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We study stationary black holes in the presence of an external strong magnetic field. In the case where
the gravitational backreaction of the magnetic field is taken into account, such an scenario is well described
by the Ernst-Wild solution to Einstein-Maxwell field equations, representing a charged, stationary black
hole immersed in a Melvin magnetic universe. This solution, however, describes a physical situation only in
the region close to the black hole. This is due to the following two reasons: First, Melvin spacetime is not
asymptotically locally flat; second, the nonstatic Ernst-Wild solution is not even asymptotically Melvin due
to the infinite extension of its ergoregion. All this might seem to be an obstruction to address an scenario
like this; for instance, it seems to be an obstruction to compute conserved charges as this usually requires a
clear notion of asymptotia. Here, we circumvent this obstruction by providing a method to compute the
conserved charges of such a black hole by restricting the analysis to the near horizon region. We compute
the Wald entropy, the mass, the electric charge, and the angular momentum of stationary black holes in
highly magnetized environments from the horizon perspective, finding results in complete agreement with

other formalisms.
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I. INTRODUCTION

Compact objects in strong magnetic fields are of great
importance in astrophysics. Scenarios such as supermassive
black holes in active galactic nuclei, or even at the center of
our galaxy [1] could be of that sort. One can also think of
other scenarios, such as binary systems involving a stellar
black hole and a magnetar [2,3]. In the latter case, for
example, the energy density of the magnetic field in close
proximity to the star would be enormous, exceeding in
many order of magnitudes the mass density of heavy
elements, and so yielding a non-negligible gravitational
backreaction. Here, we will study the case of black holes
placed in a region of very strong magnetic fields, including
the gravitational backreaction of the latter on the spacetime
geometry. Such a highly magnetized region of the space-
time may well be approximated by the Melvin solution to
Einstein equations [4], an axisymmetric geometry that
describes a universe filled with a stable bundle of magnetic
lines bounded by gravitational interaction [5,6]. In a Melvin
type spacetime one may consider to place a black hole
and to use such scenario to model how the magnetic field
affects the near horizon region. The solution describing a
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stationary black hole in a Melvin universe is known
analytically; it has been given by Ernst and Wild in
[7,8]; see also [9,10]. The solution, however, describes a
physical situation as long as one focuses on the region close
to the black hole. This is due to the nonstandard asymp-
totics of the Melvin spacetime, which is not asymptotically
flat; in addition, as shown in [11], Ernst-Wild solution is
not strictly asymptotically Melvin due to the infinite
extension of its ergoregion. All this might seem to represent
an obstruction to address an scenario like this, as in
gravitational theories one frequently deals with computa-
tions that demand to have a clear notion of asymptotia, an
example being the standard methods to compute conserved
charges. This is precisely why the possibility of accom-
plishing a robust method to compute conserved charges
from the near horizon perspective becomes particularly
interesting [12]. Here, by extending the near horizon
symmetry methods developed in [12-14] to the case of
magnetized horizons,' we will be able to explicitly derive
the relevant charges that describe the physics of charged,
stationary black holes in strong magnetic fields. The Wald
entropy, the angular momentum, and electric charges of the
Ernst-Wild black hole solution in Melvin universe will be

'"The near horizon limit of extremal and near-extremal black
holes in Melvin universe has been considered in the literature; see
for instance [15-17] and references therein and thereof. Here, in
contrast, we will not restrict the analysis to the set of extremal
configurations.
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obtained in a direct way. To do so, we will first show that
such a solution can be accommodated in the set of
asymptotic near horizon conditions introduced in [14]
for the Einstein-Maxwell theory, so yielding an infinite-
dimensional symmetry algebra in the vicinity of magnet-
ized horizons. Then, the black hole charges will be shown
to coincide with the Noether charges associated to such
symmetry.2

