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g-mode oscillations in hybrid stars: A tale of two sounds
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We study the principal core g-mode oscillation in hybrid stars containing quark matter and find that they
have an unusually large frequency range (~200-600 Hz) compared to ordinary neutron stars or self-bound
quark stars of the same mass. Theoretical arguments and numerical calculations that trace this effect to the
difference in the behavior of the equilibrium and adiabatic sound speeds in the mixed phase of quarks and
nucleons are provided. We propose that the sensitivity of core g-mode oscillations to non-nucleonic matter
in neutron stars could be due to the presence of a mixed quark-nucleon phase. Based on our analysis, we
conclude that for binary mergers where one or both components may be a hybrid star, the fraction of tidal
energy pumped into resonant g-modes in hybrid stars can exceed that of a normal neutron star by a factor of
2 to 3, although resonance occurs during the last stages of inspiral. A self-bound star, on the other hand, has
a much weaker tidal overlap with the g-mode. The cumulative tidal phase error in hybrid stars,
A¢ = 0.5 rad, is comparable to that from tides in ordinary neutron stars, presenting a challenge in
distinguishing between the two cases. However, should the principal g-mode be excited to sufficient
amplitude for detection in a postmerger remnant with quark matter in its interior, its frequency would be a

possible indication for the existence of non-nucleonic matter in neutron stars.
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I. INTRODUCTION

The core of a neutron star (NS) can, in principle, support
phases of dense deconfined quark matter (QM) [1].
Confirmation of the presence of quarks in NSs, however,
has not been possible either through observations or from
lattice-gauge calculations of finite baryon density matter
starting from the Lagrangian of quantum chromodynamics
(QCD). Although perturbative calculations of QM have
been performed [2-4], their applicability is limited to
baryon densities ny > 40n, [5], where n, ~0.16 fm™ is
the nuclear matter saturation density. Such densities,
however, lie well beyond the central densities n, in the
range 3n,—8n, of observed NSs. In view of this conundrum,
theoretical studies of QM in NSs have been exploratory in
nature by positing either a sharp first-order or a smooth
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crossover hadron-to-quark phase transition. Depending on
the treatment of the phase transition and the equations of
state (EOSs) of hadronic and quark matter, either a phase of
pure QM or a phase in which hadrons are admixed with
quarks can be realized (for a detailed account, see Ref. [6]
and an extensive list of references therein). In either case,
stars with quarks are difficult to distinguish from normal
NSs based on the knowledge of masses and radii alone as
similar results can be obtained with both. While the long-
term cooling of a NS can be affected by the presence of
quarks, cooling data are relatively sparse and gathered over
decades [7,8]. Gravitational wave observations from com-
pact binary mergers can be another probe of the EOS, but
currently, constraints on tidal polarizability [9-11] from
gravitational wave data [12] are consistent with both
normal and quark-containing stars, depending on the
theoretical assumptions made [6,13,14].

In this paper, we are particularly interested in how NS
oscillations can shed light on the presence of QM in stars
that contain an admixture of nucleons and quarks (termed
hybrid stars). Kokkotas et al. [15] have proposed that NS

© 2021 American Physical Society
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oscillations (in particular, the f, p modes) could be a
“fingerprint” for the supranuclear EOS in gravitational
wave data. A review of potential signatures of QM in NSs
in the multimessenger era, including the role of their
oscillations, can be found in [16]. Along these lines, we
offer in this work a new diagnostic of deconfined QM in
NSs based on asteroseismology. We show that a steep rise
in the frequency of the principal g-mode (gravity mode)
occurs as soon as QM appears in a mixed phase in the core,
exceeding the typical core g-mode frequency of a nucleonic
star by a factor of 2 or more. This rise is essentially driven
by a drop in the local equilibrium speed of sound at the
onset of the phase transition, while the adiabatic sound
speed changes only slightly. If this g-mode becomes
resonant with the tidal force during the late stages of a
binary inspiral, the resulting energy transfer from the
orbital motion to the star via tidal coupling can affect
the phase of the gravitational waveform, and potentially
signal a hybrid star.

NS oscillations are categorized by the nature of the
dominant restoring force for the perturbation in question.
Several types of modes can be supported by a star and it is
desirable to investigate as many of them as possible in
detail. These modes are typically excited and sustained in
different regions of the star and their amplitudes and
damping rates are subject to considerable uncertainty.
Here, for reasons that will become apparent, we focus
our attention on the g-mode and its coupling to gravita-
tional waves.

A g-mode is a specific kind of nonradial fluid oscillation
initiated when a parcel of fluid is displaced against the
background of a stratified environment [17,18]. While
pressure equilibrium is rapidly restored via sound waves,
chemical equilibrium can take longer causing buoyancy
forces to oppose the displacement. Since cold NSs are not
convective, the opposing force sets up stable oscillations
throughout the core, with a typical frequency, called the
(local) Brunt-Viisild frequency [19], which depends on the
difference between the equilibrium and adiabatic sound
speeds as well as the local metric coefficients. Convectively
stable g-modes exist for a wide range of models of the EOS
[20]. Though the g-mode in NSs has been studied before
[21-23], with recent works incorporating additional fea-
tures like hyperonic matter and superfluidity [24-34], the
novel aspect of our work is the investigation of the g-mode
frequency in a phase transition from nuclear matter to a
mixed phase of quarks and nucleons. We point out that a
similar result was obtained in [30] for superfluid hyperonic
stars. However, the calculations presented there were for a
fixed NS mass of about 1.64 M with a radius of 13.6 km.
While their chosen hyperonic EOS does support a maxi-
mum mass of 2.015 M, [35], the nuclear and quark EOSs
chosen in our work satisfy additional observational and
experimental constraints, and presents the effect for a wide
range of masses up to the observed maximum.

This paper also extends the results of [36] by incorpo-
rating aspects of general relativity in the fluid oscillation
equations (while remaining within the Cowling approxi-
mation), updating the nuclear EOS to include consistency
with radius constraints from tidal polarizability [37] and
NICER data [38,39] on the radius of ~1.4 My NS. We also
provide new analytical results for the two sound speeds in a
mixed phase of quarks and nucleons. Our study can be of
practical interest to investigations of the sound speed in
NSs, which is attracting renewed attention [40—43]. The
matter of detecting g-modes from the pre- or postcoales-
cence phase of binary NS mergers is not addressed in detail
here, but we present an estimate of its impact on the
accumulated tidal phase up to the merger.

It is pertinent to note that oscillation modes other than g-
modes can also potentially be affected by the presence of
QM in NSs. Radial oscillation modes, which however do
not couple to gravitational waves, were studied in [44].
Among nonradial modes, the i-mode (interface mode) has
been recently investigated for the special case of crystalline
QM surrounded by a hadronic envelope in [45] and its
frequency can range from (300-1500) Hz, which can be
probed by current or third generation interferometric
detectors. The r-mode (Rossby mode) frequency and its
damping rate for NSs containing QM also differs from a
purely nucleonic one [46—48]. The s-mode (shear mode)
can be excited in a mixed phase of quarks and nucleons and
is sensitive to the shear modulus of structures in the mixed
phase [49], probing the surface tension of QM. The g-mode
oscillation in stars containing QM has been studied in the
case of a sharp interface [50,51] between hadronic and
quark matter, yielding the spectrum of so-called disconti-
nuity g-modes, but these works assume a strong first-order
phase transition and a large value of the surface tension for
QM, while we study the case of a mixed phase of
significant extent that would be favored if the same surface
tension were small enough.' The g-mode for baryonic stars
with superfluid effects was studied in [24—34] highlighting
the subtle role of temperature and composition gradients in
driving the g-mode. In this work, we investigate the
composition gradients induced by the mixed phase of
quarks and nucleons, which supports unusually high-
frequency g-modes through its effect on the adiabatic
and equilibrium sound speeds.

The organization of this paper is as follows. In Sec. II, we
introduce the governing equations of the g-mode and
outline its relation to the two sound speeds. In Sec. III,
we present the EOS models in the nucleonic and quark
sectors chosen for our study of the g-mode spectrum. The
rationale for our parameter choices and the basic features of

'Here, we do not explicitly study surface and curvature effects
or the impact of a nontrivially structured mixed phase on the
oscillation spectrum [49,52,53], but a more complete treatment of
g-mode s in hybrid stars should address these issues.
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these models are highlighted here for orientation. We stress
that our choices are representative, but not exhaustive. In
Sec. IV, we derive expressions for the two sound speeds in
the mixed phase of quarks and nucleons. Results for the
sound speeds, the Brunt-Viisild frequency, and the g-mode
frequency in nucleonic, quark, and hybrid stars are gathered
and interpreted in Sec. V. The tidal forcing and phase error
due to g-mode excitation are estimated in Sec. VI. Our
summary, conclusions, and outlook are contained in
Sec. VII. The Appendixes contain details about the
determination of parameters in the nuclear EOS model,
the resulting NS structural properties, and the two sound
speeds.

II. g-MODE OSCILLATIONS

In this section, we outline the equations for fluid
oscillations and nonrotating NS structure that were used
to determine the eigenfrequencies of the g-mode. In
general, the oscillatory displacement of a fluid element
in a spherically symmetric star is represented by a vector

field E"lm(?)e‘i‘”’ with n, I, and m denoting the radial,
azimuthal, and magnetic mode indices. To be precise, the
frequencies also carry subscripts n/m implicitly under-
stood, with degeneracies that are broken in more realistic
cases such as with rotation or magnetic fields. For even-
parity or spheroidal modes, separation into radial and
tangential components yields &""(7) = g™ (r)Y,,,(0, @)
and &m(F) = rptl(r)V 1Y ,,,(0, ¢), respectively, where
Y,,,(0, ¢) are the spherical harmonics. From the perturbed
continuity equation for the fluid, the tangential function
n, can be traded for fluid variables as J&p/e =
@?’rn (r)Y,,(0, p)e™™', where Sp is the corresponding
local (Eulerian) pressure perturbation and e the local energy
density. Within the relativistic Cowling approximation,” the
equations of motion to be solved to determine the fre-
quency of a particular mode are [17,29,55]

19, I(l+1)e" op _Ap
_ /2,2 N /7 ——=0
o T e ey
06 1
a—rp+g<1 +p>5p + (N2 - 0?)E, =0, (1)

where i = p + ¢, and we have suppressed the indices on @
and &. Equation (1) involves thermodynamic quantities that
follow from the specific EOS. Specifically, p denotes
pressure, ¢ energy density, and y the adiabatic index of
the fluid. The Lagrangian variation of the pressure enters as

The Cowling approximation neglects the backreaction of the
gravitational potential and reduces the number of equations we
have to solve. While this approximation is not strictly consistent
with our fully general relativistic treatment of the equilibrium
structure of the star, it does not change our conclusions
qualitatively or even quantitatively, since this approximation is
accurate for g-mode frequencies at the few percent level [54].

