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The coupling between the spin of a massive Dirac fermion and the angular momentum of the medium,
i.e. the gravitomagnetic moment, is shown here to be renormalized by QED interactions at finite
temperature. This means that the anomalous gravitomagnetic moment (AGM) does not vanish, and implies
that thermal effects can break the Einstein equivalence principle in quantum field theory, as argued
previously. We also show that the AGM causes radiative corrections to the axial current of massive
fermions induced by vorticity in quantum relativistic fluids, similarly to the previous findings for massless
fermions. The radiative QCD effects on the AGM should significantly affect the production of polarized
hadrons in heavy-ion collisions.
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I. INTRODUCTION

Recent experiments [1–3] at the Relativistic Heavy Ion
Collider (RHIC) have opened the possibility to study the
effects of vorticity and magnetic field on the production of
polarized hadrons in relativistic heavy-ion collisions; see
[4] for a recent review. The coupling between the spin and
vorticity of the quark gluon plasma [5–7] induces a
polarization of the hadrons emitted from the fluid, which
can be measured in experiments. The spin and the polari-
zation of a spin 1=2 particle, like the Λ hyperon, is deeply
connected to the axial current of the particle. In a rotating
medium, the coupling between the spin of a fermion and
rotation of the medium [8] also induces a thermal effect on
the axial current, known as the Axial Vortical Effect (AVE).
The AVE is a macroscopic quantum effect describing the

axial charge separation along the rotation of the fluid [9–11].
In the case of a system composed of massless fermions, one
can give a simple intuitive picture of the phenomenon.

Indeed, as a result of the coupling between the fermions’
spin and the rotation of themedium, the spins of the fermions
are preferably aligned along the angularmomentumvector of
the medium. Then, since for massless fermions chirality
coincides with helicity (note that for antifermions, chirality
and helicity are opposite), most of the right-handed particles
will move along the direction of the vorticity (pseudo)vector,
while most of the left-handed particles will move in the
opposite direction. This flow causes the net separation
between the right- and left-handed particles that we refer
to as the AVE. Since the AVE is driven by spin-rotation
coupling, it can be realized even in a global thermal
equilibrium, where the expectation value of the axial current
is given by [12]

hĵμAi ¼ nAuμ þWA ω
μ

T
;

where nA is the density of axial charge, u is the fluid velocity,
ω is thevorticity of themedium, andT is the temperature. For
free massless fermions the AVE conductivityWA is found to
be [8–10]

WA ¼ T3

6
þ μ2 þ μ2A

2π2
T;

where μ is the vector chemical potential and μA is the axial
chemical potential.
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The AVE shares many similarities with other nondissi-
pative macroscopic quantum effects, such as the Chiral
Magnetic Effect (CME) [6,13,14] and the Chiral Vortical
Effect (CVE) [15,16]. However, even though both CME
and CVE originate from the chiral anomaly [17], the link
between AVE and anomalies is still under discussion; see
[12,18–27]. First, both the axial current and the vorticity are
axial vectors, and therefore AVE does not require parity
breaking. Second, the AVE conductivity is not protected
against radiative corrections: explicit calculations in mass-
less quantum electrodynamics (QED) and quantum
chromodynamics (QCD) show that AVE conductivity is
renormalized by interactions [28,29].
This correction only affects the finite-temperature part of

the AVE conductivity, while the parts proportional to the
axial chemical potential and the vector chemical potential
are unaltered by interactions. Indeed, at second order in
QED coupling constant e, the AVE conductivity for a
massless fermion is given by [28,29]

WA ¼
�
1

6
þ e2

24π2

�
T3:

This correction is given solely by the diagram in Fig. 1.
Higher order corrections are nonvanishing only if they are
given by diagrams in which the axial current is inserted
through the anomalous triangle subdiagram [29].
The radiative corrections to AVE in QED can be

interpreted as driven by the interaction of a graviton with
the photon cloud surrounding the fermion. Indeed, we may
understand the coupling between the chirality of fermions
and rotation of the medium induced by this diagram as
follows. Suppose the lower fermion line inside the loop in
Fig. 1 has a right chirality. Then it couples more effectively
to photons having a polarization parallel to the fermion
spin. Following the loop in the figure, those photons then
interact with the rotation of the medium (represented by the
insertion of stress-energy tensor in the diagram) forcing
their polarization to rotate—so when they couple to the
fermion in the loop again, they can induce the chirality flip
of the fermion, and transform it into a left-handed one. Note
that this requires the presence of photons in the rotating

fluid, which in thermal equilibrium implies a finite temper-
ature. At zero temperature, the photon cloud is part of the
coherent state of a charged fermion, and thus rotates
together with it. At finite temperature, the thermal bath
possesses its own photons, and mixing between these
photons and the photons that form the coherent cloud of
the fermion can cause the rotation of the fermion’s
polarization.
In analogy with the magnetic moment, the quantity that

describes the coupling of a fermion’s spin to rotation is a
gravitomagnetic moment. The picture discussed above thus
suggests that we can describe the radiative correction to this
quantity as an Anomalous Gravitomagnetic Moment
(AGM), as Fig. 1 is analogous to the diagram describing
the anomalous magnetic moment in QED. In this work we
validate the connection between the AGM and the radiative
corrections to the AVE for the case of a massive fermion.
We show that the gravitomagnetic moment of a massive
fermion in thermal equilibrium is indeed anomalous, and
that the radiative corrections to the AVE in the low
temperature regime are due to the gravitomagnetic moment.
The emergence of the AGM may seem surprising, as the

Einstein equivalence principle forbids the appearance of an
anomalous spin-rotation coupling [30,31]. In the language
of quantum field theory, the equivalence principle is
translated into the Lorentz invariance of the local coupling
of gravitational fields to the stress-energy tensor [32]. This
is why the presence of an AGM is excluded for both
elementary [32] and composite [31,33] particles. However,
an explicit renormalization of stress-energy tensor for
massive QED at finite temperature has demonstrated that
the effects of temperature break the weak equivalence
principle (i.e., gravitational and inertial mass are no longer
equivalent) [34,35]. The equivalence principle violation can
be ascribed to the fact that a finite temperature breaks the
Lorentz invariance of the vacuum and that, in the presence
of a thermal bath, one can genuinely discern if the system is
under acceleration or under the effect of a gravitational field
by making measurements in reference to the thermal bath.
Thus, we can expect, and indeed have found, the emer-
gence of the AGM at finite temperature.
This paper is organized as follows. In Sec. II we evaluate

the AVE conductivity in the low temperature regime for a
nonrelativistic particle and show that the radiative correc-
tions to this conductivity can be quantitatively derived from
the anomalous gravitomagnetic moment. In Sec. III we
introduce the gravitomagnetic moment of a Dirac fermion
and evaluate the radiative correction to it at one-loop level
in finite temperature QED. In Sec. IV we use the scattering
theory in linearized gravity to obtain a formula which
connects the gravitomagnetic moment to the matrix ele-
ments of the stress-energy tensor. A summary and a
discussion of the results are given in Sec. V. The details
on the renormalization of the stress-energy tensor at finite
temperature and the evaluation of the related Feynman

FIG. 1. The Feynman diagram describing the radiative correc-
tions to AVE conductivity. Red and blue lines represent right and
left chiralities of the fermions, and the green arrows represent the
photon polarization.
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diagrams are given, respectively, in Appendix C and
Appendix D. In Appendix Awe review how finite temper-
ature effects lead to a difference between inertial and
gravitational mass.

II. RADIATIVE CORRECTIONS TO THE AXIAL
VORTICAL EFFECT FOR A MASSIVE FIELD

In this section we evaluate the radiative corrections to the
axial vortical effect (AVE) conductivity WA for a massive
Dirac field in a low temperature regime. We obtain the AVE
conductivity starting from the corresponding Kubo formula
that involves the thermal correlator between the stress-
energy tensor and the axial current operators. As any
quantum operator can be written in terms of its matrix
elements by expanding it in multiparticle states [36], it then
follows that the AVE conductivity can be obtained by
considering the radiative corrections to the following
matrix elements:

hp0; s0jT̂μνð0Þjp; si; hp0; s0jĵμAð0Þjp; si;

where T̂μν is the stress-energy tensor, ĵA is the axial current,
and jp; si is the state representing a single fermion with
momentum p and spin s. The main strategy we adopt to
evaluate the radiative corrections of WA is to include the
effects of the interactions by renormalizing the matrix
elements above using finite temperature QED. After
renormalization, the formula for the AVE conductivity is
formally identical to the one in the free field case, the only
difference being the values of the renormalized matrix
elements. In particular, the thermal correlator will act solely
on the fermionic creation and annihilation operators and
can be readily written down. An equivalent approach to
evaluating statistical averages is described in the textbook
[37], where the density matrix is written in terms of its “in-
picture” matrix elements. In this section we derive the
conductivity WA, while the renormalization of the matrix
elements is performed in Appendix C.
The AVE conductivity WA for a massive Dirac field is

given by the thermal correlator between the axial current

and the total angular momentum of the system and can be
written as [25]

WA ¼ 2

Z
β

0

dτ
β

Z
d3xx1hT̂02ð−iτ;xÞĵ3Að0ÞiT;c; ð1Þ

where the symbol h� � �iT denotes thermal averages per-
formed in the rest frame of thermal bath u ¼ ð1; 0Þ with the
familiar homogeneous global equilibrium density operator
in the grand-canonical ensemble

ρ̂ ¼ 1

Z
exp½−βðxÞ · P̂�;

where P̂μ is the total four-momentum of the system. The
subscript c on the thermal average in (1) denotes the
connected part of the correlator, that is, for the simplest case
of two operators:

hÔ1Ô2ic ≡ hÔ1Ô2i − hÔ1ihÔ2i:

As mentioned in the beginning of this section, the stress-
energy tensor can be decomposed in the multiparticle
Hilbert space basis and can be written as a combination
of creation and annihilation operators. We thus denote with
â†τ and b̂†τ the creation operators of, respectively, the particle
and antiparticle state of Dirac field with momentum p and
spin τ, covariantly normalized as:

fâσðqÞ; â†τ0 ðq0Þg ¼ 2εqδττ0δ
3ðq − q0Þ;

fb̂σðqÞ; b̂†τ0 ðq0Þg ¼ 2εqδττ0δ
3ðq − q0Þ;

where εq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

p
. The spinors for particle uτðqÞ and

for antiparticle vτðqÞ are normalized as

u†τðqÞuτ0 ðqÞ ¼ δττ0 ; v†τðqÞvτ0 ðqÞ ¼ δττ0 :

Furthermore, taking advantage of the fact that T̂μν is an
additive operator, it is uniquely determined by [36]:

T̂μνðxÞ ¼ 1

ð2πÞ3
X
τ;τ0

Z
d3q0

Z
d3qâ†τ0 ðq0ÞâτðqÞeiðq−q

0Þ·xūτ0 ðq0ÞAMμν
þþðq; q0ÞABuτðqÞB

þ 1

ð2πÞ3
X
τ;τ0

Z
d3q0

Z
d3qâ†τ0 ðq0Þb̂τðqÞe−iðqþq0Þ·xūτ0 ðq0ÞAMμν

þ−ðq; q0ÞABvτðqÞB

þ 1

ð2πÞ3
X
τ;τ0

Z
d3q0

Z
d3qb̂†τ0 ðq0ÞâτðqÞeiðqþq0Þ·xv̄τ0 ðq0ÞAMμν

−þðq; q0ÞABuτðqÞB

þ 1

ð2πÞ3
X
τ;τ0

Z
d3q0

Z
d3qb̂†τ0 ðq0Þb̂τðqÞe−iðq−q

0Þ·xv̄τ0 ðq0ÞAMμν
−−ðq; q0ÞABvτðqÞB þ T̂μν

PhotonsðxÞ; ð2Þ
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where T̂μν
PhotonsðxÞ contains only terms in the creation and annihilation operators for the photons, the sum over the spinor

indices A and B is intended, and the matrices M are inferred from the following stress-energy tensor matrix elements:

ūτ0 ðq0ÞMμν
þþðq; q0ÞuτðqÞ≡ h0jâτ0 ðq0ÞT̂μνð0Þâ†τðqÞj0i ¼ hq0; τ0jT̂μνð0Þjq; τi;

ūτ0 ðq0ÞMμν
þ−ðq; q0ÞvτðqÞ≡ h0jâτ0 ðq0ÞT̂μνð0Þb̂†τðqÞj0i ¼ hq0; τ0jT̂μνð0Þjq; τi;

v̄τ0 ðq0ÞMμν
−þðq; q0ÞuτðqÞ≡ h0jb̂τ0 ðq0ÞT̂μνð0Þâ†τðqÞj0i ¼ hq0; τ0jT̂μνð0Þjq; τi;

v̄τ0 ðq0ÞMμν
−−ðq; q0ÞvτðqÞ≡ h0jb̂τ0 ðq0ÞT̂μνð0Þb̂†τðqÞj0i ¼ hq0; τ0jT̂μνð0Þjq; τi: ð3Þ

In the same way the axial current ĵμA ¼ Ψ̄γμγ5Ψ can be decomposed into

ĵμAð0Þ ¼
X
σ;σ0

Z
d3k

ð2πÞ3=2
d3k0

ð2πÞ3=2 ½ūσðkÞA0Aμ
þþðk; k0ÞA0B0uσ0 ðk0ÞB0 â†σðkÞâσ0 ðk0Þ

þ ūσðkÞA0Aμ
þ−ðk; k0ÞA0B0vσ0 ðk0ÞB0 â†σðkÞb̂σ0 ðk0Þ þ v̄σðkÞA0Aμ

−þðk; k0ÞA0B0uσ0 ðk0ÞB0 b̂†σðkÞâσ0 ðk0Þ
þ v̄σðkÞA0Aμ

−−ðk; k0ÞA0B0vσ0 ðk0ÞB0 b̂†σðkÞb̂σ0 ðk0Þ�; ð4Þ

where

ūσ0 ðk0ÞAμ
þþðk; k0ÞuσðkÞ≡ h0jâσ0 ðk0ÞĵμAð0Þâ†σðkÞj0i

¼ hk0; σ0jĵμAð0Þjk; σi; ð5Þ

and similarly for the others as in (3). Notice that the pure
photon contribution to stress-energy tensor does not affect
the AVE conductivity. Indeed, the thermal correlator in (1)
for T̂μν

PhotonsðxÞ would result in a combination of thermal
averages between one photonic and one fermionic operator
which are vanishing. Furthermore, the Dirac equation and
the Poincaré symmetry constrain the matrix elements (5) to
take the form:

Aμ
s1s2ðk; k0Þ ¼ FA1

s1s2ððk0 − kÞ2Þγμγ5

þ FA2
s1s2ððk0 − kÞ2Þ ðk

0 − kÞμ
2m

γ5; ð6Þ

with s1, s2 ¼ � and where FA1
s1s2ð0Þ ¼ 1.

For the sake of clarity we illustrate the calculation only
for the particle part, which we denote withWA

aa. That is we
consider only the terms of (2) and (4) which contain exactly
one particle creation operator â† and one particle annihi-
lation operator â. The contribution from the other terms are
obtained in a similar fashion and will be added at the end.
We can proceed in the calculation by plugging the
expressions (2) and (4) in the formula (1). Then the
conductivity WA

aa involves the thermal expectation values
between four creation and annihilation operators, which
can be reduced by the thermal Wick theorem to the

products of two-operator thermal expectation values as
follows:

hâ†1â2â†3â4ic ¼ hâ†1â2â†3â4i − hâ†1â2ihâ†3â4i
¼ hâ†1â4ihâ2â†3i:

The two-operator thermal expectation values for Dirac
fields with the homogeneous grand-canonical ensemble
operator ρ̂ are given by:

hâ†τðkÞâσðqÞiβðxÞ ¼ δτσδ
3ðk − qÞnFðεkÞ;

hâτ0 ðk0Þâ†σ0 ðq0ÞiβðxÞ ¼ δτ0σ0δ
3ðk0 − q0Þð1 − nFðεk0 ÞÞ;

hb̂†τðkÞb̂σðqÞiβðxÞ ¼ δτσδ
3ðk − qÞnFðεkÞ;

hb̂τ0 ðk0Þb̂†σ0 ðq0ÞiβðxÞ ¼ δτ0σ0δ
3ðk0 − q0Þð1 − nFðεk0 ÞÞ; ð7Þ

where other combination are vanishing and nF is the Fermi-
Dirac distribution function

nFðεkÞ ¼
1

eεk=T þ 1
:

After simple calculation, by using the (7) and the identity

X
σ

uσðkÞūσðkÞ ¼
=kþm
2εp

;
X
σ

vσðkÞv̄σðkÞ ¼ −
=kþm
2εp

;

the particle part of the AVE conductivity is
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WA
aa ¼

2

ð2πÞ6
Z

β

0

dτ
β

Z
d3x

X
σ;σ0

Z
d3k
2εk

Z
d3k0

2εk0
x1eiðk−k0Þ·xe−ðk0 0−k0Þτ

×M02þþðk; k0ÞABuσðkÞBūσðkÞA0A3þþðk; k0ÞA0B0uσ0 ðk0ÞB0 ūσ0 ðk0ÞAnFðεk0 Þð1 − nFðεkÞÞ

¼ 2

ð2πÞ6
Z

β

0

dτ
β

Z
d3x

Z
d3k
2εk

Z
d3k0

2εk0
x1eiðk−k0Þ·xe−ðk0 0−k0Þτ

× tr½M02þþðk; k0Þð=kþmÞA3þþð=k0 þmÞ�nFðεk0 Þð1 − nFðεkÞÞ:

