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We use a dispersion representation based on unitarity and analyticity to study the low energy γ�N → πN
process in the S11 channel. Final state interactions among the πN system are critical to this analysis.
The left-hand part of the partial wave amplitude is imported from Oðp2Þ chiral perturbation theory result.
On the right-hand part, the final state interaction is calculated through Omnès formula in Swave. It is found
that a good numerical fit can be achieved with only one subtraction parameter, and the eletroproduction
experimental data of multipole amplitudes E0þ; S0þ in the energy region below Δð1232Þ are well described
when the photon virtuality Q2 ≤ 0.1 GeV2.
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I. INTRODUCTION

The electromagnetic interactions of a nucleon have long
been recognized as an important source of information for
understanding strong interaction physics [1–7]. The inves-
tigation of pion photoproduction started in the 1950s with
the seminal work of Chew et al. (CGLN) [1], where the
formalism for pion photoproduction on a nucleon target was
developed, and fixed-t dispersion relations (DRs) were used
as a tool for the analyses of the reaction data. Postulates
underlying the DR approach are analyticity, unitarity, and
crossing symmetry of an S matrix. The CGLN formalism
was later extended to pion electroproduction [8,9], and DR
was used in the analyses of the experimental data [9–12].
Based on the recent low energy experiments, partial wave
analyses have been performed to study the underlying
structure of the reaction amplitudes and describing the
properties of the nucleon resonances [7,13–15].
Since the 1980s, it has been successful to explore the

electroproduction and relevant processes using chiral per-
turbation theory (χPT) at low energies [16–20]. For the
calculation of loop diagrams, there are several renormal-
ization schemes, which are, e.g., the heavy-baryon
approach in Ref. [16] and the EOMS scheme adopted in
Refs. [17,20], to solve the power-counting breaking prob-
lems. However, χPT only works well near the threshold and
fails at slightly higher energies. So the unitary method is
necessarily adopted in order to suppress the contributions
from large energy and recast unitarity of the amplitude.
Some unitarity methods have already been explored (for

a recent review, see Ref. [21]). The couple channel N=D

method was used to unitarize χPT amplitudes in Ref. [15],
and the Jülich model was adopted to study photoproduction
and the relevant process in Ref. [7]. In this paper, our
γ�N → πN amplitudes are obtained through the dispersive
analysis [22], in the case we set up with chiral Oðp2Þγ�N →
πN amplitudes and a πN final state interaction estimated by
the Omnès solution [23] in the single channel approxima-
tion. In order to achieve such a dispersive analysis, efforts
have been made in understanding the complicated analytic
structure of the amplitudes.
Based on our dispersion representation, the multipole

amplitudes (S11E0þ and S11S0þ) data from Refs. [5,13,
24–27] below the Δð1232Þ peak have been fitted. This
work extends our previous analyses on pion photoproduc-
tion [28] to the virtual-photon process with a photon
virtuality Q2 up to 0.2 GeV2 and finds a good description
of the data when Q2 ≤ 0.1 GeV2, with only one parameter.
Besides, the comparison between the Oðp2Þ calculation in
this paper and the one up to Oðp4Þ from Ref. [17] is
performed, and a discrepancy between the two results are
noticed in the higher Q2 region.
This paper is organized as follows. In Sec. II, a brief

introduction to pion electroproduction is given. In Sec. III,
we set up the dispersive formalism for γ�N → πN process
and make an analysis about the singularities that appear in
this process. In Sec. IV, numerical results of multipoles are
carried out. Finally, we give our conclusions in Sec. V.

II. PION ELECTROPRODUCTION

A. Basics of single pion electroproduction
off the nucleon

In this section, we provide a short introduction to the
notations describing the electroproduction of pions. Single
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pion electroproduction off the nucleon is the process
described by

eðl1Þ þ Nðp1Þ → eðl2Þ þ Nðp2Þ þ πaðqÞ; ð1Þ

where a is the isospin index of the pion and l1ðl2Þ; p1ðp2Þ; q
are incoming (outgoing) electron, incoming (outgoing)
nucleon, and pion momentum, respectively.
Because the interaction between electron and nucleon is

pure electromagnetic, for every additional virtual photon
exchange, there will be one more fine structure constant
α ¼ e2=ð4πÞ ≈ 1=137 suppression factor. Hence, we can
only consider the lowest contribution or the so-called one-
photon-exchange approximation; see Fig. 1.
In this approximation, the invariant amplitude M is

interpreted as the product of the polarization vector ϵμ of
the virtual photon and the hadronic transition current matrix
element Mμ,

M ¼ ϵμMμ ¼ e
ūðl1Þγμuðl2Þ

k2
Mμ; ð2Þ

where

Mμ ¼ −iehNðp2Þ; πðqÞjJμð0ÞjNðp1Þi; ð3Þ

with Jμ the electromagnetic current operator. Since
kμϵμ ¼ 0 in both photoproduction and eletroproduciton,
it is possible to separate the pure electromagnetic part of the
process from the hadronic part, which is the process,

γ�ðkÞ þ Nðp1Þ → Nðp2Þ þ πðqÞ; ð4Þ

where γ� refers to a (spacelike) virtual photon, so we can
define k2 ¼ −Q2 < 0, and Q2 called photon virtuality.
Mandelstam variables s, t, and u are defined as

s¼ ðp1 þ kÞ2; t¼ ðp1 −p2Þ2; u¼ ðp1 − qÞ2; ð5Þ

and satisfy sþ tþ u ¼ 2m2
N þm2

π −Q2, where mN and
mπ denote the nucleon mass and the pion mass, respec-
tively. In the center-of-mass (cm) frame, πN final state
system,1 the energies of the photon, k�0, the pion, E�

π , and
the incoming (outgoing) nucleon, E�

1ðE�
2Þ are given by

k�0 ¼
W2 −Q2 −m2

N

2W
; E�

π ¼
W2 þm2

π −m2
N

2W
;

