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We review the derivation of the pulsations equations for spherically symmetric boson stars and then
make a thorough study of the radial oscillation frequencies for the fundamental and first excited modes. We
do this for self-interacting boson stars and consider a range of values for the self-coupling constant. We also
numerically evolve boson stars and Fourier transform the dynamic solutions. The Fourier transform gives
an independent computation of the radial oscillation frequencies and allows us to verify our results obtained
from the pulsation equations. We find excellent agreement between the two methods.
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I. INTRODUCTION

Boson stars are starlike configurations of a complex scalar
field minimally coupled to gravity [1,2]. They are described
by classical solutions to the Einstein-Klein-Gordon system.
In their simplest realization, spacetime is spherically sym-
metric and time independent. Such static solutions can be
both stable and unstable to small perturbations. To study the
linear stability of boson stars, Gleiser [3], Jetzer [4], and
Gleiser and Watkins [5] derived pulsation equations, whose
solution gives the squared radial oscillation frequency, which
can be used to determine stability (see also [6]). Alternatively,
both linear and nonlinear stability can be studied by numeri-
cally evolving a boson star using full numerical relativity, as
was first done by Seidel and Suen [7] (see also [8,9]). For
reviews on boson stars, see [10-12].

Stability has proven to be a powerful motivation for the
development of tools and methods for studying boson stars.
These tools and methods, however, can do more than just
tell us about stability. Our interest in this work is to make a
thorough study of the radial oscillation frequencies of
boson stars. We shall do this for boson stars that include
self-interactions for the scalar field.

The study of radial oscillations of compact objects was
initiated by Chandrasekhar when he derived a pulsation
equation for spherically symmetric systems with a perfect
fluid energy-momentum tensor [13]. His pulsation equation
has since been used extensively to study the radial
oscillations of neutrons stars (see, for example, [14—18]).
One motivation for studying radial oscillations is to gain
insight into the inner structure of the star.

We have another motivation, which is to help with the
study of dark matter admixed neutron stars [19-21]. It is
possible that dark matter could be mixed with the ordinary
nuclear matter inside a neutron star. If sufficient amounts of
dark matter exist inside the star, bulk properties such as mass,
radius, and radial oscillation frequencies are affected [21-26].
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Dark matter admixed neutrons stars with bosonic dark
matter (also known as fermion-boson stars) have been
studied semianalytically [19,27,28] and with full numerical
relativity [24,29-31]. To understand the radial oscillations of
the mixed systems, it is useful to have an understanding of the
radial oscillations of the individual systems. Hence, there is a
need to study the radial oscillations of boson stars.

The pulsation equations for boson stars were first solved
numerically by Gleiser and Watkins [5]. Their interest was in
determining the onset of instability and they did not solve for
the radial oscillation frequencies. This was extended by
Hawley and Choptuik [9], who did compute the radial
oscillation frequencies for the fundamental and first excited
modes, though their interest was primarily with black hole
critical phenomena and they did not include self-interactions
for the scalar field. Recently, radial oscillation frequencies
were computed for Z-boson stars in [32]. Nonradial oscil-
lations of boson stars were considered in [33—35]. Radial
oscillations for a pseudo-Goldstone boson was studied
in [36].

In this work, we both reproduce and extend the results
of [9]. We compute the radial oscillation frequencies for
boson stars for a range of values for the self-coupling
constant. As will be seen, the pulsation equations are
complicated. It is valuable, then, to have an independent
method of computing the radial oscillation frequencies so
as to verify that the pulsation equations have been derived
and solved correctly. We therefore numerically evolve
boson stars using full numerical relativity. Fourier trans-
forming the dynamic solutions gives an independent
computation of the radial oscillation frequencies. We find
excellent agreement between the two methods.

In the next section, we review the spherically symmetric
Einstein-Klein-Gordon system and give the general set of
equations that describe boson stars. In the sections that
follow, we rewrite these equations in various ways. In
Sec. I1I, we reduce them to describing static, or equilibrium,
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solutions, in which spacetime is time independent. We then
solve the static equations for the well-known static boson
star solutions. In Sec. IV, we write the equations to the first
order in perturbations to the static solutions. We then form
the pulsation equations, which we solve for the squared
radial oscillation frequencies. Lastly, in Sec. V, we solve the
equations using full numerical relativity. We then Fourier
transform the result and compare with the radial oscillation
frequencies computed in Sec. IV. We conclude in Sec. VI.
In Appendix A, we list some radial oscillation frequencies
and in Appendix B, we show that our results are consistent
with those in [5,9]. In Appendix C, we list some convenient
unit conversions.

II. SPHERICALLY SYMMETRIC
EINSTEIN-KLEIN-GORDON SYSTEM

In this paper, we restrict our attention to spherically
symmetric systems and use units such that c =2 = 1. We
parametrize the spherically symmetric metric as

ds* = —e’dr* + *dr? + r*d®* + r’sin’0d¢?, (1)

where v(t, r) and A(z, r) are determined from the Einstein
field equations,

G', = 82GT",, (2)

where G*, is the Einstein tensor, which is determined from
the metric in Eq. (1), 7#, is the energy-momentum tensor,
which is given below, and G = 1/,/mp, where mp is the
Planck mass. In the following sections, we shall make use
of the (u,v) = (t,1), (r,r), and (z, r) equations from (2),
which lead to

o
V = +8aGre*T", + S
,
A
-1
N = —8aGre’T!, — ¢ ,
r
A= —8xGre'T,, (3)

where a dot denotes a ¢ derivative and a prime denotes an r
derivative.

For the matter sector, we use the standard Lagrangian for
a complex scalar field,

L =—(0,0)(0"¢)" — up]* —nlgl*, (4)

where ¢(t, r) is the complex scalar field, u is its mass, and
n > 0 is the self-coupling constant. We minimally couple
the scalar field to gravity through £ — /=gL, where g is
the determinant of the metric. From this Lagrangian it is
straightforward to compute the equations of motion,

8,[3(1—'1)/24}5] — 12 8, [rRe=A12 g
I
— e(uH)/Z(ﬂz + 20| )¢. 5)

and the following components of the energy-momentum
tensor,

T, = —e | — e — W pP —nlpl*,
T, = +e 1P + eI = 1210 = nll,

T, = = (¢ + ¢ ). (6)

There are also nonzero values for 7% = T¢¢, which we
will not be using, and 7", = —e**T7,.

The Lagrangian in (4) is invariant under global phase
transformations, ¢p — e?¢, for constant . This leads to a
conserved current,

= ig" (0 — $0,9"). (7)

which satisfies a continuity equation, V,J* = 0. This
continuity equation immediately leads to a conserved
charge. From ¢(t,r) = — |5 d®r,/=gJ', we have

q = —4nrtev A2t (8)

The solution to Eq. (8) gives ¢(t,r) and the conserved
charge is given by Q = ¢(t,r » o).