Since the matrix elements M02þþðk; k0Þ can always be simplified such that they contain just one gamma matrix, when
plugging the form (6) of A3þþ we realize that only the first form factor FA1þþ can contribute to the trace. It is now
straightforward to integrate over the coordinates by using

Z
d3xx1eiðk0−kÞ·x ¼ ið2πÞ3 ∂

∂k0x δ
3ðk0 − kÞ;

where kx is the first component of the spatial momentum k. Thanks to the delta function, the result

WA
aa ¼

2i
ð2πÞ3

Z
d3k
2εk

Z
d3k0

2εk0
∂
∂k0x δ

3ðk0 − kÞtr½M02þþðk; k0Þð=kþmÞγ3γ5ð=k0 þmÞ�nFðεk0 Þð1 − nFðεkÞÞFA1þþððk0 − kÞ2Þ

is easily integrated in k0:

WA
aa ¼

i
ð2πÞ3

1

8

Z
d3k
εk

4ð1 − nFðεkÞÞ
∂
∂k0x

�
FA1þþððk0 − kÞ2Þ

εk0
tr½M02þþðk; k0Þð=kþmÞγ3γ5ð=k0 þmÞ�nFðεk0 Þ

�
k0¼k

: ð8Þ

Repeating the same steps described above for all the other terms in (2) and in (4) and including a chemical potential μ we
eventually obtain

WA ¼ −2i
Z

β

0

dτ
β

Z
d3k
ð2πÞ3

� ∂
∂k0x Sðk; k

0; τÞ
�
k0¼k

; ð9Þ

with

Sðk; k0; τÞ≡ X
s1;s2¼�

FA1
s1s2ððk0 − kÞ2ÞTs1;s2ðεk; εk0 ;k;k0Þ

4εkεk0
e−ðs1εk−s2εk0 Þτ

× ðδs1;þ − nFðεk − s1μÞÞðδs2;− − nFðεk0 − s2μÞÞ;
Ts1;s2ðεk; εk0 ;k;k0Þ≡ tr½M02

s1s2ðk; k0Þð=kþmÞγ3γ5ð=k0 þmÞ�k0¼s1εk;k00¼s2εk0
:

Before moving on, it is important to check that the proposed method reproduces the known result for the AVE
conductivity in the noninteracting case. For a free theory the matricesMμν

�� and the form factor FA1
�� defined in (3) and in (6)

do not depend on the signs s1 and s2 and they are all simply given by

Mμν
Freeðq; q0Þ ¼

1

4
½γμðqν þ q0νÞ þ γνðqμ þ q0μÞ�; FA1

Freeððk0 − kÞ2Þ ¼ 1:

Not surprisingly, plugging these forms in (9) we reproduce the same formula found in [25] for the AVE conductivity of a
free massive Dirac field. Working out the expression (9) for a free field we eventually get

WA ¼ 1

ð2πÞ3β
Z

d3k

�
−
ε2k − k2=3

ε3k
ðnFðεk − μÞ þ nFðεk þ μÞÞ − ε2k þ k2=3

ε2k

∂
∂εk ðnFðεk − μÞ þ nFðεk þ μÞÞ

�
:
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After integrating by parts we obtain the well-known result:

WA ¼ 1

2π2β

Z
dk

ε2k þ k2

εk
½nFðεk − μÞ þ nFðεk þ μÞ�:

A. Nonrelativistic limit

We now proceed to evaluate the radiative correction to the axial vortical effect (AVE) for a nonrelativistic particle at low
temperatures T ≪ m. In this regime the relevant contribution to the AVE conductivity is given by the particle contribution in
Eq. (8), while the other terms in (9) are subleading. We start evaluating the formula (8) by expanding the derivative as:

WA
LT ≃WA

aa ¼
i

ð2πÞ3
1

8

Z
d3k
εk

4ð1 − nFðεk − μÞÞ
�
FA1þþð0Þ

εk
nFðεk − μÞ

� ∂
∂k0x Tþþðk; k0Þ

�
k0¼k

þ Tþþðk; kÞ
∂
∂k0x

�
FA1þþððk0 − kÞ2Þ

εk0
nFðεk0 − μÞ

�
k0¼k

�
;

where the subscript LT stands for low temperature and

Tþþðk; k0Þ ¼ tr½M02þþðk; k0Þð=kþmÞγ3γ5ð=kþmÞ�: ð10Þ

Taking advantage of Dirac equation in (3) we see that the matrix element M can always be written as
M02þþðk; k0ÞAB ¼ M02þþðk; k0ÞλγλAB. Then the trace reads

Tþþðk; k0Þ ¼ M02þþðk; k0Þλtr½γλð=kþmÞγ3γ5ð=k0 þmÞ� ¼ −4iM02þþðk; k0Þλϵλ3μνkμk0ν;

from which we see that Tþþðk; k0Þ is vanishing when k0 ¼ k. Also, reminding that FA1þþð0Þ ¼ 1, the AVE conductivity
becomes

WA
LT ¼ i

ð2πÞ3
1

8

Z
d3k
ε2k

4ð1 − nFðεk − μÞÞnFðεk − μÞ
� ∂
∂k0x Tþþðk; k0Þ

�
k0¼k

¼ −
i

ð2πÞ3
1

8β

Z
d3k
ε2k

4nF 0ðεk − μÞ
� ∂
∂k0x Tþþðk; k0Þ

�
k0¼k

;

where we used the identity

ð1 − nFðεk − μÞÞnFðεk − μÞ ¼ −
1

β

∂
∂ϵk nFðεk − μÞ ¼ −

1

β
n0Fðεk − μÞ:

To evaluate the trace, we notice (see Appendix B) that only the following form factors of M bring a nonvanishing
contribution to Tþþðk; k0Þ:

Mμν
Relevantðk; k0Þ ¼ IPγðP; qÞðγμPν þ γνPμÞ þ IuγðP; qÞðγμuν þ γνuμÞ

þ IPlðP; qÞl̂ðl̂μPν þ l̂νPμÞ þ IulðP; qÞl̂ðl̂μuν þ l̂νuμÞ; ð11Þ

where u is the thermal bath velocity, P ¼ kþ k0, q ¼ k0 − k and

lμ ¼ ϵμνρσuνPρqσ: ð12Þ

The explicit values of the form factors will be evaluated in Appendix C and the final results are reported in (21) for q ¼ 0
and in the nonrelativistic limit of P. In the rest frame of thermal bath, where the formula (8) is evaluated, the matrix elements
(11) read
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Mμνðk; k0ÞRest ¼ IPγðP; qÞðγμPν þ γνPμÞ þ IuγðP; qÞðγμδν0 þ γνδμ0Þ
þ IPlðP; qÞl̂ðl̂μPν þ l̂νPμÞ þ IulðP; qÞl̂ðl̂μδν0 þ l̂νδμ0Þ:

First, consider the term in IPγðP; qÞ. The calculation is the same as the free case except for the form factor. The trace reads:

TPγðk; k0Þ ¼ IPγðP; qÞ½η0λðky þ k0yÞ þ η2λðεk þ εk0 Þ�ð−4iÞϵλ3μνkμk0ν;

whose derivative is

∂
∂k0x TPγðk; k0Þjk0¼k ¼ 2IPγðP; q ¼ 0Þðη0λky þ η2λεkÞð−4iÞϵλ3μνkμην1

¼ −8iIPγðP; q ¼ 0Þð−ϵ0321k2y þ ϵ2301ε2kÞ ¼ −8iIPγðP; q ¼ 0Þðε2k þ k2yÞ:

Then this term of matrix elements contributes to the low temperature AVE conductivity as

WA
Pγ ¼ −

1

ð2πÞ3β
Z

d3k4IPγðP; q ¼ 0Þ ε
2
k þ k2y
ε2k

nF 0ðεk − μÞ

¼ −
1

ð2πÞ3β
Z

d3k4IPγðP; q ¼ 0Þ ε
2
k þ k2=3

ε2k
nF 0ðεk − μÞ:

Since the form factor only depends on the spatial modulus of P we can integrate by parts:

WA
Pγ ¼

1

2π2β

Z
dk

�
4IPγðP; q ¼ 0Þ ε

2
k þ k2

εk
þ 4IPγðP; q ¼ 0Þk2 ε

2
k − k2=3

ε3k

þ4
∂IPγðP; q ¼ 0Þ

∂εk
�
k2 þ k4

3ε2k

��
nFðεk − μÞ:

At low temperature the second term is subleading compared to the first and we can approximate the coefficient as

WA
Pγ ¼

1

2π2β

Z
dk

�
4IPγðP; q ¼ 0Þ ε

2
k þ k2

εk
þ 4

∂IPγðP; q ¼ 0Þ
∂εk

�
k2 þ k4

3ε2k

��
nFðεk − μÞ: ð13Þ

Explicit calculations reveal that the other terms of (11) when plugged into (8) give contributions of the same form as (13)
but with a different form factor. To illustrate this we show that the other terms of (11) when traced in (10) give the same
result as the first term; hence Mμν can be effectively by written as proportional to ðγμPν þ γνPμÞ. Firstly, since the form
factors must be evaluated for q going to zero and then integrated over k, from Eq. (12) we see that the matrix elements of
(11) proportional to =l are effectively given by

Mμνðk; k0ÞEff ¼ IPγðP; qÞðγμPν þ γνPμÞ þ IuγðP; qÞðγμδν0 þ γνδμ0Þ
þ −IPlðP; qÞðγμPν þ γνPμÞ − IulðP; qÞðγμδν0 þ γνδμ0Þ:

Secondly, in the rest frame of thermal bath where ωP ¼ P · u ¼ P0 we can write the form factors IuγðP; qÞ and IulðP; qÞ as

Mμνðk; k0ÞEff ¼ IPγðP; qÞðγμPν þ γνPμÞ þ IuγðP; qÞ
ωP

ðγμδν0 þ γνδμ0ÞP0

þ −IPlðP; qÞðγμPν þ γνPμÞ − IulðP; qÞ
ωP

ðγμδν0 þ γνδμ0ÞP0:

Lastly, one can explicitly check that the contribution from ðγμδν0 þ γνδμ0ÞP0 is the same as ðγμPν þ γνPμÞ in the low
temperature limit and the effective matrix element is
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Mμνðk;k0ÞEff ¼
�
IPγðP;qÞþ

IuγðP;qÞ
ωP

−IPlðP;qÞ−
IulðP;qÞ

ωP

�
×ðγμPνþγνPμÞ

¼gΩðP;qÞ
4

ðγμPνþγνPμÞ:

As we will show in the next sections, the quantity gΩ
defined from the form factors of the stress-energy tensor
above is the gravitomagnetic moment of a fermion. At finite
temperature the interactions renormalize the angular
momentum of the system and the spin-orbit coupling of
the fermion, described by gΩ, can be different from 1.
Following the steps described above, it is now clear that the
AVE conductivity at low temperature is given by

WA
LT ¼ 1

2π2β

Z
dk

�
gΩðεkÞ

ε2k þ k2

εk
þ g0ΩðεkÞ

�
k2 þ k4

3ε2k

��
× nFðεk − μÞ: ð14Þ

Equation (14) connects the radiative corrections to the AVE
to the anomalous gravitomagnetic moment. If the grav-
itomagnetic moment is not anomalous, i.e., gΩ ¼ 1, then
the AVE conductivity (14) remains the one of a free-field,
and radiative corrections are not present. On the other hand,
if the gravitomagnetic moment is affected by interactions,
the radiative corrections to the AVE can be obtained from
the formula above. Let us stress that the Eq. (14) holds
in the large mass limit, where we can factorize long- and
short-distance contributions. The effects of interactions
above some energy scale (short distances) are contained
in the form factors, which we renormalize at finite temper-
ature, and result in the gravitomagnetic moment. The low
energy contributions (large distance) are collected into the
thermal averages of one-particle states, which correspond
to an expansion in T=m. We furthermore considered a
nonrelativistic particle, such that the contribution coming
from the antiparticle thermal distribution nFðεk þ μÞ is
exponentially suppressed compared to the particle one
nFðεk − μÞ. In the following sections we show that the
gravitomagnetic moment at finite temperature is anomalous
and we evaluate the first QED radiative correction.
To conclude this section we estimate the integral in

Eq. (14). At low temperature the leading contribution is
obtained by setting

gΩðεkÞ → gΩ ¼ lim
k→0

gΩðεkÞ; g0ΩðεkÞ ¼ 0:

At 1-loop in thermal QED we found (see next Section) that
for T ≪ m the anomalous gravitomagnetic moment is

gΩ − 1 ¼ −
1

6

e2T2

m2
;

where e is the QED coupling constant. The radiative
correction to the AVE then reads

ΔWA
LT ≃ −

1

2π2β

1

6

e2T2

m2

Z
dk

ε2k þ k2

εk
nFðεk − μÞ

¼ −
1

6

e2T2

m2
WA

free:

Replacing the nonrelativistic low temperature limit of the
axial vortical effect conductivity [25] we finally obtain

ΔWA
LT ≃ −

1

6

e2T2

m2

ðmTÞ3=2ffiffiffi
2

p
π3=2

e−ðm−μÞ=T:

III. GRAVITOMAGNETIC MOMENT

In this section we introduce the gravitomagnetic moment
and present the result for the Anomalous Gravitomagnetic
Moment (AGM) in finite temperature QED. The AGM can
be easily understood in analogy to the anomalous magnetic
moment. The Dirac equation in an external magnetic field
and in the presence of rotation can be written using rotating
coordinates and takes the form

½iγμðDμ þ ΓμÞ −m�ψ ¼ 0;

with the covariant derivative Dμ ¼ ∂μ − ieAμ, the spin
connection Γμ ¼ − i

4
ωμijσ

ij and σij ¼ i
2
½γi; γj�. Setting

the magnetic field B and the rotation Ω along the z axis
we find

½iγμDμ þ iγ0Ωðy∂x − x∂y − iσ12Þ −m�ψ
¼ ½iγμDμ þ γ0ΩðL̂z þ ŜzÞ −m�ψ ¼ 0:

Acting on this equation with ðiγμðDμ þ ΓμÞ þmÞ we
obtain the second order Dirac equation

½∂2
t −∇2 − eBðLþ 2SÞ −ΩðLþ SÞ þm2�ψ ¼ 0:

The quantity which couples the magnetic field to the spin S
is called the magnetic moment gB, while the quantity gΩ
that couples the rotation to the spin is the gravitomagnetic
moment. Therefore, Dirac equation alone predicts that the
spin couples to the magnetic moment and rotation with

gB ¼ 2; gΩ ¼ 1:

This is exactly what we expect for Dirac particles, as
discussed in [38–40]; spin-rotation coupling has been
reviewed in [41,42].
However, one of the most precise predictions of QED is

that the magnetic moment of fermions is anomalous, i.e.,
the value given by the Dirac equation receives radiative
corrections. The anomalous magnetic moment can be
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found using scattering theory in QED in the nonrelativistic
limit. Interactions with magnetic field are described by the
Lagrangian L ¼ JμAμ, therefore radiative corrections to
magnetic moment are obtained by evaluating the matrix
element of the electromagnetic current, which can be
written as:

hp0; s0jJμð0Þjp; si

¼ ūðp0; s0Þ
�
Pμ

2m
F1ðq2Þ þ

iσμνqν
2m

½F1ðq2Þ þ F2ðq2Þ�
�

× uðp; sÞ;

where jp; si denotes a state with a fermion of momentum p
and polarization s, uðp; sÞ denotes the Dirac spinor and we
defined the momenta P ¼ p0 þ p and q ¼ p0 − p; F1, F2

are the form factors. At first order in the transferred
momentum q the matrix element is

hp0; s0jJμð0Þjp;si

¼ ūðp0; s0Þ
�
Pμ

2m
þ iσμνqν

2m
½1þF2ð0Þ�

�
uðp;sÞ þOðq2Þ:

The form factor F2ð0Þ gives directly the anomalous
magnetic moment, which was first evaluated by
Schwinger [43] at order α ¼ e2=4π from the vertex
correction. He obtained the famous result1

aB ≡ gB − 2

2
¼ F2ð0Þ ¼

α

2π
:

Following a similar argument using scattering theory
(as explained in detail in Sec. IV), we can relate the
gravitomagnetic moment and its radiative corrections to
the matrix elements of the stress-energy tensor. In the weak
gravitational field limit, the gravitational coupling is
described to first order in the gravitational field by the
LagrangianL ¼ 1

2
hμνTμν, whereh are small deviations from

Minkowski space-time gμν ¼ ημν þ hμν, and everything else
is happening in flat space-time. The rotation of the medium
is contained inside h and to see the effects of interactions we
must consider the matrix element of the stress-energy tensor
hp0; s0jTμνð0Þjp; si. If we perform this calculation at zero
temperature (see Sec. IV B for the details) we realize that
there are nomodifications to spin coupling as dictated by the
Einstein equivalence principle [32].
We are now interested in finite temperature effects;

therefore we consider a Dirac fermion in thermal equilib-
rium with the medium. It is possible to use a manifestly
Lorentz covariant form of thermal field theory to write the
matrix elements of stress-energy tensor if we also take into

account the thermal bath velocity u [46]. We are then using
the S-matrix elements in the QED thermal theory for a
nonrelativistic fermion. Since the rotation of the medium is
taken in reference to the rest frame of the thermal bath, the
S-matrix elements between incoming and outgoing fermion
states of momenta p and p0 impose the conservation
equation p · u ¼ p0 · u or equivalently q · u ¼ 0. To detect
AGM, it is then convenient to move into the rest frame of
the medium u ¼ ð1; 0Þ, which implies

q0¼ 0; p0¼p0
0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2þðP2þq2Þ=4

q
; jp0j ¼ jpj:

In a generic frame, we take advantage of orthogonality
relation q · P ¼ 0 and introduce ωP ≡ P · u, so that we can
define a spacelike four-vector P̃ orthogonal to u, and a
scalar Ps:

P̃μ ≡ ðημν − uμuνÞPν ¼ Pμ − ωPuμ; Ps ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2
P − P2

q
:

To close the tetrad, we define the spacelike unit four-vector
l̂ orthogonal to u; P̃ and q (it is also orthogonal to P):

lμ ¼ ϵμνρσuνP̃ρqσ; l̂μ ¼ lμffiffiffiffiffiffiffi
−l2

p :

Note that P̃ · q ¼ 0 and q · u ¼ 0 also hold true, meaning
that the tetrad fu; P̃; q; l̂g is an orthogonal non-normalized
basis. Using scattering theory (see Sec. IV B), the grav-
itomagnetic moment is obtained by

gΩ ¼ lim
q→0
Ps→0

4

�
IPγðP; qÞ þ

IuγðP; qÞ
ωP

− IPlðP; qÞ −
IulðP; qÞ

ωP

�
;

ð15Þ

where the functions are the following form factors of the
stress-energy tensor matrix element:

hp0;s0jTμνð0Þjp;si¼ ūðp0;s0ÞfIPγðP;qÞðPμγνþPνγμÞ
þ IuγðP;qÞðuμγνþuνγμÞ
þ IPlðP;qÞl̂ðPμl̂νþPν l̂μÞ
þ IulðP;qÞl̂ðuμl̂νþuνl̂μÞþ �� �guðp;sÞ
þOðq2Þ: ð16Þ

Notice that in writing Eq. (16) we have tacitly chosen to
decompose the matrix element with terms that do not
contain more than one gamma matrix. At zero temperature
the decomposition (16) reads:

1Apart from the higher order corrections, the finite temperature
effects also give contribution to the anomalous magnetic moment;
see for instance [44,45].
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hp0; s0jTμνð0Þjp; si

¼ ūðp0; s0Þ
�
IPγðq2ÞPðμγνÞ þ IPPðq2Þ

PμPν

m

�
uðp; sÞ

þOðq2Þ: ð17Þ

However, there is a certain freedom in the choice of the
form factors of the stress-energy tensor stemming from the
Gordon identity:

ūðp0; s0Þγμuðp; sÞ ¼ ūðp0; s0Þ
�
Pμ

2m
þ iσμαqα

2m

�
uðp; sÞ: ð18Þ

Different forms of this decomposition are used in the
literature; for instance in [30] the decomposition is writ-
ten as:

hp0;s0jTμνð0Þjp;si

¼ ūðp0;s0Þ
�
f1ðq2Þ

PμPν

m
þf2ðq2Þ

iσðμαqαPνÞ
2m

þ���
�
uðp;sÞ

þOðq2Þ; ð19Þ

while in [31] the following decomposition is chosen:

hp0; s0jTμνð0Þjp; si

¼ ūðp0; s0Þ
�
Aðq2ÞγðμPνÞ þ Bðq2Þ iσðμαq

αPνÞ
2m

�
uðp; sÞ

þOðq2Þ: ð20Þ

By using the Gordon identity (18) it is straightforward to
show that the form factors in Eqs. (17), (19) and (20) are
related to each other by:

IPγðq2Þ ¼ Aðq2Þ þ Bðq2Þ ¼ f2ðq2Þ;
IPPðq2Þ ¼ −Bðq2Þ ¼ f1ðq2Þ − f2ðq2Þ:

The presence of a finite temperature allows the introduction
of additional form factors, which are also not uniquely
defined. However the argument presented in Sec. IV B
allows to unambiguously identify the gravitomagnetic
moment once a consistent choice of the decomposition
is made; in particular the decomposition in Eq. (16) results
in the gravitomagnetic moment in Eq. (15).
In Appendix C we evaluate the form factors in (16) by

renormalizing the stress-energy tensor in finite temperature
QED. The full result at one-loop and at first order in q is
reported in Appendix C 3. In the limits q → 0 and Ps → 0,
the thermal contributions to the form factors are

IPγ ¼ −
10þ 3θHT

72

e2T2

4m2
;

Iuγ
ωP

¼ −
1

9

e2T2

4m2
;

IPl ¼
2 − θHT

72

e2T2

4m2
;

Iul
ωP

¼ −
2þ θHT

18

e2T2

4m2
; ð21Þ

where we introduced the function θHT

θHT ≡
�
0 T ≪ m

1 T ≫ m
;

which turns on the high temperature contributions. It is now
straightforward to compute the AGM from the relation (15)
which gives

gΩ − 1 ¼ −
6 − θHT

36

e2T2

m2

¼
(
− 1

6
e2T2

m2 T ≪ m

− 5
36

e2T2

m2 T ≫ m;m > eT
: ð22Þ

It should also be taken into account that in order to define
one-particle states and the form factors of the stress-energy
tensor, the mass of the particle must be larger than eT.
Then, the high temperature limit can only be taken in the
weak coupling limit. The presence of an anomalous
gravitomagnetic moment is to be ascribed to the violation
of Einstein equivalence principle. At finite temperature the
vacuum is not Lorentz invariant. On the contrary, we can
always distinguish a preferred reference frame, which is the
one where the thermal bath is at rest. This means that we
can distinguish between acceleration and the genuine
effects of gravity. Similar thermal effects in QED affect
the values of inertial and gravitational mass of a Dirac
fermion providing an explicit breaking of the weak equiv-
alence principle [34,35,47–49]; see Appendix A for details.

IV. GRAVITOMAGNETIC MOMENT IN
LINEARIZED GRAVITY

In this section we identify the gravitomagnetic moment
of a fermion using the scattering theory in linearized
gravity. The fermion interacts with an external gravitational
field gμνExt ¼ ημν þ hμνExt through the linearized Hamiltonian

Ĥint ¼
1

2

Z
d3xT̂μνh

μν
Ext:

The corresponding scattering amplitude is
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A¼−ið2πÞδðp ·u−p0 ·uÞ

×
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Z2ðpÞZ2ðp0Þp 1

2
ūβðp0ÞMμνðp;p0ÞuβðpÞhμνExtðp0−pÞ;

where Z2 is the wave-function renormalization constant. To
study the effect of rotation, we then just have to use the
proper metric accounting for rotation. Using the linear
approximation of gravitoelectromagnetism [41], the metric
can be written in terms of a gravitational gauge potential
Aμ
g ¼ ð2ϕg;AgÞ. Let hμν be the perturbation of metric

gμν ¼ ημν þ hμν; we then define h̄μν ¼ hμν − 1
2
ημνhαα.

This definition is related to the gravitation gauge poten-
tial by h̄00 ¼ 4ϕg and h̄0i ¼ 2Ai

g. For the case of
rotation around an axis, we have hαα ¼ 0 and therefore
hμν ¼ h̄μν and ϕg ¼ 0. The only nonvanishing components
of metric perturbation are h̄0μ ¼ 2ð2ϕg;AgÞ. We can also
define a gravitomagnetic field via Bi

g ¼ ϵijk∇jAk
g,

or in terms of Fourier transform Bi
g ¼ −iϵijkqjAk

gðqÞ.
Gravitoelectromagnetism is particularly well suited for
describing a pure rotation. For instance, consider a constant
rotation around the z axis. In rotating cartesian coordinates,
the deviation from flat space-time is

hμν ¼

0
BBB@

−ðx2 þ y2ÞΩ2 yΩ −xΩ 0

yΩ 0 0 0

−xΩ 0 0 0

0 0 0 0

1
CCCA

≃

0
BBB@

0 yΩ −xΩ 0

yΩ 0 0 0

−xΩ 0 0 0

0 0 0 0

1
CCCAþOðΩ2Þ: ð23Þ

For the metric in Eq. (23), we simply haveBg ¼ Ω. For our
system at thermal equilibrium, the rotation is taken in
reference to the thermal bath velocity u and the metric
deviation is therefore given by hμν ¼ 2uμAν þ 2uνAμ. With
this metric, the scattering amplitude is

A¼−ið2πÞδðp ·u−p ·uÞ

×
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Z2ðpÞZ2ðp0Þp ūβðp0ÞMμνðp;p0ÞuβðpÞuμAν
gðp0−pÞ:

ð24Þ

To identify the gravitomagnetic moment gΩ of the fermion,
we then compare the previous amplitude to the one obtained
from the potential containing the spin-rotation coupling:

V ¼ −μg ·Bg ¼ −gΩS ·Ω:

This potential, in the nonrelativistic limit, leads to the
amplitude

A ¼ −ið2πÞδðp0 − p0
0Þ
�
−gΩξ0†

σ
2
ξ ·Ω

�
; ð25Þ

where ξ is the two component spinor, normalized such that
ξ†ξ ¼ 1andσ are thePaulimatrices.Bymatching theexplicit
formof theamplitude inEq. (24) to theone inEq. (25)coming
from the spin-rotation coupling, we can read off the grav-
itomagnetic moment obtained in finite temperature field
theory.

A. Gravitomagnetic moment at leading order

We now obtain the leading order gravitomagnetic
moment by computing the amplitude (24). First, we go
to the rest frame u ¼ ð1; 0Þ where the scattering amplitude
becomes

A ¼ −ið2πÞδðp0 − p0
0Þ

2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2ðpÞZ2ðp0Þp ūðp0ÞM0iðp; p0Þ

× uðpÞAi
gðp0 − pÞ:

At leading order, uðpÞ is the usual Dirac spinor and the
matrix elements of stress energy tensor are

M0
0iðp; p0Þ ¼ 1

4
½γ0ðp0 þ pÞi þ γiðp0 þ pÞ0�;

Z2ðpÞ ¼ Z2ðp0Þ ¼ 1:

In the limit q → 0 and Ps → 0 we take advantage of the
spinor identities

ūðp0Þγ0uðpÞ ¼ ξ0†ξ;

ūðp0ÞγiuðpÞ ¼ ξ0†
�ðp0 þ pÞi

2m
−
iϵijkðp0 − pÞjσk

2m

�
ξ

and find

lim
q→0

A ¼ −ið2πÞδðp0 −p0
0Þð−1Þ

1

2
ξ0†

�
ðp0 þpÞi

þ ðp0 þpÞ0
2m

ðp0 þ pÞi − ðp0 þpÞ0
2m

iϵijkðp0 −pÞjσk
�

× ξAi
gðqÞ:

This expression can be simplified using the following
approximation valid in the nonrelativistic limit:

δðp0 − p0
0Þðp0 þ p0

0Þ
¼ δðp0 − p0

0Þ2p0 ¼ δðp0 − p0
0Þ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ ðP2 þ q2Þ=4

q
¼ δðp0 − p0

0Þ2mþOðq2;P2=m2Þ:

The amplitude is then
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lim
q→0

A ¼ −ið2πÞδðp0 − p0
0Þð−1Þξ0†

�
ðp0 þ pÞiAi

gðqÞ −
1

2
iϵijkqjσkAi

gðqÞ
�
ξ

¼ −ið2πÞδðp0 − p0
0Þð−1Þξ0†

�
ðp0 þ pÞiAi

gðqÞ þ
1

2
σ · BgðqÞ

�
ξ

¼ −ið2πÞδðp0 − p0
0Þ
�
−2ðp0 þ pÞiAi

gðqÞξ0†ξ − ξ0†
σ
2
ξ ·ΩðqÞ

�
:

Comparing with the amplitude in Eq. (25), the gravito-
magnetic moment of a fermion is

gΩ ¼ 1;

which, as expected, is the value predicted by the Dirac
equation.

B. Anomalous gravitomagnetic moment at one loop

Here we consider the radiative corrections to gravito-
magnetic moment. First, we deal with the zero temperature
part. At zero temperature, the one-loop renormalized stress-
energy tensor is [50]

Mμν ¼ ūðp0Þ½ðPμγν þ PνγμÞI0PγðQÞ − PμPνI0PPðQÞ
− ðqμqν − ημνQ2ÞI0qqðQÞ�uðpÞ;

where in the limit of Q≡ ffiffiffiffiffiffiffiffi
−q2

p
→ 0 the form factors are

I0PγðQÞ ¼ 1

4

�
1 −

απ

8

Q
m

�
; I0PPðQÞ ¼ απ

64m
Q
M

;

I0qqðQÞ ¼ −
απ

16m
m
Q
:

Since the spin coupling can only come from a gamma
matrix, only the I0PγðQÞ form factor can contribute to
gravitomagnetic moment. However in the limit of vanish-
ing q this term does not affect the gravitomagnetic moment;
therefore there is no AGM for QED at zero temperature.
This is what we expect from the Einstein equivalence
principle, which is still valid in interacting quantum field
theory at zero temperature.
We now move to temperature modifications. The finite

temperature renormalization we adopt is described in
Appendix C. First, we address the corrections which
might come from thermal spinors; see Appendix C 1.
We should repeat the previous calculation of the leading
order gravitomagnetic moment, except that we must now
employ thermal on-shell condition and thermal Dirac
spinors:

ūβðp0ÞMð0Þ
μν uβðpÞ ¼ ūβðp0Þ 1

4
ðPμγν þ PνγμÞuβðpÞ:

In the rest frame where u ¼ ð1; 0Þ, the thermal spinors
describe the spin interaction, as can be seen by using the
identity

ūβðp0ÞγuβðpÞ ¼ ξ0†
�
PT

2mp
þ i

σ ∧ qT

2mp

�
ξþOðe4Þ;

where PT , qT and mp contain temperature modifications
according to the notation used in Appendix C 1. Here the
spin-rotation coupling is divided by the thermal mass,
but this thermal mass is canceled out by the term
p0
0T þ p0T ≃ 2mp; the gravitomagnetic moment is therefore

unaffected.
Now we include the radiative corrections coming from

the stress-energy tensor matrix elements evaluated from the
diagrams considered in Appendix C. First, we select the
terms of the stress-energy tensor matrix elementMμνðp0; pÞ
that actually contributes to the anomalous gravitomagnetic
moment (AGM). In Appendix B we show that only the
following terms can bring contribution to AGM:

Mμν
Relevantðp; p0Þ ¼ IPγðP; qÞðγμPν þ γνPμÞ

þ IuγðP; qÞðγμuν þ γνuμÞ
þ IPlðP; qÞl̂ðl̂μPν þ l̂νPμÞ
þ IulðP; qÞl̂ðl̂μuν þ l̂νuμÞ;

which are the same one that contribute to the axial vortical
effect.
By comparison with the contribution to AGM from

Pμγν þ Pνγμ evaluated in Sec. IVA, the form factor

IPγðPs; q2ÞðPμγν þ PνγμÞ

leads to the gravitomagnetic moment

gΩ ¼ þ lim
Ps→0

lim
q→0

4IPγðPs; q2Þ:

Similarly, it is straightforward to show that the other form
factors contribute to AGM as
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IuγðPs; q2Þðuμγν þ uνγμÞ → gΩ ¼ þ lim
Ps→0

lim
q→0

4
IuγðPs; q2Þ

ωP
;

IulðPs; q2Þl̂ðuμl̂ν þ uνl̂μÞ → gΩ ¼ − lim
Ps→0

lim
q→0

4
IulðPs; q2Þ

ωP
;

IPlðPs; q2Þl̂ðPμl̂ν þ Pνl̂μÞ → gΩ ¼ − lim
Ps→0

lim
q→0

4IPlðPs; q2Þ:

Summing all contributions, the anomalous gravitomagnetic
moment is

gΩ ¼ lim
q→0
Ps→0

4

�
IPγðP;qÞ þ

IuγðP;qÞ
ωP

− IPlðP;qÞ −
IulðP;qÞ

ωP

�
:

Those form factors are computed in Appendix C and lead to
the result quoted in Sec. III:

gΩ − 1 ¼ −
6 − θHT

36

e2T2

m2
¼

(
− 1

6
e2T2

m2 T ≪ m

− 5
36

e2T2

m2 T ≫ m
:

V. SUMMARY AND DISCUSSION

In summary, we showed that in a system at thermal
equilibrium the interactions with photons change the
gravitomagnetic moment of a massive fermion, i.e., the
coupling between the spin and the rotation of the medium.
Using the scattering theory, in analogy to the magnetic
moment, we obtained the gravitomagnetic moment from
the form factors of the stress-energy tensor; see Eq. (15).
We then renormalized the stress-energy tensor at one-loop
level in the finite temperature QED. The resulting grav-
itomagnetic moment, given by (22), receives radiative
corrections only in the presence of thermal effects. We
argued that this is possible because the thermal bath
destroys the Lorentz invariance of stress-energy tensor
and consequently violates the Einstein equivalence princi-
ple. To the best of our knowledge, the possibility of an
anomalous gravitomagnetic moment (AGM) in these set-
tings and the calculation of it are new results.
The effect of spin-rotation coupling has been already

observed in the nonvanishing global polarization of par-
ticles emitted by the rotating quark-gluon plasma [1] and
has been investigated in several studies [51–61]; see [4] for
a review. Therefore, in principle, polarization measure-
ments in heavy ion collisions could reveal the presence of
an anomalous gravitomagnetic moment and the breaking
of the Einstein equivalence principle. To give an order of
magnitude, we first extend the result (22) to QCD. By
comparison with the massless QCD radiative corrections of
AVE [28,29], we expect that it is sufficient to replace the
QED coupling constant e2 with ðN2

c − 1Þg2=2:

gQCDΩ − 1 ¼ −
N2

c − 1

2

6 − θHT
36

g2T2

m2

¼
(
− N2

c−1
2

1
6
g2T2

m2 T ≪ m

− N2
c−1
2

5
36

g2T2

m2 T ≫ m
: ð26Þ

In a simple recombination picture based on the quark
model, the Λ polarization is carried predominantly by the
strange quark s; therefore the relative importance of the
AGM for Λ polarization can be inferred from the magni-
tude of radiative corrections to the gravitomagnetic
moment of the s quark. In the quark gluon plasma phase,
due to the high temperature T ¼ 175–300 MeV and the
strong coupling regime, we estimate that the constituent
mass of the strange quark ms ≃ 400 MeV is larger than
gT ≃ 270–450 MeV. Using (26), we find that the relative
contribution of the AGM is quite large, about 40%.
Because it depends on the temperature, the AGM contri-
bution may be detected in the data on Λ polarization. An
anomalous gravitomagnetic response in the chirally broken
phase of finite density QCD has been discussed in [62]
where it was found to contribute significantly to Λ
polarization. Note that the effect of the AGM on polari-
zation has the same sign for fermions and antifermions, so
we expect it to contribute equally to the polarization of both
Λ and Λ̄ hyperons.
We also established the connection between the AGM

and the axial vortical effect (AVE). In the limit of the large
m=T ratio, we can separate the short distance interactions
that renormalize the angular momentum of the system, and
the long distance thermal contributions which result in the
AVE. In this way we obtained the formula in Eq. (14) which
relates the radiative correction to the AVE for a massive
fermion to the momentum-dependent AGM.
While we showed here that the thermal interpretation of

the AVE together with spin-rotation coupling is able to
describe the radiative corrections to the AVE, this does not
exclude a connection to the mixed gauge-gravitational
anomaly [18]. The presence of radiative corrections itself
does not conflict with an interpretation based on the
anomaly because the AVE is obtained from the matrix
elements of the axial current and the nonrenormalization
theorems apply to the operators, and not to the matrix
elements, as has been established for the case of chiral
anomaly in massless QED [63]. However the anomalous
origin of the effect is not yet completely clear; this is
particularly true for massive fermions [64].
Radiative corrections to the AVE were presented pre-

viously in [28,29] for massless fermions and can be
linked to the gravitational anomaly of photons [27,65].
Unfortunately we cannot compare these corrections with
those presented above, since our derivation requires mas-
sive fermions, and a massless limit cannot be performed.
Even our definition of the gravitomagnetic moment can not
be applied to a massless particle, as it requires going to the
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rest frame of the particle. Therefore, the connection
between the AVE and the AGM for a massless Dirac field
still has to be clarified. Nevertheless, we believe that the
link between the anomalous gravitomagnetic moment and
the axial vortical effect for massive fermions established
above will help to understand the origin of chiral currents
induced by rotation.
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APPENDIX A: EQUIVALENCE PRINCIPLE AT
FINITE TEMPERATURE

It has already been demonstrated [34,35,47–49] that
radiative corrections at finite temperature lead to a differ-
ence between the inertial and gravitational masses, thus
providing an explicit breaking of weak equivalence prin-
ciple. Indeed, one can define three distinct kinds of mass for
a particle. The phase-space mass is the position of the pole
in the propagator of the field. The inertial mass is the
response to acceleration caused by an external force, such
as an external electric field, and, lastly, the gravitational
mass is a measure of how the fermion responds to the
gravitational force. At finite temperature it has been found
that the inertial mass and the phase-space masses coincide
but the gravitational mass is different [34].

1. Phase space mass

Consider a massive Dirac fermion in a QED-like theory
at finite temperature. As in [34], we refer to phase-space
mass as the location of the pole in the propagator of the
fermion field. The full fermion propagator is given by:

SðpÞ ¼ 1

p −m − ΣðpÞ :

The self-energy can be written in covariant form as [48,66]

ΣðpÞ ¼ apþ b=uþ c;

where a, b, c are Lorentz invariant functions. These
functions can depend on m, T and on the following
Lorentz scalars:

ω≡ pαuα; ps ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðpαuαÞ2 − p2

q
;

since p2 ¼ ω2 − p2
s , one may interpret ω and ps as Lorentz

invariant energy and three momentum. It is useful to define
a tensor and a vector orthogonal to uμ by

η̃μν ¼ ημν − uμuν; p̃μ ¼ η̃μνpν ¼ pμ − ωuμ:

The vector p̃ is automatically spacelike:

p̃μp̃μ ¼ −p2
s < 0:

Inverting the matrices, the full propagator becomes:

SðpÞ ¼ ð1 − aÞp − b=uþmþ c
½ð1 − aÞp − bu�2 − ðmþ cÞ2 :

Therefore, the location of the pole is determined by the
vanishing of the denominator:

ð1 − aÞ2ðω2 − p2
sÞ þ b2 − 2ð1 − aÞbω ¼ ðmþ cÞ2:

The positive solution for the pole is

ω ¼ b
1 − a

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
s þ

ðmþ cÞ2
ð1 − aÞ2

s
:

Since we are interested in corrections of order e2 in the
coupling constant e, it suffices to linearize in the a, b, c
functions, which are already e2 order. The phase-space
mass is then

m2
p ≡ ω2 − p2

s ¼ m2 þ 2½aðω2 − p2
sÞ þ bωþmc�: ðA1Þ

At a given a momentum pwith scalars ω and ps, the pole of
the propagator is situated at

ω2 ¼ E2
β ≡ p2

s þm2
p:

The functions a, b, c are obtained with the traces over
spinor indices

PT ¼ tr½pΣβðpÞ�; UT ¼ tr½=uΣβðpÞ�; T ¼ tr½ΣβðpÞ�;

which give

a¼ðp ·uÞUT−PT

4½ðp ·uÞ2−p2�; b¼ðp ·uÞPT−p2UT

4½ðp ·uÞ2−p2� ; c¼T
4
: ðA2Þ

Replacing the Eqs. (A2) into Eq. (A1) we find

m2
p ¼ m2 þ 1

2
ðPT þmTÞ:

In real-time formalism the self energy is given by the
one-loop diagram
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ΣðpÞ ¼ ie2
Z

d4k
ð2πÞ4 DμνðkÞγμSFðpþ kÞγν

¼ ΣðT ¼ 0Þ þ Σβ;

where SF and Dμν are the fermion and the photon
propagator in momentum space (see Appendix C) and
we split the zero and the finite temperature part of self-
energy. With standard techniques we can evaluate the self-
energy in covariant form and the explicit form of the
functions a, b and c. We find that the phase-space mass can
be approximated by [34,48,66]

m2
p −m2 ¼

� e2T2

6
T ≪ m;

e2T2

8
T ≫ m

;

where the different behavior at high temperature arises
because the fermion thermal distribution becomes compa-
rable to the contribution from the photon thermal distri-
bution only when the temperature is much larger than the
mass of the particle.

2. Inertial mass

We refer, as usual, to inertial mass of the particle mI as
the proportionality term between a force and the accel-
eration caused by it. To test the inertial mass of a charged
Dirac particle, the most natural force to consider is a
constant electric field E. In this way, it is easy to include it
in the Dirac equation as a minimal coupling with an
external gauge field Aμ ¼ ðϕ; 0Þ, where E ¼ −∇ϕ. The
corrections to this coupling given by temperature and
interactions are the corrections to the vertex Γμ. It is found
that, when the vertex is contracted between thermal spinors
uβðpÞ (see Appendix C 1), the modifications exactly
compensate each other [67]

eūβðpÞΓμuβðpÞ ¼ e
pμ

Eβ
;

or, in other words, the charge is not renormalized by finite
temperature effects. This suggests that the inertial mass is to
be identified with the phase-space mass.
To properly evaluate the inertial mass, we just need to

consider the modified Dirac equation

ðpT −mÞψ ¼ eΓμAμψ :

In the nonrelativistic limit, one can transform the previous
equation into a Schrodinger equation via a Foldy–
Wouthuysen transformation. In that form, one can easily
identify the Hamiltonian H of the system, then the accel-
eration of the particle is identified via a ¼ −½H; ½H; r�� and
hence one can infer the value of inertial mass. It is indeed
found [34] that inertial mass mI and phase-space mass mp

coincide.

3. Gravitational mass

Using scattering theory in linearized gravity, we can
identify the gravitational mass of a fermion. We indicate the
matrix element of the stress-energy tensor with

hp0; s0jTμνð0Þjp; si≡ ūðp0ÞMμνðp; p0ÞuðpÞ;

where p and p0 are the external momenta and s, s0 the spin
of the fermion. Consider an external gravitational field
gμνExt ¼ ημν þ hμνExt; the interaction Hamiltonian in linearized
gravity is therefore given by Ĥint ¼

R
d3x 1

2
T̂μνh

μν
Ext. In the

leading order of perturbation theory, the S-matrix element
for scattering is:

iAð2πÞδðp · u − p0 · uÞ

¼ −i
1

2
ūðp0ÞM0

μνðp; p0ÞuðpÞhμνExtðp0 − pÞ;

where hμνExtðp0 − pÞ is the Fourier transform of hμνExtðxÞ and
M0

μν is the tree-level vertex function, which is given by

M0
μνðp; p0Þ ¼ 1

4
½γμðp0 þ pÞν þ γνðp0 þ pÞμ�

−
1

2
ημν½ðp −mÞ þ ðp0 −mÞ�:

The radiative corrections modify this expression to

A ¼ −ið2πÞδðp · u − p0 · uÞ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2ðpÞZ2ðp0Þp 1

2
ūβðp0Þ

×Mμνðp; p0ÞuβðpÞhμνExtðp0 − pÞ;

where we divided by
ffiffiffiffiffi
Z2

p
—the wave-function renormal-

ization constant—for each fermionic leg, and uβðp; sÞ is the
Dirac thermal spinor which satisfies the Dirac equation
including radiative and thermal corrections and all pertur-
bative diagrams are summed in M.
To identify the gravitational mass of the fermion mg,

following [48], we consider the scattering of a fermion
from a static gravitational potential produced by a static
mass density ρExtðxÞ. The resulting metric is the linearized
solution of Einstein field equations with a matter stress-
energy tensor given by Tμν ¼ ρExtuμuμ. Taking advantage
of the Poisson equation −2q2ϕExt ¼ ρExt the Fourier trans-
form of Einstein equation solution reads:

hμνðqÞ ¼ 2ϕExtðqÞð2uμuν − ημνÞ:

Therefore, inserting this in the scattering amplitude, we
find
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A ¼ −ið2πÞδðp0 − p0
0Þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Z2ðpÞZ2ðp0Þp ūβðp0Þ

×Mμνðp; p0ÞuβðpÞð2uμuν − ημνÞδðp0
0 − p0ÞϕExtðqÞ

¼ −ið2πÞδðp0
0 − p0ÞMðp0; pÞϕExtðqÞ;

where we have defined

Mðp0;pÞ

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2ðpÞZ2ðp0Þp ūβðp0ÞMμνðp;p0ÞuβðpÞð2uμuν − ημνÞ:

If the gravitational field is very slowly varying over a large
(macroscopic) region, ϕExtðqÞ will be concentrated around
q ¼ 0; then we can take the limit q → 0. In this way, by
comparison with the scattering amplitude of a potential
VðxÞ ¼ mgϕðxÞ in the Born approximation, which is

A ¼ −imgϕðqÞ;

we can identify the gravitational mass of the fermion. From
the previous expression, we see that the gravitational mass
is obtained when the spatial momenta of the fermion are
vanishing:

mg ¼ lim
ps→0

� ð2uλuρ − ηλρÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2ðpÞZ2ðp0Þp ðūβðp0; sÞMλρðp; p0Þuβðp; sÞÞOn-shell

�				
p0→p

;

where Eβ ¼ EβðpÞ is the on-shell energy of the particle,
i.e., the position of the pole of the self-energy, and
ps ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp · uÞ2 − p2

p
.

At leading order, as we are now showing, gravitational
mass coincides with inertial and phase space mass. At
leading order Z2 ¼ 1þOðe2Þ, the thermal Dirac spinor
reduces to the usual free Dirac spinor and the matrix
element is simply the tree-level diagram

M0
λρðp; p0Þ ¼ 1

4
½γλðpþ p0Þρ þ γρðpþ p0Þλ�

−
1

2
ηλρðp −mþ p0 −mÞ:

Proceeding to evaluate the gravitational mass step by step,
we first find

ðūðp0; sÞM0
λρðp; p0Þuðp; sÞÞ

p0¼p

¼ ūðp; sÞ
�
1

2
½γλpρ þ γρpλ� − ηλρðp −m

��
uðp; sÞ:

Then, since p is taken on-shell, we take advantage of spinor
properties (see Appendix C 1 for the conventions used),
which in the limit of ps going to zero give

ūðp; sÞuðp; sÞjps¼0 ¼ 1þOðe2Þ;
ūðp; sÞγμuðp; sÞjps¼0 ¼

pμ

m
þOðe2Þ;

and we obtain

lim
ps→0

ðūðp0; sÞMλρðp; p0Þuðp; sÞÞp0¼p

¼ lim
ps→0

1

m

�
1

2
ðpλpρ þ pρpλÞ − ηλρðp2 −m2Þ

�

¼ lim
ps→0

�
1

2m
ðpλpρ þ pρpλÞ

�
:

At last, we find

mg ¼ lim
ps→0

�
1

2m
ð2uλuρ − ηλρÞðpλpρ þ pρpλÞ

�

¼ lim
ps→0

2ðu · pÞ2 − p2

m
¼ m;

where we used the on-shell condition p ·u¼Eβðps¼0Þ¼
mþOðe2Þ. At leading order, gravitational and inertial mass
are indeed equivalent mg ¼ mI ¼ mp ¼ m. Instead, for
1-loop QED it has been proved [34,48] that gravitational
mass is different from inertial mass, in particular for small
temperature T ≪ m their ratio is

mI

mg
¼ 1þ e2

3

T2

m2
:

This is a manifest breaking of the weak equivalence
principle caused by finite temperature effects.

APPENDIX B: SELECTION OF THE
FORM FACTORS

In this Appendix we show that only the following terms:

Mμν
Relevantðp; p0Þ ¼ IPγðP; qÞðγμPν þ γνPμÞ

þ IuγðP; qÞðγμuν þ γνuμÞ
þ IPlðP; qÞl̂ðl̂μPν þ l̂νPμÞ
þ IulðP; qÞl̂ðl̂μuν þ l̂νuμÞ;

with P ¼ p0 þ p and q ¼ p0 − p, can contribute to the
axial vortical effect (AVE) or to the gravitomagnetic
moment. First, notice that M reproduces the stress-energy
tensor matrix elements when evaluated between the two
Dirac spinors ūðp0Þ and uðpÞ:

M. BUZZEGOLI and DMITRI E. KHARZEEV PHYS. REV. D 103, 116005 (2021)

116005-16



ūs0 ðp0ÞMμνðp; p0ÞusðpÞ ¼ hp0; s0jT̂μνð0Þjp; si:

Therefore, taking advantage of the equation of motion and
the gamma matrices algebra, we can write each term of M
in terms of the tetrad fu; P; q; l̂g (defined in Sec. III), the
metric η and at maximum one γ matrix. Comparing
the spin-rotation amplitude (25) with the thermal spinor
identities

ūβðp0Þγ0uβðpÞ ¼ ξ0†ξþOðe2Þ;

ūβðp0ÞγuβðpÞ ¼ ξ0†
�

P
2mp

þ i
σ ∧ q
2mp

�
ξþOðe4Þ;

we conclude that only the terms ofM which contain exactly
one gamma matrix can bring contribution to the gravito-
magnetic moment. We come to the same conclusion for the
AVE by looking at the trace in Eq. (10). Among the terms
of M which contains one gamma matrix, the ones that
contains P and =q give

ūðp0ÞPuðpÞ ¼ ūðp0Þ2muðpÞ; ūðp0ÞquðpÞ ¼ 0;

and hence do not contribute to AVE or to gravitomagnetic
moment.
Furthermore, from Eq. (10) the AVE is evaluated with

the components M02 in the rest frame of the thermal bath.
Then, only the terms which have a nonvanishing time-space
component can contribute. Similarly, the gravitomagnetic
moment is evaluated with the contraction Mμνðp0; pÞuμAν

g;
therefore a relevant term must not vanish when contracted
with u and Ag (notice that Ag · u ¼ 0). Therefore between
the terms

PμγνþPνγμ; uμγνþuνγμ; qμγνþqνγμ; l̂μγνþ l̂νγμ;

since u · q ¼ u · l̂ ¼ 0, only the first two are relevant. The
other terms left that contain a gamma matrix and that satisfy
the conditions stated above are the following:

l̂PμPν; l̂ðuμPνþuνPμÞ; l̂ðuμqνþuνqμÞ;
l̂ðuμl̂νþuνl̂μÞ; l̂ðPμqνþPνqμÞ; l̂ðPμl̂νþPνl̂μÞ: ðB1Þ

For the AVE we see that to obtain the thermal coefficient
we must evaluate the terms in (B1) for q ¼ 0, then the terms
proportional to qμ or qν can not bring contribution.