E�
1 ¼

W2 þm2
N þQ2

2W
; E�

2 ¼
W2 þm2

N −m2
π

2W
; ð6Þ

where W ¼ ffiffiffi
s

p
is the cm total energy. The values of the

initial and final state momentum in the cm frame are

jk�j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
W2 −m2

N −Q2

2W

�
2

þQ2

s
;

jq�j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
W2 −m2

N þm2
π

2W

�
2

−m2
π

s
: ð7Þ

The real photon equivalent energy in laboratory frame klab

is given by

klab ¼ W2 −m2
N

2mN
; ð8Þ

and kcm ¼ ðmN=WÞklab. The cm scattering angle θ�
between the pion three momentum and the z axis, defined
by the incoming photon direction, is depicted in Fig. 2.
The scattering amplitude of pion electroproduction can

be parametrized in terms of the Ball amplitudes [10], which
are defined in Lorentz-covariant form,

−iehN0πjJμð0ÞjNi ¼ ūðp2Þ
�X8

i¼1

BiV
μ
i

�
uðp1Þ; ð9Þ

where uðp1) and ūðp2Þ are the Dirac spinors of the nucleon
in the initial and final states, respectively. Here, we use the
notation of [9,16,29], but it is slightly different from [2,17],

Vμ
1 ¼ γ5γ

μ=k; Vμ
2 ¼ 2γ5Pμ; Vμ

3 ¼ 2γ5qμ; Vμ
4 ¼ 2γ5kμ;

Vμ
5 ¼ γ5γ

μ; Vμ
6 ¼ γ5Pμ=k; Vμ

7 ¼ γ5kμ=k; Vμ
8 ¼ γ5qμ=k;

ð10Þ

where P ¼ ðp1 þ p2Þ=2 and =k ¼ γμkμ. Using the electro-
magnetic current conservation kμMμ ¼ 0, only six inde-
pendent amplitudes are required for the description of pion
electroproduction. Furthermore, in pion photoproduction
(Q2 ¼ 0), only four independent amplitudes survive.FIG. 1. Pion electroproduction in the one-photon-exchange

approximation. k ¼ l1 − l2 represents the momentum of the
single exchanged virtual photon. The shaded circle represents
the full hadronic vertex.

1In this section, the superscript � refers to the physical quantity
in the cm frame.
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The parametrization of Ref. [16] takes care of current
conservation already from the beginning, which contains
only six independent amplitudes Ai,

Mμ ¼ ūðp2Þ
�X6

i¼1

AiM
μ
i

�
uðp1Þ; ð11Þ

with

Mμ
1 ¼

1

2
γ5ðγμ=k − =kγμÞ;

Mμ
2 ¼ 2γ5

�
Pμk ·

�
q −

1

2
k

�
−
�
q −

1

2
k

�
μ

k · P

�
;

Mμ
3 ¼ γ5ðγμk · q − =kqμÞ;

Mμ
4 ¼ 2γ5ðγμk · P − =kPμÞ − 2mNM

μ
1;

Mμ
5 ¼ γ5ðkμk · q − k2qμÞ;

Mμ
6 ¼ γ5ðkμ=k − k2γμÞ: ð12Þ

Each of them individually satisfies gauge invariance
kμM

μ
i ¼ 0. The scalar functions Ai and Bi can be linked

through

A1 ¼ B1 −mNB6; A2 ¼
2

m2
π − t

B2; A3 ¼ −B8;

A4 ¼ −
1

2
B6; A6 ¼ B7;

A5 ¼
2

sþ u − 2m2
N

�
B1 −

s − u
2ðm2

π − tÞB2 þ 2B4

�

¼ 1

k2

�
s − u
t −m2

π
B2 − 2B3

�
: ð13Þ

The CGLN amplitudes F i are another common para-
metrization [1,29], which plays an important role in experi-
ments and partial wave analyses. These amplitudes are
defined in the cm frame via

ϵμūðp2Þ
�X6

i¼1

AiM
μ
i

�
uðp1Þ ¼

4πW
mN

χ†2Fχ1; ð14Þ

where χ1 and χ2 denote initial and final Pauli spinors,
respectively. Electromagnetic current conservation allows
us to work in the gauge where the polarization vector of
virtual photon has a vanishing longitudinal component. In
terms of the polarization vector of Eq. (2), this is achieved
by introducing the vector [16,30,31],

bμ ¼ ϵμ −
ϵ · k̂
jkj kμ; ð15Þ

where b0 ≠ 0, but b · k̂ ¼ 0 (k̂ ¼ k=jkj). F may be written
as [σ ¼ ðσ1; σ2; σ3Þ],

F ¼ iσ · bF 1 þ σ · q̂σ · ðk̂ × bÞF 2 þ iσ · k̂ q̂ ·bF 3

þ iσ · q̂ q̂ ·bF 4 − iσ · q̂b0F 7 − iσ · k̂b0F 8: ð16Þ
We can connect Ai and F i through algebraic calculations,
and the results can be found in Appendix B.
The CGLN amplitudes can be expanded into multipole

amplitudes [29],

F 1 ¼
X∞
l¼0

f½lMlþ þ Elþ�P0
lþ1ðxÞ

þ ½ðlþ 1ÞMl− þ El−�P0
l−1ðxÞg;

F 2 ¼
X∞
l¼1

fðlþ 1ÞMlþ þ lMl−gP0
lðxÞ;

F 3 ¼
X∞
l¼1

f½Elþ −Mlþ�P00
lþ1ðxÞ þ ½El− þMl−�P00

l−1ðxÞg;

F 4 ¼
X∞
l¼2

fMlþ − Elþ −Ml− − El−gP00
l ðxÞ;

F 7 ¼
X∞
l¼1

½lSl− − ðlþ 1ÞSlþ�P0
lðxÞ ¼

jk�j
k�0

F 6;

F 8 ¼
X∞
l¼0

½ðlþ 1ÞSlþP0
lþ1ðxÞ − lSl−P0

l−1ðxÞ�

¼ jk�j
k�0

F 5; ð17Þ

with x ¼ cos θ ¼ q̂ · k̂, PlðxÞ the Legendre polynomial of
degree l, P0

l ¼ dPl=dx, and so on. Subscript l denotes the
orbital angular momentum of the pion-nucleon system in
the final state. The multipoles El�;Ml�, and Sl� are
functions of the cm total energyW and the photon virtuality
Q2, and refer to transversal electric, magnetic transitions,
and scalar transitions,2 respectively. The subscript l�
denotes the total angular momentum j ¼ l� 1=2 in the
final state. By inverting the above equations, the angular
dependence can be completely figured out [9],

FIG. 2. Scattering angle θ� in the cm frame.