The paper is organized as follows: In Sec. II, we will
review the Ernst solution to Einstein equations [7], which
describe a black hole in a backreacting external magnetic
field. We will focus on the physical interpretation of the
spacetime geometry and comment the most important
aspects of the geometry. In Sec. III, as a first example,
we will show how such a solution can be studied with the
near horizon techniques developed in [12]. This will lead us
to generalize the results previously obtained in [13] and
[14] to the case where the conserved charges depend on the
backreacting external magnetic field. In Sec. 1V, we will
extend the analysis to the case of electrically charged,
stationary black hole solutions immersed in a strong
external magnetic field. This shows that also this case
admits a near horizon description as the one in [12],
yielding supertranslations and superrotation charges. In
Sec. V, we will show that, while the zero-modes of the
supertranslation charges are shown to reproduce the Wald
entropy of the black holes, the superrotation charges at the
horizon will correctly reproduce the angular momentum
contribution of the electromagnetic field, manifestly exhib-
iting a Gauss phenomenon. Our computation of the Wald
entropy, the mass, the angular momentum, and electric
charge of the magnetized black hole is found to be in
complete agreement with the results obtained by other
methods and thus consistent with black hole thermody-
namics. In Sec. VI, we briefly discuss the case of
magnetically charged black holes in an external field.

II. BLACK HOLES IN A MAGNETIZED
ENVIRONMENT

Let us start by reviewing the Melvin solution to Einstein-
Maxwell equations, which describes an axisymmetric
universe filled with a magnetic field [4]. The metric of
such spacetime in polar coordinates is given by

ds*> = N?*(r,0)(—=dt> +dr* +r*d0*) + A% (r,0) r* sin®> 0d¢?
(1)

with

Conserved charges and thermodynamics of black holes in
Melvin universes have been studied with other methods; for
instance, in Refs. [11,18-20]. Our formalism, while qualitatively
different, leads to results that are consistent with those of previous
analysis.

1
A(r.0) = 1+ By sin’ . (2)

where 1 € R, r € Ry, ¢ €[0,2x], 6 = [0, z]. It may be
useful to consider cylindrical coordinates p = rsin@,
z = rcos . The magnetic field is given by

H, = A7(r.0)B. (3)

with H, = Hy = Hy = 0. By is a constant that controls the
magnitude of the external magnetic field. This solution
can be thought of as a bundle of magnetic lines in the
z-direction that are bounded by gravitational interaction,
forming in such a way a stable configuration [5,6]. The
resulting spacetime exhibits isometry group ISO(1,1) x
SO(2), which correspond to the Poincaré group in the
(1 + 1)-dimensional constant-¢, constant-p slices, together
with rotations in ¢. While the solution with By =10
corresponds to Minkowski spacetime, when Bj # 0 the
geometry is not asymptotically flat; in fact, the squashing of
the constant-#, constant-r surfaces produced by the function
A(r,0) increases at large distance, while it becomes
negligible when r < Bj.

By using a solution generating technique developed by
Harrison in [21], Ernst found in [7] a generalization to the
Melvin solution that come to describe a static black hole
immersed in an external magnetic field, cf. [9,10]. The
metric of the solution takes the form

ds* = A*(r,0) (—f(r)dt2 + d_r2 + r2d92>
f(r)

+ A72(r, 0)r? sin® d¢? (4)
with

1 2M
A(r,e):1+ZB(2)rzsin29, and f(r)zl_T’ (5)

while the nonvanishing components of the magnetic field
are given by

H, = A2(r,0)Bycos 6 (6)
2MN\ /2
Hg = —/\_2(}’, Q)Bo<1 ——> sin 6. (7)
r

It is clear from these expressions that Ernst solution
becomes Melvin universe (1)—(3) when M = 0, while it
reduces to the metric of a Schwarzschild black hole of mass
M when the external magnetic field vanishes, B, = 0 (here
we use natural units G = c =1). The geometry with
By # 0 # M exhibits isometry group R x SO(2) generated
by the Killing vectors d,, d,. The interpretation of the
metric is that of a Schwarzschild black hole in an
asymptotically Melvin universe. The location of the
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horizon of the black hole is r, = 2M, where the spacetime
is regular. The geometry is singular only at r = 0, pro-
vided M # 0.

