PHYSICAL REVIEW D 103, 116005 (2021)

Anomalous gravitomagnetic moment and nonuniversality of the axial
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The coupling between the spin of a massive Dirac fermion and the angular momentum of the medium,
i.e. the gravitomagnetic moment, is shown here to be renormalized by QED interactions at finite
temperature. This means that the anomalous gravitomagnetic moment (AGM) does not vanish, and implies
that thermal effects can break the Einstein equivalence principle in quantum field theory, as argued
previously. We also show that the AGM causes radiative corrections to the axial current of massive
fermions induced by vorticity in quantum relativistic fluids, similarly to the previous findings for massless
fermions. The radiative QCD effects on the AGM should significantly affect the production of polarized

hadrons in heavy-ion collisions.
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I. INTRODUCTION

Recent experiments [1-3] at the Relativistic Heavy Ion
Collider (RHIC) have opened the possibility to study the
effects of vorticity and magnetic field on the production of
polarized hadrons in relativistic heavy-ion collisions; see
[4] for a recent review. The coupling between the spin and
vorticity of the quark gluon plasma [5-7] induces a
polarization of the hadrons emitted from the fluid, which
can be measured in experiments. The spin and the polari-
zation of a spin 1/2 particle, like the A hyperon, is deeply
connected to the axial current of the particle. In a rotating
medium, the coupling between the spin of a fermion and
rotation of the medium [8] also induces a thermal effect on
the axial current, known as the Axial Vortical Effect (AVE).

The AVE is a macroscopic quantum effect describing the
axial charge separation along the rotation of the fluid [9-11].
In the case of a system composed of massless fermions, one
can give a simple intuitive picture of the phenomenon.
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Indeed, as a result of the coupling between the fermions’
spin and the rotation of the medium, the spins of the fermions
are preferably aligned along the angular momentum vector of
the medium. Then, since for massless fermions chirality
coincides with helicity (note that for antifermions, chirality
and helicity are opposite), most of the right-handed particles
will move along the direction of the vorticity (pseudo)vector,
while most of the left-handed particles will move in the
opposite direction. This flow causes the net separation
between the right- and left-handed particles that we refer
to as the AVE. Since the AVE is driven by spin-rotation
coupling, it can be realized even in a global thermal
equilibrium, where the expectation value of the axial current
is given by [12]

N "
(Ja) = naut + WA—,
T
where n,4 is the density of axial charge, u is the fluid velocity,
w is the vorticity of the medium, and 7 is the temperature. For
free massless fermions the AVE conductivity WA is found to
be [8-10]
T 242
WA=+~ AT,
6 + 272
where p is the vector chemical potential and y4 is the axial
chemical potential.
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The AVE shares many similarities with other nondissi-
pative macroscopic quantum effects, such as the Chiral
Magnetic Effect (CME) [6,13,14] and the Chiral Vortical
Effect (CVE) [15,16]. However, even though both CME
and CVE originate from the chiral anomaly [17], the link
between AVE and anomalies is still under discussion; see
[12,18-27]. First, both the axial current and the vorticity are
axial vectors, and therefore AVE does not require parity
breaking. Second, the AVE conductivity is not protected
against radiative corrections: explicit calculations in mass-
less quantum electrodynamics (QED) and quantum
chromodynamics (QCD) show that AVE conductivity is
renormalized by interactions [28,29].

This correction only affects the finite-temperature part of
the AVE conductivity, while the parts proportional to the
axial chemical potential and the vector chemical potential
are unaltered by interactions. Indeed, at second order in
QED coupling constant e, the AVE conductivity for a
massless fermion is given by [28,29]

1 e?
wA =~ .
<6 + 247r2>

This correction is given solely by the diagram in Fig. 1.
Higher order corrections are nonvanishing only if they are
given by diagrams in which the axial current is inserted
through the anomalous triangle subdiagram [29].

The radiative corrections to AVE in QED can be
interpreted as driven by the interaction of a graviton with
the photon cloud surrounding the fermion. Indeed, we may
understand the coupling between the chirality of fermions
and rotation of the medium induced by this diagram as
follows. Suppose the lower fermion line inside the loop in
Fig. 1 has a right chirality. Then it couples more effectively
to photons having a polarization parallel to the fermion
spin. Following the loop in the figure, those photons then
interact with the rotation of the medium (represented by the
insertion of stress-energy tensor in the diagram) forcing
their polarization to rotate—so when they couple to the
fermion in the loop again, they can induce the chirality flip
of the fermion, and transform it into a left-handed one. Note
that this requires the presence of photons in the rotating

FIG. 1. The Feynman diagram describing the radiative correc-
tions to AVE conductivity. Red and blue lines represent right and
left chiralities of the fermions, and the green arrows represent the
photon polarization.

fluid, which in thermal equilibrium implies a finite temper-
ature. At zero temperature, the photon cloud is part of the
coherent state of a charged fermion, and thus rotates
together with it. At finite temperature, the thermal bath
possesses its own photons, and mixing between these
photons and the photons that form the coherent cloud of
the fermion can cause the rotation of the fermion’s
polarization.

In analogy with the magnetic moment, the quantity that
describes the coupling of a fermion’s spin to rotation is a
gravitomagnetic moment. The picture discussed above thus
suggests that we can describe the radiative correction to this
quantity as an Anomalous Gravitomagnetic Moment
(AGM), as Fig. 1 is analogous to the diagram describing
the anomalous magnetic moment in QED. In this work we
validate the connection between the AGM and the radiative
corrections to the AVE for the case of a massive fermion.
We show that the gravitomagnetic moment of a massive
fermion in thermal equilibrium is indeed anomalous, and
that the radiative corrections to the AVE in the low
temperature regime are due to the gravitomagnetic moment.

The emergence of the AGM may seem surprising, as the
Einstein equivalence principle forbids the appearance of an
anomalous spin-rotation coupling [30,31]. In the language
of quantum field theory, the equivalence principle is
translated into the Lorentz invariance of the local coupling
of gravitational fields to the stress-energy tensor [32]. This
is why the presence of an AGM is excluded for both
elementary [32] and composite [31,33] particles. However,
an explicit renormalization of stress-energy tensor for
massive QED at finite temperature has demonstrated that
the effects of temperature break the weak equivalence
principle (i.e., gravitational and inertial mass are no longer
equivalent) [34,35]. The equivalence principle violation can
be ascribed to the fact that a finite temperature breaks the
Lorentz invariance of the vacuum and that, in the presence
of a thermal bath, one can genuinely discern if the system is
under acceleration or under the effect of a gravitational field
by making measurements in reference to the thermal bath.
Thus, we can expect, and indeed have found, the emer-
gence of the AGM at finite temperature.

This paper is organized as follows. In Sec. II we evaluate
the AVE conductivity in the low temperature regime for a
nonrelativistic particle and show that the radiative correc-
tions to this conductivity can be quantitatively derived from
the anomalous gravitomagnetic moment. In Sec. III we
introduce the gravitomagnetic moment of a Dirac fermion
and evaluate the radiative correction to it at one-loop level
in finite temperature QED. In Sec. IV we use the scattering
theory in linearized gravity to obtain a formula which
connects the gravitomagnetic moment to the matrix ele-
ments of the stress-energy tensor. A summary and a
discussion of the results are given in Sec. V. The details
on the renormalization of the stress-energy tensor at finite
temperature and the evaluation of the related Feynman
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diagrams are given, respectively, in Appendix C and
Appendix D. In Appendix A we review how finite temper-
ature effects lead to a difference between inertial and
gravitational mass.

II. RADIATIVE CORRECTIONS TO THE AXIAL
VORTICAL EFFECT FOR A MASSIVE FIELD

In this section we evaluate the radiative corrections to the
axial vortical effect (AVE) conductivity W4 for a massive
Dirac field in a low temperature regime. We obtain the AVE
conductivity starting from the corresponding Kubo formula
that involves the thermal correlator between the stress-
energy tensor and the axial current operators. As any
quantum operator can be written in terms of its matrix
elements by expanding it in multiparticle states [36], it then
follows that the AVE conductivity can be obtained by
considering the radiative corrections to the following
matrix elements:

(p'.s'|T"(0) (', s'174(0)

p.s), p:5),
where 7% is the stress-energy tensor, J, is the axial current,
and |p, s) is the state representing a single fermion with
momentum p and spin s. The main strategy we adopt to
evaluate the radiative corrections of W* is to include the
effects of the interactions by renormalizing the matrix
elements above using finite temperature QED. After
renormalization, the formula for the AVE conductivity is
formally identical to the one in the free field case, the only
difference being the values of the renormalized matrix
elements. In particular, the thermal correlator will act solely
on the fermionic creation and annihilation operators and
can be readily written down. An equivalent approach to
evaluating statistical averages is described in the textbook
[37], where the density matrix is written in terms of its “in-
picture” matrix elements. In this section we derive the
conductivity W4, while the renormalization of the matrix
elements is performed in Appendix C.

The AVE conductivity W4 for a massive Dirac field is
given by the thermal correlator between the axial current
|

and the total angular momentum of the system and can be
written as [25]

WA — 2/[}%/d3xx1<TO2(—iT,X)}i(o»ﬁc’ (1)
0

where the symbol (---); denotes thermal averages per-
formed in the rest frame of thermal bath u = (1, 0) with the
familiar homogeneous global equilibrium density operator
in the grand-canonical ensemble

1 .
p = expl-p(x) - Pl

where P* is the total four-momentum of the system. The
subscript ¢ on the thermal average in (1) denotes the
connected part of the correlator, that is, for the simplest case
of two operators:

<0102>c = <0102> - <01><02>~

As mentioned in the beginning of this section, the stress-
energy tensor can be decomposed in the multiparticle
Hilbert space basis and can be written as a combination
of creation and annihilation operators. We thus denote with
4 and lAJI the creation operators of, respectively, the particle
and antiparticle state of Dirac field with momentum p and
spin 7, covariantly normalized as:

where &, = \/q* + m?. The spinors for particle u,(q) and
for antiparticle v,(g) are normalized as

ui(q)u‘r/(q) 7> UI (q)vf(q) = 57:1'"
Furthermore, taking advantage of the fact that 7% is an

additive operator, it is uniquely determined by [36]:

P00 = (e D [ O [ @) M e
G 2 [ & [ @aal@)blae a0 daprelady
+(271T)3;/d3ql/dsqéi’(q,)&T(Q)ei(“q/)'xT/ (‘]/)AMZZ;(%CI/)ABMT(Q)B
* (2711)3 — /d3q,/d3qgi’(q,)z’r(‘1)e_l(q_q/)XT_)T’(Q/)AM'?—(‘L ) ap0e(@) 5 + Thnoons (¥) (2)
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where Tthom( ) contains only terms in the creation and annihilation operators for the photons, the sum over the spinor
indices A and B is intended, and the matrices M are inferred from the following stress-energy tensor matrix elements:

i (¢ )M, (4. 4 )ue(q) = (0lag (¢) T (0)az(9)|0) = (g’ 7' |T*(0)]g. 7).
i ()M (q.4')v:(q) = (0lae (¢)T*(0)bi(q)|0) = (¢'. 77" (0)]q. 7).
o0 ()M, (4. 9" )u-(q) = (0b2(¢')T"(0)az(9)|0) = {¢".7[T"(0)|g.7),
0o ()M (q. ') v:(q) = (0102 (') T (0)b1(¢)|0) = (¢, 7'|T(0)]g. 7). (3)
In the same way the axial current }’:‘ = ¥y*y ¥ can be decomposed into
S I &7
=3 [ o s B0 Kt ()0 )
+ i (k) A (ks K)oy 0 (K) @ (K) b () + B () y AL (ks Kyt (K) S (Kt (K)
+ B (k) A" (K K) v () B (K)o ()] (4)
|
where products of two-operator thermal expectation values as
follows:
iy (KA (K, K ug(k) = (0]ay (K')74(0)as(k)|0)
= (K,d|j4(0)|k, o), (5) (alax03ay) = (alaralas) — (ajas)(alas)
il
1

and similarly for the others as in (3). Notice that the pure
photon contribution to stress-energy tensor does not affect
the AVE conductivity. Indeed, the thermal correlator in (1)

for Tty ...«(x) would result in a combination of thermal
averages between one photonic and one fermionic operator
which are vanishing. Furthermore, the Dirac equation and
the Poincaré symmetry constrain the matrix elements (5) to

take the form:

Azlsz(k k/) Flsqllvz((k/ - k)z)yﬂys
w — ky
sre - Eo s g
with sy, s, = & and where F4L (0) = 1.

