)/q,,
and the rescaled spatial coordinates: X — X/y/w and
X' — X'/+/w, may be found in Egs. (131) and (132) of
[10]—for even dimensions,

(W +) 1 5 %
Geven d>4 [’7 ’7 R] G[T} ﬂg

0[5, Gy
(22

_ (=) -Rw
GW :f.

(34)

To arrive at Eq. (31) from Eq. (264) of [11], we have carried
out the time derivatives within the latter, by making use of

the homogeneous wave equation obeyed by C%) and ng
to convert their higher derivatives into their lower ones,
then taking appropriate linear combinations to simplify the
ensuing expressions.

With the solution of ¥ at hand, the other Bardeen scalar
@ can be obtained immediately by inserting Eq. (31) into
the relation (17), or its localized version given in Eq. (175)
of [11],

Ol 7 = (d-3)¥}n.7)+ d”G; [, R GEr7)
Rd—l

C. Remarks on acoustic modes

We highlight here, according to Eq. (16), the Bardeen
gauge-invariant scalars obey wave equations—albeit with

associated acoustic cones 0 < |dX|/dp = \/w < 1 instead
of the null one of the spin-2 counterpart in Eq. (19). This
distinct cone structure of the acoustic waves is due to the
o,, dependence in Eq. (34), as opposed to the & in
Eq. (22). It is precisely these acoustic modes that
prompted us to examine whether their wave solutions
in (31) and (35) are mere artifacts of the decoupling
procedure employed in [10] to obtain stand-alone equa-
tions for each and every metric variable; or, whether
these acoustic features do in fact contribute to the
traceless portion of the physical tidal forces in Eq. (6).
We now turn to this question, for all even dimensional
(d > 4) relativistic cosmologies.

D. Linearized Weyl tensor

In terms of the gauge-invariant variables in Eqs. (13)
through (15), the linearized Weyl components we are after
read

. d-3 S =
5,Clo = (ﬁ>{<aiaj_ e 2)((I>+‘P)

o))

To compute them, we proceed to substitute the gauge-
invariant solutions (20), (30), (31), and (35) into Eq. (36).
Since these 51Ci0j0 are the traceless components of the
physical tidal tensor, the reader would not be surprised to
learn that Eq. (36) has been shown in [11] to be causal—
namely, they depend on the astrophysical system on or
inside the null cone of the observer at (1,X). The first
attempt made in [11] revealed all the gauge invariant
variables {®,%¥,V;, D;;} were needed to ensure this
causality to hold, because each and every one of them
are acausal—but when inserted into Eq. (36), the acausal
terms of these gauge-invariant variables cancel among
themselves.

Moreover, we are able to simplify somewhat the result
for 5,C' j0 relative to that in [11]. We have already noted so
for the ¥ in Eq. (31). The contributions from D;; can also
be simplified by converting the second time derlvatlves of

+ 0,V

Cégz, and Cg?[), to their lower-derivative terms using the
homogeneous wave equation they satisfy, followed by

replacing certain time integrals of Cgf’; with the new

commutators Cg,g?d and Cg’fl. After all these steps, the full
01C'yjo can be expressed in terms of the retarded
scalar Green’s functions G = —G)[T]C(li)l, G\t =
—@[T]Ciﬁ)ti, and G(ds’+> =-0[T|C S‘i’)d in the spin-2 sector

and GE,W'H = -0[T|C (JQ for the Bardeen scalars.

124033-5
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87'[GN
d-2

0 Cio;o[”l’ X] =6 C<g)i0jo[”l’ x| + 51C<W)i0j0[’1’55] +

where the tensor-only contribution is

S
(077 -2

2= 3Tl 7+ 20T ) ). )

o) M\ 2 .. .
51C(g)i0j0[77» i = 871’GN/ dd_lf’/ dy (M) 2 {(Gfig»ﬂ —(d- 3)H[U}G§9»+)
Re-! 0 aln]

L (d=2)d=4+4q,)

J H{’"I]ZG,(;’H) ((a)TU[

- 2‘1[’7}%48:1(‘1[’7] _%3(1'G§1V’+)>(3>Tj)0 . X]+

1

,7/,)—6'/] + 55/

d—2 (ool ¥] = Tl 55@))

0ij , d—4 _d—4 .
T Hin a7, (aln)“5G,)

x ((d = 3)@ T [0, ¥] + OT [, X))

+(a=3) (14 % ) HEHN00,05 ) (4= )Tl 7]+ T, 7)) .

+ %”) — /R 4y /) " ay (%) %HMHW]

”) (d = 3) Tl 7] + OT . 7).

and that of the scalar-only ones is

. . d-13
8;CWigio[n, X] = 872Gy (d - 2> <1

5i' w w
X (d—llei ) - WalanEi ’

Here, the exact even d > 4 solutions of GE,V’+

k=14 (d—-2)/q,, respectively, can be derived similarly to both G

Appendix D of [10],

2106 2

1 0\% /0
Gge'ﬁf)zzzt[n,n’;R]:—@[T]( _) ( (5]

(S4) , 1 9\%
Gevenazalt 3 R] = O[T 5=~

qw

The remaining time integrals in the effective Green’s
function of &, C'yj, are encapsulated within QE,V”L) and
inw"ﬂ, defined by

. n
QY”MW%HEaMV¥/1MﬂMJH
n

P _
X[ dmalm =76 V0 R), (42)
n

w, —d—z n —
00D, R] = aly 5 / dzal, ]2
n

n _ w,
X/ dmalm "G i R]. (43)
n

+a’—2

G
P |14+ 2], R
%[ +m7’D ’ 2

d-3 s+, (1+% (6.4)

(38)

(39)

) and GEIS’H , obeying the wave equation (23) for x = (d —2)/q,, and

%) and G4 through Nariai’s ansatz delineated in

(’7_’7/)2 _Rz, (40)

Note that G4 and Q' may be obtained from G'"*

and Q;V’H simply via the replacement R — R/ \/W.6

At this juncture, it is the time integrals in Egs. (42) and
(43) that are currently the primary obstacles towards an
explicit closed arbitrary-w expression for & C'yjy in
Eq. (37). Nonetheless, these integrals may be evaluated
for particular equations of state. Section III will focus
exclusively on the radiation dominated w = 1/3 case. The
de Sitter w = —1 and matter dominated w = 0 cases may
be found in Appendix.

The physical significance of the result in Eq. (37) is the
appearance of the acoustic-cone structure encoded in G dw’+)
and QE,W’H. That is, the acoustic waves of @ and ¥ do not
appear to be mere artifacts of the decoupling procedure of
[10]; rather, Eq. (37) instead tells us the trace-free tidal
forces in a relativistic cosmology 0 < w < 1 do in fact carry
acoustic modes that propagate at equal to or less than speed

®We have further checked the computation in Eq. (37) by
performing it in Fourier (k-)space.