This section has presented the general set of equations
that we will use to study boson stars. In the following
sections, we will solve these equations for static solutions,
for radial oscillation frequencies, and for dynamic
solutions.

III. STATIC SOLUTIONS

In this section, we reduce the equations given in Sec. II to
those that describe static, or equilibrium, solutions. Static
solutions are solutions for which the geometry is time
independent. For the geometry to be time independent, the
energy-momentum tensor must be time independent and
diagonal. It is not difficult to show that this requirement on
the energy-momentum tensor requires the scalar field to
take the form

p(t.r) = go(r)e™", ©)

where o is a real constant and ¢, is real up to a global
phase. Since the Lagrangian in (4) is invariant under global
phase transformations, without loss of generality we take
¢, to be real. Equation (9) is often referred to as the boson
star ansatz. We shall indicate time-independent fields with
a subscript 0.

Assuming (9) and dropping the time dependence of the
metric fields, the equations of motion in (5) reduce to
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0=+ (2+2-2)g,
+ Mo (w?e™0 — i — 21} ) o, (10)
the energy-momentum tensor components in (6) reduce to
Ty, = —a’e™0dy — e — i — ngpi.
T}, = +o’e ™0} + e PP — 1?3 —np,  (11)
along with T, = 0, and the metric equations in (3) become

et —1
= +82GreMT}, + ,
.

A
et —1
M= —8xGreMdTh — ,
0 01 .

(12)

with the bottom equation in (3) vanishing identically. A

useful equation that we will make use of in the following
section is

Xy + vy = 16aGr(¢f + a’¢e’o™), (13)

where we plugged in for the energy-momentum tensor

components using (11). Finally, the equation for the
conserved charge in (8) becomes

gl = Srar’gtel)/2, (14)

Static boson stars are described by the solutions to

Egs. (10) and (12), with the conserved charge given by the

solution to Eq. (14). To solve these equations, it is
convenient to define oy(r) and mq(r) through

= o(tkh)/2 =" (1 Z o). 15

6p=e ) my 2G( e™) (15)

We further define @ (r) = ¢;,(r) so that we have a system
of first order ordinary differential equations (ODEs),

2 4zGr 2Gmy,
O = Th T ()
0 [r+ NO(OrJr )+N0 ] 0
1 [ o?
- ) ’
No (NO ﬂ 77¢0> o
oy = 4n G No (TOr = Tb,)s
mly = —4zr’Th,,
212
g = 8z 2P (16)
Nyoy

along with ¢ = @, where Ny = 1-2Gmy/r.

These equations can be numerically integrated outward
from r = 0 after inner boundary conditions are determined.
Inner boundary conditions can be determined by plugging

Taylor expansions of the fields into Egs. (16), giving

blr) = () = 2 |7~ 2003(0)| 2 00
B 4xGa*P3(0) , 4
oo(r) =06¢(0 TO)OF +0(r*), (17)

along with my(r) = O(r*) and qo(r) = O(r?). As it stands,
60(0) and @ are unknown. It greatly simplifies finding
solutions to define

oo(r) o= ®
0(0) ’ 0(0) ’

(18)

and then to replace all occurrences of 6, and @ with 6, and
&. The advantage in doing this is that 6, (0) cancels out and
the inner boundary condition for 6y,

60(r) = 1+ 42Ga*$3(0)r* + O(r*), (19)
does not require knowledge of 6((0). Outer boundary
conditions are obtained by requiring that the energy-
momentum tensor goes to zero at large r, and so ¢y,
®, — 0as r » oo. We further require that the spacetime is
asymptotically Schwarzschild, so that 6, — 1, and thus that
60 = 1/0¢(0), as r - oo.

In this paper, we consider only fundamental static
solutions. Such solutions have zero nodes (i.e., zero
crossings for ¢b) and are uniquely identified by the central
value ¢ (0) and the self-coupling 7. To find a solution, we
choose values for ¢y (0) and 7 as well as a trial value for &
and then integrate Egs. (16) outward from r = O using the
inner boundary conditions in Egs. (17) and (19). We then
use the shooting method, varying the value of ®* until
our integrated solution satisfies the outer boundary con-
ditions. Once a solution is found, the mass and conserved
charge of the system are given by M = mg(o0) and Q =
qo( ) and the squared oscillation frequency is given by
w? = @?*/6*(o0). Solutions are only found for positive @?
and hence only for real w.

In Fig. 1, we present solutions for a few values of the self-
coupling #. Figure 1(a) displays the mass, M, of the boson
star as a function of its radius, where Rys is defined as the
radius that contains 95% of the mass. Figures 1(b)-1(c)
display the mass, conserved charge Q, and oscillation
frequency ® as a function of the central value ¢bo(0).

In this work, we display all results using dimensionless
quantities that are standard for boson stars, such as
M/(m3/u) and uRys for the boson star’s mass and radius
(see, for example, [3-5,7]). The benefit in doing this is that
all results are valid for an arbitrary scalar field mass, u, and
u does not have to be specified. In Appendix C, we list a
few astrophysical-friendly unit conversions, which do
require specification of the scalar field mass.
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The well-known static boson star solutions are presented for four values of the self-coupling constant 7. (a) The mass, M, of the

boson star as a function of Rgs, where Rys is the radius that contains 95% of the mass. (b)—(c) The mass, conserved charge Q, and
oscillation frequency w as a function of the central value ¢, (0). From bottom to top in (a)—(c) and top to bottom in (d), the curves are for

n/(u?/m%) = 0 (blue), 100 (red), 200 (orange), and 300 (purple).

From Fig. 1, we can see that for a given value of 7, there
is a maximum possible mass. It is well known that the
transition from stable to unstable with respect to small
perturbations occurs at the static solution with the largest
mass [12,37]. In Fig. 2, the solid blue curve, which uses
the vertical scale on the left, gives the maximum mass and
the dashed red curve, which uses the vertical scale on the
right, plots the central value ¢(0) corresponding to
the maximum mass. Both quantities are plotted as a
function of 7. The dashed red curve, then, is also plotting
the critical value of ¢(0), above which the boson star is
unstable.

IV. RADIAL OSCILLATIONS

Gleiser [3], Jetzer [4], and Gleiser and Watkins [5] were
the first to derive pulsation equations for boson stars. These
papers studied the same system, but Ref. [5] combined the
equations differently than Refs. [3,4] and, in this sense,
derived different pulsation equations. We prefer the for-
malism of [3.,4], as it is more easily able to accommodate all

0.05
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B
]
0.03
0 200 400 600
n/(u*/mp)

FIG. 2. The solid blue curve, which uses the vertical scale on
the left, plots the maximum mass of a static solution for a given
value of 7. The dashed red curve, which uses the vertical scale on
the right, plots the central value ¢o(0) corresponding to the
maximum mass. Since the transition from stable to unstable for
static solutions occurs at the static solution with the largest mass,
the dashed red curve is also plotting the critical value of ¢;(0),
above which a static solution is unstable.

fields, and we review that here. We find it easiest to
compare equations with [5] and we therefore define the
perturbations as done in [5]. Our numerical method for
solving the pulsation equations generalizes the method
presented in [5].