2Sometimes the longitudinal multipoles are used instead of the
scalar multipoles; they satisfy a relationship Ll� ¼ ðk0=jkjÞSl�.
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Elþ ¼
Z

1

−1

dx
2ðlþ 1Þ

�
PlF 1 − Plþ1F 2 þ

l
2lþ 1

ðPl−1 − Plþ1ÞF 3 þ
lþ 1

2lþ 3
ðPl − Plþ2ÞF 4

�
;

El− ¼
Z

1

−1

dx
2l

�
PlF 1 − Pl−1F 2 −

lþ 1

2lþ 1
ðPl−1 − Plþ1ÞF 3 þ

l
2l − 1

ðPl − Pl−2ÞF 4

�
;

Mlþ ¼
Z

1

−1

dx
2ðlþ 1Þ

�
PlF 1 − Plþ1F 2 −

1

2lþ 1
ðPl−1 − Plþ1ÞF 3

�
;

Ml− ¼
Z

1

−1

dx
2l

�
−PlF 1 þ Pl−1F 2 þ

1

2lþ 1
ðPl−1 − Plþ1ÞF 3

�
;

Slþ ¼
Z

1

−1

dx
2ðlþ 1Þ ½Plþ1F 7 þ PlF 8�;

Sl− ¼
Z

1

−1

dx
2l

½Pl−1F 7 þ PlF 8�: ð18Þ

Please refer to Appendix C for the connections between
multipoles and partial wave helicity amplitudes.
The isospin structure of the scattering amplitude can be

written as

Aðγ� þ N → πa þ N0Þ
¼ χ†2fδa3AðþÞ þ iϵa3bτbAð−Þ þ τaAð0Þgχ1; ð19Þ

where τa (a ¼ 1, 2, 3) are Pauli matrices. We can define the
isospin transition amplitudes by AI;I3ðA3

2
;�1

2; A
1
2
;�1

2Þ, where
fI; I3g denote isospin of the final πN system. In the
notation jI; I3i, the isospin part of the state vectors for
the nucleon and the pion is written as

jpi ¼
���� 12 ;þ

1

2

�
; jni ¼

���� 12 ;−
1

2

�
; ð20Þ

jπþi¼−j1;þ1i; jπ0i¼ j1;0i; jπ−i¼ j1;−1i: ð21Þ

So isospin transition amplitudes can be obtained from Að�Þ

and Að0Þ via

A
3
2
;1
2 ¼ A

3
2
;−1

2 ¼
ffiffiffi
2

3

r
ðAðþÞ − Að−ÞÞ; ð22Þ

A
1
2
;1
2 ¼ −

ffiffiffi
1

3

r
ðAðþÞ þ 2Að−Þ þ 3Að0ÞÞ; ð23Þ

A
1
2
;−1

2 ¼
ffiffiffi
1

3

r
ðAðþÞ þ 2Að−Þ − 3Að0ÞÞ: ð24Þ

In the one-photon-exchange approximation, the differ-
ential cross section can be factorized as [3,4]

dσ
dE2dΩldΩ�

π
¼ α

2π2
E2

E1

1

Q2

klab

1 − ϵ

dσv
dΩ�

π
≡ Γ

dσv
dΩ�

π
; ð25Þ

where Γ is the flux of the virtual photon, E1;2 denote the
energy of the initial and final electrons in the laboratory
frame, respectively. The parameter ϵ expresses the trans-
verse polarization of the virtual photon in the laboratory
frame, and it is an invariant under collinear transformations.
In terms of laboratory electron variables, it is given by [3]

ϵ ¼
�
1þ 2

k2

Q2
tan2

�
θl
2

��−1
; ð26Þ

where θl is the scattering angle of the electron in the
laboratory frame. The virtual photon differential cross
section, dσv=dΩ�

π , for an unpolarized target without recoil
polarization can be written in the form [4],

dσv
dΩ�

π
¼ dσT

dΩ�
π
þ ϵ

dσL
dΩ�

π
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ϵð1þ ϵÞ

p dσLT
dΩ�

π
cosϕ�

π

þ ϵ
dσTT
dΩ�

π
cos 2ϕ�

π þ h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ϵð1 − ϵÞ

p dσLT0

dΩ�
π
sinϕ�

π

þ h
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ϵ2

p dσTT 0

dΩ�
π
; ð27Þ

in which ϕ�
π is the azimuthal angle of pion and h is the

helicity of the incoming electron. For further details about
Eq. (27), especially concerning polarization observables,
we refer to Ref. [4]. If we integrate the dependence of
azimuthal angle, at the end, we will get

σv ¼ σT þ ϵσL: ð28Þ

In the following chapter, we will introduce χPT as an
effective field theory which allow us to calculate pion
production. The upper limit for the cm total energy W,
restricted by the fact that we only consider pion and
nucleon degrees of freedom, is below the Δð1232Þ reso-
nance peak. Furthermore, through the experience gained by
studying EM form factors [32,33], the estimate of the upper
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limit of momentum transfers is Q2 ≃ 0.1 GeV2 in
χPT [17,34].