For the sake of clarity we illustrate the calculation only
for the particle part, which we denote with W£,. That is we
consider only the terms of (2) and (4) which contain exactly
one particle creation operator &' and one particle annihi-
lation operator a. The contribution from the other terms are
obtained in a similar fashion and will be added at the end.
We can proceed in the calculation by plugging the
expressions (2) and (4) in the formula (1). Then the
conductivity W%, involves the thermal expectation values
between four creation and annihilation operators, which
can be reduced by the thermal Wick theorem to the

The two-operator thermal expectation values for Dirac
fields with the homogeneous grand-canonical ensemble
operator p are given by:

(at(kK)ag(q)) gy = 6208 (k — @)ng(er),
(a0 (Kl (q)) gy = 8206° (K — ') (1 = np(ep)).
(Ei(k l;rr(Q»/)’( )y = 5m53(k q)ng (&),
(be ()b}, (4))p) = 6008 (K =) (1 = np(er)),  (7)

where other combination are vanishing and np. is the Fermi-
Dirac distribution function

1

np(er) = W-

After simple calculation, by using the (7) and the identity

_Ktm

bl
28p

Ql

the particle part of the AVE conductivity is
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2 sdr &k [ K
WA — hid d3xz/ / 1l ei(k=k")x o=(ko'—ko)7
a (271)6A ﬂ/ < | 2¢; 2€k’

x M(ﬁ k. k) gt (K) gty (k) AL (K. K)oty (K) iy (K') ame (£10) (1 = mp(e))

/ﬂdf/ /d3k/d3k/ 1 (k —Kk')x _(kO —ko)z
(27)° 2e, ) 2ep

o Ar[M2, (kK ) (F -+ m)AS (1 -+ m)lne(e) (1 = ().

Since the matrix elements M‘lﬂ(k k') can always be simplified such that they contain just one gamma matrix, when
plugging the form (6) of A3, we realize that only the first form factor F4!. can contribute to the trace. It is now
straightforward to integrate over the coordinates by using

/ Baxlel K% = j(27)3 8%53(1( — k),

where k, is the first component of the spatial momentum k. Thanks to the delta function, the result

A 2i ¢k (&K 0 3 02 / 5 Al (1) 2
Wha = [ | o i ® (K = KM (6 )+ )7 ()1 = () AL (K =)
is easily integrated in k'
A ;1 ﬂ4 1— 0 w M2 / 3,5
Wha = g | o 40 = nelen) g I b e et | 8)

Repeating the same steps described above for all the other terms in (2) and in (4) and including a chemical potential 4 we

eventually obtain
£ dz ¢k [0
_2. >y A N3 _S k7 k/9 ) 9
IA ﬁ/(2ﬂ>3 [8]‘; ( T)]k’k ©)

with

Tsl,sz (Ekv Exs k, k/)

e—(slsk—szskr)f
48/(8](’

Stk Kor) = 37 FL (K =4)

S1,80=
X (65,4 — np(ex — s11)) (05, - — np(ey — sp)),
TS],SZ (Ek’ gk/’ k’ k/) = [M81257 (k’ k/)(k + m)}/3}/5 (k/ + m)]kOZS]Sk’ké)ZSZ‘E‘]J *

Before moving on, it is important to check that the proposed method reproduces the known result for the AVE
conductivity in the noninteracting case. For a free theory the matrices M*’, and the form factor F ili defined in (3) and in (6)
do not depend on the signs s; and s, and they are all simply given by

Y 1
Miiee(a:4') = 7 ["(@" + ") +7(¢" +9")]. Fhee((K =k)*) = 1.

Not surprisingly, plugging these forms in (9) we reproduce the same formula found in [25] for the AVE conductivity of a
free massive Dirac field. Working out the expression (9) for a free field we eventually get

_ 72 e 2
k=B e ) e 1) = LT e =)+ e+

3ﬂ
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After integrating by parts we obtain the well-known result:

1 e+ k?
WA = 2”2ﬂ/dk kgk [nF(’Sk _ﬂ) +nF(£k +/’l)]

A. Nonrelativistic limit

We now proceed to evaluate the radiative correction to the axial vortical effect (AVE) for a nonrelativistic particle at low
temperatures 7 << m. In this regime the relevant contribution to the AVE conductivity is given by the particle contribution in
Eq. (8), while the other terms in (9) are subleading. We start evaluating the formula (8) by expanding the derivative as:

i1 [d% FAL(0 9 ,
Wir = Wi, = (2”)35/;4(1 —np (& —M)){L()VLF(&( — 1) |:WT++(k’k):|

€k K=k
+ Ty (k. k) ai; [m((j—;_w np(ey = ﬂ)} k’_k},
where the subscript LT stands for low temperature and
Toi (k. K) = tw[MP (k. K) (K + m)r’y’ (F+ m)]. (10)

Taking advantage of Dirac equation in (3) we see that the matrix element M can always be written as
MP, (k, k') 45 = M2, (k,k'),7%5- Then the trace reads

T, (kK) = M2, (k) K+ m)PrS (0 + m)] = —4MP, (k,K) ek K,

from which we see that T, (k, k') is vanishing when k' = k. Also, reminding that F4! (0) = 1, the AVE conductivity
becomes

i 1 [d%k 0
WﬁT = —(2ﬂ)3§/?4(1 —np(ex —p))np(ep —p) {87 T (k, k/)}
k X

i 1 [d% 0
- _4 I _ _T /
<2n>38ﬁ/ & 4 (e =) [ak; rellk )L/k’

k'=k

where we used the identity

0
(1 = nplex — w))nlex — ) = —%a—ekmek —u) = —%nﬂek ).

To evaluate the trace, we notice (see Appendix B) that only the following form factors of M bring a nonvanishing
contribution to 7, (k, k'):

M sevan (ks k') = Ip, (P, q) (7" P* + 7" P*) 4+ 1, (P, q)(y"u* + 1 u")
+ Ipy(P. )V PY + TP P) + 1, (P, )V("u? + TP ur), (11)

where u is the thermal bath velocity, P = k+ k', ¢ = k' — k and
W= U, P g, (12)

The explicit values of the form factors will be evaluated in Appendix C and the final results are reported in (21) for g = 0
and in the nonrelativistic limit of P. In the rest frame of thermal bath, where the formula (8) is evaluated, the matrix elements
(11) read
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M (k, K )gess = 1p, (P ) (/" P* + 7" P*) + 1, (P, q) (18" + 7" ")
+1p (P, @)U P + P P*) + 1y (P, ) (15" + 1'6").

First, consider the term in /p, (P, g). The calculation is the same as the free case except for the form factor. The trace reads:
Tp, (k. K') = Ip,(P.q) ] (ky + ky) + 13 (ex + ex))(—41)e" ¥ k, ki,
whose derivative is

0

o Tp, (k. k)i = 2Ip,(P.q = 0)(n3k, + nie) (=41)e™ ¥ Ky,

= —8ilp,(P,q = 0)(—eP2'k} + €¥%¢?) = =8ilp,(P,q = 0)(e} + k).

Then this term of matrix elements contributes to the low temperature AVE conductivity as

& + k3
Wi, = - 3ﬂ/d KL, (P.g = 0) 25 0 e — )
gk
el +k*/3
L [ onan, (P g =0) 2 e ),
(2ﬂ)3ﬁ/ ’ €

Since the form factor only depends on the spatial modulus of P we can integrate by parts:

el +k? k*/3
dk |41 = ()% +41,,(P,g=0 k27
2ﬂ/ |: Py ) € Py( q ) gk
aIP (Pa q= O) k4
Y LA A —u).
+ D¢, 3 np(ex — u)

At low temperature the second term is subleading compared to the first and we can approximate the coefficient as

1 er + k? Olp,(P,q=0) K
WA = dk |41, (P, 0) % 4 K+ —u). 13
Py T o 2ﬁ/ { py(P.q=0) o + e, ( 3€k>:|nF(8k 1) (13)

Explicit calculations reveal that the other terms of (11) when plugged into (8) give contributions of the same form as (13)
but with a different form factor. To illustrate this we show that the other terms of (11) when traced in (10) give the same
result as the first term; hence M** can be effectively by written as proportional to (y#P* + y*P*). Firstly, since the form
factors must be evaluated for ¢ going to zero and then integrated over k, from Eq. (12) we see that the matrix elements of
(11) proportional to / are effectively given by

M (kK )ege = Ip, (P, q) (7" P* + 7" P¥) + 1, (P. q) (78" + 8"
+=Ip(P.q) (PP + 7" P") = Ly(P. q) (13" + 7).

Secondly, in the rest frame of thermal bath where wp = P - u = P° we can write the form factors /,, (P, ¢) and I,,(P, ) as

1, (P,
M, (k. K g = Ip, (P, q) (7" P* +y"P*) + WEUPQ) (780 + y* 80\ P,
1,(P.
+ _IPI(Pv q)(yﬂpv + }/”P") — % (},/45110 + 7/”5”0)})0
P

Lastly, one can explicitly check that the contribution from (y#5*° + y*8*0)P, is the same as (y*P* + y*P*) in the low
temperature limit and the effective matrix element is
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1,(P.q) 1,(P.q)
MH (kK )gge = |1p, (P.q) +——— —Ip(P.q) =~
wp @p
X (y'P¥+yP")
P’
299(4 Q) (yMPy+}/yPM)'

As we will show in the next sections, the quantity gq
defined from the form factors of the stress-energy tensor
above is the gravitomagnetic moment of a fermion. At finite
temperature the interactions renormalize the angular
momentum of the system and the spin-orbit coupling of
the fermion, described by gqo, can be different from 1.
Following the steps described above, it is now clear that the
AVE conductivity at low temperature is given by

2 k2 k4
Wi =3 [ 0¥]ate0 5+ ) (10455 |

& 37
X np(ex = p). (14)

Equation (14) connects the radiative corrections to the AVE
to the anomalous gravitomagnetic moment. If the grav-
itomagnetic moment is not anomalous, i.e., gg = 1, then
the AVE conductivity (14) remains the one of a free-field,
and radiative corrections are not present. On the other hand,
if the gravitomagnetic moment is affected by interactions,
the radiative corrections to the AVE can be obtained from
the formula above. Let us stress that the Eq. (14) holds
in the large mass limit, where we can factorize long- and
short-distance contributions. The effects of interactions
above some energy scale (short distances) are contained
in the form factors, which we renormalize at finite temper-
ature, and result in the gravitomagnetic moment. The low
energy contributions (large distance) are collected into the
thermal averages of one-particle states, which correspond
to an expansion in 7/m. We furthermore considered a
nonrelativistic particle, such that the contribution coming
from the antiparticle thermal distribution ng (e + u) is
exponentially suppressed compared to the particle one
ng(ey —u). In the following sections we show that the
gravitomagnetic moment at finite temperature is anomalous
and we evaluate the first QED radiative correction.

To conclude this section we estimate the integral in
Eq. (14). At low temperature the leading contribution is
obtained by setting

go(&x) = go = ll(iil})gg(*?k), goler) = 0.

At 1-loop in thermal QED we found (see next Section) that
for T <« m the anomalous gravitomagnetic moment is

- 1 €272
e 6 m

where e is the QED coupling constant. The radiative
correction to the AVE then reads

1 1e*T? ez+k2
_anﬂg m2 /dk € ”F(é’k—ﬂ)

1e*T? "
=" w
6 mz free*

AWﬁT ~

Replacing the nonrelativistic low temperature limit of the
axial vortical effect conductivity [25] we finally obtain

1 e2T? (mT)>3/?

—— e-(m-/l)/T_
6 m \/5713/2

AWéT ~—

III. GRAVITOMAGNETIC MOMENT

In this section we introduce the gravitomagnetic moment
and present the result for the Anomalous Gravitomagnetic
Moment (AGM) in finite temperature QED. The AGM can
be easily understood in analogy to the anomalous magnetic
moment. The Dirac equation in an external magnetic field
and in the presence of rotation can be written using rotating
coordinates and takes the form

[i7”<Dﬂ + F}l) - m]’l/ =0,

with the covariant derivative D, = 0, —ieA,, the spin
connection I'y = —jw,;;6" and 67 =3[y',y/]. Setting
the magnetic field B and the rotation Q along the z axis
we find

iy*D, + 1y°Q(y0, — x0, — ic'?) — mly
= [iy"D, +°Q(L. + S.) — my = 0.

Acting on this equation with (iy*(D,+1T,) +m) we
obtain the second order Dirac equation

[0? = V2 —eB(L +2S) — Q(L +8S) + m?jy = 0.

The quantity which couples the magnetic field to the spin S
is called the magnetic moment gz, while the quantity gq
that couples the rotation to the spin is the gravitomagnetic
moment. Therefore, Dirac equation alone predicts that the
spin couples to the magnetic moment and rotation with
9 =2, go = 1.

This is exactly what we expect for Dirac particles, as
discussed in [38—40]; spin-rotation coupling has been
reviewed in [41,42].

However, one of the most precise predictions of QED is
that the magnetic moment of fermions is anomalous, i.e.,
the value given by the Dirac equation receives radiative
corrections. The anomalous magnetic moment can be
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found using scattering theory in QED in the nonrelativistic
limit. Interactions with magnetic field are described by the
Lagrangian £ = J*A,, therefore radiative corrections to
magnetic moment are obtained by evaluating the matrix
element of the electromagnetic current, which can be
written as:

o q,

L lr ) + Fa(a?) )

where |p, s) denotes a state with a fermion of momentum p
and polarization s, u(p, s) denotes the Dirac spinor and we
defined the momenta P = p’ + p and ¢ = p' — p; Fy, F,
are the form factors. At first order in the transferred
momentum ¢ the matrix element is

(p'.s'"[7#(0)[p.s)

) P igig
- u(p’,s’){%-k—zm .