Ap, and is related to the Eulerian variation 6p through the
operator relation A = § + & - V. The symbol ¢, denotes the
adiabatic sound speed, which is related to the adiabatic
index as ¢Z = yp/(u,ng) where u, is the neutron chemical
potential3 and np the local baryon density. The equilibrium
sound speed enters through the Brunt-Viisild frequency
(N) which is given by

1 1
N? = ¢ <—2——2>e’“"1, (2)

Ce Gy

where g = =V¢ = =V p/h with h = € + p the enthalpy of
the fluid. Finally, v(r) and A(r) are metric functions of the
unperturbed star which features in the Schwarzschild
interior metric (r < R):

—ds? = ga/,vdxadxﬂ = —e(ds? + eMdr?

+ r2(d6? + sin’0dg?). (3)
Explicitly,
1
M) = (4)
1 (%)
and
I3
2G [ ((m(r) + 20
v(r) == v
e exp[ 62A < r’(ﬂ—w) )dﬂ}e% (5)

C

where m(r') is the enclosed mass of the star at . These
metric functions must match to their exterior values at the
surface r = R, and hence the constant factor e*0 [56].

In this work, we study the fundamental g-mode with
n =1 and fix the mode’s multipolarity at / = 2. For the
nonrotating stars we consider here, solutions are degenerate
in m. Note that our definition of the “fundamental” mode
refers to the lowest radial order of the g-mode which also
has the highest frequency. This should not be confused with
the qualitatively different f-mode which is also referred to
sometimes as the fundamental mode. Furthermore, over-
tones with lower frequency exist, but we do not perform
any computations with them here, since the fundamental g-
mode has the highest frequency and will be excited during
the final stage of the premerger phase when tidal forces are
strongest. The system of equations in Eq. (1) cannot be
solved analytically even with a simple model of a neutron
star. Our aim will be to solve this numerically as an
eigenvalue system for the g¢-mode frequency .
Physically, the solution to this system of equations, under
the boundary conditions Ap = 0 at the surface and &,, p/e

*In beta-equilibrated charge neutral matter, the neutron chemi-
cal potential is sufficient to determine all other chemical
potentials.
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regular at the center, only exists for discrete values of the
mode frequency w. These values represent the g-mode
spectrum for a chosen stellar model. Because we have
employed the Cowling approximation and ignored the
perturbations of the metric that must accompany fluid
perturbations, we cannot compute the imaginary yart of the
eigenfrequency (damping time) of the g-mode.” We turn
now to discuss the EOS models for nucleonic and quark
matter employed in this work.

III. MODELS FOR THE EQUATION OF STATE

The EOS models chosen in this work were predicated on
the requirement that the squared sound speeds c2 [see
Eq. (25)] and ¢? could be calculated straightforwardly. In
the nucleonic sector, we employ the model of Zhao and
Lattimer (ZL) [43], which is consistent with nuclear
systematics at and below the nuclear saturation density
n,. With suitable choices of the slope of the nuclear
symmetry energy at ng (see below), this EOS is also
consistent with the recent chiral effective theory calculations
of Drischler et al. [58] in which uncertainty estimates of the
EOS up to 2n, were provided (see Fig. 2 of that reference). In
addition, the ZL EOS is able to support ~2 M 4 stars required
by mass measurements of heavy NSs [59], and is consistent
with the recent radius measurements of ~1.4 M stars
[38,39] and the tidal deformability estimates from the binary
neutron star merger GW170817 [37].

Among the many models and treatments available in the
quark sector [6], we utilize the vMIT model of Gomes et al.
[60] as a caricature of strongly interacting quarks at the
densities attained within NSs. Such interactions between
quarks are required to satisfy astrophysical data, particu-
larly those of heavy mass NSs. For the treatment of the
nucleon-to-quark transition at supranuclear densities, we
employ the Gibbs construction [61], which renders the
transition to be smooth. Alternative models and treatments
that feature strong first- or second-order phase transitions
will be undertaken in subsequent work.

A. The ZL EOS for nucleonic matter

For completeness and to set the stage for the calculation
of the two sound speeds in the next section, relevant details
of the ZL model are provided below. The total energy
density of interacting nucleons in neutron star matter
(NSM) is

1 ki
5= ”2/0 /M3 + dk+ ngV(nn,).  (6)

i=n,p

“The damping time of g-modes due to viscosity and gravita-
tional wave emission, crudely estimated in [36,57], suggests that
the g-mode can become secularly unstable for temperatures
108 K < T < 10° K for rotational speeds exceeding twice the
g-mode frequency of a static star.

where the Fermi momenta ky; = (37°n;)"/? with i = n, p

and ng = n, + n,, and My is the baryon mass in vacuum.
In the ZL model, interactions between nucleons are
written as

V(n,,n,)=V(u,x) = 4x(1 = x)(agu + bou")
+ (1 =2x)%(aju + byu), (7)
where u = ng/n; and the proton fraction x =n,/ng.

Adding and subtracting agu + bou’, the above equation
can be rewritten as

V(u,x) = Vo + Syi(u) (1 = 2x)?
with
VO = dpgu + bol/lyv
Syi(u) = (ay — ag)u + byu* — bou?, (8)

where the subscript “2i” in S,; refers to the interacting part
of the total symmetry energy S, = Sy + S, with Sy
representing the kinetic part. Expanding the kinetic part in
Eq. (6) to order (1 —2x)2, we obtain the result’

1 [10%g] K
*U8nox | L 6Ep

©)

where kp = (37°n3/2)'/? is the Fermi wave number of

symmetric nuclear matter (SNM) and Ep = /k2 + M3.
Collecting the results, the energy per baryon relative to Mp
is given by

€
niB_ My = E(u,x) = Esyg + Sa(u)(1 = 2x)%,
B

where

Eszia = T2+ Vo = Ty o + (agu + bou’),

k2
Sz(l/l) :é‘F (al —ao)u+b1u71 —bouy. (10)

The kinetic energy per baryon T'; , in SNM (x = 1/2) is
given by the expression

i
T1/2 :—/_MB with
np

2 M3\ 1 kp+E
elf‘/‘a:‘mz[kFEF <k%+23> —2M§1n< FMB F)] (11)

where ng, kp, and Ep refer to those in SNM.

>For the derivation of the kinetic part of the symmetry energy
and its derivatives, see the Appendix.
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The baryon pressure pjp is

dE dsS,(u
P = ”s”zdi: = psam + ngu? (1 =2x)° ;zi ) . (12)
where
Psxm = Py + ng(agu® + ybou™!),  with
. 2 3
Pllq/nz = 1222 |:kFEF <k%“ - EM%>
3 krp+E
2 m(FM_BF)], and
dSy(u) 2 S\ 2
=S|l -18-——= -
du 3% kr + (a1 —ap)u
+ byyu"t — boyu’. (13)

The incompressibility Kz in SNM is obtained from

de dEB
Kg=9—""=92u—=+u?
B dng [Mdu+u

dQEB]

du?

k2

= 9{F+ [2a0u+y(}/+ ])bol/ty]} (14)
3E;

The energy per baryon in pure neutron matter (PNM in
which x = 0) relative to the baryon mass is

Epnm = To + Vo =Ty + (ayu+ byul)

ekin
T(): 0 _MB with
np
, 1 M2
kin __ 2 B
€o 4_ﬂ_z|:anEFn(an+7)
1 kg, + E
——M4In| ) 15
()0

where now ngz =n,, kg, = (32°n,)"3 =2"3k;, and
EFn =V kl%‘n + M%?

The determination of the EOS constants in SNM and
PNM, and relevant NS structural properties are summarized
in the Appendix.

B. The vMIT equation of state for quark matter

In recent years, variations of the original bag model [62]
have been adopted [60,63] to calculate the structure of NSs
with quarks in their cores to account for > 2 M, maxi-
mum-mass stars. Termed as VMIT or vBag models, the
QCD perturbative results are dropped and replaced by
repulsive vector interactions between quarks in such works.
We will provide some numerical examples of the vMIT
model for contrast with other models as those of the vBag
model turn out to be qualitatively similar.