124033-6
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\/w. Of course, in the limit of a very dilute universe, we
expect to recover Minkowski spacetime—these acoustic
tidal forces must therefore be Hubble-suppressed relative to
the tensor ones.

Notice the §, C(*)7, jo in Eq. (44) is manifestly traceless due
to the &;; — (d — l)k,i?j; this is consistent with the Weyl
being the trace-free part of Riemann. To arrive at Eq. (44),

we have also employed the field equation obeyed by Cg‘g to

convert 9,0 jQEIW’H into

856/Q51W,+) = R,fi’jw_l GE{W:F)

+ (6 — (d = DR,R )RaRde+’

(45)

That the Green’s functions of ¥ in Eq. (31) and @ in
Eq. (35) depend on C% but not on C%) helps ensure the
acoustic contributions to the Weyl tensor in Eq. (44) are
Hubble-suppressed relative to the tensor counterparts—i.e.,
the H[n]H([n'] factors tell us, as already alluded to above, as
the universe dilutes (H — 0) we should recover the
Minkowski limit, where these acoustic waves should cease

|

§,c4P radﬁoj'o [, %] = 51C(gl4Drad)i0jo [, X] + &, C¥#D raOl)ioj'o [, X] + 472Gy <(a)Tij [, %] —

(R#0).

More explicitly, provided that the observer is located
away from the GW sources (R # 0), the acoustic-only tidal
forces (39) can be recast into

—Adl dd—lx%w dif (‘;[['”;]])d_ (6, — (d— DRR))

Qr*)«d 3Ol ] + OTuly'. 7). (44)

to exist. Furthermore, we will witness in some detail below,
the acoustic-cone scalar signal to the null-cone tensor
signal scales as (Hr.)> < 1, where H = a/a*> = H/a is
the usual Hubble parameter and 7, the characteristic
timescale of the source.

Let us now move on in the following section to examine
the features of these acoustic-gravitational waves for the
physically important radiation dominated phase of our 4D
universe.

III. GRAVITATIONAL WAVES AND
POLARIZATION PATTERNS IN A 4D
RADIATION DOMINATED UNIVERSE

When specialized to 4D radiation domination

the full exact 6,C’jy in Eq. (37) reads

5Gmmm+%mmn)

3
(47)
where the tensor-only portions are
i g|ra - ra 1 ra
5lc(g|4Drad)10 [ ] — SHGN/ / < ){( ‘(1]| d+) GE‘Q‘ d,+) +_26£(1g‘ d,+)>
n

QQMﬂ+20me}Umwmo—wwwmmmqu
6[' :(V|ra > = ra ra

+ 2_,7]/(;4(&‘/‘ d’ﬂ((a)Too[’?/’X/] + @O, %) + < (0;0,G, (Sed+) ZaiajGEtyl d’ﬂ)
1 - S

+ - 0;0; Q&Vlrad#)) (@Tgoln', X + @T [, ¥']) } (48)
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and the scalar-only portions are

5 C(‘I’|4Drad [’,I’ﬂ 872Gy / 3% dﬂ \/_

(5 G(w|rad+ 8 a Q w\rad+ )
x (WT ool 2]+ Tyl ®]). (49)

The relevant retarded scalar Green’s functions G(g‘raCl +),

Giw‘md +), valrad *) and Ggs‘md +), respectively, are given in

Egs. (22), (34), (40), and (41) with d setto 4 and w to 1/3,

(grad4)[ . ST - R]
R] = — , 50
G4 [777 ’1 k] ] 47[R ( )
(Virad+)[ . S[T —R] O[T -R]
G 1 R = — - . (51
(Slrad+)[ . o[T—R]
5 ’R -
G, [’1 n ] 47R
30[T-R —-n)*-R?
30| /] 1l 17)/ (52)
drnn 2
G o pl [T -3R] O[T -V3R| (53)
4 w 4/37R Aoy’

(51 C(‘P\4Drad)i0j0[’7’)-c’] — _2GN/ d3-’/
3R Jy

The first line, with the 1/R scaling, is composed of the
acoustic-cone signals; while the second line, decaying as
1/R? instead, corresponds to the acoustic tails that depend
on the entire past history of the source(s) right up to the

retarded time # — v/3R. Even though the tail signals, for a
fixed observer time #, fall off faster with increasing distance
than their acoustic-cone counterpart, the former in the far
zone is not always guaranteed to be strongly suppressed
relative to the latter—we will carry out the relevant
estimates below.

A. Far-zone JWKB limit: Trace-free tidal forces

Since radiation corresponds to the transport of energy
momentum away from its emitter, its study usually takes
place in the region of space far from the source; where the
characteristic timescale of the source z.—as well as its
typical size r,.—is much shorter than the proper observer-
source spatial distance a[g|r: namely, 7. < a[g]r and

The nglmd’ﬂ and inlmd’ﬂ from Egs. (42) and (43) can
now be analytically evaluated:

O[T - R]
R2 _ 2 2
Y ( 3(n* +1")

3.3
+2(17R77 ))7 (54)

QA(‘V\rad.ﬂ [”h”l/;R} _ _

O[T — V3R]

24mny

201 =)
- W)' (55)

ng‘rad’+) [’17 n/’R] — <3R2 — 3(;72 + 7’]/2)

They are both pure-tail and vanish identically on the null or
acoustic cones. We notice that the pure light-cone nature of

G&q‘md’ﬂ in Eq. (50) is closely tied to its conformal

invariance. Whereas the other scalar Green’s functions in
Egs. (51)—(53) all develop tails. Additionally, the tail

functions of G&Vlrad’“ and Giwlrad,+)

pendent.

Assuming the observer at (17, X) is away from the source
area (R # 0), the scalar-only contributions in Eq. (49) are
now, according to Eq. (44),

are both space inde-

3RR{172 ITooln — V3R, X] + @T [y — V3R, 7))

1 n—V3R-0" ,7/3 ‘ .
/ dn( ' ( Toolr x]+(d)le[’1"xl])}‘ (56)

[

r. < alnr. Additionally, about a cosmological back-
ground, this necessarily implies z. is much shorter than
that associated with the universe itself 1/H; since the latter
is always the longest time/length scale. This far zone
“JKWB limit” is what we wish to consider in this section.

1. Estimates

To extract the leading far-zone contributions of Eq. (47),
we first discard the source terms evaluated at the observer’s
spacetime location, i.e., the terms in the parenthesis, and
carry out the derivatives acting on the relevant scalar
Green’s functions; whereby certain tail terms will be
converted into the null-cone or acoustic-cone pieces as
the result of differentiating the step functions.