III. PARTIAL WAVE AMPLITUDES

A. χPT amplitudes and unitarity method

We recalculated the pion electroproduction process close
to the threshold using χPT up to Oðp2Þ and confirm the
results of [16]. The invariant scalar functions can be

extracted from full amplitudes. The results are listed in
the Appendix A. for higher order Oðp3Þ contributions and
the influence of Δð1232Þ resonance, readers can refer
to Ref. [20].
In the following part, superscripts and subscripts I, J

(isospin, total angular momentum) are ignored for brevity.
Considering the final-state theorem [35] and using the
dispersion relation, the unitarized S wave amplitude can be
written as [22,28,36–42]

MðsÞ ¼ MLðsÞ þΩðsÞ
�
−
s
π

Z
∞

ðmπþmNÞ2
ðImΩðs0Þ−1ÞMLðs0Þ

s0ðs0 − sÞ ds0 þ PðsÞ
�
; ð29Þ

where PðsÞ is subtraction polynomial. The amplitude ML
only contains left-hand cut singularity. Thus, the pion
electroproduction amplitude MðsÞ is determined up to a
polynomial. ΩðsÞ is the so-called Omnès function [23],

ΩðsÞ ¼ P̃ðsÞ exp
�
s
π

Z
∞

ðmπþmNÞ2
δðs0Þ

s0ðs0 − sÞ ds
0
�
; ð30Þ

with P̃ representing a polynomial, reflecting the zeros of
ΩðsÞ in the complex plane and δIJðsÞ being the elastic πN
partial wave phase shift.
For our calculation, we use the χPT result to estimate

ML, so as long as function ΩðsÞ is known, we can get the
amplitude with correct unitarity and analyticity property.

B. Singularity structure of partial wave amplitudes

Applicability of the Omnès method to the amplitudes of
interest relies on the ability to separate the amplitude into a
piece having only a left-hand cut and a piece having only a
right-hand one. This, a priori, is not the case if the left-hand
cuts overlapped with the unitary cut.
So we review the analytic structures arising in our

calculation and find that the singularities in this virtual
process are rather more complicated than real photopro-
duction. There will be some additional cuts in the complex
s plane, compared with the photoproduction one. We
follow Ref. [43], which relies on the Mandelstam double
spectral representation to illustrate the analytic structure of
the partial wave amplitudes. According to crossing sym-
metry, one amplitude can simultaneously describe the three
channels of s, t, u,

s∶ γ� þN→ πþN0; σ1 ¼M2; ρ1¼ðmþMÞ2;
t∶ γ� þπ→ N̄þN0; σ2 ¼m2; ρ2¼ 4m2;

u∶ γ� þ N̄0 → πþ N̄; σ3 ¼M2; ρ3¼ðmþMÞ2: ð31Þ

Here, for brevity, we definem ¼ mπ ,M ¼ mN , σi represent
the mass squares of strongly interacting intermediate bound

states, and the continuous spectra will begin at ρi which is
the threshold of two particle intermediate states. Note here
that the Mandelstam variable t defined in the s plane is
related to zs ¼ cos θ via

t¼−Q2þm2−
ðs−Q2−M2Þðsþm2−M2Þ

2s

þf½s2þ2ðQ2−M2ÞsþðQ2þM2Þ2�ðs−sLÞðs−sRÞg1
2
zs
2s

;

ð32Þ

where sL ¼ ðm −MÞ2; sR ¼ ðmþMÞ2, and we can define
ν ¼ ðs − uÞ=ð4mNÞ as the crossing symmetric variable.
The physical s, u-channel region is shown in Fig. 3 for
Q2 ¼ 0.1 GeV2. The threshold for π electroproduction lies
at

νthr ¼
mπ½ð2mN þmπÞ2 þQ2�

4mNðmN þmπÞ
;

tthr ¼ −
mNðm2

π þQ2Þ
mN þmπ

: ð33Þ

With regard to dynamical cut positions of the partial
wave T matrix, we first take the t channel as an illustration.
The full amplitude can be written as a dispersion integral,

Tðs; tÞ ¼
Z

∞

σ2

F ðs; t0Þ
t0 − t

dt0; ð34Þ

where F is a spectral function. The partial wave amplitude
is the projection of the full amplitude onto a rotation
function dJ,

TJðsÞ ¼
Z

1

−1
dzsdJðzsÞ

Z
∞

σ2

dt0
F ðs; t0Þ

t0 − tðs; zsÞ

¼
Z

∞

σ2

dt0F ðs; t0Þ
Z

1

−1
dzs

dJðzsÞ
αðt0; sÞ − βðsÞzs

; ð35Þ
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where the integration
R
∞
σ2

denotes the sum of the value at
pole t0 ¼ σ2 and

R
∞
ρ2
. It can be proven that the final

singularity only comes from the form in a logarithmic
function,

lnðαþ βÞ − lnðα − βÞ: ð36Þ

We classify all cuts as follows:
(i) unitarity cut: s ∈ ½sR;∞Þ on account of the s-channel

continuous spectrum;
(ii) t-channel cut: 1. the arc, on the left of s ¼ sc,

stems from t-channel continuous spectrum for
4m2 ≤ t ≤ 4M2; 2. s ∈ ð−∞; 0�, corresponding to
t-channel continuous spectrum for t ≥ 4M2;

(iii) u-channel cut: s∈ð−∞;su�with su¼M3−m2M−mðM2þQ2Þ
mþM

due to the u-channel continuous spectrum for
u ≥ ðmþMÞ2;

(iv) t-channel cut from pion pole: due to t channel single
pion exchange, and the branch points locate at
0; Ct; C

†
t ;

(v) u-channel cut from nucleon pole: due to t channel
single nucleon exchange, and the branch points
located at 0; Cu; C

†
u,

where the branch points in the complex plane are (the other
three cases are symmetric about the real axis)

Ct¼M2−
Q2

2
þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4M2Q2−m2Q2−

Q4

4
þM2

m2
Q4

r
; ð37Þ

Cu ¼ M2 −
1

2

m2

M2
Q2

þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2Q2 −

m2

M2
m2Q2 þ m2

M2
Q4 −

1

4

�
m2

M2

�
2

Q4

s
:

ð38Þ

The singularities caused by the pole exchanges of t, u
channels are complicated but definitely separated from the
unitarity cut.
Aside from the above dynamical singularities, there exist

additional kinematical singularities from relativistic kin-
ematics and polarization spinor of fermions, especially in
an inelastic scattering process. These inelastic ones will
naturally introduce some square-root functions in the
partial wave amplitudes (or multipole amplitudes), which
will cause the kinematical singularities. They provide some
of the most obvious characteristics in the case of relativistic
theory. Here kinematical cuts are introduced when the
arguments of the square-root functions from Eq. (32) are
negative. All the involved arguments together with their
corresponding domains with their variable less than zero
are listed in Table I.
There is some arbitrariness when fixing the cut position

[44,45]. For example, compare
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðs − sLÞðs − sRÞ

p
and

ffiffiffiffiffiffiffiffiffiffiffiffi
s − sL

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
s − sR

p
; they may correspond to different cut

structures. The former will have an extra cut, which is
perpendicular to the real axis and passes the midpoint of sL
and sR. So we choose the latter one to make sure that left
cuts are lying on the real axis. In addition, there is a pole
like singularity atM2 that comes from the fact that Eq. (17)
has the 1=ðs −M2Þ term (See Appendix B), which will
appear in partial wave amplitudes. Finally, there may be a
pole derived from the gauge invariant amplitudes. Relations
(13) have introduced the 1=ðt −m2Þ pole singularity, if we
consider the partial wave integral, e.g.,

Z
dz

z
ðtðzÞ −m2ÞðuðzÞ −M2Þ

∝
Z

dz
z

ðaþ bzÞðc − bzÞ
∝

1

aþ c
∝

1

s −M2 þQ2
; ð39Þ

TABLE I. Arguments causing singularities.

Arguments Domain

s ð−∞; 0Þ
s − sR ð−∞; sRÞ
s − sL ð−∞; sLÞ
s2 þ 2ðQ2 −M2Þsþ
ðQ2 þM2Þ2

ðM2 −Q2 � 2iMQ;
M2 −Q2 � i∞Þ

FIG. 3. The Mandelstam plane for π electroproduction off the
nucleon: The red line shows the boundary of s channel physical
region for Q2 ¼ 0.1 GeV2. The blue line corresponds to the
physical region boundary of u channel process. The nucleon and
π pole positions are indicated by the dotted green lines s ¼ m2

N ,
u ¼ m2

N , and t ¼ m2
π . The threshold of π electroproduction is

represented by solid black circle.

XIONG-HUI CAO, YAO MA, and HAN-QING ZHENG PHYS. REV. D 103, 114007 (2021)

114007-6



where a¼−m2M2þM4−m2Q2þM2Q2þm2s−2M2sþ
Q2sþ s2, c¼m2M2−M4þm2Q2−M2Q2−m2sþQ2sþs2,
b ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

s − sL
p ffiffiffiffiffiffiffiffiffiffiffiffiffi

s − sR
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s2 þ 2ðQ2 −M2Þsþ ðQ2 þM2Þ2
p

.
So the possible additional singularities in our partial wave
analysis are displayed in Fig. 4.
For a certain channel we are considering, these singu-

larities may not all appear due to the cancellation from
linear combinations. Therefore, it must be analyzed in
detail when it is used.

IV. NUMERICAL ANALYSES

We are now in the position to compare the unitary
representation of the virtual photoproduction amplitude
given in Eq. (29) with experimental multipole amplitude
data in the S11 channel. Here we use MAID2007 [13,24]
and DMT2001 [5,25–27] results for the fitting. These
models provide a good description to multipole amplitudes,
differential cross sections as well as polarization observ-
ables. They can be used as the basis for the prediction and
the analysis of meson photo- and electroproduction data on
proton and neutron targets.

A. Fitting procedure

In the fit, unknown parameters include the low energy
constants (LECs) that appeared inMχPTðsÞ, the subtraction
constants in the auxiliary functionΩðsÞ, and the ones in the
subtraction polynomial PðsÞ. However, the parameters in a
chiral Lagrangian appearing in MχPTðsÞ up to Oðp2Þ
are well fixed. They are mN ¼ 0.9383 GeV, mπ ¼
0.1396 GeV, e ¼ ffiffiffiffiffiffiffiffi

4πα
p ¼ 0.303, gA ¼ 1.267, Fπ ¼

0.0924 GeV, c6 ¼ 3.706=ð4mNÞ, and c7 ¼ −0.12=ð2mNÞ
[46].3 Hence, MχPTðsÞ is parameter free. Further, we set
P̃ðsÞ ¼ 1 and compute ΩðsÞ by using the partial wave
phase shift extracted from the πN S matrix given in
Ref. [47]. Note that it should be a good approximation
for a single channel case that the integrations in Eqs. (30)

and (29) are performed up to 2.1 GeV2 (below the ηN
threshold). Lastly, the subtraction polynomial P is taken to
be a constant, PðsÞ ¼ aðQ2Þ; i.e., here we only consider a
once subtraction.4 We further assume a to be independent
of Q2, since there is no nearby resonance involved.5 As a
reasonable assumption, we do not take into account Q2

dependent subtraction constants in the following. The
above fit method is simultaneously performed on the data
from the MAID and DMT models.
In the numerical analyses, we fit the multipole ampli-

tudes with the S11 channel from πN threshold to
1.440 GeV2 just below the resonance Δð1232Þ. Since no
error bars are given, we assign them according to
Refs. [48,49],

errðMI
lÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðeR;Is Þ2 þ ðeR;Ir Þ2ðMI

lÞ2
q

: ð40Þ

Here the superscripts R, I represent the real and imaginary
parts of the amplitude.We choose eR;Is ¼ 0.4; 0.1½10−3=mπ�,
eR;Ir ¼ 10%. We take into account the errors caused by the
model dependence of the partial wave data as much as
possible [5,13]. The fit results toMAID2007 andDMT2001
data are displayed in Figs. 5–8, respectively. For compari-
son, we also show the Oðp2Þ chiral results of multipole
amplitudes. As expected, the chiral results only describe the
data at low energies close to threshold and in low Q2. The
values of the fit parameters are collected in Table II.
In Figs. 5–8, we fit amplitudes from Q2 ¼ 0 to Q2 ¼