The Lagrangian density of the vMIT bag model is

L= Z[V_/i(ia_mi - B)y; + L]0, (16)

where Liy = Lyer + Lyec describes quarks of mass m,
confined within a bag as denoted by the ® function. For
three flavors i = u, d, s and three colors N. = 3 of quarks,
the number and baryon densities, energy density, pressure,
and chemical potentials in the bag model are given by

ke dk 1
n; = 2NC/ (277:)3 , ng = §Zn,~, (17)

€g =2N.> o &k K2+ m? At e+ B, (18)
Q <L (271_)3 i int ’

2+pint_B’ (19)

72ch /kn Pk R
Po = 3 i (27[)3 /k2+m

Hi =1/ kg; + m7 + Hing - (20)

The upper limit of the integrals kz; is the Fermi wave
number for each species i, which, at zero temperature,
appropriately terminates the integration over k. The first
terms in €y and in p, are free Fermi gas (FG) contribu-
tions, erg and pgg respectively, the second terms are due to
Lin» and B is the bag constant that accounts for the cost of
confining the quarks inside a bag. The m; are quark masses,
generally taken to be current quark masses. The u and d
quark masses are commonly set to zero (because at high
density, kg; in these cases far exceed m;), whereas that of
the s quark is taken at its Particle Data Group value. The
QCD perturbative calculations of €pe and ppey, and the
ensuing results for the structure of NSs containing quarks
within the cores as well as self-bound strange quark stars
are discussed in [5]. At leading order of QCD corrections,
the results are qualitatively similar to what one obtains by
simply using the FG results with an appropriately chosen
value of B. As results of perturbative calculations are
deemed to be valid only for ny > 40n,, they are dropped in
the VMIT model. The Lagrangian density from vector
interactions

Ly = =G, Wy, Viy + (my/2)V, Ve, (21)

where interactions among the quarks occur via the
exchange of a vector-isoscalar meson V# of mass my, is
chosen in Ref. [54]. Explicitly,

1/G,\2
€ = ZeFG’i +5 (m_v> n} + B. (22)
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1/G,\?,
pQ — ZPFGJ +§ (mv> I’lQ —B, (23)

G.\2
Hi =/ K + m} + (m_i> no, (24)

where ny =) ;n;, and the bag constant B is chosen
appropriately to enable a transition to matter containing
quarks. Note that terms associated with the vector inter-
action above are similar to those in hadronic models.
We studied model parameters in a wide range B'/* =
(155-180) MeV and a = (G,/my)? = (0.1-0.3) fm? and
report results for specific values within this range.

IV. SOUND SPEEDS IN THE PURE
AND MIXED PHASES

As the difference of the adiabatic and equilibrium sound
speeds drives the restoring force for g-modes, it is instruc-
tive to collect some general expressions for these two sound
speeds in the pure and mixed phases. For the pure phase of
npe matter, these expressions are derived and applied in
[20], but given their central role in this work, and the fact
that we also extend the application to npeu and quark
matter, we detail their derivation below for completeness.
For the mixed phase, we derive expressions that have not,
to our knowledge, been previously reported in the liter-
ature. First, a point of notation: the equilibrium squared
sound speed is commonly defined in the literature [6,20,64]
by the symbol c¢2, which we reserve here for the squared
adiabatic sound speed, as in [29]. The equilibrium sound
speed is defined by

dp
2 B 25
= (25)

where p and e are the total pressure and energy density in
matter

€ =¢€p+ E €,

[=e™u~

p=rs+ Y p. (26)

l=e .y~

In Eq. (26), the leptonic energies are the T = 0 degenerate
Fermi gas expressions for massive leptons. Being a total
derivative, the derivative is taken along the curve satisfying
both mechanical and chemical equilibrium, i.e., f-equilib-
rium conditions hold. In NSM, when only npe are present
in equilibrium, the composition at fixed baryon density
(n, +n,) is completely fixed once the proton fraction x,,
(= x, by charge neutrality) is determined. In this case, the
squared adiabatic sound speed is defined as

where x = x, = x,. In the partial derivative, the compo-

sition is held fixed, i.e., f-equilibrium conditions are
imposed only after all derivatives have been evaluated.
The resulting distinction between these two speeds plays an
important role in determining the oscillation frequencies of
nonradial oscillations such as g-modes:

1 1 2_ 2
BT R
c; Cs c5C5

Note that both the above speeds are dependent on density,
which varies over a large range in NSM. Furthermore, an
individual knowledge of both speeds is required. In what
follows, we apply Egs. (25) and (27) to the cases of a pure
and a mixed phase.

A. The pure phase

1. Sound speeds in npe matter

It is useful to recast the general expressions in Eqgs. (25)
and (27) in terms of derivatives of the individual chemical
potentials with respect to density, since such expressions
are amenable to both analytical and numerical checks.
Without loss of generality, we have

@/

Considering npe matter as an example, differentiating the
total energy density inclusive of electrons

e(ng,x) = ng[Mp + E(ng, x)] (30)
with respect to ng, we have
de € dE
— | =— —, 31
<d”3> np s (dnB) ( )

where E(ng, x) is the energy per baryon. The second term
on the right-hand side of Eq. (31) becomes

dE OE OE d
)= (=) + (£ (). 32
dng Ong Ox /), \dng
For the equilibrium sound speed, the f-equilibrium con-
dition (3£),, = 0 yields

)=y @

()5 B o
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From the thermodynamic identity, using charge neutrality
(x = x,) and beta equilibrium,

€+ p=pyhy, + Hphp + pen,
= ptattp = (y — pp — pe)ip = pyng,  (35)

leading to the simple result

E)-@)w

This implies that

,_dp 1 (dp 1 du,
Co=E—F=—|——— | =—ng
de Hn dnB Hn dnB
dinyu

= 1, 37
<d Inn B) ( )
where we have again taken advantage of the thermody-
namic identity to relate the required derivative of p to that

of u,.
The adiabatic squared sound speed can be expressed as

= () @)/ )

0 1 [0
— (—p> - (_,;) . (39)
€+ p anB x ﬂavg 8”3 x
where we have used the equality in Eq. (34), which is valid

at constant composition even in the absence of # equilib-
rium, and introduced an average chemical potential

Havg = (Z Hin )/nB = (6 + p)/nB- Since P ="Pp+ De

LG R G D

The required derivatives are analytic:

op 2 k>
( 8u3> = ﬁE_F + ngu2agu + boy(y + 1)u’]
2k2 9k2 3k%
+nsu(1—2x)2{ F <1— E+ F)
27Ep 10E2  10E%
+ [2u(ay — ag) + byyi(r1 + Du”
= burly+ D} (41)
ap. 1
=— . 42
(6%2e) =S (@2)
Thus, the difference of the squared sound speeds
becomes

s —cs = ! (8_p> _i(dp) (43)
/uavg anB x dnB

At this point all the necessary ingredients for the calculation
of the speed-of-sound difference are present. It is instruc-
tive, however, to obtain a complementary expression in
which its physical causes, namely, p-equilibrium and
compositional gradients, are made explicit. To that end,
we proceed as follows: Noting that

d 0 7] d
ap _ (2P 4 (2P) 4 (44)
dng ong/ . Ox/,, dng
Eq. (43) can be recast as
R 1 Op\ 1 [0p\ dx
! ‘ Havg Iun 8”3 x 8x ng dnB
0 7] d
TR
Havghn 8nB X Ox ng dnB
where ji = p, + p, — p,. Anticipating that § equilibrium

will be imposed at the end, we note that the first term above
vanishes as ji = 0, which leads to

dp dx
22 = = 46
CS ce (ax> ny dnB ( )
Utilizing p = nj 2& 95 and interchanging the order of deriv-
atives
1 0 (OE d
G- =—mpa(G0) G @)
Hn ~ Ong \Ox), dng
which can be further rewritten as®
1
2-c2=-—n} (8/1) dx (48)
Hn 8”3 X dnB

It remains now to determine ijB. As

_ Ofi Of -
dﬂ = (a—nB> dnB + (a) anx = O, (49)

i)/ @), @

With this relation, Eq. (48) becomes

®Observe the interesting relation g—i = n%} 03;4 , noted also in the
context of bulk viscosity studies [65].
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iy 12
1 (DB
2 = 2 1o B(%’;B)x] , (51)
/’ln(a)ng

which illustrates the influence of the density and composi-
tional gradients of the two sound speeds. Thus far, we have
simply retraced the steps originally given in [20] (Sec. 4.2
of that reference). In npe matter under the constraint of
charge neutrality, the independent variables chosen are np
and x, and thus a partial derivative of ji with respect to np
(x) implies that x (np) is fixed.

Casting the expressions for the sound speeds in terms of
the chemical potentials is expedient, as illustrated below for
the case of npe matter. Note that the average chemical
potential y,,, = p,, only in § equilibrium. At fixed x, with
the relation i = u, — i,

8,[‘ _ 8<#e_ﬂ)

nBa—nB =Uu au (52)

For the term in Eq. (52) involving electrons, we have

0]
te = he(3z’nu)' Px'3 and u 8/26 = % (53)
while for baryons,’
ft=py, —p, =48 (u)(1 —2x) with
ki
S =S Sy =—
2(u) = Sy + Sy 6E,
+(a; — ag)u + byu" — bou?,
1 Sor) 2
MSIZk = g 2SZk |:1 - 18(%;) :| 5
and  uSy; = (a) — ap)u +ybyu" —ybou’,
uSy = uSh, + us,. (54)
Putting together the above results, we have
Ofp e

Derivatives with respect to x of ji at fixed density are also
straightforward. For

O _ 0o = 1)

Ox Ox (56)

we note that

"Details of the derivatives of the kinetic part of the symmetry
energy are given in the Appendix.

Ope _Lue . O

= ¢ L h
w3, Mg 8S,(u) so that
O 1p,
3 + 88, (u). (57)

The equivalence of Egs. (40) and (51) is established
analytically in Appendix A S.

