
 

Do the observational data favor a local void?
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The increasing tension between the different local direct measurements of the Hubble expansion rate
and that inferred from the cosmic microwave background observation by the Λ-cold-dark-matter model
could be a smoking gun of new physics, if not caused by either observational systematics or local bias.
We generalize previous investigation on the local bias from a local void by globally fitting the Pantheon
sample over all parameters in the radial profile function of a local void described by an inhomogeneous but
isotropic Lemaître-Tolman-Bondi metric with a cosmological constant. Our conclusion strengthens the
previous studies that the current tension on Hubble constant cannot be saved by a local void alone.
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I. INTRODUCTION

The precision cosmology from the local observations
of the type Ia supernovae (SNe Ia) [1,2] and the global
observations of the cosmic microwave background (CMB)
[3–5] has favored the dubbed Λ-cold-dark-matter (ΛCDM)
model [6–8] as the concordance model withstanding many
other data testings in the last two decades but with a notable
exception for the increasing tension on the Hubble constant
(2.5σ [9], 3.4σ [10], 3.7σ [11], 3.8σ [12], 4.4σ [13], 4.7σ
[14], and 5.3σ [15]) between the local and global obser-
vations [16], which, if not caused by either systematics
errors or local bias, could be the smoking gun of new
physics [17] beyond theΛCDMmodel either from the early
or late Universe [16,18,19]. Therefore, it is crucial to rule
out the resolution from the possibility of, for example, a
local void [20–24].
A cosmic void with its matter distribution changing

in the radial coordinate could be described by the dubbed
Lemaître-Tolman-Bondi (LTB) [25–27] metric for an
inhomogeneous but isotropic Universe we might live in
locally [28–32]. However, some constraints from the
detection of the secondary CMB effect like kinetic
Sunyaev-Zel’dovich (kSZ) effect [33,34] have ruled out
a class of giant local dust void models [35] (see, however,

[36] for a recent attempt to ease the Hubble tension but still
evading the kSZ limit). Nevertheless, the LTB model with a
cosmological constant, called the ΛLTB model, still seems
to be able to relieve [37–39] or even fully resolve [40–42]
the Hubble tension when using the galaxy survey data.
For example, the luminosity density sample [43–46] is
constructed over the redshift range 0.01 < z < 0.2 for the
discovery of the Keenan-Barger-Cowie (KBC) void [21]
with a size of ∼300 Mpc and density contrast of −30%. In
particular, by adopting a radial profile for the matter density
fraction with the Garcia-Ballido-Haugbølle (GBH) param-
eterization [47] smoothly connecting two homogeneous
parts inside and outside a local underdensity, Hoscheit and
Barger [41] have fitted the SNe Ia data in the redshift range
0.0233 < z < 0.15 and then reduced the Hubble tension
from 3.4σ to 2.75σ with the GBH parameters fixed by the
KBC void configuration.
However, the data analysis of [41] was revised by

Kenworthy, Scolnic, and Riess in [48] by using a larger
sample of low-redshift SNe from a combined sample of
the Pantheon, Foundation, and Carnegie-Supernova-Project
(CSP) samples within z < 0.5 with fully appreciating
for systematic uncertainties in the SNe data, such as
uncertainties in the nuisance parameters, calibration uncer-
tainties, and possible redshift evolution of the nuisance
parameters. Furthermore, Kenworthy, Scolnic, and Riess
[48] also adopted more physically motivated boundary
conditions, such as the GBH parameterization for the
physical matter density profile ρMðrÞ instead of the
dimensionless matter density fraction ΩMðrÞ used in [41],
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and the treatment of the time since the big bang tB as a
free constant parameter instead of the inappropriate
choice tBðrÞ ¼ r used in [41]. Nevertheless, the GBH
profile in [48] was also fixed by the same KBC void
configuration. The conclusion drawn from [48] agrees
well with previous studies [38,49,50] that the cosmic void
for the Hubble constant determination fitted by the
Hubble diagram is inadequate to account for the current
discrepancy of the Hubble tension. Later in [51] the GBH
parameterization was chosen for the spatial curvature
in order to achieve a complete analytic determination of
the cosmic time in terms of the radial coordinate suitable
for fitting the void size from a top-hat profile. Consistent
with Kenworthy, Scolnic, and Riess in [48], the local void
fitted by the low-redshift Pantheon SNe data in [51]
is also insufficient to resolve the Hubble tension, in
contrast to the luminosity distance data that admit a large
local void.
Although [48] has ruled out a local void with a sharp

