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Axion as one of the promising dark matter candidates can be detected through narrow radio lines
emitted from the magnetic white dwarf stars. Due to the existence of the strong magnetic field,
the axion may resonantly convert into the radio photon (Primakoff effect) when it passes through a
narrow region in the corona of the magnetic white dwarf, where the plasma frequency is equal to
the axion mass. We show that for the magnetic white dwarf WD 2010 + 310, the future experiment
SKA phase 1 with 100 hours of observation can effectively probe the parameter space of the axion-photon
coupling g, up to ~107'> GeV~! for the axion mass range of 0.2 ~ 3.7 ueV. Note that in the low mass
region (m, < 1.5 peV), the WD 2010 + 310 could give greater sensitivity than the neutron star RX

J0806.4-4123.
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I. INTRODUCTION

The existence of dark matter (DM) has been established
by solid astrophysical and cosmological observations [1,2].
For quite a long time the weakly interacting massive
particles (WIMPs) are regarded as the most promising
DM candidates, because they can naturally explain the DM
relic density [3—5]. However, so far no convincing dark
matter signal has been found in the direct detection, indirect
detection, and collider detection experiments. Furthermore,
the limitations on the couplings between the DM particles
and standard model particles are becoming more and more
stringent [4,6,7]. In this case, the experimental searches for
other DM candidates have thus attracted increasing atten-
tion in recent years [8,9].

Among many other alternatives, the QCD axion, a light
neutral pseudoscalar particle associated with the U(1)
Peccei-Quinn symmetry [10], is one of the best options
due to several excellent theoretical characteristics: (1) it can
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resolve the strong CP problem very well [11-13]; (2) it can
explain the observed DM abundance [14-16]. For more
details we refer the reader to the excellent reviews of axion
physics [17-19].

Based on the possible couplings between axion and
the electromagnetic sector, a number of experiments
have been set up to search for axion DM signals. These
interactions predict two different phenomena: (1) the
conversion between an axion particle and a photon under
magnetic fields (so-called Primakoff effect [20]), e.g.,
axion helioscope [21,22], “light shining through a wall”
experiments [23,24], and so on; (2) the photon birefrin-
gence under axion background [25-30]. In this paper we
focus on the former phenomenon.

The compact stars, e.g., magnetic white dwarf stars
(MWDs) and neutron stars (NSs), are very promising
probes to search for the axion DM, since these stars host
strong magnetic fields, in which the axion can be con-
verted into detectable photon signals. For example, there
are studies in the literature using the x-ray observations of
MWDs to detect the star-born axions [31] and detecting
the radio signals from axion DM conversion in the
magnetospheres of NSs [32-37]. However, the research
on the conversion of axion DM in magnetospheres of the
MWDs have not been studied so far. Although the
magnetic fields of the MWDs are usually weaker than
NSs, they have the larger geometrical sizes. In addition,
there are several MWDs near the Earth with the distances
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smaller than 50 pc which also gives them an advantage for
detection.

In this work we focus on the signals of axion DM from
MWDs whose magnetic fields are at order of 107 ~ 10® G.
With such a strong magnetic field, the axion DM may be
converted into photons within the coronae of these
MWDs. In particular, when the axion mass m, is equal
to the plasma frequency ,, conversion probability can be
enhanced greatly (called resonant conversion). With the
number density of plasma at the base of the MWD corona
n,~10"cm=3, we have w, = \/4naemn,/m,~pueV, which
corresponds to a frequency of ~GHz. Interestingly, this
frequency happens to be in the sensitive region of the
terrestrial radio telescopes, such as the Square Kilometer
Array (SKA) that covers the 50-13800 MHz frequency
band [38]. Therefore, we propose to use the radio tele-
scopes to search for the axion DM in this mass range. This
proposal can be regarded as a good supplement to the
other axion detection experiments, such as ADMX [39—
41] and CAST [21,42,43].

This paper is outlined as follows. In Sec. II we introduce
the distribution of plasma density in the coronae of the
MWDs and their magnetic field structure. In Sec. III we
give a brief calculation of axion-photon conversion prob-
ability in the magnetic fields of MWDs. In Sec. IV we
calculate the radio flux density of some MWDs candidates
as well as the constraints on the axion-photon coupling
strength g,, at the SKA. Conclusions and further discus-
sions are given in Sec. V.