0.1 GeV2 in the increments of 0.02 GeV2. We also draw
the result whereQ2 ¼ 0.2 GeV2. It can be seen that, except
that the fit to pS0þ is rather good, the other fit results do not
improve much when Q2 ¼ 0.2 GeV2. This is within the
expectation that we did not consider corrections of vector
meson exchanges [32,33]. In general, it can be seen in the
Table II that our results are in good agreement with the
experimental data. It is observed that the imaginary part is
an order of magnitude smaller than the real part since it is of
higher orders in χPT expansions. Moreover, the agreement
is a direct consequence of unitarity and follows automati-
cally from Watson’s theorem [35]. Meanwhile, the central
value of a is very small in any case. That can be understood
by the fact that multipoles calculated from χPT and the
unitarity method can already well describe the experimental
data. We also do the fit which uses a twice subtraction
polynomial; i.e., P ¼ aþ bs. However, the fit parameters
a and b are found to be highly negative correlated. Thus,
once subtraction is more advisable.

FIG. 4. Kinematical singularities, where Δ ¼ 2MQ. The red dot
represents the nucleon pole, and the twovertical solid rays represent
the kinematic cuts from

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2þ2ðQ2−M2ÞsþðQ2þM2Þ2

p
.

3Neglecting χPT correction beyond tree level, the two LECs c6
and c7 can be related to the anomalous magnetic moments of the
nucleon via c6 ¼ ðkp þ knÞ=2mN , c7 ¼ ðkp − knÞ=4mN , with kp
and kn being anomalous magnetic moments of proton and
neutron, respectively. Since kp and kn are precisely determined
by experiments, one can infer the uncertainties of c6 and c7 must
be negligible and shall hardly change our results.

4The influence of twice subtractions is also examined to test
the fit result. It is found that the major physical outputs are almost
inert.

5Discussions on the similar issue in the mesonic sector can be
found in Ref. [38].
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FIG. 5. S11E0þ for proton (the abbreviation is pE): the “data” are from MAID (two left columns) and DMT (two right columns),
respectively. Moreover, the black lines represent our fit result. Meanwhile, we also show the green error band depicting the statistical
error from the DR subtraction constant (variation within 2σ as in Table II). For comparison, the chiral result is also
shown by the blue lines.
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FIG. 6. S11E0þ for neutron (nE): descriptions the same as in Fig. 5.

DISPERSIVE ANALYSIS OF LOW ENERGY γ�N → πN … PHYS. REV. D 103, 114007 (2021)

114007-9



FIG. 7. S11S0þ for proton (pS): descriptions the same as in Fig. 5.
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FIG. 8. S11S0þ for neutron (nS): descriptions the same as in Fig. 5.
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In a χPT calculation, the source of error is the system-
atical one of the theory due to the truncation of the chiral
expansion at a given OðpnÞ. Using the method of [20,50],
for an order n calculation OðpnÞ, we estimate this sys-
tematical error as

δOðnÞ
Th ¼ max ðjOðnLOÞjBn−nLOþ1; fjOðkÞ −OðlÞjBn−lgÞ;

nLO ≤ l ≤ k ≤ n; ð41Þ

where B ¼ mπ=Λb, and Λb ¼ 4πFπ ∼ 1 GeV is the break-
down scale of the chiral expansion. Here, we set nLO ¼ 1,
and n ¼ 2. The error is roughly estimated to be less
than 5%.
Furthermore, the possible errors caused by the truncation

of dispersion integration can be estimated,

Iα ¼ −
s
π

Z
Λ

sR

ðImΩðs0Þ−1ÞMαðs0Þ
s0ðs0 − sÞ ds0; ð42Þ

where α ¼ pE; nE; pS; nS, represent muitipoles in p, n
targets, respectively. We set the upper limit of the
dispersion integrals, Λ, to 2.1 GeV2. The upper limit in
DRs has less physical significance, and it is rather an
indicator of how well one estimates the remainder of the
integral. As a comparison, we list the integration results
with the cutoff set to 2.2 GeV2 and 2.5 GeV2 in Fig. 9. The
imaginary part of the dispersion integral function Iα is
almost insensitive to truncation. However, the real part of Iα
is somewhat sensitive to truncation and has a weak linear
dependence on truncation as a whole, but this dependence
can be compensated by the subtraction constant of the
dispersion integral. Finally, the overall physical results are
not sensitive to the dispersion integral truncation.
It is convincing that no matter what data are used, the fit

results of multipole amplitudes are very similar. The results
can illustrate that our unitarity method is very powerful and
effective in low energy regions and lowQ2 regions. But our
results do not fit well in the case of high Q2. In our future
work, we will consider using resonance χPT to improve the
description of this method at high Q2.
At last, we make a brief comparison of our work

and the work of Hilt et al. in Fig. 10. Here we find that
the Oðp4Þ results [17] and our amplitudes of multipole
S11pE0þ are different in higher Q2 regions. Furthermore,
S11nE0þ; S11pS0þ, and S11nS0þ are even different from our
calculations at lower Q2. This needs to be clarified in the

FIG. 9. Tests of cutoff dependence. Λ corresponds to truncation of integrand in Eq. (42).

TABLE II. Fit results of once subtraction (P ¼ a). The param-
eter a is given in unit of ½10−3=mπ�.
Multipole Target Case Value χ2=d:o:f

E0þ p MAID −0.12� 0.05 0.46
DMT 0.21� 0.03 0.17

n MAID 2.11� 0.07 0.71
DMT 1.25� 0.06 0.49

S0þ p MAID −1.07� 0.03 0.49
DMT −0.46� 0.02 0.23

n MAID 2.25� 0.06 1.14
DMT 1.13� 0.05 0.60
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future. For comparison, we list MAID, DMT model, our
results, and that of [17].