edge and depth jΔδj > 20% in the redshift range 0.023 <
z < 0.15 by fitting the GBH matter profile to the combined
SNe data sample (Pantheon, Foundation and CSP) within
z < 0.5, this does not automatically rule out a larger void
with a shallower depth and a wider edge in a larger sample
of SNe data. The void search from [51] has used the
full data of Pantheon sample but the GBH profile has
been imposed on the spatial curvature term instead of the
matter density fraction. Besides, a mild tension (2 − 3σ)
was found in [52] in the context of the ΛCDM model
(instead of the ΛLTB model) between the best fit value of
M≡M þ 5 log10ðc=H0=MpcÞ þ 25 obtained from low-z
SNe data (0.01 ≤ z ≤ 0.2) and the corresponding value
obtained from the full Pantheon dataset. HereM is the color
and stretch corrected absolute magnitude of SN Ia. Other
work like [53] has also used the full data of Pantheon
sample but the assumed model is the LTB model instead of
the ΛLTB model. We therefore extend the analysis to the
ΛLTB model by fitting the full Pantheon SNe data ranging
from 0.01 < z < 2.3 over all three parameters in the GBH
parameterization for the matter density fraction. We con-
firm the previous findings that even in this general setting
the local void cannot fully resolve the Hubble tension.
The rest of this paper is organized as follows: In Sec. II,
we introduce the ΛLTB model with GBH profile function.
In Sec. III, we use the Pantheon data to constrain the
GBH void profile. Section IV is devoted to conclusion
and discussions.

II. GBH VOID IN ΛLTB MODEL

A. FLRW equation

As a generalization of the usual Friedman-Lemaître-
Robertson-Walker (FLRW) metric within the framework of
general relativity, the LTB metric [25–27] (see also [48])
uses the generalized scale factor Rðr; tÞ and a curvature

term kðrÞ to describe an inhomogeneous but isotropic
void by

ds2 ¼ dt2 −
R02ðr; tÞ
1 − kðrÞ dr

2 − R2ðr; tÞdΩ2; ð1Þ

with R0ðr; tÞ ¼ ∂Rðr; tÞ=∂r. Imposing the homogeneous
condition Rðr; tÞ ¼ aðtÞr and kðrÞ ¼ kr2 would reduce the
LTB metric into the FLRW metric with aðtÞ acting as
the usual cosmic scale factor and thus preserve the
homogeneity and Copernican principle of our Universe.
The corresponding Friedmann equation for the ΛLTB
model reads

H2ðr; tÞ ¼ H2
0ðrÞ

�
ΩMðrÞ

�
R0ðrÞ
Rðr; tÞ

�
3

þ ΩkðrÞ
�
R0ðrÞ
Rðr; tÞ

�
2

þ ΩΛðrÞ
�
; ð2Þ

where

H2ðr; tÞ≡
�
_Rðr; tÞ
Rðr; tÞ

�
2

ð3Þ

is the Hubble parameter and the dot is taken for the
derivative with respect to t. Hence H0ðrÞ≡Hðr; t0Þ
and R0ðrÞ≡ Rðr; t0Þ. The Friedmann equation for the
ΛLTB model at present time could also be written
as ΩMðrÞ þΩkðrÞ þΩΛðrÞ ¼ 1.