The form factor F,(0) gives directly the anomalous
magnetic moment, which was first evaluated by
Schwinger [43] at order a = e?/4x from the vertex
correction. He obtained the famous result'

m+a@@wnw+afy

gg — 2 a
=F,(0) =—.

ap =

Following a similar argument using scattering theory
(as explained in detail in Sec. IV), we can relate the
gravitomagnetic moment and its radiative corrections to
the matrix elements of the stress-energy tensor. In the weak
gravitational field limit, the gravitational coupling is
described to ﬁrst order in the gravitational field by the
Lagrangian £ = 3 hWT’”’ where & are small deviations from
Minkowski space-time g, = 1,,, + h,,,, and everything else
is happening in flat space-time. The rotation of the medium
is contained inside /2 and to see the effects of interactions we
must consider the matrix element of the stress-energy tensor
(p',s'|T"(0)|p, s). If we perform this calculation at zero
temperature (see Sec. IV B for the details) we realize that
there are no modifications to spin coupling as dictated by the
Einstein equivalence principle [32].

We are now interested in finite temperature effects;
therefore we consider a Dirac fermion in thermal equilib-
rium with the medium. It is possible to use a manifestly
Lorentz covariant form of thermal field theory to write the
matrix elements of stress-energy tensor if we also take into

' Apart from the higher order corrections, the finite temperature
effects also give contribution to the anomalous magnetic moment;
see for instance [44,45].

account the thermal bath velocity u [46]. We are then using
the S-matrix elements in the QED thermal theory for a
nonrelativistic fermion. Since the rotation of the medium is
taken in reference to the rest frame of the thermal bath, the
S-matrix elements between incoming and outgoing fermion
states of momenta p and p’ impose the conservation
equation p - u = p’ - u or equivalently g - u = 0. To detect
AGM, it is then convenient to move into the rest frame of
the medium u = (1,0), which implies

qOZOﬂ pO_pO_\/m P2+q /4’ |p/‘:‘p|

In a generic frame, we take advantage of orthogonality
relation ¢ - P = 0 and introduce wp = P - u, so that we can
define a spacelike four-vector P orthogonal to u, and a
scalar Pg:

Pﬂ = (1 — w,u,)P* = P, — wpu,,
To close the tetrad, we define the spacelike unit four-vector

1 orthogonal to u, P and ¢ (it is also orthogonal to P):

I

— P, P T
I = e""u,P,q,. H = 2k

Note that P- g =0 and ¢ - u = 0 also hold true, meaning
that the tetrad {u, P, g, ?} is an orthogonal non-normalized
basis. Using scattering theory (see Sec. IV B), the grav-
itomagnetic moment is obtained by

go = lim4 <Ipy(P, q) +

Pg—0

1,,(P, 1,(P,
uy( Q) _ IPl(Pv q) _ ul( q)) .
@p @p

(15)

where the functions are the following form factors of the
stress-energy tensor matrix element:

(p'.s'|T,,(0)|p.s)=u(p'.s"){Ip,(P.q)(P,y,+ P.y,)
+1,(P.q)(u,y, +uy,)
+1p(P.)I(P,1,+P,1,)

+ 1 (P ) (w1, +u,l,) +u(p.s)
+0(¢%). (16)

Notice that in writing Eq. (16) we have tacitly chosen to
decompose the matrix element with terms that do not
contain more than one gamma matrix. At zero temperature
the decomposition (16) reads:
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(. s'IT,u(0)p. s)
— 5 N
= M(p ,S) IPy(q )P(;ﬂ/u) +IPP(q ) m u(p“g)

+ O(g?). (17)

However, there is a certain freedom in the choice of the
form factors of the stress-energy tensor stemming from the
Gordon identity:

PH o jgh
a(p',s" )y u(p,s) =ua(p'.s") [— 4Lt

2m 2m

Jutp9). 9

Different forms of this decomposition are used in the
literature; for instance in [30] the decomposition is writ-
ten as:

(P'.s'|T,,(0)|p.s)
=a(p'.s') | f1(q?)

+0(q%). (19)

pP,P 16(,,9%P
o fa(g?)

m o u(p.s)

while in [31] the following decomposition is chosen:

(p.s'[T,(0)[p.s)
160,aq" P,
= (0, )| A@)rPy + Bla?) e u(p,s)
+ O(qg?). (20)

By using the Gordon identity (18) it is straightforward to
show that the form factors in Eqs. (17), (19) and (20) are
related to each other by:

Ip,(q%) = A(¢*) + B(¢*) = f2(q?).
Ipp(q*) = =B(q*) = f1(4*) — f2(q?).

The presence of a finite temperature allows the introduction
of additional form factors, which are also not uniquely
defined. However the argument presented in Sec. IV B
allows to unambiguously identify the gravitomagnetic
moment once a consistent choice of the decomposition
is made; in particular the decomposition in Eq. (16) results
in the gravitomagnetic moment in Eq. (15).

In Appendix C we evaluate the form factors in (16) by
renormalizing the stress-energy tensor in finite temperature
QED. The full result at one-loop and at first order in ¢ is
reported in Appendix C 3. In the limits ¢ — 0 and P, — 0,
the thermal contributions to the form factors are

I . 10+39HT62T2'
Pr— 72 4m?’
L, 1T
a)P_ 94m2,

2—9HT62T2
Ip = 55

72  4m

I 2 + Oy €2T2
fu_ _ZE el (21)
wp 18 4m

where we introduced the function Oyt

g = 0 T<m
U701 T>sm’

which turns on the high temperature contributions. It is now
straightforward to compute the AGM from the relation (15)
which gives

—%e;@z T<m
=1 L (@)

T>m,m> el

It should also be taken into account that in order to define
one-particle states and the form factors of the stress-energy
tensor, the mass of the particle must be larger than eT.
Then, the high temperature limit can only be taken in the
weak coupling limit. The presence of an anomalous
gravitomagnetic moment is to be ascribed to the violation
of Einstein equivalence principle. At finite temperature the
vacuum is not Lorentz invariant. On the contrary, we can
always distinguish a preferred reference frame, which is the
one where the thermal bath is at rest. This means that we
can distinguish between acceleration and the genuine
effects of gravity. Similar thermal effects in QED affect
the values of inertial and gravitational mass of a Dirac
fermion providing an explicit breaking of the weak equiv-
alence principle [34,35,47-49]; see Appendix A for details.

IV. GRAVITOMAGNETIC MOMENT IN
LINEARIZED GRAVITY

In this section we identify the gravitomagnetic moment
of a fermion using the scattering theory in linearized
gravity. The fermion interacts with an external gravitational
field g, = + hlgy, through the linearized Hamiltonian

1 o
Hi[lt = E/deTﬂl/h’éxt'

The corresponding scattering amplitude is
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A=-i(27)6(p-u—p'-u)

X—

Z (PI)Z (p’)%u/’,(p/)Mﬂv(p’Pl)u/}(p)h/é’;t(p/_p),

where Z, is the wave-function renormalization constant. To
study the effect of rotation, we then just have to use the
proper metric accounting for rotation. Using the linear
approximation of gravitoelectromagnetism [41], the metric
can be written in terms of a gravitational gauge potential
Ay = (2¢,.A,). Let hy,, be the perturbation of metric
G = Nw + hys we then define hy,, = h,, —5n,,he.
This definition is related to the gravitation gauge poten-
tial by h% =4¢, and h% =2Al. For the case of
rotation around an axis, we have h% =0 and therefore
hy,, = 1_1”,, and ¢, = 0. The only nonvanishing components
of metric perturbation are h% = 2(2¢,,A,). We can also
define a gravitomagnetic field via B = e*VIAf,
or in terms of Fourier transform B} = —ie"*g/A%(q).
Gravitoelectromagnetism is particularly well suited for
describing a pure rotation. For instance, consider a constant
rotation around the z axis. In rotating cartesian coordinates,
the deviation from flat space-time is

(2 +yHQ? yQ —xQ 0
yQ 0O 0 0
hy, =

—xQ 0 0O O
0 0 0O O

0 yQ —xQ 0

Q@ 0 0 0

~ +0(Q%). (23)

-xQ 0 0 0
0 0 0 0

For the metric in Eq. (23), we simply have B, = €. For our
system at thermal equilibrium, the rotation is taken in
reference to the thermal bath velocity u and the metric
deviation is therefore given by h** = 2utA” + 2u”A*. With
this metric, the scattering amplitude is

A=-i(27)6(p-u—p-u)

2 u ! / WAV (! _
Xmuﬂ(P)Mw(p,p)uﬁ(mu A(p' = p).

(24)

To identify the gravitomagnetic moment gq of the fermion,
we then compare the previous amplitude to the one obtained
from the potential containing the spin-rotation coupling:

V==, B, =—goS Q.

This potential, in the nonrelativistic limit, leads to the
amplitude

A= i) - i) -0a" G670 29)

where £ is the two component spinor, normalized such that
£ = 1 and o are the Pauli matrices. By matching the explicit
form of the amplitude in Eq. (24) to the onein Eq. (25) coming
from the spin-rotation coupling, we can read off the grav-
itomagnetic moment obtained in finite temperature field
theory.

A. Gravitomagnetic moment at leading order

We now obtain the leading order gravitomagnetic
moment by computing the amplitude (24). First, we go
to the rest frame u = (1, 0) where the scattering amplitude
becomes

A = —i(27)5(po — pp) u(p')Myi(p, p')

Z,(p)Z2(p')
x u(p)Ay(p' - p).

At leading order, u(p) is the usual Dirac spinor and the
matrix elements of stress energy tensor are

1
M.(p.p) = 2 0P’ + P)i+7i(p"+ P,

Z,(p) = Z,(p') = 1.
In the limit ¢ - 0 and P, — 0 we take advantage of the
spinor identities
a(p')rou(p) = £7¢,

' / i k(o0 Nk
a(p')y'u(p) = ¢&" [(p 2+mp) - (p2m pYo }f

and find

1 .
limA = —i(27)6(po - py)(=1) 5 ¢ [(p’ +p)
q—0 2

(P'+p, i (P +p). ijk (o ok
t (P +p)- o i€ (p'=p)eo
x EAl(q).

This expression can be simplified using the following
approximation valid in the nonrelativistic limit:

8(po = Po)(Po + Po)
5(po— Ph)2po = 8(po — ph)2y/m* + (P + q?)/4
5(po — py)2m + O(g”. P2 /mt).

The amplitude is then
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limA =
q-0

()30 = 0S|+ pYAa) - gietalotaita) |

— —i(2m)5(po - po)(=1)E" [(y T pYA(Q) + e Bg<q>] :

2

— _i2n)8(p0 - py) [—2<p + YA E- 220 >}

Comparing with the amplitude in Eq. (25), the gravito-
magnetic moment of a fermion is

gQ:L

which, as expected, is the value predicted by the Dirac
equation.

B. Anomalous gravitomagnetic moment at one loop

Here we consider the radiative corrections to gravito-
magnetic moment. First, we deal with the zero temperature
part. At zero temperature, the one-loop renormalized stress-
energy tensor is [50]

M, = a(p")[(Pyy, + Py,)I2,(Q) = P,P.I2p(Q)
- (quu - ﬂyqu)ng(Q)]u(Pl

\/—g* = 0 the form factors are
1 ar Q ar Q
0 _ i am 0 _ X,
13,(0) =7 <1 o m) Iop(Q) = - op
ar m

0 _
13(Q) = 16mQ’

where in the limit of Q =

Since the spin coupling can only come from a gamma
matrix, only the I%Y(Q) form factor can contribute to
gravitomagnetic moment. However in the limit of vanish-
ing q this term does not affect the gravitomagnetic moment;
therefore there is no AGM for QED at zero temperature.
This is what we expect from the Einstein equivalence
principle, which is still valid in interacting quantum field
theory at zero temperature.

We now move to temperature modifications. The finite
temperature renormalization we adopt is described in
Appendix C. First, we address the corrections which
might come from thermal spinors; see Appendix C 1.
We should repeat the previous calculation of the leading
order gravitomagnetic moment, except that we must now
employ thermal on-shell condition and thermal Dirac
spinors:

—_—

s (p )My ug(p) = wy(p') ~ (Pury + Pur)up(p).

4

In the rest frame where u = (1,0), the thermal spinors
describe the spin interaction, as can be seen by using the
identity

P
() = &[5+ e O,

mp

where Pr, gy and m,, contain temperature modifications
according to the notation used in Appendix C 1. Here the
spin-rotation coupling is divided by the thermal mass,
but this thermal mass is canceled out by the term
Por + por = 2m,,; the gravitomagnetic moment is therefore
unaffected.

Now we include the radiative corrections coming from
the stress-energy tensor matrix elements evaluated from the
diagrams considered in Appendix C. First, we select the
terms of the stress-energy tensor matrix element M, (p’, p)
that actually contributes to the anomalous gravitomagnetic
moment (AGM). In Appendix B we show that only the
following terms can bring contribution to AGM:

Mevan (P P') = 1p, (P, q)(F*P* + y* P¥)
+ 1, (P, q)(y"u* + y*ut)

(P q) NP+ 1P

A

+ Iu](P7 CI) (2}tuy + ?Uu”)’

which are the same one that contribute to the axial vortical
effect.