V. SUMMARY

In this paper, we have performed a careful dispersive
analysis about the process of single pion electroproduction off
the nucleon in the S11 channel of the final πN system. In the
dispersive representation, the right-hand cut contribution can
be related to an Omnès solution, which takes the elastic πN
phase shifts as inputs. At the same time, we estimate the left-
hand cut contribution bymaking use of theOðp2Þ amplitudes
taken from χPT. A detailed discussion on a virtual photo-
production amplitude at the level of multipoles is presented.
Different from Refs. [17,20], here we go beyond pure χPT
calculations by applying the final state interaction theorem to
partial wave amplitudes. To pin down the free parameters in
the dispersive amplitude, we perform fits to the experimental
data of multipole amplitudes E0þ and S0þ for the energies
ranging from πN threshold to 1.440 GeV2. It is found that the
experimental data can be well described by the dispersive
amplitude with only one free subtraction parameter, when
Q2 ≤ 0.1 GeV2. AsQ2 further increases to 0.2 GeV2, the fit
fails, similar to what happened in the literature [17,32,33].

Our dispersive approach does not always do better as
compared with the pure χPT results apparently, for fitting
the real parts of multipole amplitudes. However, the power
of dispersion relations is nicely visible in the imaginary
parts of multipoles. In this situation, even at low energies,
the Oðp2Þ perturbative calculation is not sufficient.
Therefore, our method is superior to Oðp2Þ perturbation
theory in the sense that DRs can generate the corresponding
imaginary parts. Further, it is hard to compare the Oðp4Þ
χPT results and our calculations. In our calculation, we
only use the left-hand part contribution extracted from the
Oðp2Þ amplitude. In principle, an Oðp4Þ calculation is
advantageous compared with an Oðp2Þ calculation. But in
a perturbation calculation, unitarization effects are not
taken into account, which are automatically fulfilled in
our scheme.
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FIG. 10. The black solid curves show our calculations at Oðp2Þ and the blue long-dashed curves are the outputs of the Oðp4Þ results
[17]. The red dot-dashed and green short-dashed curves are the predictions of MAID and DMT model, respectively.
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APPENDIX A: INVARIANT AMPLITUDES

AðþÞ
1 ¼ −

egAmN

2F

�
1

s −m2
N
þ 1

u −m2
N

�
−
egAc6
F

;

AðþÞ
2 ¼ −egAmN

F
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t −m2
π

�
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s −m2
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�
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where the two LECs F and gA denote the chiral limit of
pion decay constant and the axial-vector coupling constant,
respectively. Here, c6 and c7 are LECs of the Oðp2Þ chiral
Lagrangian.

APPENDIX B: THE RELATIONS
BETWEEN CGLN AMPLITUDES
AND INVARIANT AMPLITUDES

The functions Ai andF i are connected with each other as
the following relation [31,51]:

F 1 ¼ ð ffiffiffi
s

p
−mNÞ

N1N2

8π
ffiffiffi
s

p

×

�
A1 þ

k · qffiffiffi
s

p
−mN

A3 þ
� ffiffiffi

s
p

−mN −
k · qffiffiffi
s

p
−mN

�
A4

−
k2ffiffiffi

s
p

−mN
A6

�
; ðB1Þ

F 2 ¼ ð ffiffiffi
s

p þmNÞ
N1N2

8π
ffiffiffi
s

p jqjjkj
ðE1 þmNÞðE2 þmNÞ

×

�
−A1 þ

k · qffiffiffi
s

p þmN
A3 þ

� ffiffiffi
s

p þmN −
k · qffiffiffi
s

p þmN

�
A4

−
k2ffiffiffi

s
p þmN

A6

�
; ðB2Þ

F 3 ¼ ð ffiffiffi
s

p þmNÞ
N1N2

8π
ffiffiffi
s

p jqjjkj
E1 þmN

�
m2

N − sþ 1
2
k2ffiffiffi

s
p þmN

A2 þ A3

− A4 −
k2ffiffiffi

s
p þmN

A5

�
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F 4 ¼ ð ffiffiffi
s

p
−mNÞ

N1N2

8π
ffiffiffi
s

p jqj2
E2 þmN

�
s −m2

N − 1
2
k2ffiffiffi

s
p

−mN
A2 þ A3
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k2ffiffiffi

s
p

−mN
A5

�
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F 7 ¼
N1N2

8π
ffiffiffi
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p jqj
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−
�jkj2
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F 8 ¼
N1N2
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with

Ni ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ei þmN

p
; Ei ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2i þm2

N

q
; i¼ 1;2: ðB7Þ
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APPENDIX C: PARTIAL WAVE
HELICITY AMPLITUDES

In the following part, we introduce the partial wave
helicity amplitude method of pion photo- and electro-
production [52].
It is convenient to perform partial wave projection using

the helicity formalism proposed in Refs. [52,53]. Here,
we define λi (i ¼ 1, 2, 3, 4), which stand for the helicity of
photon, initial nucleon, pion, and final nucleon. For
each set of helicity quantum numbers, denoted by
Hs ≡ fλ1λ2λ3λ4g, there is a helicity amplitude AHs

, which
can be expanded as

AHs
ðs; tðθÞÞ ¼ 16π

X∞
J¼M

ð2J þ 1ÞAJ
Hs
ðsÞdJλμðθÞ; ðC1Þ

where M¼maxfjλj;jμjg, λ≡λ1−λ2 and μ≡λ3−λ4¼−λ4,
and dJðθÞ is the standard Wigner function. By imposing the
orthogonal properties of the d functions, the partial wave
helicity amplitudes AJ

Hs
ðsÞ in the above equation may be

projected; i.e.,

AJ
Hs
ðsÞ ¼ 1

32π

Z
1

−1
d cos θAHs

ðs; tÞdJλ;λ0 ðθÞ: ðC2Þ

In particular, we use Hiði ¼ 1–6Þ as symbols to define the
helicity amplitude. The relations between Aμλ and Hi are
listed in Table III [52].
The differential scattering cross section can be

written as

dσ
dΩ

¼ 1

2

jqj
kcm

X
λi

jAμλj2: ðC3Þ

From Eq. (C3) and Table III, we can integrate the angle
dependence,

σ ¼ 2π
jqj
kcm

X
J

X6
i¼1

ð2jþ 1ÞjHJ
i j2: ðC4Þ

AJ
μλðHJ

i Þ has definite angular momentum but cannot be
determined in parity. Therefore, we can add the final state
with the opposite helicity μ;−μ to obtain the so-called
partial wave helicity parity eigenstates,