B. GBH profile

If the matter density parameter outside the void ΩM;out is
assumed to be set by the CMB data, and the matter density
parameter in the void interior ΩMðrÞ exhibits explicit
radial dependence, the fractional deficit could therefore
be defined as

δðrÞ≡ΩMðrÞ −ΩM;out

ΩM;out
; ð4Þ

which could be further parameterized by the dubbed GBH
profile function [21,47,48] as

δðrÞ ¼ δV
1 − tanhððr − rVÞ=2ΔrÞ

1þ tanhðrV=2ΔrÞ
; ð5Þ

with δV , rV , and Δr characterizing the depth, radius, and
transition width of the void, respectively. An illustration
for the GBH profile is shown in Fig. 1. Besides the GBH
profile function describing a Universe with two “homo-
geneous” parts linked by a smooth function, there are many
other profiles like those proposed in [54–56]. Therefore, the
critical densities of matter, dark energy, and curvature could
be obtained by
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ΩMðrÞ ¼ ΩM;outð1þ δðrÞÞ; ð6Þ

ΩΛðrÞ ¼ 1 − ΩM;out; ð7Þ

ΩkðrÞ ¼ 1 −ΩMðrÞ −ΩΛðrÞ; ð8Þ

respectively, whereΩΛðrÞ is assumed to be a constant since
it is not a diluted background parameter.

C. Synchronous comoving gauge

We choose the synchronous comoving gauge R0ðrÞ ¼ r
for (2):

H2ðr; tÞ ¼ ΩM;outð1þ δðrÞÞH2
0ðrÞ

�
r

Rðr; tÞ
�

3

−ΩM;outδðrÞH2
0ðrÞ

�
r

Rðr; tÞ
�

2

þ ð1 − ΩM;outÞH2
0ðrÞ; ð9Þ

which, after integrated, gives rise to the age of the Universe
of form

tBðrÞ ¼
Z

r

0

dRR−1
�
ΩMðrÞH2

0ðrÞ
�
r
R

�
3

þΩkðrÞH2
0ðrÞ

�
r
R

�
2

þ ΩΛðrÞH2
0ðrÞ

�
−1=2

: ð10Þ

For r at CMB scales with δðrÞ ¼ 0, every physical
parameter is in accordance with its CMB counterpart so
that we can dismiss the difference between tBðrÞ and the
real cosmic time t0ðrÞ and set the universal cosmic time
assumption tBðrÞ ¼ tB ≡ const [48], where tB is the time at
CMB scales:

tB ¼
Z

1

0

daoutðtÞ
H0;out½ΩM;outa−1out þ ΩΛ;outa2out�1=2

; ð11Þ

with aoutðtÞ playing the role of the scale factor outside the
void at CMB scales in accordance with its counterpart in
FLRW metric. Now we can combine (10) and (11) to infer
H0ðrÞ as a function of the radial coordinate r. Furthermore,
using the equations for null geodesics in the ΛLTB model
could lead to the redshift z as a function of the radial
coordinate r and the cosmic time t [48]:

FIG. 1. The GBH profile with KBC void parameters δV ¼−0.3,
rV ¼ 308 Mpc and Δr ¼ 18.46 Mpc.

FIG. 2. The luminosity distance with respect to the redshift
from the ΛCDM model (black dashed curve) and ΛLTB model
(solid curves) with varying rV (first panel), varying Δr (second
panel), and varying δV (third panel), respectively, but with the
other two parameters fixed as indicated in each panel. The
subfigures present the differences of the corresponding ΛLTB
models with respect to the ΛCDM model.
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dt
dr

¼ −
R0ðr; tÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − kðrÞp ;

1

1þ z
dz
dr

¼
_R0ðr; tÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − kðrÞp ; ð12Þ

which could be inverted to rewrite the cosmic time t, the
radial coordinate r and every other parameter within
the void in terms of the redshift z including, for example,
the luminosity distance:

dL ¼ ð1þ zÞ2RðrðzÞ; tðzÞÞ: ð13Þ

To manifest the difference of using the ΛLTB model with
respect to the ΛCDM model, the luminosity distance from
varying one of the GBH parameters but fixing the other
two GBH parameters has been presented in Fig. 2 with
solid curves compared to the ΛCDM result shown as a
black dashed curve.