A. Pulsation equations

In this subsection, we write the equations in Sec. II to the
first order in perturbations about the static solutions and
derive the pulsation equations for boson stars. Since a
complex scalar field has two real degrees of freedom, we
should expect two coupled pulsation equations. The sol-
utions to the pulsation equations give the squared radial
oscillation frequencies.

We begin by defining

p(t.r) = [i(1,r) + igha (2. 1)), (20)

where w is the oscillation frequency for a static solution and
¢ and ¢, are real. Note that setting ¢», = 0 (and dropping
the time dependence) gives the boson star ansatz (9).
Consequently, the static value of ¢, vanishes and ¢, is
at the level of a perturbation. We next write the fields as
perturbations about their static solutions, defining the
perturbations as in [5],

Pi(1,1) = o(r)[1 + ¢y (1, 7)),
$a(1, 1) = po(r)opa(1, 1),
v(t,r) = vy(r) + ou(t, r),
At r) = 2Ag(r) + 6A(z, r) (21)

Writing the fields in the equations of motion in (5) as
perturbations about their static solutions, then keeping
perturbations only through first order and canceling the
static terms, we find
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¢0 -2 v — 81 ¢
o_5¢"+5¢’( +2 + + -
1 1 ¢ 2 2 ¢0
— D0 (2w, + 5hy) + e 0w? (51 — 1)
— 250 — e (25¢p, + SA). (22)
and
' 50 — 57
0: 5¢/2/+ < ¢0+ + A‘O>5¢/2 _weﬂg—boy—/l
$o
— (6, - 2wé¢1> — 20" o, (23)

where we used Eq. (10) to cancel terms. Doing the same for
the energy-momentum tensor components in (6) gives

ST!, = @’ e 3oV + e PFoA — 20° e Pp3Seh,
+ 2we 0 PE5, — 2ehPRo,
— 2™ ooy — 203 Py — Andhisd,
§T", = —=6T', — 4> po, — 8npydhy,

8T", = =2™0bo (01 — i), (24)
and for the metric equations in (3) gives
8V = +8xGrelST", + vpdA + Q,
S = —8aGrehST!, + 2,6 — Q
54 = —87GresT",, (25)

where the first two metric equations were simplified by
using the static metric equations in (12). Two useful
formulas that follow from Egs. (25) are

0, (re ™)) = —8xGr*sT',,

2
oV — 6N = (1/6 -+ —) oA
r

—322GreM g3 (u? + 2n3)s¢y,  (26)

where in the bottom equation we plugged in for the

O —ov

50

5q' = 8rar’¢ielto)/? (25(,/)1 + - ﬂ) (27)
1)

There are different ways to combine the equations

presented thus far. Further, not all of the equations are

necessary, since they are not all independent. In deriving

the pulsation equations, we follow the method of [3,4]. We
introduce the quantity

where the factor of @ is included for convenience. Upon
plugging this into the bottom equation in (25), we obtain a
result that can be immediately integrated to give

64 = 167G re(Poop1 — ¢od'). (29)
Combining this result, 677, in Eq. (24), and the equilibrium
equations (10) and (13) with the top equation in (26) allows
us to solve for dév,

2

. 2
ov = —;5 + —zeyo_/l”f” + (162Grepodpy + 4)5¢,
2
+—2evo—ﬁo( ¢° — X + 8xGro; ) (30)
w ¢0
We now define
(e, r)=¢E(t,r). (31)

We also introduce a harmonic time dependence for all
perturbations:

oy (t.r) = oy (r)e™,  L(t.r) ={(r)e™, (32)
Su(t, r) = du(r)e™™!, and 8A(t, r) = SA(r)e™*", where y is
the radial oscillation frequency we would like to solve for.
The pulsation equations will be two coupled ODE:s for the
perturbations 6¢; and {. To construct the d¢; pulsation

equation, we combine the equation of motion in (22) with

perturbed energy-momentum tensor using Egs. (24). the bottom equation in (26) and with Egs. (29) and (30) to
Finally, for the conserved charge in (8), obtain
|
" 2 ,A0— ¢0 /1, ! 4)0 ! 72 !
o = —yreh ™6, — ¢ + —l— 2 o + 2 ¢ — Ay + 87Greg )¢+ 2¢
0

)

— 1677.'Gl’¢()(¢65¢1 - ¢0§) [ ¢

2
<1/6 -+ r) + M (w?e™ — p? — 21745%)]

+ 4?0 + 16aGre’ogody(w*e™ + > + 2nd3) + dngge’) 5, .

(33)
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For the { ODE, we begin with the bottom equation in (26) and plug into it Eq. (29), its derivative, and the derivative of

Eq. (30) to obtain

/
ér// _ —){26'10_”04' _ 26026/10_”0545/1 _ %+ 2@
r o

yr 8nGr¢z%) (h— A)C + £

/! 72 2
- B2t 2 iy sacip + 2| - G- i)

do ;1

8 Gar et | (5 + 2 )24 1R = (3= 22 ) i = o)+ 20 R+ 2000 |- (34

It is straightforward to show that Eqgs. (33) and (34) are
equivalent to Egs. (41) and (42) in [3] by using Eqs. (10),
(13), and the derivative of Eq. (13).

It turns out that 8¢’ in (27) can be integrated exactly.
Using Egs. (28), (29), (30), and (13) in Eq. (27), we
obtain [3,4]

oqg = — 8z r2g2eo=r)/2¢ (35)
®

In Egs. (33) and (34), v, and A, are given by Eq. (12), ¢§
is given by Eq. (10), ¢, ¢, vo, 49, and o are obtained from
the static solution, and /j is obtained by taking the
derivative of the A, equation in (12):

et —1 e’
Ay = - Ay—
—8xGeM(Th, + rayTh, + rd, Th,), (36)
where

!
Yo

5~ o2 + 2009

+ @?vye Pl (37)

2
0,Th, = 2e g <; +

Solving the pulsation equations (33) and (34) gives 0¢),
and ¢. We can use these, along with the static solutions ¢,
&6, vy, and 4, to construct the perturbation to ¢;, which
from (21) is ¢yd¢;, to obtain 64 from (29), which after
writing it in terms of { is

64 = 162Grey(do¢1 — Ppol). (38)

and to obtain 6g from (35). In the next subsection, ¢yd¢,
0/, and 6g will play a role in how the pulsation equations
are solved.

B. Numerical solution and results

In this subsection, we outline how we numerically solve
the pulsation equations for the squared radial oscillation
frequencies, x%, and present results. Our method general-
izes the strategy of Gleiser and Watkins [5] and is similar to

|

that used by Hawley and Choptuik [9]. The relevant
equations are the pulsation equations in (33) and (34),
the 6g equation in (35), the 64 equation in (38), and the
static equations in (16). Since both (35) and (38) are
algebraic, once the other equations are solved, it is trivial to
obtain 6g and S4.