Moreover, by plugging the term l̂PμPν in Eq. (8) and
after evaluating the trace and the derivatives, we see that it
is odd under the transformation k → −k and therefore
vanish after momentum integration. For the gravitomag-
netic moment we can write each terms in (B1) as
l̂ðwμvν þ wνvμÞ, where w can be either u or P and v can
be P, q or l̂. To evaluate the gravitomagnetic moment we
should consider it at thermal bath rest frame:

ūðp0Þl̂uðpÞðwμvν þ wνvμÞuμAν
g

¼ ūðp0Þðl · γÞuðpÞw0ðv ·AgÞ:

Since the gravitomagnetic moment is the coupling of spin
and rotation, i.e., γ ·Ag, we can take advantage of three
vector properties and write the scalar products as

ðγ · lÞðv ·AgÞ ¼ ðγ ·AgÞðv · lÞ − ðγ ∧ vÞðl ∧ AgÞ:

By definition of l, ðv · lÞ is nonvanishing if and only if
v ¼ l̂. Then, only the terms with l̂μ can contribute to
gravitomagnetic moment. At the end, we found that only
the following terms can bring contribution to the AVE or to
the gravitomagnetic moment:

uμγν þ uνγμ; Pμγν þ Pνγμ;

l̂ðuμl̂ν þ uν l̂μÞ; l̂ðPμl̂ν þ Pνl̂μÞ:

APPENDIX C: RENORMALIZATION
OF STRESS-ENERGY TENSOR

In order to evaluate the radiative corrections to grav-
itomagnetic moment at finite temperature we have to
consider the renormalization of the stress-energy tensor
at finite temperature and at first order on momentum
transfer q. The zero temperature renormalization is per-
formed with usual techniques and we do not discuss it here.
To address thermal corrections to the matrix-element of
stress-energy tensor we use the real-time formalism of
thermal field theory. The major modification of quantum
field theory at finite temperature is the value of the vacuum
of the theory, which is not empty but contains a number of
bosons and fermions given, respectively, by the Bose-
Einstein and the Fermi-Dirac distribution functions:

â†BâBðpÞj0i ¼ nBðEÞj0i; â†FâFðpÞj0i ¼ nFðEÞj0i;

where as usual we indicate

nBðxÞ ¼
1

expðβxÞ − 1
; nFðxÞ ¼

1

expðβxÞ þ 1
:

The resulting propagators of the gauge field and of the
fermionic field in real-time formalism are

iSFðpÞ ¼ ðpþmÞ
�

i
p2 −m2

− 2πδðp2 −m2ÞnFðpÞ
�
;

iDμνðkÞ ¼ −ημν
�
i
k2

þ 2πδðk2ÞnBðkÞ
�
:

Perturbation theory and Feynman diagrams at finite tem-
perature are unmodified compared to usual quantum field
theory except for the previous propagators. We see that the
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propagators in real-time formalism are naturally separated
into a temperature part and into a T ¼ 0 part. The T ¼ 0
part has been addressed as usual and from now on we just
consider the thermal part. The diagrams responsible for
radiative corrections to the stress-energy tensor matrix
element

hp0; s0jTμνð0Þjp; si

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2ðpÞZ2ðp0Þp ūβðp0ÞMμνðp; p0ÞuβðpÞ;

are reported in Fig. 2. Furthermore, since we are only
interested in the thermal part, each integrals corresponding
to a Feynman diagram is weighted with a thermal function
and it is therefore ultraviolet convergent and finite. All the
divergent parts have already been taken care of with the
T ¼ 0 renormalization.
Note that we can distinguish between two different

regimes of temperature. Indeed, finite-temperature modi-
fication may arise both from the boson or the photon
propagators. However, for low temperatures such that
T ≪ m, the fermion distribution function is suppressed
by a factor expð−m=TÞ, which is negligible compared to
contributions of order ðT=mÞ2 coming from the photon
distribution. In the opposite regime, when T ≫ m, the
photon contribution is still the same as low temperatures,
while the fermion distribution can now also contribute with
terms of order ðT=mÞ2. Therefore, as in the case of the pole
of the propagator, we can expect two different values of

AGM valid in the two regimes of low and high
temperatures.
As first step, we need to identify the mass shift and the

wave-function renormalization constant. These quantities
are obtained starting from the self-energy of the fermion,
which is discussed in Appendix A 1. We found that the self-
energy can be written as ΣðpÞ ¼ apþ b=uþ c and that the
full fermion propagator becomes

SðpÞ ¼ ð1 − aÞp − b=uþmþ c
½ð1 − aÞp − bu�2 − ðmþ cÞ2 ; ðC1Þ

which has a pole in ω2 ¼ E2
β ¼ p2

s þm2
p, with mp given

by Eq. (A1).

1. Thermal Dirac spinor

The Dirac equation in momentum space is modified
according to the self-energy, which also include thermal
modifications. The thermal Dirac spinors uβðpÞ satisfy the
modified Dirac equation corresponding to the new propa-
gator (C1):

½p −mR − ΣβðpÞ�uβðpÞ ¼ ½ð1 − aÞp − b=u −mR − c�uβðpÞ
¼ 0;

where mR indicates the zero temperature renormalized
mass. The thermal spinor uβðpÞ satisfies the previous
equation when p is the pole of the propagator, i.e., such
that p · u ¼ EβðpsÞ. The thermal Dirac spinors are actually

FIG. 2. The diagrams contributing to the radiative corrections to the stress-energy tensor. The curly line is the stress-energy tensor, the
wavy line is the photon and the solid line is the fermion.
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required to properly account for stress-energy tensor
renormalization at finite temperature [34,66].
In thermal bath rest frame, we choose the normalization

u†βðpÞuβðpÞ ¼ 1:

For convenience, we furthermore define a four vector and a
scalar

pT ≡ ð1 − aÞp − bu; mT ≡mR þ c;

so that the modified thermal Dirac equation is written as

½pT −mT �uβðpÞ ¼ 0:

Therefore, it follows from the modified thermal Dirac
equation that the thermal spinors satisfy the following
identities:

ūβðp; sÞuβðp; sÞ ¼
mT

ð1 − aÞEβ − b
;

ūβðp; sÞγμuβðp; sÞ ¼
pTμ

ð1 − aÞEβ − b
;

X
s

uβðp; sÞūβðp; sÞ ¼
pT þmT

2ð1 − aÞEβ − 2b
:

In the nonrelativistic limit and in the frame where
u ¼ ð1; 0Þ, we can also show the validity of the following
identities:

ūβðp0Þγ0uβðpÞ ¼ ξ0†ξþOðe2Þ;

ūβðp0ÞγuβðpÞ ¼ ξ0†
�

P
2mp

þ i
σ ∧ q
2mp

�
ξþOðe4Þ;

where ξ is the two component spinor, normalized such that
ξ†ξ ¼ 1. We used the identities above to compute the
gravitational mass in Appendix A 3 and the gravitomag-
netic moment in Sec. IV.

2. Wave-function renormalization constant Z2

The wave-function renormalization constant Z2 is
obtained by requesting that the fermion field is properly
renormalized

ψRðxÞ ¼
1ffiffiffiffiffi
Z2

p ψ0ðxÞ:

The temperature part of the wave-function renormalization
constant is [47,48]

βZ2ðω; psÞ ¼
2½ð1 − aÞEβ − b�

∂D
∂ω jω¼Eβ

;

where Eβ is the pole of the propagator and D is the
denominator of the propagator (C1)

Dðω;psÞ¼ð1−aÞ2ðω2−p2
sÞþb2−2ð1−aÞbω−ðmþcÞ2:

At order e2 we find

βZ2 ¼ 1þ
�
aþm2

ω

∂a
∂ωþ ∂b

∂ωþm
ω

∂c
∂ω

�				
ω¼

ffiffiffiffiffiffiffiffiffiffiffi
p2
sþm2

p : ðC2Þ

For the computation of AGM we are interested to the
quantity ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Z2ðpÞZ2ðp0Þp Þ−1=2 in the limits of q → 0 and of

Ps ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP · uÞ2 − P2

p
→ 0. Therefore, we just have to

evaluate Z2ðpÞ with p an on-shell momentum and then
perform the ps → 0 limit. Using the prescription in
Eq. (C2) and the behavior of the functions a, b, c we find:

lim
ps→0

βZ2ðpÞ ¼ 1 −
e2T2

12m2
þ e2

2π2

Z
∞

0

dk
nBðkÞ
k

− θHT
e2T2

24m2
;

where the θHT is defined such that it turns on the high
temperature contribution:

θHT ≡
�
0 T ≪ m

1 T ≫ m
:

The low temperature part is in agreement with [34,47,48].
Therefore we have

lim
ps→0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βZ2ðpÞβZ2ðp0Þ

p ¼ 1þ e2T2

12m2
−

e2

16π3
IA þ θHT

e2T2

24m2
;

where we denoted

IA ≡ 8π

Z
∞

0

dk
nBðkÞ
k

:

For future convenience, noticing that for ps ¼ 0 we have
ωP ¼ 2m, we can write the factor coming from wave-
function renormalization constants using ωP ≡ u · P
instead of the mass m:

lim
Ps→0

lim
q→0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βZ2ðpÞβZ2ðp0Þ

p ¼ 1þe2T2

3ω2
P
−

e2

16π3
IAþθHT

e2T2

6ω2
P
:

3. Renormalization of stress-energy tensor
at finite temperature

As last step to renormalize the stress-energy tensor we
have to calculate the temperature contribution of the
diagrams in Fig. 2. Here we write the general procedure
and we leave the details in Appendix D.
First, we recap the notation used. We indicate with q and

P the momenta
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P ¼ p0 þ p; q ¼ p0 − p;

where p and p0 are the momenta of external legs of the
diagrams in Fig. 2. Notice that q · P ¼ 0. Moreover,
scattering theory imposes the conservation of the time
component of p and p0 in the thermal bath rest frame,
meaning q · u ¼ 0. We are using this constraint when
evaluating all the diagrams. It is then convenient to define
the following scalar and four-vectors:

ωP ¼ P · u; Ps ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2
P − P2

q
;

P̃μ ¼ ðημν − uμuνÞPν ¼ Pμ − ωPuμ;

lμ ¼ ϵμνρσuνP̃ρqσ; l̂μ ¼ lμffiffiffiffiffiffiffi
−l2

p ;

we also denote with a the ratio

a≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2
P − P2

p
ωP

¼ Ps

ωP
; 0 < a < 1:

Since we are considering 1-loop corrections,
a generic diagrams of Fig. 2, which we label with X,
can be written as

MX
μνðp; p0Þ ¼

Z
d4k
ð2πÞ4

fXðp; p0; kÞ
DXðp; p0; kÞ ūðp

0ÞNX
μνuðpÞ; ðC3Þ

where all the spinorial structure is contained inside
the numerator NX. Therefore NX can be simplified using
Dirac equation and it can be decomposed in the following
terms:

ūðp0ÞNX
μνuðpÞ ¼ ūðp0Þ½NX

kk=kkμkν þ NX
Pk=kðPμkν þ PνkμÞ

þ ðNXðsÞ
Pγ þ NXðkÞ

Pγ =kÞðPμγν þ PνγμÞ
þ ðNXðsÞ

kγ þ NXðkÞ
kγ =kÞðkμγν þ kνγμÞ

þ � � ��uðpÞ; ðC4Þ

where each term NX
yy can depend on the scalars

fk2; P2; q2; k · P; k · q; P · q;mg and the dots stand for
terms that to do not contribute to AGM. Indeed, we show
in Appendix B that the only terms that are relevant for
AGM are

uμγν þ uνγμ; Pμγν þ Pνγμ;

l̂ðuμl̂ν þ uν l̂μÞ; l̂ðPμl̂ν þ Pνl̂μÞ:

Using the orthogonal non-normalized basis fu; P̃; q; l̂g, the
integration variable k can be decomposed into:

kμ¼ðk ·uÞuμþ
ðk · P̃Þ
P̃2

P̃μþ
ðk ·qÞ
q2

qμ−ðk · l̂Þl̂μ

¼
�
ðk ·uÞ−ωPðk · P̃Þ

P̃2

�
uμþ

ðk · P̃Þ
P̃2

Pμþ
ðk ·qÞ
q2

qμ−ðk · l̂Þl̂μ
≡AuuμþAPPμþAqqμþAll̂μ:

This decomposition is used to write the diagrams in a
covariant form. Consider the term ūðp0Þ=kuðpÞvμwμ, where
v and w are any vector between fu; P; q; lg, the term is
decomposed into

ūðp0Þ=kuðpÞvμwν ¼ ūðp0Þ½Au=uþ All̂þ 2mAP�uðpÞvμwν;

and for what we show in Sec. IV B only the term in l can
contribute to AGM:

ūðp0Þ=kuðpÞvμwν→Alūðp0Þl̂vμwνuðpÞ with ðv;wÞ¼ ðu;lÞ
or ðv;wÞ¼ ðP;lÞ:

With the same argument, we can select only the parts
relevant to AGM of all the possible terms:

ūðp0Þ=kuðpÞðkμvν þ kνvμÞ → ūðp0Þ½AuAll̂ðuμvν þ uνvμÞ þ APAll̂ðPμvν þ PνvμÞ�uðpÞ if v ¼ l

→ ūðp0Þ½A2
l l̂ðl̂μvν þ l̂νvμÞ�uðpÞ if v ¼ u or v ¼ P

ūðp0Þ=kkμkνuðpÞ → ūðp0Þ½AuA2
l l̂ðuμl̂ν þ uν l̂μÞ þ APA2

l l̂ðPμl̂ν þ Pνl̂μÞ�uðpÞ:

We then approximate the integrand to first order in q and we perform the loop integral in k decomposing its component
along the tetrad fu; P̃; q; lg. The results at first order in q are (see Appendix D):
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ðZ2ðpÞZ2ðp0ÞÞ−1=2Mð0Þ
μν ¼ IZPγðPμγν þ PνγμÞ;

MSE
μν þMCT

μν ¼ ISPγðPμγν þ PνγμÞ;
MV

μν ¼ ðIVPγ þ θHTIVPγ;fÞðPμγν þ PνγμÞ þ ðIVuγ þ θHTIVuγ;fÞðuμγν þ uνγμÞ
þ ðIVPl þ θHTIVPl;fÞl̂ðPμ l̂ν þ Pνl̂μÞ þ θHTIVul;fl̂ðuμl̂ν þ uν l̂μÞ;

MC
μν ¼ ðICPγ þ θHTICPγ;fÞðPμγν þ PνγμÞ þ ðICuγ þ θHTICuγ;fÞðuμγν þ uνγμÞ;

MP
μν ¼ IPPγðPμγν þ PνγμÞ þ IPuγðuμγν þ uνγμÞ þ ðIPPl þ θHTIPPl;fÞl̂ðPμl̂ν þ Pνl̂μÞ

þ ðIPul þ θHTIPul;fÞl̂ðuμl̂ν þ uνl̂μÞ:

Here, the function

θHT ≡
�
0 T ≪ m

1 T ≫ m

turns on the fermionic contributions at high temperature and removes them for low temperatures; we also introduce the IR
divergent integral

IA ≡ 8π

Z
∞

0

dk
nBðkÞ
k

:

The form factors of Pμγν þ Pνγμ are

lim
Ps→0

lim
q→0

IZPγ ¼
1

4
þ 2þ θHT

24

e2T2

ω2
P

−
1

4

e2

16π3
IA;

lim
Ps→0

lim
q→0

ISPγ ¼ −
2þ θHT

12

e2T2

ω2
P

þ 1

2

e2

16π3
IA;

IVPγ ¼ −
1

18

e2T2

ω2
P

�
3

2a3
log

�
1þ a
1 − a

�
−

3

a2

�
−
1

4

e2

16π3
4m2

ω2
P

IA
1 − a2

;

IVPγ;f ¼ −
1

36

e2T2

ω2
P

�
3

2a3
log

�
1þ a
1 − a

�
−

3

a2

�
;

ICPγ ¼
1

18

e2T2

ω2
P

�
3

2a3
log

�
1þ a
1 − a

�
−

3

a2

�
;

ICPγ;f ¼
1

36

e2T2

ω2
P

�
3

2a3
log

�
1þ a
1 − a

�
−

3

a2

�
;

IPPγ ¼ −
1

18

e2T2

ω2
P

�
3

2a3
log

�
1þ a
1 − a

�
−

3

a2

�
:

The form factors of uμγν þ uνγμ are

IVuγ ¼ −
1

9

e2T2

ωP

�
3

2a3
log

�
1þ a
1 − a

�
−

3

a2

�
;

IVuγ;f ¼ −
1

18

e2T2

ωP

�
3

2a2
−
3ð1 − a2Þ

4a3
log

�
1þ a
1 − a

��
;

ICuγ ¼
1

9

e2T2

ωP

�
3

2a2
−
3ð1 − a2Þ

4a3
log

�
1þ a
1 − a

��
;

ICuγ;f ¼
1

18

e2T2

ωP

�
3

2a2
−
3ð1 − a2Þ

4a3
log

�
1þ a
1 − a

��
;

IPuγ ¼ −
1

9

e2T2

ωP

�
3

2a2
−
3ð1 − a2Þ

4a3
log

�
1þ a
1 − a

��
:
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The form factors of l̂ðPμl̂ν þ Pν l̂μÞ are

IVPl ¼
1

12

e2T2

ω2
P

�
3

2a3
log

�
1þ a
1 − a

�
−

3

a2

�
;

IVPl;f ¼
7

360

e2T2

ω2
P

�
12

7

4m2

ω2
P

�
5ð3 − 2a2Þ
2a4ð1 − a2Þ −

15

4a5
log

�
1þ a
1 − a

��
−
5

7

�
3

2a3
log

�
1þ a
1 − a

�
−

3

a2

��
;

IPPl ¼ IPPγ ¼ −
1

18

e2T2

ω2
P

�
3

2a3
log

�
1þ a
1 − a

�
−

3

a2

�
;

IPPl;f ¼ −
1

30

e2T2

ω2
P

4m2

ω2
P

�
15ð3 − a2Þ

8a5
log

�
1þ a
1 − a

�
−

45

4a4

�
:

The form factors of l̂ðuμl̂ν þ uν l̂μÞ are

IVul;f ¼ −
1

30

e2T2

ωP

�
−
2

3

4m2

ω2
P

�
15ð3 − 2a2Þ

8a5
log

�
1þ a
1 − a

�
−

45

4a4

�
þ 5

3

�
3

2a2
−
3ð1 − a2Þ

4a3
log

�
1þ a
1 − a

���
;

IPul ¼ IPuγ ¼ −
1

9

e2T2

ωP

�
3

2a2
−
3ð1 − a2Þ

4a3
log

�
1þ a
1 − a

��
;

IPul;f ¼ −
1

45

e2T2

ωP

4m2

ω2
P

�
15ð3 − a2Þ

8a5
log

�
1þ a
1 − a

�
−

45

4a4

�
:

These functions are written such that the quantity inside the square brackets is 1 for a ¼ 0, which corresponds to the
nonrelativistic particle limit (Ps → 0). It is straightforward to check that by summing all these terms in the nonrelativistic
limit, one get the form factors quoted in Eq. (21).