By comparison with the contribution to AGM from
Py, + Py, evaluated in Sec. IVA, the form factor

IPy(P_w qz)(PﬂYU + Puyu)
leads to the gravitomagnetic moment

9o = + lim lim41p, (P;. 7).

Similarly, it is straightforward to show that the other form
factors contribute to AGM as
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P 2 u . . Iu (P,qz)

[7( s q )( ﬂ7D+MDVM)—)gQ 7_+1}m 111’1’14.%7
TAd) Ee— 1 Iul( ’q )

lul(l s 9 )l(u l + I/tll ) — Jo I:m hmozlw—“;;

IPI(PS? qz)i(Pﬂ?v + Pviﬂ) —> 9o = _;iglo}]i_)néél'IPl(quz)'

Summing all contributions, the anomalous gravitomagnetic
moment is

1,,(P,q)

(Ipy(P, q) +—

_ IPI(PvCI) _Iul(Pv q))

go = lim4
q—0 wp

Ps—0 wp

Those form factors are computed in Appendix C and lead to
the result quoted in Sec. III:

1 272
1 6 — Oy ’T° s I <m
go—1=-— —3 = 272
36 m —2e T>m

V. SUMMARY AND DISCUSSION

In summary, we showed that in a system at thermal
equilibrium the interactions with photons change the
gravitomagnetic moment of a massive fermion, i.e., the
coupling between the spin and the rotation of the medium.
Using the scattering theory, in analogy to the magnetic
moment, we obtained the gravitomagnetic moment from
the form factors of the stress-energy tensor; see Eq. (15).
We then renormalized the stress-energy tensor at one-loop
level in the finite temperature QED. The resulting grav-
itomagnetic moment, given by (22), receives radiative
corrections only in the presence of thermal effects. We
argued that this is possible because the thermal bath
destroys the Lorentz invariance of stress-energy tensor
and consequently violates the Einstein equivalence princi-
ple. To the best of our knowledge, the possibility of an
anomalous gravitomagnetic moment (AGM) in these set-
tings and the calculation of it are new results.

The effect of spin-rotation coupling has been already
observed in the nonvanishing global polarization of par-
ticles emitted by the rotating quark-gluon plasma [1] and
has been investigated in several studies [51-61]; see [4] for
a review. Therefore, in principle, polarization measure-
ments in heavy ion collisions could reveal the presence of
an anomalous gravitomagnetic moment and the breaking
of the Einstein equivalence principle. To give an order of
magnitude, we first extend the result (22) to QCD. By
comparison with the massless QCD radiative corrections of
AVE [28,29], we expect that it is sufficient to replace the
QED coupling constant e?> with (N2 —1)g?/2:

QeD _ :
9o 2 36 m?
2 270
NS T <em
= N2_] 5 QZTZ (26)
- ('2 36 ) T >m

In a simple recombination picture based on the quark
model, the A polarization is carried predominantly by the
strange quark s; therefore the relative importance of the
AGM for A polarization can be inferred from the magni-
tude of radiative corrections to the gravitomagnetic
moment of the s quark. In the quark gluon plasma phase,
due to the high temperature 7 = 175-300 MeV and the
strong coupling regime, we estimate that the constituent
mass of the strange quark m, ~ 400 MeV is larger than
gT ~270-450 MeV. Using (26), we find that the relative
contribution of the AGM is quite large, about 40%.
Because it depends on the temperature, the AGM contri-
bution may be detected in the data on A polarization. An
anomalous gravitomagnetic response in the chirally broken
phase of finite density QCD has been discussed in [62]
where it was found to contribute significantly to A
polarization. Note that the effect of the AGM on polari-
zation has the same sign for fermions and antifermions, so
we expect it to contribute equally to the polarization of both
A and A hyperons.

We also established the connection between the AGM
and the axial vortical effect (AVE). In the limit of the large
m/T ratio, we can separate the short distance interactions
that renormalize the angular momentum of the system, and
the long distance thermal contributions which result in the
AVE. In this way we obtained the formula in Eq. (14) which
relates the radiative correction to the AVE for a massive
fermion to the momentum-dependent AGM.

While we showed here that the thermal interpretation of
the AVE together with spin-rotation coupling is able to
describe the radiative corrections to the AVE, this does not
exclude a connection to the mixed gauge-gravitational
anomaly [18]. The presence of radiative corrections itself
does not conflict with an interpretation based on the
anomaly because the AVE is obtained from the matrix
elements of the axial current and the nonrenormalization
theorems apply to the operators, and not to the matrix
elements, as has been established for the case of chiral
anomaly in massless QED [63]. However the anomalous
origin of the effect is not yet completely clear; this is
particularly true for massive fermions [64].

Radiative corrections to the AVE were presented pre-
viously in [28,29] for massless fermions and can be
linked to the gravitational anomaly of photons [27,65].
Unfortunately we cannot compare these corrections with
those presented above, since our derivation requires mas-
sive fermions, and a massless limit cannot be performed.
Even our definition of the gravitomagnetic moment can not
be applied to a massless particle, as it requires going to the
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rest frame of the particle. Therefore, the connection
between the AVE and the AGM for a massless Dirac field
still has to be clarified. Nevertheless, we believe that the
link between the anomalous gravitomagnetic moment and
the axial vortical effect for massive fermions established
above will help to understand the origin of chiral currents
induced by rotation.
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APPENDIX A: EQUIVALENCE PRINCIPLE AT
FINITE TEMPERATURE

It has already been demonstrated [34,35,47-49] that
radiative corrections at finite temperature lead to a differ-
ence between the inertial and gravitational masses, thus
providing an explicit breaking of weak equivalence prin-
ciple. Indeed, one can define three distinct kinds of mass for
a particle. The phase-space mass is the position of the pole
in the propagator of the field. The inertial mass is the
response to acceleration caused by an external force, such
as an external electric field, and, lastly, the gravitational
mass is a measure of how the fermion responds to the
gravitational force. At finite temperature it has been found
that the inertial mass and the phase-space masses coincide
but the gravitational mass is different [34].

1. Phase space mass

Consider a massive Dirac fermion in a QED-like theory
at finite temperature. As in [34], we refer to phase-space
mass as the location of the pole in the propagator of the
fermion field. The full fermion propagator is given by:

1

S(p) =———.
(7) y—m—ZX(p)

The self-energy can be written in covariant form as [48,66]

X(p) = ap + by + c,

where a, b, ¢ are Lorentz invariant functions. These
functions can depend on m, T and on the following

Lorentz scalars:
Ps =/ (Puq)* = p%

—
O = P Uy,

since p? = w* — p2, one may interpret w and p, as Lorentz
invariant energy and three momentum. It is useful to define
a tensor and a vector orthogonal to u, by

M = My = Wulhy,  Pp = NP = py — oy,

The vector p is automatically spacelike:
P'by=—p: <0.

Inverting the matrices, the full propagator becomes:

(1—a)p—bh+m—+c
[(1=a)p = bu]> = (m+¢)*

S(p) =

Therefore, the location of the pole is determined by the
vanishing of the denominator:

(1-a)*(@? = p2) +b*=2(1 —a)bw = (m + ¢)>.

The positive solution for the pole is

5 m —+

wz]—a

Since we are interested in corrections of order e? in the
coupling constant e, it suffices to linearize in the a, b, ¢
functions, which are already e” order. The phase-space
mass is then

m} = w? — p? = m? + 2[a(0* — p?) + bo + mc].  (Al)

At a given a momentum p with scalars @ and p;, the pole of
the propagator is situated at

o = Ej = p; + mj,.

The functions a, b, ¢ are obtained with the traces over
spinor indices

Pr=u[pX(p)l. Ur=ulzf(p). T=ulZ(p)].
which give

_(P'M)UT—PT _(p’u)PT_szT C_Z

R s M e R S

Replacing the Egs. (A2) into Eq. (A1) we find

1
m3 = m? +§(PT +mT).
In real-time formalism the self energy is given by the
one-loop diagram

116005-14



ANOMALOUS GRAVITOMAGNETIC MOMENT AND ...

PHYS. REV. D 103, 116005 (2021)

k)/*Se(p + k)r*

16/(2

=X(T=0)+%,

where Sy and D,, are the fermion and the photon
propagator in momentum space (see Appendix C) and
we split the zero and the finite temperature part of self-
energy. With standard techniques we can evaluate the self-
energy in covariant form and the explicit form of the
functions a, b and c. We find that the phase-space mass can
be approximated by [34,48,66]

272
5 5 E6T T < m,
my, —m- = ,

T Ts>m

where the different behavior at high temperature arises
because the fermion thermal distribution becomes compa-
rable to the contribution from the photon thermal distri-
bution only when the temperature is much larger than the
mass of the particle.

2. Inertial mass

We refer, as usual, to inertial mass of the particle m; as
the proportionality term between a force and the accel-
eration caused by it. To test the inertial mass of a charged
Dirac particle, the most natural force to consider is a
constant electric field E. In this way, it is easy to include it
in the Dirac equation as a minimal coupling with an
external gauge field A* = (¢,0), where E = —V¢. The
corrections to this coupling given by temperature and
interactions are the corrections to the vertex I'*. It is found
that, when the vertex is contracted between thermal spinors
ug(p) (see Appendix C1), the modifications exactly
compensate each other [67]

eity(p)Mup(p) = e%,
p
or, in other words, the charge is not renormalized by finite
temperature effects. This suggests that the inertial mass is to
be identified with the phase-space mass.
To properly evaluate the inertial mass, we just need to
consider the modified Dirac equation

(Fr —m)y = el"Ay.

In the nonrelativistic limit, one can transform the previous
equation into a Schrodinger equation via a Foldy—
Wouthuysen transformation. In that form, one can easily
identify the Hamiltonian H of the system, then the accel-
eration of the particle is identified viaa = —[H, [H, r]] and
hence one can infer the value of inertial mass. It is indeed
found [34] that inertial mass m; and phase-space mass m,,
coincide.

3. Gravitational mass

Using scattering theory in linearized gravity, we can
identify the gravitational mass of a fermion. We indicate the
matrix element of the stress-energy tensor with

(', s'[T"(0)|p.s) = a(p" )M, (p. p)u(p).

where p and p’ are the external momenta and s, s’ the spin
of the fermion. Consider an external gravitational field
T = " + Mgy the interaction Hamiltonian in linearized
gravity is therefore given by H;, = [d®x17,, . In the
leading order of perturbation theory, the S-matrix element

for scattering is:

1AQRz)6(p-u—p' - u)

= i3l )M, (p. p ) = )

where R, (p' — p) is the Fourier transform of 4, (x) and
ng is the tree-level vertex function, which is given by

1
Mgl,(py p/) = Z [7;4(p/ + p)p + }/p<p/ + p)y]

Ll -m) + (7 - m)].

2

The radiative corrections modify this expression to

A=-i(2n)5(p-u~p' - u) m%ﬁﬂ(ﬂ)

X M/w(p’ P,)”ﬂ(p)hlél;(t(p/ - P)’

where we divided by +/Z,—the wave-function renormal-
ization constant—for each fermionic leg, and (p, s) is the
Dirac thermal spinor which satisfies the Dirac equation
including radiative and thermal corrections and all pertur-
bative diagrams are summed in M.

To identify the gravitational mass of the fermion m,
following [48], we consider the scattering of a fermlon
from a static gravitational potential produced by a static
mass density pgy(X). The resulting metric is the linearized
solution of Einstein field equations with a matter stress-
energy tensor given by T = pg,u*u”. Taking advantage
of the Poisson equation —2q’@g, = ppx the Fourier trans-
form of Einstein equation solution reads:

¥ (q) = 2w (q) utu” — ).

Therefore, inserting this in the scattering amplitude, we
find
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A = —i(27)6(po — po') m its(p')
x M, (p, p")ug(p) Qu'u” —n*)5(po’ — po)dex(q)

= —i(27)8(py — po)M(P', p)Pex(a),

where we have defined

M(p', p)

— mﬁﬂ(mmv(np/)uﬂ(p)(zuuuy "

Qu'u =)
Z5(p)Z>(p')

m, = lim
ps—0

where E; = E4(p) is the on-shell energy of the particle,
ie., the position of the pole of the self-energy, and

ps =/ (p-u)*-p*

At leading order, as we are now showing, gravitational
mass coincides with inertial and phase space mass. At
leading order Z, = 1 + O(e?), the thermal Dirac spinor
reduces to the usual free Dirac spinor and the matrix
element is simply the tree-level diagram

1
M3, (p.p') = 7lra(p + P), +1,(p+ P'))]

1
—Emp(ﬁ—m‘f'ﬁ’—m)‘

Proceeding to evaluate the gravitational mass step by step,
we first find

(@(p'.s)M3, (p. p)u(p.s)) ,_,

= u(p, S){% [yapy + 7,02 — 13y (# = m) }u(pv 5).