II. THE CORONA OF THE MAGNETIC
WHITE DWARF AND ITS MAGNETIC
FIELD STRUCTURE

The corona of MWD is suggested by several theories
[44-46], but it has not been observed yet. The
x-radiation searches can be used to set constraints on
the parameters of the corona of MWD [47,48]. For
example, the Chandra observation of the single cool
MWD GD 356 sets limits on the plasma density of the
hot corona as n,, < 4.4 x 10'' cm™ with the temper-
ature of corona T, ~ 107 K [48], while in Ref. [47] the
upper limit on the plasma density is n,9o~10'cm™ with
Teor = 10% K for the MWD G99-47 (WD 0553 + 053).
In the following sections, we show that the MWDs
satisfying these constraints can be promising probes to
detect the axion DM.

In this work, for the properties of the MWDs’ coronae,
we adopt the same assumptions as in Ref. [47]: (1) the
corona is composed of fully ionized hydrogen plasma
uniformly covering the entire surface of the white dwarf;
(2) the field-aligned temperature of the electrons T, ~
10° K is a constant throughout the corona. Under these
conditions the distribution of the electron density at r is
described by the barometric formula [47,48]

- R
ne(r) = No €Xp <_r H WD)’ (1)
cor

where n, is the density at the base of the corona, Ry is
the radius of the MWDs, and

2kgT,
Hcor _ B4 cor
mpg

T M Rwp 72
=21.90( —= () km (2)
100 K) \ Mg / \10* km

is the scale height of the isothermal corona, kg is the
Boltzmann constant, m,, is the proton mass, g is the free-fall
acceleration at the surface of MWDs, and My is the
mass of the MWDs. By using the resonant conversion
condition m, = w,, the resonant conversion radius r. can
be solved as

re. = RWD+2190

N0 ﬂevz
X {2.634—|—ln<]010 cm‘3> —I—ln( " ﬂ
T M R -2
% cor WD 4WD km. (3)
10°K/) \ Mg ) \10* km

Highly MWDs may give a very complex magnetic field
structure [49]. In this work, for simplicity we take the
dipole configuration and assume that the WD rotation axis
is parallel to the magnetization axis [31]:

_ By Ry
28

B (3(fr - #)F —m) for r > Ryp, (4)
where By is the value of the magnetic field at the MWD’s
surface in the direction of the magnetic pole, m =
2By Ry, pit is the magnetic dipole moment, r = r# is the
spatial coordinate, and r = |r| represents the distance from
the center of the MWD. Clearly, we can see that the direction
of B only depends on the 6, which denotes the angle between
m and 7, and its magnitude can be expressed as

B =|B|
_ ByRy,p
208

\/(3 cos@sin®)? + (3cos’0—1)? for r > Ryp.
(5)

III. THE AXION-PHOTON CONVERSION
PROBABILITY IN THE MAGNETOSPHERE OF
THE MAGNETIC WHITE DWARF

Since the axion-photon conversion within the strong
magnetic field of compact stats has been studied a lot in
previous work, here we only give a general description as
well as several necessary results but omit the most of
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as a function of distance r with @ = /2, where the blue solid line is the numerical solution

by solving Eq. (6), red dashed line is the analytic approximation of Eq. (13), and black dashed line denotes the position of r.. Right:
conversion probability P, as a function of 6. Again, the analytical approximation of Eq. (12) and numerical solution by solving Eq. (6)
are shown here. Both results are from the MWD candidate WD 2010 + 310.

intermediate steps. More detailed derivations can be found
in Refs. [31,33,50].

Considering that the axion DM particle starts out non-
relativistic (~1073¢) far away from the MWDs and is
accelerated as it moves toward the MWDs, we can approxi-
mate the axion’s trajectory as radial. Due to the axion-photon
coupling term — % JayyaF WF # in the Lagrangian, the axion
DM may be converted into the photon when it passes
through the MWD’s magnetosphere. More specifically,
the axion on the way to the MWD could be converted into
the photon, which totally reflects back out because of the
larger plasma frequency in the inner regions of MWD;
the axion could also pass through the MWD and then is
converted in the magnetosphere of the other side of
the MWD.