Let us first compare the various “direct” spin-2 terms;
i.e., its light cone signals. One will find, it is the second
derivatives of the delta function §”, which occurs only in
the tensor sector, that yield the dominant signals in the far
zone. The reasons are as follows. For the tensor sector, each
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derivative acting on the § functions may be integrated by
parts; and the dominant piece of the results are time
derivatives 0,; acting on the source <a)TW. These
8}’1‘,<a)TW terms scale as a[n’]”(a)T w/7¢ for n=1 and
n = 2. A direct calculation then reveals all the subdominant
direct signals in the far zone R =~ r, are suppressed by
factors of order H[n,]r. and z./(a[n,]r) relative to the
leading portion of the §” terms, where 7, is evaluated at
the retarded time 5, =5 — r. The H[n,]z. corresponds to
the ratio (characteristic timescale of the source)/(cosmic
age), which we will assume to be small. There are also
factors that scale as (H[y,|t.)H|[n](a[n]r); but since the
H{nl(aln]r)~ (physical observer-source distance)/(size of
the observable universe) <« 1, we will ignore them.
Furthermore, there are “finite size” effects, analogous to
the multipole expansion in flat spacetime, that scale as
Hin,Ir, and r./(aln,)r).

Next, let us move on to compare the direct scalar
signal
terparts. Denote the dominant light-cone terms in Eq. (48)
by &, Cl9IPLC).

5,C9IPLC) [, X|

_GN/ 5 / < >5” TR R] s %)
[n = R)?

- (n—R -
~ GN/ d3x (’7 > a 5
R3 n TcR

where the function S refers to a generic component of the
matter stress-energy tensor (a)TW,7 and all the numerical
constants and the tensor structure have been omitted. In a
similar manner, the acoustic-cone amplitude of Eq. (56) can

also be written schematically as

Sh-R,X], (57)

6lc(‘1’|direct)[7]’5c’] EGN/ a3y R [ \/_R x] (58)
n

Ignoring the different propagation cones between the tensor
versus acoustic signals in Egs. (57) and (58), we take the
ratio of their far-zone amplitudes to deduce

51 C(‘P\direct) [’77 ﬂ
8, CPLOy, 5]

~(HpJe . (far zone).  (59)

7Strictly speaking the amplitude discrepancies between differ-
ent components of 2 T , may emerge in the nonrelativistic limit,
where the stress components @r ;;,
density (a)TO ;, could be suppressed relative to the energy density
(“>T6@. Note that <“)Tﬂ ) = a‘z(a)Tﬂ,, denotes the physical matter
stress tensor observed in a co-moving orthonormal frame.
However, we will not take into consideration the distinction
between the relativistic and nonrelativistic cases and only assume
they are of the same order in our estimates here.

as well as the momentum

In addition to the direct part of the signal, there also exist
nonvanishing tail effects in 5, C4P9)i ., as opposed to the
de Sitter case [see Appendix]. More specifically, the spin-2
tail portion of Eq. (48) generally contains two types of
amplitudes:

) . ., [n—R-0% 1 -
51 C(g‘tall_])[l’], X] = GN / d3x// dﬂ/?SW,x/]»
R} 0 mn

(60)

51 C(g\tail—Z) [’7’ )—C’]
. 1 }7_R_0+ 7]3 _ }7/3 .
EGN/R3 d3x / d11’(34,)5[17’ ¥, (61)

R n’n

while the acoustic tail, as we have already noted in Eq. (56),
has the same amplitude as the latter up to a rescaled spatial

dependence R — /3R,

8, CH14 [ 5]

. n—v3R-0* ;//3—;1’3 .
o [[avg [T sy w), )
R? 0 mn

Within these tail terms, the S[/, X’] usually involves both
@701, ¥'] and @T [, ¥'] of the matter source; however,
the former, in the far-zone limit, may potentially lead to
divergent tail integrals in Eqgs. (60)—(62). This is because
the total mass or energy of the astrophysical system M,

bl = [ & Fali Oyl 7
_ / &BEaln) T ool 7, (63)
R3

is approximately conserved, at least for small Hubble
scales, so that the integral

nR()Jr
33
o7,
~on [ Fmd'””

as well as its acoustic counterpart in Eq. (62), appears to

Too["l X'

(far zone),  (64)

blow up at the lower limit 7 — 0. The notation (a)TGO =
a~2@T, here denotes the energy density observed by a co-
moving observer in a orthonormal frame. As an example,
this pathology occurs for co-moving point particles.
Whether this divergence poses a real physical issue,
however, cannot be clarified until the explicit (a)T/w of
the astrophysical source(s) is specified, which we shall
leave to our future work.

In spite of this potential issue, we may estimate the far-
zone tail-to-cone amplitude by comparing the signals

124033-9



YI-ZEN CHU and YEN-WEI LIU

PHYS. REV. D 103, 124033 (2021)

received solely over the course of the GW generation
process—a physical estimation scheme employed in [12].
Since the gravitational radiation is physically attributed to
the pressure of the astrophysical system due to the work
done within itself, the GW signals are expected to peak at
some time 7, in the past, within a finite duration At~
Joeak wiam dnaln] of the active GW production from the
source. Hence, as far as the radiation process is concerned,
with the assumption that the scale factor does not change
appreciably over the active period Az, the dominant spin-2
light-cone amplitude (57) is roughly bounded by

/ &8, 7]
R3

whereas the tail ones in Egs. (60)—(62) are, respectively,
bounded by

- Gy ’72
‘51 Cl9IPLC) [’77 x” N 2 4
Tesl ’7770

. (65)

|51c<g\ta“-‘>[n,£]|5GNA1.3L / 38, ¥, (66)
o | Jr3
16, COII=2) g, 3| ~ |8, C¥I4 [y, 7|
GyAt (1P =12 .
51\1_3('137’7*) / S8 7| (67)
r Mo R3

where the far-zone limit has been taken, 7., denotes the
timescales of the source at the peak time #,, and § = a~2§
refers symbolically to the physical (a)Tﬂ )= a‘z(a)Tﬂy
observed by a comoving observer. As it turns out, the tail
bounds (66) and (67), in the far-zone regime, are highly
suppressed relative to their leading null-cone counterpart
(65) by the following ratios,

51C(g\1ai1—l) [’77 )_f] )

’51C(5DLC)['1,7€] ~ (H[n.Jzc.)” - Hln, At

-Hinl(aln]r) -

‘ 5 C(g|tai1—2) [']7 )_5]

51 C(\I‘\tail) ['l’ )_C)]
5 CUPLy, 5] N'

8Py, 5]
2
B ( i ) HfpJar- 20
a[’?*]r a[”]*]
3
x <1 - <“[’7*]) ) (69)
aln]

Note also that the additional suppression factor H|[n,]At
scales as (duration of active source)/(cosmic age) at around
the peak time #,. Strictly speaking, the ratio (69) could still
be enhanced if the active period of the source took place in

the extremely early universe.