Ernst solution (4)—(6) admits a stationary, charged
generalization [7,8], which is the one on which we will
focus in this work. It is worth mentioning already here that
the electrically charged solution, even when no intrinsic
rotation is present, happens to be nonstatic, but stationary.
This is due to the nonvanishing Poynting density of a
charged particle in an external magnetic field, which
produces an effective dragging in spacetime. This is related
to what happens when approaching a magnetic monopole
to a Reissner-Nordstrom black hole, cf. [22]. We will
discuss the electrically charged black hole case in Sec. I'V.
Before that, in the next section, we will analyze the
symmetries emerging in the near horizon limit of magnet-
ized black holes (4)—(6).

III. NEAR HORIZON ASYMPTOTICS

To analyze the near horizon symmetries and the asso-
ciated conserved charges in Einstein-Maxwell theory, we
resort to the results of Ref. [14], which come to generalize
the near horizon analysis of [12,13] to the case of electri-
cally, magnetically charged solutions.” In [14], the follow-
ing asymptotic conditions for the metric near the horizon
were considered

Gy = —2]('[) + O(/)2),
Gua = 04(2P)p + O(p?),
9ap = Qup(2°) + Aap(2€)p + O(p?), (8)

together with the gauge fixing condition

g/)/) = 0’ gv/) = 1’ gA/) =0. (9)
The horizon location is p =0, so that p € R, is the
coordinate that measures the distance from the horizon.
Power expansion in p thus controls the near horizon
asymptotic conditions, with O(p") standing for orders that
damp off as fast as ~p”, or faster, as one approaches the
horizon. The spacetime metric is ds> = Gudx'dx" (u,
v=0,1,23), withx® =0, x* =24 (A, B, C=1, 2),
and x* = p. Coordinate v € R represents the null direction
at the horizon H* = X, x R, while z* (A = 1, 2) represent
the angular variables on the constant-v surface X%,.
In (8)—-(9), functions «, 84, Qup, 445 may in principle
depend on v and on z4. However, as k represents the surface
gravity, it turns out to be constant for isolated horizons.
Integrability of the Noether charges, on the other hand,

*Infinite-dimensional near horizon symmetries have also been
studied in Refs. [23-31].

demands 6, and Q,p not to depend on wv; see [13]
for details.

The near horizon expansion of the electromagnetic field
A = A,dx", on the other hand, is given by

A, =AY + AV (0.2 + O(?),
Ap =AY () + AY (0.2 + Op?),  (10)

together with the gauge fixing condition A, = 0.

Now, let us consider the group of diffeomorphisms and
gauge transformations that preserve the above near horizon
form for the fields g,, and A,. These are generated by
the Killing vectors & = &0, and gauge functions € such
that, after performing the changes g,, — g,, + 69, =
9w + LeGus A, = Ay +0A,=A,+ LA, + D€, with
L; being the Lie derivative with respect to &, leave the
expansion in powers of p described above unchanged,
regardless whether or not the specific functions 8,, Q,p,
Af), Ag) have changed. The explicit form of & and e that
satisfy this can be found in [14], and it comprehends the
expansion

& =T(")+0(p), &=0(p), &=Y*")+0(p),

(11)
and
e=U() - T(MAY + O(p), (12)

where T(z*), YA(z#) and U(z*) are four arbitrary functions
of the angular coordinates z* (say z' =z!(0,¢) and
7> = 7%(0,¢)). These functions can be expanded in
Fourier modes as follows

T(Z’ Z) = ZT(m,n)Zmznz

v =Yre rE =S ne
U(z.2) = ZU<m,n)z”’Z”, (13)

m,n

where z and 7 are now complex variables, related to the
angular coordinates 6 and ¢ in a way that depends on the
solution under consideration. In (13), m,n € Z, and T (n.n)
Y,,Y,and U (m.n) €an be regarded as Fourier modes. As the
diffeomorphisms and gauge transformations generated by
&" and e involve arbitrary functions of the angles, they can
be shown to expand an infinite-dimensional algebra, which
consists of two copies of Witt algebra in semidirect sum
with two sets of Abelian currents. More precisely, Y, and
Y, generate Witt algebra and so they are called super-
rotations; while the two Abelian currents are generated by
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Tinny and U, ,), and they are called supertranslations;
see [12—-14,31].

