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We investigate the transverse target spin asymmetry AsinϕS
UT for the unpolarized Λ production in semi-

inclusive deep inelastic scattering (SIDIS) with the transverse momentum of the final-state lambda hyperon
being integrated out. The asymmetry is contributed by the product of the transversity distribution function
h1ðxÞ of the nucleon and the collinear twist-3 fragmentation function H̃ðzÞ of the Λ hyperon. The later one
originates from the quark-gluon-quark correlation and is a naive time-reversal-odd function. We calculate
H̃ of the Λ hyperon by adopting a diquark spectator model. Using the numerical result of H̃ðzÞ and the
available parametrization of h1ðxÞ from SIDIS data, we predict the sinϕS asymmetry in the electro-
production of the Λ hyperon in the kinematical region of Electron-Ion Collider (EIC), EIC in China (EicC),
and COMPASS. In the phenomenological analysis, we include the evolution effect of the distribution
functions and the fragmentation functions. The results show that the asymmetries for the Λ production
SIDIS process are around 0.1 and may be accessible at EIC, EicC, and COMPASS. We also find that the
evolution of fragmentation function can affect the size of asymmetry.
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I. INTRODUCTION

Understanding the nonperturbative fragmentation
mechanism in hard semi-inclusive processes is one of
the important tasks in hadronic physics. Fruitful outcomes
regarding fragmentation functions have been achieved by
experimental measurements on eþe− annihilation [1–5],
semi-inclusive deeply inelastic scattering (SIDIS) [6–9],
and pp collision [10–15] as well as by theoretical studies
[16–36]. Of particular interest are those related to the spin-
orbit correlations, which are usually naive time-reversal
odd (T odd). A renowned fragmentation function is the
Collins function H⊥

1 [16], which arises from the correlation
between the transverse spin of the quark and the transverse
momentum of the fragmented hadron. Another example is
the Sivers-type fragmentation function D⊥

1T [22,37,38]
reflecting the correlation between the transverse polariza-
tion of the final-state spin-1=2 hadron and the transverse
momentum of the quark. Because these functions describe
the asymmetric distribution of the hadron inside a

fragmenting quark, they play important roles in the spin
or azimuthal asymmetries in various high-energy processes
[1–15]. Furthermore, these functions contain nontrivial
QCD dynamics such as final-state interactions as well as
the Wilson lines which ensure the gauge invariance of the
operator definitions [39–44].
Recently, the twist-3 fragmentation functions arising

from multiparton correlation [45–49] have also attracted
a lot of attention. Particularly, a phenomenological study
[50] on the inclusive pion production in single transversely
polarized pp collision [12–15] shows that, besides the
contribution from the twist-3 distribution Tqðx; xÞ [51–54],
the T-odd twist-3 fragmentation functions Ĥ and H̃ [55]
should be included in the analysis in order to interpret the
single spin asymmetry (SSA) in this process in a consistent
way. The fragmentation function H̃ arising from quark-
gluon-quark (qgq) correlation also contributes to the sinϕS
asymmetry in SIDIS [56] through the combination
h1ðxÞ ⊗ H̃ðzÞ, with h1ðxÞ the tansversity distribution and
ϕS the azimuthal angle of the transverse spin of the nucleon
target. Thus, H̃ðzÞ provides a unique manner to probe the
transversity of the proton via single-hadron production in
the collinear framework. In Ref. [57], the fragmentation
function of the pion meson was calculated by a quark-

antiquark-spectator model. In Ref. [58], the SSA AsinðϕSÞ
UT for

the pion production at the Electron-Ion Collider (EIC) was
predicted.
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In this work, we will study the fragmentation function H̃
of the Λ hyperon as well as its role in the SSA of the
lp↑ → l0ΛX process. As the Λ hyperon contains the up,
down, and strange valence flavors, which is more compli-
cated than the pion meson, the study of the Λ fragmentation
function will provide complimentary information on the
hadronization mechanism involving spin-orbit correlation.
The investigation could also obtain the flavor dependence
[21] of the fragmentation process. For this purpose, we
calculate H̃ of the Λ hyperon for the up, down, and strange
quarks using a diquark spectator model. Previously,
the model was applied to calculate the fragmentation
function D⊥

1T and Collins functions of the Λ hyperon in
Refs. [59,60]. In these cases, the spectator system is
diquark, and the contributions from both the scalar diquark
and vector diquark are taken into account. We also consider
the gluon rescattering effect for the qgq correlation func-
tions in the calculation. Based on the model results, we
predict the sinϕS asymmetry in the lp↑ → l0ΛX process,
which can be measured by the COMPASS as well as the
proposed EIC and the EIC in China (EicC). As these
facilities cover different kinematical regions, it is necessary
to consider the QCD evolution effect of H̃ to compare the
result at different energy scales.
The remaining content of the paper is organized as

follows. In Sec. II, we perform the calculation for twist-3
qgq fragmentation function H̃ by adopting the diquark

spectator model and study the evolution effects of H̃. In
Sec. III, we set up the formalism of the sinϕS asymmetry in
SIDIS process with the transverse momentum of the final-
state hadron being integrated. We present the numerical
results of the sinϕS asymmetry in the electroproduction of
the Λ hyperon at EIC, EicC, and COMPASS, using the
formalism of the sinϕS asymmetry in a collinear frame-
work. In Sec. IV, we summarize the results of the paper and
give some conclusion.