To solve the pulsation equations, we need inner and outer
boundary conditions. Note that all relevant equations that
contain perturbations, contain one perturbed field in each of
their terms. Thus, we scale these equations such that
6¢1(0) = 1. Additional inner boundary conditions are
found by plugging Taylor expansions of the fields into
the pulsation equations, giving

_ 1 4o’ — y* 2 2 4
5¢1(”)—1+6 651+w+4’1¢0(0) r*+0(r),
L(r) =&ir+0(7), (39)

where | is an as-yet-undetermined constant.

For outer boundary conditions we have that perturba-
tions head to zero at large . In particular we shall use that
PodP1, 0q, 04 — 0 as r — oo, where ¢py0¢, is the definition
of the ¢; perturbation from (21). The condition on g can
be understood as only allowing perturbations that conserve
total charge [3-5,9].

We next write all equations in terms of m, 6(, and @, as
defined in Egs. (15) and (18), and

7= (40)

Just as with the static equations, (0) cancels out. We note
that it is for this reason that we defined é in Eq. (28) with
the factor of w.

We assume that the static equations have been solved and
the value of @ determined for given values of ¢ (0) and 7.
Even so, we find it easiest to simultaneously solve the static
equations (again) and the pulsation equations, but now with
the precise value of @ plugged in. We do this by writing the
pulsation equations in first order form and then integrating
outward from r =0 using the previously listed inner
boundary conditions and using trial values for 7 and (.
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We then use the shooting method, varying both 72 and ¢,
until the outer boundary conditions are satisfied. In practice,
we find that if two of the outer boundary conditions are
satisfied (i.e., two of ¢yd¢,, 6q, 54 — 0 as r - o0), so is the
third. Once a solution is found, the squared radial oscillation
frequency is given by y* = 72/63(c0).

The pulsation equations in (33) and (34) can be shown to
be self-adjoint [3]. We expect the squared radial oscillation
frequencies to be real and discrete and, for a given static
solution, for there to be an infinite number of them, just as for
fermion stars [16]. The smallest frequency is called the
fundamental mode, the next smallest the first excited mode,
and so on. Such modes are also indicated by the number of
nodes (i.e., zero crossings) of either 6¢g or 64 [5]. In practice,
we solve for a specific mode by tuning 7> and ¢, in the
shooting method such that g and 64 have the desired
number of nodes. We present results for the fundamental and
first excited modes. We have attempted to solve for higher
modes, but have been unable to do so. We find that our code
is running up against machine precision (we use 64-bit
floating point numbers). Extending our code beyond this
limitation is beyond the scope of this work.

In Fig. 3(a), we show the squared radial oscillation
frequency, y2, for the fundamental mode as a function of
the central value ¢ (0) for various values of 7. As can be
seen, for a given value of 7, there exists a peak value of y2.
As 7 is increased from 5 = 0, the peak increases until it
reaches a maximum value. As 7 is increased further, the
peak decreases. In Fig. 3(b), we show the analogous plot for
the first excited mode. We find again that for a given value
of 7, there exists a peak value of y>. Unlike with the
fundamental mode, we find that as # is increased, the peak
always decreases. We have computed the peak value of y?
as a function of # for both the fundamental and first excited
modes, which is shown in Fig. 4(a). In Fig. 4(b), we show
the values of ¢ (0) at which the peak values of y* occur.

In Fig. 3 we can see that all curves eventually hit zero for
sufficiently large ¢o(0). The transition from positive to
negative for y? indicates the respective mode transitioning
from stable to unstable. If any mode is unstable, the static
solution is unstable. Since the fundamental mode always
has the smallest frequency, a static solution is stable if y> for
the fundamental mode is positive, otherwise the static
solution is unstable. The value of ¢,(0) when y?> =0,
and hence when a mode is transitioning from stable to
unstable, is called the critical value. We have computed the
critical value of ¢(0) for both the fundamental and first
excited modes. We have done this by setting y*> = 0 and
varying ¢ and ¢(0) in the shooting method. The results
are shown in Fig. 4(c). Also shown in Fig. 4(c) is the same
dashed red curve as shown in Fig. 2, which gives the value
of ¢(0) for the static solution with the largest mass. As
mentioned in the previous section, it is well known that the
static solution with the maximum mass occurs for the
critical value of ¢(0). Consequently, the dashed red curve
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I \
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0.05 0.1 0.15 0.2 0.25
¢0(0)/mp
FIG. 3. The squared radial oscillation frequency, x>, as a

function of the central value ¢, (0) for (a) the fundamental mode
and (b) the first excited mode. The dashed curve in both plots
corresponds to # = 0. In (a), as # is increased, the peak of each
curve increases, until it hits a maximum at /(¢*/m3) = 86.63
(dash-dotted curve). As 7 is increased further, the peaks decrease.
In (b), as 5 is increased, the peaks always decrease. In (a), the
curves are for 5/ (u?/m%) = 0, 10, 25, 86.63, 200, 400, 600. In
(b) the curves are for /(u*/m3) = 0, 10, 25, 50, 100, 200, 300,
400, 500, 600.

is directly on top of the solid black curve as expected.
Though expected, this is a nontrivial test of our radial
oscillation code.

In Appendix A, we list radial oscillation frequencies and
other computed values. Some of the # = O results presented
in this section were previously computed in [5,9]. We show
that our results are consistent with those in [5,9] in
Appendix B.

V. DYNAMIC SOLUTIONS

It is valuable to compute the radial oscillation frequen-
cies using a different method than used in the previous
section so as to verify that the equations and solutions of the
previous section are correct. This is particularly true given
the complexity of the pulsation equations in (33) and (34).
In this section, we numerically evolve a spherically
symmetric boson star using full numerical relativity, with
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FIG. 4. In each plot, the solid black curve uses the vertical scale
on the left and is for the fundamental mode and the dashed blue
curve uses the vertical scale on the right and is for the first excited
mode. The maximum squared radial oscillation frequency for a
given value of # is plotted in (a) and the corresponding value of
¢0(0) is plotted in (b). These values correspond to the peaks seen
in Fig. 3. (c) The central value ¢(0) is plotted for when y? = 0.
This is the critical value of ¢(0) and corresponds to when the
respective mode transitions between stable and unstable. The
dashed red curve, which lies directly on top of the solid black
curve, is the same dashed red curve plotted in Fig. 2. That the
solid black curve and the dashed red curve agree is expected,
since both are computing the critical value of ¢,(0) for the
fundamental mode.

the static solutions of Sec. III used as initial data. It is well
known that the discretization error inherent in a numerical
evolution acts as a perturbation [7]. By Fourier trans-
forming the dynamic solution, we obtain an independent
computation of the radial oscillation frequencies and are
able to verify that that we have computed them correctly in
the previous section.