2. Sound speeds in npep matter

Going beyond the results in [20], one way to include
muons is by choosing ng, x = x, + x,, and x, =y as the
independent variables. The formal expression for the
squared adiabatic sound speed remains the same as in
npe matter, i.e., Eq. (40) but now (udp,/0u), [Eq. (42)] is
replaced by

OPiep 1 1 s —m?
(” ou )x,xjﬁ”e’“?””( p )’ G8)

{1

where lep = e7, u~.
Furthermore, by retracing the steps leading to Eq. (51),
its npey equivalent is obtained as

, , 1 [0P| dx 9P| dy
e S e S R R
U, \ Ox ngy ANB dy -
with®
on| | _om| o
dx 9y ng,xanf‘ X,y 9y n,;,xanB X,y
— = - - , (60)
dng on| O\ _OB| O
Ay g% ox ng.y Ay ngx ox ng.y
Ofiy Opiy _ o Ofty
ﬂ — Ox nB*yanB X,y ox ”vaanB X,y (61)
dng Ofy Opy _ 9 Oftx
Ox ng.y 9 ng.x Ox ng.y 9 ng.x

The chemical potentials ji, = u, + p, — p, and ji, = p, —
U, are zero in f-equilibrated matter. Equations (59)-(61),
while demonstrating that compositional gradients are at the
core of g-mode oscillations, are lengthy and computation-
ally more involved compared to the direct calculation of the
adiabatic sound speed in npeyu matter using Egs. (41) and
(58). For the sake of completeness, we provide here the
explicit expressions for the adiabatic sound speed in npeu
matter arising from Egs. (59)—(61), which are in excellent
numerical agreement with the more direct method:

1
i =cot—(T\ + T+ T3+ Ty), (62)

n

The intermediate steps leading to Egs. (60) and (61) are
detailed in Appendix A 6
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where T; = N;/D with

e / :
NIZ ?—4(1—2X)MS2 ,
_/’te ' kFﬂ Xu
N, = -?—4(1 —ZX)MSZ 85,x, k_Fe_x_e )
k% x, krp
N5 = 3_,U; —4(1 - 2x)uS’2] (Mo + 8Spx,) [x—:l - Tﬂ )
_k% kF
" " .ue
Ny = -37/%—4(1 - ZX)MS/2:| kiFg |:3_4(1 _2x)us/2:| ’
D= [# g5 (1450 (63)
e _3xe 2 kFe 3

2
e

These equations explicitly display the connection to the
nuclear symmetry energy S, and its density derivative S.

At the muon threshold (kF”, x, =0 = x = x,),itis easy
to see that N,,N3, Ny =0, while N|(=N|"°) recovers
Eq. (51) for npe matter. At extremely high baryon density,
muons are ultrarelativistic (4, = kFy =kg,,x, =x, = x/2)
so that N,, N3 =0, N; = N, = N'{7“/2 and the total lep-
tonic contribution to the sound speed is equally divided
between electrons and muons.

and kg, = p, (massless electrons) and kFu = ,uﬂ2 —-m

3. Sound speeds in quark matter

We now move to a discussion of sound speeds in dense
quark matter at zero temperature. For the pure quark phase,
the difference of the two sound speeds has been computed
to leading order in the quark mass [36,60] using the
noninteracting three-flavor FG model with massive quarks
(see Sec. IIIB). These expressions reveal that for the
noninteracting FG model, a nonzero quark mass is neces-
sary to support g-modes. This is because a system of
massless uds quarks is charge neutral with equal numbers
of each flavor at any density; effectively, there is no change
in composition with density to drive the g-mode.

To leading order in the s-quark’s mass m,, the Brunt-
Viisild frequency is [36]

1 —

where ¢2 = dp,/de, is the equilibrium squared sound
speed in QM.9 It is possible to obtain an exact expression
for ¢2 and ¢? in QM for the FG model, and also for the
vMIT model, as we show below.

‘Numerically, N 4~ 100 Hz for a current quark mass
mg ~ 100 MeV, but the effect of interactions in addition to this
yields significantly lower values for N, [36].

The equilibrium sound speed may be simply calculated
by numerically evaluating c?’vMIT =dp/de in the pure
quark phase. However, additional insight into its composi-
tional structure is gained by expressing it in terms of the
various chemical potentials involved. Starting from the
relation (valid in f equilibrium)

o = 2pq + p = (20 + p3,) + 3ang, (65)

where y; = | /k%f + m for a quark of flavor f, and using

¢z =dlnu,/Inng," we obtain

1 (1 m2\ dlnn
2 = =2y (1= td d
CevMIT P [3 { ﬂd( H:;z dnng

m2\ dlnn
ol “ 3 . (66
+”"< ﬂ:;> dlnn3}+ “"Q} (¢6)

Contributions from the leptons are implicitly included in
the above expression.

For the noninteracting FG model, the pressure
P =>_; Pec(#yss He). Introducing the partial fractions
xp = ny/ng, where ny = (uz —m3)’?/z* and n, = i/
372, the partial derivative of pressure with respect to baryon
density in the definition of the adiabatic sound speed in
Eq. (39) can be reexpressed in terms of partial derivatives
with respect to the various chemical potentials, yielding

1 1 m
[Z THs <1 -—
-

2
ﬂavg /’lf

2 _
CS,FG -

R G

where payg = (D r—y 5.0 NyHy)/np. Note thatif all my = 0
(i.e, one is in a charge neutral phase with x, = 0), ¢ g =
c;pg = 1/3 and there can be no g-modes. Inclusion of O(«;)
corrections in this model does not change the fact that a

nonzero quark mass is necessary for g-modes.
In the VvMIT model given by Eq. (24),

Wy = \/kp, +m} = s —any, and as was done for the

FG model, we compute partial derivatives with respect to
py, noting that ny(us) = npg (). The resulting expression
for the adiabatic sound speed in the vMIT model is

1 1 m;
2 * f
CsvMIT = [ 2 H xf(l - *2>
Havg zf:3 ! Ky
1
+ FHeXe + 3anQ] , (68)

n charge neutral and f-equilibrated matter, pz =3 FXphy
Zf:e‘ﬂ XyoMp =, as in the nucleonic phase.
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where all quantities uy, p,, x,, Xy are equilibrium values."

If we switch off interactions (a — 0), we recover results of
the noninteracting FG model. Interestingly, if we retain the
interaction term, but set all quark masses equal or to zero
(implying that x, = 0), we find that ¢\ = ¢ \ip SO
stable g-modes are not supported in the pure quark phase.
Therefore, while both sound speeds are modified by
interactions, e.g.,

1
2 oM = ﬂ_ [y + 3ang) # ¢2 g, (69)

avg

at asymptotically high density where quark masses are
negligible, there can be no g-modes in quark matter in the
VMIT model."”

Note that when all chemical potentials and partial
fractions are set to their equilibrium values for ¢}y in
the pure phase, y,,, = p,. A comparison of Egs. (66) and
(68) reveals the differences between the two sound speeds.
While effects of interactions enter in the same formal way
for the two squared speeds, the occurrence of the loga-
rithmic derivatives of the quark densities distinguishes
2 ovr from ¢? \yr. which features the partial fractions
xy. This difference is the principal reason for the latter to
become larger than the former. In both cases, the d-quark
contributions are larger than those of u and s quarks.

B. Sound speeds in the mixed phase

Once we have expressions for the sound speed in a pure
phase of quarks or nucleons, it is possible to compute the
sound speed in the mixed phase of the two, obtained from a
Gibbs construction. The only information required, other
than the sound speeds in the pure phases, is the partial
phase fraction of quarks y at any density. It is more
convenient to begin with the reciprocal relation

1 de;
— = (de—“‘> . (70)
Ce,mix Pmix
In a Gibbs mixed phase, the pressures in the two phases are
equal, while the energy density is a proportional mix of the

quark (¢) and nucleonic/hadronic (k) phases: €pix =
(1 = x)e; + xe,. Substituting this into Eq. (70) gives

1 -2, x dy/dng
- £ - . (71
cg,mix cg,h " C%,q * (eq eh) dP/dnB ( )

The derivatives in Eq. (71) must be computed numerically
after solving for y, and hence afford no particular advantage

"Inclusion of muons is straightforward and adds a term,

Tux, (1 - m—é), on the right-hand side of Eq. (67).
H

]zg—mode,:s would still exist in a mixed phase of vMIT quark

matter and nucleons as the electron fraction would vary from f
processes involving nucleons.

over a direct numerical computation of the sound speed from
Eq. (70) itself. However, note that the last term in Eq. (71) is
always positive in the mixed phase.

As before, the general definition of the adiabatic sound
speed applies to the mixed phase

dpmi

2

Cx,mix - (d le) ’ (72)
€mix X;=CONSt=xX; oq

and the thermodynamic identity becomes €+

Pmix = »_i Mifl; = Npjly,,. Noting that the derivatives
dey,/0,,, and Oe, /8n3,,, are equal to the respective iy,

it is once again more convenient to begin with the
reciprocal relation

1 _ (demix ) (73)
C?.mix dPrmix X;=CONSt=X; ¢q

and use the chain rule to compute derivatives with respect
to density. This leads to

depis (L= Dtag b
(o) e oo
Pmix X=X, (ang.h) <(‘)n;q)

ieq
which, using Eq. (39), becomes

1 11—y X
2 :( 2 )"‘ 2 -
Cs.h Cs

5 (75)

§,mix q

Comparing Egs. (71) and (75), and to the extent that the
two sound speeds in the pure hadronic/quark phase are
almost equal, we expect that the last term in Eq. (71), which
tracks the rapidly changing composition in the mixed
phase, is mainly responsible for ¢2 . > ¢? .. The more
rapid the appearance of new chemical species and the softer
the mixed phase, the larger the Brunt-Viisild frequency
will be.

Furthermore, as will become evident from our results in
Sec. V, the adiabatic sound speed is continuous across the
transition to and from the mixed phase, while the equilib-
rium sound speed has a slight jump to accommodate the
derivative of y. The reciprocal relation for the adiabatic
sound speeds is reminiscent of the addition of resistors in a
parallel circuit, with voltage as pressure and current as
energy density. Such impedance analogies arise commonly
in electrical engineering when modeling the behavior of
transducers.

V. RESULTS
A. Structural properties, sound speeds,
and the Brunt-Viiisili frequency

Figure 1 shows M-R curves for ZL EOSs with and
without muons for the indicated parameters in the caption.
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L _ L=50 MeV; R 14=11.87 km |
_ L=60 MeV; R 1 4=12.44 km 1
_ L=70 MeV; R 4=12.89 km -

2.0

AN ]
= L ]
= L ]
1.0 —
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0.5 -
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T T T T I T T T T I T T T T I l'_|_|_|_'_|_|_|_|_—
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2.0
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< 1.5 C 7
= [ ]
= L ]
1.0 C 7
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0.5 ]
C 1 1 1 1 I 1 1 1 1 I 1 1 1 1 i
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R (km)
FIG. 1. Mass-radius curves for the ZL EOS without and with

muons. Configurations with muons are slightly more compact,
but both cases support M, ~2 My. Except for L, the EOS
parameters are K, = 220 MeV, S, = 31 MeV, and y; = 1.6 for
all curves.