APPENDIX D: RADIATIVE CORRECTION TO THE STRESS-ENERGY TENSOR

In this Appendix we evaluate the temperature modification of the diagrams in Fig. 2. The general strategy and the final
results are written in Appendix C 3, in what follows we provide a detailed calculations of all the diagrams.
To perform the loop integration on the momentum k in the generic diagram (C3), since the set fu; P̃; q; l̂g is a basis, we

choose k0 along u, kz along qμ and kx along P̃ and ky along l; thus, defining

ϵ ¼
ffiffiffiffiffiffiffiffi
−q2

q
; a ¼

ffiffiffiffiffiffiffiffiffi
−P̃2

p

ωP
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2
P − P2

p
ωP

; 0 < a < 1;

we have

ðk · uÞ ¼ k0; ðk · qÞ ¼ −ϵkz; ðk · P̃Þ ¼ −aωPkx ðk · PÞ ¼ ωPðk0 − akxÞ; ðk · l̂Þ ¼ −ky

Au ¼ k0 −
kx
a
; AP ¼ kx

aωP
; Aq ¼

kz
ϵ
; Al ¼ ky:

At last we define the following unit vectors inside the k integration:

k̂x ¼
kx
jkj ¼ cosϕ sin θ; k̂y ¼

ky
jkj ¼ sinϕ sin θ;

k̂z ¼
kz
jkj ¼ cos θ:

For the fermionic part we only consider the high temperature limit, T ≫ m, Ps, ωp, q. Every fermionic form factor at first
order in ϵ can be written as
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I ¼ C
Z

dk
Ek

klnFðEkÞ
X
s¼�

Z
dΩkfsðk̂; m;ωp; aÞ;

where C is a numerical constant and l an integer. Because
of the Fermi-Dirac distribution function, the major con-
tribution of the integral comes from k ∼ T. Then in the
integrand we can consider m and ωP to be small compared
to k. To consider the relevant part of the integral we first
replace

m ¼ mrky; ωP ¼ ωPrky; Ek ¼ k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm2

ry2
q

;

where y is a dummy variable to perform a Taylor series.
Then we expand the integrand in series of y around zero
and we keep only the first terms. Then we replace back

y ¼ 1; mr ¼
m
k
; ωPr ¼

ωP

k
:

In this way we can select the relevant contribution, which
has the form

I ≃ C
Z

dknFðEkÞ
X
s¼�

Z
dΩkf̃sðk̂; m;ωp; aÞ

¼ Cπ2T2

12

X
s¼�

Z
dΩkf̃sðk̂; m;ωp; aÞ:

The last factor can be obtained by summing and integrating
over the angles. The angular integrals have the form

IΩðnx; ny; nz; ndÞ ¼
Z

dΩk
2k̂nxx k̂

ny
y k̂nzz

ð1 − a2k̂2xÞnd
;

and their results are quoted in Appendix D 5.

1. Self-energy and counter terms

The fermion self-energy diagram, Fig. 2(b), is

MSE
μν ¼ ūðp0ÞβΣðp0ÞiSFðp0ÞVμνðp0; pÞuðpÞ;

where Vμν is the stress-energy tensor fermion coupling:

Vμνðp; p0Þ ¼ 1

4
½γμðpþ p0Þν þ γνðpþ p0Þμ�

−
1

2
ημν½p −mþ p0 −m�:

Near the pole the self-energy can be written as

βΣðpÞ ¼ ð1 − βZ2ðpÞ−1Þðp −mÞ þ apþ b=uþ δm:

Most of this diagram is canceled by the counter term in
Fig. 2(c). Since the temperature dependent Dirac equation is

ðð1 − aÞp − b=u −mTÞuβðpÞ ¼ 0;

we must use the finite temperature counter term of the
momentum Lagrangian

δL ¼ apþ b=uþ δm:

Therefore, the counter term is

MCT
μν ¼ −ūðp0Þða=p0 þ b=uþ δmÞiSFðp0ÞVμνðp0; pÞuðpÞ:

Considering both legs we have in total

MSE
μν þMCT

μν

¼ ð2 − βZ2ðpÞ−1 − βZ2ðp0Þ−1Þūðp0ÞVμνðp0; pÞuðpÞ;

whose contribution to AGM is

MSE
μν þMCT

μν

¼ 1

4
ð2− βZ2ðpÞ−1− βZ2ðp0Þ−1Þūðp0ÞðPμγνþPνγμÞuðpÞ

¼ ISPγūðp0ÞðPμγνþPνγμÞuðpÞ:

In the limit q → 0 and Ps → 0 we have

lim
Ps→0

ISPγ ¼ −
e2T2

6ω2
P
þ 1

2

e2

16π3
IA − θHT

e2T2

12ω2
P
;

where θHT is vanishing for T ≪ m and it goes to one
for T ≫ m.

2. Photon polarization diagram

Now we want to check if gravitomagnetic moment gets
finite temperature corrections from the diagram of photon
polarization Fig. 2(f):

MP
μνðp; p0Þ ¼

Z
d4k
ð2πÞ4 ūðp

0Þð−ieγρÞiSFðp − kÞð−ieγσÞuðpÞTαβ
μνðk; qþ kÞiDρ

βðqþ kÞiDσ
αðkÞ;

where the stress-energy tensor-photon coupling vertex is
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Tαβ
μνðk; pÞ ¼ −ðδαμδβν þ δανδ

β
μÞk · p − gαβðkμpν þ kνpμÞ þ ðkμδβν þ kνδ

β
μÞpα þ ðpμδ

α
ν þ pνδ

α
μÞkβ þ gμνðδαβk · p − kαpβÞ:

At low temperature T ≪ m we can neglect the part coming from the fermionic thermal distribution. The real part of the
thermal contribution of the diagram is then

ReβMP
μνðp; p0Þ ¼ e2

Z
d4k
ð2πÞ3 ūðp

0Þγα
p − =kþm

ðk − pÞ2 −m2
γβuðpÞTαβ

μνðk; qþ kÞ
�
δððqþ kÞ2ÞnBðqþ kÞ

k2
þ δðk2ÞnBðkÞ

ðqþ kÞ2
�
:

Making the changing of variables k → k − q in the first term we have

ReβMP
μνðp; p0Þ ¼ e2

Z
d4k
ð2πÞ3 ūðp

0Þγα
�

p − =kþ qþm
ðk − q − pÞ2 −m2

Tαβ
μνðk − q; kÞ
ðk − qÞ2 þ p − =kþm

ðk − pÞ2 −m2

Tαβ
μνðk; qþ kÞ
ðqþ kÞ2

�
γβuðpÞδðk2ÞnBðkÞ

≡ e2
Z

d4k
ð2πÞ3 ūðp

0Þ
�
N1

D1

þ N2

D2

�
uðpÞδðk2ÞnBðkÞ: ðD1Þ

We are interested in linear order of q, therefore we are using the momenta P and q:

�
P ¼ p0 þ p; p ¼ 1

2
ðP − qÞ

q ¼ p0 − p; p0 ¼ 1
2
ðPþ qÞ:

We can use gamma algebra to simplify the expressions of the numerators of the diagram in Eq. (D1). Taking advantage of
the Dirac equation and setting k2 ¼ 0 from the Dirac delta, we find:

ūðp0ÞN1uðpÞ ¼ ūðp0Þfð−4=k − 4mÞkμkν þ ðk · qÞðPμγν þ PνγμÞ þ 2ðk · PÞðkμγν þ kνγμÞ þ ð2mþ 2=kÞðkμqν þ kνqμÞ
− ðk · PÞðqμγν þ qνγμÞ þ ð−2mðk · qÞ − ðk · PÞ=k − ðk · qÞ=kþ q2=kÞημνguðpÞ;

ūðp0ÞN2uðpÞ ¼ ūðp0Þfð−4=k − 4mÞkμkν − ðk · qÞðPμγν þ PνγμÞ þ 2ðk · PÞðkμγν þ kνγμÞ − ð2mþ 2=kÞðkμqν þ kνqμÞ
þ ðk · PÞðqμγν þ qνγμÞ þ ð2mðk · qÞ − ðk · PÞ=kþ ðk · qÞ=kþ q2=kÞημνguðpÞ:

Decomposing the four-vector k with the tetrad fu; P̃; q; l̂g we obtain:

ūðp0ÞN1uðpÞ ¼ ūðp0ÞfðAu=uþ All̂þmþ 2ApmÞ½−4A2
uuμuν − 4A2

PPμPν − 4A2
l l̂μl̂ν − 4AuAPðuμPν þ uνPμÞ

− 4AuAlðuμl̂ν þ uνl̂μÞ − 4APAlðPμl̂ν þ Pνl̂μÞ þ ð4Aq − 4A2
qÞqμqν þ ð2Au − 4AuAqÞðuμqν þ uνqμÞ

þ ð2AP − 4APAqÞðPμqν þ PνqμÞ þ ð2Al − 4AlAqÞðl̂μqν þ l̂νqμÞ� þ 2ðk · PÞAuðuμγν þ uνγμÞ
þ ½2ðk · PÞAP þ ðk · qÞ�ðPμγν þ PνγμÞ þ 2ðk · PÞAlðl̂μγν þ l̂νγμÞ þ ½2ðk · PÞAq − ðk · PÞ�ðqμγν þ qνγμÞ
− ½2mðk · qÞ þ ððk · qÞ þ ðk · PÞ − q2ÞðAu=uþ All̂þ 2mAPÞ�ημνguðpÞ;

and

ūðp0ÞN2uðpÞ ¼ ūðp0ÞfðAu=uþ All̂þmþ 2ApmÞ½−4A2
uuμuν − 4A2

PPμPν − 4A2
l l̂μl̂ν − 4AuAPðuμPν þ uνPμÞ

− 4AuAlðuμl̂ν þ uνl̂μÞ − 4APAlðPμl̂ν þ Pνl̂μÞ þ ð4Aq − 4A2
qÞqμqν þ ð2Au − 4AuAqÞðuμqν þ uνqμÞ

þ ð2AP − 4APAqÞðPμqν þ PνqμÞ þ ð2Al − 4AlAqÞðl̂μqν þ l̂νqμÞ� þ 2ðk · PÞAuðuμγν þ uνγμÞ
þ ½2ðk · PÞAP − ðk · qÞ�ðPμγν þ PνγμÞ þ 2ðk · PÞAlðl̂μγν þ l̂νγμÞ þ ½2ðk · PÞAq þ ðk · PÞ�ðqμγν þ qνγμÞ
þ ½2mðk · qÞ þ ððk · qÞ − ðk · PÞ þ q2ÞðAu=uþ All̂þ 2mAPÞ�ημνguðpÞ:

For the denominators, using k2 ¼ 0, P · q ¼ 0, P2 ¼ 4m2 − q2, we find
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D1 ¼ ðP · kþ q · kÞð2q · k − q2Þ
D2 ¼ −ðP · k − q · kÞð2q · kþ q2Þ:

Choosing the frame described at the beginning of this section to decompose the momentum k we can write the
denominators las:

D1 ¼ −2ωPkzϵðk0 − kxaÞ þ ϵ2ðωPðk0 − kxaÞ þ 2k2zÞ − kzϵ3

D2 ¼ 2ωPkzϵðk0 − kxaÞ þ ϵ2ðωPðk0 − kxaÞ þ 2k2zÞ þ kzϵ3:

Since the denominators does not contains ky every term that is odd in Al ¼ ky is vanishing. Moreover, we can now select
only the pieces that could give contribution to AGM, they are the following:

ūðp0ÞN1uðpÞ ¼ ūðp0Þf−4AuA2
l l̂ðuμl̂ν þ uνl̂μÞ − 4APA2

l l̂ðPμ l̂ν þ Pνl̂μÞ þ 2ðk · PÞAuðuμγν þ uνγμÞ
þ ½2ðk · PÞAP þ ðk · qÞ�ðPμγν þ PνγμÞguðpÞ;

and

ūðp0ÞN2uðpÞ ¼ ūðp0Þf−4AuA2
l l̂ðuμl̂ν þ uνl̂μÞ − 4APA2

l l̂ðPμ l̂ν þ Pνl̂μÞ þ 2ðk · PÞAuðuμγν þ uνγμÞ
þ ½2ðk · PÞAP − ðk · qÞ�ðPμγν þ PνγμÞguðpÞ:

For the term in lðuμl̂ν þ uν l̂μÞ at first order in ϵ we have

IPul ¼ −e2
Z

d4k
ð2πÞ3

�
4

D1

þ 4

D2

�
AuA2

l δðk2ÞnBðkÞ

≃ lim
ϵ→0

2e2

ω2
P

Z
d4k
ð2πÞ3

�
ωP

ðk0 − akxÞðk2z − ϵ2=4Þ þ
2

ðk0 − akxÞ2
�
ðk0 − kx=aÞk2yδðk2ÞnBðkÞ;

integrating k0 with the delta we find that the second term in square bracket is odd on kx and so vanishing; the first term
becomes

IPul ¼ lim
ϵ→0

e2

ωP

Z
dk

ð2πÞ3 knBðkÞ
Z

dΩk
2ð1 − k̂2xÞk̂2y

ð1 − a2k̂2xÞðk̂2z − ϵ2=ð4k2ÞÞ :

The angular integrals do not converge for ϵ ¼ 0 but they have a finite result in the principal value sense:

lim
τ→0

Z
dΩk

2k̂2y
ð1 − a2k̂2xÞðk̂2z − τ2Þ ¼ −

8π

2a
log

�
1þ a
1 − a

�
;

lim
τ→0

Z
dΩk

2k̂2xk̂
2
y

ð1 − a2k̂2xÞðk̂2z − τ2Þ ¼ −
8π

3

�
3

2a3
log

�
1þ a
1 − a

�
−

3

a2

�

and therefore

IPul ≡ IPu ¼ −
e2T2

9ωP

�
3

2a2
−
3ð1 − a2Þ

4a3
log

�
1þ a
1 − a

��
:

ANOMALOUS GRAVITOMAGNETIC MOMENT AND … PHYS. REV. D 103, 116005 (2021)

116005-25



For the term in l̂ðPμ l̂ν þ Pνl̂μÞ we have

IPPl ¼ −e2
Z

d4k
ð2πÞ3

�
4

D1

þ 4

D2

�
APA2

l δðk2ÞnBðkÞ

≃ lim
ϵ→0

2e2

aω3
P

Z
d4k
ð2πÞ3

�
ωP

ðk0 − akxÞðk2z − ϵ2=4Þ þ
2

ðk0 − akxÞ2
�
kxk2yδðk2ÞnBðkÞ;

integrating k0 with the delta we find that the second term in square bracket is odd on kx and so vanishing; the first term
becomes

IPPl ¼ lim
τ→0

e2

ω2
P

Z
dk

ð2πÞ3 knBðkÞ
Z

dΩk
2k̂2xk̂

2
y

ð1 − a2k̂2xÞðk̂2z − τ2Þ :

After integration we obtain

IPPl ≡ IPP ¼ −
e2T2

18ω2
P

�
3

2a3
log

�
1þ a
1 − a

�
−

3

a2

�
:

Consider now the part in ðuμγν þ uνγμÞ. At linear order of ϵ the scalar part in front of it is

IPuγ ¼ e2
Z

d4k
ð2πÞ3

�
1

D1

þ 1

D2

�
2ðk · PÞAuδðk2ÞnBðkÞ ≃ e2

Z
d4k
ð2πÞ3

�
2

aωP

kx − ak0
k0 − akx

þ kx − ak0
ak2z

�
δðk2ÞnBðkÞ

¼ e2

2ð2πÞ3
X
s¼�

Z
dkknBðkÞ

Z
dΩk

�
2

aωP

k̂x − as

s − ak̂x
þ 1

k
k̂x − as

ak̂2z

�

¼ e2

2ð2πÞ3
Z

dkknBðkÞ
Z

dΩk

�
−

4

ωP

1 − k̂2x
1 − a2k̂2x

þ 2

k
k̂x
ak̂2z

�

¼ −
e2

ωP

1

ð2πÞ3
Z

dkknBðkÞ
Z

dΩk
2ð1 − k̂2xÞ
ð1 − a2k̂2xÞ

:

Using the angular integrals

Z
dΩk

2

1 − a2k̂2x
¼ 8π

2a
log

�
1þ a
1 − a

�
;

Z
dΩk

2k̂2x
1 − a2k̂2x

¼ 8π

3

�
3

2a3
log

�
1þ a
1 − a

�
−

3

a2

�

we obtain

IPuγ ¼ IPu ¼ −
e2T2

9ωP

�
3

2a2
−
3ð1 − a2Þ

4a3
log

�
1þ a
1 − a

��
:
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The part proportional to ðPμγν þ PνγμÞ at first order in ϵ is the integral