We begin by putting the equations in Sec. II into a form
better suited for numerical evolution. Toward this end, it is
convenient to use the metric functions «a(t, r) and a(t, r),
defined by

V2, a=e?, (41)

a=e
Defining
o=¢, TN=24, (42)
a

the equations of motion in (5) can be written in first order
form as

. 1
fi= 50, (P 20) ~aate + 20010 (4
r a
Writing the fields in terms of their real and imaginary parts,

d=q¢+ip,,

the equations of motion become

(D:(Dl +iq)2, H:H1 +iH2, (44)

. a
¢1 = *Hl,

a
d)l == 3, <gnl> N

a

1 ra 5 ) 5
=50, —= @ | —aal® + 20(¢7 + ¢3)ldr.  (45)
and

a
¢2 = —Hz,

. 1 ra 5 5 5
fts = 50, (720: ) - aali? + 2 + B 40

The metric equations in (3), when written in terms of the
fields a and a, become

2
-1
o = +4xGraa®*T’, + L) ,
2r
2
-1
a = —4xGra’T!, — 7a(a ) ,
2r
a = —4nGro’aT’,, (47)

and the energy-momentum tensor components in (6)
become

11} + 115 4 @] + @3

T === === ($1 +43) —n(ei + ¢3)°,
I3 + 113 + ®F + @3

Trr:+ l 2612 l 2_”2(¢%+¢%)_’1(¢%+¢%)27
2

T, = _ﬁ(nldbl +1L,D;). (48)

For initial data, we use a static solution computed as
described in Sec. III. We assume the initial data is time
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symmetric (i.e., that it occurs at r = 0), so that, given a
static solution ¢bo(r), @y (r), 6o(r), my(r), and w, we have

hO.r) =g @0 =D  T0.r)=0. (49)
and
70.r) =0, ®2(0.0)=0. T(0.0) =3, (50)

where Ny = 1-2Gm/r.

The boundary conditions for the metric fields are
a(t,0) =1 and a(t,r) = 1/a(t,r) for r - oo. Since our
computational domain does not extend to infinity, we allow
matter fields to exit at the outer boundary using standard
outgoing wave boundary conditions,

. . IT
¢1:—ﬂ—q’1, I =——-T1/', q’1:—ﬁ—n1,
r r r
. ¢ . I1 7
452:—72—‘132, H2:—72—H2’, ‘132:—72—1_[1 (51)

Our code is second order accurate and evolves the
evolution equations in (45) and (46) using the method of
lines and third order Runge-Kutta method. The spatial
derivatives in the evolution equations are finite differenced
using centered stencils. We use the common practice of
writing the spatial derivatives in the IT; and IT, evolution
equations as =20, = d,> before finite differencing [38]. At
each time step, we solve the first two equations in (47)
using second order Runge-Kutta method. We use a uniform
computational grid with Ar=0.005/u or 0.01/u,
Fmax = 100/, and At/Ar = 0.5 (we find that for larger
values of ¢(0) we need the more accurate Ar = 0.005/u
to obtain a precise match between the results of this and the
previous sections).

We compute radial oscillation frequencies from dynamic
solutions using a fast Fourier transform. The results
presented are from the Fourier transform of |¢| =
V@1 + ¢35 at the innermost grid point (either at r =
0.0025/u or 0.005/u). We carry all evolutions out to
t = 2 x 10*/p, allowing for a large number of oscillations
and an accurate determination of the radial oscillation
frequencies.

As mentioned, the initial data is a static solution, which
is uniquely identified by ¢ (0) and 5. Discretizaton error in
the numerical evolution causes the static solution to shift
slightly before quickly settling into a stable configuration.
As such, the dynamic evolution is for a static solution with
a sightly different value of ¢y(0) (but the same value of #)
than used to make the initial data. For a proper matching of
the radial oscillation frequencies as computed using the
methods of this and the previous sections, a precise value
for ¢po(0) must be determined. We have found that simply

averaging |¢| at the innermost grid point over the whole of
the evolution gives a sufficiently accurate value.

In Fig. 5, we show three representative results. The black
curves are the Fourier transform of the dynamic solution
and the spikes along the black curves represent frequencies
at which the dynamic solution is oscillating. It is not
unreasonable to expect that there could be oscillation
frequencies with a nonlinear origin. As such, it is not
necessarily clear which spikes have a linear origin and give
the radial oscillation frequencies we are interested in. The
blue and red vertical lines are the fundamental and first

(a)

1 1 1 1

2 4 6 8 10
X/ 1 «10°3

FIG.5. Three representative plots are shown. In each, the black
curve is the Fourier transform of a dynamic solution and the
spikes along the black curve give the frequencies at which the
dynamic solution is oscillating. The units on the vertical axis
are arbitrary. The vertical lines are the fundamental (left most,
blue) and first excited (right most, red) squared radial oscillation
frequencies computed from the Pulsation equations. We can see
that the agreement is excellent. (a) 7 = 0, ¢¢(0)/mp = 0.03522,
and radial oscillation frequencies y?/u> = 8.6222 x 10~ and
6.3409 x 1073, (b) n/(u*/m3) = 100, ¢y(0)/mp = 0.03517,
and radial oscillation frequencies y?/u*> = 1.0729 x 1073 and
8.1150 x 1073, (c) n/(u?/m3%) = 400, ¢,(0)/mp = 0.02823,
and radial oscillation frequencies y?/u?> = 3.6229 x 107 and
7.3741 x 1073,
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excited squared radial oscillation frequencies as computed
using the pulsation equations and the methods of the
previous section. As can can be seen, there is excellent
agreement. Thus, the solution to the pulsation equations
allows us to unambiguously determine which of the spikes
in Fig. 5 come from linear perturbations, while the spikes in
Fig. 5 allow us to verify that we have computed the radial
oscillation frequencies in the previous section correctly.

VI. CONCLUSION

We computed the fundamental and first excited radial
oscillation frequencies for self-interacting boson stars by
solving pulsation equations. To verify our results, we evolved
boson stars using full numerical relativity and Fourier trans-
formed the dynamic solutions. We found excellent agreement
between the two methods. In Appendix A, we list some radial
oscillation frequencies and other computed values.

If boson stars are detectable, it is interesting to speculate
on whether their radial oscillations can be measured. Since
radial oscillations do not couple to gravitational waves, it is
unlikely that they can be measured by purely gravitational
means. For neutron stars, the expectation for how radial
oscillations could be measured is through emission of
electromagnetic radiation from the surface of the star (see,
for example, [17,18,39]). For something similar to be
possible with boson stars, the scalar field would have to

TABLE I. Computed values for the fundamental mode.

have additional interactions that were not considered in
this work.