Set up a coordinate system so that the radial direction of
axion motion 7 is the z axis. Considering the dipole
configuration of magnetic field, we can make sure that
B is always in the y-z plane by rotating the frame around
the z axis. In the high-magnetization limit [33], the
equation of motion of E and a have some interesting
features: (1) E, decouples from the equations; (2) E, is not
dynamical and can also be removed from the system of
equations; (3) E| is the only component that can mix with
axion field.

Following [33,50] we adopt the radial plane wave solution
a(r,t) = iei(""ik’~(r) and A,(r,1) = e”"~*A (r), where

k = \/@® — m2 represents the momentum of the axion.
Under the temporal gauge A,=0, we have
E, = —dA,/dt = —iwA,. In fact, the resonant conversion
happens in a very narrow region around r, at which the
plasma frequency equals the axion mass (see Fig. 1), so we
can reasonably treat k as a constant k ~ m,, vc,l where v,. is
the axion velocity at r.. With the WKB approximations

'Here we have used the nonrelativistic approximation. For a
typical MWD candidate in this work, the value of v, is ~1072.

|A”( r)| < k|A'(r)|and |@" (r)| < k|d'(r)], the mixing equa-
tions can be expressed as [33]

d 1 (mi-¢al -Ag\]/A)\
(" )G e e

where

sin?6 £
§=—p 5 Ap = By, ——= (7)
1 — %5 cos*0 sin¢

0 is the angle between B and 7 (or ). After diagonalizing the
mixing matrix in Eq. (6), we can easily prove that
|A,(z)[? + |a@(z)|* = constant, which means that energy is
conserved throughout the conversion process. We can define
the energy transfer fraction as p,, (r) = |A,(r)[?/|ao|* with
the initial conditions A, (Rwp) = 0 and a@(Rwp) = ay.
Following Ref. [50], we consider a perturbative
solution of eq. (6), which can be rewritten as a
“Schrodinger equation” with the r playing the role of
time. At the first order of A, p,,(r) can be derived from

Eq. (6) as [33,50]

e

s 2
X e 2k

B(r')gay, (1)
2k sin @

Pay(r) =
(8)

where

Note that the resonant conversion happens in a narrow
region around r., so the choice of lower limit of the
integral is irrelevant as long as the integral interval
contains r.. Since 1/2k < 1, we can evaluate Eq. (8)
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by the method of stationary phase. The probability of the
axion-photon conversion at finite r is given by

f(rc)z 2 r

Pu(r) e

~ . ~ Ja
202 sin2 07"

where

_ [amave o GHCE)P+GHSE))?
L=\ C9= 2 1

which is defined by in terms of the Fresnel C and §
integrals. Considering that all the MWD candidates in this
work are far away from us, i.e., ~0.1 kpc, Eq. (10) can be
further simplified as

pe = limp (r)zﬂgz B(r.)?L%.  (12)
v el ) i gl e

Here we have used the fact that lim, ,, G(x) = 1. In
particular, when 6 = z/2, we can get

1
PZ(;’/ Nﬁgg},},B(rc)sz, (13)
Ve

where L = /2xv.H ./ m,.

In the left panel of Fig. 1, we show the relationship
between p,, and r for the MWD candidate WD 2010 +
310 with @ = z/2, in which the solid blue line and red
dashed line denote the numerical result by solving Eq. (6)
and the analytical approximation using Eq. (10), respec-
tively. we can see that conversion happens in a very narrow
region around r,. and converges to the result of Eq. (13)
very quickly. In the right panel of Fig. 1, we demonstrate
the relationship between p,,, and 6. It shows that p,,, varies
about 1 order of magnitude with 6 from 0 to z.> In the next
section, we simply set 6 =/ 2.3

It is known that when the electromagnetic wave prop-
agates in the plasma, its amplitude modulates due to the
varying plasma frequency w,(r). This effect is not con-
sidered in the above calculation. In the case considered
here, the amplitude of the outgoing electromagnetic wave
Ay decreases with increasing r. As shown above, the

Note that when 0 is equal to O or z, the direction of axion
motion is parallel or antiparallel to the magnetic field and P,,
goes to zero; while for a tiny shift of 0, the P,, is restored. In the
next section we simply take @ = z/2 and ignore these extreme
cases.