Then, since p is taken on-shell, we take advantage of spinor
properties (see Appendix C 1 for the conventions used),
which in the limit of p; going to zero give

1(p. )u(p.s)ly 0 = 1+ O(),
- p
(P, )P, 5)l o = 21+ Oe2),

and we obtain

lim (#(p’, s)M,,(p. p")u(p.s)),_,

ps—0

11
= lim — {5 (Papy + PpP2) = M3p (P = mz)}

1
p}TO{Zm (p/lp/) + p/)pﬁ)}

(L'tﬂ(p', S)M/lp (P, P’)”ﬂ(P’ S))On—sh611:|

If the gravitational field is very slowly varying over a large
(macroscopic) region, ¢g,(q) will be concentrated around
q = 0; then we can take the limit q — 0. In this way, by
comparison with the scattering amplitude of a potential
V(x) = myp(x) in the Born approximation, which is

A= _lmg¢(q) ’

we can identify the gravitational mass of the fermion. From
the previous expression, we see that the gravitational mass
is obtained when the spatial momenta of the fermion are
vanishing:

El

p'=p

[
At last, we find

oIt
m, = lim {% Qutu? =) (pip, + Pyp,)

ps—0
2u - 2 _ 2
= lim 7@ Py =p =m,
ps—0 m

where we used the on-shell condition p-u=E;(p,=0)=

m+O(e?). At leading order, gravitational and inertial mass
are indeed equivalent m, = m; = m, = m. Instead, for
1-loop QED it has been proved [34,48] that gravitational
mass is different from inertial mass, in particular for small
temperature 7 < m their ratio is

er T?

— =1 .
+3m2

This is a manifest breaking of the weak equivalence
principle caused by finite temperature effects.

APPENDIX B: SELECTION OF THE
FORM FACTORS

In this Appendix we show that only the following terms:

Mlll{lélevant(l)v P/> = IPy(P7 Q) (}/MPD + 7DPﬂ)
+ 1, (P, q) (F"u” + y*u")
+ In(P.g) (P + )
+ ILy(P. )1("u? + TPu),
with P = p’+ p and ¢ = p’ — p, can contribute to the
axial vortical effect (AVE) or to the gravitomagnetic
moment. First, notice that M reproduces the stress-energy

tensor matrix elements when evaluated between the two
Dirac spinors &(p’) and u(p):
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ity (P YM"™(p, p)uy(p) = (p'.s'|T"(0)

p.s).

Therefore, taking advantage of the equation of motion and
the gamma matrices algebra, we can write each term of M
in terms of the tetrad {u, P, g, ?} (defined in Sec. III), the
metric # and at maximum one y matrix. Comparing
the spin-rotation amplitude (25) with the thermal spinor
identities

itg(p)yous(p) = E7E+ O(e?),
oAqQ

P
- / _ gl
) = & [+ %

]§+ O(e*),

p

we conclude that only the terms of M which contain exactly
one gamma matrix can bring contribution to the gravito-
magnetic moment. We come to the same conclusion for the
AVE by looking at the trace in Eq. (10). Among the terms
of M which contains one gamma matrix, the ones that
contains P and ¢ give
u(p")Pu(p) = u(p')2mu(p),  u(p')qu(p) =0,

and hence do not contribute to AVE or to gravitomagnetic
moment.

Furthermore, from Eq. (10) the AVE is evaluated with
the components M°? in the rest frame of the thermal bath.
Then, only the terms which have a nonvanishing time-space
component can contribute. Similarly, the gravitomagnetic
moment is evaluated with the contraction M, (p’, p)utAl;
therefore a relevant term must not vanish when contracted
with u and A, (notice that A, - u = 0). Therefore between
the terms
Py,+Pyu  wy,tuwy, qrutaye  Lro+hy
since u-q=u- 1=0, only the first two are relevant. The
other terms left that contain a gamma matrix and that satisfy
the conditions stated above are the following:

7PﬂPy, 7(u”PD+u,,P,,), 7(u,,q,,+u,,qﬂ),
i(uﬂzv+uu2 )7 7<P;4Qy+qu”)’ i(Pﬂzv+Pv2u) (Bl)

For the AVE we see that to obtain the thermal coefficient
we must evaluate the terms in (B1) for ¢ = 0, then the terms
proportional to g, or g, can not bring contribution.
Moreover, by plugging the term iPﬂPD in Eq. (8) and
after evaluating the trace and the derivatives, we see that it
is odd under the transformation k — —k and therefore
vanish after momentum integration. For the gravitomag-
netic moment we can write each terms in (B1) as
7(w”11y +w,v,), where w can be either u or P and v can

be P, g or 1. To evaluate the gravitomagnetic moment we
should consider it at thermal bath rest frame:

a(p")lu(p)(wyv, +w,v, )utAg
= a(p)(1- 7)u(p)wo(v - A,).
Since the gravitomagnetic moment is the coupling of spin

and rotation, i.e., y - Ag, we can take advantage of three
vector properties and write the scalar products as

- Dv-Ay) = -A)V-D) = Av)IAA).

By definition of /, (v-1) is nonvanishing if and only if
v =1 Then, only the terms with 2” can contribute to
gravitomagnetic moment. At the end, we found that only
the following terms can bring contribution to the AVE or to
the gravitomagnetic moment:

Py, + Py,
1P, +PJl).

u,yy + Uy¥us
7(uﬂib + ubiﬂ),

APPENDIX C: RENORMALIZATION
OF STRESS-ENERGY TENSOR

In order to evaluate the radiative corrections to grav-
itomagnetic moment at finite temperature we have to
consider the renormalization of the stress-energy tensor
at finite temperature and at first order on momentum
transfer g. The zero temperature renormalization is per-
formed with usual techniques and we do not discuss it here.
To address thermal corrections to the matrix-element of
stress-energy tensor we use the real-time formalism of
thermal field theory. The major modification of quantum
field theory at finite temperature is the value of the vacuum
of the theory, which is not empty but contains a number of
bosons and fermions given, respectively, by the Bose-
Einstein and the Fermi-Dirac distribution functions:

apap(p)|0) = ng(E)[0),  apap(p)|0) = np(E)|0),
where as usual we indicate

1 1

O e -1 Y e

The resulting propagators of the gauge field and of the
fermionic field in real-time formalism are

14(0) = (7 )| =207 = ()
iD,, (k) = =1, {é + 27r5(k2)n3(k)} .

Perturbation theory and Feynman diagrams at finite tem-
perature are unmodified compared to usual quantum field
theory except for the previous propagators. We see that the
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propagators in real-time formalism are naturally separated
into a temperature part and into a 7 = 0 part. The 7 =0
part has been addressed as usual and from now on we just
consider the thermal part. The diagrams responsible for
radiative corrections to the stress-energy tensor matrix
element

(p',s[T"(0)[p, s)

1 _ ’ Nu
= W”ﬁ(p )M;u/<p’p) /i(p)’

are reported in Fig. 2. Furthermore, since we are only
interested in the thermal part, each integrals corresponding
to a Feynman diagram is weighted with a thermal function
and it is therefore ultraviolet convergent and finite. All the
divergent parts have already been taken care of with the
T = 0 renormalization.

Note that we can distinguish between two different
regimes of temperature. Indeed, finite-temperature modi-
fication may arise both from the boson or the photon
propagators. However, for low temperatures such that
T < m, the fermion distribution function is suppressed
by a factor exp(—m/T), which is negligible compared to
contributions of order (7/m)? coming from the photon
distribution. In the opposite regime, when 7 > m, the
photon contribution is still the same as low temperatures,
while the fermion distribution can now also contribute with
terms of order (7//m)2. Therefore, as in the case of the pole
of the propagator, we can expect two different values of

p

a)Tree Level

AGM valid in the two regimes of low and high
temperatures.

As first step, we need to identify the mass shift and the
wave-function renormalization constant. These quantities
are obtained starting from the self-energy of the fermion,
which is discussed in Appendix A 1. We found that the self-
energy can be written as X(p) = ap + by + ¢ and that the
full fermion propagator becomes

(l—a)p—bh+m+c

) = 0=y~ b~ v e

(C1)

2 _ 2 2 :
which has a pole in @? = = E; = p5 + mj,, with m, given
by Eq. (Al).

1. Thermal Dirac spinor

The Dirac equation in momentum space is modified
according to the self-energy, which also include thermal
modifications. The thermal Dirac spinors ug(p) satisfy the
modified Dirac equation corresponding to the new propa-
gator (C1):

7 —mpg —

where my indicates the zero temperature renormalized
mass. The thermal spinor ug(p) satisfies the previous
equation when p is the pole of the propagator, i.e., such
that p - u = E4(p,). The thermal Dirac spinors are actually

=L =

b)Self Energy

¢)Counter Term

G

d)Electromagnetic Vertex

e)Contact

f)Photon Polarization

FIG. 2. The diagrams contributing to the radiative corrections to the stress-energy tensor. The curly line is the stress-energy tensor, the

wavy line is the photon and the solid line is the fermion.
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required to properly account for stress-energy tensor
renormalization at finite temperature [34,66].
In thermal bath rest frame, we choose the normalization

wy(p)ug(p) = 1.

For convenience, we furthermore define a four vector and a
scalar

pr=(1-a)p—bu, mrp =mpg +C,

so that the modified thermal Dirac equation is written as
[T — mrlug(p) = 0.
Therefore, it follows from the modified thermal Dirac

equation that the thermal spinors satisfy the following
identities:

_ . mr

(0 )(09) = T
_ Pr
(. s)ruup(p.s) = =k, —b a)gﬁ —

- . pPrt+myp
Z”ﬂ(P,SWﬂ(P,S) —m‘

In the nonrelativistic limit and in the frame where
u = (1,0), we can also show the validity of the following
identities:

itg(p')yroug(p) = E7E+ O(e?),

_ P 6 A(Q
ig(p')yus(p) = &° [—Zm i
14

]5 + O(e*),

p

where £ is the two component spinor, normalized such that
E'E=1. We used the identities above to compute the
gravitational mass in Appendix A 3 and the gravitomag-
netic moment in Sec. IV.

2. Wave-function renormalization constant Z,

The wave-function renormalization constant Z, is
obtained by requesting that the fermion field is properly
renormalized

The temperature part of the wave-function renormalization
constant is [47,48]

2(1 - a)E, — b]
P2y, ps) = 55—
o lo=Ey

where Ej is the pole of the propagator and D is the
denominator of the propagator (C1)

D(w,p,)=(1-a)*(w?—p?)+b>=2(1—a)bo— (m+c)>.
At order €2 we find

2
Pz, =1+ (a+";aa 9% mac>

o0 90 woe

(@)
w=+/ p2+m?

For the computation of AGM we are interested to the
quantity (\/Z,(p)Z,(p’))~"/? in the limits of ¢ — 0 and of

P, = \/(P-u)*— P> - 0. Therefore, we just have to

evaluate Z,(p) with p an on-shell momentum and then
perform the p; — 0 limit. Using the prescription in
Eq. (C2) and the behavior of the functions a, b, ¢ we find:

272
e’T
— Oyr ——

21> e* [« ng(k)
lim?Z,(p) = 1 dk—2 ,

ps—0 C12m? + 272 0 k

where the @y is defined such that it turns on the high
temperature contribution:

0 T<km
Our =

1 T>m

The low temperature part is in agreement with [34,47,48].
Therefore we have

e T? e? e T?

|
fm—— 4+ e
o T T 1o A T VT o,

P=0\/PZ,(p)PZy(p')

where we denoted

I, E87t/oodkn3—(k).
0 k

For future convenience, noticing that for p; = 0 we have
wp = 2m, we can write the factor coming from wave-
function renormalization constants using wp=u-P
instead of the mass m:

lim lim ! —1+€2 LA Pt
P,—04g—0 [}ZQ (p)ﬁzz(p/) a 3&)%) 167’[3 A HT 6(0% ’

3. Renormalization of stress-energy tensor
at finite temperature

As last step to renormalize the stress-energy tensor we
have to calculate the temperature contribution of the
diagrams in Fig. 2. Here we write the general procedure
and we leave the details in Appendix D.

First, we recap the notation used. We indicate with g and
P the momenta
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P=p'+p. q=p-p,

where p and p’ are the momenta of external legs of the
diagrams in Fig. 2. Notice that g-P = 0. Moreover,
scattering theory imposes the conservation of the time
component of p and p’ in the thermal bath rest frame,
meaning ¢ -u = 0. We are using this constraint when
evaluating all the diagrams. It is then convenient to define
the following scalar and four-vectors:

wp =P -u, P, = \/w} — P,
Pﬂ = (M — uyu,)P* = P, — opu
v 5 Gu "
I =e"u,P,q,, = =

we also denote with a the ratio

2 2
wp — P P
a= =1, 0<a<]l.
p @p
Since we are considering 1-loop corrections,

a generic diagrams of Fig. 2, which we label with X,
can be written as

( ,):/(dkfx(ppk)

27)* DX(p, p', k)

MX

1722

a(p")Nuu(p). (C3)

where all the spinorial structure is contained inside
the numerator NX. Therefore N* can be simplified using
Dirac equation and it can be decomposed in the following
terms:

ﬁ(p’)foyu(p) = ﬁ(p’)[kakk k, + N%kk(Pﬂk,, + P,k,)

+ (N3 + N (P, + Pury)

+(Nky(>+Nky k)( yyv"—kvyu)

+ - Ju(p), (C4)

w(p")fu(p)(k,v, + k,v,) = a(p')[A,A

li(uﬂv,, + u,v,
— a(p") A (1,0, +1,0,)]u(p)

where each term Ny, can depend on the scalars
{k*,P*,¢*>,k-P,k-q,P-q,m} and the dots stand for
terms that to do not contribute to AGM. Indeed, we show

in Appendix B that the only terms that are relevant for
AGM are

u,yy + Uy
7(u#iv + uyiﬂ),

Puyu + Pyy/u
P, +Pl,).