The infinite-dimensional symmetries generated by &
and e lead to Noether charges which take the form

1
Q[T, Y4, U] =1 / dz\/det o) [—Tgily) — Y\

—4(U+ YBAS;”)AS})} : (14)

where g,(,'l} stand for the ith term in the p expansion;

namely, ggo; = Qup, gglg =0,(2,2), gii? = —2k. This

expression for the charges follows from the Barnich-
Brandt formalism [32].

Now, having written down the explicit form for the
conserved charges associated to the infinite-dimensional
gauge symmetries described above, we are in condition to
evaluate them for the case in which we are interested: the
black hole in a magnetic external field. However, first we
have to actually show that Ernst solution (4)—-(6) can be
accommodated in the asymptotic form (8)—(10) near the
horizon. To do so, let us consider the following change of
coordinates

_ ar’ — " A g2
v—t—f—/f(rl), P /ZMA(r,Q) dr', (15)

and then expand in powers of p. We get

Goo = =0, (1) 2P + O(p?)
9vo = —209(10g [A(r,0)],,_op)p + O(p*)
oo = |A(r.0)[}_py, (2M)* + 0, (r*|A(r,0)*) ,—op + O(p?)
Gpp = IN(r.0)[12,,, (2M)?sin? 0
+0,(r*|A(r,0)]7%) =g sin*Gp + O(p?)
Gup =1,

where, in particular, we see that k =10, f(r) \r—r, s namely,

the surface gravity is independent of B. From this, we can
actually evaluate the charges (14). As gﬁﬁ) vanishes and gglé,)
happens to be an even function of € in the range [0, z], both
the integrals Q[Y* = 1] and Q[U = 1] vanish. The charge
Q[T = 1], in contrast, gives a nonvanishing result; namely
Q[T = 1] = M /2, which can be written as

2
O[T = 1] 7£4n’r+.

27 4 (16)

We notice from this that the Noether charge associated to
the zero-mode (7 = const.) of the supertranslation & =
T(0,¢)0, corresponds to the Wald entropy; more precisely,
it gives Q[T = 1] = TySgy, where Ty = k/(2x) is the

Hawking temperature of the black hole, and Sgy = A/4 is
the Bekenstein-Hawking entropy that fulfills the area law
(here, i = kg = 1). This result generalizes those obtained
in [12—-14] where stationary black holes in asymptotically
flat and asymptotically Anti-de Sitter spacetimes were
considered using a similar method. Here we have shown
that an analogous calculation based on the near horizon
expansion works for black hole solutions in presence of
backreacting external magnetic fields.

The computation of Noether charges at the horizon,
being those charges associated to near-horizon asymptotic
conditions, raises the question as to whether it makes sense
to consider the horizon surface as an actual boundary. In
fact, while black hole event horizons can well be taken as a
boundary of certain spacetime region, it is also true that
they are not strictly a boundary to all dynamical observers.
Still, one knows that somehow horizon charges do make
sense; after all, Wald entropy is an example of them.
Understanding this issue requires to be aware of the fact
that the physical meaning of a horizon charge—say the
Wald entropy—has to be referred to special observers—
resp. external observers. Besides, it is usually the case that a
kind of Gauss phenomenon take place and one can also
compute other conserved charges from the horizon per-
spective that happen to agree with the charges computed at
infinity with, for instance, the ADM type methods. Such is
the case of the angular momentum of stationary black
holes, which, as shown in [12], is associated to the zero-
mode of horizon superrotations. Here, in particular, we are
interested in charged black hole solutions immersed in an
external magnetic field, which, as mentioned before,
acquire a nonvanishing dragging due to the interplay
between the electric charge and the external field, and so
they turn out to be stationary. We will see below that this
leads to a new phenomenon from the horizon perspective,
as the nonvanishing Poynting density provides a nonzero
(super)rotation charge even in absence of intrinsic spin of
the black hole. The superrotation charges computation for
these nonstatic solutions will yield consistent results.