*Under the simplifying assumption that the magnetic field has
a dipolar structure, it is possible to derive the strength and the
angle between the observer’s line of sight and the magnetic field
axis by using the Zeeman shift of a line component, as well as the
circular and linear polarizations of a Zeeman split component.
More technical details can be found in [51].

conversion dominantly takes place in a very narrow region
around r,. After conversion, the suppression factor of Ay
during propagation can be given as ~,Z\y(r) /Z\y(rc) ~
(myv.)"?/(@® — w?(r))"/* [33]. Note that although A,
varies with @,(r) in the plasma, the energy flux of the
electromagnetic wave denoted by the magnitude of the
Poynting vector remains a constant. Therefore, the sup-
pression of Ay during propagation is not needed to consider
for the calculation of energy flux.

IV. THE RADIO FLUX DENSITY FROM THE
MAGNETIC WHITE DWARF

Once converted, the outgoing photons would be absorbed
or scattered in the MWDSs’ coronae, which is characterized
by opacity. There are two important processes: the inverse
bremsstrahlung process and Compton scattering. The
absorption and scattering rate are given as [52,53]

O~ 8an,Zynya’ (Zﬂme> v log (—2T§0r> (1 — e=/Teor)
m 3w’ m? Teor m; ’

(14)

(15)

8ra?

Feom = 3m2 ne,
e

where ny is the number density of the charged ions
with a charge eZy.* Then the survival probability for the
converted photons escaping from the MWD can be
expressed as

Ps =~ eXp l:_ /oo dr(rinv + l—‘Com) . (16)

For the MWD candidate WD 2010 + 310 in Table I we get
P, ~0.99 with the typical parameters m, = 107 eV and
Gayy = 10712 GeV~!. This means that the corona of the
MWD is optically thin and the scattering and absorption of
the photons can be safely ignored.

It is known that when the photon propagates in the
plasma, its amplitude modulates due to the varying plasma
frequency, while its energy flux denoted by the Poynting
vector remains a constant. It is convenient for us to
calculate the radiated power P in a solid angle dQ at r,
as [33]

d—Q%ZXPZ‘}ﬂSMUcr%, (17)

“Since we have assumed that the corona is composed of fully
ionized hydrogen plasma (see Sec. II), so we have Zy = 1 and

ny = n, under electric neutral condition, while for the helium
He

plasma, we can get Zy = 2 and ny = n,/2, which means I';} ~

2TH and does not make much difference to the survival

mv

probability P;.
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TABLE L.

MWDs that make good candidates for the detection of the axion-induced radio flux. The columns correspond to the star’s

mass in solar mass, radius in solar radius, effective temperature in Kelvin, magnetic field strength in mega-Gauss, distance from the
Earth in parsecs, and predicted radio flux density in uJy. Some typical parameters are taken as m, = 107 eV, g,,, = 10712 GeV~',
N, = 10 cm™3, and T,,, = 10° K. With these parameters, B is derived to be 1.0 kHz. The parameters from observations were

obtained by merging the catalogs in Refs. [31,49,54,55].

Parameters and expected radio flux density of the MWDs.

Myp [Me] Rwp [Re] T (K] B [MG] dwp [pc] Sqy [yl
WD 09487 — 2421 0.84 0.0098 14530 670 36.53 85.33
WD 2010 + 310 1.14 0.00643 19750 520 30.77 110.02
WD 1031 + 234 0.937 0.00872 20000 200 64.09 2.97
WD 1043 — 050 1.02 0.00787 16250 820 83.33 33.51
WD 1743 — 520 1.13 0.00681 14500 36 38.93 0.33

where the factor of 2 is from the fact that the DM may be
converted into photons either on its way into or out of the
resonant layer, and pr5,, is the DM mass density at r.. We
denote pZ\; ~ 0.3 GeV/cm?® as the axion DM density at
infinity far away from the MWD candidates, and assume that
the axion particles obey the Maxwell-Boltzmann velocity
distribution. By using Liouville’s theorem, we can map the
phase-space distribution from asymptotic infinity to r.. In
the limit vy/v, < 1, the pg,, can be given by [33]

2 v,

PBM:P%’MW +- (18)

v_o .
where v, ~ 200 km/s is the DM virial velocity. The radio
flux density at the Earth is given by

_ar 1
W AQ Bd?’

where d represents the distance from the MWD to
us, B =max{Bgg, By} is the optimized bandwidth,

(19)

B, ~ v§m,/(2x) is the signal bandwidth, which is deter-
mined by the velocity dispersion in the asymptotic DM
distribution, and B, is the telescope spectral resolution. Itis
worth noting that in general B, is smaller than B, (see
Table II).

ig

TABLE II. The frequency range, telescope spectral resolution
B, the ratio between averaged effective area A and averaged
system temperature 7'y, SEFD, and minimum detectable flux
density in the different frequency bands for SKAI.