The radii of ~1.4 M, stars, R 4, for the different models
shown lie within the bounds inferred from available data.
For example, data from x-ray observations have yielded
R4 =9-14 km for canonical masses of ~1.4 M, [67-
69]. Measured tidal deformations from gravitational wave
data in the binary NS merger GW170817 give 8.9-13.2 km
for binary masses in the range 1.36(1.17)-1.6(1.36) M
[70], whereas for the same masses Capano et al. [71] report
11 + 1 km. X-ray pulse analysis of NICER data from PSR
J0030 + 0451 by Miller et al. [39] finds 13.02"]"3 km for
M =1.44+0.15 My, whereas for the same star Riley
et al. [38] obtain 12.717]"/¢ km and M = 1.347015 M.
The maximum masses (~2 M) of these EOSs" are also
within the uncertainties of high mass NSs which range from
1.908 £0.016 My, to 2271017 My [72-76]. Although
differences in R;4 with and without muons for a given
EOS are small, the appearance of muons in the star leads to
distinct features in the Brunt-Viisila frequency (see below).

In Fig. 2, differences in the two squared sound speeds
are shown as a function of np with and without muons

'3By adjusting the constants of the ZL EOS to make the EOS
stiffer (yet causal) at supranuclear densities, masses larger than
2 M can be obtained; an example will be shown later.

0.06 F—TT T T T T T T T T T T T T T T T T

- — L=60 MeV (without muons) T

| — L=60 MeV (with muons) 1

~ 0.04 —
[

o L 4

1 - -
o~

“ = -
o

0.02 - -

o-l....I....I....I....I....I-

0 0.25 0.50 0.75 1.00 1.25

ng(fm™)

FIG. 2. Difference between the adiabatic and equilibrium
squared sound speeds (normalized to the squared speed of light)
for the ZL EOS (K, = 220 MeV, S, =31 MeV, L = 60 MeV,
and y; = 1.6) without and with muons.

for the ZL EOS with L = 60 MeV. The small jump at
ng ~0.14 fm™3, the density at which muons appear, is
caused by a sudden drop in the equilibrium sound speed.
The differences at large densities are due to the increasing
concentration of muons.

Figure 3 shows the Brunt-Viisild frequency N vs r/R in
the star. In the results shown, the crust is assumed to be a

21" — M=1.4 M, R, ,4=12.44 km ]
— I — > 1
E - Core-Crust Interface .
T | ]
= 1 L=60 MeV (without muons) ]

2- _M=14 Me' R14=12.33 km -

I o i

N Core-Crust Interface
I

5 - 4

z '[  L=60 MeV (with muons) -

Muon Threshold E

1 1 1 1 1 1 1 | 1 1 1 | 1 1 =
0 0.2 0.4 0.6 0.8 1.0

r'R

FIG. 3. The Brunt-Viisild frequency in the NS for the ZL EOS
(Ko =220 MeV, S, =31 MeV, L =60MeV, and y; = 1.6)
without and with muons.
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800 | —ZL .
- [ — Mixed ]
T_ 600 -
£ [ — VMIT ]
> - -
é 400 - -
o [ ]

200 - -

1000 1500 2000 2500
€ (MeV fm'3)

0 500

FIG. 4. EOS for the mixed phase of nucleons and quarks
(middle curve) using the Gibbs construction. For the ZL. EOS
without muons, K, =220 MeV, §, =31 MeV, L =60 MeV,
and y; = 1.6. Parameters for the vMIT EOS are (m,,my,
my) = (5,7,150) MeV, B'/* =180 MeV, and a = 0.1. The
circle indicates the central p and e of the maximum mass star
(e max /Ny = 7.63, for My, /Mg = 1.82).

homogeneous fluid for simplicity, and hence N vanishes
there. The location where muons begin to appear is
signaled by the small kink in the bottom panel. Overall,
N is slightly larger with muons in the density range in the
core of a 1.4 M, star, consistent with Fig. 2. This has a
proportional impact on the g-mode frequency, as shown in
the next section.

The EOS of the mixed phase following the Gibbs
construction, and the ZLL EOS for the nucleonic sector
and the vMIT EOS for the quark sector, is shown in Fig. 4.
The ZL EOS does not include the small effect of muons. In
the quark sector, muons have not been included since their
impact relative to quarks is tiny.

1.0 [T T T T [ T T T LI
F — B'4=180 MeV, a=0.1 :
0.8 - -
0.6f -
S ]
0.4 -
0.2 .
0 [ M PR S T T :
0 0.5 1.0 1.5
ng (fm™)
FIG.5. Quark fraction vs ng corresponding to Fig. 4. The circle

indicates the central density of the maximum-mass star
(Memax = 1.22 fm™3 for M, /Mo = 1.82).

08| i
[ — C,? ]

0-6 -_ — c ez _-
0.4F ]
[ End of Mixed Phase i
0.2 Start of Mixed Phase 7
[ ZL (without muons) + vMIT ]

0 L L I L L L L I L L L L l L L L L
A L L L L L B

[ _— c2-C 2 ]
0.2k End of Mixed Phase ]
: Start of Mixed Phase :
01 .
I ZL (without muons) + vMIT ]

0k — ey e

0.5 1.0 1.5
ng (fm™)

FIG. 6. The two sound speeds (top panel) and their differences
(bottom panel) in the mixed phase for the EOS parameters
corresponding to Fig. 4. The pure quark phase is not achieved
prior to the maximum mass in this case. The termination at ny =
0.08 fm~3 demarcates the core-crust boundary, since we assume
¢y = ¢, in the core. Both sound speeds take much smaller values
in the crust than in the core. The circle indicates the central
density of the maximum-mass star (n . = 1.22 fm™ for
M /Mg = 1.82).

The compositional change in the mixed phase is indi-
cated by the quark fraction y in Fig. 5. The steep rise of y
from the onset indicates the sort of rapid compositional
change that can impact the g-mode frequency. A similar
effect has been reported [30] in the context of the
appearance of strange baryons (e.g., hyperons), which is
not a phase transition. Note that for the EOSs considered,
the central density of the maximum mass star, indicated
by the filled circle on the curve, lies in the mixed phase so
that the pure quark phase is not realized.

Figure 6 shows results for the individual sound speeds
and their differences for the mixed phase. The two sound
speeds in the mixed phase behave very differently.
Specifically, the equilibrium sound speed suddenly drops
(rises) at the onset (end) of the mixed phase, whereas the
adiabatic sound speed varies smoothly.

The Brunt-Viisild frequency of a 1.4 M hybrid star is
shown in Fig. 7. Note the broader width of the peak when
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L E—
Core-Crust Interface

2L ZL + vMIT i

i M =1.4 Msun, R =12.31 km

1 |- Start of Mixed Phase -

N (kHz)

o o 1+ & vy
0 0.2 0.4 0.6 0.8 1.0

r'lR

FIG. 7. The Brunt-Viisiléd frequency in a hybrid star of mass
1.4 M. The ZL EOS does not include muons and parameters for
the nuclear and quark EOSs are as in Fig. 4. Quarks enter at
ng ~0.42 fm™3 corresponding to r/R = 0.383, and the mixed
phase extends beyond the central density. The value of N
decreases toward the core due to the decreasing value of g, even
as the sound speed difference does not change much.

quarks enter, and its location in denser regions of the star, as
compared to the nucleonic stars depicted in Fig. 3. This
explains why the g-mode, which is a long-wavelength
global oscillation, is strongly impacted by the mixed phase
(see results in the next section).

Figure 8 shows M-R curves for a hybrid star whose
M .« = 2.05 M. This value is obtained by increasing the
compressibility parameter of the ZL. EOS from K, = 220
to Ky = 240 MeV, and increasing y; from 1.6 to 1.8 while
maintaining causality. Including muons pushes the onset of
the mixed phase to slightly higher densities, which causes
the maximum mass of a hybrid star with muons to be higher
than for a hybrid star without muons. This is in contrast to
the effect of muons in an ordinary NS, where the softening
results in a lower maximum mass. The leftmost curves in

_I I T T T T I T T T T I T T T T I T T T T I T i
2.0 ZL(L=60 MeV, K)=240 MeV, y,=1.8) ]
[ o VMIT (B'/4=175 MeV, a=0.25) ]
[ Mixed ]
1. __ __
I S ]
= I ]
C Without muons ]
0.5F .
o :|' L 1 1 I 1 1 L 1 I L 1 L L I 1 1 1 L I 1 ]
2.5 5.0 7.5 10.0 12.5
R (km)
FIG. 8.

these figures refer to a self-bound quark star, and are shown
here to provide contrast.