II. MODEL CALCULATION OF
FRAGMENTATION FUNCTION

IN QGQ CORRELATOR

In this section, we present the model calculation of the
twist-3 transverse momentum dependent fragmentation
function H̃ðz; kTÞ utilizing the diquark spectator model.
The fragmentation function can be obtained from the trace
of the transverse correlator Δ̃α

Aðz; kTÞ

z
4MΛ

Tr½ðΔ̃Aαðz; kT ; SΛÞ þ Δ̃Aαðz; kT ;−SΛÞÞσα−�

¼ H̃ðz; kTÞ þ iẼðz; kTÞ; ð1Þ

where MΛ is the mass of Λ hyperon, and the twist-3 qgq
fragmentation correlator Δ̃Aα can be expressed as [56,61]

Δ̃α
Aðz; kT ; SΛÞ ¼

XZ
X

1

2z

Z
dξþd2ξT
ð2πÞ3

Z
eik·ξh0j

Z
ξþ

�∞þ
dηþUξT

ð∞þ;ηþÞ

× gF−α⊥ ðηÞUξT
ðηþ;ξþÞψðξÞjPΛ; SΛ;XihPΛ; SΛ;Xjψ̄ð0ÞU0T

ð0þ;∞þÞU
∞þ
ð0T ;ξTÞj0i

����
ηþ¼ξþ¼0
ηT¼ξT

ð2Þ

with Uc
ða;bÞ the Wilson line (gauge link) running along the

direction from a to b at the fixed position c. Detailed
discussion on the Wilson line U has been given in
Refs. [29,56,62,63]. The gauge invariant of correlator is
guaranteed by the antisymmetric field strength tensor Fμν

of the gluon. The state jPΛ; SΛi represents the final-state
lambda hyperon with the momentum of PΛ and the spin

of SΛ. In the diquark spectator model [64,65], the frag-
mentation function H̃ can be calculated from Fig. 1, where
the contribution to the T-odd fragmentation function also
originates from the imaginary part of the one-loop diagram
[57,66]. Specifically, the quark-diquark-hyperon vertex
hPΛ; SΛ;Xjψ̄ð0Þj0i appearing in the rhs of Eq. (2) has
the form

hPΛ; SΛ;Xjψ̄ð0Þj0i ¼
(
ŪðPΛ; SΛÞϒs

i
k−mq

scalar diquark;

ŪðPΛ; SΛÞϒμ
v

i
k−mq

εμ axial-vector diquark;
ð3Þ

where k denotes the parent quark momentum and εμ is the
polarization vector of the axial-vector diquark. The sum-
mation over all polarizations states of the axial-vector

diquark can be expressed as dμν ¼
P

λ ε
�ðλÞ
μ εðλÞν , which

has the form as dμν ¼ −gμν þ PΛμPΛν
M2

Λ
[65]. The scalar and

axial-vector coupling vertex of the quark-diquark-hyperon

can be expressed by ϒs¼gsðk2Þ andϒμ
v¼ gvðk2Þffiffi

3
p γ5ðγμþ Pμ

Λ
MΛ

Þ,
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respectively. In this work, we assume that gs and gv have the
same form gs ¼ gv ¼ gqh as Gaussian form denoted as gqh

gqhðk2Þ ↦
gD
z
e−

k2

Λ2 ; ð4Þ

whereΛ2 has the general formΛ2 ¼ λ2zαð1 − zÞβ and gD, λ,
α, and β are the model parameters.
Analogously, we also provide the expression for the

vertex h0jgF−α⊥ ðηÞψðξÞjPΛ; SΛ;Xi in Eq. (2), in which the
Feynman rules corresponding to the gluon field strength
tensor Fαβ are given by the factor iðlαgρβT − lαTg

βρÞ, as
denoted by the open circle in Fig. 1 [57]. With the above
Feynman rules, the contribution of Fig. 1 to the correlator
Δ̃α