Parameters and sensitivity of the SKA.

Bres Aeff/Tsys SEFD Smin

Name f [MHz]  [kHz] [m?/K] [yl [uly]
SKA1-Low (50, 350) 1.0 1000 276 140.0
SKA1-Mid B1 (350, 1050) 3.9 779 354 91.0
SKA1-Mid B2 (950, 1760) 3.9 1309 2.11 542
SKA1-Mid B3 (1650, 3050) 9.7 1309 2.11 343
SKA1-Mid B4 (2800, 5180) 9.7 1190 232 378

SKA1-Mid B5 (4600, 13800) 9.7 994 2778 452

Using Egs. (13), (17)-(19) we can calculate the
radio flux density for the specific MWDs. In Table I
we list the parameters of five MWD candidates as well
as their radio flux densities S,,. The following typical
parameters are selected for the calculation: m, = 107 eV,
Gayy = 10712 GeV™!, 1o =10 cm™, T, = 10° K. With
these parameters we can derive that B = 1.0 kHz (see
Table II).

Interestingly enough, from Eq. (3) we find that r, is
roughly a constant, say r, =~ Rywp, by using this simplifi-
cation we can get an intuitive but approximate result

o 302
Sty = 2911 ply (0.3 Gp:\l\//l/cm3> <A1{/IW®D>
(i) (o) (%)
200 km/s 10* km 10 K
(i) (i) ()
10712 GeV~! 108G/ \1 pev
d \72/ B \!
x <10 pc> <1 kHz) ' (20)

As a comparison, here we also demonstrate the flux density
of NSs [33]

0 M 1/2 v -1
SNS ~71.97 uJ b NS )R Yo
ar a y(0.3GeV/cm3 My ) \200km/s
o Bxs 2PN Yay g
10km 1 sec 10712GeV-!
" Bo 5/6 m, 4/3 d -2 B -1
104G) \igev) \d00pc) \TkHz) °

(21)

where Mg and Ryg represent the mass and radius of NSs,
and P is the NS spin period. We can see that there are two
major differences: (1) the rotation period P goes into the
NSs’ expression, while for MWD the T, appears; (2) the
power index of mass (Mys/Mwp), radius (Rns/Rwp), Bo,
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and m,, are different. All of these differences are caused by
the difference in the plasma distribution functions. Since in
this work we use the barometric formula to describe the
MWDs’ plasma, while for neutron stars the plasma dis-
tribution is determined by the Goldreich-Julian model
[33,56]. Another interesting fact is that MWDs, though,
have a weaker magnetic field than NSs, the advantage of
geometric size and spatial distance can compensate it.

All the results should be compared to the minimum
detectable flux density S, of a radio telescope, such as
SKA [38]. By using the radiometer equation, it can be given
by [33]

SEFD
Shin = ——F———, (22)
m Mg AV npolBtobs
where
2k
SEFD = ——2 (23)
Aeff/Tsys

is the system-equivalent flux density, ny,y =2 is the
number of polarization, 7, is the observation time, 7, is
the system efficiency, kp is the Boltzmann constant, Ty is
the antenna system temperature, and A,y is the antenna
effective area of the array. More detailed derivations can be
found in Ref. [57]. In this work, we take n, = 0.9 for SKA
[38]. The values of the telescope spectral resolution B, for
SKA are listed in Table II.

Next we propose to use the SKA phase 1 (SKA1) as a
benchmark to search for the radio signals converted
from axion DM at MWDs. As shown in Table II, it consists
of a low-frequency aperture array (SKAl-Low) and a
middle frequency aperture array (SKA1-Mid) [38]. The
SKA1-Low covers the (50,350) MHz frequency band,
while the SKA1-Mid actually covers five frequency bands:
(350,1050) MHz, (950,1760) MHz, (1650,3050) MHz,
(2800,5180) MHz, and (4600,13800) MHz. However,
considering the constraints of the resonant conversion
condition m, = w, as well as the plasma density n,y <
10'% ¢cm™3, there is an upper bound on the frequency of the
photon f, <903 MHz. Therefore, we only need to use the
first two frequency bands SKA1-Low and SKA1-Mid Bl
for MWDs, while for NSs more higher frequency bands are
needed (see Fig. 2). For the sake of completeness, the
specific parameters of all low and middle frequency bands
of the SKA are listed in Table II.