Now, having neglected the subdominant direct and tail
terms in Eq. (47), the asymptotic far-zone behavior of

- 4G -
X@\mmd) 5] = pléD) 20N <17 r)

§,C4Pmadi . can be further recast into a local-in-space
“transverse-traceless™ (tt) form, upon integrations by parts
and invoking the conservation law of the energy-momentum
tensor (Wa)TW = () at leading order,

8,0T;; = WFy;(1 + O[Hz,)), (70)
04Ty = Weg(1 + O[Hz,]). 1)

That is, taking into account the scaling estimates performed
above, and at leading order, we find that the far-zone JWKB
limit of &, C#Prd)i . is simply proportional to the accel-
eration of the transverse-traceless “tt” spatial metric pertur-
bation y,; defined in Eq. (73) below. By placing x = 0 within
the source, so that R ~ r = |X| in the far zone:

51 C(4Drad)i0j0 [W’ﬂ

1 ra TC
_ Lyt ‘”[n,ﬂ(HO[ Hn e Hin)r..

2t aln,Jr aln,]r’

() oo g (0-(Ga) ) o

where the size r. and the timescale 7. of the source are,
strictly speaking, evaluated at the retarded time #,, and
(tt}{4D rad)
i

is given by

ij — Yijmn
n

X / EXYOT,,n—r+%-2X]. (73)
R3

with 7= X/|x| and Pl(.?,ls,)l being the 4D tt projection tensor

defined in the position space,
4D 1 P

ngm)lEPm(in)n_EPiijn’ Pi'E5ij—ri . (74)

(tt]4D rad)

ij

, where the tracelessness is

Because of this tt projector, y
6ij)(5;t|4Drad) —0= ;’,-)([(';t|4Drad)
consistent with that of the Weyl components 61Ci0j0,
and the transversality implies, at leading order [see
Eq. (72)], #;6;C'gjo =0 =#5,Clpjo. At this order, we
reiterate that the GW tidal forces described in Eq. (72)
are exclusively dependent on the spin-2 gravitons, to which
the acoustic contributions are highly suppressed in com-
parison. Moreover, the dominant far-zone behavior of
§,C4Pmadi, . except the extra redshift factor (n — r)/n in
Eq. (73), is closely analogous to its flat-spacetime counter-
part. [See, e.g., Egs. (52) and (199) of [11], and recall
in Eq. (84) that C¥,,, and R* ,;, in Minkowski back-
ground, are equivalent in a source-free region.]

obeys the conditions
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Thus, one would expect the far-zone spin-2 polarization
pattern, determined by Eq. (74), to look the same as the
Minkowski predictions, which will be further elaborated
below. Finally, it is worth highlighting that, the limit taken in
Eq. (72) to extract the dominant tidal forces, in essence,
coincides with the high-frequency regime of GWs in light of
the JWKB approximation. In particular, all the wave tails,
encoded in Egs. (51)—(55), become irrelevant within such
a limit.

If the astrophysical system is nonrelativistic, r./z, — 0,
the tt perturbations in Eq. (73) may also be reexpressed in
terms of the quadrupole moment ], by virtue of
the energy-momentum conservation given in Eqs. (70)
and (71),

tt|4Drad [ .ﬂ

_ptp) 26n 1

~L ijmn

alnlral = af ln—r] (nonrelativistic), (75)
alnlraln—r

where the mass quadrupole moment @, is defined as

Oyl = [ & alil (able ) alie) T, 7

= /3 d3)_C)(1[ ] xxf( )Too[ﬂ, ] (76)
R

2. Scalar acoustic-gravitational tidal forces

Although the Bardeen scalars contribute sub-dominantly
to the far-zone 5, C*Prd)i jo» their mere presence does raise
the question of how many dynamical degrees of freedom
there are within the linearized Einstein-fluid equations at
hand. The nontrivial acoustic tidal forces also point to their
potential impact on the large scale structure of the universe.
To this end, we may continue to extract the explicit far-zone
behavior of their contribution (56),

51 C(‘I’|4D rad)iojo [}77 )_ﬂ

- ‘%{SSP (10| i)
e a)

with the leading acoustic direct S;; (¥ldirect) and tail Si; (¥tail
portions defined by

S(‘IJ‘ direct) [I’I )—Cv]

ij

4Gy N N N

= (51'/'—3?1'?/')_2/ &X' (AT ool = V3(r =7 - 7), %]
. {2

+ @yl = V3(r =% - 7). %)), (78)

S
= (8, — 37,7 2N d3C/n¢70+ 07 =)
i 3,.3 R} 0 77377/
x (AT ool ¥] + OT [, ¥17), (79)

respectively, where the (acoustic) retarded time 7, ,. =1 —
V/3r at which r,. and 7, are both evaluated, while the r,, is
the source’s size at the peak time 7., and the suppression
factor r.,/At corresponds to the ratio of the additional
acoustic-cone piece coming from Taylor expanding the
exact tail portion of Eq. (56) to the leading tail effect of the
latter itself, namely, Eq. (79).

Similarly, in the nonrelativistic limit as r./z. — 0, we
may rewrite these far-zone expressions in terms of the mass
monopole and quadrupole moments defined in Egs. (63)
and (76), respectively,

Y|direc
iy 3
4G
3??) N Mo

v 7 (n=+/3r)
M(n—+/3r]+ OFyln—/3r] 3. (80)
{ 3 (s =)

L

4G n— V3r=0t 3_ 03

3r 2,3 773 ,7/2

x{@MMq+;<?>(Hﬂ]}

where (]}, = 6@, and the first-order conservation laws
(70) and (71) have been employed.

As already alluded to in the previous section, the acoustic
tail effect, in the far-field regime, is not always suppressed
in comparison with its acoustic-cone counterpart, as can be
seen in the following acoustic tail-to-cone ratio,

(81)

At 1

afn,Jr Hinl(aln]r)
3

afn.] aln]
whose amplitude, in fact, depends on the hierarchy of the
scales involved. The minimum tail-to-direct ratio, to be of
the order At/(a[n,]r), is reached when the peak production
of GWs happens near the retarded time 7, ., 1.€., 77, & 1], 4.
In this scenario, if the physical observer-source distance at
peak time, a[,]r, is sufficiently greater than the duration of
the GW source, At, then the acoustic direct signals could

still dominate over their tail counterpart. On the other hand,
if the active period of GW production occurs fairly early in

‘ 51C(‘P|tail) [77’ )_5]
51 C(‘I’|direct) [7//’ )-E]
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the past, as long as the factor Az/(a[n,]r) is not as small as
the order of H[n|(aln]r), the acoustic tail signals could
actually comprise a large proportion of the scalar tidal
forces.

B. Far-zone JWKB limit: Space distortions and
polarization patterns

Having studied the high frequency limit of the traceless
geometric tidal forces in a radiation dominated universe, let
us now turn to a closely related issue. What is the
corresponding JWKB limit of the distortion of space driven
by gravitational radiation, as experienced by free-falling
co-moving test masses sprinkled within such a cosmology;
and quantified via Eq. (5)? Of course, the spin-2 polari-
zation patterns are well known in a Minkowski back-
ground. We shall not only extend these tensor results to the
w = 1/3 cosmological case—but also uncover the acous-
tic-gravitational ones, which have no counterpart in flat
spacetime, de Sitter, nor in matter dominated w =0
universes.