Alþ ¼ −
1ffiffiffi
2

p
�
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1
2
;1
2
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2
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2
ðλ1¼1Þ

�
;

Aðlþ1Þ− ¼ 1ffiffiffi
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Slþ ¼ −
Q
2jkj ðlþ 1Þ

�
AJ

1
2
;1
2
ðλ1¼0Þ þ AJ

−1
2
;1
2
ðλ1¼0Þ

�
;

Sðlþ1Þ− ¼ −
Q
2jkj ðlþ 1Þ

�
AJ

1
2
;1
2
ðλ1¼0Þ − AJ

−1
2
;1
2
ðλ1¼0Þ

�
: ðC5Þ

Notice that the normalization coefficients we use here are
different from those inRefs. [54,55], and J ¼ lþ 1=2 for “þ”
amplitudes and J ¼ l − 1=2 for “−” amplitudes. A;B, and S
represent amplitudes with initial helicity of 1=2; 3=2; 1=2,
respectively, so it can also be written asA1=2;A3=2, and S1=2

up to some normalization factors; see Eq. (C9).
Furthermore, with the definitions of Eqs. (C1) and (C2),

then we can obtain

H1¼
1ffiffiffi
2

p sinθcos
θ

2

X
ðBlþ−Bðlþ1Þ−ÞðP00

l −P00
lþ1Þ;

H2¼
ffiffiffi
2

p
cos

θ

2

X
ðAlþ−Aðlþ1Þ−ÞðP0

l−P0
lþ1Þ;

H3¼
1ffiffiffi
2

p sinθ sin
θ

2

X
ðBlþþBðlþ1Þ−ÞðP00

l þP00
lþ1Þ;

H4¼
ffiffiffi
2

p
sin

θ

2

X
ðAlþþAðlþ1Þ−ÞðP0

lþP0
lþ1Þ;

H5¼
Q
jkjcos

θ

2

X
ðlþ1ÞðSlþþSðlþ1Þ−ÞðP0

l−P0
lþ1Þ;

H6¼
Q
jkjsin

θ

2

X
ðlþ1ÞðSlþ−Sðlþ1Þ−ÞðP0

lþP0
lþ1Þ: ðC6Þ

According to the expansion method of CGLN [1], the
relationship between helicity amplitudes and CGLN multi-
pole amplitudes can also be obtained [1,56],

TABLE III. Helicity amplitudes fAμλðθÞg ¼ fAHs
g.

λ

μ λ1 ¼ þ1 λ1 ¼ −1 λ1 ¼ 0

3
2

1
2

− 1
2

− 3
2

1
2

− 1
2

1
2

H1 H2 H4 −H3 H5 H6

− 1
2

H3 H4 −H2 H1 H6 −H5
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H1 ¼ −
1ffiffiffi
2

p sin θ cos
θ

2
ðF 3 þ F 4Þ;

H2 ¼
ffiffiffi
2

p
cos

θ

2

�
ðF 2 − F 1Þ þ

1

2
ð1 − cos θÞðF 3 − F 4Þ

�
;

H3 ¼
1ffiffiffi
2

p sin θ sin
θ

2
ðF 3 − F 4Þ;

H4 ¼
ffiffiffi
2

p
sin

θ

2

�
ðF 1 þ F 2Þ þ

1

2
ð1þ cos θÞðF 3 þ F 4Þ

�
;

H5 ¼ cos
θ

2
ðF 5 þ F 6Þ;

H6 ¼ − sin
θ

2
ðF 5 − F 6Þ: ðC7Þ

Compare Eqs. (C6) and (C7) with the CGLN expansion,
we have

Alþ ¼ 1

2
½ðlþ 2ÞElþ þ lMlþ�;

Blþ ¼ Elþ −Mlþ;

Aðlþ1Þ− ¼ −
1

2
½lEðlþ1Þ− − ðlþ 2ÞMðlþ1Þ−�;

Bðlþ1Þ− ¼ Eðlþ1Þ− þMðlþ1Þ−: ðC8Þ

Ah;S1=2 can be related to the resonant part of the
corresponding multipole amplitudes at the pole position
in the following way:

A1=2
lþ ¼ −

1

2
½ðlþ 2ÞElþ þ lMlþ�;

A3=2
lþ ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 2Þ

p
ðElþ −MlþÞ;

S1=2
lþ ¼ −

lþ 1ffiffiffi
2

p Slþ;

A1=2
ðlþ1Þ− ¼ −

1

2
½lEðlþ1Þ− − ðlþ 2ÞMðlþ1Þ−�;

A3=2
ðlþ1Þ− ¼ −

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 2Þ

p
ðEðlþ1Þ− þMðlþ1Þ−Þ;

S1=2
ðlþ1Þ− ¼ −

lþ 1ffiffiffi
2

p Sðlþ1Þ−: ðC9Þ

The scattering cross section is written in terms of Ah
α as

σT ¼ ðσ1=2T þ σ3=2T Þ þ ϵσL;

σhT ¼ 2π
jqj
kcm

X
αðl;JÞ

ð2J þ 1ÞjAh
αj2;

σL ¼ 2π
jqj
kcm

Q2

k2
X
αðl;JÞ

ð2J þ 1ÞjS1=2
α j2; ðC10Þ

where superscript h stands for helicity. Expand the above
formula; it can be obtained,

σ1=2T ¼ 2π
jqj
kcm

X
2ðlþ 1Þ½jAlþj2 þ jAð1þ1Þ−j2�;

σ3=2T ¼ 2π
jqj
kcm

X l
2
ðlþ 1Þðlþ 2Þ½jBlþj2 þ jBðlþ1Þ−j2�;

σL ¼ 4π
jqj
kcm

XQ2

k2
ðlþ 1Þ3½jClþj2 þ jCðlþ1Þ−j2�: ðC11Þ
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