A is given by

Δ̃α
Asðz; kT; SΛÞ ¼ −i

CFαS
2ð2πÞ2ð1 − zÞP−

Λ

1

k2 −m2

Z
d4l
ð2πÞ4

×
ðl−gαρT − lαnρþÞð=k − =lþmÞϒ̄sUðPΛ; SΛÞŪðPΛ; SΛÞϒsð=kþmÞ

ððk − lÞ2 −m2Þðl2 − iϵÞððk − l − PΛÞ2 −m2
sÞð−l− − iϵÞ Γ̄ρ ð5Þ

Δ̃α
Avðz; kT; SΛÞ ¼ i

CFαS
2ð2πÞ2ð1 − zÞP−

Λ

1

k2 −m2

Z
d4l
ð2πÞ4

×
ðl−gαρT − lαnρþÞð=k − =lþmÞϒ̄ν

vUðPΛ; SΛÞŪðPΛ; SΛÞϒμ
vð=kþmÞ

ððk − lÞ2 −m2Þðl2 − iϵÞððk − l − PΛÞ2 −m2
sÞð−l− − iϵÞ diμdjνΓ̄ijρ; ð6Þ

where Δ̃α
As and Δ̃α

Av represent scalar and axial-vector
diquark forms of qgq correlator, respectively. Here, the
light-cone coordinates a� ¼ a · n� ¼ ða0 � a3Þ= ffiffiffi

2
p

are
applied, and k− ¼ P−

Λ=z. In Fig. 1, the notation Γ describes
the gluon-diquark coupling vertex. To explicitly calculate
the correlator, we choose the form for the vertex between
the gluon and the scalar diquark (Γs) and the axial-vector
diquark (Γv),

Γρ;a
s ¼ iTað2k − 2P − lÞρ ð7Þ

Γρμν;a
v ¼ −iTa½ð2k − 2P − lÞρgμν

− ðk − P − lÞμgνρ − ðk − PÞνgρμ�; ð8Þ

where Ta is the Gell-Mann matrix.
Similar to the calculation of the T-odd quark-gluon-

quark fragmentation function G̃⊥ in Ref. [66], we obtain
the imaginary part of the correlator using the Cutkosky cut
rules to put the gluon and quark lines on the mass shell.
This corresponds to the following replacements on the
propagators by using the Dirac delta functions:

1

l2 þ iε
→ −2πiδðl2Þ;

1

ðk − lÞ2 −m2 þ iε
→ −2πiδððk − lÞ2 −m2Þ: ð9Þ

Using the cut rules in Eq. (9), we perform the trace and
integration over the loop momentum l; we first give the
scalar diquark component of H̃ðz; k2TÞ for the Λ hyperon as

H̃sðz; k2TÞ ¼
αSg2qhCF

ð2πÞ4MΛð1 − zÞ
1

k2 −m2
H̃1sðz; k2TÞ; ð10Þ

where

H̃1sðz; k2TÞ ¼
1

z
½zAðz2k2Tmþ k2ðz− 1ÞðzmþMΛÞÞ

þ BMΛðzðz− 1ÞmMΛ − z2k2T þ ðz− 1ÞM2
ΛÞ�:
ð11Þ

Here, k2 ¼ zk2T=ð1 − zÞ þm2
s=ð1 − zÞ þm2

h=z.
Similarly, using the gluon-diquark vertex given in

Eq. (8), we can also calculate the expression for H̃ from
the axial vector diquark component

FIG. 1. The Feynman diagram that is relevant to the calculation
of the quark-gluon-quark correlator in the diquark model. The
notations ϒ and Γ describe quark-diquark-hyperon and gluon-
diquark coupling vertices, respectively.
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H̃vðz; k2TÞ ¼
αSg2qhCF

4ð2πÞ4MΛð1 − zÞ
1

k2 −m2
ðH̃v

sðz; k2TÞ þ H̃v
0ðz; k2TÞ þ H̃v

1ðz; k2TÞ þ H̃v
2ðz; k2TÞÞ; ð12Þ

where the four terms in the rhs of Eq. (12) are given by

H̃v
s ¼

4

z
½ðzAðz2k2Tmþ k2ðz − 1ÞðzmþMΛÞÞ þ BMΛðzðz − 1ÞmMΛ − z2k2T þ ðz − 1ÞM2

ΛÞ�; ð13Þ

H̃0 ¼ −2z
k2T
3MΛ

½ð2CCk−k · Pþ 2CDk−M2
Λ þ 2zCEk−k− − Ck−k2zþ Ck−m2zÞ�; ð14Þ

H̃1 ¼
2

3M2
Λz

fzk · P½zðk2TðAAmz − 2AðmzþMΛÞÞ þAAk2ðmzþMΛÞ

− 2Ak2mz − 5Ak2MΛ − 3Am2MΛ − 2BmM2
ΛÞ þABM2

Λðmz − 3MΛÞ�
− 2mhzðAA − 2AÞðk · PÞ2 þMΛ½zðMΛðABk2mz2 þABk2MΛzþ BBM2

Λðmz −MΛÞ
− 2I2ðk2 −m2ÞðmzþMΛÞ þmW1z −MΛW1Þ þ k2TðABmMΛz2 þAðz2ðk2 þm2Þ − 4M2

ΛÞÞ
þAk2ðz2ðk2 þm2Þ þ 4mMΛzþ 4M2

ΛÞÞ þ 2BM2
Λð−z2ðk2T þm2Þ þ 2mMΛzþ 2M2

ΛÞ�g; ð15Þ

H̃2 ¼
4

3MΛ
½MΛðAþ BzÞðMΛð2k2T þ k2 þm2Þ þ 2mk · PÞ − ðk · PþmMΛÞððAAþABzÞk · P

þ ðAB þ zBBÞM2
Λ þ zW1ÞÞ�: ð16Þ

Here, the number of the subscript for H̃ denotes the number of the factor l− in the numerator of Eq. (1) after the trace
calculation is performed. A, B, C, and I2 are functions of k2, m, mD, and MΛ and can be found in Ref. [59]. The functions
AA, AB, BB, CC, CD, CE, and W1 come from the following double-l integrals:

Z
d4l

lμlνδðl2Þδððk − lÞ2 −m2Þ
ððk − Ph − lÞ2 −m2

sÞ
¼ AAkμkν þ BBPμPν þABðkμPν þ PμkνÞ þ gμνW1; ð17Þ

Z
d4l

lμlνδðl2Þδððk− lÞ2−m2Þ
ððk−Ph− lÞ2−m2

sÞð−l ·nþþ iϵÞ¼ CCfkμkνþDDfPμPνþEEfn
μ
þnνþ

þCDfðkμPνþPμkνÞþCEfðkμnνþþnμþkνÞþDEfðnμþPνþPμnνþÞþgμνW2: ð18Þ

Note that a main difference between the calculation for the
Λ hyperon and the one for the pion [57] is that there are
double l’s in the numerators in Eqs. (17) and (18), which
need to be evaluated carefully. We provide the complete
expressions for these functions in the Appendix.
We will focus on the favored quark contribution to the

fragmentation function of Λ, i.e., u → Λ or s → Λ, while
the unfavored quark contribution is zero. Assuming an
SU(6) spin-flavor symmetry, the fragmentation functions of
the Λ hyperon for light flavors satisfy the relations between
different quark flavors and diquark types [67,68]

Du→Λ ¼Dd→Λ ¼ 1

4
DðsÞ þ3

4
DðvÞ; Ds→Λ ¼DðsÞ; ð19Þ

where u, d, and s denote the up, down, and strange quarks,
respectively. In this study, we assume that the relation in

Eq. (19) holds for all fragmentation functions. Neglecting
the mass differences between the up, down, and strange
quarks (m ¼ 0.36 GeV), we obtain the light flavors frag-
mentation function H̃ as

H̃u→Λ ¼ H̃d→Λ ¼ 1

4
H̃ðsÞ þ3

4
H̃ðvÞ; H̃s→Λ ¼ H̃ðsÞ; ð20Þ

To obtain the numerical result for H̃, we should choose the
values of the parameters

gD ¼ 1.983þ0.119
−0.111 ; mD ¼ 0.745þ0.03

−0.028 GeV;

λ ¼ 5.967þ0.274
−0.26 GeV; α ¼ 0.5ðfixedÞ;

β ¼ 0ðfixedÞ; ð21Þ
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were obtained by fitting the model result of D1 in the same
model to the de Florian-Stratmann-Vogelsang (DSV) para-
metrization forD1 at the model scaleQ2 ¼ 0.23GeV2. The
choice of this scale is consistent with the starting scale of
the “radiative parton model," which has proven phenom-
enologically successful in the analysis of the unpolarized/
polarized parton densities [69,70] and photon fragmenta-
tion functions [71,72].
Using the model parameters, we calculate the collinear

twist-3 fragmentation function H̃ðzÞ of Λ by integrating
over the transverse momentum:

H̃ðzÞ ¼ z2
Z

d2kTH̃ðz; k2TÞ: ð22Þ

Since the energy scale in the experiments covers a wide
range ofQ, which is much higher than the model scale, it is
necessary to include the QCD evolution effects of the
fragmentation functions. There are studies on the evolution
of several twist-3 fragmentation functions in the literature
[32,33,47,73]. However, the DGLAP evolution kernel for
H̃ is still unknown. In this work, we assume the evolution
kernel of H̃ is the same as the homogenous terms in the
kernel of Ĥð3ÞðzÞ in Ref. [33], as has been done in Ref. [74].
This kernel has the same form as that of the transversity
distribution function. In Ref. [58], the evolution kernel for
the pion H̃ðzÞ has also been adopted as the same as that for
the transversity distribution function h1, which was moti-
vated by the fact that H̃ is also a chiral odd fragmentation
function. To do this, we apply the QCDNUM package [75]
and customize the package to include the kernel of trans-
versity to perform the evolution.
In the left and right panels of Fig. 2, we plot the z

dependence of the collinear twist-3 fragmentation function
zH̃ðzÞ of Λ for s and uðdÞ quark of the twist-3 fragmenta-
tion functions at the model scale Q2 ¼ 0.23 GeV2 (the
solid lines) and the evolved results at Q2 ¼ 100 GeV2 (the
dotted lines), respectively. The shaded areas correspond to

the uncertainty bands due to the uncertainties of the model
parameters. Figure 2 shows that the magnitude of zH̃ðzÞ for
uðdÞ → Λ increases with increasing z when 0 < z < 0.9,
while it decreases with increasing z after z > 0.9 at the
model scale, while the peak is around z ¼ 0.5 for the s
quark. The evolved fragmentation functions at Q2 ¼
100 GeV2 show the relatively strong impact of the evolu-
tion effects. The z dependences of the uðdÞ and s quark for
zH̃ are obviously different in the entire z region. We can see
that the evolution from low Q to higher Q increases the
sizes of uðdÞ → Λ in the region z < 0.4, while the region
for the strange quark is z < 0.25. This is because the s
quark only comes from the contribution of the scalar
diquark component in Eq. (20).