IPPγ ¼ e2
Z

d4k
ð2πÞ3

�ð2ðk · P̃ÞAP þ ðk · qÞÞ
D1

þ ð2ðk · P̃ÞAP − ðk · qÞÞ
D2

�
δðk2ÞnBðkÞ

≃ e2
Z

d4k
ð2πÞ3

�
1

ωP

1

k0 − akx
−

2kx
aω2

Pðk0 − akxÞ
−

kx
aωPk2z

�
δðk2ÞnBðkÞ

¼ e2

2ωP

1

ð2πÞ3
X
s¼�

Z
dkknBðkÞ

Z
dΩk

�
1

k
1

s − ak̂x
−

2k̂x
aωPðs − ak̂xÞ

−
1

k
k̂x
ak̂2z

�

¼ e2

2ωP

1

ð2πÞ3
Z

dkknBðkÞ
Z

dΩk

�
1

k
2ak̂x

1 − a2k̂2x
−

4k̂2x
ωPð1 − a2k̂2xÞ

−
2

k
k̂x
ak̂2z

�

¼ −
e2

ω2
P

1

ð2πÞ3
Z

dkknBðkÞ
Z

dΩk
2k̂2x

ð1 − a2k̂2xÞ
;

where we first integrated k0 with the delta and then we performed the angular integration and removed the manifestly
vanishing angular integrations. After integration we obtain:

IPPγ ¼ IPP ¼ −
e2T2

18ω2
P

�
3

2a3
log

�
1þ a
1 − a

�
−

3

a2

�
:

Summing all the relevant terms we found that the diagram can be written as:

MP
μν ¼ IPu ðuμγν þ uνγμÞ þ IPPðPμγν þ PνγμÞ þ IPu l̂ðuμ l̂ν þ uνl̂μÞ þ IPPl̂ðPμl̂ν þ Pνl̂μÞ:

Using this result, the contribution to gravitomagnetic moment from the photon polarization diagram at low temperatures is
vanishing

gPΩ ¼ lim
a→0

4

�
IPPγ þ

IPuγ
ωP

− IPPl −
IPul
ωP

�
¼ 0:

a. Fermionic part: High temperature

The fermionic part is negligible at low temperature but it is comparable to the bosonic part at high temperatures. We
obtain the fermionic part from

ReβMP
μνðp; p0Þ ¼ −e2

Z
d4k
ð2πÞ3 ūðp

0Þγβðp − =kþmÞγαuðpÞTαβ
μνðk; qþ kÞ δððp − kÞ2 −m2ÞnFðp − kÞ

ðqþ kÞ2k2 :

Changing variables into k → p − k we have

ReβMP
μνðp; p0Þ ¼ −e2

Z
d4k
ð2πÞ3 ūðp

0Þγβð=kþmÞγαuðpÞTαβ
μνðp − k; qþ p − kÞ δðk2 −m2ÞnFðkÞ

ðqþ p − kÞ2ðp − kÞ2

¼ −e2
Z

d4k
ð2πÞ3

ūðp0ÞNPuðpÞ
DP δðk2 −m2ÞnFðkÞ:

The numerator can be simplified into:

ūðp0ÞNPuðpÞ ¼ ūðp0Þfð4=k − 8mÞkμkν þ =kqμqν þ ½ðk · PÞ − 2m2�ðPμγν þ PνγμÞ − =kPμPν þ q2ðkμγν þ kνγμÞ
− ðk · qÞðqμγν þ qνγμÞ þ 2mðkμPν þ kνPμÞ þ ð4m3 − 2ðk · PÞm −mq2ÞημνguðpÞ;

and the part relevant to AGM at first order in q is
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ūðp0ÞNPuðpÞ ¼ ūðp0Þf4=kkμkν þ ½ðk · PÞ − 2m2�ðPμγν þ PνγμÞguðpÞ;

and after k decomposition the relevant part is

ūðp0ÞNPuðpÞ ¼ ūðp0Þf4AuA2
l l̂ðuμl̂ν þ uν l̂μÞ þ 4APA2

l l̂ðPμl̂ν þ Pνl̂μÞ þ ðk · P − 2m2ÞðPμγν þ PνγμÞguðpÞ:

The denominator is

DP ¼ ðqþ p − kÞ2ðp − kÞ2 ¼ ð2m2 − ðk · PÞÞ2 − ðk · qÞ2 ¼ ð2m2 − ωPðk0 − akxÞÞ2 − ϵ2k2z :

For the term in l̂ðuμl̂ν þ uν l̂μÞ we have

IPul;f ¼ −e2
Z

d4k
ð2πÞ3

4AuA2
l

D
δðk2 −m2ÞnFðkÞ

≃ −4e2
Z

d4k
ð2πÞ3

ðk0 − kx=aÞk2y
½ωPðk0 − akxÞ − 2m2�2 δðk

2 −m2ÞnFðkÞ

¼ −
e2

4π3ω2
P

Z
dk

k3

Ek
nFðEkÞ

X
s¼�

Z
dΩk

ðsEk=k − k̂x=aÞk̂2y
½ðsEk=k − ak̂xÞ − 2m2

kωP
�2 :

Using the high temperature expansion described at the beginning of this Appendix we find:

IPul;f ≃ −
e2T2m2

12πω3
P
ðIΩð0; 2; 0; 3Þ þ 3ða2 − 1ÞIΩð2; 2; 0; 3Þ − a2IΩð4; 2; 0; 3ÞÞ

and at the end

IPul;f ≃ −
1

45

e2T2

ωP

4m2

ω2
P

�
15ð3 − a2Þ

8a5
log

�
1þ a
1 − a

�
−

45

4a4

�
:

For the term in ðPμl̂ν þ Pνl̂μÞ we have

IPPl;f ¼ −e2
Z

d4k
ð2πÞ3

4APA2
l

D
δðk2 −m2ÞnFðkÞ

≃ −
4e2

aωP

Z
d4k
ð2πÞ3

kxk2y
½ωPðk0 − akxÞ − 2m2�2 δðk

2 −m2ÞnFðkÞ

¼ −
e2

4π3aω3
P

Z
dk

k3

Ek
nFðEkÞ

X
s¼�

Z
dΩk

k̂xk̂
2
y

½ðsEk=k − ak̂xÞ − 2m2

kωP
�2 :

At high temperatures it becomes

IPPl;f ¼ −
e2m2T2

12πω4
P
ð3IΩð2; 2; 0; 3Þ þ a2IΩð4; 2; 0; 3ÞÞ

and hence

IPPl;f ¼ −
1

30

e2T2

ω2
P

4m2

ω2
P

�
15ð3 − a2Þ

8a5
log

�
1þ a
1 − a

�
−

45

4a4

�
:
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The part proportional to ðPμγν þ PνγμÞ at first order in ϵ
is the integral

IPPγ;f ¼ −e2
Z

d4k
ð2πÞ3

ðk ·PÞ− 2m2 þAPq2

D
δðk2 −m2ÞnFðkÞ

≃−e2
Z

d4k
ð2πÞ3

1

ωPðk0 − akxÞ− 2m2
δðk2 −m2ÞnFðkÞ

¼ −
e2

16π3ωP

Z
dk

k
Ek

nFðEkÞ

×
X
s¼�

Z
dΩk

1

sEk=k− ak̂x − 2m2

kωP

:

The high temperature expansion give a contribution of the
form

IPPγ;f ¼
Z

dknFðkÞ
X
n¼1

k−nfnðaÞ;

which gives logarithmic and subleading contributions in
temperature that we can neglect. Notice that there is no IR
divergence, because the previous integral is just an approxi-
mation for high k, at low k when the divergence would
occur the mass of the particle prevent the divergence.
Summing all the relevant terms we found that the

diagram can be written as:

MP
μν;f ¼ IPu;fl̂ðuμl̂ν þ uν l̂μÞ þ IPP;fl̂ðPμl̂ν þ Pνl̂μÞ;

with

IPu;f ¼ −
4e2T2m2

45ω3
P

�
15ð3 − a2Þ

8a5
log

�
1þ a
1 − a

�
−

45

4a4

�
;

IPP;f ¼ −
2e2m2T2

15ω4
P

�
5ð3 − 2a2Þ
2a4ð1 − a2Þ −

15

4a5
log

�
1þ a
1 − a

��
:

Using this result to evaluate the amplitude A ∝ MP
μνuμAν

g
we find that the gravitomagnetic moment coming from
photon polarization diagram is

gPΩ ¼ − lim
Ps→0

lim
q→0

4

�
IPu;f
ωP

þ IPP;f

�
θHT ¼ e2T2

18m2
θHT:

Only at high temperatures the polarization diagram con-
tribute to AGM.

3. Electromagnetic vertex

From electromagnetic vertex correction, Fig. 2(d), we
have

MV
μν ¼

Z
d4k
ð2πÞ4 ūðp

0Þð−ieγαÞiSFðp0−kÞVμνðp−k;p0−kÞ

×iSFðp−kÞð−ieγβÞiDαβðkÞuðpÞ;

where Vμν is the stress-energy tensor fermion coupling:

Vμνðp; p0Þ ¼ 1

4
½γμðpþ p0Þν þ γνðpþ p0Þμ�

−
1

2
ημν½p −mþ p0 −m�:

As before, we evaluate the temperature part and the
relevant part at low temperature is only given by the
Bose distribution term:

βMV
μν ¼ −e2

Z
d4k
ð2πÞ3

ūðp0Þγαðp0 − =kþmÞVμνðp − k; p0 − kÞðp − =kþmÞγαuðpÞ
½ðp0 − kÞ2 −m2�½ðp − kÞ2 −m2� δðk2ÞnBðkÞ

≡ −e2
Z

d4k
ð2πÞ3

ūðp0ÞNVuðpÞ
DV :

After simplification we obtain

ūðp0ÞNVuðpÞ ¼ −ūðp0Þfð4=kþ 4mÞkμkν þ 2=kPμPν − ðmþ 3=kÞðkμPν þ kνPμÞ
þ ðm2 − q2=2 − ðk · PÞÞðPμγν þ PνγμÞ þ ð−2m2 þ q2 þ 2ðk · PÞÞðkμγν þ kνγμÞ
þ 2ðmþ =kÞðk · PÞημνguðpÞ:

The denominator is

DV ¼ ½ðk · PÞ þ ðk · qÞ�½ðk · PÞ − ðk · qÞ� ¼ ω2
Pðk0 − akxÞ2 − k2zϵ2:
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The part of the nominator that brings contribution to AGM is then

ūðp0ÞNVuðpÞ ¼ ūðp0Þf4=kkμkν − 3=kðkμPν þ kνPμÞ þ ðm2 − q2=2 − ðk · PÞÞðPμγν þ PνγμÞ
þ ð−2m2 þ q2 þ 2ðk · PÞÞðkμγν þ kνγμÞguðpÞ:

After decomposing k and removing odd terms in Al, we have to consider:

ūðp0ÞNVuðpÞ ¼ ūðp0Þf4AuA2
l l̂ðuμl̂ν þ uν l̂μÞ þ ð4AP − 3ÞA2

l l̂ðPμl̂ν þ Pνl̂μÞ
þ ½ðm2 − q2=2 − ðk · PÞÞ þ ð−2m2 þ q2 þ 2ðk · PÞÞAP�ðPμγν þ PνγμÞ
þ ð−2m2 þ q2 þ 2ðk · PÞÞAuðuμγν þ uνγμÞguðpÞ:

The part in l̂ðuμl̂ν þ uνl̂μÞ is

IVul ¼ −e2
Z

d4k
ð2πÞ3

4AuA2
l

DV δðk2ÞnBðkÞ ≃ −4e2
Z

d4k
ð2πÞ3

ðk0 − kx=aÞk2y
ω2
Pðk0 − akxÞ2

δðk2ÞnBðkÞ

¼ −
2e2

ð2πÞ3ω2
P

Z
dkk2nBðkÞ

X
s¼�

Z
dΩk

ðs − k̂x=aÞk̂2y
ðs − ak̂xÞ2

¼ −
2e2

ð2πÞ3ω2
P

Z
dkk2nBðkÞ

Z
dΩk

2ða2k̂3x − 2a2k̂x þ k̂xÞk̂2y
að1 − a2k̂2xÞ2

¼ 0:

The part in l̂ðPμl̂ν þ Pν l̂μÞ is

IVPl ¼ −e2
Z

d4k
ð2πÞ3

ð4AP − 3ÞA2
l

DV δðk2ÞnBðkÞ ≃ e2
Z

d4k
ð2πÞ3

ð3 − 4kx=aωPÞk2y
ω2
Pðk0 − akxÞ2

δðk2ÞnBðkÞ

¼ e2

2ð2πÞ3ω2
P

Z
dkknBðkÞ

X
s¼�

Z
dΩk

ð3 − 4kk̂x=aωPÞk̂2y
ðs − ak̂xÞ2

¼ 3e2

2ð2πÞ3ω2
P

Z
dkknBðkÞ

Z
dΩk

2ð1þ a2k̂2xÞk̂2y
ð1 − a2k̂2xÞ2

¼ e2T2

12ω2
P

�
3

2a3
log

�
1þ a
1 − a

�
−

3

a2

�
:

The term in Pμγν þ Pνγμ gives

IVPγ ≃ −e2
Z

d4k
ð2πÞ3

�
m2

ðk0 − akxÞ2
−

ωP

k0 − akx

�
aωp − 2kx

aω3
P

δðk2ÞnBðkÞ

¼ −
e2

2ð2πÞ3aω3
P

Z
dkknBðkÞ

X
s¼�

Z
dΩk

�
m2

k2
aωp − 2kk̂x
ðs − ak̂xÞ2

−
ωP

k

aωp − 2kk̂x
s − ak̂x

�

¼ −
e2

16π3aω3
P

Z
dkknBðkÞ

Z
dΩk

�
m2

k2
2ðaωp − 2kk̂xÞð1þ a2k̂2xÞ

ð1 − a2k̂2xÞ2
−
ωP

k

ðaωp − 2kk̂xÞ2ak̂x
1 − a2k̂2x

�

¼ −
e2

16π3ω2
P

Z
dkknBðkÞ

Z
dΩk

�
m2

k2
2ð1þ a2k̂2xÞ
ð1 − a2k̂2xÞ2

þ 2
2k̂2x

1 − a2k̂2x

�

¼ −
e2

16π3ω2
P

Z
dΩk

�
m2

IA
8π

2ð1þ a2k̂2xÞ
ð1 − a2k̂2xÞ2

þ 2π2T2

6

2k̂2x
1 − a2k̂2x

�

¼ −
e2m2

16π3ω2
P

IA
1 − a2

−
e2T2

18ω2
P

�
3

2a3
log

�
1þ a
1 − a

�
−

3

a2

�
:

The term in uμγν þ uνγμ gives
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IVuγ ≃ 2e2
Z

d4k
ð2πÞ3

�
m2

ðk0 − akxÞ2
−

ωP

k0 − akx

�
k0 − kx=a

ω2
P

δðk2ÞnBðkÞ

¼ e2

ð2πÞ3ω2
P

Z
dkknBðkÞ

X
s¼�

Z
dΩk

�
m2

k
ðs − k̂=aÞ
ðs − ak̂xÞ2

−
ωpðs − k̂x=aÞ

s − ak̂x

�

¼ e2

ð2πÞ3ω2
P

Z
dkknBðkÞ

Z
dΩk

�
m2

k
2ðk̂x − 2a2k̂2x þ a2k̂3xÞÞ

að1 − a2k̂2xÞ2
− ωP

2ð1 − k̂2xÞ
1 − a2k̂2x

�

¼ −
e2

ð2πÞ3ωP

π2T2

6

Z
dΩk

2ð1 − k̂2xÞ
1 − a2k̂2x

¼ −
e2T2

9ωP

�
3

2a3
log

�
1þ a
1 − a

�
−

3

a2

�
:

Summing all the relevant terms we found that the diagram can be written as:

MV
μν ¼ IVuγðuμγν þ uνγμÞ þ IVPγðPμγν þ PνγμÞ þ IVPll̂ðPμl̂ν þ Pνl̂μÞ:

a. Fermionic part: High temperature

The fermionic part is:

ReβMV
μνðp; p0Þ ¼ e2

Z
d4k
ð2πÞ3

ūðp0Þγαðp0 − =kþmÞVμνðp − k; p0 − kÞðp − =kþmÞγαuðpÞ
k2

×

�
δððp − kÞ2 −m2Þ
ðp0 − kÞ2 −m2

nFðp − kÞ þ δððp0 − kÞ2 −m2Þ
ðp − kÞ2 −m2

nFðp0 − kÞ
�
:

We change k to p − k in the first term and k → p0 − k in the second one:

ReβMV
μνðp; p0Þ ¼ e2

Z
d4k
ð2πÞ3 ūðp

0Þγα
�ðp0 − pþ =kþmÞVμνðk; p0 − pþ kÞð=kþmÞ

½ðp0 − pþ kÞ2 −m2�ðp − kÞ2

þ ð=kþmÞVμνðp − p0 þ k; kÞðp − p0 þ =kþmÞ
½ðp − p0 þ kÞ2 −m2�ðp0 − kÞ2

�
γαuðpÞnFðkÞδðk2 −m2Þ

≡ e2
Z

d4k
ð2πÞ3 ūðp

0Þ
�
NV

1

D1

þ NV
2

D2

�
uðpÞnFðkÞδðk2 −m2Þ:

After simplification the relevant parts for numerators are

ūðp0ÞNV
1 uðpÞ ¼ ūðp0Þf−4=kkμkν − =kðkμPν þ kνPμÞ þ ðk · Pþ k · qÞðkμγν þ kνγμÞguðpÞ;