As mentioned in the Introduction, a main motivation for
this work are dark matter admixed neutrons stars. If sufficient
amounts of bosonic dark matter mix with the ordinary
nuclear matter of a neutron star, the radial oscillations of
the mixed star can be affected [21-26]. This would occur for
scalar field masses around pu ~ 107'° eV [19]. Boson stars
made with such a scalar field have radial oscillation frequen-
cies in the kHz range, which is comparable to neutron stars. If
the radial oscillations of mixed stars can be detected, say
through emission of electromagnetic radiation, interesting
questions are how the radial oscillations of the bosonic sector
show up in the frequency spectrum [24] and if it is possible to
infer details about the bosonic sector from their measure-
ment. If this latter case is possible, it would mean that the
presence of dark matter could be inferred from measurements
of the radial oscillation frequencies of neutron stars. We
expect the results presented here to be relevant for answering
these questions, which are currently under study.

APPENDIX A: RADIAL OSCILLATION
FREQUENCIES

In this Appendix, we list some of the values computed in
Sec. IV. Table I lists values for the fundamental mode and
Table II lists values for the first excited mode.

n/(u*/m}) $0(0)/mp w/p &/u &i/u? Yl Yalila

0 0.01 0.9668 1.0344 —0.7277 0.1691 x 1073 0.1936 x 1073
0 0.015 0.9513 1.0531 —0.7622 0.3344 x 1073 0.4099 x 1073
0 0.02 0.9365 1.0729 —0.7997 0.5140 x 1073 0.6747 x 1073
0 0.025 0.9224 1.0939 —0.8406 0.6798 x 1073 0.9560 x 1073
0 0.03 0.9089 1.1160 —0.8852 0.8045 x 1073 1.2129 x 1073
0 0.035 0.8961 1.1395 —0.9339 0.8617 x 1073 1.3934 x 1073
0 0.04 0.8840 1.1645 —0.9872 0.8253 x 1073 14323 x 1073
0 0.045 0.8724 1.1909 —1.0456 0.6697 x 1073 1.2481 x 1073
0 0.05 0.8615 1.2190 —1.1098 0.3693 x 1073 0.7394 x 1073
0 0.05407 0.8530 1.2432 —1.1667 0 0

100 0.01 0.9635 1.0393 —-0.7383 0.2064 x 1073 0.2402 x 1073
100 0.015 0.9442 1.0645 —0.7875 0.4366 x 1073 0.5549 x 1073
100 0.02 0.9249 1.0938 —0.8475 0.7008 x 1073 0.9802 x 1073
100 0.025 0.9058 1.1275 -0.9197 0.9410 x 1073 1.4579 x 1073
100 0.03 0.8875 1.1658 —1.0056 1.0896 x 1073 1.8800 x 1073
100 0.035 0.8703 1.2088 —1.1066 1.0770 x 1073 2.0778 x 1073
100 0.04 0.8545 1.2567 —1.2245 0.8363 x 1073 1.8089 x 1073
100 0.045 0.8403 1.3094 —1.3609 0.3070 x 1073 0.7455 x 1073
100 0.04701 0.8350 1.3320 —1.4215 0 0

400 0.01 0.9508 1.0574 —0.7783 0.2949 x 1073 0.3648 x 1073
400 0.015 0.9177 1.1091 —0.8894 0.5922 x 1073 0.8648 x 1073
400 0.02 0.8847 1.1771 —1.0451 0.7686 x 1073 1.3606 x 1073
400 0.025 0.8556 1.2599 —1.2485 0.6481 x 1073 1.4052 x 1073
400 0.03 0.8324 1.3559 —1.5026 0.1290 x 1073 0.3422 x 1073
400 0.03083 0.8292 1.3730 —1.5500 0 0
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TABLE II. Computed values for the first excited mode.

n/ (W’ /mp) $o(0)/mp o/p a/p &/ v el
0 0.04 0.8840 1.1645 —1.0042 0.7892 x 1072 0.0137
0 0.06 0.8415 1.2806 —1.2935 1.5174 x 1072 0.0351
0 0.08 0.8085 1.4299 —1.7291 2.2766 x 1072 0.0712
0 0.1 0.7851 1.6245 —2.4085 2.9433 x 1072 0.1260
0 0.12 0.7713 1.8824 -3.5133 3.4057 x 1072 0.2028
0 0.14 0.7677 2.2305 —5.3947 3.5702 x 1072 0.3014
0 0.16 0.7743 2.7081 —8.7602 3.3792 x 1072 0.4134
0 0.18 0.7904 3.3722 —15.0690 2.8409 x 1072 0.5171
0 0.2 0.8130 4.3002 —27.3010 2.0283 x 1072 0.5675
0 0.22 0.8357 5.5908 -51.3178 0.8862 x 1072 0.3966
0 0.2301 0.8447 6.4205 —71.2434 0 0
100 0.04 0.8545 1.2567 —1.2462 1.0038 x 1072 0.0217
100 0.06 0.8081 1.4973 —1.9525 1.7335 x 1072 0.0595
100 0.08 0.7883 1.8198 -3.1402 2.1562 x 1072 0.1149
100 0.1 0.7884 2.2336 —5.0970 2.1982 x 1072 0.1764
100 0.12 0.8017 2.7581 —8.3403 1.9234 x 1072 0.2277
100 0.14 0.8218 3.4251 —13.8187 1.4467 x 1072 0.2513
100 0.16 0.8431 4.2819 —23.2943 0.8472 x 1072 0.2185
100 0.18 0.8601 5.3982 —40.1006 0.0267 x 1072 0.0105
100 0.1805 0.8604 54310 —40.6736 0 0
400 0.04 0.8039 1.5810 —2.2058 1.0542 x 1072 0.0408
400 0.06 0.7964 2.1377 —4.4044 1.1507 x 1072 0.0829
400 0.08 0.8185 2.8204 —8.1458 0.8650 x 1072 0.1027
400 0.1 0.8453 3.6412 —14.3217 0.4448 x 1072 0.0825
400 0.1186 0.8632 4.5597 —23.6175 0 0

APPENDIX B: COMPARISON
WITH LITERATURE

In this Appendix, we compare some of our results from

thus 1.16/+/87 = 0.2314 and 1.15/+/8z = 0.2294, which
is consistent with our result.

Hawley and Choptuik list a number of oscillation
frequencies for the fundamental and first excited modes
in Appendix A of [9]. It is important to note that they list
what we have labeled as &/u and 7>/ in the main text. In

Sec. IV with those found in the literature. In particular,
Gleiser and Watkins [5] and Hawley and Choptuik [9] have

reported results for # =0, i.e., in the absence of self-
interactions.

We have computed the critical value ¢o(0)/mp =
0.2301 for the first excited mode with n =0 (see
Table II). This value is computed in both [5,9]. These
two papers report, respectively, 1.16 and (approximately)

1.15, but they scale ¢,(0)/mp with a factor of /8z, and

Table III, we list the results reported in [9] for the
fundamental mode and the corresponding values we have
computed. As can be seen, there is excellent agreement
between @/u and 7°/u’.