III. PREDICTION ON THE sinϕS TRANSVERSE
SSAS OF Λ HYPERON PRODUCTION IN SIDIS

The process under study is the unpolarized Λ production
in the SIDIS process with an unpolarized lepton beam
colliding on a transversely polarized nucleon beam (or
target),

lðlÞ þ N↑ðPÞ → lðl0Þ þ ΛðPΛÞ þ XðPXÞ; ð23Þ

where l and l0 stand for the momenta of the incoming and
outgoing leptons and P and PΛ denote the momenta of the
target nucleon and the final-state Λ hyperon, respectively.
The momentum of the exchanged virtual photon is defined
as q ¼ l − l0 and Q2 ¼ −q2. The reference frame in this
work was adopted as in Fig. 3, in which we will consider
the case the polarization of the detected Λ hyperon is not
measured. The azimuthal angle ϕS stands for the angle
between the lepton scattering plane and the direction of the
transverse spin of the nucleon target.
We introduce the invariant variables to express the

differential cross section as [56]

FIG. 2. Result of zH̃Λ=sðzÞ (left panel) and zH̃Λ=uðdÞðzÞ (right panel) at the model scale Q2 ¼ 0.23 GeV2 (red solid lines) and the
evolved results at Q2 ¼ 100 GeV2 (blue dashed lines). The shaded areas correspond to the uncertainty bands due to the uncertainties of
the model parameters.
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x ¼ Q2

2P · q
; y ¼ P · q

P · l
; z ¼ P · Ph

P · q
;

γ ¼ 2Mx
Q

; W2 ¼ ðPþ qÞ2; s ¼ ðPþ lÞ2;

where M denotes the mass of the target nucleon. With the
invariant variables, the differential cross section of the
process for unpolarized Λ production in SIDIS off an
transverse polarized target can be expressed as [56,58]

d6σ
dxdydzdϕhdϕSdP2

hT

¼ α2

xyQ2

y2

2ð1 − εÞ
�
1þ γ2

2x

�

× fFUU;Lðx; z; PTÞ þ jS⊥j½sinϕSF
sinϕS
UT ðx; z; PTÞ

þ sinð2ϕh − ϕSÞFsinð2ϕh−ϕSÞ
UT ðx; z; PTÞ

þ leading twist terms�g; ð24Þ

where ε is the ratio of the longitudinal and transverse
photon flux

ε ¼ 1 − y − 1
4
γ2y2

1 − yþ 1
2
y2 þ 1

4
γ2y2

: ð25Þ

After integrating over PhT, the differential cross section in
Eq. (24) turns to the form

d4σ
dxdydzdϕS

¼ 2α2

xyQ2

y2

2ð1 − εÞ
�
1þ γ2

2x

�

× fFUU;Lðx; zÞ þ jS⊥j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p
sinϕSF

sinϕS
UT ðx; zÞ

þ � � �g: ð26Þ

Here, the nonvanishing integrated structure functions are
[56,76]

FUUðx; zÞ ¼ x
X
q

e2qf
q
1ðxÞDq

1ðzÞ; ð27Þ

FsinϕS
UT ðx; zÞ ¼ −x

X
q

e2q
2MΛ

Q
hq1ðxÞ

H̃qðzÞ
z

; ð28Þ

and only the convolution of the transversity and the twist-3
collinear fragmentation function H̃ remains in the structure
function FsinϕS

UT .
One should note that there are more terms related to the

twist-3 parton distribution functions (PDFs) or fragmenta-
tion function (FFs) [56] in the transverse momentum
dependent structure function FsinðϕSÞ

UT ðx; z; PTÞ than the
collinear form in Eq. (28), where PT is the transverse
momentum of the final-state Λ. After integrating out PT ,
only the convolution of transversity and the T-odd twist-3
fragmentation function H̃ðzÞ survives, and all other terms
drop out. To do this, the integration has to be performed in
the whole region of transverse momentum PhT , which may
be challenging for experimental measurement.
Following Eqs. (27) and (28), we can obtain the

z-dependent sinϕS asymmetry:

Asinϕs
UT ðzÞ

¼
R
dx

R
dy α2

xyQ2

y2

2ð1−ϵÞ ð1þ γ2

2xÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ϵð1þ ϵÞp

Fsinϕs
UT ðx; zÞR

dx
R
dy α2

xyQ2

y2

2ð1−ϵÞ ð1þ γ2

2xÞFUUðx; zÞ
:

ð29Þ
In a similar way, x-dependent sinϕS asymmetry can be
written as

AsinϕS
UT ðxÞ

¼
R
dy

R
dz α2

xyQ2

y2

2ð1−ϵÞ ð1þ γ2

2xÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ϵð1þ ϵÞp

Fsinϕs
UT ðx; zÞR

dy
R
dz α2

xyQ2

y2

2ð1−ϵÞ ð1þ γ2

2xÞFUUðx; zÞ
;

ð30Þ
To estimate the sinϕS asymmetry, we need the informa-

tion of the transversity distribution hq1ðxÞ, for which we
adopt the parametrization from Ref. [31],

hq1ðxÞ ¼
1

2
N T

qðxÞ½fq1ðxÞ þ gq1ðxÞ�; ð31Þ

with

N T
qðxÞ ¼ NT

qxαð1 − βÞβ ðαþ βÞαþβ

ααββ
; ð32Þ

where values of the parameters NT
u ¼ 0.36, NT

d ¼ −1.00,
α ¼ 1.06, and β ¼ 3.66 are taken from Ref. [31].

FIG. 3. The definition of the azimuthal angles in SIDIS. Ph
stands for the momentum of the Λ hyperon hadron, S⊥ is the
transverse component of the spin vector S with respect to the
virtual photon momentum [56].
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The parametrization for the unpolarized distribution fq1ðxÞ
is from Ref. [77], and that for the helicity distribution gq1ðxÞ
is from Ref. [78]. We note that currently there is no
available parametrization on hq1ðxÞ for the sea quarks;
therefore, in this calculation, we will not consider the
contribution from the transversity of the sea quarks.
The kinematical region of the EIC adopted in our

calculation is [79]

0.001<x< 0.4; 0.01<y< 0.95; 0.2<z< 0.8;

Q2> 1GeV2;
ffiffiffi
s

p ¼ 45GeV; W > 5GeV; ð33Þ

where W is invariant mass of the virtual photon-nucleon
system and W2 ≈ 1−x

x Q2. As for the EicC, we adopt the
following kinematical cuts [80,81]:

0.005<x< 0.5; 0.07<y< 0.9; 0.2<z< 0.7;

Q2> 1GeV2;
ffiffiffi
s

p ¼ 16.7GeV; W > 2GeV: ð34Þ

As the kinematics at EIC and EicC cover a wide range ofQ,
the QCD evolution effect of the distribution and fragmen-
tation functions are also considered.
The numerical results of the sinϕS asymmetries for Λ

hyperonproduction at EIC andEicC are shown in Figs. 4 and
5, respectively. The left panel and the right panel plot the
asymmetries as functions of x and z. The dashed lines depict
the results simultaneously evolving the fragmentation func-
tion H̃ and distribution function h1ðxÞ. The solid lines
denote the asymmetrieswithout considering the evolution of
the fragmentation functions H̃. We find that the sinϕS
asymmetries for theΛ hyperon production are negative. The
magnitude of the asymmetry at EIC and EicC is around 0.1,
which is quite sizable. We also find that the x-dependent
asymmetries have a peak at the intermediate x region, around
x ≈ 0.2, and the magnitude of the z-dependent asymmetry
increases with increasing z. Comparing our results with the
same sinϕS asymmetry in pion production [58], we find that
the signs of asymmetry are both are negative; However, the
magnitude of the asymmetry inΛ production is several times
larger than the one in pion production. The difference may

FIG. 5. Transverse SSA AsinϕS
UT of Λ hyperon production in SIDIS at EicC for

ffiffiffi
s

p ¼ 16.7 GeV. The left and the right panels show the
x-dependent and the z-dependent asymmetries, respectively.

FIG. 4. Transverse SSA AsinϕS
UT of Λ hyperon production in SIDIS at EIC for

ffiffiffi
s

p ¼ 45 GeV. The left and the right panels show the
x-dependent and the z-dependent asymmetries, respectively.
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be caused by the factor Mh
Q appearing in Eq. (28) as MΛ is

almost 1 order ofmagnitude larger thanMπ . Therefore, there
could be a great opportunity to measure the sinϕS asym-
metry in Λ production at a future EIC and EicC.
Another important observation is that the evolution effect

for the sinϕS asymmetry is substantial in a certain
kinematical region at both the EIC and EicC. First of
all, as shown by the dashed lines in Figs. 4 and 5, the
magnitudes of the x-dependent and z-dependent asymme-
tries for Λ hyperon have changed substantially by the QCD
evolution effect. Second, in the small-x region (x < 0.04 at
EIC) and (x < 0.07 at EicC), the evolution does not affect
the x-dependent asymmetries, while the evolution effect is
sizable in the intermediate-x region. For the z-dependence
asymmetries, the evolution effect may be observed in the all
z region, where the evolution effect of size is smaller than
nonevolution result in the region z > 0.5 at EIC and EicC;
thereby, it should not be neglected. Nevertheless, the
evolution almost does not change the signs and the shapes
of the asymmetries.
Finally, we estimate the transverse asymmetries for Λ at