1. Synchronous-Weyl relation

The key object within the fractional distortion formula of
Eq. (5) is the synchronous gauge metric perturbatlon ;((
Let us first explain why, the dominant term of &, C, jo 18 in
fact its acceleration; namely,

4 1.
61Cjo & —5)(1(‘;-)- (83)
Since the linearized Weyl tensor is gauge invariant, in the
high frequency @ limit, we may then proceed to use the
JWKB results for the Weyl tensor components obtained in
Sec. IIT A above, to solve for )(EI;)—i.e., by equating the
dominant contributions to Weyl from Eqgs. (72) and (77) to
the right-hand side of Eq. (83).

We begin with the “on-shell” relationship between the
Riemann and Weyl tensors,

Cpaﬂv = 6/41/ 87Z'GN

2
X <6§4Ty]a - ga[ﬂTv]p - géﬁfﬂgy]o'g ﬁTaﬂ) 5 (84)

where, on the right-hand side, the Einstein’s equation
G,, = 87GNT,, has been imposed on the trace parts of
the Riemann tensor, with T, referring to the energy-
momentum tensor of the total matter content—both the
perfect fluid and the isolated astrophysical system.
Exploiting the az(n,w + ) form of our cosmological
geometry, we perform a conformal transformation of the
Riemann tensor to reveal, in the synchronous gauge,

i 3 1 (s 1 . (s s)\2
Rl()jo = —5,-]-H —Exl(j) +§H){51) + O[(}(Snzl) ] (85)

At the background level, H is governed by the Friedmann
equations,

872Gy -
HZ - ﬂ3 = TOO? (86)

. A7Gn -

F = —TIN(To0 + 3d2). (87)

where Tm,, being the zeroth-order total stress tensor,
involving only the background perfect fluid, so it takes a
diagonal form with isotropic pressure T;; = 51]”

Plugging Eqgs. (85)-(87) into Eq. (84), one would now

obtain, up to first order in )(,(j) and 6,7,

. 1
51C10j0 2)(1/ +5 H)v/l/ +4”GN{(51 ij—a p)(fj))

51" — (s
—?1(51T00 +2(6,Ty —azp)(gl)))}. (88)

Notice from Eq. (88) that the linear-order piece of T

denoted by 6,7,

physical sources, i.e., (@)1 T,,, but also of the first-order
perturbations of the fluid that drives the cosmic expansion.
In other words, even at linear order in perturbations, the
precise connection between the synchronous gauge gravi-
tational perturbation and that of the Weyl tensor compo-
nents requires not only understanding gravitational
dynamics; but those of the first order perturbed fluid
as well.

Nonetheless, let us argue that the first term on the right-
hand side of Eq. (88) is the dominant one—i.e., Eq. (83) is
justified—as long as the characteristic timescale of )(l( >,
which in turn is associated with that of the GW source(s), is
much smaller than the age of the universe. For, we may

Ty,
consists not just of the compact astro-

estimate ;{l(j) Hj{fj), and Gn6, T, in Eq. (88), respectively,
to scale as

7~ rta) (1 + OlHz,), (89)
1,2 (5)

H)(,j ~Ht,'a’y;, (90)

GNél T/w ~ GN(T)((Y) )/u/ ~ HZaZ()((x) ),uu; (91)

where 7, denotes the timescale of the synchronous-gauge
perturbations in terms of the cosmic time 7 = [ dnaly], and
6T, ~ (T;((“'>)W As the Hubble parameter is also
inversely related to the age of the universe, the factor
Hz, appears to be a small ratio of the two scales, i.e.,
Hr, < 1, indicating Egs. (90) and (91) are both Hz,
suppressed relative to Eq. (89). To sum, we have arrived
at the estimate:
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; Lo
81Cloj = _ixgj)(l + O[Hz,)). (92)
From Eq. (85), we may in turn infer that
51Ci0j0 ~ 5]Ri0]'0. (93)

Physically speaking, the Weyl components &, C/, jo provide
the dominant contributions to the first-order tidal forces.

2. Monochromatic waves

To identify the radiative behaviors of Egs. (72) and (77),
and characterize their oscillatory polarization patterns, we
shall now focus on the monochromatic component waves
associated with these far-zone solutions. This also serves as
a practical approximation to the observed signals, for
realistic GW detectors are only sensitive to a limited range
of frequencies. However, unlike the Minkowski spin-2
waveforms, the frequency-Fourier transform cannot be
directly exploited to decompose Egs. (72) and (77) into
their individual frequency modes, due to the overall time-
dependent amplitudes, as well as the constraint for con-
formal time to be strictly positive n > 0.® Nevertheless, at
high frequencies, we may instead Fourier decompose the
o-functions encapsulated within Egs. (73) and (78), the direct
parts of the signals, to have them reexpressed in terms of the
superpositions of the outgoing JWKB spherical waves
propagating on the null and acoustic cones, respectively,

tt\4Drad[ 7~ pliD) 86N ) 8GN
ijmn m
o dm (a) 2 )
xRe [/) g( )Tm,,[a),a)?]e_’“’(”_’)], (94)
(P|direct) ;= . .\ 8GN
Sij " [n,X] = (5ij - 3rirj)r—rlz

@7 [, \/ga)?]e_iw(”_‘/g’)] ,
(95)

(a)’]:' o and @7 are defined, respectively, as

T . 0?] = A " an'y / B¥ =¥ N@T, I, ¥,

(96)
\/_wr / dy /3d3 ia(n "7)
T00’1 X'+ ()Tll['] ¥]). (97)

where

Here, we are primarily interested in the propagating mono-
chromatic waves in “frequency space.” This is not be to confused
with the spatial Fourier transform commonly exploited in the
cosmology literature, in which some cosmological observables
are expressible in terms of the Fourier modes.

For each @ mode in Egs. (94) and (95), denoted by

4p) 8GN

~(tt}4D rad) I, %] = 45) TN Re [( )j—mn o, w;,]e—iw(n—r)]’
n

ij P,

(98)
(W|direct) _ A
Sij X = (5ij_3rirj)
8Gy

x—Re[
i’

T [w.V3wt|emi@0=V30]  (99)

@ is physically related to the GW frequency wg,, as
measured by a comoving observer, via the redshift relation-
ship @[] = w/aly] in the high-frequency JWKB limit.
Furthermore, with @gy[n,] ~ 7' identified for the null
propagation, the far-zone condition 7./(ay|r) <1,
together with the suppression factor Hp,]r. < 1, will
translate into the limits wr~ an,|r/z.>1 and wn~
1/(H[n,Jz.) > 1 in “frequency space,” which applies to
its acoustic counterpart as well.