B. Boundary conditions for the g-mode oscillation

Having established the equilibrium structure and com-
puted the sound speeds, we have all the variables necessary
to solve Egs. (1) at hand, except for the boundary con-
ditions that determine the (real) eigenfrequencies. The
boundary conditions for Newtonian structure equations
are obtained as a straightforward limiting case of
Egs. (1), and are discussed at length in [20]. To summarize
those results, in the Newtonian nonrelativistic case, regu-
larity of &,.,6p/p can be checked by Taylor expansion
around r = 0. The resulting condition is
e =L (Vo gt Loyl ()

w p
where Y, ¢ are constants. For our purposes, ¢, = 0 since
we ignore perturbations in the gravitational potential, as in
[20]. Y, is an arbitrary normalization constant allowed by
the linearity of these equations. Effectively, this means that
the overall scale of the eigenfunctions is arbitrary. It must
be determined by external factors, such as the strength of
the force (tidal effects in a merger, for example). The
normalization has no impact on the numerical value of the
eigenfrequency. It is therefore conventional to choose
Yy = 1. We will make, for simplicity, and without loss

of generality, a slightly different choice:

/
()

so that (for [ = 2), £, — ras r — 0. In practice, we start the
integration slightly off center, so &, will be small but
nonzero. The other condition at the center becomes

—=—rle™, 78
o "l (78)
AL I A B R S S
2.0}-e ZL(L=60 MeV, K,=240 MeV, y,=1.8) -

[ o VMIT (B"/*=175 MeV, a=0.25) .
1_5:_0M|xed _:
1.0} -
C With muons ]
0.5 -
o:l' 1 1 1 1 I L L L L I 1 1 1 1 I 1 1 1 1 I L ]
2.5 5.0 7.5 10.0 12.5
R (km)

The mass-radius curves for a hybrid star (Gibbs construction) with EOS parameters chosen such that the mixed phase supports

M .x = 2.05 M. In the left panel, muons are not included, whereas the right panel is with muons included.
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Contrasts of the g-mode frequencies vs mass of normal NSs for the ZL. EOS without and with muons. The two curves with

different L’s in each panel are for EOSs with Ky = 220 MeV, S, = 31 MeV, and y; = 1.6.

again, with / = 2 for our case. For the relativistic form of
the oscillation equations, the above conditions still apply

with the change % _, 9P The boundary condition at the
petp

surface is the vanishing of the Lagrangian pressure per-
turbation Ap = c2Ae = 0. This projects out the radial

component of E In the nonrelativistic case, Vp = —pg
while in the relativistic case, Vp = —gh with h = (¢ + p)
the enthalpy.

With some algebra, one can arrive at a simpler form of
Egs. (1):

du g I(I+1)e" r?
W_C—%U_Feﬁ/z[T —ZV’
d_V

— al/2—v
dr ©

w2 _ N2
7 Ut gAYV, (79)
where U = r?e/?¢,, V =6p/(e + p), and A(c™?) =
;2 =2

We employ a fourth-order Runge-Kutta scheme to find a
global solution of the linear perturbation equations,

_I T T T T I T T T T I T T T T I T T T T I ]
800 :_. ZL (L=60 MeV, K, =240 MeV, y;=1.8) _
[ o VMIT (B"4=175 MeV, a=0.25) ]
600 K Mixed b
ﬁ L .
< [ ]
> 400 - Without muons )
200 [ .
o :|- 1y oy v 1 —-

0 0.5 1.0 1.5 2.0

M (M)

Eqgs. (79), subject to the boundary conditions for the
relativistic case outlined above. Since the solution set
comprises overtones, we selected the lowest-order g-mode
(highest frequency) by checking that the radial eigenfunc-
tion &, has only one node inside the star. The corresponding
eigenfrequency is plotted in the figures that follow. We
examine the trends of the g-mode vs mass for various
parameter choices, for the pure nuclear, self-bound, and
hybrid stars.

Figure 9 contrasts the influence of varying the density
dependence of the symmetry energy, by changing the slope
of the symmetry energy parameter L at n,, of the under-
lying ZL. EOS for normal neutron stars with fixed K, =
220 MeV and S, = 31 MeV. For L = 60 MeV as well as
L =70 MeV, the softening effect of muons leads to a
noticeable increase in the g-mode frequency at a given
mass. Comparing L = 60 MeV with L =70 MeV for a
fixed composition, however, the g-mode frequency for M 2
0.5-0.6 M, is higher for the stiffer EOS.

In Fig. 10, results contrasting the g-mode frequencies in
normal, hybrid, and self-bound stars are presented. The

600 e ZL (L=60 MeV, K, =240 MeV, y;=1.8)

| o VMIT (B"4=175 MeV, a=0.25)

" o Mixed
400 —

200 - With muons

P IR |
1.0 1.5

M (M)

o
o T T 7

0.5

FIG. 10. Contrasts of g-mode frequencies vs stellar mass in a hybrid star. Parameters of the EOSs are as in the insets. In the left panel,
muons are not included, whereas the right panel is with muons included.
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contents of this figure constitute the principal result of this
work, viz., the abrupt rise in the scale of the g-mode
frequency at the onset of the mixed phase in the hybrid star.
For the EOS parameters displayed in the figure, the jump
occurs around 1.4 M, so that a hybrid star in a merger
would have a distinctly higher g-mode frequency than a
normal NS. In the top panel, the ZL EOS does not include
muons, whereas in the bottom panel the ZL EOS includes
muons. The g-mode frequency in the mixed phase is again
higher than in a pure phase, but since the mixed phase
appears at a higher density due to muons, the rise in the g-
mode is less dramatic compared to a hybrid star without
muons. Results for the self-bound star are shown here for
comparison, and to emphasize that its g-mode frequency is
comparatively small (10-50 Hz). Unlike the f-mode
frequency for the hybrid star, which gradually interpolates
between those of the normal NS and self-bound star [50,77]
and shows no dramatic effects of compositional changes,
the g-mode frequency for the hybrid star is the highest of all
and is sensitive to the onset of quarks—making it less
subject to ambiguity. One does not need to know the mass
of the star to ascertain if it can be a hybrid star if the g-mode
frequency can be precisely determined.

The unusually large g-mode frequency for the hybrid star
with a Gibbs mixed phase may be understood in a
qualitative sense using general thermodynamic consider-
ations without reference to details of the EOS. In general,
the equilibrium sound speed c, ix in a system with two
conserved charges (up and pg) can be expressed as

2 o dpmix()uBuuQ)
e,mix ~— d Emix

_ IPrmix ( dug > 4 OPrmix <dMQ > (80)

aﬂB demix aﬂQ demix

where up is the charge chemical potential. Glendenning
[61] showed that in such a situation, while up is smooth at
the onset of the mixed phase, 41, is not, as there is freedom
to rearrange charges between the two phases to achieve
global charge neutrality and minimize the free energy. In
fact, the steady rise with density of u, in the pure nuclear
phase changes abruptly to a decline in the mixed phase,
tempering the equilibrium sound speed as shown by our
numerical results presented in Fig. 6 and confirmed by
other works [78] which use different EOSs from ours for
the nucleon and quark sector. On the other hand, the
adiabatic sound speed c; ,; i evaluated at fixed compo-
sition and shows no such effect, and hence the difference of
the two sound speeds (usually small in a pure phase)
abruptly increases in the mixed phase. This is reflected as a

positive jump in the Brunt-Viisild frequency and therefore
of the g-mode in the mixed phase.

c

VI. g-MODE ENERGY AND TIDAL FORCING

Unlike the Sun, where convection from within can drive
oscillations, any oscillations of an evolved NS likely
require an external agent to excite and sustain the pertur-
bation beyond its normal damping time. A violent event
such as a NS merger is bound to produce oscillations in the
premerger phase due to tidal forcing or in the postmerger
(ringdown) phase as the hypermassive remnant relaxes to
its stable rotating configuration. Here, we estimate the
impact of the g-mode on tidal phasing leading up to the
merger, as the g-mode spectrum in the postmerger remnant
can be modified by thermal and convective effects which
are beyond the scope of the current work. We follow [18]
and assume spherically symmetric nonrotating stars, the
Newtonian approximation to orbital dynamics, and quad-
rupolar gravitational wave emission. These simplifying
approximations allow for a first estimate of the excitation
energy and amplitude of the g-mode, as well as the
phase difference due to dynamic tides associated with the
g-mode (not to be confused with the quasistatic tides due to
global deformation). Our estimates can be systematically
improved by going to the post-Newtonian approximation or
numerical relativity.

The estimates are derived by modeling the NS as a forced
simple harmonic oscillator with a mass M, aradius R, and
a natural frequency @ = w,, the angular frequency of the g-
mode. The forcing comes from the quadrupolar moment of
the companion star’s gravitational force (mass M), which
couples to the g-mode. By following the analysis of [18],
we arrive at an expression for the accumulated phase error
A®(r) caused by the g-mode:

o T [A0_] (L)

where AFE is the energy pumped into the g-mode, E is the
total (kinetic plus potential) orbital energy of the system,
Q,(¢) is the time-dependent orbital frequency of the binary,
and Q = ,/m. The quantity m in Eq. (81) is the azimuthal
mode index (m = 2 in this case). Finally, I" is a quantity
that appears as a result of applying the stationary phase
approximation to the evaluation of the time to resonance
[18], and is quantified below. A A®(z) of O(1) signifies a
large deviation from the point particle approximation to the
gravitational waveform from the merger. Explicitly, the
quantity AE (for angular quantum number /) is given by

AE — 5 M/M, c’R,\%/?
- \384m) [1 + M/M,|2HD/3\GM,,

O\ 41-7)/3 GME
(@) (&) ®

where Q; = (GM,/R3)'/? is a natural frequency unit and
S, 1s proportional to the overlap integral between the mode
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eigenstate |/m) and the vector spherical harmonic
|P1n) = V[r'Y,,,(0,¢)]. The total instantaneous orbital
energy is E=—-GMM,/2a with a = a(t) the instanta-
neous orbital separation. The evolution of the orbital
frequency for a circularized orbit using the formula for
quadrupolar gravitational wave emission gives

1 faM 58 1
Q. (1) = 3 <?> 7 (83)

where M. is the chirp mass of the binary system and 7 is the
time to coalescence. All quantities on the right-hand side in
Eq. (81) can be calculated, once the parameters of the
binary (M, M, R,) and the resonant g-mode frequency are
fixed. We choose M = M, = 1.5 M, for neutron/hybrid
stars and pure quark stars. The strongest tidal coupling is
likely to the [ =m =2 g¢g-mode whose characteristic
frequency we choose as

w,(NS) = 27(200) Hz,
w,(HS) = 27(300) Hz, and
w,(0S) = 27(40) Hz, (84)

based on the g-mode eigenfrequencies in the previous
section. Even without computing §,,, one can estimate
from Eq. (83) the time at which the g-mode becomes
resonant as