III. DATA ANALYSIS AND COSMOLOGICAL
CONSTRAINT

A. Data analysis

The data we use for analysis in this paper consist of 1048
SNe Ia ranging from 0.01 < z < 2.3, which is summarized
in the Pantheon sample [57] combining the following
datasets with consistent photometry:

(i) Low-z data.—0.01 < z < 0.1 from CfA1-4 [58–62]
and CSP [63–65];

(ii) Intermediate-z data.—0.03≲ z≲ 0.68 from PS1
[66,67], 0.1≲ z≲ 0.4 from SDSS [68–70], and
0.3≲ z≲ 1.1 from SNLS [71,72];

(iii) High-z data.—z > 1.0 from SCP [73], GOODS
[74,75] and CANDELS/CLASH [76–78].

The above data will be tested for our ΛLTB model
with GBH void profile function in the redshift-distance

relation (13), where the luminosity distance is measured as
usual by the distance modulus:

μ ¼ m0
B −M0

B ¼ 5log10

�
dLðzÞ
Mpc

�
þ 25; ð14Þ

where m0
B is the corrected peak magnitude of a SN andM0

B
is the absolute magnitude of a fiducial counterpart. It is
worth noting that, for Pantheon data, it is necessary to
consider the heliocentric redshift zHel in

μ¼m0
B−M0

B

¼5log10

�
dLðzCMBÞ

Mpc

�
þ5log10

�
1þzHel
1þzCMB

�
þ25: ð15Þ

The test we adopt for data analysis is the usual χ2

test [57]:

χ2 ¼ ΔμT · C−1 · Δμ; ð16Þ

where Δμ ¼ μ − μΛLTB and C is the covariance matrix
consisting of

C ¼ Dstat þ Csys: ð17Þ

Dstat has only diagonal components containing the total
distance errors associated with each SN, which include
photometric error, mass step correction, distance bias cor-
rection, peculiar velocity uncertainty, redshift measurement
uncertainty in quadrature, stochastic gravitational lensing
and intrinsic scatter. Csys is the systematic covariance. The
method we use for data analysis is the usual Markov chain
Monte Carlo (MCMC) sampling [79] to scan all three
parameters (rV , Δr and δV) of the GBH profile in the
ΛLTB model with respect to the Pantheon data [57] and the
ΛCDMmodel calibrated by the Planck 2018 resultsΩM;out ¼
0.315� 0.007 and H0;out ¼ ð67.4� 0.5Þ km=s=Mpc [8]

FIG. 3. Posterior constraints on δV , Δr and rV from searching the void within redshift z ≤ 0.2, z ≤ 1, and z ≤ 2, respectively. The
contours describe the 68% and 95% confidence limits.

CAI, DING, GUO, WANG, and YU PHYS. REV. D 103, 123539 (2021)

123539-4



outside the void in order to match the CMB observations at
large scales. Since we have no a priori setup for the void we
want to identify by the Pantheon data alone; we therefore
choose the following flat prior for all three parameters in the
GBH parameterization with three illustrative redshift bins:

(i) z<0.2.—rV ∈ ½1; 1000� Mpc, Δr ∈ ½1; 600� Mpc,
δV ∈ ½−0.5; 0.5�;

(ii) z<1.—rV ∈ ½1; 5500� Mpc, Δr ∈ ½1; 3000� Mpc,
δV ∈ ½−0.4; 0.4�;

(iii) z<2.—rV ∈ ½1; 5500� Mpc, Δr ∈ ½1; 3000� Mpc,
δV ∈ ½−0.4; 0.4�.