In terms of these monochromatic JWKB waves, i.e.,
Egs. (98) and (99), the dominant (spin-2) GW tidal forces
now read [cf. Eq. (72)]

rad|o)i - 1 (u4prad); =
51 P ol 3] = == 7™ . 31,
~ pUD) 40N o
ijmn m
x Re[“T [, wile= @071, (100)
whereas the direct portion of the leading scalar ones (77)
gives

51 C(‘P.direct\4D rad|w)i

0;0 [’7’ f]

S (W|direct) [7] )—ﬂ

NI*—*

= (37, — 81;) 2N Re [T [, VBwh] e -V)],

m

(101)

In these expressions, the (Hz.)? suppression in amplitude
found in Eq. (59), can roughly be accounted for by a factor
of 1/(wn) in their prefactors w1th another 1/(wn') within

the integrands of @F and ™7 mn 10 terms of Egs. (96)
and (97).

3. Matching of inhomogeneous
and homogeneous solutions

If Egs. (100) and (101) were both considered to be
dynamical propagating waves, one would expect them to
coincide with their homogeneous counterparts in the far-
field regime. The exact plane-wave-like solution of the
linearized Weyl tensor, denoted by §,C*W)iy ., can be
readily obtained for all d > 4 by solving the source-less
counterparts of Egs. (19) and (16) for D;; and ¥, respec-
tively, followed by inserting them and ® = (d —3)¥
into Eq. (36),
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1O T = (k) Re )

qw

+((d=Dkik; -5

The unit vector k = 1?/ |l_c'| points towards the direction of
the wave propagation; H ,(,2) is the Hankel function of the
second kind; the spin-2 polarization tensor e;; [75] obeys the
traceless-transverse constraints §'¢;; = 0 = k'e;;; whereas
the scalar amplitude b[k] remains arbitrary. Note that the
first line of Eq. (102) comes from the spin-2 gravitons D;;,
while its second line is due to the Bardeen scalar potentials

Y and ®; the vector mode V; does not contribute at all.
Within the JWKB approximation, where the GW wave-

length Ay, = 27a/k < H™', or, equivalently, kn>1, we
may employ the asymptotic expansion of HY [kn] for large
arguments,

HY [kn) = \/ﬂzlme—f(k"—ﬂ—ﬁ ( + 0[ nD (103)

to extract the asymptotic behavior of Eq. (102):

81C" o[, 3] = (8,CT¥ o0l 3]

+ 51C(PW|‘I’)inO [, X]) (1 + O [kﬂ} >

(104)

The spin-2-only 5, C*WVI9)%; and spin-0-only &, CPV™)i
tidal forces now denote their leading order expressions,

8, CPVI o[, 3] = K (k)" Reley [Kle*=+9], (105)
51C(Pwlw)i0jo[’7’ )_5] =((d- I)I%ii(j - 5ij)k2(k’7)_l_%
x Re[b[K]e ), (106)

with all the numerical coefficients absorbed into redefini-
tions of ¢;; [k] and b[k]. We observe from Egs. (105) and
(106) that, apart from the undetermined amplitudes ¢;; [l;]

and b[l?] the prefactor of the latter is already 1/(k#)
suppressed relative to that of the former for all relevant
spacetime dimensions.

When we specialize to 4D radiation domination, the
leading spin-2 null waves (105) and the scalar acoustic ones
(106) are, respectively,

51 C(PW\g|4D rad)i (107)

k -
0j0 [’7’ )_5] = —Re[eij [k]e—’k(f?—k'x)]’
n

)R (k) T Re {b[k]H@)_z[kn]e"z'ﬂ, k= |k|.

1 1 =
= o Bl = 1 1) o

o (102)
L 1
& CEWIHIDTDi oo, X] = (3kik; = 6;7) —
n

x Re[b[k]e~*=V3k3]  (108)

Comparing these results with their inhomogeneous coun-
terparts (100) and (101), we find that the matching of both
the null or acoustic far-zone JWKB waveforms can indeed
be established by the following correspondence between
the two sides:

k < ok (109)
-~ 4G =
€ij [k] A Pt(/mr)L <a),Tmn [a)’ wi’]? (1 10)
- 4
blk] < 40N @ T (. V3w7). (111)

In other words, the remaining free parameters in the
homogeneous solutions (107) and (108) can, in fact, be
fixed through this matching procedure in Egs. (110) and
(111), and furthermore, it is the acoustic-cone part of the
scalar tidal forces, instead of the acoustic tails (79), that
agrees with the JWKB plane waves in the far zone, despite
the potentially larger magnitude of the latter [recall
Eq. (82)]. On physical grounds, this identification does
further support the assertion that the Bradeen scalars, like
the spin-2 TT gravitons, should be regarded as part of
gravitational radiation in cosmology.

4. Gravitational polarization patterns

Finally, let us now study the polarization patterns tidally
induced by the gravitational tensor and scalar radiation.
From Egs. (83), (100), and (101), we may solve for z.
required in fractional distortion formula of Eq. (5) within
the high-frequency limit, by first splitting it into the spin-2
and scalar sectors,

s|¥
A=A A a1
with the ansatz that the former takes the same JWKB form
as )?f-t-tlmrad) in Eq. (98) and the latter as S (¥]direct)
Eq. (99), followed by equating their acceleratlons to
Egs. (100) and (101), which then reveals that, at high
frequencies,
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(slg) )((;1\413 rad) [, %]

X [ X] ~
(40) BGx ()7 o1 miao(r=r)
7Ptjmn m Re[ Tmn[wvwr]e }, (113)
s|¥ - I o wai -
)(S/‘ )[ﬂvx] _ESI(I‘ rect)[n,x]
8GN
— (37 — 8y —
T ()
x Re[F [, AoRe @t/ (114)

The amplitude of the scalar portion in Eq. (114) is likewise
suppressed compared to that of its spin-2 counterpart (113).
If the GW wavelength is sufficiently larger than the
proper size of the hypothetical GW detector employed to
probe the cosmological tidal distortion, we may drop the
integral over A in Eq. (5) as the perturbations (113) and
(114) are approximately constant from one end to the other.
Then, with the unit vector 71 in Eq. (5) parametrized in terms
of the spherical coordinates as follows:
At = sin[0] cos[p|e;, + sin[f] sin[p]e} + cos[d]?,  (115)
where ¢, and e, are the mutually orthogonal unit vectors
lying on the two-dimensional spatial plane perpendicular to
the radial direction 7, along which the wave is propagating,
the strain (5) generated by the spin-2 waves of Eq. (113) is
given by

(5_L> ~ Laiai,
LO spin-2 2 !

sm29
2
+ hy [0, oF] sin[2¢])e~l1=r)],

Re[(h . [w, oF] cos[2¢]
(116)

where L denotes the original proper distance between two
test masses before a GW impinges on the detector, and the
two independent polarizations /. and &, are, respectively,
defined as

4 = =
h o, o?] ErinN((a)Tm[w,wr] T w0, (117)
8G (a2
hy o, 0] = =NOT [0, 0], (118)
m

with ¢ TAB = eAeB T,j, A,B € {x,y}. The result (116)
clearly demonstrates the familiar spin-2 polarization pat-
tern, which apart from the redshift factor 1 /a « 1/, is very
similar to its Minkowski counterpart. Specifically, the
proper spatial displacement between the test masses will
not be affected when the pair are aligned with the wave
propagation, i.e., 8 =0, and the overall distortion

amplitude  reaches its maximum at 6= zx/2.
Furthermore, for a fixed inclination angle 6 # 0, the
maximum distortion of the 4 polarization occurs at ¢ =
0 and ¢p = /2, oscillating in a “4” shape, whereas the 7,
type of polarization has the maximum distortion at ¢ =
+7/4 instead. One mode will coincide with the other under
a rotation of z/4 about the radial direction.