IV. CHARGED, STATIONARY BLACK HOLES

Let us consider charged, stationary black holes in an
external magnetic field. By applying the Harrison method
with the Reissner-Nordstrom solution as a seed, Ernst was
also able to obtain an exact solution to Einstein-Maxwell
equations that describe such a black hole in Melvin
universe® [7]. The spacetime metric reads

*While uncharged, stationary Ernst solution is asymptotically
Melvin, the stationary version of such black hole is not strictly
asymptotically Melvin as the ergoregion extends to infinity;
see [11].
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ds> = |A(r,0) (—f(r)dt2

+IA(r.0)72

d r2 2
oM de)

r?sin® 0(dg — w(r, 0)dt)? (17)

where

1
A(r.0)=1 +ZB(2)(r2sin29+ q*cos?0) —iByqcos0,

M P
[
r r

f(r)=

o(r,0)=Byg [—<2—2> +B°(r ro +rf(r)cos?d) |+,

rorg 2

where @, is a constant that can be absorbed by a local

boost, and where r, = M + \/M? — g* is the external
horizon of the charged black hole. This solution reduces to
the Reissner-Nordstrom solution with mass M and electric
charge ¢ in the case By = 0, while it agrees with the Ernst
solution (4) in the uncharged case ¢ = 0. Notice that the
function A(r,6) now is nonreal, with its imaginary part
gathering the interplay between the electric and magnetic
components of the solution; A(r, #) becomes real when the
product gB,, vanishes. The nonvanishing components of the
electromagnetic field are given by

1 Re(A(r.0))\ (Re(A(r,0)) -2
A¢<”9):B_o[”< A(r.0)] )( A(r.0)] )]
4,r.0) =2+ 2000 (1. 0)0(r.0),

where Re(A) stands for the real part of A, so that the
associated electric and magnetic fields are

H 4+ iE, = AYr e)[ 92 _Re(A(r.0)))

1. q°
+ By| 1 =5 iBpgcosd | (1 —=|cosd|,
2 r

1
Hy+iEy = —BoA™%(r,0) (1 - EiBOq cos 9) fY2(r) sin@.

This way of writing the electric and magnetic components
of the field strength as the real and imaginary parts of
complex functions is standard in the solution generating
methods employed in [7], cf. [8].

We see in the spacetime metric above that an off-
diagonal term g, appears as a result of the interplay
between the electric and the magnetic fields. Such term
represents a differential rotation of the spacetime, which is
controlled by the function @(r,#). The latter obviously
vanishes when either B, or ¢ is zero. However, this is not
the only new effect relative to (4)—(6) that appears when

By # 0. Another interesting feature is a conical singularity
that would appear at the poles & = 0, 7 unless one demands
¢ to take a specific periodicity condition that depends on ¢
and B,. To see this explicitly, let us consider the induced
metric on the constant-#, constant-r 2-dimensional space;
namely
- o 5o TFsin® Odg?
ds5 = |A(r,0)| <r do” + NGO ),

from what we see that the constant-6 circumferences
take the values 2z|A(r,0)| 2rsin6. Since the function
|A(r,0)| does not depend on r at the poles, namely
0,A(r, 9)‘,,:%jtg =0, and |A(r,0=0)| =|A(r,0 = 7)|,
then we can define the constant |Ay| = |A(r,8 = 0)| and
demand ¢ to be periodic and to take values in the range
¢ € [0,27|Ay|*]; notice that |Ay| = 1 when gB, = 0. With
this, the solution becomes smooth at the poles. Notice that
it is important to take into account the g-dependent
periodicity of the angular coordinate ¢» when computing
the conserved charges, as such computation involves
integrating on constant-», constant-r surfaces. This detail
will be important in the calculation below.