In Fig. 2 we show the sensitivity to g,, for the WD
2010 + 310, which is the strongest source in Table I. The
blue regions show the physics potential of SKA1 with
100 hours of observation. Note that the lower mass cutoff is
set by the lowest available frequency of SKA ~ 50 MHz,
while the upper cutoff is set by requiring the conversion
radius to be larger than the MWD radius. We find that the
axion DM in the mass range of 0.2 ~3.7 ueV can be

f =m,/(2r) [MHz]

107°
107"
107"
1072
107"
107"
107"
107"

107" aco M
10—18 iaat P PR P
1078 1077 107° 107 107

m, [eV]

e
S
3]
=

o
o
X
=
[a)
<

Gy [GEV]

FIG. 2. The projected sensitivity to g,, as a function of the
axion mass m, for SKA1 telescopes with 100 hours observations
of the WD 2010 + 310 is shown in the blue region. The lower
mass cutoff is set by the lowest available frequency of SKA,
while the upper cutoff is set by requiring the conversion radius to
be larger than the MWDs’ radius. For comparison, the result of
the isolated NS RX J0806.4-4123 is also shown in black solid
line. The QCD axion is predicted to lie within the yellow band.
The limits set by CAST and ADMX (current and projected) are
indicated by the gray and red regions, respectively.

probed effectively, and the upper limit sensitivity of g,,
is <1072 GeV~!.

For comparison, the result of isolated NS RX J0806.4-
4123 is also displayed in black solid line. Comparing with
the result in Ref. [33], here we use the experimental
parameters of SKA in Table II to give a more specific
result. It shows that the NSs sources can be used to detect a
wider range of axion mass (thanks to higher plasma
density), while in the low mass region (m, < 1.5 ueV),
the WD 2010 + 310 could give a greater sensitivity. In
addition, the limitations given by the other two experi-
ments, including ADMX and CAST, are also shown in red
and gray regions, respectively.

V. CONCLUSIONS

In this work we propose to use MWDs as probes to
detect the axion DM through the radio signals. It is known
that the MWDs can host very strong magnetic field (e.g.,
107 ~ 10 G). If we adopt the corona parameters that
fulfill the x-ray constraints, such as 7,y ~ 10'° cm™ and
Teor ~ 10° K, the plasma frequency is given by w, ~ peV
(corresponding to the frequency ~GHz). We find that the
resonant conversion may happen when axions pass through
the magnetosphere that is a narrow region around the radius
r., at which the plasma frequency is equal to the axion
mass. Besides, we show that the effects of the inverse
bremsstrahlung process and Compton scattering for the
outgoing photons are negligible (P; ~ 0.99). Therefore,
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once converted, the radio photon can pass unimpededly
through the MWD’s corona and be detected by the radio
telescope on Earth.

Meanwhile, it is intriguing that for the axion DM with a
mass ~peV, which happens to be in the sensitive region of
the terrestrial radio telescopes, such as SKA. In Sec. IV we
use the MWD WD 2010 + 310 as a target and show the
sensitivity to g,, from the future experiment SKA phase 1
with 100 hours of observation. We find that the planned
SKAT1 can promisingly explore the parameter space of the
axion-photon coupling g,, up to ~107'> GeV~! in the
axion mass range of 0.2 ~ 3.7 ueV, which could be more
sensitive than NS RX J0806.4-4123 in the low mass
region (m, < 1.5 ueV). This result may increase by
more than 1 order of magnitude in the SKA phase 2
(SKA2) [34,38].

Note that all of the MWDs considered are isolated. In
fact, one can consider another class of MWDs that occupy
regions of high DM density and/or low velocity dispersion,
such as the Galactic center, dwarf galaxies, and so on.

In these regions, the DM density may be enhanced by a
large factor. In addition, in dwarf galaxies the velocity
dispersion of DM can be low as vy ~ 10 km/s. These cases
would significantly improve our results and are left for the
future work.
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