The scalar-GW-induced strain is obtained by plugging
Egs. (114) and (115) into Eq. (5), with the A integral
discarded in the long-wavelength limit,

<5L> 1 i (s®)
— ~ il ;(
LO scalar 2

_ A40n 5 (3cos?0 — 1)
r(wn)?
x Re[T [w, V3w|e=@n=V3r)] (119)

This shows that the resulting polarization pattern, unlike the
tensor one, is isotropic with respect to the azimuthal angle
¢; moreover, it reaches the maximum distortion when the
pair of test masses are collinear with the wave propagation

(0 = 0) and remains undistorted at @ = arccos[1/+/3]. In
other words, the scalar ¥ waves would give rise to an extra
but subleading “longitudinal” mode in the gravitational
polarization patterns.

We also observe that, within the nonrelativistic limit, the
scalar polarization pattern (119) involves both the mass
monopole and quadrupole moments of the GW source,
revealed by Eq. (80) and the fact that S (¥ldirect) 40 Bq. (114)
is the corresponding single “frequency” mode whereas the
spin-2 pattern (116) only involves the mass quadrupole
moment, as can be seen in Egs. (75) and (113).

IV. SUMMARY, DISCUSSIONS,
AND FUTURE DIRECTIONS

The primary physical results of this paper are the far zone
high frequency trace-free tidal forces induced by the
acoustic-gravitational perturbations found in Eq. (77); as
well as the corresponding fractional distortion of space in
the freely-falling frame of co-moving observers, as encoded
within the formula (119). We highlight the scalar results
over their tensor spin-2 cousins, because the latter are
largely redshifted Minkowski solutions whereas the former
do not exist in the flat background, nor even in de Sitter
w = —1 or matter dominated w = O cosmologies.

Within the scalar-acoustic tidal forces, the astrophysical
energy density (T, appears to source &, C(‘P)iojo on an
equal footing with the pressure term )T,. This suggests,
isolated astrophysical systems may lose their mass through
these acoustic-gravitational radiation—a possibility already
raised in [10]. (Our results here are also consistent with the
point made in [10]; that mass loss will occur as long as the
sum of the astrophysical source(s)’ internal pressures is
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nonzero.) In the same vein, notice in the nonrelativistic
limit, scalar radiation involves both monopole and quadru-
pole moments [see Eq. (80)]; whereas the tensor one only
involves quadrupole one [see Eq. (75)]. Even though we are
already calling these acoustic-gravitational perturbations
“scalar radiation,” to be certain they do indeed carry
energy-momentum away from their emitter; we would
have to embark on a nonlinear calculation of the quadratic
piece of the Finstein-fluid equations, so as to extract the
stress-energy (pseudo-)tensor of the gravitational perturba-
tions. Perhaps this computation could shed light on the
meaning of the acoustic tail versus cone terms; in particular,
why the former appears to yield stronger signals than the
latter in many circumstances.

Finally, the concrete results in this work focused exclu-
sively on the radiation dominated w = 1/3 phase of our 4D
universe. This is, of course, an important epoch; and we
hope to further extend our analysis here by considering
specific GW sources of potential physical relevance—
cosmic strings [13,14] and binary primordial black
holes, for instance. But we also wish to push our analytic
understanding of cosmological gravitational waves to other
relativistic equations of state 0 <w <1, and generalize
the works of [1-4] in de Sitter to other constant-w
cosmologies.
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APPENDIX: LINEARIZED WEYL TENSOR IN
DE SITTER AND MATTER-DOMINATED

UNIVERSES
Lying within the physical range of the constant equation
of state w, w = —1 (de Sitter) and w = 0 (matter domina-

tion) are the two discrete points where the Bardeen scalar
potentials ¥ and @ have nondynamical characters [10]. In
both cases, their sole purpose in describing the tidal forces
is only to preserve the causality of 61C"0]-0 with respect to
their respective background spacetimes.

1. De Sitter

In the de Sitter case (w = —1), the background perfect
fluid behaves trivially as a cosmological constant, and
while the field equations (17), (18), and (19) still hold here,
the Bardeen scalar W is instead governed by a Poisson-type
equation [Eq. (226) of [11]],

(d-2)V'W = 8zGn(p + (d— )HE),  (Al)
which can be readily solved to yield [Eq. (249) in [11]]

SJTGN 1> E)(a N
- d—2Am d1¥(GF T goln, ¥/

+ (d = 1YH[n)9;D,¥T;[n, ¥)).

Py, x|
(A2)

where H = —1/n. This weighted superposition of the
matter stress tensor over the constant-time hypersurface
clearly indicates the acausal nonradiative nature of ¥ and
@, which along with V;, do conspire to eliminate the
acausal signals from the dynamical spin-2 field D;; within
Eq. (36) for §;C'yj [11].

Following the same procedure leading up to Eq. (37), the
resulting expression of de Sitter J; Ciojo obtained in
Egs. (266) and (267) of [11] can in fact be rewritten in
an analytic compact form for all d > 4, given by

, 0 N[ [ .
51CWigj[n, %] = 872Gy A A / dy/ <“[’7]> 2 {<G§;’“> — (d = 3)yH[y) G

)

O N .
} +—— ((a)Too [’1/735/] - <a)Tzz [r]’,x’]))

d-2

_ _ O _ _
—2aln]5'0, (aln] 0, G )T o, ¥ + —Ls Hly|aln]5'0, (alg) 5 G ™)

x ((d = 3)Tg[n, %] + OT, [, ¥]) +

87Z'GN O;i
@7. Iy ¥ = Y
+d_2< lj[”?'x] d—l

1
d-2

((d = 3) 9T, ¥ +2<a>ru[n,z]>),

d—2
00,65 ((d = 3)OT gy F] + OTy . 55’])}

(A3)
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where afy] = —1/(Hn) and the scalar Green’s functions
GE;]‘A’H, GgV‘A’H, and GEiS‘A’H are the de Sitter counterparts
of Gfiy”L), va’ﬂ, and G<dS’+>. Specifically, their even-

dimensional forms are given in Egs. (22), (40), and (41)
with w set to —1, namely,