In order to compute the horizon charges, we may first
have to write the geometry (17) in its near horizon form
(8)—(10). To do so, we can consider a change of coordinates
of the form

dr
dU:dl“f‘m,

w(r,0)
d d dr + h(r,0)do,
P =dp+ i) At (r.0)

dp = |A(r,0)dr + g(r,0)d6,

with A(r,0) and ¢(r,0) being two specific functions that
vanish at the horizon r_; namely

h(r.0) /f

g(r,Q):/ D|A (7, 0)|?dr.

"0 (¥, 0)dr,

Integrating this conditions, we get

v=1+ d_r’

B f()’
ro(r,0)

= d ,

=t e

_ / IA(F, 0)2dr.

With this, metric (17) takes the near horizon form
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Gov = _8rf< )|r—r+p + O( 2)
oo = —205(log [A(r, 9)|)|r r P+ 0(?),

Gup = ~IAL(O)[ 412 sin2 00400(r. ) ,_, p + O(p?).
g0 = |A, (0 >|2 +0,(|A(r.O)r),—op + O?).
— [AL (O sin0

+ 3,,(|A(r 9)|‘2 %) o SIn* Op 4 O(p?),
9oy = [N+ (0)[*r gBj sin’ 6 cos Op + O(p?),
Gup = L,

where A (0) = A(r = r,,0); the other components van-
ish, namely g,, = g,4 = 0. The transformed expression for
the electromagnetic field reads

A=Adv——— (A +o(r,0)A;)dr

f( )
+ Aydp — Agh(r, 0)do. (18)

In addition, it is also necessary to ensure the gauge fixing

condition A, = 0, which is achieved by performing a gauge
transformation

A—>A=A+dC,

con= [ e

This yields 9y = 3B3q(r* — r})sin20, and finally the
electromagnetic field takes the form

with

')A +o(r,0)A,)dr.  (19)

A=Adv+Aydp — [Ayh(r.0) — 0,L(0,7)]d0,  (20)

which in the near horizon yields the following components

AY =0,

0
A((ﬂ) =Ay(r=ry),

Llaq  3Biq
~ IO [ 1.0,10),, co0)
+

- aﬂw(r’ G)r—r+A((/70):| :

What we have shown here is that the stationary, charged
Ernst solution, describing a Reissner-Nordstrdm in asymp-
totically Melvin magnetic universe, can be accommodated
in the near horizon form of Einstein-Maxwell solutions
studied in reference [14]. This implies that the Noether
charges (14) turn out to be finite and integrable for such a
spacetime, and they can be explicitly computed from the
horizon viewpoint. We do this in the following section.

V. HORIZON CHARGES FOR MAGNETIZED
BLACK HOLES

Taking into account the periodicity of ¢ and the

determinant det ') = r4 sin’6, we evaluate the charges

(14) and get the final result

1 3 1
or=1]=3 (1 +233q2 + 16Boq >\/M2 -¢*. (21)

Boq3 (1_ 232__q4B4)
2 (1+1¢°B + 4B

oyt =1] = s, (22)

Q[U:l]:q<1 B(f>. (23)

We see from here that, unlike the solution (4), which
had only nonvanishing Wald charge Q[T = 1], solution
(17) exhibits nonvanishing zero-modes for both super-
translations and superrotations, all of them being
By- and g-dependent. In particular, charge (21) gives

JWLESLNE o S Y

or =1 = 4 274

where one has to notice that the factor |Ag|? is precisely the
one needed to correctly reproduce the horizon area A due to
the By- and g-dependence in the periodicity of ¢. In other
words, the dependence on the external magnetic field and
on the black hole charge combine in the precise form for the
supertranslation charge to reproduce

O[T = 1] = TuSpu. (25)
now for stationary, charged black holes. This seems
consistent with the following result for the mass [19]