Note that the shortest distance to a supernova in our data
sample is∼45 Mpc (CMB frame) and the local void search is
limited within redshift z ≤ 2 since most of SNe data of
Pantheon sample are within redshift z ≤ 2 (1047 of 1048
in total) so that the ΛLTB metric is reduced to the FLRW
metric outside z > 2 with the homogeneous condition and
kðrÞ ¼ kr2 automatically preserved.

B. Cosmological constraints

The cosmological constraints are shown in Fig. 3 and
summarized in Table I, which are marginally consistent
with the case of no local void δV ¼ 0 and there is seemingly
no constraint on rV and Δr simply because there is no
difference between the inside and outside of the void in
the case of δV ¼ 0. This is not surprising since rV and Δr
can only be strongly constrained when there is a strong
preference for a large δV . On the other hand, if we want to
search for any local void in the full data of Pantheon
sample, then we have to allow for a nonzero δV , and there is
no reason to fix rV and Δr anymore, nor do we have any
prior value for fixing rV andΔr; hence, we fit all three GBH
parameters in this paper. Since at the limit of δV → 0 the
void model reduces to the ΛCDM model and R=r is a
function of t alone, namely the scale factor in ΛCDM
model, the kSZ effect [33,34], the Rees-Sciama effect
[80–82] and baryon acoustic oscillations would be in
accordance with the ΛCDM model.
Therefore, our cosmological constraints are consistent

with the ΛCDM model instead of the ΛLTB model with
large δV in GBH parameterization for the void profile

within z ≤ 2. At the very least, the ΛCDMmodel cannot be
distinguished from the ΛLTB model with small δV con-
strained by the SNe data alone as shown in Fig. 4. Even if
we could live in a void, the radial profile change is too
insignificant to modify the concordance model.
Besides the χ2 test, we also provide with the Akaike

information criterion (AIC) [83] and Bayesian information
criterion (BIC) tests [84], which are defined by AIC ¼
2k − 2 ln L̂ and BIC ¼ k ln n − 2 ln L̂, respectively, where k
is the number of parameters for a given model, n is the
number of data points, and L̂ is the maximized value of the
likelihood function. A smaller AIC or BIC value means a
better fitting for the given model. For model selection [85],
we use the relative AIC or BIC value of the ΛLTB model
with respect to the ΛCDM model. Therefore, a larger
relative AIC or BIC value means that the ΛLTB model is
less preferred compared to the ΛCDM model, and a more
negative relative AIC or BIC value means that the v model
is more favorable. As seen from the last two columns of
Table I, there is no strong preference between the ΛLTB
and ΛCDM models according to the relative AIC values
ΔAIC. However, all the relative BIC values ΔBIC are

TABLE I. The cosmological constraints from the global fitting for the total Pantheon sample cut at different redshift ranges (first
column) with corresponding number of SNe (second column) on the best-fit value (third column), mean value (fourth column), and
standard deviation (fifth column) of the void depth δV , the best-fit value of the void radius rV (sixth column), the best-fit value of the void
transition width Δr (seventh column), the reduced χ2 for the best-fit ΛLTB model (eighth column), the reduced χ2 for the ΛCDMmodel
(ninth column), the comparison to the ΛCDM model using the relative AIC values (tenth column), and the comparison to the ΛCDM
model using the relative BIC values (11th column).

δV

SNe range SNe number Best fit Mean Std-dev rV [Mpc] Δr [Mpc] χ2ΛLTB
d:o:f:

χ2ΛCDM
d:o:f: ΔAIC ΔBIC

z ≤ 0.2 411 −9.1% −5.6% 5.8% 334 1.71 0.988 0.988 2.61 17.47
z ≤ 1.0 1025 −5.5% −5.9% 8.7% 224 31.03 0.989 0.988 4.21 19.07
z ≤ 2.0 1047 −6.2% −6.2% 9.1% 1204 2.02 0.987 0.988 1.90 16.77