COMPASS,which applies a 160GeVmuon beam scattering

off the nucleon target. In this calculation, we adopt the
following kinematical cuts [82]:

Q2 > 1 GeV2; 0.004 < x < 0.7; 0.1 < y < 0.9;

z > 0.2; W > 5 GeV; Eh > 1.5 GeV: ð35Þ

The results of the x- and z-dependent asymmetries are
depicted in the left panel and right panels in Fig. 6,
respectively. The solid lines denote the asymmetries without
considering the evolution of fragmentation functions H̃ in
Eqs. (30) and (29). The dashed lines correspond to the
evolution of H̃qðzÞ ash1.We find that the overall tendency of
the asymmetries at the COMPASS are similar to that at
the EIC and EicC. The evolution effect for x-dependent
asymmetry may be observed in the region x > 0.05, and
z-dependent asymmetry is larger than that of the EIC
and EicC.
In Figs. 7–9, we also plot the Q2 dependence of the

asymmetry AsinϕS
UT at fixed x ¼ 0.4 at different facilities

(EIC, EicC, and COMPASS). The left and right panels
correspond to the asymmetries at z ¼ 0.4 and z ¼ 0.6,

FIG. 6. Transverse SSA AsinϕS
UT of Λ hyperon production in SIDIS at COMPASS for Eμ ¼ 160 GeV. The left and the right panels show

the x-dependent and the z-dependent asymmetry, respectively.

FIG. 7. Q2 dependence of the transverse SSA AsinϕS
UT at EIC with evolution (dashed lines) and without evolution (solid lines). The left

and the right panels show the numerical results at x ¼ 0.4, z ¼ 0.4 and x ¼ 0.4, z ¼ 0.6, respectively.
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respectively. Similarly to Fig. 4, the dashed lines depict the
results simultaneously evolving the fragmentation function
H̃ and transversity function; the solid lines denote the
asymmetries without the evolution for H̃. At x ¼ 0.4,
z ¼ 0.4, the asymmetry with evolution is larger than that
without evolution, while at x ¼ 0.4, z ¼ 0.6, the two results
are reversed. Moreover, the Q2-dependent asymmetry
decreases fast with increasing Q2. One should note that
the main reason of this decreasing is the twist-3 nature of
the sinϕS asymmetry; that is, it is suppressed by a factor of
1=Q. Including the evolution of H̃ will not change this
tendency. Nevertheless, there is still a quantitative impact
on the size of the asymmetry due to evolution, as can be
seen from the difference between the asymmetry with
evolution and that without evolution.
Some comments are in order. First, in the model

calculation, we have calculated not only the H̃Λ=q for
the up and down quarks but also that for the strange quark,
while in the phenomenological analysis of the sinϕS
asymmetry, we only have only considered the contributions
from the up and down quarks. This is because currently
there is no available information for the transversity of the

sea quarks. In several phenomenological studies [83,84],
the transversity of the sea quarks were included in the
calculation through model assumptions, such as assuming
the sea quark transversity is proportional to that of the
valence quarks. In this work, we refrain from doing so since
at this stage our result is a rough estimate of the asymmetry.
The H̃Λ=s could be measurable, provided the transversity of
the strange quark is sizable. Second, in this work, we
consider the Λ production in SIDIS process, which is
normally more difficult to measure than the meson pro-
duction. However, in this process, it is not necessary to
measure the polarization of the Λ. Besides, as our estimate
indicates, the asymmetry is quite sizable at EIC, EicC, and
COPMASS due to the fact that MΛ=Q is much larger than
Mπ=Q. Thus, we expect that the sinϕS asymmetry of Λ
production in SIDIS can be measured with the help of high
statistics of the future ep facilities. Third, in our model, we
assume that the scalar and axial-vector diquark couplings
have the same form. It has the advantage of keeping the
SU(3) flavor symmetry and corresponding to the DSV
parametrization [18], where all the light flavors fragment
equally into Λ hyperon. SU(3) flavors symmetry breaking

FIG. 9. Q2 dependence of the transverse SSA AsinϕS
UT at COMPASS with evolution (dashed lines) and without evolution (solid lines).

The left and the right panels show the numerical results at x ¼ 0.4, z ¼ 0.4 and x ¼ 0.4, z ¼ 0.6, respectively.

FIG. 8. Q2 dependence of the transverse SSA AsinϕS
UT at EicC with evolution (dashed lines) and without evolution (solid lines). The left

and the right panels show the numerical results at x ¼ 0.4, z ¼ 0.4 and x ¼ 0.4, z ¼ 0.6, respectively.
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may alter the asymmetry quantitatively, and we expect that
they will not change our results qualitatively. Finally, in our
work the DGLAP evolution kernel is chosen as the same as
the leading-order splitting kernel for transversity h1; the only
nonzero splitting kernel isΔTPqq. Therefore, unfavored FFs
remains zero via evolution starting from zero input at the
initial scale. To generate nonzero unfavored FFs through
evolution, the next-to-leading-order evolution kernel has to
be included, which is beyond the scope of our paper.