- 3 1
E:M(1+232q2+1630q> (26)
which follows from the Komar integral. In [19], the authors
discuss (26) in the context of black hole mechanics,
considering different thermodynamical ensembles, includ-
ing the one in which B, is permitted to vary adiabatically.
However, the impossibility of deriving the energy expres-
sion (26) as an integrable conserved charge was observed in
[20], where the following result for the mass was obtained

3

E=M(1
(13

Lon, 1 1/2
Biq? WB q +16Bo‘1 . (27)
yielding E — E = O(MByq*, Byg*/M). Expression (27)
turns out to be integrable, it reduces to the mass of vacuum
Einstein equations when By =0, and it fulfills the
Christodoulou-Ruffini relation between the black hole
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mass and the entropy. In fact, result (27) is totally
consistent with black hole thermodynamics, leading to
sensible chemical potentials. Following from an inte-
grable expression of a covariant method, expression (27)
seems to be the correct result of the Ernst-Wild black hole
mass. Since in our near-horizon approach we directly
have access to the value Ty Sgy, rather than the mass, and
given that the values for Ty and Sgy are consistent with
those in the literature, our computation turns out to be
consistent with (27).

Probably the most remarkable result is the superrotation
charge (22), which is nonzero despite the black hole not
having intrinsic spin. As anticipated, this nonvanishing
result is due to the Poynting density that solution (17)
exhibits. This induces a dragging effect in the spacetime,
breaking staticity. The result (22) agrees with the one
computed in the literature [11], here having computed it
from the near horizon perspective, showing the Gauss
phenomenon to hold for this type of solution. The super-
rotation charge can also be written as follows

L, Bog’ 1
ot =11 = w2 2o (1= By~ e a8y ). 29

Adding intrinsic spin to the solution [8] would make the
superrotation charge Q[Y?] to acquire extra dependence on
the Kerr parameter a = J/M. Kerr black holes were studied
from the near horizon perspective in [12]. Notice, however,
that the rotation charge Q[Y? = 1] in (30) is associated to the
vector § = Y9, = ,,, with ¢ being the angular coordinate
with periodicity 27z|Ag|? related to the gBy-dependent
angular deficit at the poles. Therefore, the charge that
represents the angular momentum would rather be the
one defined with respect to the vector £ = d, /|Ao 2> Namely
Q[Y? = |Ag|?], which amounts to multiply (22) by a factor
|Ao|?. This yields the simpler expression Q[Y¥ = |Ay|*] =
IBoq* (1 — Bjq* — 1z Bjq*). Next, we have to be aware of
the fact that the result for the angular momentum J is not
invariant under a residual gauge symmetry that the solution
exhibits. For example, there exists an ambiguity in the
definition of A((,,O); this is explained in detail, for instance, in
Sec. Vof [19] and in references thereof. Therefore, in order
to compare the result of J with the one obtained in the
literature, we have to be sure we are considering the same
gauge. If, with the authors of [19], we choose a gauge
A—A=A+cdp with ¢(q,By) a constant given by
c(p.By) = =Ay(ri .0 =0) = -Ay(r .0 =n), which
makes the angular components of A, to vanish at the poles,
the angular charge is

O[Y? = |Ao|*] = =g’ BoRe(Ay); (29)

that is,

1

which agrees with the result obtained in the literature by
other methods, cf. [20]. Together with the other charges
computed above, it is consistent with the Smarr formula [20]
and with the first principle of black hole mechanics [19]. The
value of J = Q[Y?], of course, flips its sign under
qBy — —qBy. It is remarkable that the rotation charge
exhibits a nonvanishing angular momentum despite the
black hole has no intrinsic spin parameter (a = 0). This
is due to the interplay between the external magnetic field
and the black hole electric charge, and it is consistent with
what we know about charged black holes in front of a
magnetic monopole probe. When adiabatically approaching
a monopole to a Reissner-Nordstrom black hole [33], the
latter starts to acquire angular momentum [22]. The result
above can be seen as a realization of such phenomenon in a
backreacting scenario.