FIG. 4. Comparison of the distance modulus between the
ΛLTB model (red solid line) with the best-fitting values con-
strained from SNe data within z ≤ 2 and the ΛCDM model (blue
dashed line) with values from Planck 2018 constraints. The
Pantheon data are shown in gray.
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larger than 10, which strongly disfavor the ΛLTB model
over the ΛCDMmodel. To see how much improvement we
can make from fitting all GBH parameters compared to a
single parameter (δV) fitting, we have also fitted the
Pantheon SNe data of different redshift ranges to the depth
of cosmic void δV alone while fixing the other two GBH
parameters at the KBC void parameters (rV ¼ 308 Mpc
and Δr ¼ 18.46 Mpc). The relative AIC and BIC values of
the ΛLTB model with respect to the ΛCDM model are
summarized in the last two columns of Table II, which
admit no preference for the ΛLTB model over ΛCDM
model. Therefore, global fitting of all GBH parameters
could lead to more dramatic disfavor of the ΛLTB model
over the ΛCDM model.
To see how large δV is needed for resolving the Hubble

tension, we depict the Hubble constant in local voidH0;in as
a function of δV assuming the Hubble constant at the CMB
scales as H0;out. It is easy to see that δV should be less than
−30% to moderately resolve the Hubble tension as shown
in Fig. 5, which is beyond the uncertainty region of δV even
if all three GBH parameters are used in the data fitting.

IV. CONCLUSION AND DISCUSSIONS

In this paper, we have constrained the ΛLTB model with
GBH parameterization for the local void profile from the
MCMC sampling in fitting the Pantheon data within z ≤ 2.
Our fitting results are consistent with theΛCDMmodel and
have no significant preference for a large local void to fully
resolve the Hubble tension. However, the current analysis
still merits further improvements to settle down the void
issue when addressing the Hubble tension.
First, we have made a compromised choice for our GBH

parameterization on the dimensionless matter density
fraction instead of the physical matter density profile,
the latter of which is quite challenging to implement in
the numerical global fitting. The previous studies [48,51]
evade this difficulty by either fixing the GBH parameters
as the KBC void parameters [48] or parameterizing the
spatial curvature in terms of the GBH profile with top-hat
shape [51]. AGBH parameterization for the physical matter
density profile in the global fitting would lead to the most
general conclusion reserved for future study.
Second, we have not explored the global fitting con-

straint for the luminosity distance data from the galaxy
survey that usually leads to the discovery of a large local
void. It is unclear whether there is some unidentified
systematic in the SNe data or galaxy survey data to
reconcile their apparent disagreement when fitting to a
local void.
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TABLE II. The cosmological constraints from fitting over δV alone with the other two GBH parameters fixed at the KBC void
parameters (rV ¼ 308 Mpc and Δr ¼ 18.46 Mpc) for the total Pantheon sample cut at different redshift ranges (first column) with
corresponding number of SNe (second column) on the best-fit value (third column), mean value (fourth column), and standard deviation
(fifth column) of the void depth δV , the reduced χ2 for the best-fit ΛLTB model (sixth column), the reduced χ2 for the ΛCDM model
(seventh column), the comparison to ΛCDMmodel using the relative AIC values (eighth column), and the comparison to ΛCDMmodel
using the relative BIC values (ninth column).

δV

SNe range SNe number Best fit Mean Std-dev χ2ΛLTB
d:o:f:

χ2ΛCDM
d:o:f: ΔAIC ΔBIC

z ≤ 0.2 411 −7.4% −7.1% 4.8% 0.987 0.988 −0.40 4.55
z ≤ 1.0 1025 −8.4% −8.2% 4.5% 0.986 0.988 −1.09 3.87
z ≤ 2.0 1047 −8.5% −8.2% 4.7% 0.986 0.988 −1.12 3.84

FIG. 5. The required δV for givenH0 inside a void described by
our ΛLTB model, where “A” and “B” correspond to the Hubble
constants from the Planck 2018 constraint and local measurement
[13], respectively. The shaded regions are for 2σ uncertainty
regions.
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