79(NS) = 272 ms,
7o(HS) = 103 ms, and
70(QS) = 22s, (85)

where the zero of time is the moment of coalescence.
Assuming circularized orbits, standard equations of binary
orbit evolution a(t) [79] give

ag(NS) = 111 km,
ag(HS) = 85 km, and
ap(0S) = 326 km. (86)

We note that the g-mode for the hybrid star, which has a
larger resonant frequency than neutron or quark stars, is
excited later in the merger and is likely to be stronger in
amplitude due to the close separation of the binary since the
forcing term is « 1/a> for [ =2. Finally, from our
calculations for the g-mode eigenfunction and the associ-
ated density perturbation de(r), we estimate
SNS >~ 4.5x 1073,

m

SHS ~ 62 %1073, and
595 ~9.9 %107 (87)

using Eq. (40) for S,,, from [32]. From these estimates,
Eq. (82) can be utilized to yield the estimated fractional
orbital energy pumped into the g-mode:

AE|NS
E
AE|HS
E
AE|9S
E

~23x 1073,
~59x%x 1073, and

~2x 107, (88)

and finally from Eq. (81), we obtain the phase error due to
the resonant excitation of the g-mode to be

APNS >~ 0.8, and
AGHS = 0.45,
APOS =6 x 107, (89)

Note that Ag"S and A¢/S are comparable. Despite (4%)
being larger for a hybrid star as expected, its higher g-mode
frequency means it is excited later in the merger, when there
is less time left for accumulating a phase error. These results
are very sensitive to the value of S;,, (A® « S7 ), which

itself can vary by a factor of 2 or more depending on the EOS.

A. Comparison with other works

Table I compares our results for zero-temperature core g-
modes in the Gibbs mixed phase of hadrons and quarks
with other works, some of which also find an enhancement
of the frequency due to other compositional mixes or
collective fluid effects like superfluidity, although values in
the table do not include the effect of entrainment on the g-
mode, which has also been studied. Details about the
different EOSs used, the effect of nonzero temperature and
entrainment can be found by perusing the respective
reference. We confirm the value of the g-mode frequency
for npe and npeu nonsuperfluid matter described by the
Akmal-Pandharipande-Ravenhall (APR)-EOS as reported
in [29], which also serves as a test of our numerics. In
comparison to [29] with the APR-EOS or [33] with the
SLy4 equation of state, the ZL-EOS yields a larger value of
the g-mode frequency as it is less stiff than either of those
two. While the EOS and the treatment of gravitational
perturbations differ between the cited works, the results for
npeu matter with superfluidity appear to be in general
agreement with each other. Note the considerably larger
value of the g-mode frequency for hyperonic stars with
superfluidity compared to hybrid stars or superfluid neu-
tron stars. All of these, in turn, are larger than nonsuperfluid
neutron/hyperonic stars although the latter employ
Newtonian gravity. A study of g-mode frequencies and
damping times in superfluid hybrid stars is a future
objective that would make this comparison more complete.
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TABLE L

Comparison of characteristic g-mode frequencies (denoted by w, in the table) reported in a selection of

the literature. As other works usually fix the stellar mass M, we include this information. The symbol A is used here
as a shorthand to denote hyperonic degrees of freedom and SF denotes superfluidity in the nucleonic sector. Values
of f, that vary with the NS mass can be inferred from Figs. 9 and 10 of this work. The entries are representative, not

exhaustive.

Authors [Ref.] Core composition M (My) fy=w,/(27) (kHz)
Reisenegger and Goldreich [17] npe 1.405 0.215
Lai [20] npe 1.4 0.073
Kantor and Gusakov [29] npe 1.4 0.13
Kantor and Gusakov [29] npeu 1.4 0.19
Kantor and Gusakov [29] npeu(SF) 1.4 0.46
Dommes and Gusakov [30] npeu(SF) 1.634 0.742
Yu and Weinberg [33] npeu 1.4 0.13
Yu and Weinberg [33] npeu(SF) 2.0 0.45
Rau and Wasserman [34] npeu(SF) 2.0 0.45
Jaikumar et al. (this work) npe 1.4 0.24
Jaikumar et al. (this work) npeu 1.4 0.27
Jaikumar et al. (this work) npejuq 2.0 0.58

VII. SUMMARY AND CONCLUSIONS

The main objective of this work was to ascertain the
characteristics of g-mode oscillations of NSs containing
QM in their cores. Toward this end, the nucleon-to-quark
phase transition was treated using Gibbs construction,
which renders an otherwise sharp first-order transition
smooth. The cores of such hybrid stars accommodate
admixtures of nucleonic and quark matter, the pure quark
phase never being achieved. This feature, while allowing
contrasts between the structural properties (e.g., M vs R) of
normal and hybrid stars to be made also permits compar-
isons of observables that depend on their interior compo-
sitions, such as short- and long-term cooling, oscillation
modes, etc. Determining the composition of the star is
essential to break the degeneracy that exists in the masses
and radii of normal and hybrid stars, as one may be
masquerading as the other.

The nucleonic part of the EOS used in this work tallies
with nuclear systematics near and below n, in addition to
being consistent with results from modern chiral effective
field theory (EFT) calculations up to 2n, for which
uncertainty quantifications have been made. The EOS
employed in the quark sector is sufficiently stiff, and hence
nonperturbative, to support ~2 M NSs required by recent
observations. Furthermore, the overall EOS gives radii of
~1.4 My stars that lie within the bounds of recent
determinations. The EOS is also consistent with the tidal
deformation inferred from gravitational wave detection in
the event GW170817. The Appendix summarizes the
structural properties for the EOSs used and provides
mathematical details for the derivation of the sound speeds.

Unlike for M-R curves for which only the pressure vs
density relation (EOS) is sufficient, the analysis of g-mode
oscillations requires simultaneous information about
the equilibrium and adiabatic squared sound speeds,

¢2 = dp/de and ¢? = Op/Oe|,, where x is the local proton
fraction. The distinction between these two sound speeds
plays a central role in determining the Brunt-Viisild
frequencies @? « ¢;? — ;2 of nonradial g-mode oscilla-
tions. Thus, a future detection of g-modes would take
gravitational wave astronomy beyond the current capability
of M-R measurements to determine the composition of
the star.

We find that the g-mode is sensitive to the presence of
QM in NSs, where quarks are part of a mixed phase with
nuclear matter in the core. The equilibrium sound speed
drops sharply at the boundary of the mixed phase (Fig. 5),
raising the local Brunt-Viisild frequency and the funda-
mental g-mode frequency of the star (Fig. 6). Contrasts of
g-mode frequencies between normal and hybrid stars
containing quark matter (Fig. 9) form the principal results
of our work.

Our analysis leads to the conclusion that in binary
mergers where one or both components may be a hybrid
star, the fraction of tidal energy pumped into the resonant g-
mode in hybrid stars can exceed that of a NS by a factor of 2
to 3, although resonance occurs later in the inspiral. On the
other hand, a self-bound star has a much weaker tidal
overlap with the g-mode. The cumulative tidal phase error
in hybrid stars A¢ = 0.5 is comparable to that from tides in
ordinary NSs. While this happenstance may present a
challenge in distinguishing between the two cases, should
the g-mode be excited to sufficient amplitude in a post-
merger remnant, its frequency spectrum would be a
possible indication for the existence of non-nucleonic
matter, including quarks. The detection of such g-mode
frequencies in binary mergers observed by current gravi-
tational wave detectors seems challenging, but possible
with next generation detectors.

The novel features of this work include (i) use of
nucleonic EOSs that are consistent with constraints from
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modern chiral EFT calculations coupled with sufficiently
stiff quark EOSs to calculate structural properties of hybrid
stars that lie within the bounds of astrophysical measure-
ments, (ii) a first calculation of the two sound speeds and
the principal g-mode frequency of hybrid stars employing
Gibbs phase criteria, and (iii) a concomitant analysis of
tidal phase effects in a binary merger due to g-modes in
hybrid stars. In future work, we aim to report on g-mode
frequencies in alternative treatments of quark matter in NSs
such as a first-order nucleon-to-quark phase transition and
crossover transitions as in quarkyonic matter.
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APPENDIX: DETERMINATION
OF EOS CONSTANTS IN SNM
AND PNM FOR THE ZL EOS

1. SN\M

The constants ag, by, and y in Eq. (10) for SNM are
determined by utilizing the empirical properties of SNM at
u = 1. Specifically, the values used are Ey, =—-B =
—16 MeV at n, =0.16 fm™, p;»/n, =0, and K, =
220 MeV. Manipulating the relations

—B: T1/2+(10+b0, (Al)
0= Tll/z + ag + }’bo, (A2)
K
5= Tl + 2Ty + 2a0 +7(r + Dbo. (A3)
the constants are given by
B K1/2/9 T1/2
Ki/9— T’l’/2
by =——"F7F7",
y(r—1)

ag = —-B - T1/2 - bo, (A4)

ar &T
where T, = u=5* and TY,, = u* =3 Explicit expres-

sions for these derivatives are

kin
T _ Pip
1277,
1 2 3
= e (33
3M41 (kF+EF>]
2 My )i,
i 3
Tll//2 = 9 2T//12 3E 2T//12’ (AS)

where kp, = (37°n,/2)'/3. To obtain the first term in the
rightmost equality above, it is advantageous to use the
thermodynamical identity p = nu — € for the kinetic parts,

dp __ du __ du dk
whence - =n; = Tty - The result quoted above ensues
from the relations ‘ilk" = kF tand y = Ep = \/k + M3, both

evaluated at n, and kp,.
Numerical values of the derivatives and constants so
derived are

Ty ~21.79 MeV,
T}, = =5.030 MeV.
ap~—129.3 MeV,

T}, = 14.34 MeV,
y ~ 1.256,

and by ~91.49 MeV, (A6)

as in ZL. For other permissible values of K/, in the range
220 £+ 30 MeV, Egs. (A4) and (AS) can be used to
determine the corresponding constants.