In Table IV we do the same but for the first excited mode.
We find again excellent agreement for @/u. However, we
find some discrepancy with 7?/u?, although our numbers

TABLE III. Comparison of values we have computed with those computed in [9] for the fundamental mode.

$o(0)/(mp/V8x)  y(0)/mp o/p o/p el P 91: &/p [91: 2% /4
0.06 0.01197 0.9606 1.0417 0.2307 x 1073 0.2713 x 1073 1.0417 0.28 x 1073
0.1 0.01995 0.9367 1.0727 0.5121 x 1073 0.6717 x 1073 1.0727 0.67 x 1073
0.14 0.02793 0.9144 1.1067 0.7594 x 1073 1.1112x 1073 1.1067 1.11 x 1073
0.18 0.03590 0.8939 1.1439 0.8628 x 1073 1.4132 x 1073 1.1440 1.41 x 1073
0.22 0.04388 0.8749 1.1849 0.7162 x 1073 1.3135 x 1073 1.1849 1.31 x 1073
0.26 0.05186 0.8576 1.2299 0.2151 x 1073 0.4424 x 1073 1.2299 0.45 x 1073
0.27 0.05386 0.8535 1.2419 0.2217 x 107* 0.0469 x 1073 1.2419 0.05 x 1073
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TABLE IV. Comparison of values we have computed with those computed in [9] for the first excited mode.

¢0(0)/(mp/V/8x) $0(0)/mp o/u o/u e bl [9]: &/ [91: 22/p
0.6 0.1197 0.7715 1.8777 0.03401 0.2015 1.8777 0.22
0.7 0.1396 0.7676 2.2230 0.03570 0.2994 2.2230 0.32
0.8 0.1596 0.7740 2.6963 0.03387 0.4110 2.6963 0.43

0.9 0.1795 0.7899 3.3536 0.02857 0.5150 3.3536 0.53

1 0.1995 0.8123 4.2714 0.02053 0.5676 4.2714 0.54

1.1 0.2194 0.8351 5.5470 0.009283 0.4096 5.5471 0.42
1.12 0.2234 0.8390 5.8554 0.006222 0.3031 5.8555 0.305
1.14 0.2274 0.8425 6.1841 0.002705 0.1457 6.1842 0.146
1.15 0.2294 0.8442 6.3566 0.000746 0.04233 6.3566 0.0430
are mostly within the reported error for theirs (which is 42 10710 eV

in the final digit). Although our numbers are mostly M = 1.3360 (T) M/ (m}/p)] M) (C1)

consistent with theirs, there are two reasons why we
believe our numbers to be more accurate. The first is that
we compute both @ and {; to near machine-precision
accuracy, with {; computed to this accuracy for each value
of 77 that is tried in the shooting method. 7 is then
computed to an accuracy greater than listed in the tables.
The second reason is that we have confirmed the accuracy
of our numerical method for computing frequencies by
comparing values to dynamical solutions, as explained
in Sec. V.

APPENDIX C: UNITS

Figures 1-5 and Tables -1V presented results in terms of
dimensionless quantities. The benefit in doing this is that
the results are valid for an arbitrary scalar field mass, 4, and
u does not have to be specified. In this Appendix, we list a
few astrophysical-friendly unit conversions, which do
require specification of pu.

The boson star mass was given in terms of M/(m3%/u).
To convert this to solar masses (M),

The boson star radius was given in terms of pRys. To
convert this to kilometers (km),

Ros — 1.9732 (@) (4Ros) [km].  (C2)

The oscillation frequency was given in terms of w/u. To
convert this to kilohertz (kHz),

w= 151.93( s (C3)

m) (o/u) [kHz].
Similarly, the squared radial oscillation frequency was
given in terms of y?/u?. To convert this to squared kilohertz
(kHz?),

2= 23083 — K
“ (10—10 eV

)Zoﬁ/;ﬂ) KHZ)  (C4)

[1] D.J. Kaup, Klein-Gordon Geon, Phys. Rev. 172, 1331
(1968).

[2] R. Ruffini and S. Bonazzola, Systems of selfgravitating
particles in general relativity and the concept of an equation
of state, Phys. Rev. 187, 1767 (1969).

[3] M. Gleiser, Stability of boson stars, Phys. Rev. D 38, 2376
(1988); Erratum, Phys. Rev. D39, 1257 (1989).

[4] P. Jetzer, Dynamical instability of bosonic stellar configu-
rations, Nucl. Phys. B316, 411 (1989).

[5] M. Gleiser and R. Watkins, Gravitational stability of scalar
matter, Nucl. Phys. B319, 733 (1989).

[6] T.D. Lee and Y. Pang, Stability of mini-boson stars, Nucl.
Phys. B315, 477 (1989); B315, 477 (1989).

[7] E.Seidel and W.-M. Suen, Dynamical evolution of boson stars.
1. Perturbing the ground state, Phys. Rev. D 42, 384 (1990).

[8] J. Balakrishna, E. Seidel, and W.-M. Suen, Dynamical
evolution of boson stars. 2. Excited states and selfinteracting
fields, Phys. Rev. D 58, 104004 (1998).

[9] S. H. Hawley and M. W. Choptuik, Boson stars driven to the
brink of black hole formation, Phys. Rev. D 62, 104024
(2000).

[10] P. Jetzer, Boson stars, Phys. Rep. 220, 163 (1992).

[11] E E. Schunck and E. W. Mielke, General relativistic boson
stars, Classical Quant. Grav. 20, R301 (2003).

[12] S.L. Liebling and C. Palenzuela, Dynamical boson stars,
Living Rev. Relativity 15, 6 (2012).

123003-12


https://doi.org/10.1103/PhysRev.172.1331
https://doi.org/10.1103/PhysRev.172.1331
https://doi.org/10.1103/PhysRev.187.1767
https://doi.org/10.1103/PhysRevD.38.2376
https://doi.org/10.1103/PhysRevD.38.2376
https://doi.org/10.1103/PhysRevD.39.1257
https://doi.org/10.1016/0550-3213(89)90038-2
https://doi.org/10.1016/0550-3213(89)90627-5
https://doi.org/10.1016/0550-3213(89)90365-9
https://doi.org/10.1016/0550-3213(89)90365-9
https://doi.org/10.1016/0550-3213(89)90365-9
https://doi.org/10.1103/PhysRevD.42.384
https://doi.org/10.1103/PhysRevD.58.104004
https://doi.org/10.1103/PhysRevD.62.104024
https://doi.org/10.1103/PhysRevD.62.104024
https://doi.org/10.1016/0370-1573(92)90123-H
https://doi.org/10.1088/0264-9381/20/20/201
https://doi.org/10.12942/lrr-2012-6

BOSON STARS AND THEIR RADIAL OSCILLATIONS

PHYS. REV. D 103, 123003 (2021)

[13] S. Chandrasekhar, The dynamical instability of gaseous
masses approaching the schwarzschild limit in general
relativity, Astrophys. J. 140, 417 (1964); Erratum, Astrophys.
J. 140, 1342 (1964).