A,
GS:?/LH(;Z)A””/I/;R]
1 0

—_o[T] <Z%> B <®£‘_’] Pe

_\2 _p2
Ul il
2

VIA+
G(Evi,ndzzl [7/], ”/;R]

on(L2)7(%
[, 13 R]

GUIA)

even d>4
The derivation of Eq. (A3) then accounts for the result
(271) in [11].
It is worth noting that, of all the scalar Green’s functions,
only the GEiglA'H contains the nonzero tail effect in even
dimensions,

87Z'GN
d-2

Py, X] =

o [(d—-1
/Rd] dd—lx/{( 5 )GgE)

T, 7)) + G OT g, ¥] + (d = 1)(;D4)Hln) VT 0, %' }

where the surface terms at spatial infinity and at n =0
incurred from integrations by parts have been discarded.
The former is justified by the isolated character of the
astrophysical system; while the latter by the fact that the
boundary term at # — 0" is actually a homogeneous
solution—whereas what we are after here is the inhomo-
geneous one. We have massaged ¥ into the form in
|

s o [ (aln]
6, CMin 7| =826y [ 1% [ dn’<
' Ré-! 0 [77]

(- 2)4(12d_ 7)

—2a[n)7'0,(aln]

S

H[r]]szj’lM’H)

d—4

_Ta(iGEIV\M,-&-)

O[T — R

G(g\A,—&-Itail) 0
22y’ )=

even d>4

(.73 R] = — (A7)

obtained by acting with all the differential operators on the
Legendre polynomial Pu in Eq. (A4). However, despite

this occurrence, the linearized Weyl tensor 51C(A)i0j0 is
actually comprised of pure null-cone signals for all even
d > 4, as one can readily check by inserting the exact tail
function (A7) into Eq. (A3) and inferring that the latter is
devoid of tails.

2. Matter domination

Next, we turn to the 51Ci0j0 in a matter-dominated
universe (w = 0), which also supplements the causality
analysis performed in [11]. In this case, the field equa-
tions (17), (18), and (19) retain the same forms, whereas the
Bardeen scalar W, according to [10], obeys an ordinary
second-order differential equation in time [see Eq. (124) of
(1011,

. d_z .
¥+ (2d - 5y HY = 8nGN< O(a 2)2 - HT), (A8)

(d—2)a‘"

which is nondynamical and consistent with the limit of
Eq. (16) as w — 0. If the initial value of ¥ and its initial

velocity ¥ are both negligible in the asymptotic past, then

[ i) (a[n1-<d-2> / ' dma[m]d‘z) (d = 3) Tl 7]

(A9)

I
Eq. (A9) in order to make more transparent the exact
cancellation between the acausal portions of the gauge-
invariant variables.

Now, inserting the solutions (A9), (35), (30), and (20) for
w =0 into Eq. (36), and following the same reducing
process in the spin-2 sector laid out before, we arrive at, in
matter domination,

) (6 - a-apamep

, . 5y . o i
<(d)Tij[’7/’xl] + d—_jz (WTgoln, ¥] = )T”[n’,x’])>

o O;; s » .
)(a)Tj)O [;7/’ x’] + d__sz[ﬂ/]a[U]d24a,7(a[l1] dZAGEZVlM'-H)
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x ((d =3) o[, %) + Tyl , ¥]) + ﬁ <2§Z
+Wm [H)0,0;0) ™" )((d—
SO (ol -

)H—H[ 1)@= 3Ty

S o (G

where G<gIM +) , GEZV‘M’H, and fo'M’H are, again, the three

types of massless scalar Green’s functions; analogous to

those occurring within the Weyl components for other

equations of state. O, (VIM.+)

to Eq. (42),

, in particular, is defined parallel

L [
2/ dipaln,]~?
n

M, _d=2
0y ™ n.n's R) = aly) ™
& _d=2 (VM
X// dpaln]7=G,
n

' R).
(Al1)

From Eq. (A10) we find that, even though the Bardeen
scalars leave some additional local-in-space source terms in
the last line, the Weyl components 61C(M)i0j0 are still
|

7) (a 9,GM) <2(‘2

3)>a 9,GY™ ”)

3) T oo, ¥] + OT [0, X)) }

d-3

(=3 Tl 7+ 2T ) + (55 )3

7+ T, %1)), (A10)

|
causally dependent on the matter stress tensor, and may be
entirely attributed to the spin-2 gravitons—as is the case in
Minkowski and de Sitter spacetimes whenever the observer
is well away from the source. Moreover, like the relativ-
istic-w case in the main text, the integrals involved in
Eq. (A11) cannot be generally performed in a closed form,
which in turn prevents §;C™;, from being completely
analytic. However, within some physical scenarios of
cosmological interest, e.g., 4D matter domination,

Q(dV‘M'Jr) can be worked out explicitly.

a. 4D matter domination

In a 4D matter-dominated universe, aly] = (1/7,)* and
H[n] = 2/n, the 5,C™)iy;; components of the linearized
Weyl curvature (A10) reads

) ) 2. 2
5,CMig ol ¥ = 872Gy / & / dr/( > {(GE{’M'H —HGE{"M’* + 5 G ”)
R "

x (< Tl %)+ 2 (Tl %) - <>an,f/]>) = 204Gy ™M T oy 7]

5 -
+_ngV\M,+)

(@[, X + @Ty [, X

1) + ( (aaGs'““ +2 aaG"M”>

3 5 N
; #aiajgiv'““)) (T 7] + Tl x’])}

+4nGy (<a)Tij [, X] — 3

X (WT o[, %] + OT [, 55])) ;

5 2
—L(@Tgo[n, ] + 29T [, X]) + =~

(A12)

where the scalar Green’s functions G (gM.+) GS‘VlM'H, and GE‘S|M'+) are given by Egs. (22), (40), and (41); with w = 0 and
d=4:
(M), S[T—R] O[T -R]
G R = — — Al3
4 [I/[ n ] 47'CR 4””7]/ ( )
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VIMA) . ST —R] 3O[T —R] (n—n') - R
G R = — - 1 , Al4
4 [’/I n ] 47R 4”11;7/ + 27]]1/ ( )
(M) . ST —R] _30[T —R] (n—n')> = R*\?
G R = — - S5 14+—F7—F——] —1]. AlS
4 bn.r' R 47R Brny’ + 2un (A13)
The QELV‘M’H in Eq. (A11) can now be explicitly evaluated,
_ O[T — R 8(° — 1
OVMH [ i R] = 16{()_#”/]2 <3R4 — 10R? (> + 1) + 53" + 210> + 3n"*) — 8l ") = ) , (A16)

which is a pure tail signal. From these exact expressions, we notice that all relevant Green’s functions have nonzero tails.
(9M.+)

Moreover, according to (A13), the tail portion of G,

is space independent.
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