Last, charge (23) corresponds to the effective electric
charge at the horizon; consistently, it reduces to Q[U =
1] ~ ¢ in the small B, limits. Again, this result, obtained
here from the near horizon computation, agrees with the
results obtained by other methods, cf. [11]. It exhibits
very interesting features, the most salient one being the
critical value of the magnetic field, B, = +247", such that
the charge vanishes despite ¢ # 0. Moreover, Q[U = 1]
can even change its sign relative to ¢ and acquire an
arbitrary large absolute value, provided B increases
sufficiently. The implications of this phenomenon are
interesting. For example, we can consider the so-called
black hole Meissner effect, namely the expulsion of the
external magnetic field by a black hole when extremality
is approached [17,34]. This is reminiscent of the effect
exhibited in superconductors, therefore the name. We can
verify that the results obtained above for the conserved
charges can be considered to study the black hole
Meissner effect in a working example5 discussed in
[19]. In relation to the Meissner effect, it is worth
mentioning reference [15], which to the best of our
knowledge is the first article in which the map between
the magnetized and the nonmagnetized black hole at zero
temperature is studied.

The simplest way to see the Meissner effect would be
resorting to the working example discussed in Sec. VIIB of
[19]: First, one asks the effective electric charge Q[U = 1] to
vanish (that is, tuning By = 2¢~") and, then, one demands the
extremality condition Q[T = 1] =0 (namely M = £¢q). After
doing this, one finds that the flux of the magnetic field, sz B=0,
through the horizon H* = £, x R,, vanishes. This realizes the
black hole Meissner effect.
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VI. GRAVITATING MONOPOLES IN EXTERNAL
MAGNETIC FIELD

As alast example, let us consider a magnetically charged
black hole in the external magnetic field. This is described
by the metric

dr?
ds? = AN*(r,0) | —f(r)di* + — + r2d6>
(r0) (= + 44 P
d¢? (31)

r? sin(0)
A*(r,0)

with

B2
A(r,0) =1+ IO (r*sin0 + p*cos?d) — Byp cos 0,

f(r>:1—2—M+”—22 (32)
r r

where p is the magnetic charge of the black hole. The
angular coordinate ¢ is periodic and now takes values in the
range [—Cr, Cx] with C a constant. In the limits By = 0 and
p = 0 this metric reduces to that of the Reissner-Nordstrom
and the uncharged Ernst black hole, respectively. The

horizons are located at r, = M + \/M? — ¢?, and the
solution is singular at r = 0. The electromagnetic potential
in this case is given by

_ —pcos®+ 2 (r2sin? 0 + p? cos? 0)

A A(r,0)

dp  (33)

which tends to the Dirac monopole solution when B is
sufficiently small.

Parameter C, which defines the periodicity in ¢, is
determined by requiring the solution to be smooth at

one of the poles, say at § = 0. This amounts to choose
C=A0=0)=1+B3p(p—By)/4—If one instead
decided to make the solution smooth at 6§ = x then C
should have taken the value C=A*@=n)=
1+ B% p(p + By)/4—It is impossible to make both poles
0 = 0 and 60 = = smooth at the same time, and this has a
clear physical interpretation: Representing a magnetic
charge in an external magnetic field, solution (31) needs
the presence of a cosmic string that provides the tension for
keeping the black hole at rest. Such cosmic string is
precisely the conical defect pinching the horizon at one
of the poles and extending to infinity. Notice that this is
consistent with the fact that A>(6 = 0) and A*(0 = x) get
interchanged under p,By — —p,By or p,By — p,—B,
while both A?(0 = /2 + x/2) remain unchanged under
p, By — —p, —By. This string is similar to the one appear-
ing in the C-metric, with the difference being that here the
string provides the black hole with the tension that
cancels the acceleration that otherwise it would take
due to the magnetic force imposed by the external field.
By performing the near horizon analysis on metric (31),
one finds that also in this magnetically charged case the
zero-mode of the supertranslation charge reproduces the
Wald entropy formula Q[T = 1] = Ty Sgy, once one takes
into account the correct ¢-periodicity. The near horizon
analysis of the C-metric type solutions has recently been
performed in [35].
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