2. PN\M

In the PNM sector in which x = 0, the constants in
Eq. (15) to determine are a,, b, and y;. As in SNM, E,, and
T, are relative to the baryon mass M . Denoting the energy
per baryon of PNM by E,, its various terms and the
associated pressure are

EO = TO + VO = TO +a1u+b1u1{,

, dE,
=n,| u"—
Po K du

= n,(u*Ty + ayu* + y byun ). (A7)

Evaluating the above equations at u = 1 leads to
Ey=S,-B=Ty+a; +by, (A8)
po=ny(Ty +ay +r1by), (A9)

where S, = (Ey — E ) at u = 1. The last equation above
is generally written as

123009-18



G-MODE OSCILLATION IN HYBRID STARS: A TALE OF ...

PHYS. REV. D 103, 123009 (2021)

w3 with L =3 [n o } . =3[uS)],—; so that

L !

S=Tytatnb, (A10)
where S/, = dSuU- Manipulating Egs. (A8) and (A10) leads to

the relations

:%+B—SW+%—T6
ri—1
CIIZSL,—B—TO—I?I.

and

b,

(A11)

Taking guidance from the empirical properties of isospin
asymmetric nuclear matter, we choose S, = 31 MeV, L in
the range (30-70) MeV, and y; = 5/3. The resulting values
of the constants are

L L
a;~— (5—&— 14.72) MeV and b~ <§—4.62> MeV.

(Al12)

3. Sensitivity of the EOS constants

The EOS constants above depend on the input values of
B, ng, Ky and S,, L, y; in SNM and PNM, respectively.
Although we have used representative values for these
quantities at # = 1, nuclear data permit variations in them.
Furthermore, one or more sets of these constants may be
correlated, as, for example, Sy and L. Additional con-
straints are to support ~2 M, NSs and to maintain
causality, at least within the star. These points must be
borne in mind when varying the input values, particularly
when correlated errors are present in theoretical evaluations
of these quantities.

4. NS properties with the ZL. EOSs

The various properties shown in Table II below are for
beta-equilibrated normal NSs and correspond to variations
in the characteristic properties of the ZL. EOSs.

Structural properties of hybrid stars are discussed and
shown in various figures in the text.

5. Proof of equivalence of Eqgs. (40) and (51)

Here we establish the equivalence of the direct approach
to computing ¢? from Eq. (40) with that from Eq. (51) for a
general EOS with a parabolic dependence of the proton
fraction x in the case of n, p, e matter. Both approaches
yield identical results, which we have verified numerically
as well.

TABLE 1II. Structural properties of nucleonic NSs with M =
14 My and M, for the ZL EOSs. For each mass, the
compactness parameter 3 = (GM/c*R) ~ (1.475/R)(M /M),
n., p., and y. are the central values of the density, pressure,
and proton fraction, respectively. The corresponding equilibrium
squared speeds of sound are denoted by c2. The A’s denote tidal
deformabilities.

Property ZL-A Z1L-B ZL-C Units
Ky 220 220 240 MeV
S, 31 31 31 MeV

L 50 70 60 MeV

71 1.6 1.6 1.8

R4 11.77 12.69 12.61 km
Pra 0.175 0.163 0.164

N4/ Ny 3.35 2.78 275

Dela 83.65 60.59 61.50 MeV fm~3
(€214 0.385 0.345 0.363 2
Ay 713.4 970.2 504.1

Rinax 10.01 10.68 10.8 km

M 1.997 2.02 2.13 Mg
Prnax 0.294 0.279 0.291

R max/ s 7.71 6.96 6.67

Demax 798.89 602.04 646.7 MeV fm—3
(€2) ¢ max 0.874 0.777 0.866 c?
Amax 9.11 9.6 6.39

The equilibrium squared sound speed is

d
dpP np . Par+Pe
c%—-c—) _ "2y (P ), (A13)
de ) o (e+P)

where the total pressure P = Py, + P, is comprised of the
pressure from baryons and electrons. Writing

d 0 dx 0

=t Al4
dng Ong dngox (Al4)
we get
ap ar 8P(‘ 61) ar d aPe d
2 (gt mp)  np(TGe e+ Feil) ais)
‘ e+P e+ P

Comparing this with Eq. (39), the first term on the right-
hand side is simply c2. For the specific case of an EOS with
parabolic dependence in x (of which the APR-EOS in
Kantor and Gusakov [29] and the ZL-EOS in Zhao and
Lattimer [43] are examples), we have
E(u,x)=Ey(u) + (1=2x)2S,(u); u=ng/ng, (A16)
where n, is the saturation density, E, the energy per
baryons (neutrons and protons), and S, the symmetry
energy. Computing the pressure and its derivatives with
respect to np and x for the EOS in Eq. (A16), we find
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aP bar
Ox

= —4ng(1 — 2x)us), (A17)

where the prime on §, is with respect to u. Since (assuming

az)i = Lnppu,, it follows that

massless electrons)

L (p, dx
2=ct+ ™ (3 —4(1 - 2x)uS’2> 8 g (A18)
From the f-equilibrium condition
He = 4S2(1 - ZX) = /’te/(4S2) = (l - 2)6), (Alg)

we get upon differentiation

1 (du, U, ds, dx
- - @) _ () (a2
45, <d"8> <4S%) <dn3> <d’13> (A20)

Using

dpe\ _ He [ dx L He

dnB N 3x dnB 3”3 ’
and solving for dx/dng from Eq. (A20), a minor rear-
rangement yields

(A21)

d — (e —4(1 = 2x)us:
ng <x> =3 ”( XJus)) (A22)
dl’lB (fv + SSZ)
Putting together Eqgs. (A22) and (A18), we get
e 2
2= %_i(’%—4(1 —2x)usSh) (A23)

Hn (g_; + 8S2)

Comparing Eq. (A23) with Eqgs. (51), (55), and (57) in the
text, namely,

Oji 2
n
2 = c§+7[ B(%';B)x] , (A24)
/An(a)nt;
G OB _He 41 Zox)us! (A25)
ang 3 ’
Op 1y,
Gr_ " He A2
o 3t 8,0, (A26)

we see that Eq. (51) is consistent with the direct definition
of ¢2 from Eq. (40) and that Eq. (51) applies in general for
any form of the EOS with a parabolic dependence in x,
although in the text we arrived at Egs. (55) and (57) in the
context of the ZL-EOS.

6. Derivation of Egs. (59)-(61)

In npep matter, we choose the independent variables to
be the baryon density np, the lepton fraction x, and the
muon fraction y = x,. The electron fraction x, is the
difference x — y.

The starting point for the speed-of-sound difference is

1 OP

ﬂavg anB

1 dP

X,y /’tl’l dnB

ci—c; =

(A27)

The total derivative of the pressure P(ng, x, y) with respect
to ng is given by

dP oP oP dx OP d
oy 0 S (A
dng Ong vy Ox gy dng Oy - dng
and therefore
ﬂavg Hn anB X,y
1 /OP d oP d
(& LT D) (A29)
223 ax ng,y dnB ay ng,x dnB
_ (/’ln - ﬂavg)ap
:ungiun anB X,y
1 /OP d oP d
- <— =4 —y> (A30)
Ha \Ox|, ,dng ~ Oy|, . dng
The average chemical potential 4, is
/'tavy: (1 _x)ﬂn +x/’lp+(x_y)lue+y,uy’ (A31)
which means that
Hn — Havg = x(/’ln —Hp — /’le) + y(/’le - ﬂu)
= _xﬂx - yﬁy (A32)

with the obvious definitions for ji, and fi,.
In $ equilibrium p,, = p,,,, (as well as fi, = ji, = 0) and,
correspondingly,

cz—czz—i 8—P
P, \Ox

dx 0P

dx | OPL dy
np.y d}’lB 8)7

dnB

), (A33)

ng.x

which is Eq. (59) in the main text. Using P = n%;‘LE | . the

Ong .,
speed-of-sound difference can be expressed as

ol 0 (OB a0 ay
Y, Ong \Ox|, ,dng Dy, .dng .
:_@ Oftx ﬂ % ﬂ (A34)
o \Ong|,, dng  Ong|,  dng)
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The calculation of d‘ﬁl—xg and ddTyB begins from the total
differentials of fi, and fi,, which are

Oji Oji Oji
dity = 5 dng + 2 e+ P gy =0 (A35)
Ong oy Ox gy Oy -
and
i, oji i,
dit, = 22| dng + 22 dx+ 220 gy =0. (A36)
Ong vy Ox ngy Oy g
From the former differential, it follows that
-1 Oji Oji
dy = —— H dng + Pl ax ), (A37)
Opty 8”3 Xy Ox gy
9y ng.x , :
which, when substituted into the latter, leads to
Oji O
0= gny+ 2 ax
Ong vy Ox -
& 0, 0
= - -
VLS ( Pl gy + 2 dx>. (A38)
Ofiy Ong . Ox gy
ng,x

One then collects terms proportional to dng and dx

aﬂ) o ng.x aﬂx
a. dnB
8”3 Xy Oji, 8”3 Xy
ng.x
Of,
Ofi |, . Of
== Tl Ol ) G (A39)
Ox|, , om|l Ox|, .
B Dy B>Y
ng,x
or, equivalently,
8/"2» 6"2‘ — % aﬁx
R Y PO P v (A40)
dng | OBy | g
8_)7 nB,xax ng,y 9“)7 nB,xax ng,y
Similarly,
aﬁx aﬁv — % aﬁx
dy _ Ox nB’yanB Xy Ox rzB.yanB Xy (A41)
dng  Op| Ok _On O
Ox ng.,y 9 ng.x 0x ng.y dy ng.x

The speed-of-sound difference, as given by Eqs. (A34),
(A40), and (A41), is physically transparent because /-
equilibrium and compositional gradients are brought to the
forefront via fi,(,) and 9/0x(y), respectively [the latter two
equations are Egs. (60) and (61) in the main text]. However,
this intuitive picture comes at the expense of computational
complexity.
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