[14] G. Chanmugam, Radial oscillations of zero-temperature
white dwarfs and neutron stars below nuclear densities,
Astrophys. J. 217, 799 (1977).

[15] D. Gondek, P. Haensel, and J. Zdunik, Radial pulsations and
stability of protoneutron stars, Astron. Astrophys. 325, 217
(1997).

[16] K. Kokkotas and J. Ruoff, Radial oscillations of relativistic
stars, Astron. Astrophys. 366, 565 (2001).

[17] A. Brillante and 1. N. Mishustin, Radial oscillations of
neutral and charged hybrid stars, Europhys. Lett. 105,
39001 (2014).

[18] V. Sagun, G. Panotopoulos, and I. Lopes, Asteroseismology:
Radial oscillations of neutron stars with realistic equation of
state, Phys. Rev. D 101, 063025 (2020).

[19] A.B. Henriques, A.R. Liddle, and R.G. Moorhouse,
Combined boson-fermion stars, Phys. Lett. B 233, 99
(1989).

[20] E. Sandin and P. Ciarcelluti, Effects of mirror dark matter on
neutron stars, Astropart. Phys. 32, 278 (2009).

[21] S. Leung, M. Chu, and L. Lin, Dark-matter admixed neutron
stars, Phys. Rev. D 84, 107301 (2011).

[22] G. Comer, D. Langlois, and L. M. Lin, Quasinormal modes
of general relativistic superfluid neutron stars, Phys. Rev. D
60, 104025 (1999).

[23] S. Leung, M. Chu, and L. Lin, Equilibrium structure and
radial oscillations of dark matter admixed neutron stars,
Phys. Rev. D 85, 103528 (2012).

[24] S. Valdez-Alvarado, C. Palenzuela, D. Alic, and L. A.
Urea-Lpez, Dynamical evolution of fermion-boson stars,
Phys. Rev. D 87, 084040 (2013).

[25] B. Kain, Radial oscillations and stability of multiple-fluid
compact stars, Phys. Rev. D 102, 023001 (2020).

[26] B. Kain, Dark matter admixed neutron stars, Phys. Rev. D
103, 043009 (2021).

[27] A.B. Henriques, A.R. Liddle, and R.G. Moorhouse,
Combined boson-fermion stars: Configurations and stabil-
ity, Nucl. Phys. B337, 737 (1990).

[28] A.B. Henriques, A.R. Liddle, and R.G. Moorhouse,
Stability of boson-fermion stars, Phys. Lett. B 251, 511
(1990).

[29] R. Brito, V. Cardoso, C. F. B. Macedo, H. Okawa, and C.
Palenzuela, Interaction between bosonic dark matter and
stars, Phys. Rev. D 93, 044045 (2016).

[30] S. Valdez-Alvarado, R. Becerril, and L. A. Urefia Lépez,
Fermion-boson stars with a quartic self-interaction in the
boson sector, Phys. Rev. D 102, 064038 (2020).

[31] F. Di Giovanni, S. Fakhry, N. Sanchis-Gual, J. C. Degollado,
and J. A. Font, Dynamical formation and stability of fermion-
boson stars, Phys. Rev. D 102, 084063 (2020).

[32] M. Alcubierre, J. Barranco, A. Bernal, J. C. Degollado, A.
Diez-Tejedor, M. Megevand, D. Nufiez, and O. Sarbach, On
the linear stability of /-boson stars with respect to radial
perturbations, arXiv:2103.15012.

[33] Y. Kojima, S. Yoshida, and T. Futamase, Nonradial pulsa-
tion of a boson star. 1: Formulation, Prog. Theor. Phys. 86,
401 (1991).

[34] S. Yoshida, Y. Eriguchi, and T. Futamase, Quasinormal
modes of boson stars, Phys. Rev. D 50, 6235 (1994).

[35] C.F. B. Macedo, P. Pani, V. Cardoso, and L. C. B. Crispino,
Astrophysical signatures of boson stars: Quasinormal modes
and inspiral resonances, Phys. Rev. D 88, 064046 (2013).

[36] L. Lopes and G. Panotopoulos, Radial oscillations of boson
stars made of ultralight repulsive dark matter, Nucl. Phys.
B961, 115266 (2020).

[37] S.L. Shapiro and S.A. Teukolsky, Black Holes, White
Dwarfs and Neutron Stars: The Physics of Compact Objects
(John Wiley & Sons, New York, 1983).

[38] M. Alcubierre, Introduction to 3+1 Numerical Relativity
(Oxford, Oxford, United Kingdom, 2008).

[39] T.T. Sun, Z.Y. Zheng, H. Chen, G.F. Burgio, and H.J.
Schulze, The equation of state and radial oscillations of
neutron stars, Phys. Rev. D 103, 103003 (2021).

123003-13


https://doi.org/10.1086/147938
https://doi.org/10.1086/148040
https://doi.org/10.1086/148040
https://doi.org/10.1086/155627
https://doi.org/10.1051/0004-6361:20000216
https://doi.org/10.1209/0295-5075/105/39001
https://doi.org/10.1209/0295-5075/105/39001
https://doi.org/10.1103/PhysRevD.101.063025
https://doi.org/10.1016/0370-2693(89)90623-0
https://doi.org/10.1016/0370-2693(89)90623-0
https://doi.org/10.1016/j.astropartphys.2009.09.005
https://doi.org/10.1103/PhysRevD.84.107301
https://doi.org/10.1103/PhysRevD.60.104025
https://doi.org/10.1103/PhysRevD.60.104025
https://doi.org/10.1103/PhysRevD.85.103528
https://doi.org/10.1103/PhysRevD.87.084040
https://doi.org/10.1103/PhysRevD.102.023001
https://doi.org/10.1103/PhysRevD.103.043009
https://doi.org/10.1103/PhysRevD.103.043009
https://doi.org/10.1016/0550-3213(90)90514-E
https://doi.org/10.1016/0370-2693(90)90789-9
https://doi.org/10.1016/0370-2693(90)90789-9
https://doi.org/10.1103/PhysRevD.93.044045
https://doi.org/10.1103/PhysRevD.102.064038
https://doi.org/10.1103/PhysRevD.102.084063
https://arXiv.org/abs/2103.15012
https://doi.org/10.1143/ptp/86.2.401
https://doi.org/10.1143/ptp/86.2.401
https://doi.org/10.1103/PhysRevD.50.6235
https://doi.org/10.1103/PhysRevD.88.064046
https://doi.org/10.1016/j.nuclphysb.2020.115266
https://doi.org/10.1016/j.nuclphysb.2020.115266
https://doi.org/10.1103/PhysRevD.103.103003