IV. CONCLUSION

In this work, we have studied the single-spin sinϕS
asymmetry of theΛ production in SIDIS off an transversely
polarized proton target. Since the transverse momentum
dependent (TMD) version of this asymmetry contains
many terms, it is necessary to integrate out PT to relate
the asymmetry to the convolution of transversity and the
T-odd twist-3 function H̃ðzÞ. However, in practice, it may
be challenging for experimental measurement to cover the
entire PT region. Thus, model predictions could be very
useful for acquiring the knowledge of the sinϕS asymmetry
in the case PT is integrated out. We have calculated the
twist-3 T-odd quark-gluon-quark fragmentation function H̃
of the Λ hyperon with two different types of the diquark
spectator model by considering both scalar and axial-vector
diquarks [65,85]. The relation between the quark flavors
and diquark types for the fragmentation functions, moti-
vated by the SU(6) symmetric wave functions of the Λ
hyperon, has been taken into account to provide results for
different flavors. In addition, we have included the leading-
order evolution effects for the fragmentation functions.

Using the numerical results of H̃ðzÞ, we have estimated the
SSA AsinϕS

UT in SIDIS at the kinematics of the EIC, EicC, and
COMPASS. In our case we have integrated out the trans-
verse momentum of the final stateΛ. Our calculation shows
that the estimated sinϕS asymmetry for the Λ production in
SIDIS is sizable, around 0.1. The sign of the asymmetry is
negative in the entire x and z regions. We also find that the
inclusion of the evolution effects of H̃ can change the shape
and size of the asymmetry in the intermediate regions of
x and z. The evolution effects should be important for the
interpretation of future experimental data. In conclusion,
the sinϕS asymmetries of Λ production in SIDIS may be
measured at the kinematics of the EIC, EicC, and
COMPASS, which provide a feasible way to access the
twist-3 collinear H̃ðzÞ of the Λ hyperon via the sinϕS
asymmetry in which the transverse momentum of the
final-state hadron is integrated out. Since the integration is
performed in thewhole region of transverse momentumPhT ,
which is difficult to achieve experimentally, the approxima-
tion of the integration region and the validity of TMD
factorization of the TMD structure function related to the
twist-3 PDFs or FFs remain promising issues in practice.
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APPENDIX: DOUBLE-l INTEGRALS

Z
d4l

lμlνδðl2Þδððk − lÞ2 −m2Þ
ððk − Ph − lÞ2 −m2

sÞ
¼ AAkμkν þ BBPμPν þABðkμPν þ PμkνÞ þ gμνW1; ðA1Þ

where

AA ¼ −
ðk2 −m2Þ½k2M2ð3Aþ BÞ − 2ðB −AÞðk · PÞ2 − BM2k · P�

k2λðms;MÞ

BB ¼ −
ðk2 −m2ÞððAþ 3BÞk2 − 2Bk · PÞ

λðms;MÞ

AB ¼ −
ðk2 −m2Þð2BM2 − ðAþ 3BÞk · PÞ

λðms;MÞ

W1 ¼ −
ðAþ BÞðk2 −m2Þ

4
:

Note that 4k2M2−4ðk ·PÞ2¼ð4k2M2−ðk2þM2−m2
sÞ2Þ¼−λðms;MÞ,
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Z
d4l

lμlνδðl2Þδððk − lÞ2 −m2Þ
ððk − Ph − lÞ2 −m2

sÞð−l · nþ þ iϵÞ ¼ CCfkμkν þDDfPμPν þ EEfn
μ
þnνþ ðA2Þ

þ CDfðkμPν þ PμkνÞ þ CEfðkμnνþ þ nμþkνÞ þDEfðnμþPν þ PμnνþÞ þ gμνW2; ðA3Þ

where

CCfk− ¼ −
2zðA − BÞk · P − 2Ak2z −AM2

Λ þ BM2
Λzþ Ck−ðz − 1Þzðk2 −m2Þ

z2k2T
ðA4Þ

CDfk− ¼ Ak2z − 2Ak2 − 2Bk · Pþ BM2
Λ þ Ck−ðz − 1Þðk2 −m2Þ

z2k2T
ðA5Þ

CEfk−k− ¼ −
2ðk · PðBðk2z2 þM2

Λðz − 1ÞÞ −Ak2z2Þ þ k2ðAðk2z2 þM2
Λðz − 1ÞÞ − BM2

Λz
2ÞÞ

2z3k2T
ðA6Þ

−
Ck−ðk2 −m2Þðk2z2 − 2z2k · PþM2

Λð2z − 1ÞÞ
2z3k2T

: ðA7Þ
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