ūðp0ÞNV
2 uðpÞ ¼ ūðp0Þf−4=kkμkν − =kðkμPν þ kνPμÞ þ ðk · P − k · qÞðkμγν þ kνγμÞguðpÞ:

After decomposing k we only have to consider:

ūðp0ÞNV
1 uðpÞ ¼ ūðp0Þf−4AuA2

l l̂ðuμ l̂ν þ uνl̂μÞ − ð4AP þ 1ÞA2
l l̂ðPμl̂ν þ Pνl̂μÞ

þ ðk · Pþ k · qÞAPðPμγν þ PνγμÞ þ ðk · Pþ k · qÞAuðuμγν þ uνγμÞguðpÞ;
ūðp0ÞNV

2 uðpÞ ¼ ūðp0Þf−4AuA2
l l̂ðuμ l̂ν þ uνl̂μÞ − ð4AP þ 1ÞA2

l l̂ðPμl̂ν þ Pνl̂μÞ
þ ðk · P − k · qÞAPðPμγν þ PνγμÞ þ ðk · P − k · qÞAuðuμγν þ uνγμÞguðpÞ:

The denominators are

ANOMALOUS GRAVITOMAGNETIC MOMENT AND … PHYS. REV. D 103, 116005 (2021)

116005-31



DV
1 ¼ ð4m2 − 2k · PÞðk · qÞ þ 2ðk · qÞ2 þ q2ð2m2 − k · Pþ k · qÞ

¼ 2kzϵðωPk0 − aωPkx − 2m2Þ þ ϵ2ðωPðk0 − akxÞ þ 2k2z − 2m2Þ þ kzϵ3;

DV
2 ¼ −ð4m2 − 2k · PÞðk · qÞ þ 2ðk · qÞ2 þ q2ð2m2 − k · P − k · qÞ

¼ −2kzϵðωPk0 − aωPkx − 2m2Þ þ ϵ2ðωPðk0 − akxÞ þ 2k2z − 2m2Þ − kzϵ3:

Consider the term in Pμγν þ Pνγμ:

IVPγ ¼ e2
Z

d4k
ð2πÞ3

�
ωPðk0 − kxaÞ − kzϵ

DV
1

þ ωPðk0 − kxaÞ þ kzϵ
DV

2

�
kx
aωP

δðk2 −m2ÞnFðkÞ;

after expanding at first order in ϵ and in high temperature, we find

IVPγ ≃ −
e2T2

96πω2
P
IΩð2; 0; 0; 1Þ ¼ −

e2T2

36ω2
P

�
3

2a3
log

�
1þ a
1 − a

�
−

3

a2

�
:

Similarly the term in uμγν þ uνγμ is

IVuγ ≃ e2
Z

d4k
ð2πÞ3

�
ωPðk0 − kxaÞ − kzϵ

DV
1

þ ωPðk0 − kxaÞ þ kzϵ
DV

2

�
ðk0 − kx=aÞδðk2 −m2ÞnFðkÞ;

and at high temperature it becomes

IVuγ ≃ −
e2T2

96πωP
ðIΩð2; 0; 0; 1Þ − IΩð0; 0; 0; 1ÞÞ ¼ −

e2T2

18ωP

�
3

2a2
−
3ð1 − a2Þ

4a3
log

�
1þ a
1 − a

��
:

The term in =lðPμl̂ν þ Pν l̂μÞ:

IVPl ≃ −e2
Z

d4k
ð2πÞ3

�
1

DV
1

þ 1

DV
2

� ð4kx þ aωPÞk2y
aωP

δðk2 −m2ÞnFðkÞ

at first order in ϵ and at high temperature is

IVPl ≃
e2T2

192πω4
P
ð16m2ð3IΩð2; 2; 0; 3Þ þ a2IΩð4; 2; 0; 3ÞÞ þ ω2

PðIΩð0; 2; 0; 3Þ þ 2IΩð2; 2;−2; 3Þ − 4a2IΩð4; 2;−2; 3Þþ

−a4IΩð4; 2; 0; 3Þ þ 2a4IΩð6; 2;−2; 3ÞÞÞ

¼ 2e2m2T2

15ω4
P

�
5ð3 − 2a2Þ
2a4ð1 − a2Þ −

15

4a5
log

�
1þ a
1 − a

��
−

e2T2

72ω2
P

�
3

2a3
log

�
1þ a
1 − a

�
−

3

a2

�

¼ 7

360

e2T2

ω2
P

�
12

7

4m2

ω2
P

�
5ð3 − 2a2Þ
2a4ð1 − a2Þ −

15

4a5
log

�
1þ a
1 − a

��
−
5

7

�
3

2a3
log

�
1þ a
1 − a

�
−

3

a2

��
:

Lastly, the term in =lðuμl̂ν þ uν l̂μÞ:

IVul ≃ −e2
Z

d4k
ð2πÞ3

�
1

DV
1

þ 1

DV
2

�
4ðk0 − kx=aÞk2yδðk2 −m2ÞnFðkÞ

gives
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IVul ≃
e2T2

96πω3
P
ð8m2ðIΩð0; 2; 0; 3Þ þ 3ða2 − 1ÞIΩð2; 2; 0; 3Þ − a2IΩð4; 2; 0; 3ÞÞ þ ω2

PðIΩð0; 2;−2; 3Þþ

−ð1þ 2a2ÞIΩð2; 2;−2; 3Þ þ 2a2IΩð4; 2;−2; 3Þ þ a4IΩð4; 2;−2; 3Þ − a4IΩð6; 2;−2; 3ÞÞÞ

¼ 4e2m2T2

45ω3
P

�
15ð3 − 2a2Þ

8a5
log

�
1þ a
1 − a

�
−

45

4a4

�
−

e2T2

18ωP

�
3

2a2
−
3ð1 − a2Þ

4a3
log

�
1þ a
1 − a

��

¼ −
1

30

e2T2

ωP

�
−
2

3

4m2

ω2
P

�
15ð3 − 2a2Þ

8a5
log

�
1þ a
1 − a

�
−

45

4a4

�
þ 5

3

�
3

2a2
−
3ð1 − a2Þ

4a3
log

�
1þ a
1 − a

���
:

4. Contact term

The contact diagram, Fig. 2(e), is

MC
μν ¼

Z
d4k
ð2πÞ4 eaμνρκūðp

0Þ½γκiSFðp − kÞð−ieγαÞiDρ
αðkÞ þ ðp0 ↔ pÞ�uðpÞ;

where the contact vertex is:

aβρμν ¼ ημνη
βρ −

1

2
ðηβμηρν þ ηβνη

ρ
μÞ:

The temperature part given by the Bose distribution is:

βMC
μνðp0; pÞ ¼ −e2aμνρκ

Z
d4k
ð2πÞ3 δðk

2ÞnBðkÞūðp0Þ
�
γκðp − =kþmÞγρ
ðp − kÞ2 −m2

þ ðp0 ↔ pÞ
�
uðpÞ

≡ −e2
Z

d4k
ð2πÞ3 ūðp

0Þ
�
NC

1

DC
1

þ NC
2

DC
2

�
uðpÞnBðkÞδðk2Þ:

We refer to “1” as the first term and with “2” to the term with p0 ↔ p: The numerator of the Bose part:

ūðp0ÞNC
1 uðpÞ ¼ ūðp0Þ

�
−
1

2
ðPμγν þ PνγμÞ þ ðkμγν þ kνγμÞ þ

1

2
ðqμγν þ qνγμÞ þ ð2mþ =kÞημν

�
uðpÞ;

ūðp0ÞNC
2 uðpÞ ¼ ūðp0Þ

�
−
1

2
ðPμγν þ PνγμÞ þ ðkμγν þ kνγμÞ −

1

2
ðqμγν þ qνγμÞ þ ð2mþ =kÞημν

�
uðpÞ;

therefore the contribution to AGM is the same for the terms “1” and “2”:

ūðp0ÞNC
1 uðpÞ ¼ ūðp0ÞN2uðpÞ ¼ ūðp0Þ

�
−
1

2
ðPμγν þ PνγμÞ þ ðkμγν þ kνγμÞ

�
uðpÞ:

Decomposing k in the numerators we have

ūðp0ÞNC
1 uðpÞ ¼ ūðp0ÞN2uðpÞ ¼ ūðp0Þ

��
AP −

1

2

�
ðPμγν þ PνγμÞ þ Auðuμγν þ uνγμÞ

�
uðpÞ

and the denominators are

DC
1 ¼ −½ðk · PÞ − ðk · qÞ� ¼ −ωPðk0 − akxÞ − kzϵ;

DC
2 ¼ −½ðk · PÞ þ ðk · qÞ� ¼ −ωPðk0 − akxÞ þ kzϵ:
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The part in ðPμγν þ PνγμÞ at leading order in ϵ is

ICPγ ¼ −e2
Z

d4k
ð2πÞ3

�
NC

1

DC
1

þ NC
2

DC
2

�
nBðkÞδðk2Þ ≃ −

e2

ω2
P

Z
d4k
ð2πÞ3 δðk

2ÞnBðkÞ
ωP − 2kx=a
k0 − akx

¼ −
e2

16π3ω2
P

Z
dkknBðkÞ

X
s¼�

Z
dΩk

�
ωP

k
1

s − ak̂x
−
2

a
k̂x

s − ak̂x

�

¼ −
e2

16π3ω2
P

Z
dkknBðkÞ

Z
dΩk

�
ωP

k
2ak̂x

1 − a2k̂2x
− 2

2k̂2x
1 − a2k̂2x

�
:

The first term in square bracket is vanishing and the second one gives

ICPγ ¼ þ e2

16π3ω2
P
2
8π

3

�
3

2a3
log

�
1þ a
1 − a

�
−

3

a2

�Z
dkknBðkÞ ¼

e2T2

18ω2
P

�
3

2a3
log

�
1þ a
1 − a

�
−

3

a2

�
:

The part in ðuμγν þ uνγμÞ at leading order in ϵ is

ICuγ ≃
2e2

ωP

Z
d4k
ð2πÞ3 δðk

2ÞnBðkÞ
k0 − kx=a
k0 − akx

¼ e2

8π3ωP

Z
dkknBðkÞ

X
s¼�

Z
dΩk

s − k̂x=a

s − ak̂x

¼ e2

8π3ωP

Z
dkknBðkÞ

Z
dΩk

2ð1 − k̂2xÞ
1 − a2k̂2x

¼ e2

8π3ωP

π2T2

6

16π

3

�
3

2a2
−
3ð1 − a2Þ

4a3
log

�
1þ a
1 − a

��

¼ e2T2

9ωP

�
3

2a2
−
3ð1 − a2Þ

4a3
log

�
1þ a
1 − a

��
:

a. Fermionic part: High temperature

The temperature part given by the Fermi distribution is:

βMC
μνðp0; pÞ ¼ e2aμνρκ

Z
d4k
ð2πÞ3 δðk

2 −m2ÞnFðkÞūðp0Þ
�
γκð=kþmÞγρ
ðp − kÞ2 þ ðp0 ↔ pÞ

�
uðpÞ

¼ e2
Z

d4k
ð2πÞ3 δðk

2 −m2ÞnFðkÞūðp0Þγκð=kþmÞγρ
�

1

ðp − kÞ2 þ
1

ðp0 − kÞ2
�
uðpÞ

≡ e2
Z

d4k
ð2πÞ3 δðk

2 −m2ÞnFðkÞūðp0Þ
�
NC

DC
1

þ NC

DC
2

�
uðpÞ:

The numerator is

NC ¼ −ðγμkν þ γνkμÞ → NC
AGM ¼ −Auðuμγν þ uνγμÞ − APðPμγν þ PνγμÞ:

The denominators are

DC
1 ¼ ½2m2 − ðk · PÞ þ ðk · qÞ� ¼ 2m2 − ωPðk0 − akxÞ − kzϵ;

DC
2 ¼ ½2m2 − ðk · PÞ − ðk · qÞ� ¼ 2m2 − ωPðk0 − akxÞ þ kzϵ:

The part in ðPμγν þ PνγμÞ at leading order in ϵ is

ICPγ;f ≃
2e2

ω2
Pa

Z
d4k
ð2πÞ3 δðk

2 −m2ÞnFðkÞ
kx

k0 − akx − 2m2=ωP

¼ e2

8π3ω2
P

1

a

Z
dk

k2

Ek
nFðkÞ

X
s¼�

Z
dΩk

k̂x
s Ek

k − ak̂x − 2m2

ωPk

:
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At high temperature the leading term is

ICPγ;f ≃
e2T2

96πω2
P
IΩð2; 0; 0; 1Þ ¼

1

36

e2T2

ω2
P

�
3

2a3
log

�
1þ a
1 − a

�
−

3

a2

�
:

The part in ðuμγν þ uνγμÞ at leading order in ϵ and expanding for high temperatures is

ICuγ;f ≃
2e2

ωP

Z
d4k
ð2πÞ3 δðk

2 −m2ÞnFðkÞ
k0 − kx=a

k0 − akx − 2m2=ωP

¼ e2

8π3ωP

Z
dknFðkÞ

X
s¼�

Z
dΩk

k2

Ek

sEk=k − k̂x=a

sEk=k − ak̂x − 2m2

ωPk

≃
e2T2

96πωP
ðIΩð0; 0; 0; 1Þ − IΩð2; 0; 0; 1ÞÞ

¼ 1

18

e2T2

ωP

�
3

2a2
−
3ð1 − a2Þ

4a3
log

�
1þ a
1 − a

��
:

Summing all the relevant terms we found that the diagram can be written as:

MC
μν ¼ ðICPγ þ θHTICPγ;fÞðPμγν þ PνγμÞ þ ðICuγ þ θHTICuγ;fÞðuμγν þ uνγμÞ:

5. Angular integrals

Here, we report the results of the angular integrals we used to evaluate the diagrams:

Z
dΩk

2

1− a2k̂2x
¼ 8π

�
1

2a
log

�
1þ a
1− a

��
;

Z
dΩk

2k̂2x
1− a2k̂2x

¼ 8π

3

�
3

2a3
log

�
1þ a
1− a

�
−

3

a2

�
;

Z
dΩk

2

ð1− a2k̂2xÞ2
¼ 8π

�
1

4a
log

�
1þ a
1− a

�
þ 1

2ð1− a2Þ
�
;

Z
dΩk

2k̂2x
ð1− a2k̂2xÞ2

¼ 8π

3

�
6

4ð1− a2Þa2 −
3

4a3
log

�
1þ a
1− a

��
;

and the integrals involving k̂y are

Z
dΩk

2k̂2y
ð1 − a2k̂2xÞ2

¼ 8π

3

�
3ð1þ a2Þ

8a3
log

�
1þ a
1 − a

�
−

3

4a2

�
;

Z
dΩk

2k̂2xk̂
2
y

ð1 − a2k̂2xÞ2
¼ 8π

15

�
15ð3 − a2Þ

8a5
log

�
1þ a
1 − a

�
−

45

4a4

�
;

Z
dΩk

2k̂2y
ð1 − a2k̂2xÞ3

¼ 8π

3

�
3ð3a2 − 1Þ
16a2ð1 − a2Þ þ

3ð1þ 3a2Þ
32a3

log

�
1þ a
1 − a

��
;

Z
dΩk

2k̂2xk̂
2
y

ð1 − a2k̂2xÞ3
¼ 8π

15

�
15ð3 − a2Þ
16a4ð1 − a2Þ −

15ð3þ a2Þ
32a5

log
�
1þ a
1 − a

��
;

Z
dΩk

2k̂4xk̂
2
y

ð1 − a2k̂2xÞ3
¼ 8π

35

�
35ð15 − 13a2Þ
16a6ð1 − a2Þ þ 105ða2 − 5Þ

32a7
log

�
1þ a
1 − a

��
;

and those involving k̂z in the principal value sense are given by
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Z
dΩk

2k̂2y
ð1 − a2k̂2xÞk̂2z

¼ lim
τ→0

Z
dΩk

2k̂2y
ð1 − a2k̂2xÞðk̂2z − τ2Þ ¼ −8π

�
1

2a
log

�
1þ a
1 − a

��
;

Z
dΩk

2k̂2xk̂
2
y

ð1 − a2k̂2xÞk̂2z
¼ lim

τ→0

Z
dΩk

2k̂2xk̂
2
y

ð1 − a2k̂2xÞðk̂2z − τ2Þ ¼ −
8π

3

�
3

2a3
log

�
1þ a
1 − a

�
−

3

a2

�
;

Z
dΩk

2k̂2y
ð1 − a2k̂2xÞ3k̂2z

¼ −8π
�

3

16a
log

�
1þ a
1 − a

�
−

3a2 − 5

8ð1 − a2Þ2
�
;

Z
dΩk

2k̂2xk̂
2
y

ð1 − a2k̂2xÞ3k̂2z
¼ −

8π

3

�
3ð1þ a2Þ

8a2ð1 − a2Þ2 −
3

16a3
log

�
1þ a
1 − a

��
;

Z
dΩk

2k̂4xk̂
2
y

ð1 − a2k̂2xÞ3k̂2z
¼ −

8π

5

�
15

16a5
log

�
1þ a
1 − a

�
−

5ð3a − 5a3Þ
8a5ð1 − a2Þ2

�
;

Z
dΩk

2k̂6xk̂
2
y

ð1 − a2k̂2xÞ3k̂2z
¼ −

8π

7

�
105

16a7
log

�
1þ a
1 − a

�
−
7ð15a − 25a3 þ 8a5Þ

8a7ð1 − a2Þ2
�
:
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