Using the orthogonal non-normalized basis {u, P, ¢, 1}, the
integration variable k can be decomposed into:

k-P) . k-q an
kM:(k-u)uﬂ+(p2 )P,,+(q2 g k-1,
wp(k-P) (k-P),,  (k-q) i
= {(k-u)— 7|t P,+ 7 q,—(k-1)1,
=Au,+ApP,+A,q,+Al,.

This decomposition is used to write the diagrams in a
covariant form. Consider the term &(p’)fu(p)v,w,, where
v and w are any vector between {u, P, q,(}, the term is

decomposed into
a(p ) u(p)v,w, = a(p")[Auh + A+ 2mAplu(p)v,w,,

and for what we show in Sec. IV B only the term in / can
contribute to AGM:

u(p")fu(p)v,w, — Ajia(p ’)7v#w,,u(p) with (v,w) =
(P,1).

(u,0)

or (v,w)=

With the same argument, we can select only the parts
relevant to AGM of all the possible terms:

) +APAli(Pﬂvy + Pu”ﬂ)]u(p)
v=P

if v=1

ifv=u or

u(p')fk, k,u(p) — it(p’)[AuAlzi(uﬂz,, + u,j,,) + APAZZZ(PJD + Pbiﬂ)]u(p).

We then approximate the integrand to first order in ¢ and we perform the loop integral in k& decomposing its component
along the tetrad {u, P, q.,1}. The results at first order in ¢ are (see Appendix D):
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(Z2(P)Zo(P'))™ M) = I3, (Pur, + Por),
ME + MG =15, (P, + Pury),
M), = (Igy + ‘9HTIpyf>(Pﬂ7y + Pyy,) + (I, + QHTIuyf)(u/ﬂ/y +uyy,)
+ (Ip + QHTIPlf)l(P/A?u + Pu?y) + 9HTIu1fl(” 1, + ”y?”),
M, = (Igy + 9HTIpyf><P;47u + Py, + (15, + QHTIWf)(”ﬂVD + uy¥u)s
MY, =15, (Puy, + Poyy) + Iy (weyy + wy,) + (I8, + el 5, )P, + P,1,)
+ (I8 + O f) (w1, + u,1,).

Here, the function

P 0 T<m
701 7> m

turns on the fermionic contributions at high temperature and removes them for low temperatures; we also introduce the IR

divergent integral
0 k
I =8z / a2 k)
0 k

1 2460yre2T? 1 2
i HT

The form factors of P,y, + Py, are

lim hmIZ =

o e RN VIR R T R
2+9HT€2T2 1 62

lim lim /3, =

PO gm0 P 12 a)% 2160 N

—a
1 é? 3 3
5 = > 2
Pr18 wl [2613 Og(l —a) a?
1 T T 3 1+a 3
c :
o1 =367 w2 203 1°g<1 a> _Z]’

ur-f 18 wp |242 4a’ l-a
127> [ 3 3(1-ad? 1

IMCy:—e— —2—( 3a)log ta ;
9 wp |2a 4a l1—a

c :iesz i_?}(l—az)log l+a ;

w18 wp (22 443 1—a
1e2T> [ 3 3(1-d? 1

1h =- ¢ 2—( 3a)log ta .
9a)p 2a 4a l—a
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The form factors of /(P,l, + P,1,) are
1 e2T%[ 3 1+a 3
== | T eg () — 2,
T2 w0l [2a3 Og(l—a) az}
o 1 eT124m? (53 -2¢%) 15, (lra)) _5(3  (l+a) 33]
PLI 360 w2 |7 0b \2a%(1—da?)  4d° B\1-a 7\ \1=a) "))

1 e’T* [ 3 l+a\ 3
B=1h = ——" > | log(—— ) -5|;
Py 18 w3 [2a3 0g(l—a> az]’

. ie2T24_m2 15(3—a2)10 l+a\ 45
T30 03 o | 80 S\l-a)  4d')

The form factors of 7(uﬂi,, + u,jﬂ) are

v 1 272 24m? (15(3-24%), (1+a\ 45\ 5(3 3(1-a*), (l1+a
Luy=—33""|"32 log —aa) T3\ 3 log ;
ul-f 30 wp | 3 w3 8a’ l—a) 4a 3\2a 4a l-a

12721 3 3(1 —a? 14+a
PPSE S RETEL R

2a* 4a’ l-a
1 2T? 4m? [15(3 — a? 1 45
Iplf:——e 12 ( a)log ta -—l-
" 45 wp wp 8a’ l-—a/) 4a

These functions are written such that the quantity inside the square brackets is 1 for a = 0, which corresponds to the

nonrelativistic particle limit (P, — 0). It is straightforward to check that by summing all these terms in the nonrelativistic
limit, one get the form factors quoted in Eq. (21).

APPENDIX D: RADIATIVE CORRECTION TO THE STRESS-ENERGY TENSOR

In this Appendix we evaluate the temperature modification of the diagrams in Fig. 2. The general strategy and the final
results are written in Appendix C 3, in what follows we provide a detailed calculations of all the diagrams.

To perform the loop integration on the momentum k in the generic diagram (C3), since the set {u, P, ¢, 1} is a basis, we
choose k, along u, k, along g, and k, along P and ky along [; thus, defining

V—-p2 w5 — P?
€:\/—q2, a= :\/P , 0<a<l,

@p @p

we have

(k-w)=kp.  (k-q)=—ck.  (k-P)=—-awpk,  (k-P)=wplko—ak). (k-1 =k

k k k
Au:ko——x, AP: X A _—z, Al:k
a €

awp’ 1

At last we define the following unit vectors inside the k integration:

A k A ky . .
kx:ﬁ:cosqﬁsiné’, ky:ﬁ:sm(ﬁsme,

k
k. :ﬁ: cos 6.

For the fermionic part we only consider the high temperature limit, 7 > m, P, »,,, q. Every fermionic form factor at first
order in € can be written as
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1= C/—klnF(Ek /kofS (k,m, w,.a),

where C is a numerical constant and / an integer. Because
of the Fermi-Dirac distribution function, the major con-
tribution of the integral comes from k ~ 7. Then in the
integrand we can consider m and wp to be small compared
to k. To consider the relevant part of the integral we first

replace
Ep = k\/1+ m2y?,

where y is a dummy variable to perform a Taylor series.
Then we expand the integrand in series of y around zero
and we keep only the first terms. Then we replace back

m = mrkyv Wp = a)Prkyv

In this way we can select the relevant contribution, which
has the form

[~ C/dknFEkZ/kof (k.m,w,,a)

_ Cr'T?

Z/koﬂ(lA{,m,wP,a).
==

The last factor can be obtained by summing and integrating
over the angles. The angular integrals have the form

SRR
[Q(I’lx, ny, n,, nd) = / ko W .

and their results are quoted in Appendix D 5.

1. Self-energy and counter terms

The fermion self-energy diagram, Fig. 2(b), is
MGE = a(p')PE(p')iSp(p')Vu (P’ p)u(p),

where V,, is the stress-energy tensor fermion coupling:

1
Vau(p.p') = 1 u(p+0), +r.(p+p),l

1
_En;w[p/_m"i_ﬁ, _m]‘

Near the pole the self-energy can be written as
PZ(p) = (1 ="Zy(p)™")(p = m) + ap + bif + 5m.

Most of this diagram is canceled by the counter term in
Fig. 2(c). Since the temperature dependent Dirac equation is

((1 = a)p — b — mp)us(p) =0,

we must use the finite temperature counter term of the
momentum Lagrangian

6L = ap + by + ém.
Therefore, the counter term is
My} = —a(p')(apt + b + 5m)iSp(p")V . (p', p)u(p).
Considering both legs we have in total
MSE + M
= (2="Zy(p)™ ="Z,(p") " )a(p' )V (P, p)u(p),
whose contribution to AGM is
MSE + MST
1 _
=1Q2="2(p)7 ="Zo(p)) ) a(p") (Pur, + Puv,)u(p)
=13,4(p')(P,y, + Py, )u(p).

In the limit ¢ — 0 and P, — 0 we have

eZTZ
HT 2
2wy

2772 2
eeT- 1 e
im/lS =———+—— 1T, —
psg P 660%,_'—21677.'3 A

where Oyt is vanishing for 7 < m and it goes to one
for T > m.

2. Photon polarization diagram

Now we want to check if gravitomagnetic moment gets
finite temperature corrections from the diagram of photon
polarization Fig. 2(f):

ME (p. ) = / S (') (ier, )i (p — k) (—iey,Ju(p)T (k. q + K)ID(q + KDE(K),

(27)*

where the stress-energy tensor-photon coupling vertex is
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T (k. p) = — (538, + 8580)k - p — g (kupy + k) + (k8. + ko) p* + (0% + PSR + g, (57K - p — ke pP).

At low temperature 7 << m we can neglect the part coming from the fermionic thermal distribution. The real part of the
thermal contribution of the diagram is then

4 - m Hng ng
N B e B e

Making the changing of variables k — k — ¢ in the first term we have

d*k p—K+tg+m Thk—qk)  p—§+m Ti(k.q+k
RIME(p.1) = & [ it g i T e T s ot
B d*k N, N,
= [ Sasn |5+ B st mah o1)

We are interested in linear order of ¢, therefore we are using the momenta P and ¢:
{P=P’+p, p=3(P~-q)
g=p-p, P =53{P+q).

We can use gamma algebra to simplify the expressions of the numerators of the diagram in Eq. (D1). Taking advantage of
the Dirac equation and setting k> = 0 from the Dirac delta, we find:

#(p")Nyu(p)

u(p ){(—4K — 4m)k,k, + (k- q)(P,y, + Pyy,) +2(k - P)(ky, + ky,) + (2m + 2§)(k,q, + k,q,)
= (k- P)(qury + qur,) + (=2m(k - q) = (k- P} = (k- @)¥ + ¢*F)n yu(p);
a(p ){(—4K — dm)k,k, — (k- q)(P,y, + P,y,) +2(k - P)(kyy, + kyy,) — (2m +2§) (k,q, + k,q,)
+ (k- P)(qury + qury) + 2m(k - q) = (k- P)K+ (k- @)k + ¢ F)m fu(p).

i(p")Nou(p)

Decomposing the four-vector k with the tetrad {u, P, .1} we obtain:

a(p" )N u(p) = a(p"){(Aufh + A+ m + 2A,m)[~4A2u,u, — 4A3P, P, — 4A71,1, — 4A,Ap(u, P, + u,P,)
— 4A,A (w1, + u,l,) — 4ApA|(P,1, + P,1,) + (44, — 4A2)q,q, + (2A, — 4A,A,) (,q, + u,q,)
+ (24p —4ApA,)(Puq, + Pug,) + (A, — 4AA,) (Lq, + 1,q,)] + 2(k - P)A, (w7, + u,7,)
+ 20k P)Ap + (k- @)1(Puy, + Poy,) +2(k - P)A Ly, + Ly,) + [2(k - P)A, = (k- P)|(q,7, + 4.7,)
—2m(k-q)+ (k- q) + (k- P) = ¢*)(Augh + Al + 2mAp)In, bu(p);

and

ia(p")Nyu(p) = a(p"){ (A + Al + m + 2A,m)[~4A2u,u, — 4A3P, P, — 4A71,1, — 4A,Ap(u, P, + u,P,)
=48, A (u,, + u,l,) = 4ApA (P, + PL,) + (44, = 4A3)q,q, + (24, — 4A,A,) (1,9, + 1,q,)
+ (2Ap —4ApA,)(Puq, + Poq,) + (24, — 4A1Aq)(?,4% + ?DQﬂ)] +2(k- P)A, (uuy, +uy,)
+ [2(k- P)Ap = (k- q)](Puy, + Poy,) + 2(k - PYA(Ly, + Ly,) + [2(k - P)A, + (k- P)|(qur, + 4.7,)
+ 2m(k-q) + (k- q) = (k- P) + ¢*)(Augh + A + 2mAp)|n, bu(p).

For the denominators, using k> =0, P - g = 0, P?> = 4m? — ¢, we find
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Dy =(P-k+q-k)(2q-k—q*)
Dy =—(P-k—q-k)(2q-k+q*).

Choosing the frame described at the beginning of this section to decompose the momentum k we can write the
denominators las:

D, = 2wpk,e(ky — koa) + €*(wp(ky — kea) + 2k2) — k€3
D, = 2wpk.e(ky — kya) + € (wp(ky — kya) + 2k2) + k..

Since the denominators does not contains k, every term that is odd in A; = k, is vanishing. Moreover, we can now select
only the pieces that could give contribution to AGM, they are the following:

a(p")Nu(p) = a(p"){~4A, A w1, + u,l,) — 4ApATUP,L, + P,1,) + 2(k - P)A,(w,y, + u,r,)
+ [2(k- P)Ap + (k- @)|(Pur, + Py,) bu(p).

and

a(p")Nou(p) = ﬁ(p’){—4AuA127(u”7y + uyiﬂ) - 4APA127(P”7U + Pyiﬂ) +2(k- P)A,(u,y, + uyy,)
+ [2(k- P)Ap = (k- q)|(Puy, + Poy,) bu(p).

For the term in l(u,,?y + u,,?ﬂ) at first order in ¢ we have

d*k [ 4 4
IP — _p2 A AZ 2
ul e /(27[)3 |:D1+D2:| u 16(k )nB(k)
262 d*k wp 2
~lim—- ko — k. /a)k25(k> k),
i | Gy {<ko—akx><k%—e2/4>+ <ko—akx>4( o~ kol

integrating k, with the delta we find that the second term in square bracket is odd on k, and so vanishing; the first term
becomes

2 2(1-k)ks
I :1ime—/i3kn3(k)/dgk 21— k)b, .
o) @0 (1 - 2R — &/ (412))

The angular integrals do not converge for ¢ = 0 but they have a finite result in the principal value sense:

252 87 1+a
lim [ dQ 2 =——"1lo ,
w0 ) CHI— 2RI -2 2a g(l—a)

2i2R2 87 [ 3 l+a 3
li dQ 7 =27 T oo ) — =
=) - aRE -2 " 3 Gorel(iZs)-2)

and therefore
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For the term in /(P,l, + P,l,) we have

&k [4 4
J— / [ +}APA,26(k2)nB(k)

(27)? D, ' D,
262 d4k wp 2
=i k k25(kK2)ng(k),
el—{rolaa)?;/ (27)3 {(ko — ak,)(k? — €*/4) * (ko — ak,)?| ™ (5)n(k)

integrating k, with the delta we find that the second term in square bracket is odd on k, and so vanishing; the first term
becomes

2 dk 2i2k3
I =lim— | ——kngp(k) | dQ s )
P fi%a)%,/(znf ol )/ 1 -aR)(R2 - 2)

After integration we obtain

272
p_p_ €17 13 1+a 3
I"':I”__@[ﬁlog(m vl

Consider now the part in (u,y, + u,y,). At linear order of e the scalar part in front of it is

d4k 1 1 d4k 2 k. —ak k. — ak
1”:2/ — +—|2(k- P)A,5(K> k:z/ x—aky  ki—ako|oooy o
uy e (271_)3 |:D1 + D2:| ( ) u ( )nB( ) 5 (271_)3 Cla)p k() _ Clkx + ak% ( )}’lB( )

e’ 2 k.—as 1k, —as
= dkkng(k dQ -
2(277>3s2;/ s )/ kLlwps—akx—Fk ak? ]
2 4 1-F 2k
=—— [ dkkng(k dQ | —— —— + -2
2(2ﬂ)3/ s )/ "[ wpl—a2k§+kak§]

2 21—k
:—e——/dkkng(k)/dgzkM

wp (27)° (1-a’k)

Using the angular integrals

2 87 l+a 22 87/ 3 l+a 3
dQ, — = =-"1 , dQ, — = "7 " Jog(——) - =
/ “1—ak? 2a Og(l—a) / “loa2k 3 <2a3 Og(l—a) a2>

we obtain

116005-26



ANOMALOUS GRAVITOMAGNETIC MOMENT AND ... PHYS. REV. D 103, 116005 (2021)

The part proportional to (P,y, + P,y,) at first order in € is the integral

4 D . B _ )
R s e e L
d*k 1 1 2k, k,
B ez (2ﬂ)3 |:(U_P kO - akx - aw%(ko - akx) - Cl(l)Pkgi| 5(k2)n3 (k)

2 1 11 2k 1k
= dkkng(k) | dQ, |~ —— E
2wp<2ﬂ>3szi/ B()/ k{ks—akx awp (s — ak,) kakz]

21 1 2ak 4k2 2k
— = [ dkkng(k) [ dQ, |~ x LS
2wp(27r)3/ B()/ k{kl—azki wp(l—azki) kakz]

e 1 2k2
— - [ dkkng(k) [ dQ, — % .

w%<2n>3/ o )/ f1-ak)

where we first integrated k, with the delta and then we performed the angular integration and removed the manifestly
vanishing angular integrations. After integration we obtain:

272
p __p_ €T 3 l+4a 3
IPV_I”__lsa)%<ﬁlog<1—a T2

Summing all the relevant terms we found that the diagram can be written as:

M;I;u = I{;(”‘ﬂyu + uuyu) + Ig(Pyyu + Puyy) + I]u)i(uuiu + uu,l\u) + Igi(P/A?u + Pu,l\y)'

Using this result, the contribution to gravitomagnetic moment from the photon polarization diagram at low temperatures is
vanishing

I, Iy
P =1limd( I +-L -8 -2} =0,
9o = m <P7+a)P L.
a. Fermionic part: High temperature

The fermionic part is negligible at low temperature but it is comparable to the bosonic part at high temperatures. We
obtain the fermionic part from

4 — k)2 = m)np(p —
REME (9. 0') = =€ [ S5m0 o= Kot o) Tk g ) 2P e 2=,

Changing variables into k - p — k we have

P [k ’ 8(k? = m*)ny (k)
RML (. /) = =€ [ S S50+ )T p = ko + p =) ot

_ o [k a(pINTu(p) o oy
_ 2/(2,,)3 S L0 = g (k).

The numerator can be simplified into:

a(p )NPu(p) = a(p"){(4k — 8m)k,k, + Kq,q, + [(k- P) = 2m?|(P,y, + P,y,) = kPP, + ¢*(k,y, + k)
- (k ! q)(quyv + qu7ﬂ) + 2m(k/4Pl/ + kl/Pﬂ) + (4m3 - 2(k : P)m - qu)']ﬂy}u(p)v

and the part relevant to AGM at first order in ¢ is
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a(p")N"u(p) = a(p"){4kk,k, + [(k- P) = 2m*|(P,y, + P.y,) }u(p).
and after k decomposition the relevant part is
a(p")NTu(p) = a(p"){4A,AM (w1, + u,1,) + 4ApATN(P,1, + P,1,) + (k- P =2m?)(P,y, + P,y,) }u(p).
The denominator is
D" =(q+p—k?(p—k?=(2m* = (k-P))* = (k- q)* = (2m* — wp(ko — ak,))* - €’k.

For the term in 7(u,,?,, + u,,?ﬂ) we have

d*k 4A,A7
P 2
Iulf —e /(271_) D 6(k )nF(k)

d*k —k./a k2
~ —462/ 2n) [wp(gco - ak/) ) 2m7 5(k* = m*)np (k)

e’ (SEy/k — /Acx/a)lAc2
-—— dk—n E E /
471'30)%/ E, r k)s SEk/k—ak ) — Zm]

Using the high temperature expansion described at the beginning of this Appendix we find:

IP 2T2m2

wf === (1a(0,2,0,3) + 3(a* = 1)1g(2,2,0,3) — a1o(4,2,0,3))
12703

and at the end

» 1 2T?4m? [15(3 — a?) l+a 45
L™ — log -—l-
uLf 45 p wp 8a’ l—a) 4a

For the term in (P,], + P,l,) we have

d*k 4ApA?
Iy = _62/ “L (k2 — m?)np (k)

(2n)* D
e [ d% e K2
~ — XK 52 — mi? .
a(UP/ (277,')3 [a)P(kO — akx) — 2m2]2 ( m )”F( )

2 ki

e K
=——— [ dk—nz(E E dQ :
47136160%/ Ey r k)si/ ‘ [(SEx/k — ak x) — kr} ]2

At high temperatures it becomes

IP 2m2T2

b= "t (315(2,2,0,3) + a*15(4,2,0,3))

and hence

@ 8 1—a 4a*

1 7% 4m’ [15(3 - &) l+a 45
1%, . 1 -—.
LT T30 wh 0p ©p { @ Og( > ]
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The part proportional to (P,y, + P,y,) at first order in e
is the integral

d*k (k-P)—=2m?+Apq?
Ig%f =-¢ / (27)3 D . 8(k* = m?*)np(k)

[ ! 5082 — m2)ng (k)
~ —e —m-)n
(27)} wp(ky — ak,) — 2m? F

e’ k
=———— [ dk—ng(E
167t3a)P/ EknF( ¥
1
X dQ = 5.
;/ “SE k- ak,— 22

The high temperature expansion give a contribution of the
form

troy = [ b3 o),

which gives logarithmic and subleading contributions in
temperature that we can neglect. Notice that there is no IR
divergence, because the previous integral is just an approxi-
mation for high k, at low k& when the divergence would
occur the mass of the particle prevent the divergence.

Summing all the relevant terms we found that the
diagram can be written as:

Mp, =10 ) + 15 AP, + P,

av,

with
" 4e>T’m? [15(3 — a?) 1+a 45
qu = - 3 5 10 — ik
’ 45wy 8a I-a 4a
P _Zezsz2 5(3 —2a?%) B Elo l+a
PI 15wh  |2a%(1-a?)  4d° l-a)|

Using this result to evaluate the amplitude A o Mfyu”A;
we find that the gravitomagnetic moment coming from
photon polarization diagram is

I],:f €2T2
— _lim lim4 (2L 1 12 — L .
o Pro0 g0 (a)p - P'f>0HT 18m? Our

Only at high temperatures the polarization diagram con-
tribute to AGM.

3. Electromagnetic vertex

From electromagnetic vertex correction, Fig. 2(d), we
have

= [ %ﬁ(p’><—ieya)iSF(p’—k)V,w(p—k,p’—k)

XiSp(p —k)(=ieys)iD* (k)u(p),
where V,, is the stress-energy tensor fermion coupling:

1

Vi(p.p') =7 ru(p+ 1), +r.(p+0)l

1
_E”;w[p/_m +'ﬁ, _m]'

As before, we evaluate the temperature part and the
relevant part at low temperature is only given by the
Bose distribution term:

MYV =

[(p = k)* =

_ d*k a(p )N"u(p)
—_o / o

After simplification we obtain

_ —62/ d*k a(p' )y (¥ — ¥+ m)Vm,(p —k,p' = k)(p— ¥+ m)y®u(p)
v (27[)3 mZH(p —_ k)z _ mz]

8(k*)np (k)

a(p")Nu(p) = —a(p'){(4K + 4m)k,k, + 2¢P,P, — (m + 3f)(k,P, + k,P,)
+ (m2 - q2/2 - (k : P))(PMYU + PUY}!) + (_2m2 + qz + Z(k : P))(kyyv + kl/yﬂ)

+2(m + J) (k- P)ny u(p).

The denominator is

D" ={[(k-P)+ (k- q)][(k-P) = (k- q)] = wp(ko — ak,)* — kZe’.
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The part of the nominator that brings contribution to AGM is then
ﬁ(p/)NVu(p) = ﬁ(p,){4kk/4ku - 3k(k/4PU + kz/P;t) + (m2 - q2/2 - (k : P))(P;J/u + PuYﬂ)
+(=2m* + ¢* + 2(k - P)) (k7. + k) yu(p).
After decomposing k and removing odd terms in A;, we have to consider:
a(p')NVu(p) = u(p'){4A, A3 (w1, + u,1,) + (4Ap — 3)A(P,1, + P,1,)
+ [(mZ - q2/2 - (k : P)) + (_2m2 + q2 + Z(k : P))AP} (Pyyu + Puyu)
+ (—21’112 + q2 + Z(k ’ P))Au(uuyb + uvyy)}u(p)'

The part in 7(u,jy + uyiﬂ) is

d*k 4A,A2 d (ko — ky/a)k
m=-e [ 55 e GO / P e G

B 2¢? (s —ky/a)k2
=~ / dkkng (k) / dgk—(s—aicx)zy

2e? 2(a?kd = 2a%k, + k, )k
=——— [ dkk*n k/dQ e Y.
/ n(k) ¢ a(l — a*k2)?

The part in Z(P,,ZD + P,jﬂ) is

4 _ 2 4 awp
Igl — —62/ ((217[])2 (4APDV3)AI 5(](2)113(]() 262/ ((Zlﬂl; (i)%(j'c];iak ))2k 6(](2)1’13(]()

(3 — 4kk,/awp)k; 3¢? 2(1 + k)i
dkk dQ = dkkng(k) | dQ ———a"2
2(2ﬂ)3 2/ ng( Z/ k s—akx)z 2(2ﬂ)3w%/ ng( )/ k (1 —azki)z
T ilo l+a\ 3
T 1203 248 B\1-a a2'
The term in Py, + Py, gives

d*k m? ® aw, — 2k,
[Xyz—ez/( [( 27 £ :| . 3 5(k2)n3(k)

27)% | (ko — aky)? ko — ak awy
e? m? aw, — 2kk, wpaw, — 2kk
= [ dkkng(k dQy |5 ——F L2 = ]
2(27;)3610);1/ s )Szi/ k[kz (s—ak.)? k s—ak,

2 22 —2kk,)(1 + a?k> — 2kk,)2ak,
——— [ dkkny(k) / Q| (aw, )A(z Fak) _oplao, f3 ¢
167°awy k (1 - a’ky)? k 1 — a’k;

2
e

m22(1 + a2k?) 2h2
dkkng(k) [ dQ |— S A P S
) [ 0B ]

2 272 212 Hf2
e /dQ [m 21a2(1+a’ky) | 22°T° 2k, }

B 1671’30)%) 87 (1 - a2k2)2 6 1-— 02]})2(
e’m?> I, eT?> [ 3 1 l1+a 3
=- - —logl—— | -5 ).
167°ws1—a® 1803 \2a° “\1-a)

The term in w,y, + u,y, gives
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d*k m? ® ko —k./a
Vo 2 _ P 0 X 2
[y =2e / (2r)3 [(ko —ak,)? ko—ak ] w3 Ok (k)

:ﬁ / dkknB(k)SZ / { :__Zi)‘wpis__a%x/a)]

2 2k, = 2a%k% + a2k 2(1 = &2
e—/dkknB(k)/ko l:m ( a +Cl ))_a)P ( Ax):|
P

T 21 w? ko a(l-dR2)? 1 - a?k?
2 272 2
& = T /koz(l kj;)
(27)’wp 6 1 —a’k;

_eT* (3 o l+a\ 3
= 9w, 283 B\1—d) T &)
Summing all the relevant terms we found that the diagram can be written as:

MY, = 1Y, (wy, + wy,) + 15, (P, + Poy,) + In (P, + Pl,).

a. Fermionic part: High temperature

The fermionic part is:

1) - [ LMY E V0= o RN =)
= et )+ ML= - )
We change k to p — k in the first term and k — p’ — k in the second one:
Re’M};,(p.p') = ¢ / ((21:;3 w(p')rq [(ﬂ = ﬁ[(ifj : J)rv,f)z(k_ 1;1’2]—(1179 _+ ,S)z(k+ ")
U m>[( » ”(l; f k>+ . k)(]fp_, flk;k * m>] yu(p)np(k)5(k* — m?)
= [ Shea) o+ B utpme st - ).

After simplification the relevant parts for numerators are

ﬁ(p/)NYu(p) = ﬁ(p/){_4kkuky - k(kypy + kuPu) + (k “P+k- Q) (k/ﬂ/y + kyyﬂ)
ﬁ(p/)N¥M<p) = ﬁ(p/){_4kkﬂku - k(kﬂpu + kuP/A) + (k “P—k- Q) (kﬂyb + k,,}/M)

u(p);

}
pu(p).

After decomposing k we only have to consider:

a(p")NYVu(p) = a(p"){—4A,A w1, + u,l,) — (4Ap + )AN(P,1, + P,1,)
+ (k- P+k-q)Ap(Puy, +Puy,) + (k- P+k-q)A,(uy, +uy,)u(p);

i(p")NYu(p) = a(p"){-4A,AH (w1, + uw,1,) - (4Ap + VAFU(P,1, + P,1,)
+ (k- P—k-q)Ap(Pyr, + Pyyy) + (k- P—k-q)A,(w,r, + uyy,)u(p).

The denominators are
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DY = (4m* =2k -P)(k-q) +2(k-q)* + ¢*(2m*> —k-P+ k- q)

= 2k.e(wpky — awpk, — 2m?) + €*(wp(ky — ak,) + 2k? — 2m?) + ke,
DY =—(4m?> =2k -P)(k-q) +2(k-q)* + ¢*2m* —k-P—k-q)

= =2k.e(wpky — awpk, — 2m?) + €*(wp (ko — aky) + 2k2 = 2m?) — k.€?
Consider the term in Py, + Py,:

d*k [wp(ky —kea) — ke wp(ky — kea) + k€] k
Vo2 P Ko X z P\"0 X z * S5k = m? k),
Py € /(2]7.’)3|: DY + D;/ awp ( m )nF( )

after expanding at first order in ¢ and in high temperature, we find

e*T? T [ 3 l1+a\ 3
Iy, ~———15(2,0,0,1) = —— |==log( —— | —=|.
P " 5 10 L T {2(13 °g<1 —a) az]
Similarly the term in w,y, + u,y, is
d*k [wp(ky —kea) — ke wp(ky — kea) + k.€
Iy, =~ 62/ 22 [ Y =+ DY (ko — ky/a)d(k* — m*)np(k),
and at high temperature it becomes
272 272 2
v e’T Tt [ 3 3(1-a) l+a
~— 15(2,0,0,1) —15(0,0,0,1)) = — — = 1
W= " 6 o )~ I e T [2612 4 B\1-4

The term in J(P,I, + P,1,):

d*k [ 1 1 7 (4k, + awp)k?
IV:—Z/ | TP S5k — ) (k
Pl e (2”)3 |:DY + D¥:| awp ( m )nF( )

at first order in € and at high temperature is

272
v e

AT}

(16m>(31(2.2,0,3) + a1 (4.2,0,3)) + w3 (15(0,2.0,3) + 21 (2.2, =2.3) — 4a*1o (4.2, -2.3)+
—a*15(4,2.0,3) + 2a*15(6,2,-2.3)))

_ 2e*m*T? 5(3—2a2)_£10 l+a _€2T2 ilo l+a\ 3
- 150%  |2ad*(1-d?)  4d° g w3 |24 B\1-a) &2

7 €*T? [124m?* (5(3-24%) 15 l+a 5(/3 l+a\ 3
=302 |7 2 a2~ g508 —5 |5, 3l08 - :
360 wp |7 wp \2a°(1 —a®) 4a 1-

1—a

2

a 7\243 l—a a

Lastly, the term in l(uﬂi,, + uyiﬂ):

~

d*k 1 1
== [ 55 [+ By ke — )00 )

gives
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y T
ul = gg e
-1+ 2a2)IQ(2, 2,-2,3) +2a%15(4,2,-2,3) + a*l(4,2,-2,3) — a*14(6,2,-2,3)))
4e’m>T? [15(3 — 2a?) l+a\ 45] €T°[3 3(1-4d2) l+a
s | ()l - {—— (23]

4503, 8a’ l-a) 4a*] 18wp |24® 4a’ l-a
1 eT? [ 24m?* (15(3 —2a?) l+a 45 5 3 301 -4 l+a
=—-0— |3 s log — | +z = 5—log .
30 wp 3 ws 8a l—a 3 4a l—a

4. Contact term

(8m (16(0,2,0,3) 4 3(a? — 1)1(2.2,0.3) — a*15(4,2.0,3)) + w3 (Ig(0,2,-2,3)+

The contact diagram, Fig. 2(e), is

M, = / (;‘,j a(p ) rFiSe (p — k) (=ieriDi(k) + (9 < p)lulp).

where the contact vertex is:
al“/ = ”ﬂu’/lﬂp 5 ’1/}77{/ =+ ﬂﬂ”p

The temperature part given by the Bose distribution is:

4 m)yP
UG 1) = = [ 55580 ) [ EZEEI (o))

(2x)?
4 C C
- / s 101 |+ B upa(1)302)

We refer to “1” as the first term and with “2” to the term with p’ <> p: The numerator of the Bose part:

a(p)Nfu(p) = ﬁ(p’){—% (Puyy + Puyy) + (kyyy + kyyy) + 5 (qury + quyy) + (2m + k)’?;w}“(l’)’

e
2
- / C 1
u(p' )Nsu(p) 3

ﬁ(p’){—% (Puyy + Puyy) + (kyyy +kyyy) = 5 (qur, + qury) + (2m + k)’?,w}“(l’)’

therefore the contribution to AGM is the same for the terms “1” and “2”:
a(p")Ntu(p) = a(p")Nu(p) = ﬁ(p’){—%(Pm + Py + (kary + kyyﬂ)}u(p)‘
Decomposing k in the numerators we have
(P NSu(p) = 1 Noup) = 1) (Ar =3 ) Buts + P + A, + ) )

and the denominators are

DS = —[(k- P) = (k- q)] = ~wp(ko — ak,) - k.e.
DS = —[(k- P) + (k- q)] = —wp(ky — ak,) + kee.
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The part in (P,y, + P,y,) at leading order in € is

2 o o i a2
2k

dkkng! dQ S
167; / s Z/ k[ks—ak ds—akx]

e’ wp 2ak, 2k>
=——— | dkkng(k) | dQ S, P S
167:30)%/ s )/ "{ k 1-a?k2 1—a2k3j

The first term in square bracket is vanishing and the second one gives

e? 8z (3 l1+a 3 eT? (3 1+a 3
16 =+ 2% ( 2 o (L) 2N [ dkkng(k) = S5 (otog (L) -2 ).
T 6rwl 3 (2 3 g<1 —a> a2>/ ms(kK) = 15,7 (2a3 °g<1 —a> a2>

The part in (u,y, + u,y,) at leading order in € is

2

207 [ d*k ko —k./a e s—k,/a
15:—/ S(k)ng (k) 21— = — /dkkn k /dQ e
= [ om0 - WY [ a0 =

2r)3 87’ wp

e? 20-k2) & #T*16x (3 3(1-a?), [(l+4a
= dkkng(k) | d 2= —(=- 1
8ﬂ3a)p/ i )/ Y1k 8Pwp 6 3 <2a2 4a’ 0g<1 - a>>

eT? (3 3(1-d?) l+a
=53~ 5 log .
9wp \2a 4a 1—a

a. Fermionic part: High temperature

The temperature part given by the Fermi distribution is:

4 K m)y?
MG ) = e [ 55300 = 2 01(p) R 1 o ) utp)
4
=e? ((217[];3 8(k*> — m*)ng(k)a(p' )y (f +m)y” [(p _1 BE + T i k)2] u(p)
4 c c
= ¢ / %5(1& — e (K)a(p) [gc + g_g] u(p).

The numerator is

N€ = _(yykv + }/l/kﬂ) - NgGM = —Au(l/l”}/y + uvyy) _AP(Pyyv + Pl/}/ﬂ)'

The denominators are

D = (2 = (k- P) + (k- )] = 2m® = wp(koy = ak,) — ke,
DS = 2m* = (k- P) — (k- q)] = 2m? — wp(ky — ak,) + k.e.

The part in (P,y, + P,y,) at leading order in € is

e B
—m-)n
Prf = wia | (2r)? Pk — ak, = 2m?/wp
et 1 K k
=——— [ dk—np(k dQ, ———.
el YEMOS [
- o
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At high temperature the leading term is

272 1 2727 3 I 3
o Soraz 2(2:0.0.1) = e [Flog<ﬂ> __}

Prf = 96 1a 36 w a l—-a) d

The part in (u,y, + u,y,) at leading order in e and expanding for high temperatures is

28 [ d% ko —k,./a
I ——8(k> = m?)np(k b
urf = (27:) ( m)nr( )ko—akx—Zmz/a)P

K SEJk—k
/deLF Z/ ~ S k/ x/a
87/7 wp “Ey sEy/k — ak, —
e’T?
296n'a)p

_lLer i_3(1—a2)lo l+a
18 wp |242 4a’ B\i=d)|

Summing all the relevant terms we found that the diagram can be written as:

(I(0,0,0,1) — I5(2,0,0, 1))

ng = (Igy + eHTIgy,f)(Pﬂyy + Pl./yﬂ) + (I + GHTIWf)<u/47u + uvyﬂ)'

5. Angular integrals

Here, we report the results of the angular integrals we used to evaluate the diagrams:

2 1 l14+a 2k2 8z [ 3 1+a\ 3
/d ol 8”[251 0g<1—a>}’ /d a3 [2513 Og(l—a) aZ}
2 1 l14+a 1 2k> 87 6 3 l1+a
dQ ————— =8z |—1 : dQ— e = | — o ;
/ Ca— ey ”[4a Og(l—a)+2<1—a2>] / Ca—aRy 3 L(l—aZ)az 4a’ g<1—aﬂ

and the integrals involving lAcy are

2k? 8z [3(14+a*), (1+a 3
dQ——L e = 1 S
/ YO—a2Br 3| 8 °g<1 —a) 4a2]
25k sx[153-4a?) AN
(1-a*k>? 15 8 4a*

2 8x[3(3a*-1) 3(1+3a2)10 l+a
(1-a*k2)? 3 [16a*(1 —a?) 324 g '

/
/

7272 zl — a2 a? a
/ 282 8x[15B3-a®) 153+ )log(1+ )]
/

1—a

1—a

(1-a?k3)? 15 [16a*(1-d®)  324°
2y 8 [35(15 - 134 N 105(a? - 5) oe (1 H @
(1-a2i2)?  35[16a°(1 - a?) 324 ’

1—a

1—a

and those involving lAcZ in the principal value sense are given by
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2h2 202 1 1
/ko;AzAzzlim dQ; e = —8ﬂ{10g< +“>}
(1 —a kx)kz 0 (1 —a kx)(kz -7 ) 2a l-a
2k%02 20242 8z [ 3 1+a\ 3
dQ, ——2 = =1i dQ Ty N P P (e I
/ AT A T S [ B [2a3 °g<1 —a) ]
2k2 3 14+a\ 3a®-5
Ao ——5 —— = —8n|—1 - ,
/ - 2R)PR ”Léa °g<1 —a> 8(1 —a2)2]
/dQ 2kl sx[3(1+a4) 3 oo (LT
‘ (1 —a2k2)302 3 |8a%(1 —da?)? 164 ]\1-4)]
/dQ 2 8x[ 15 oo (L @) _3Ba—-5a)
Y-y 5 e B\i—a) 81— )
/dQ 268k 8x[105 oo (L @) _7(15a = 25a° + 8a°)
“a- 2232 7 [16d’ B\1-a 8a’(1 —a?)?
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